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A
EM Algorithm

The estimation of the parameter vector 8 can be performed by maximizing
the quasi-likelihood of the density function in (3-1). We can write the conditional
likelihood based on a sample {y;}._,. The log-likelihood to be maximized over ©,

the parametric space, is given by

T
log Lr(0) = "log | > Bi(x; 0:)7 (ye|xe; ;)
t=1 €T

Numerical optimization can carried out by using the EM algorithm of (19).
The idea behind EM algorithm is to maximize a sequence of simple functions which
leads to the same solution as maximizing a complex function.

We define the probability that the local model 7 € T has generated the output
Yo as pilye) = Bi(x1; 0:) m(yilxe; ;) (A-1)

Zje'ﬂ‘ Bj(xt; 93') T(ye|xe; Tbj)
It is important to note that a parent node 7 € J has the probability p,; =

Dt2i+1 + Pt2it2.

We define our estimation algorithm following (36). The EM algorithm de-
mands the definition of a complete dataset X; and an incomplete dataset Y;. We
introduce an indicator variable z; = {z;},7 € T, such that only one of the z; is
equal to one each time to simplify the likelihood function. If the variables z;; are
known, the maximization problem is divided into a set of regression problems for
each model and a classification problem for the functions B;(-).

Since the indicator variables are not known we shall define a probabilistic
model which links these variables with the observed data (i.e. the complete dataset

probabilistic model). This model can be written in terms of z;; as follows:

P(ye, znlxi50) = Bi(xe; 03)m (e xs5 ;) (A-2)
= H[Bi(XtQei)ﬂ(yt\xt;wi)]zi{

i€T

The log-likelihood [.(0) = log L1(0) of the complete dataset (i.e. considering
the equation (A-2)) based on a sample {y;}~_, is that such
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T
(0) =Y >z [log Bi(-) +log m(yelx; ;)] (A-3)
t=1 €T

Calculating the expected value of the log-likelihood of the complete dataset
(E-Step), it follows that:

Q6:0%) = E[E[L(0)]Y]X] (A-4)
= Z Z]E [zit (log Bi(+) + log m(ye|xs;9;))]
= Z ZE[Z”] (log B;i(-) + log m(y:|x¢; %;))
= Z me» log B;(-) + log m(yi|xs; ;)]

The expected value of z;; is the following

]E[th|Y] = P(Z’Lt = 1|yt7xt7 0) (A-S)
_ P(Zit = 1|Xt, O)P(yt|zit = 1,xy, 0)
]P(yt|xt79)

Bi(-)m (| xe: ;)
Zje’]l‘ Bj('>ﬂ-(yt|xt;¢j)
= pilw).

Maximizing (A-4) with respect to the parameter vector 6, we find

T
0"+ — arg max Z Z hg‘;) [log Bi(x4; 0" + log 7 (yilxs; 1/%@)]- (A-6)

t=1 €T
Analyzing the equation (A-€), we note that the parameters 6; influence
Q(-) only through the term p;;log B;(-) and the parameters 1), through the term

peilog (). Thus we can split the maximization problem as follows:

T
P = arg %axzpt,i log 7 (ya|xs; 1}") (A7)
L=l
T
91(.’”1) = argmeaxz Zpt,i log Bi<Xt§01('k)) (A-8)
* t=1 4eT

The maximization problem for the expert parameter vector 1), is a weighted
least squares problem. The maximization of (A-8) is a complex non-linear opti-
mization problem, which can be solved using numeric algorithms.

In order to introduce a general equation to estimate the parameters 3,, we
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must define the following notation. Let x; ; be the j-th element in X, if 7 > 0 and
1 otherwise. Furthermore, X, ; is the vector X; without x; ;. Following the same
notation, we define 3; as the 3 vector without the 3; element.

