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Abstract

Santos Junior, Claudemir Alcantara dos; Sirakov, Boyan (Advisor); San-
tos, Makson (Co-Advisor). Regularity theory for bi-Laplacian and
degenerate/singular normalized p-Laplacian equations with ap-
plications. Rio de Janeiro, 2025. 81p. Tese de Doutorado — Depar-
tamento de Matematica, Pontificia Universidade Catoélica do Rio de
Janeiro.

This thesis establishes new regularity results for three classes of partial
differential equations. First, we prove C*%regularity for a semi-linear variant
of the bi-Laplacian equation in the superlinear, subquadratic setting. Second,
we investigate a dead core problem for a degenerate/singular normalized p-
Laplacian with power-type degeneracy law. We derive geometric results, and
along the set 0{u > 0} N By, we establish regularity estimates, including non-
degeneracy, free boundary porosity, and a Strong Maximum Principle for the
critical case. Finally, we establish sharp Holder regularity for the gradient of
viscosity solutions to degenerate/singular normalized p-Laplacian equations,
where the degeneracy covers a general class, and prove Sobolev estimates for

the homogeneous equation.

Keywords
Regularity theory; Degenerate equations; Singular equations; Dead core

problems; Holder regularity.



Resumo

Santos Junior, Claudemir Alcantara dos; Sirakov, Boyan; Santos, Mak-
son. Teoria de regularidade para o bi-Laplaciano e equagoes de-
generadas/singulares do p-Laplaciano normalizado com aplica-
coes. Rio de Janeiro, 2025. 81p. Tese de Doutorado — Departamento de
Matematica, Pontificia Universidade Catélica do Rio de Janeiro.

Esta tese estabelece novos resultados de regularidade para trés classes de
equacoes diferenciais parciais. Primeiramente, provamos a regularidade C*
para uma variante semilinear da equacao do bi-Laplaciano no regime superli-
near e subquadratico. Em segundo lugar, investigamos um problema de nicleo
morto para um p-Laplaciano normalizado degenerado/singular com degene-
rescéncia do tipo poténcia. Derivamos resultados geométricos e, ao longo do
conjunto d{u > 0} N By, estabelecemos estimativas de regularidade, incluindo
nao-degenerescéncia, porosidade da fronteira livre e um Principio do Maximo
Forte para o caso critico. Finalmente, estabelecemos regularidade de Holder
6tima para o gradiente de solugoes no sentido da viscosidade do operador
p-Laplaciano normalizado degenerado/singular, na qual a degenerescéncia é
dada por uma lei geral, e provamos estimativas de Sobolev para a equacgao

homogénea.

Palavras-chave
Teoria da regularidade; Equacgoes degeneradas; Equagoes singulares;

Problemas de nticleo morto; Regularidade de Holder.
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The scientist does not study nature because it
is useful; he studies it because he delights in
it, and he delights in it because it is beautiful.
If nature were not beautiful, it would not be
worth knowing, and if nature were not worth
knowing, life would not be worth living

Henri Poincaré, Science and Method.



1
Introduction

This thesis is dedicated to the development of regularity results for a triad
of partial differential equations over three distinct regimes. It includes regular-
ity estimates for a bi-Laplacian equation in the superlinear and subquadratic
regime [2]; geometric regularity estimates for the normalized p-Laplacian op-
erator, which exhibit either degenerate or singular behaviour when the gradi-
ent vanishes, where a polynomial behaviour gives the degeneracy law [1]; as
well a interior regularity result for a class of degenerate/singular normalized
p-Laplacian with a general law of degeneracy [4].

In the first part of this thesis, we examine the regularity of weak solutions

to the semi-linear bi-Laplacian equation
A*u = f(x,u, Du) in Q, (1-1)

where 2 C R? is a bounded smooth domain, A%u := A(Au) denotes the
bi-Laplacian operator, and the nonlinearity f : Q x R x R — R satisfies a
polynomial growth condition. Our findings report on C?“-regularity estimates
for the solutions to (1-1), depending on the growth regime of the nonlinearity.

Our reasoning in the Chapter 3 relies on a reduction argument. Namely,
we write the fourth-order PDE as a system of two second-order equations.
This strategy is inspired by ideas introduced in the works [41, 42] of Evans.
The gist of those papers is to design new PDE methods to address the Mather
minimization principle in dynamics, as well as the weak KAM theory.

Our approach stems from this class of ideas, as we write the single
equation (1-1) as a coupling. Indeed, the integrability available for D?u in the
class of weak solutions allows us to define a function v € L4(Q2) as v := Au.
The definition of weak solution to (1-1) then implies that v is a very weak
solution to the Poisson equation Av = f. As a consequence, we render the

bi-Laplacian equation as the system

Au = in €,
Av = f(x,u, Du) in .

The unknown for the system is a pair (u, v) in a suitable functional space, where
u is a strong solution for the first equation in the system, while v satisfies the
second one in the very weak sense.

In this context, the regularity of the solutions to (1-1) benefits from
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the interplay between the regularity estimates available at the level of the
equations taken on their own. An Li-regularity theory for very weak solutions
builds upon standard Sobolev embeddings to produce improved integrability
for v in Lebesgue spaces. In turn, the integrability of v affects the regularity

of u. Indeed, we prove that very weak solutions to
Av = f(z,u,Du) in €

are in W.25(Q), for some s € (d/2, d]. Hence, u solves a Poisson equation with
right-hand side in €2~

loc

for the solutions to (1-1).

In the Chapter 4, our goal is to investigate geometric regularity estimates

(©). This fact unlocks a Schauder regularity theory

for problems governed by a quasi-linear elliptic model in non-divergence form,
given by

]Du(x)]'yApNu(w) = f(z,u) in By, (1-2)
which may exhibit either degenerate(or singular) behaviour when the gradient
vanishes, with v € (—=1,00), p € (1,00). The right-hand side of the equation
(1-2) is the mapping v — f(z,u) S a(z)u?, with m € [0,7 + 1), does not
decay sufficiently fast at the origin.

The results presented in Chapter 4 are motivated in part by the work
of Teixeira [70]. We begin by showing that non-negative bounded viscosity
solutions of a variation of (1-2), obtained by multiplying the source term by
a small constant, can be flattened. As a consequence, we are in a position to
use an inductive process to obtain an improved geometric C.. regularity along
the set O{u > 0} N By, which is the free boundary of the model. That is, for a

positive universal constant C' > 0, we establish

sup u < Cp".

Bp(ZO)
The ideas in [33] enable us to prove a Comparison Principle, which we use to
compare the solution of (1-2) with a suitable barrier function. This ensures

the existence of a small universal constant ¢ > 0 such that

cp™ < sup w,
By (z0)
allowing us to control the decay rate of viscosity solutions.
Our strategy to obtain the measure properties in Chapter 4 is to combine
the improved regularity with the non-degeneracy estimate of solutions to (1-2),
in order to show that the region {u > 0} maintains a uniform positive density

along the free boundary. In particular, the formation of cusps at free boundary
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points is prevented. Additionally, we can show that the set O{u > 0} N By is
a (7/2)-porous set. Furthermore, we obtain a Liouville-type result for entire
solutions, given that the growth of these solutions at infinity is controlled.
Inspired by the work of Aratjo, Leitdo, and Teixeira [6], we explore the

borderline equation given by
| Du(@)]" Aju(z) = a(z)ul™ (x), (1-3)

where the non-degeneracy estimate fails to hold, and consequently, this creates
a more challenging scenario. However, in this context, we are still able to
prove a Strong Maximum Principle; that is, we show that a nonnegative
bounded viscosity solution to the borderline equation is either strictly positive
or identically zero in the domain.

In the last part of this thesis, we investigate the regularity theory for
viscosity solutions to a class of degenerate/singular normalized p-Laplace

equations of the form
—®(z,|Du|)AYu= f(z) in B, (1-4)

where the degeneracy law ®(-, -) satisfies a set of assumptions described in the
Chapter 2, p € (1,400) and f € L*(B;). We emphasize that the degeneracy
law ®(-,-) covers many important cases in the literature, such as power type
and variable exponent degeneracies, as discussed in Section 5.1. In particular,
we establish sharp Holder regularity for the gradient of viscosity solutions. In
the case where p is close to 2, we obtain an improved regularity and prove
Sobolev estimates for the homogeneous equation.

Chapter 5 follows a classical strategy, where we prove a compactness
estimate for both the degenerate and singular cases using a technical lemma
for viscosity solutions; see [33]. This is followed by a stability result, which leads
to an approximation lemma. Consequently, we can find an affine function that
approximates the solution u of (1-4) in a suitable sense at small scales, thereby
establishing C'h®—regularity.

We emphasize that the ideas presented are similar when p is sufficiently
close to 2. However, in this case, the exponent & is no longer bounded from
below, since the limiting equation corresponds to the Laplacian operator.

Our third main result in Chapter 5 concerns Sobolev regularity in the
case where f = 0. In this setting, we show that solutions belong to the space
W?24(By2) for every ¢ € [1,+00). See Theorem 5.13. We emphasize that our

findings are novel even in the classical p-Laplace case, where ®(x,t) = t*72. In
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particular, Theorem 5.13 implies that solutions to
—Apu =0 in B17

are of class C for every a € (0, 1), provided p is sufficiently close to 2.

13



2

Main assumptions and preliminary material

In this chapter we enunciate the thesis’s main assumptions, and gather
some definitions and auxiliary results. Since the right-hand side term f satisfies
different conditions within Chapters 3, 4 and 5, we start by providing these
assumptions, which concern with the growth regime and the regularity of the

source term.

2.1
Assumptions

2.1.1
Assumptions for the source term

We start this subsection with the assumptions on the nonlinearity f

which are essential in the chapter 3.

A 2.1 (Growth condition) We assume that the function f : QxRxR? — R

satisfies the following polynomial growth condition
[fa, )l < @)+ C (I +1¢") . (2-1)
for h € LY By) and fized constants C > 0 and
0,60 €[1,2). (2-2)

We emphasize that the main result in Chapter 3 depends on the growth regime
of f. However, we do not require that the source term belong to C'(£2) UL>®(12).
Next, we give an assumption which plays a crucial role in Chapter 4, and

pertains to the bounded Thiele modulus for a modulating function a.

A 2.2 (Thiele modulus) We assume that a : Q@ — R, (referred to as the
Thiele modulus or modulating function) is a continuous and bounded function
(strictly positive and finite). Specifically, there exist constants Aq > A\g > 0
such that

Ay > Sup a(z) > a(z) > igfq > A

The next assumption is related to the right-hand side of the equations
analysed in Chapter 5.
A 2.3 (Source term) We assume that f € C(By) N L*(By).

Although we assume f to be continuous, it is a mere technicality; none of the

estimates presented will depend on the modulus of continuity of f.
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2.1.2
Assumptions for the degeneracy laws

We proceed with the definition of almost increasing and almost decreas-
ing.
Definition 2.4 Let v : [0,00) — [0,00). We say that v is almost increasing if
there is a constant M > 1 such that

U(tl) < M’U(tg) fOT 0 <t <ty (2-3)

Similarly, we say that v is almost decreasing if there is a constant M > 1 such

that
v(ty) < Mu(ty) for 0<t; <ts. (2-4)

Next, we enunciate the assumptions related to the law ®(-,-) that are
satisfied throughout this thesis.

A 2.5 (Growth property) We suppose there exist constants —1 < v < pu
such that for every x € By the map

O(x,t)
t

t—

s almost increasing, and the map

O(x,t)
th

t—

1s almost decreasing.

A 2.6 (Degeneracy/Singularity law) We assume that ® : [0, 00) — [0, 00)
is a continuous function and there exist a constant B > 1 such that

1
B < ®(z,1) < B forall z € By. (2-5)

2.2
Definitions of Solutions

Due to the nature of the problems investigated in this thesis and the
diversity of approaches between chapters, it became necessary to employ
different notions of solution. We begin with the definitions that will be used
in the chapter 3. First, we introduce the weak solution for the bi-Laplacian

equation in a distributional sense.

Definition 2.7 (Local weak solution of the bi-Laplacian equation)

We say that a function u € W22 (Q) is a local weak solution to
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A*u = f(x,u, Du) in €, (2-6)

/QAuAgpdx:/Qf(x,u,Du)godx,

for every ¢ € C(12).
Next, we will be concerned with Poisson’s equation
Aw =g inQ, (2-7)

and explore two notions of solution, those of very weak and L?—strong solution.

For completeness, we recall these notions in what follows.

Definition 2.8 (Very weak solution of the Poisson equation) Let g €
L} .(Q). A function w € L}, .(Q) is a very weak solution to (2-7) if

loc

/wAgod:L':/ggpdx,
Q Q

for every v € CZ(Q).

Definition 2.9 (L?—strong solution of the Poisson equation) Let g €
LY(Q) for ¢ > 1. We say that w € W29(Q) is an Li—strong solution to (2-7)
if

Aw(z) = g(x), a.e x €.

Since our approach in the chapter 3 relies on rewriting the equation (2-6)
as the system
Au=nv in Q,
Av = f(z,u, Du) in Q.
We proceed by defining a notion of solution to the system in (2-8), relating
(2-6) with the latter.

(2-8)

Definition 2.10 The pair (u,v) € W>4(Q) x L1(Q) is a solution to (2-8) if
w is an LI—strong solution to the first equation in (2-8) whereas v is a very

weak solution to the second equation in (2-8).

Next, we present the definitions to be employed in Chapter 4. We begin

with the definition of a viscosity solution for the degenerate case.

Definition 2.11 (Viscosity Solution - case v > 0) Let f be a continuous
function in C' (2 x Ry). An upper semicontinuous function u € C(Q) is called

a viscosity subsolution (resp. supersolution) of
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|Du|7ApNu = f(z,u(x)), (2-9)

if whenever ¢ € C*(Q) and u — ¢ has a local maximum (resp. minimum) at

xo € Q, the following conditions are satisfied:
1) If D¢(zo) # 0, then
DY) AYG(w0) > f (w0, 6(x0))  (resp. Do) ANo(xo) < f (w0, 6(x0)))

2) If Dp(xy) = 0, then
a) Forp>2

A6(0) + (0 — 2w (D%6(20)) > 1 (20, 6(20))
(resp. Ad(xo) + (P — 2) Amin ( P(x )) < f (o, ¢(330)))

where Apax (D?d(20)) € Amin (D*@(0)) are the largest and smallest eigen-

values of the matriz D*¢(x0) respectively.

b) For 1 <p <2

Ap(20) + (p — 2)Aain (D*(0)) = f (w0, 3(x0))
(resp.  Ap(x0) + (p — 2)Amax (D*6(x0)) < f (w0, 6(0)))-

Finally, we say that u is a solution to (2-9) in the viscosity sense if it

satisfies the conditions for both subsolutions and supersolutions.

The following definition for the case v < 0 is adapted from the one

introduced by Julin and Juutinen in [50] for the singular p-Laplacian.

Definition 2.12 ([11, Definition 2.2]) Let Q C R? be a bounded domain,
l<p<oo, and —1 <y < 0. A function u is a viscosity subsolution of (2-9)
if u # oo and if for all o € C?*(Q) such that u — ¢ attains a local maximum at
xo and Do(x) # 0 for x # g, one has

lim inf (= Dp(@) Ae(x)) < —f (w0, o (x0)).
TFx()

A function u is a viscosity supersolution of (2-9) if u # oo and for all

© € C?(Q) such that u — ¢ attains a local minimum at Ty and Do(z) # 0 for

x # xo, one has

N
ling e (HIDRINAY6@)) 2 =S (e, glaw)
THT(
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We say that u is a viscosity solution of (2-9) in Q if it is both a viscosity

subsolution and a viscosity supersolution.

We emphasize that Birindelli and Demengel introduced an alternative
definition of solutions in [18,; 19, 20]. This definition represents a variation of
the standard notion of viscosity solutions for (2-9), which avoids the use of test

functions with vanishing gradients at the testing point.

Definition 2.13 ([11, Definition 2.3]) Let -1 <y <0 andp > 1. A lower
semicontinuous function u is a viscosity supersolution of (2-9) in Q if for every

xo € () one of the following conditions holds:

i) Either for all p € C*(Q) such that u — ¢ has a local minimum at o and
Dy(xg) # 0, we have

—[ Do) " Ay p(w0) = —f (0, (w0))-

ii) Or there exists an open ball B,(zo) C §2, n > 0, such that u is constant
in By(zo) and —f(z,u) <0 for all z € B,(zo).

An upper semicontinuous function u is a viscosity subsolution of (2-9) in € if
for all xy € Q one of the following conditions holds:

i) Fither for all ¢ € C*(Q) such that u — ¢ attains a local mazimum at xq
and Do(xg) # 0, we have

—[Dep(o) " Ay p(w0) < —f (0, (w0))-

ii) Or there exists an open ball B,(zo) C §2, n > 0, such that u is constant
in By(zo) and —f(z,u) >0 for all z € B,(zo).

Now, we introduce the concept of viscosity solution to be used in the

chapter 5.

Definition 2.14 (Viscosity solution) Let 1 < p < oo and f € C(B;y) N
L>®(By). We say that w € C(By) is a viscosity subsolution to (5-1) if for every
xo € By, either there exists n such that w is constant in B, (x¢) and 0 < f(z)
for all z € B,(x), or for any ¢ € C*(By) such that u— ¢ has a local mazimum
at g and Dp(zg) # 0, we have

—®(xo, | Dp(x0)) AN o(x0) < f ().
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Similarly, we say that u € C(By) is a viscosity supersolution to (5-1) if for
every ¥y € By, either there exists n such that w is constant in B,(zo) and
0> f(x) for all z € By(x), or for any ¢ € C?*(By) such that u— ¢ has a local

minimum at xo and Dp(xo) # 0, we have

—®(x0, | Dp(x0)|) AN 0(20) > f(0).

We say that a function u € C(By) is a viscosity solution if it is both a viscosity
sub and supersolution. Finally, u € C(By) is a normalized viscosity solution if

supp, |u| < 1.

2.3
Auxiliary results

The results in this section are organised following the order of the
chapters. First, we ensure that the definitions related to chapter 4 for the

singular scenario are equivalent.

Proposition 2.15 ([11, Proposition 2.4]) Definitions 2.12 and 2.13 are

equivalent.

Next, we observe that the singular case can be reformulated as the
analysis of the normalized p-Laplacian problem incorporating a lower-order
term. The proof follows the same ideas as the one in [11, Lemma 2.5], and for

this reason, we will omit the proof here.

Lemma 2.16 Let~y € (—1,0) and p > 1. Assume that u is a viscosity solution
to
|Du(x)|7ApNu(x) = f(z,u) in S

Then, u is a viscosity solution to

N _ .
Aju= f(x,u)|Dul™ in Q.

Theorem 2.17 ([11, Theorem 1.1] and [72, Theorem 1.1]) Assume
thaty > —1, p>1, and f € L>®(Q)NC(Q) be Holder continuous when v < 0.

Then, there exists o = a(p,d,y) > 0 such that any viscosity solution u of
|Dul'ASu = f(z) in Q
belongs to C,%(Q), and for any ' CC Q,

[U]Cl’a(Q’) < C= C(p7 d7 nQnyJn/7 HUHLOO(Q)? HfHLOO(Q))7
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where ng = diam(2) and n' = dist(Y', 02). In particular, we have the following

gradient estimate:

1
I Dulleier) < Cloy oo, ) (Nl iy + 1717 ) -

Remark 2.18 In [11, Theorem 1.1], after the proof of the theorem, there
exists a note in which the authors explain that in the case —1 < v < 0, the

Hélder regularity assumption of f can be removed.

The following lemma will be instrumental in chapter 4 regarding the proof of

the improvement of flatness. It is a sort of cutting lemma.

Lemma 2.19 (Cutting Lemma, [11, Lemma 2.6]) Let v > —1 and p >

1. Assume that w is a viscosity solution of

_|Dw + €] (Aw—(p—2)<D2w(Dw+€) (Dw+§)>> 0.

|Dw +&|7 |Dw + £

Then, w is a viscosity solution of

CAw— (p—2) <D2w(Dw+£) (Dw+£>>

|Dw + €| |Dw + ¢

Theorem 2.20 ([68, Theorem 5.9]) A function u is a viscosity solution to
—Agu =0 in Q
if and only if it is a weak solution to

—Ayu=0 in Q.

Next, we state a lemma that will establish the Comparison principle in
chapter 4, and subsequently, this result leads to the compactness of solutions

in chapter 5.

Lemma 2.21 ([33, Theorem 3.2]) Let By be a unit ball in R%. Let Q C By,
u,v € C(By) and ¢ be twice continuously differentiable in 2 x Q. Define

w(z,y) =ulx) +o(y) V(r,y) € QxQ,
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and assume that w — ¢ attains the mazimum at (xg,y0) € Q X Q. Then for
each € > 0, there ezists X, Y € S(d) such that

(Dasp(wo,40), X) € T~ Tulwo),  (Dypl(wo,10),Y) € T~ v(yo).

Moreover, the block diagonal matrix with entries X and Y satisfies

| X 0
~(Z+1BI) 1< <B+eB?,
€ 0 Y

where B = D?*p(xq, ) € S(d).

Now, we present a characterization of solutions for the singular case

v € (—1,0) in chapter 5. More precisely, we observe that solutions to

—(x, | Dul)AYu = f(x) (2-10)
are also solutions to a related equivalent equation. This characterization will
help us to obtain better compactness properties in this scenario.

Proposition 2.22 Assume that —1 < v < 0, and that A2.3 — A2.6 hold true.

Let u be a viscosity solution to (2-10), then u solves
| Du| 7@ (2, | Du|)Au = [Du| 7 f(x) (2-11)
in the viscosity sense.

Proof. Let us take a test function ¢ € C?(B;) such that u — ¢ has a local
maximum at zy € B;. If the gradient of our test function does not vanish at

the point zo, we have |Dp(z0)|™” > 0, and
—® (o, | Dip(0)])A) @(20) < (o).
Hence,
= Dep(0) |77 @ (0, [ Dp(w0))Ap (o) < | Dep(0)| 7 f (o),

and, as a consequence, u is a subsolution to (2-11).

Then, let us focus our attention on the case where x is a critical point
of ¢, i.e., Dp(xg) = 0. In this context, two scenarios are possible. For the first
one, we assume that the D?p(z) is invertible, and consequently, the point zg
is a locally isolated critical point of . Thus, for every € > 0 there exist a small

po > p and a sequence z, — o such that Dp(x,) # 0 and

—0(z,, | D) ) AN () < Flr,) + <.



Chapter 2. Main assumptions and preliminary material 22

As a consequence, |Dp(z,)|”" > 0 and
—| D ()| (. [ Dip() N Ay 0 () < [Dep(p)| ™ (f () +€) -
Letting ¢, p — 0, we obtain
0 = —[De(0)| 7@ (0, | Dp(w0)) App(0) < |Dp(o)| ™ f(wo) = 0.

If the D?*p(x0) is not invertible, we can take a semi-positive definite matrix
M € 8(d) such that, for every § > 0, we have that D?*p(x) —dM is invertible.

Let us define the auxiliary function
ps(x) = p(x) = 6(M(x — 20), 2 — o),

and apply the same argument as in the first scenario with ¢ replaced by s to

obtain

0 = —|Dps(0)| P (o, | Dips(0) ) Ay ws(20) < |Dps(0)] ™ f(20) = 0.

Thereby, letting 6 — 0, we obtain the desired result. Thus, in both scenarios
we have that u is a subsolution to (2-11).
The procedure to show that u is a supersolution is analogous, and we

will omit it here. Therefore, u is a viscosity solution to (2-11). |
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Regularity for a bi-Laplacian equation

This chapter is dedicated to examining the regularity of weak solutions

to the semi-linear bi-Laplacian equation
A*u = f(z,u, Du) in Q, (3-1)

where 0 C R? is a bounded smooth domain, A%u := A(Au) denotes the
bi-Laplacian operator, and the nonlinearity f satisfies a polynomial growth
condition, more precisely the assumption 2.1. In the following, we give an

overview of the bi-Laplacian operator and some recent developments.

3.1
Some context on bi-Laplacian equation

Elliptic equations driven by operators of higher order play an important
role across disciplines in pure mathematics and find relevant applications in
various realms of life and social sciences. We mention differential geometry,
calculus of variations, free boundary problems, the mechanics of deformable
media (mainly in the mathematical theory of elasticity) and the dynamics of
slow viscous fluids; see the monograph [66] and the references therein.

From the perspective of partial differential equations (PDE), the study of
bi-Laplacian equations has covered a plethora of topics. These include the exis-
tence of solutions, fundamental properties (such as the validity of the maximum
principle and the positivity of the Green’s function), and regularity estimates.
We notice the existence of relevant literature examining those properties in
connection with the geometry of the domain. Of particular interest is the fact
that merely Lipschitz-regular domains entail further difficulties for the anal-
ysis. In this connection, we refer the reader to [58] and the extensive list of
references therein.

Regarding regularity estimates, the study of the bi-Laplacian operator
has been pursued in several contexts. In the realm of obstacle problems, it
appears as the operator governing a variational inequality. More precisely, given
a function ¢ : Q@ — R, let u € W>%(Q) be such that

A*u >0 in Q, (3-2)

with u > ¢, and
A*u-(u—p)=0, inQ. (3-3)

In [46], the author proves that weak solutions to this problem are in W2 ().
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The analysis of the free boundary associated with (3-2)-(3-3) is the subject of
[27]. In that paper, the authors establish the local boundedness of the Hessian
and verify that A%u is a non-negative measure with finite mass. In addition,
they examine the planar case, showing that solutions are C*-regular and that
the free boundary is contained in a continuously differentiable curve.

The bi-Laplacian operator has also been studied in [37] in the context of

the two-phase free boundary obstacle problem

Ay =0 in B
U= on (0B1)"
g ( 1) (3_4)
Opypu =10 on B
8atd-H Au= A (ui)pil - )\+(u+)p*1 on Bia

where p > 1, A_ and )\, are positive constants, g € W24(By) for ¢ =
max{2,p}, and the sets B and B/ are defined as

Bfr = {(x,xd+1) € B, C RY x R|Q3d+1 > O}

and
Bi = Bl N {Z‘d+1 == O} .