The general equation for estimate the linear parameters is

Zt 1 Dti Ty 5 <yt ﬁ/(k) itj)

@(kﬂ) (A-9)
’ thl ptﬂ' xt,]
Then, we define the general equation to estimate the o;, Vi € T:
2
Zthl Pr,i <yt - 62“”&)
g2 _ . (A-10)

l Zle Dt

The quasi-Newton optimization algorithm is used to estimate the parameters

of the logistic function. We can write the equation (A-8) as follows:

oY —argmaxzzpnlog (Hg 1) @) i, gl )) (A-11)

t=1 €T J€d;

where xj,u03(27 + 1) is equal to 1if 25 + 1 € J; U {i} and 0 otherwise. It is easy
to show that this notation is equivalent to that in equation (3-2)).

To estimate the parameters of the nodes J of the tree, we need so select a node
H € ] and then estimate just the parameters of the logistic function gz . We select
the sequence of H in a increasing order, beginning with 4 = 0, to estimate all the
logistic function parameters.

Only two sets J; Vi € J U T have the node H as the last node: Joy 1 and
Jomi1. As a result, we can write By 1 and By o as functions of the previously

estimated parameters.

Bomyr = [1=g(xivm)] [ g((=1)0mn® ) (A-12)
Jj€In
Bonsa = g(xivy) [ g((—=1)emoen®Hx, p)) (A-13)
J€ln

Rewriting the equation (A-1T)) using this result, we have

2H+2
V%H) = argmaxz Z pei log By( xt,B ) (A-14)
t=1 i=2H+1

T

= argmax Z Pr2m+1 108 Bopry1(+) + promye 10g Bopya(-)
R
T

= argmax Zpt,2H+1 log gu(*) + pram+210g(l — gu(-))
S
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Then, the BHHH algorithm (5)) is used to find the parameter estimates. The

differentiation of the previous equation is then calculated.

0 Lo [- Tyt —C
a., (9; O(k)) = Z ovy [ ’yH( L H)} [(pt,ZH—H + Pt,2H+2) QH() - pt,2H+1] .
t=1

81/[{ 65H

(k>)

We adopt the following notation: pgk) = [promi1 — ggf) py| and C’t(k) = (’”HU;CH
SH
So we can write the update rule as
v [ oW ey oo _c®
k41 k k & k
Vi =l + Zpg ) oW vgﬂ ZP§ : o
t=1 N = t=1 Gopy
S sy
(A-15)

Then, the parameter estimation algorithm can be summarized as follows:

1. The probabilities pg? are calculated trough equation (A-I)).

2. The local model parameters ¢§k+1) are then estimated using (A-9) and (Ad
[10D.

3. The gating parameters ngﬂ), Vj € J, are calculated through .

4. These steps are performed until the square error between 0**) and 9+ is

small enough.
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B
Identifiability

To prove the identifiability of the Tree-MM models, we need to define some
concepts and assumptions. First, we define de concept of a sub-tree and then state
two assumptions to establish the theorem of identifiability of the Tree-MM models.

Let JT be a tree with sets J, T and S, where S is the set of indexes s;, Vj € J
and parameter vector 8. We define a subtree JT* as the tree beginning at node &,
with the sets J¥ C J, TF C Tand S* C S, where i € JT" < k € J; U {i} and
parameter vector 8”. For example, assume the tree JT = {0,1,2,3,4,5,6,11,12}
then JT? = {2,5,6,11,12}.

Assumption 7 Let fi(y:|xy; 0)) be the conditional p.d.f. of the subtree IT*. Then
VE €I, fors1(ye|xe; 9%“) # forro(Ye|xe; 02k+2).

This assumption guarantees that our tree is irreducible in the sense that any

split cannot be changed by a subtree or by a local model.

Assumption 8 We assume that for any tree JT and all sub-trees JT*:
1. The parameters y; > 0,Vj € J;
2. V5 € I if s; = sy then ¢; < cy;

3. Yy € JP+2 if s; = sy then ¢c; > ¢y,

These assumptions together ensure that the sets J, T and S uniquely specify

any tree.

Lemma B.1 Under Assumptions (7) and (&), a tree JT is uniquely specified and the

parameter vector 0 has a unique representation.