The authors prove that both v and Aw are locally bounded. They also establish
regularity estimates in Hélder spaces of the type CP™17, for every v € (0, 1),
and show their findings are optimal in the case of p € N. They also consider an
Almgren’s type frequency formula and a Monneau monotonicity formula and
perform a thorough analysis of the singular set associated with (3-4). If Bj is
replaced with R, it is worth noticing the formulation in (3-4) can be regarded
as a Dirichlet-to-Neumann extension, in the spirit of Caffarelli and Silvestre

[28], for the operator
(AP u=A_(u )P = A (ut)Pt in RY

with u — 0 as |z| — oo.
Interior regularity estimates for the pure equation A%u = f prescribed
in a domain €2 have also been pursued in the literature. Of particular interest

is the analysis of polyharmonic equations of the form
(=A)"u=f in Q,

where 2 < d < 2m+1and f € C(Q). In [58], the authors prove that solutions
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to this problem satisfy
D" itay e L®(Q)  if d=2n+1,

and
D™ty e L°Q) if d=2n,

with n € N. In the concrete case of (3-1), were f = f(x) a smooth function, the
analysis would lead to u € L*°(€2) for dimensions d = 4,5, and Du € L*(QQ)
for dimensions d = 2, 3.

Concerning the semi-linear formulation of the bi-Laplacian equation, we
mention the developments reported in [38]. In that paper, the authors produce

regularity estimates for the weak solutions to
A*u+ a(r)u = g(z,u) in R% (3-5)

They work under natural assumptions on the functions ¢ = a(x) and g =
g(z,u), including polynomial growth conditions on g, and prove that solutions
to (3-5) are in W42(R4) N W24(RY) for every 1 < s < oo. Their arguments
rely on asymptotic properties of the fundamental solution associated with the
operator A?+4n?, for n € N. Apparently, these methods fall short in addressing
the dependence on the gradient Du, not covering the case of (3-1). To the
best of our knowledge, the analysis of semi-linear bi-Laplacian equations with

explicit dependence on Du has hitherto not been addressed in the literature.
3.2
Improved regularity in Holder spaces

To begin this section, we recall a result on the regularity of very weak

solutions to the Poisson equation.

Proposition 3.1 (Sobolev regularity for very weak solutions) Fizl <

s < o0o. Let w € L},.(Q) be a very weak solution to

Aw =g in(Q,

with g € L} (). Then Dw € WL*(Q). If w € L, (Q), then w € W2(Q).

loc loc

Moreover, for Q" € Q' € Q, there exists C' = C(d, s,Q", ) > 0 such that

@) (3-6)

[wlly2s@n < C (||w| @ T 9l

Proof. To verify that w € W2 (Q), we resort to [45, Theorem 3]. Once we

have w € W2*

or(€2), w becomes a strong solution to Aw = g in Q. Standard
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results in elliptic regularity theory (see, for instance, [47, Theorem 9.11]) yield
(3-6). Indeed, for " € € the [47, Theorem 9.11] implies the existence of
C(d, s, Q") > 0 such that

[wlly2s@n < C (Hw

s T 9] Ls(Q')) :

Therefore, the proof is complete. |

The next lemma is concerned with the notion of solution to the system

Au = in 2,
(3-7)
Av = f(x,u, Du) in Q,

and will help us to verify that a weak solution to (3-1) yields a pair (u,v) in a

suitable functional space, solving (3-7).

Lemma 3.2 Let u € W24(Q) be a local weak solution to
A*u = f(x,u, Du) in Q,
with ¢ > 2. Then, there exists v € L1(Q) such that (u,v) is a solution to

Au=v in €2,
Av = f(x,u, Du) in Q,

according to Definition 2.10.

Proof. Tt is clear that if u € W24(Q), Au € L(€). Set v := Au and notice that
v € L9(Q) is defined almost everywhere in €. In addition, the weak formulation
of

A*u = f(x,u, Du) in Q,

implies
/vAcpdx:/AuAgoda::/f(x,u,Du)godx,
Q Q Q

for every ¢ € C2°(2). Hence, v is a very weak solution to
Av = f(x,u, Du) in ,

and the proof is complete. [ |
In the remainder of this section, we state and prove the main result in

this chapter.
Theorem 3.3 Let 2 < g < d and u € W>%(Q) be a local weak solution to

A*u = f(x,u,Du) in B.
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Assume the nonlinearity satisfies the growth condition 2.1. Suppose further that

d
max{0,9}§<q§d. (3-8)
Then u € C2%(Q) for
d 0
oo dmaxto 6} gy
q

Moreover, for Q" € Q' € Q there exists C == C(d,0,0,q,s,Q",Q',Q) >0 such
that
max{o,0
el gy < C (1Bl pagey + lullizaey ) -

For ease of presentation, we set () = B, where B; stands for the unit ball
in RY; standard covering arguments ensure this reduction entails no further
restrictions on the problem.

Proof. We start by choosing

7
max{c, 0}’

S =

noting that, due to 0,0 € [1,2) in the assumption 2.1 and (3-8), we have
s € (d/2,q]. Moreover, for By;g € By it follows from the Growth condition
(2-1) that

||f (1’,U,DU)| L3(Bg/10) <C (HhHLs L#(By/10) + |||DU| ”Ls BQ/IO))
s<ﬁ(nh|Lsme)+wh4hﬂq3ww)+-WDuHL%u%ﬂw)
max{co,0
< C (Il pasyy + Il )

which is finite since v € W249(B;) and h € L%(B;). The constant C here
depends on d,q, By/1p and B;. By Lemma 3.2, there exists v € L(B;) such

that v is a very weak solution to
Av = f(xz,u, Du) in Bj.

Due to Proposition 3.1, we conclude Dv € Wﬁjf(ng/wo). But, since d/2 < s <
q, we also have v € L*(B;) and therefore v € I/Vli’(f(ng/loo). In addition, there
exists C(d, s, Bg)9, Byj10) > 0 such that

Lg(Bg/lo))

max{o,0
Loy + lulliado)

l0lweczyp) < C (I0llne(8y0) + 1 (@, u, Du)
< C (Il asy + llo
max{o,0
< C (1l oy + Ntllag,y + lullpsiah)
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where the third inequality follows from the fact that

L#(Bg/10) — ‘ L3(Bg)19) — Hu”w2q B1)

Because of Gagliardo-Nirenberg-Sobolev’s embedding theorem [47, Theorem
7.10], we obtain v € W'*"(By/s), and the Morrey’s inequality [47, Theorem
7.17) give to us that v € C**(By3), with

dmax{o, 0}
Yy

o =2 —

Since u is an L?—strong solution to Au = v, we have u € C**(By/s) (see [47,
theorem. 9.19]). Also, by Schauder’s theory, there exists a positive constant
C =C(d,o,0,q), such that

[l ey py < € (lll gy ) + [0lcoes, o) -

To complete the proof, we notice that

Wleoey < Cllollwass,
O (o, D) g, o

max{o,0
< C (I1hll sy + Il )

IA

where the final constant C' > 0 depends on d,0,0,q,s, Bgjg, By/1o and Bj.

Therefore, the estimate in the theorem follows. [ |

Remark 3.4 A fundamental question arises in the context of assumption

(3-8): one must ensure that
d
max{a,0}§ <d,

so the range for ¢ is non-empty. The above inequality is indeed satisfied due

precisely to (2-2).

The explicit description of the modulus of continuity is appealing, as it
provides asymptotic information. As ¢ — d and the growth conditions for f
approach the linear regime, the exponent a — 1, yielding asymptotic estimates
for (3-1) in C*!1. We also notice the explicit gains of regularity stemming from
(3 1). Indeed, we start with a function u € W?24(Q) and the equation yields

€ C2%(Q), with estimates.
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3.3
C>°-regularity estimates

We conclude this chapter with a corollary to Theorem 3.3 yielding
smoothness of the solutions to (3-1) in the case 0 = 6 = 1, under the
assumption that h € C*°(Q).

Corollary 3.5 Let u € W*4(Q) be a weak solution to (3-1), with ¢ > 2
satisfying (3-8). Suppose (2-1) is in force, with

flx,r &) :=h(x) 4+ a(x)r + c(z) - &,

where h,a € C®(Q) and ¢ € C®(Q,R%). Suppose further there exists
C(d,o0,0,q,s,Q", 8, Q) >0 such that

17l ooy + Nlallgoe oy + Nl oo ray < C-

Then v € C*

loc

|9 = n, we have

(). Moreover, for every n € N and every multi-index 9 with

sup| D"l < C (14 [[ullyaaey) -

Proof. Fix a direction i € {1,...,d} and define

ou
v =

= o

Clearly, v solves
A*y = g(x) + a(z)v(z) + c(x) - D,

with g given by

g(x) := aiih(x) + aiia aiic(x) - Du(z).

(z)u(z) +

One easily notices that
19(2) + a(@)o(@) + c(x) - Dv] < C (1+ Jullyaagy + [0(2)] + [Do(z)])

Hence, Theorem 3.3 implies v € 01203 (2). Because the direction i is arbitrary,

37
we conclude u € C7

(27(€). An induction argument on the order of differentiation

completes the proof. [ |



4
Geometric regularity estimates for quasi-linear elliptic models
in non-divergence form with strong absorption

The model under consideration in this chapter is given by
Du(@)AVu(z) = f(z,0) S a(@)ul(z) n Q, (41)

where p € (1,00) is a fixed parameter (related to the elliptic nature of the
operator), v € (—1,00) governs the singularity/degeneracy of the model,
and m € [0, + 1) represents the strong absorption exponent of the model.

Additionally, we impose the boundary condition
u(z) = g(x) on 09, (4-2)

where the boundary datum is assumed to be continuous and non-negative,
ie., 0 < g e C(09). In what follows, we will provide some details about the

normalized p-Laplacian operator and some context for the dead core problems.

4.1
The normalized p-Laplacian operator

The normalized p-Laplace operator is defined as

ANu = [Dul* PAju = Au+ (p — 2)Asu
Du  Du
=Au+(p—-2)( D*u—ri—r, — ),
w=2{P i)
where Apu := div(|DulP~2Du) denotes the standard p-Laplace operator. The
normalized p-Laplacian operator arises in a wide range of mathematical con-
texts, including stochastic processes and differential geometry. For example,
it admits a geometric interpretation in connection with the mean curvature
flow, as discussed in [43], and a probabilistic formulation via noisy tug-of-war
games with running pay-off, as explored in [60]. Due to these diverse appli-
cations, the normalized p-Laplace operator has been the focus of considerable
research over the years. Using tools from game theory, the authors in [55]
obtained new regularity results for the equation
N, _
Aju =0,
which were later extended in [65] to include right-hand sides f that are positive
and bounded. A treatment based on PDE techniques can be found in [29]. We
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also point out that parabolic counterparts of these regularity results have been
developed in [15, 40, 49, 56].

We recall that elliptic PDE models governed by normalized operators
with an elliptic nature have gained increasing interest in recent years due to
their broad connections with: Stochastic processes (random walks); Probability
theory (dynamic programming principles); Game theory (Tug-of-War games
with noise); Analysis (asymptotic mean value characterizations of solutions to
certain nonlinear PDEs), among others (cf. [9], [7], [8], [22], [23], [54], [57], [59],
and [64] for insightful contributions).

We assert that the Normalized p-Laplacian operator is “uniformly ellip-

tic” in the sense that
M;,A(DQU) < ApNU < Mj\LA( “u),

where

M;,A(DQU) = QleiilthATr(QlD2u) and M;A( 2u) = mglfltp Tr(AD?u)  (4-3)
, A

are the Pucci extremal operators, and Ay p denotes the set of symmetric d x d
matrices whose eigenvalues lie within the interval [AI;, AI;]. Indeed, the Normalized
p-Laplacian operator can be expressed in the form

Du Du
ANy =T1r [ (14, —2)— = DQ}
o U r[(d +(p )]Du\®\Du]> ul,

from which it is straightforward to verify that

)\11:I =min{l,p—1} and AE = max{l,p—1}.
This formulation shows that the normalized p-Laplace operator can be interpreted
as a uniformly elliptic operator in nondivergence form, with ellipticity constants )\g
and Ag. However, due to the gradient dependence and the singular behaviour at
points where Du = 0, classical C1® regularity results (such as those in [25, 26]) are

not directly applicable. The regularity of the gradient for the viscosity solutions to
N .
—Aju=f in B (4-4)

was studied a subject of [10]. In that paper, the authors showed that viscosity
solutions to (4-4) belong to CY*(Bj ) for some o € (0,1), with appropriate
estimates. The authors also derived estimates in terms of the L%(B;) norm of f,
provided p > 2 and ¢ > max{2,d,p/2}. In the borderline case, it was showed in
[16] that if f € L(n,1), then any W?2%viscosity solution to (4-4) is differentiable.
Moreover, when f € L? with ¢ > d, the solutions enjoy C’llo’ca (Bq) regularity for some
a € (0,1).