PROOF. We start proving irreducibility. Suppose that for any node k£ € J,
Jorr1 (Ye]%; BQkH) = forr2(yelxs; 92k+2)~ So, fr = gk () farr1 + (1= gr(+)) forta =
fok+1 = fok+o. Then we can change the node k by the node 2k + 1 or 2k + 2. If
forsr1(:) # forso(+), Yk € J, then the tree cannot be reduced so it is irreducible.
Now, suppose there is an irreducible tree JT. On the first split at sy, ¢y can

assume any value in R. Now consider the sub-trees JT' and JT?. Following the
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condition (8), on the next split at s, = so,k € J!, ¢; can assume any value in
(—00, ¢) and on the next split at s; = s, [ € J?, ¢; can assume any value in [cg, 00).
So, the values of ¢, and ¢; cannot be interchanged. Repeating this argument for all
splits, and considering that the transition has the same shape (which is guaranteed
by the constraint over the ~ys), we show that any irreducible tree under Assumption

@) is uniquely specified.
O.E.D.

The next theorem gives the conditions under which the Tree-MM model is
identifiable.

Teorema B.2 Under Assumptions (Z) and (8)), the tree mixture-of-expert structure,
as presented in (3=1)), is identifiable, in the sense that, for a sample {y:;x;}_,, and
fOl" 01, 02 €0

T T

1/ wlxi:00) =[] Fwlxi:02) as.

t=1 t=1

is equivalent to 01 = 0.

PROOF. Suppose that f(y:|x:;01) = f(yi|xs;05), for any sequence {y;;x;}- ;.
Therefore, we have
Z Bi(ws;; 0107 (ya|xe5 b1;) = Z Bi(s,; 0i)m (Y [Xe5 ;) (B-1)
€Ty i€To
Considering the Lemma B.Il T; = Ty, = T; furthermore, if v,, = 1, then
T(ye|xe;¢y;) = m(ye|xe; ¥5;). Then we can write this equation as
Z(Bi('; 61i) — Bi(+; 020))7(ye|xe; ;) = 0, (B-2)
i€T

where ©; = 1, = 1h,;.
We have to show that B;(-;01;) — B;(+; 02;) = 0. Following the definition of

Bi(+;+) in equation (3-2)) and the definition of the logistic function, we can write

B;(+;-) as a product of logistic functions, then

9o(-;v10) H k(5 V1) = Go(+; V20) H (3 Vag). (B-3)

kel; kel;
If we show go(-;710) = go(-;v20), then we can show iteractively that
Bi(+;01) = Bi(+;02):
90(';1/10) = go(‘;V20)7 (B-4)
1 1
1+ e—"10(Zsg,t—c10) - 1 + e20(@sg,e—c20)’ (B-5)

which is true only if (10, c10) = (720, C20)-
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Concluding, we have shown that f(y;|x:;01) = f(y:|x¢; €2) implies 61 = 6.
Thus,

T T
Hf(yt|xt§91 Hf (ye|x;02), a.s.
t=1 t=1

is equivalent to 8, = 6,.

Q.E.D.
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C
Stationarity and Geometric Ergodicity

As in the study of autoregressive processes, the most fundamental issues
involve finding sufficient conditions to ensure the stochastic stability of the process.
In this case, we need to know under which conditions a Tree-MM process with only
autoregressive local models (i.e. x; contains only lags of 1,) will be stationary.

Some results on the stability of mixture of experts were shown in (69). In
that case, the conditions were proved for a MixAR(m; d) model. We can use the
same results because the limiting behavior of the multinomial logits and the B(-)
functions are similar.

Set oy, = r?eairXIﬁikL k = 1,...,p, where [3;; is the k-th component of 3,.

Then we have the following results:

Teorema C.1 Let {y; }+>¢ follow a Tree-MM model (3.1) with AR(p) local models.

Assume that the polynomial
p
P(z) = 2% — Zakzd_k ;zeC
k=1

has all its zeros in the open unit disk, z < 1. Then the vector process y; has a unique

stationary probability measure, and is geometrically ergodic.

PROOF. To use the results of (69), we need to show some similarities between the
multinomial logit function and the B(-) function. We define B(!) as the left most
expert of the tree and B(”) as the right most expert of the tree. Obviously, B() is a
product of 1 — g(-) functions and B) is a product of ¢(-) functions. Furthermore,
any BY) for j = 2,...,J — 1 has at least one term ¢(-) and one term 1 — g(-).