In recent years, considerable attention has also been devoted to degenerate or
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singular models of the form
—\Du|7A§u = f(z) in By, (4-5)

where v > —1. This formulation includes both the standard p-Laplace operator
(when v = p — 2) and the normalized p-Laplace operator (when vy = 0) as special
cases. Concerning regularity theory for viscosity solutions to (4-5), it was first shown
in [21] that radial solutions belong to C%®. This result was later extended in [11],
where the authors proved local C1® regularity for all viscosity solutions, assuming
the standard condition f € C(B;) N L*°(Bj). Furthermore, for v € [—1,0) and
p € (1,3—|— (% —2)), solutions were shown to be locally in W?22(Q). For the
degenerate regime v > 0, local W?? estimates were also established under the
assumption that [p — 2 + ~| is sufficiently small.

In addition, equations featuring Hamiltonian terms and strong absorption

effects have also been investigated. In [17], the authors considered
Vul? (ANu+ (B(z), Vu) o(2)|Vul’) = f(x) in By,

proving the existence of viscosity solutions as well as gradient bounds, non-
degeneracy of solutions, the Strong Maximum Principle, among other results.

In a very recent work [3], the authors worked with equations of the form
—a(|Du!)ApNu = f(z) in By,

where o(-) is a general modulus of continuity, such that ¢~ 1(-) is Dini continuous
and f € L°°(Bj). Under such conditions, it was shown that viscosity solutions are
locally of class C!.

A variant involving nonhomogeneous degeneracies was analyzed in [72], where

the authors considered equations of the form
_ {‘Du|o¢(z,u) +a(x)]Du\f3(f’fv“)} ANu= f(z) in By,

under appropriate assumptions on the variable exponents 0 < «(-),(:) and the
continuous coefficient 0 < a(-) € C(By). This work established local C1® regularity

of viscosity solutions.

4.2
PDEs models with the presence of dead cores

In the following, we will highlight some pivotal contributions concerning non-
uniformly elliptic dead core models (in both divergence and non-divergence forms)
over the past decades.

Several elliptic models with free boundaries arise in various phenomena
associated with reaction-diffusion and absorption processes, both in pure and applied

sciences. Notable examples include models in chemical and biological processes,
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combustion phenomena, and population dynamics, among other applications. A
particularly significant problem within this framework pertains to diffusion processes
under a sign constraint—the well-known one-phase problems—which, in chemical
and physical contexts, represent the only relevant case to be considered (cf. [32, 31,
14], and [39] and references therein for further motivation). As motivation, a class

of such problems is given by

~Qu(@)+ fxpugy(@) = 0 i Q
u(z) = g(z) on 99,

where Q denotes a quasi-linear elliptic operator in divergence form with p-structure
for 2 < p < oo (cf. [30] and [67] for further details), and Q2 C R? is a regular and
bounded domain. In this setting, f is a continuous and monotonically increasing
reaction term satisfying f(0) = 0, and 0 < g € C(99). In models from applied
sciences, f(u) represents the ratio of the reaction rate at concentration u to that at
concentration one.

It is worth noting that when the nonlinearity f € C1(Q) is locally (p — 1)-
Lipschitz near zero (i.e., f satisfies a Lipschitz condition of order (p — 1) at 0 if
there exist constants Mo, ¢ > 0 such that f(u) < MouP~! for 0 < u < (), it follows
from the Maximum Principle that non-negative solutions must, in fact, be strictly
positive (cf. [71]).

However, the function f may fail to be differentiable or to decay sufficiently
fast at the origin. For instance, if f(¢) behaves as t? with 0 < ¢ < p — 1, then
f does not satisfy the Lipschitz condition of order (p — 1) at the origin. In this
scenario, problem (1.1) lacks the Strong Minimum Principle, meaning that non-
negative solutions may completely vanish within an a priori unknown region of
positive measure Qy C Q, referred to as the Dead Core set (cf. Diaz’s monograph
[39], Chapter 1, for a comprehensive survey on this topic).

As an illustration of the aforementioned discussion (cf. [32], [31], and [69)]),
for a domain Q C R? certain (stationary) isothermal and irreversible catalytic
reaction processes can be mathematically described by boundary value problems of

the reaction-diffusion type, given by
—Au(z) + N(z)ul(z) =0 inQ, and wu(z)=1 on dQ,

where, in this context, u represents the concentration of a chemical reagent (or gas),
and the non-Lipschitz kinetics corresponds to the g-th-order Freundlich isotherm.
Furthermore, A\g > 0, known as the Thiele Modulus, governs the ratio between the
reaction rate and the diffusion-convection rate.

For ¢ € (0,1), the strong absorption due to chemical reactions may outpace
the supply driven by diffusion across the boundary, potentially causing the complete
depletion of the chemical reagent in certain sub-regions, known as dead core zones,

mathematically represented as Qo := {z € Q : u(z) = 0} C Q. In these
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regions, no chemical reaction occurs. Consequently, understanding the qualitative
and quantitative behaviour of dead core solutions is of paramount importance in
chemical engineering and other applied sciences.

More specifically, for an arbitrary domain Q C RY, the manuscript [63] is
dedicated to the study of various phenomena related to dead cores and bursts in

quasi-linear partial differential equations of the form:
div(A(|Du|)Du) = f(u) in 9, (4-6)

where A € C((0,00)) satisfies the conditions that the mapping p — pA(p) is
increasing and ;i_% pA(p) = 0. Moreover, the nonlinearity f is assumed to be
continuous, satisfying f(0) = 0, non-decreasing on R, and strictly positive on (0, c0).

This work extends the results obtained in [62], where Pucci and Serrin inves-
tigated similar problems. The main contributions of the present paper establish the
existence of solutions exhibiting dead cores. Additionally, the authors demonstrate
that, under certain conditions, solutions may exhibit both a dead core and bursts
within the core.

Recently, in the paper [36], Da Silva and Salort investigated diffusion problems
governed by quasi-linear elliptic models of the p-Laplace type, for which a minimum
principle is unavailable. Specifically, they considered the following boundary value

problem:

{ —div(®(z, u, Du)) + Ao(z) f(u)X{us0y = 0 in Q, @)

u(z) = g(z) on 01,

where  C R is a bounded domain, ® : Q xR, xR? — R? is a continuous, monotone
vector field satisfying p-ellipticity and p-growth conditions, 0 < ¢ € C(99),
Ao € C(Q) is a non-negative bounded function, and f is a continuous, increasing
function with f(0) = 0. This model allows for the existence of solutions with
dead core zones, i.e., a priori unknown regions where non-negative solutions vanish
identically.

In this setting, Da Silva and Salort established sharp and improved Cl'i(cp )
regularity estimates along free boundary points, which are points belonging to

O{u > 0} N, where the regularity exponent is explicitly given by
p
Bp,q) = ——F—.
(P, q) P
The precise statement of these regularity results is given by the following

estimate:

sup u(x) < Copmax< inf wu(x), PP L
Br(l'o) Br(l’O)

for a positive universal constant Cy depending on n,p, g, A\g. In particular, if zq €
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o{u >0} NQ (ie., xg is a free boundary point), then

sup u(x) < CorPP9),
Br(z0)
for all 0 < r < min{1, dist(zq, 0Q)/2}.

Additionally, several geometric and measure-theoretic properties, such as non-
degeneracy, uniform positive density, and porosity of the free boundary, are also
addressed in [36]. As an application, a Liouville-type theorem is established for
entire solutions whose growth at infinity is appropriately controlled.

Subsequently, in the manuscript [35], Da Silva et al. investigated the regularity
properties of dead core problems and their limiting behavior as p — oo for elliptic
equations of the p-Laplacian type, where 2 < p < oo, under a strong absorption

condition. Specifically, the authors consider the problem:
—Apu(z) + Ao(z)ud(z) = 0 in
u(z) = g(z) on 09,

(4-8)

where 0 < g <p—1, 0 <infg Ag < Ay is a bounded function, €2 C R? is a bounded
domain, and g € C(99). The PDE in (4-8) is characterized by a strong absorption
condition, and the set d{u > 0} N Q constitutes the free boundary of the problem.

In this context, the authors established the strong non-degeneracy of a solution
u at points in {u > 0} N Q (see [35, Theorem 1.1]). Furthermore, they provided
improved regularity along the free boundary 0{u > 0} N for a fixed pair p € (2, c0)
and ¢ € [0,p — 1) (see [35, Theorem 1.2]).

In the manuscript [34], Da Silva et al. investigated reaction-diffusion problems

governed by the second-order nonlinear elliptic equation:
P(z, Du, D*u) + | Dul (b(z), Du) = Ao(@)uxuopy(z), nQ,  (4:9)

where @ C R? is a smooth, open, and bounded domain, g > 0, g € C(99),
b e C(QRY, 0 < pu < v+ 1 is the absorption factor, Ay € C(Q), and F :
Q x (R?\ {0}) x S(d) — R is a second-order fully nonlinear elliptic operator with
measurable coefficients that satisfies certain ellipticity and homogeneity conditions.

Specifically,
’gpM;’A(X - Y) < F(l’,f,X) - F(.’I,"f,Y) < ’E"YM;\:A<X - Y) (Wlth v > _1)

for all X,Y € S(d) (the space of d x d symmetric matrices) with X > Y, where
/\/lf\E A(+) denote the Pucci extremal operators, defined previously in (4-3).
The authors establish the sharp asymptotic behaviour governing the dead core

sets of non-negative viscosity solutions to (4-9). Furthermore, they derive a sharp
Y2

regularity estimate at free boundary points, i.e., C;t'~*. Additionally, they obtain

loc

the exact rate at which the gradient decays at interior free boundary points, along

with a sharp Liouville-type result (cf. [70] for the corresponding results in the case
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v=0and b=0).

Finally, the last relevant free boundary model to highlight concerns the oo-
dead core problem. Specifically, in [6], Aratijo et al. focused on investigating reaction-
diffusion models governed by the oo-Laplacian operator. For A > 0, 0 < v < 3, and
0<¢cC(09),let Q C R?be a bounded open domain, and define

LIlv=~7Acv—A-(v4)"=0 in Q@ and v=¢ on 0N (4-10)

Here, the operator £ represents the oo-diffusion operator with «y-strong absorption,
and the constant A > 0 is referred to as the Thiele modulus, which controls the
ratio between the reaction rate and the diffusion-convection rate (cf. [39] for related
results).

We must also emphasize that a significant feature in the mathematical
representation of equation (4-10) is the potential occurrence of plateaus, namely
sub-regions, a priori unknown, where the function becomes identically zero (see
[35], [36], and [39] for corresponding quasi-linear dead core problems).

After proving the existence and uniqueness of viscosity solutions via Perron’s
method and a Comparison Principle (see [6, Theorem 3.1]), the main result in
the manuscript [6] guarantees that a viscosity solution is pointwise of class ok
along the free boundary of the non-coincidence set, i.e., {u > 0} (see [6, Theorem
4.2]). This implies that the solutions grow precisely as distﬁ away from the free
boundary. Additionally, by utilizing barrier functions, the authors demonstrate that
such an estimate is sharp in the sense that u separates from its coincidence region
precisely as dist 57 (see, e.g., [6, Theorem 6.1]).

Furthermore, the authors established some Liouville-type results. Specifically,

if u is an entire viscosity solution to
Asou(z) = M (z) in RY

4
with u(0) =0, and u(z) = o (|x\§>, then u = 0 (see [6, Theorem 4.4]).
Finally, they also addressed a refined quantitative version of the previous

result. Specifically, if u is an entire viscosity solution to
Asou(z) = Mu"(z) in RY,

such that

e 3 _ (MG
lim sup — < <43(1+’7)> )

then u = 0 (see [6, Theorem 5.1]).

A fundamental aspect of free boundary problems like
|Du(x)["Affu(z) = f(z,u) S a(x)ul(z) in Bg(w), (4-11)

is determining the optimal regularity of viscosity solutions. For instance, if we fix
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0<m<~y+1and R >r > 0, the radial profile w : Bg(zg) — R given by

v+2

w(z) =c(le—zol —r)f, for o= _———0,

(4-12)

where
1 1

oES! T
ori-m [d—1+4+ (p—1)(o —1)]F1-m

c:=c(d,y,m,p) = >0

is a suitable constant, is a viscosity solution to the equation
—|Dw(m)]7A§w(x) +wi(z) =0 in Bgr(zo).

It is well-known that, in general, solutions to (4-11) belong to Cllo’g” for some x € (0,1)
(cf. Attouchi-Ruosteenoja [11] for further details).

4.3
Regularity across the free boundary

Let us begin this section by making a few observations regarding the scaling
properties of the model, which will prove useful throughout the chapter. Suppose
that u is a viscosity solution to (4-11). Let x and r be positive constants, and define

the function

Consequently, we can compute

2
Dv(z) = gDu(rﬂv) and D%v(z) = %DQU(T‘Z‘),

which implies

Dv(z) Dov(z

ANy(z) = Av(z) + (p — 2) <D2’U(x)

)
)
r? r? u(re u(re
= ;Au(rﬂi) +(p—2) <%D2u(r:v) Du( ; Du(rz) >

r? N
= ;Ap u(rz).
The above calculation reveals that v is a viscosity solution to
| Do(@)["Ajv(2) = ag, (2)0] (),

where a, - (z) = (r*T7/K7T17™) a(ra). By choosing & = ||ul|fe(p,), We may assume,
without loss of generality, that solutions are normalized, i.e., |[ullze(p,) < 1.

Moreover, throughout the remainder of this chapter, we will consider the constant

o= oy m):’ViH
: : por g
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Lemma 4.1 (Flatness Estimate) Let § > 0 and suppose that A2.2 holds. Then,
there exists r == r(d,0) € (0,1) such that if u € C(By) is a normalized viscosity

solution to

|Du(z)"Au(z) = (Pa(z)uf(z) in B,
u(0) = 0,
where ¢ € (0,7], we obtain
sup u < 6. (4-13)
Byya

Proof. Assume, for the sake of contradiction, that the conclusion of the lemma
does not hold. Then, there exist 9 > 0 and a sequence of normalized non-negative

functions (uy,)pen satisfying

Dun(@) AYua(@) = (1) a@)(w)P(@) in B,
" (4-14)
un(0) = 0.
However,
sup uy, > do, (4-15)
Byya

for every m > 1. Since the right-hand side of the equation (4-14) belongs to
L>(B;) N C(By), it follows from Theorem 2.17 that for every n > 1,

[unllore(By ) < €

where C' > 0 is a constant independent of n. Consequently, there exists a function
Use € C¥¥(Bgg), for some a € (0,1), satisfying 0 < us < 1 and ue(0) = 0, such
that u, — e locally uniformly in By . By a slight adaptation of [11, Appendix], the
structural stability of the problem (4-14) implies that u, solves the limit problem

in the viscosity sense. That is, uq, is a viscosity solution of
|Duoo(x)|7ApNuoo(x) = 0 in By,
uss(0) = 0.
By Lemma 2.19, the function u, is also a viscosity solution to
Aguoo(a:) = 0 in Bg/g,
Uso(0) = 0.

Finally, by Theorem 2.20 and the Strong Maximum Principle from [71], we conclude
that us = 0 in Bgjg. This contradicts (4-15) for sufficiently large n. [

We are now in a position to present the improved regularity estimate.

Theorem 4.2 (Improved Regularity) Suppose that A2.2 (upper bound) holds.

Let u € C(By) be a non-negative bounded viscosity solution to

|Du(x)]7A§u(x):a(m)uT(aj) in B
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and let xg € O{u > 0} N Byjo. Then, for any point z € {u > 0} N By 5, there exists
a universal constant Cg = C(d, p, v, m,Aq) > 0 such that

v+2
u(z) < Cgllull poo(By) |2 — wo| 7F17m.

Proof. Assume without loss of generality that g = 0. Define an auxiliary function
vi(x) = ku(Tz),

where = 1/||u|| o (p,) and 7 € (0,1) is a constant to be determined later. Observe
that

Doy () AN vi(2) = K777 | Du(@)| [ Au(ra) + (p - 2)rr2 AN u(re)]

= /£1+772+7|Du(73:)|7ApNu(T:L'),
which implies that v;(z) is a viscosity solution to the problem
| Dvy (:U)PApNvl(x) = g m2tr g (x)v*(x) in B,

where a;(z) = a(rz). The previous lemma ensures the existence of r = r(d,d) €

(0,1) for a given
§:=2"7>0, (4-16)

such that for any function v satisfying 0 < ¢ <1, ¢(0) = 0, and solving

| Dy ()" AN () = Ca(z)yT(x) in By,
in the viscosity sense, where 0 < ¢ < r, it holds that

sup ¢ < 6.
By 2

Fix this value of r(d, d) for the given § > 0 in (4-16), and with this fixed value, select

the constant

Ti=rr e

Thus, the auxiliary function v, satisfies
]Dvl(:v)PApNvl(x) = Cai(z)vP*(z) in By,

V1 (0) = O,

0 S U1 S 17
where ¢ < r. Applying Lemma 4-13 to v1, we obtain

sup v <279,
Byja
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Next, define a second auxiliary function by

vo(x) == 2% (;) .

From the definition of vy and the constant o, we can observe that

on 3) s 2

2+ A4+7)—(2+y)(A+y—m) T T
— 2 1+y—m Czal (2) rU’in (2)

(2+y)m 9 _(@2+ty)m m
— 2 2 T R ay(e)o (0)

= (Pap(2)vy’ (),

24y
‘DU2($)|WAPNU2($) =2 e .9—(2+7)

where as(z) = ai(x/2) = a((7/2)zx). It follows that vy satisfies the hypotheses of

Lemma 4-13, and consequently,

sup vg < 277,
B2

From the definition of vs, we obtain

sup vy < 2729,
B4

Repeating this process for the function

w(e) =20 (1)

we derive the estimate

sup v, <279,

Finally, for a given 0 < p < r/2, let n > 1 be an integer such that 2~ (n+1) < p/r <
27", Then,

K -supu(z) < sup vi(x)
By Bosr

< sup vi ()

2—n
< 2—7’7,'0'

<29 (p)a
- T
2 o
S <) pa"
T

2 o
supu(z) < (3) o6 (417)

P

Therefore,
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Remark 4.3 An examination of the proof reveals that we only utilize the fact that
a is bounded from above. This observation allows us to derive the same regularity
estimate even when the bounded Thiele modulus depends on u. More generally, the
result holds when the right-hand side is a function f(x,u) € L*°(B; x [0,£]) for

which there exists a constant Cy > 0 satisfying:
flz,put) < Cop™ f(x,t)  for all (z,t) € Q x [0, Lo],

for some sufficiently small p > 0. Consequently, the constant appearing in (4-17)
also depends on || f| re (B, x[0,2)-

4.4
Non-degeneracy and measure-theoretic estimates

The following result is fundamental for establishing the existence of viscosity
solutions to our problem and for deriving certain weak geometric properties. It
represents a more generalized formulation, which will prove instrumental for our

objectives in future research.

Lemma 4.4 (Comparison Principle) Let ¢, hi,he € C(Q2), and let f: R — R be
a continuous and increasing function satisfying f(0) = 0. Suppose that
hi(x) in £,

>
(4-18)
<

|Duy |"ANuy + H(x, Duy) + c(z) f (u1)
ho(x) in £,

| Dua|"ANug + H(x, Dug) + c(x) f (uz)

in the wviscosity sense. Furthermore, assume that us > uy on 92 and one of the

following holds:

(a) If c <0 in Q and hy > hy in Q,
(b) If ¢ <0 in Q and hy > hy in Q.

Then, us > uq in €.

Proof. Let us argue by contradiction, for that assume there exists a constant Mg > 0
such that

My := sup(uj — ugz) > 0.
Q

For each ¢ > 0, define
1
M, = sup (ul(x) —uz(y) — 2—|:c - y|2) < 0. (4-19)
axQ €
Let (22,7:) € Q x Q denote the points where the supremum is achieved. Following
the argument in [33, Lemma 3.1], we have
1
lim —|z. — .| =0 and lim M. = M. (4-20)
e—0

e—0 €
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In particular,
2o '= lim z. = lim y,, (4-21)
e—0

e—0
with ug(20) — u2(z0) = Mp. Since

Mp > 0 > sup(u; — ua),
15)9)

it follows that x.,y. € € for some interior domain Q' € Q and for all sufficiently
small £ > 0. By Theorem 2.21, there exist matrices X,Y € S(d) such that

(x;y X> € 7 ui(z.) and <y ; xs,Y) € T ualye). (4-22)

Moreover,
1 0 X —1I
3 < <3 (4-23)
e\NO T 0 -Y e\-IT I

in particular, X <Y. Letting . = (z. —y.)/c and using (4-18) and (4-22), we derive

hi(ze) < Nl (Te(X) + (p — 2) (X e, me)) + () f(ur(2e)) + H(ze,ne)
< e (Te(Y) + (p — 2) (Y, me)) + e(@e) f(ur () + H (e, 7e)
< ha(ye) — c(ye) f(ua(ye)) — H(ze,me) + c(we) f(ui(we)) + H(2e,me)

< ha(ye) + f(u2(ye)) (e(xe) — cye)) + [inHC] (f (ur(ze)) — f(u2(ye)))

W(|re — ye|) (1 + |ne] ).

Taking the limit as ¢ — 0 in the above inequality and applying (4-20) and (4-21),

we obtain

P (z0)  ha(zo) < [mine] (F(un(z0))  F(ualio).

Q
This contradicts assumptions (a) and (b). Therefore, we conclude that us > u; in
Q. [
Next, we present the non-degeneracy of solutions by constructing a suitable

barrier function.

Theorem 4.5 (Non-degeneracy) Let us assume that A2.2 (lower bound) holds.

Let u € C(By) be a non-negative bounded viscosity solution to
\Du(x)PApNu(a:) =a(z)ul(x) in By,

and let y € {u>0} N Bi;. Then, there exists a universal positive constant Cnp
such that for r € (0,1/2) hold

g

sup w > CND(d777m7p> >\a) T,
ET(?J)

where
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( )2+ 1 1
1+~ —m)" A, ty—m
C ,d,myp, Ag) = > 0.
N0 o Ae) = | (g @ — D 7 - m) + (p— D+ )]
(4-24)

Proof. Assume without loss of generality that y = 0. Since u € C(f2), it suffices to
prove the theorem for points y € {u > 0} N By /5. Thus, we may assume that w is

strictly positive. Define the auxiliary function
W(x) = clal?,

where 0 := (2+7)/(1+~v—m) and ¢ = Cnxp(d, vy, p, m, Aq) is a small positive constant

to be determined later. Observe that

DU(x) = colz|” %z and D?*¥(z) = colz|” > [I + (o0 — 2)% ® |$|] )
x x

Consequently, we have

DU ()" ANU(z) = [D(x)] [A¥(2) + (p — 2) AN U(2)]
=co? [ca(o —24+d)|z|7% + (p — 2)co(o — 1)|x]"*2} || (=
= A= 1+ (p = 1)(0 — 1)]]af(7 D02
=AM -1+ (p— 1) (o — 1)]|z|™.

To select the appropriate value of ¢, it is sufficient to choose

1
14+~v—m

(1+v—m)*T )\

VS e - Dty —m) + - D +m)]

where ), is a positive constant given by assumption A2.2. Thus, we can estimate
|D\I/(x)|7ApN\IJ(x) —a(z)V(r) <0 = ]Du(a:)WApNu(x) —a(z)u'(x) in Bj.

Now, suppose that for some z¢ € dB,, with 0 < r < 1/2, we have
u(zo) > W(xo). (4-25)

It follows that

supu > u(zg) > ¥(xg) =c-r°.
By

Therefore, it suffices to verify whether (4-25) holds. Suppose, for contradiction, that
it does not hold, i.e., u(z) < ¥(z) for all x € 9B,. Since v and V¥ satisfy

]D\Il(a:)PAy\I’(x)—‘llT(x) < ]Du(x)]”ApNu(x)—uT(m) in By,
U(z) > ulx) on 0B,
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the Comparison Principle (Lemma 4.4) implies
U(z) > u(r) in B
In particular, at the point y = 0, we have ¥(0) = 0, which implies

0= 0(0) > u(0) >0,

a contradiction. Thus, (4-25) must hold, and the proof is complete. |

4.5
Measure properties

Next, we will deliver some measure-theoretic properties, and we establish
certain properties of the phase transition. The following result demonstrates that
the region {u > 0} maintains a uniform positive density along the free boundary. In

particular, the formation of cusps at free boundary points is precluded.

Corollary 4.6 (Uniform positive density) Assume that A2.2 hold true, let u €

C(B1) be a non-negative bounded viscosity solution to
\Du(w)WApNu(:v) =a(x)ul'(z) in B,
and xo € O{u > 0} N Byjy. Then, for all v € (0,1/2) holds
LYB,(z0) N {u > 0}) > Or,

where © is a positive universal constant, and LY(E) states the d-dimensional

Lebesgue measure of set E.

Proof. Let r € (0,1/2) be fixed. From Theorem 4.5, there exists a point yy € B,.(z0)
such that

u(o) = sup u> Cxp - 1°.
Er(‘ro)

On the other hand, the following inclusion holds:
Brr(yo) € {u > 0}, (4-26)
for some sufficiently small 7 > 0. To verify this, suppose, for contradiction, that
O{u >0} N Brr(yo) # 0
Let zg € 0{u > 0} N B;+(yo). By Theorem 4.2, we have
u(yo) < Cglyo — 2o0[”.

Consequently,
Cnor? < ulyo) < Cglyo — 20|” < Cg(77)7.
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This leads to a contradiction if we choose

1
C v
0<7< (ND> . (4-27)
Cg
Thus, for such 7, the inclusion (4-26) holds. Finally, we conclude that
LBy (o) N {u > 0}) > LYBx(x0) N Brr(y0)) > O,
where © > 0 is a constant depending on 7 and the dimension d. |

As a result of Theorems 4.2 and 4.5, we also establish the porosity of the

zero-level set.

Definition 4.7 (Porous set) A set A C R? is said porous with porosity §4 > 0 if
there exists R > 0 such that

Vo € A, Vr € (0,R), 3y € R such that Bs . (y) C B,(z) \ A.