If we satisfy the following conditions, we can show the equivalence of the
proofs.
(i) BY — 1 for y,u) — —00
(ii) BY — 0 for y,q) — 0o
(iii) BY) — 1 for y,) — o0
(iv) BY) — 0 for y ) — —o0
(v) BY — 0 for y,;) — £o0.
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We know that g(x;,v) — 1 forys, — oo and g(x¢,v) — 0 forys, — —oc.
Consequently, [1 — g(x;, vi)] — 0 for y;, — oo and [1 — g(x¢, 1) — 1 for

Ys,, — —00. Then

lim BO() = G -]

Y, (1) =00
= [ lim [1-g()

Y1)y 7T

= 1,

such that Condition (i) holds.
Conditions (i1)—(v) can be verified using the same steps. Consequently, the
results of (69) hold for the Tree-MM model.

Q.E.D.
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D
Proofs of Theorems

We follow (64), to prove the existence, consistency and asymptotic normality
of the QMLE. Besides, we define some notation to make the proofs clearer.

Define f; = f(y|x¢;0) and ff = f(y:|x¢;0). Following this notation,
we also define m;; = w(y|x;¢,), 7 = 7(ylx;¥)), By = Bi(x4;0;) and
B}, = B;(x; 0;). Furthermore define recursively fr; = (1 — g(zs,; V) fort+1.4 +

9(xs,; VE) fory2t, for all kin J, and fi; = mpe, for all kin T.

D.1
Proof of Theorem 4.1

We need to satisfy Assumptions 2.1, 2.3 and 2.4 of Theorem 2.13 in (64),
show that |L£(0)| < oo, and that the QMLE has a unique maximum at 6.

Assumption 2.1 is satisfied by Assumption[I} and Assumption 2.3 is satisfied
by Assumption 2land Lemma[E. Tl Assumption 2.4 and |£(0)| < oo are satisfied by
LemmalE. Tl So we need to show that £7(6) has a unique maximum at 6.

To show that £1(8) is uniquely maximized at 8", we follow (39) writing the
maximization problem as follows:
fr _f q'

max [Lr(0) — Lr(67)] = I(gleaé(E {log T

Furthermore, for any = > 0, m(x) = x — log(z) < 0, then

E {logf—t — Li} < 0.
fe Ji
Given that m(x) archives its maximum at x = 1, E[m(x)] < E[m(1)] with
equality holding almost surely only if f;" = f; with probability one. By the mean
value theorem, it is equivalent to show that
/8 log f t
00

almost surely. A straightforward application of Lemma [E.2l shows that it happens if,

(6 — 6% =0 (D-1)

and only if, @ = 6" with probability one, which completes the proof.
C.0.D
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D.2
Proof of Theorem

We must satisfy the conditions of Theorem 3.5 in (64)), which are Assumptions
2.1, 2.3, 2.4, 3.1 and 3.2°. Assumptions 2.1, 2.3, 2.4 and 3.2’ are satisfied by
Assumptions [TH3] (see the proof of Theorem . 1)). Assumption 3.1 states that:

(@) Eg(log fi) < co,Vt=1,2,..;
(b) Eg(log f;) is continuous in @; and
(c) {log f;} obeys the uniform law of large numbers (ULLN).
it is clear that Eg(log f;) < logEg(fi) < log Eg(sgpft). But sgpft =

A < oo, then log {Eg(sup ft)l = log A < oo. Then, Condition (a) is satisfied.
t

In addition, note that log(-), G; and f; are continuous, measurable, and integrable
functions, so h; = G;log f; is also continuous, measurable, and integrable. Then,
| hidy is continuous and Condition (b) is satisfied. Finally, Condition (c) is satisfied
by LemmalE7l As a result, éT — 6" almost surely.

C.0.D

D.3
Proof of Theorem

To prove this theorem, we must satisfy Assumptions 2.1, 2.3, 3.1, 3.2°, 3.6,
3.7(a), 3.8, 3.9 and 6.1 in (64). Assumptions 2.1, 2.3, 3.1, 3.2’ are satisfied by
Assumptions[IH6l (see proof of Theorem[4d.2). Assumption 3.6 is satisfied by Lemma
Assumption 3.7(a) is satisfied by Lemma[E.4], Assumption 3.8 by Lemmas
and [E77l Assumption 3.9 by Lemmal[E.6 and Assumption 6.1 is shown here.

Assumption 6.1 requires that {71/29, f;|o-} obeys a central limit theorem
with covariance matrix B(0*), where B(6*) is O(1) and uniformly positive definite.
First note that, from lemmal[E.8| {0y f;

we must show the following to satisfy assumption 6.1:

R

¢~ } is a martingale difference process. Then

@) T ST 99 filo- frlow =5 (Do filo-Oo f

(b) the sequence is strictly stationary.

Condition (a) is readily verified by Lemmas [E.7] and Condition (b) is satisfied

by Assumption [l Hence, satisfying these assumptions, we can show that

VT (éT _ 9*) DN, T7Y),
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where 1(0%) = A~1(0")B(6")A~}(6%) and

A(6Y)

B(6%)

= E

9L (0)
0000 :
o
OLr(0)| 0Lr(6)
06 00’

where L7(6) =1log >, . Bi(x4; 0;) m(ye|x¢; ;).

47

]7
9*

C.0.D
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E
Lemmas

Lemma E.1 Under Assumptions 2)-3) f(y:|x:; 0), defined in (3-1), is a measur-
able function of Y, = [y;, mathbbx,]’, limited, positive and continuously differen-

tiable of order n on ©.

PROOF. Trivially, 7 (y,|x;; ;) and g(z,,;v;) are continuous, mensurable, finite,
positive and differentiable functions of Y';. The function f(y;|x;; @) is a sequence
of sums and products of these functions. As a result, f(y;|x;; @) is a continuous,

mensurable, finite, positive and differentiable function of Y.

C.0.D
Lemma E.2 Let d be a constant vector with the same dimension of 0. Then it

follows that
d <8logft) =0 as.

00
if, and only if, d = 0.

PROOF. First write ]
d (a ngt) —g=%t _y (E-1)

00
From Lemma [E. Il we know that f; > 0. Rewriting (E-1I)), and considering that we

can write in terms of 9/0v, and 0/0vy, foralli € T and k € J,

Omi
oY,

which are both functions of y,. By the non-degeneracy condition, and supposing
that y; isnot null for all ¢ = 1,2,...,7, then d'% = ( if, and only if, d = 0.

a[—%(yt - Ck)]

d/
81/k

=0 and [fors1.09k — Sorr24(1 — gre)]d’ =0,

C.0.D
Lemma E.3 Under Assumptions 2 Qand[6] E(log f;) < oc.

PROOF. First we make

log f; = log Z By < log Z i < log #T + log sup m;;. (E-2)

i€T i€T i€T
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Let mr = 7(y|x4; X}8;, 07) = sup;cr T, then equation (E=2)) becomes

log 7y = —% log 2m0% — 2%‘%(33;,8[ — )% (E-3)

Taking the expected value of (E-3), and under Assumptions[2and[3]
E [log 71| = —% log 202 — %‘%E (18, — w)*] < . (E-4)
C.0.D

Lemma E.4 Under Assumptions2 4} [5 and

E (8logft> < o0 and

00
0l ol
a (Llshier) o
PROOF. Let 0y = %. Then we make
Oglog f; = flaﬁft = fl Z TitOpBir + BiOpir < Ay s Z OBy + Ap Z OpTrit,
t et ‘€T i€T

(E-5)
where A, ; = sup;(f, 'm) < oo and Ap = sup; f; ' < oo.

This equation can be written in terms of 9y, = 9/0v; and J,, = 0/0v;. Let

A, = sup, T, then

Oy, = Oy, logmyy < ArOy, log my, (E-6)
Oy, Bi = Bu(—gj)(1 = gj1) 0y, [—;(xs; — )] < |00, [—7i (s, — ¢;)]|B-T)

But ¥, = [Boi,- -, Bpi, 02, thus the right size of equation (E-6) can be

%

written as

Aﬂaﬁki 1Og T = _AW it (Xt162 — yt) ) (E-8)

g;

1 (®B—u)?
Aﬂaﬂf lOg T = Ag ( + (XtIB yt) > ) (E-9)

T 9,2 4
20; 207

where 2, is the k-th element of the vector Xx;.