We note that a porous set with porosity d 4 > 0 satisfies
dem(.A) S d - C(Sil,

where Hgiy, states the Hausdorff dimension and ¢ = ¢(d) > 0 is a dimensional
constant. Particularly, a porous set has Lebesgue measure zero (see, for example,
[53] and [73]). Next, we establish the porosity of the free boundary.

Corollary 4.8 (Porosity of the free boundary) There exists a universal con-
stant T € (0,1] such that

HET (8{u >0} N Bl/g) < H00.

Proof. Let xo be an arbitrary point in d{u > 0}, and let yo € 0B, (x¢). For a fixed
0 < 7 < 1, to be determined later, define

7= (1—71)xo+ TY0,
where |[§ —yo| = (7/2)r. Note that for each z € B, /9),(7), we have

|z —=yol < |z =7+ [T — ol < 77
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Since 7 lies on the segment connecting ¢ and yo, it follows that

IN

2 =Yl + w0 =¥l = |z =7l + (lzo — ol = [¥ = wol)

Ty (r T
27" T 27"

=7

|z — zo]

IN

By choosing 7 as in (4-27), we obtain
B2 (Y) € Brr(yo) N By (x0) C By (o) \ 9{u > 0}.

Thus, we conclude that d{u > 0} N By 5 is a (7/2)-porous set. By [53, Theorem 2.1],
the desired result follows. |

4.6
Liouville-type Theorems

We now address the existence of a viscosity solution to the Dirichlet problem
(4-1) (respectively, (4-2)). This result is derived by employing Perron’s method,
provided that a suitable version of the Comparison Principle holds. Specifically,

consider the functions w® and w,, which satisfy the following boundary value

problems:
]DuﬁPAquﬁ =0 in €, (4.28)
uf(z) = g(x) on 09,
and N m .
[ Du,|"Apw, = ||9||Loo(gz) in €, (4-29)
u,(x) = g(x) on 0f.

The existence of such solutions can be established using standard techniques.
Moreover, it is evident that uf and w, act as a supersolution and a subsolution,
respectively, to (4-1). Therefore, by invoking the Comparison Principle (Lemma
4.4), Perron’s method guarantees the existence of a viscosity solution in C(f2) to

(4-1). More precisely, we obtain the following theorem.

Theorem 4.9 (Existence and Uniqueness) Let f € C([0,00)) be a bounded,
increasing real-valued function satisfying f(0) = 0. Suppose that there exist a

viscosity subsolution u, € C(Q) N C%Y(Q) and a viscosity supersolution uf €
C(Q) N CYY(Q) to the equation

\Du|7ApNu =a(x)f(u) in Q, (4-30)
such that w, = uf = g € C(09). Define the class of functions
S4(Q) := {’U € C(Q) | v is a viscosity supersolution to \Du!VApNu = a(x)f(u) in Q,
(4-31)

such that u, <v < u? and v =g on 09}.

Then, the function
u(z) = inf v(x), forz e, (4-32)
Sg(€)
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is the unique continuous (up to the boundary) viscosity solution to the problem

{|Du|m,1§u = a(@)f(u) in (4-33)

u(z) = g(x) on 0.

Next, as an application, a qualitative Liouville-type result for entire solutions
is addressed, provided that their growth at infinity can be controlled appropriately
(see [18, Theorem 3.1] for related results).

Theorem 4.10 (Liouville-type Theorem I) Suppose that A2.2 holds, and let u

be a non-negative viscosity solution of
|Du(m)]7A§u(x) = a(zx)uT(z) in RY
and u(xg) = 0. If
u(x) =o(|z|”), as |z[— oo, (4-34)

then uw = 0.

Proof. Without loss of generality, assume that xg = 0. Define the sequence

where n € Nand o = (2+7)/(1 +~ —m). Since
Doy (z) =n'""Du(nz) and D?p,(z) = n* 7 D*u(nz),
it follows that

| Dipn (@) AN g0 (2) = [Dipn(@)]" (Apn(@) + (p — 2)ANon(2) )
= n(=97| Du(nz)|" (TLQ_UAU(TL$) +n2(p — Q)Aﬁu(nx))
= n(17”)7+27‘7|Du(nx)|7ApNu(nx)

=n""%a(nx)ul} (nx)

= an(2)(5)+(2),

where a,,(z) := a(nzx). Thus, ¢, is a non-negative viscosity solution to

[ Don ()" AYpn(z) = an(@)(¢))+(2),

and ¢, (0) = 0 for every n € N. Let 7 > 0 be small, and let x,, € B, be such that

on(2n) = sup on(T).
By

Observe that
lenllpe(m,) =0 as n— oo. (4-35)
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Indeed, if |nx,| is bounded as n — oo, then |p,(x,)| is also bounded, say by a
constant B, since u is continuous. Thus,

= <
Pn(n) no =

B

g

—0 as n — oo.

3

On the other hand, if |nz,| — oo, then by hypothesis (4-34), we have

@ |%u(nay,) u(nay,)

on(Tn) = —0 as n— oo.

|nxn,lo ' |nx, |7
Therefore, by Theorem 4.2, we obtain
en(z) < of]z]7) - [x]”.

Now, suppose there exists a point 2o € R? such that u(xg) > 0. Since (4-35) holds,

choose n sufficiently large such that xy € By, and

u(xo)
< .
sup op(z) < 10n?

T

On the other hand, we can estimate

uleo) _ | ule)
ne By ne

= sup
B, n°

= sup ()
< U($0)7
— 10n°

which leads to a contradiction. This completes the proof. |
Finally, we establish a sharp Liouville-type result, which asserts that any
entire viscosity solution satisfying a controlled growth condition at infinity must

be identically zero.

Theorem 4.11 (Liouville-type Theorem II) Let u be a non-negative viscosity
solution to
|Du(m)]7A§u(x):a(x)uT(x) in R

Then, u = 0 provided that

. u(x
lim sup |€I(3’0) < COnp(v,d,m,p, \a),

|z| =00
where CNp (7Y, d, m, p, A\q) > 0 comes from (4-24).

Proof. Fix R > 0 and consider v : Br — R, the viscosity solution to the boundary
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value problem

|Dv(x)|“/ApNv(m) = a(z)vP(z) in Bg,
v = supgp,u(r) on OBg.

Theorem 4.9 ensures that the solution v is unique. Moreover, by Lemma 4.4, we

have
v>u in Bpg. (4-36)

From the hypothesis, for R > 1 sufficiently large, it follows that

sup @ <O - Cnp, (4-37)
oBp R

for some 0 < ©® < 1. For R > 1, the radial profile (4-12) implies that the solution

190
supgp,, u(r) \

|- Rl —E—= .
o ( 52" )]
+

Combining this with (4-36) and (4-37), we obtain

170
supgp, () | 7
_ R 229Br 2\
o ( 2 ) }

n
§C’ND-[|x|—R(1—@%>}i%O as R — oo.

v = vR is given by

vr(x) == Cnp -

U(JU) < Cnp -

This completes the proof of the theorem. |

4.7
The critical equation

In this section, we address the borderline scenario, i.e., when m = v + 1. In
this context, we prove that a Strong Maximum Principle holds.

We also establish a precise and rigorous characterization of solutions to (4-1)
when m = ~+1. It is worth noting that, in this case, the previously derived regularity
estimates deteriorate. Consequently, investigating this critical regime constitutes a

subtle and challenging endeavour.

Theorem 4.12 (Strong Maximum Principle) Let u € C(2) be a nonnegative,
bounded viscosity solution to (4-1) with m = v+ 1. Then, the following dichotomy
holds: either u >0 or u =0 in 2.

Proof. We proceed by contradiction. Suppose there exists a point y € B; such that
u(y) > 0. Without loss of generality, assume y = 0, and define the distance from

this point to the zero set of u:

1
0 < O :=dist(0,{u=0}) < 1 dist(0,0By).



Chapter 4. Geometric regularity estimates for quasi-linear elliptic models in
non-divergence form with strong absorption 50

Define the auxiliary operator
F'u) = | Du(x)"ANu(z) — a(z)ui™ (z) = 0, (4-38)

and observe that the function v(z) = u(0)xp, is locally bounded. Indeed, since v is

a viscosity solution to
FH] = —a(x)u'™(0) <0,

and v = v on 0B, the Comparison Principle 4.4 implies v(z) > u(x) in B.
Consequently, u(0) > u(x) for all z € By.

Next, define an auxiliary function to serve as a barrier:

e—a(9/2) _ Kg, in B@/Q,
Bo(z) =S e=al7® — ko, in Be \ Be /2, (4-39)
0, in R%\ Be,

where kg = e’ for a > (2/62). Note that
|D®,(z)| = 2alzle™ P’ > a0e™®" = Jy >0 in Bg\ Beys (4-40)

Moreover, we compute

Ag@a(az) = 27a7|x\767‘”|z|2 [<4a2|x]267“|w‘2 — 2a67“‘m|2) +(p—2) (4a2\x|2e*‘llz|2 - 2ae*a|x‘2>}

= (2a)|af eI (p — 1) (2afa] ~ 1).
As a result, for z € Be \ Bg/2, we have

FI@(a)] = (20)T[af e (o 1) 2afaf? ~ 1) — a@) (¢ — ko)

¥ 2
> 20 (5) o991 (20(5) 1) < lelmemy (7 - )

> 0.
Now, observe that for any constant 7 > 0,
FHr - @q(a)] = ' FH[@(2)] > 0> FFu] in Be \ Boys-
Thus, choosing 1 > 7 > 0 such that
u>T7-®, on 0BegUOdBg),

we can apply the Comparison Principle 4.4 again to obtain
u>T1-®, in Be\ Bg/. (4-41)

On the other hand, we can rewrite the equation (4-38) as

DuP ANu = a(2)[u’ (@)] - u 770 = ()™ (),
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where m := 1+ v — p and the bounded Thiele modulus @(z) := a(z)[u*(z)]. Then,
by Theorem 4.2 and Remark 4.3, we have

sup u < Cr2t7,

Br(yo)

for any yo € dBeo N d{u > 0}. Now, choose a radius ro > 0 sufficiently small such
that 9 1
C-rg < 570 To. (4-42)

To conclude, combine (4-39), (4-41), and (4-42) as follows:

0<7roJo <7rg inf |D®,|
Be\Bg /2

< Trp inf |D®,,|
Beo ﬂaBrO (yo)

z) — ®u(yo)l
|z — ol
< sup 7| Py(z) — Palyo)|

Bo ﬂaBrO (o)

<717 ‘Q)a(
> 0

< sup 7 [Pa(z) — Pa(yo)]
Bro(yo)

< sup 79,
Bro (yO)

< sup u
Bw‘()(y())

which is a contradiction. This completes the proof. |



5
Regularity for a class of degenerate/singular normalized
p—Laplacian equations

We investigate the regularity theory for viscosity solutions to a class of

degenerate/singular normalized p-Laplace equations of the form
—P(x, \Du|)ApNu = f(x) in By, (5-1)

where the degeneracy law ®(-,-) satisfies a set of assumptions described below,
p € (1,+00) and f € L*>(B;). We emphasize that the degeneracy law ®(-,-) covers
many important cases in the literature, such as power type and variable exponent
degeneracies. In particular, we establish sharp Holder regularity for the gradient of
viscosity solutions. In the case where p is close to 2, we obtain an improved regularity
and prove Sobolev estimates for the homogeneous equation.

In this Chapter, the constant ag € (0, 1) accounts for the Holder regularity for

the gradient of viscosity solutions to the homogeneous p-Laplace equations.
—Apu=0 in Bj.

Next, we emphazise the scaling properties of the problem (5-1).

Remark 5.1 (Scaling properties) Across this Chapter, we will suppose that certain
quantities satisfy a smallness regime. This assumption is not restrictive, i.e, we can
assume without loss of generality that u is a normalized viscosity solution, the L*°-
norm of the source term is arbitrarily small and that B = 1. In fact, for any € > 0,
the function

()

v(z) = Na

is such that v is a viscosity solution to
—@(x,|Du])ApNu: f(z) in By,

where
~ O(z, Kt)

O(x,t) := @ K) /()

and  f(z) := B, KK

Observe that ®(-,-) satisfies A2.6 with B = 1, and A2.5 with the same constant
M > 1. Moreover, A2.5 also gives

- 1 BM
[ flloe(By) < W”f”LOO(B1) < WHJ”HLOO(BI)-

Hence, recalling that v > —1 and taking

1
K =2 |l ooy + (57 BMI ) ™ |
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we obtain that

[vllzoesyy <1 and HfHLOO(Bl) S e

5.1
General degenerate/singular law

For very general classes of degeneracies, we refer to [13] in the context of fully
nonlinear elliptic equations, and to [44] for the fully nonlinear nonlocal elliptic case.

In [13], the authors study fully nonlinear elliptic equations of the form

®(x, |Du|) F(D?*u) = f(x) in By,

where f € L°°(Bj). They prove that viscosity solutions of this equation are locally

of class C1*, where the exponent « is

min{aa,ﬁ} ify>0

o=

In their setting, the constant o corresponds to the Holder regularity of the gradient

of viscosity solutions to the homogeneous equation

F(D*u) =0 in By.

Analogous results were obtained in [44], where the authors investigate viscosity

solutions to the nonlocal equation

@(3}, |Du’)1—a(uvl‘) = f(:L‘) in By,

where Z, denotes a suitable fully nonlinear nonlocal operator and f € L*°(Bj).
Their results mirror those in the local case, but are established specifically in the
degenerate setting.

We emphasize that the degeneracy function ®(-,-) considered in these works
is quite general. Both [13] and [44] operate under similar assumptions (see also
conditions A2.5 and A2.6 described in the Chapter 2), in which ® encompasses a

broad class of growth conditions. Examples of such degeneracies include:
(1) y—growth: ®(x,t) =t7, with —1 < ~, as studied in [11];
(2) Variable y(z)—growth: ®(z,t) = t7®) with —1 < ~(z);

(3) Double phase growth: &(x,t) = t7 + a(x)t?, with —1 < v < o and
a(-) € C(By);

(4) Variable exponent double phase: ®(z,t) = t7%) + a(z)t°®) | with —1 <
v(z) < o(x), a(-) € C(By), in the spirit of [72], where only the degenerate

case was analyzed;
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(5) Borderline double phase case: ®(x,t) = t7+t7 log(1+t), with -1 <y < o,
a(-) € C(By);

(6) Multi-phase growth: ®(x,t) = t7 4 a(x)t? + b(x) t", with —1 < v < o, 7,
and a(-),b(-) € C(By).

5.2
Compactness of the solutions

In this section, we prove the compactness of the solution to (5-1). Let us

consider the following auxiliary problem

D D
—®(z, | Du(z) + €|) Au(x)+(p—2)<D2u|D31§|,|D21§|>} in By, (5-2)

where € is a arbitrary vector in R%. In order to prove the compactness result, we will
analyze separately the degenerate and singular cases. For that, we begin by providing

a triad of auxiliary lemmas that will help us achieve the goal of this section.

Lemma 5.2 Let u € C(B1) be a normalized viscosity solution to (5-2), assume that
v > 0 and that A2.3 — A2.6 are in forced. Then, there exist a constant I' > 1 such
that the if |€] > T the function u € C%(By) for some universal a € (0,1). Moreover,

loc

there exists a constant C > 0 such that

lull o,y < C (dops B, M, |l csy)) -

Proof. Let us begin by considering a modulus of continuity w : [0,00) — [0, 00)
defined by w(t) := %, for a fixed value of a € (0,1). For r € (0,9/10) and z € B, ,

arbitrary, define the constant

8= sup (ule) —uly) ~ Jwllo —y) = o (lo =2+ y = 2F)).

with J; and Jo positive constants. If S < 0, we obtain the desired result, i.e., we

find a positive universal constant such that
lu(z) — u(z)| < Clz —y|*.

We will argue by contradiction. Let us suppose that for all positive constants J; and
J2, we can find a point zy € B, /o such that S > 0.
Step 1: The choose of the appropriate value of the constant Js.

We proceed by constructing two auxiliary functions

¥(z,y) = Jele —yl) + o (lz = 202 + |y — 20/°)

and

90(‘%7?/) = U(IL’) - u(y) - 1/1(337y)
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Let (x0,y0) € B, x B, be a point where the maximum of the function ¢ is achieved,
and note that if xo = yg we get that S < 0, independently of the choice of Jy > 0.

Therefore, we will assume without loss of generality that |zo — yo| > 0. Since

So(x()ay()) =S5>0

and [|ul|pe(p,) < 1, we have

Y(wo,y0) < u(zo) —ulyo) < 2.

In particular, this implies
Jo (’1‘0 — 20‘2 + ‘yo — 20‘2) < 2.

Now we are able to choose the constant Js to ensure that (z,yo) are interior points
of B, x B, and to attain this goal, we can take .Jo := (32/r)2. In fact, note that

322 322
<r) lzo — 20/> <2 and <r> lyo — zo|% < 2,

as a consequence , -
|z — 20] < 1 and |yo — 20| < 6 (5-3)
Step 2: Applying the Lemma 2.21.

Let us begin this step by computing

o —
Dytp(wo,y0) = J1w'(|zo — y0|)# + 2J2(z0 — 20)

Yol

and
o — Yo
St [ 2J2(yo — 20)-

—Dyp(w0,y0) = J1w'(|zo — yol) %o — wo]

The Lemma 2.21 ensure the existence of matrix X,Y € S(d) such that for each

g > 0, we have

1 I 0 X 0 B+eB? —-B-—¢eB?
(=2 +11) < < (5-4)
€ 0 I 0 -Y —B—¢B?> B+¢eB?
where B is given by

B = D*y (0, y0)

— Jiazo — yo|* 2 To—Yo _ To— Yo la’xo—yo’a_l (I— To— Yo _ To— Yo )
[zo —wol — [xo — wol |To — Yol [zo = w0l w0 — wol
= Jiofzo — yo|* 2 (I+(a—2) L mo_yo),
00— Y0 00— Y0
7o — ol [xo — yol

where we have used that fact that w(t) = t*. Hence, knowing that » ® z = zz’ we
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can calculate

2 xro — xro — xro — xro —
B2 — (Jlalwo—yola_Q) (I+(a—2) 0 =Y o %0~ Yo ) (I+(a—2) 0 =Y o o yo)
w0 — ol — |zo — wol [wo = ol ~ |zo — wol

[\

[ o — Yo To — Yo |

<J1a’x0—y0’a 2) I+2(O[_2)|x0_y0’ ® |$0—y0’
2 o — Yo o — Yo o — Yo o — Yo

Dol —ul*?)" (0= 27 )( )
* ( 1a|m0 yo\ ) (a ) |330 —yof @ |3?0 —yof |950 —yo| @ |950 —yo|

2 r _ _ -
= (Jla’1‘0 — y()’a_2) I+ 2(a — 2) o Yo o Yo
L ’wo—yof ’wo—yof_

2 — - T — —
(J1a|$0—yo\a_2> (a_2)2<900 Yo ) (960 Yo ) (360 Yo ) (960 Yo )
|20 — Yol |zo — Yol |20 — Yol [Zo — Yol

2 - _
= <J1a|:c0 — yola_z) I+ o(a—2) S To W0
[zo —wol w0 — wol

+

Thus, choosing ¢ := 1/(Jia|zg — yo|*2), we get

B+ 2B = Jialzo — yo|*~2 (21 +(1+a)a—2) 0¥ o T~ )

[zo = yol ~ [zo — wol
Step 3: The eigenvalues of X — Y.

For a unitary vector £, consider vectors of the form (¢,€) € R2? and observe
that from (5-4) we get

T T
& 6 )= G 7)) e
¢ 0 -Y) \¢ ¢] \-B-eB? B+eB? ) \¢

As a consequence of (5-5), for any pair of unit vectors (£,€) € R?? we obtain

X —Y < 0. Moreover, we can estimate

X[ Y]] < 21|z = y0[* 72 (4 + (1 - @) (5-6)
Furthermore, applying inequality (5-5) with the vector (£, —&), where ¢ is given by
&= (20 —yo)/|zo — yo|, we have

(X —Y)E,€) <4(B+¢eB?)E,€) = 4103 z0 — yo|* (e — 1) <0,

which means that at least one eigenvalue of X —Y is negative and smaller than the

constant

4J1042]:1:0 — yolo‘*z(a —1). (5-7)

Throughout the remainder of the paper, we will denote this eigenvalue by Ag.
Step 4: The choice of I

For simplicity, let us denote

oo = Dab(T0,90)  and &y, = Dy(z0,%0),
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and fix an arbitrary vector ¢ € R? satisfying || > T'. Observe that since 0 <

|zo — yo| < 2, it is sufficient (at this point) to consider

29—o¢ 28

> .
ra — ralrg— yol|*!

J1 >
Now, from the definition of Jo and the information in (5-3), we have
Jialzg — ol > 4y max{|zg — 2], [yo — 20|}
Using this estimate, we get
a—1 Jo a—1
2J1c|zo — Yo" = [€ao| = 5|330—y0|

and
a—1 JZ a—1
2J1a|zo — Yol > [&yol = 315”0 = Yol

Define vy, == &, + & and vy, == &, + £. Thus, by choosing

9
['= 7 Jialzo — yol* ' > 1, (5-8)
we obtain i X
Vil 2 T alzo = ol > 1, (5-9)
and i X
[vyol = alwo = 4o* > 1. (5-10)

Then, the inequalities in the viscosity sense are

0 < ®(z0, V) [T&“(X + JoI) 4 (p — 2) <(X + o) 22 Do >} + f(z0),

|Vzo‘7 Vo

and

0= ®(yo, [y, )

+ f(yo)-

Te(X — JoI) + (p—2) <(X — JoI)Lv | o >

‘Vyo|7 Vo

For v # 0, with 7 = v/|v| and

we can rewrite the inequalities above as

(o)
T (A )X + 1) 2 -5 L0

and

f(yo)

Tr(A(vy, ) (Y — JoI)) < —mo

Step 5: Estimates for the viscosity inequality.
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Notice that we can use the linearity of the trace operator to conclude that

Tr(A(Vae) (X + JoI)) = Tr(A(vy, ) (Y — JoI)) = Tr(A(ve, ) (X —Y))
D)
+ Jo [Tr(A(va, ) — Tr(A(vy,))]
(11)
+ Tr((A(vay) — A(vy,))Y)

(111)

At this point, we estimate each term individually. To estimate (I), recall that the
eigenvalues of A(vy,) belong to the interval [min{1,p — 1}, max{1,p — 1}] and (5-7)
hold true. Consequently

d

Tr(A(vg, ) (X —Y)) < Z XAz ))Ai(X —Y) <min{l,p — 1}N(X - Y)
i=1

< 4J102 min{1l,p — 1}|xo — y0|°‘_2(04 -1).

For the estimate of (I1), observe that

d d
Jo [Tr(A(ve, ) + Tr(A(wy,))] < J2 (Z Ni(A(vag)) + ) /\i(A(Vyo)))
i=1 =1

< 2dJymax{l,p—1}.
At last, in order to estimate (/I]), note that we can write
Avgy) = Avy,) = (P = 2) (Vg @ Vary = Vyo @ Vo + Uy @ Vary — Vyy @ Vi)
= (p = 2)[(Vay — Vyy) @ Uy — Uy @ (Tyy — Vap)]- (5-11)

Moreover, from the definition &, and &,, we have

Ja
|Vzo = Vyol = 2J2|(z0 — 20) + (Y0 — 20)| < R

Hence, combining this estimate with the information in (5-9) and (5-10), we get

|vxo _ﬁy0| — ( Veg  Vyo ) SQmaX{WwO _Vy0|, |V:L“0 _Vy0|}

|Va:o| |Vyo| |Vzo| ‘Vyo|
<9 |Vro_yy0‘+‘yﬂfo_yy0’
N ’Vaco| |Vyo|
< 8Js .
Jialzg — yo|*™

Thereby, from (5-6), (5-11), the fact that |7,,| = |7,,| = 1, and the above estimate,
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we obtain

Tr ((A(vay) — A(vy))Y) < Y]] A(vay) — Avy,) |
< 2d|p = 2[|[Y|[|7ey — Vol
<AddJialp — 2| (4+a(l — @) |xo — yo|* 2|y — Ty,
< 32dJa|p — 2| (4 + (1 — @) |zo — yo| L.

Therefore,

Tr(A(Ve, ) (X + JoI)) — Tr(A(vy, )(Y — JoI)) < (I)+ (1) + (III)
< 4Jia*min{1,p — 1w — yol**(a — 1)
+ 2dJy max{1l,p — 1}
+32dJa)p — 2| (4 + a(1 — @) |zo — yo| "

On the other hand, using the information in A2.5 that the map ¢t — ®(x,t)/t7 is
almost increasing together with the assumption A2.3 and A2.6, and equations (5-9)
and (5-10), we obtain

flzo) . f(yo)
(20, [Vaol) (Yo, (Vo)

- M| fllzeesy M llLeosy)
(20, 1) vz P(yo, 1)[vy, |7
_MB||fllpeB)y MBI fllesy)

Vo [ vy [7

> —2M B||f| oo (By)>

Tr (A2 ) (X + JoD)) — Te(A(wy) (Y — JoI)) > —

where, in the last inequality, we have used that v > 0.
Step 6: Choosing the value of Ji.

At this point, we use the estimate in Step 5 to obtain

4J10* min{1,p — 1}z — yo|* *(a — 1) 4+ 2dJy max{1,p — 1}
+ 2M B|| fll poo () + 32dJa|p — 2| (4 4 (1 = ) |wo — yo| ™' > 0. (5-12)

Observe that in this inequality only the first term is negative since « € (0, 1), and

thus we can choose the value of J; larger than

dJp [max{1,p — 1} +16d.Ja|p — 2| (4 + (1 — @)) [zo — yo| '] + M B||f|| L5,
22 min{1,p — 1}|zg — yo|* 2(a — 1) )

So this choice leads the sum in (5-12) to be strictly negative, which is a contradiction.
Therefore, there exist constants J; > 0 and Jo > 0 such that S < 0, and the result
follows. |
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Lemma 5.3 Let u € C(B1) be a normalized viscosity solution to (5-2), assume that
v > 0 and that A2.3 — A2.6 are in forced. Assume that || < T'. Then, there exist a
constant a € (0,1) and C > 0 such that

HUHCZOO’;}(Bl) <C(d,a, B, M, )‘ijvai]yV7 HfHLOO(B1))'

Proof. To begin note that if |[Du| > 2I" we have
[Du+¢| > ||IT] = [¢]] = T > 1,
which together with the information in the assumptions A2.5 and A2.6 implies that
®(z,|Du+€|) > (MB) Y |\Du+ €[ > (MB)™L.