Using the same argument, we can write the right side of equation (E=7) as

‘aWj[_rYj(ij _cj)]’ = |_(x5j _Cj> ) (E-10)
10, —(xs, — )| = |yl (E-11)

It is readily verified that, under Assumptions 2l @l and[3] the expected values of
equations (E-8) — (E-I1) are finite. Furthermore, under Assumption [6] the expected
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value of any product between these equations is also finite.

C.0.D
Lemma E.5 Under Assumptions 2 B B and[6 E(0? log f;/0000") < cc.
PROOEF. Assume that Oyy = %. Then we make
Opor log f; = —0plog f10p 1og fi + [, ' Oper fr. (E-12)

Using the product law of differentiation, we can write Ogg f; as a sum of
products of 0y B;; and Oy with Opgr By, and Oggr 1log 7. Using the results of lemma
[E4] the expected value of the product of any two of these derivatives is finite. So,
we must show that E[0py B;y] < oo and E[0pe log 7] < o00. Considering that
¢; and v; do not have elements in common, and that B;; depends only on the

vectors vj, j € J;, we can write these derivatives in terms of 0y, and 8,,].,,1;. But
¥, = [Bois- - -, Bpiy 02 and v; = [v;,¢;]'. Then

Opuplogm = —o; 2T, (E-13)
g 02logmy = o7 Tu(XB — yi), (E-14)
Op22logmy = (207) 7o, *(XiB — wr)*, (E-15)

aykz/;Bit < |0y [=(zs), — ck)}(?,,;[—vj(xsj — )| - (E-16)

It is readily verified that, under Assumptions 2| 4 and [5] the expected values

of equations (E-13)—(E-16) are finite.

C.0.D

Lemma E.6 Under Assumptions 2 4 Bl and 6] E(0? log f;/0006'
definite.

g+ ) is negative

PROOF. If E(9? log f;/0006'

®. We know by Lemma that log f; has only one maximum or minimum in ®;

¢+ ) 1s negative definite, then log f; has a maximum in

thus we only have to show that f; must have a maximum.

Trivially, the Gaussian functions 7;; have a maximum. If we multiply by a
constant or monotone functions or add functions with a maximum, the function still
has a maximum. The logistic function is a monotone function (in relation to its
parameters and the variable). Hence, B;;m;; has a maximum and f; has a maximum,
and E(0?log f;/ 0000’

¢~ ) is negative definite.

C.0.D

Lemma E.7 Under Assumptions[2] 4} [5 and
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(@) TV f S E(f);

(b) T Zthl O f 5 E(0 f+); and
(¢) TS0, Do fr “> E(Opor f1).

PROOF. First we must show that 7"~! Zthl y, ©% E(y;). Once y, is a mixing process,
we just need to show that E (Tfl ST yt> = E(y;) and that V (Tfl ST yt> <
oo. The first assumption is trivially satisfied because y; is stationary. The second
assumption is satisfied because Y E(yy—x) < A < o00.

Lemma [E.1] ensures that f;, Jpf; and Ope f; are continuous functions of y;
given 6. Besides, Lemmas and [E.5] guarantee that the expected value is also
finite. Once the functions are continuous and the expected value is finite, we can

extend the results of y; for f;, Oy f; and Oy f;, thereby completing the proof.

C.0.D

Lemma E.8 Under Assumptions (2)—(3), 0L (0)/08|e, is a martingale difference
in terms of F,, the o-field generated by {y;, %, . ..}, where L1(0) = log f(y:|x;0)
and f(y|x; 0) is defined in (3-1)).

PROOF. We prove following the definition of martingale differences:

(a) E[0L(60)/00

e*] < O0;

(b) E[0Lr(6)/06

ftfl] — 0

o*

The first condition is satisfied by Lemma [E.4l The second condition is
satisfied by Theorem 4.1l and Lemma [E4l Satisfying Conditions (a) and (b),
oLr(0)/00

o+ 1s a martingale difference in terms of 7.

C.0.D
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