Consequently, the operator in (5-2) is non-degenerate uniformly elliptic, and more-

over, u € C(Bj) is a viscosity solution to

MFT(D?u)+ MB|f| >0 in B
M~ (D?*u) = MB|f[<0 in Bi.

Therefore, from [48], we ensure the existence of a universal constant a € (0, 1) such
that u € CP%(By) with the estimate

lull o (B1) < C,

for a universal constant C > 0. [ |

The following lemma treats the singular case, where we only need the case
where £ = 0.

Lemma 5.4 Let u € C(By) be a viscosity solution to (5-2), with |{| = 0. Assume
that —1 < v < 0 and that A2.3 — A2.6 are in forced. Then, u is a locally Lipschitz

continuous function in By. Moreover, there exists a constant C' > 0 such that

HuHC?O*Cl(Bl) S C (dap7BaM7 Hf”LOO(Bl)) :

Proof. The proof of this lemma follows closely the proof of Lemma 5.2 and thus we
will only emphasise the main changes. First, the modulus of continuity considered
in this case is given by

t— tha if ¢t < t(],

w(t) = (5-13)
w(t(]) if ¢t > to,

where « € (1,2) and wq is a positive constant such that

1\ /(1) X
tg == () > 2 and we2° < 1/4. (5-14)
aw
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We can compute

. 1 —awt®™t if t<tg,
w'(t) =
0 if t>to,
and
—afa— Dwt®2 if t <t
W(t) = ( ) ’
0 if t>to.
As a consequence, we get

(1) <0 and

>~ w

<W(t) <1, Vte(0,2). (5-15)

Next, in the Step 2, we apply Lemma 2.21 in order to ensure the existence of
matrices X and Y such that

1 I 0 X 0 B+eB? —B-—eB?
~(+1m) < < : , | 516)
€ 0 I 0 -Y —-B—-¢B? B+¢eB

where B is given by

B =, MI
|zo — yol

/ —_ —_— p—
+ (w”(!wo —yol) — w'(|wo yo!)) Zo — Yo 2 Zo — Yo ’
[zo —yol /|20 —vol ~ |zo — wol

and
w’(|:1:0 — 4ol) 2
B*=J; () I
|$0 - y0|

! 2
¥ ((wqxo—ym))?— (¢ o= wb) ) L=t g ‘””0‘1/0].

|$0—y0| \on—y0| \fﬁo—y0|

Similarly, as was done in Step 3 of the proof of Lemma 5.2, we have X — Y < 0.

Moreover, we can use (5-15) to obtain

<0 and W'(t) <0,

for any ¢ € (0,2). Therefore, we have

/ o , _
1Bl =1 MIJF (w"(|;c0 —y0|) — °J(|~”50?/0|))

|0 — Yo |zo — Yol

' ( o — Yo Ty — yo
|zo — yo! |lzo — yo!
W' (|20 — yol)

<Ji
lzo — yol
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and

B*| = J}
1570 =1 |zo — Yol |To — yol

< o — Yo o — Yo )
. &
|330 - y0| |330 - y0|

< J? [!w"(’:ﬂo = yol)| + (M)r

lzo — yol

(c«/(lxo—yo!))QI n (((,u”(|$0 —yl))* - (w,(m_ym)?)

By choosing
1 W' (Jzg —
Z =2J; [|w”(!x0 —ol)| + <(| 0 y0|)>] )

|=700 —y0|

using the fact that w'(t) < 1, we obtain

IXII, V1| < 4]1B +eB%| < 4 (||B]| + | B2
/ _ J / _
§4|:J1LU(’:UO yOD _'_71 <|w"(|x0—y0])|+ (W (|ZL‘0 y0|))>:|

|zo — yol 2 |zo — Yo
! o ! _
< 47,920 —wol) (,wnﬂmo o)l + (wﬂﬂfoyol)»
|950 —y0| \950 —y0|
, —
<6, 2020 =900 o 11l — o)
|0 — Yol
= 6J1|z0 — yo| F + +2J1|w" (|Jzo — yo|)|. (5-17)

Moreover, for £ = (¢ — y0)/|xo — yo|, we obtain

(X Y)e.8) <4((B +eBY)E.€)
= [((FE =D 1 g€ (Wl - gol) - 0D (e 1 6 )]

lzo — yol lzo — yol

lzo — yol |0 — o

/ - 2 20 — 2
+agte | (LY g 6+ ((w”(lfvo i ey ) <<£®5>5,s>]

=4J;

—

=00 1 6) 1 (w0 - ol) - LD ) (e 0 01,6

lzo — yol |20 — Yo

+ 4% (w’(|xo—y0|)) (I€, &) + <(w"(\:co —yo\))2 - (w’(]azo—yo])) ) <(§®§)§75>1

|[zo = Yol |zo — yol
o Pt - L
o [0\ o [ s (@20~ 0D\ o
i asge (DY i (0 - ) - (=0

= 416" (|20 = yol) + 452 (" (120 = wol)”
1
< 471 (" (0 = gol) + 5 " (120 — o)

= 21" (Jzo — yol)-
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Since [£| = 0 we know that |£,,| = |vz,| and |&,,| = |vy,|, as a consequence, from

Step 4, we can take at this point J; > 1 satisfying

2J max{\xo - ZO|> |y0 — Z(]|}

>
- W' (|zo — yol)

Ju
2

Then, using the previous estimate together with the information about w’(t) in
(5-15), we have

3J1 3J1

-5 2 V| 2 =3 (5-19)
and

3J1 3J1

- > |yl > —- (5-20)

Thus, the change in Step 5 occurs first when we estimate (I). More precisely,
Tr(A(ve ) (X —Y)) < 210" (Jzo — yo|) min{1,p — 1}. (5-21)

We can use the value of Jj, and the equations (5-19) and (5-20), to obtain

|fx0 _§y0| — ( Veg — Vyo ) SQmaX{WxO _Vy0|’ |Vx0 _Vy0|}

|Vx0| |Vyo| |V10’ ‘Vyo|

Jo 1 1
<= +
2 |Vzo| |Vyo|

8J
< —.
— 31

Therefore, from (5-17) and the previous estimate, we estimate (I11) as

Tr((A(ve) = Alvyy)) Y) < 2d[p = 2[[[Y [[[72g — Py,

32.J5d B
< =2 1p — 2| (3fro — ol " + | (l20 — wo))

The last change needed in Step 5 is done by using the information in A2.5, i.e.,
that the map ¢t — ®(z,t)/t" is almost increasing together with the assumption A2.3,
A2.6, and equations (5-19) and (5-20). We have

f (o) f(wo)
D (20, |vaol)  P(yo, [Vyo)
M| fllzeegy  MISllLesy

P (20, 1)[va " @(yo, 1)|vyo |
_MB|[fllreegy MBI fllLe(sy)

Tr (A ) (X + JoI)) — Tr(A(y ) (Y — JoI)) > —

N |on‘7 |Vyo|7
_2MB||fllpe(py  27MB|fllL(By)
B (3J1)7 (3J1)7

27 MBI f g (8y)
- (3J1)7
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Thereby, in Step 6, we have

2J1w" (|xg — yo|) min{1,p — 1} + 2dJo max{1,p — 1} + 32Jod|p — 2||z0 — yo|_1
32Jod
3

Ip — 2[|w” (lzo — yol)| + 37727 M B| f|| 1< () J1 ¥ = 0,

recalling that —1 < v < 0 and w”(Jzg — yo|) < 0, and knowing that .J; grows faster
than J; 7. Hence, by taking J; > 1 large enough, depending only on v, o, M, B, p, Jo
and d, we get a contradiction and conclude the proof. |
Proposition 5.5 (Compactness estimate) Letu € C(By) be a viscosity solution
to (5-2), assume that A2.3 — A2.6 hold true. Then, we have the following results:

1) If v > 0 and € is a arbitrary vector in R?, then u € C?O’S‘(Bl) for some
universal a € (0,1). Moreover, there exists a constant C > 0 such that the
estimate holds

< C(d, o, B, MY AN | fllpoe (1))

HUHCZOO“C)‘(Bl) » \p s

2) If =1 <y <0, then u is a Lipschitz continues function and hold the following

esttmate
lllgo (g, < C (doo B M, | fllz(s) ) -

Proof. The proof of this proposition is a direct consequence of the previous lemmas.
More precisely, the first item is a consequence of Lemma 5.2 and Lemma 5.3, and
the second item is a consequence of Lemma 5.4. |

The next result provides a type of cancellation law that might be of indepen-

dent interest.

Proposition 5.6 (Cancellation law) Let u € C(B1) be a viscosity solution to

Du+¢ Du+§>] .
~®(z,|D A —2)({D? =0 B
(@ Du+6l) [ A+ (p=2) (Drupit Tt in By
where & is a arbitrary vector in R®. Then, u solves
Du+¢& Du+§> .
~Au— (p—2){D? =0 By. 5-22
=P By ) =0 M B 6

Proof. Let us define v := u + £ - x, and note that v is a viscosity solution to

Dv Do
— — 2 = i
O (x, |Dvl) {Av +(p—2) <D v| o’ D] >} 0 in Bj.

Considering a test function ¢ € C?(B;) that touches v from above at o and satisfies
|Dp(x0)| # 0, we have

Dyp(x0)  Dg(xo) >

Do)’ Do)/ | ="

— ®(z, |[Dp(x0)]) lAw(wo) + (-2 <D2s0(fvo)
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Since ®(x, |Dp(zp)|) > 0, we obtain

Dp(xg)  Dep(xo)
|D(x0)|” | Dp(wo)

—Ap(zo) — (p—2) <D2<p(x0) |> >0 in Bj.

But, in the homogeneous case, it is sufficient to use test functions that satisfy
Dy(x0) # 0 (see [51, 52]), and we thus conclude that v is a subsolution to

Dv  Dv
“Av—(p—2){ D? =0 in Bj.
v )< Dol \Dvr> oo

Going back to the function u, we get

Du+¢&¢ Du+¢
|Du + &|” |Du + £|

—Au—(p—2)<D2u >20 in By,

which shows that u is a subsolution to (5-22). A similar argument shows that w is
also a supersolution. Therefore, u is a viscosity solution to (5-22). n

The following result is technically pivotal for our analysis.

Proposition 5.7 (Stability) Let (uy,) be a sequence of normalized viscosity solu-

tions to

— @p (@, [Dup + &nl) [Aun

Du, + &, Duy + &,
"|Duy, + &u|” [ Dug, + &5

+(p-2) <D2u |>] = fu(x) in By, (5-23)
where each ®, satisfies the assumptions A2.6 and A2.5. Assume that there exists a
function us € C(B1) such that u, converges to ueo uniformly locally in Bi. Suppose
further that || full ro(B,) — 0.

1. If the sequence (&n)nen 18 bounded, then us, is a viscosity solution to

" Duso +€o0 Do + €

Auw(p2)<D2 >:0 in  Bgjg. (5-24)

2. If the sequence (&n)nen is unbounded, then us is a viscosity solution to
—Aus — (p—2) <D2uooeoo, eoo> =0 in By, (5-25)

with |es| = 1.

Proof. Let ¢ : R — R be a quadratic polynomial that touches us from above at
T € Bgjg. Let us assume, without loss of generality, that |zo| = us (7o) = 0, and

that the polynomial function ¢ is given by

() ::b'ﬂs—f—%(Mx,@.
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By hypotheses, we know that u,, — us, and as a consequence, we can find a sequence

of functions (¢ )nen given by

on() = up(zn) +b- (x —zp) + % (M(x —xn), — ) ,

and a sequence of points (z,,)nen such that ¢, converges to ¢ and x,, converges to
0. Moreover, for each n € N, the function ¢,, touches u,, from above at the point x,,.

At this point, let us assume that the sequence (&,)nen is bounded. Conse-
quently, up to a subsequence, we have that &, converges to some oo in Bg/g. Since
the function wu, is a viscosity solution to (5-23), we have that ,, satisfies

b+&n b+é&n
b+ &l b4 &nl

First, recall that in the homogeneous case, it is sufficient to use test functions with

@ (i b+ Enl) | TH(M) + (p - 2) <M >} < fulza).  (5-26)

non-zero gradient, which implies we can assume |b + &-| > 0. Hence, for n large
enough, we can assume |b+ &,| > 271b + &5| > 0. Thus, using the hypotheses that
each ®,, satisfies A2.5 and A2.6, we obtain

Cp (2, [+ &nl) = (MB)Ho+ &|” > (MB)™1277 b+ &ecl”,
when |b+{x| > 1, and
O (2, [0+ &nl) = (MB)Ho+ " > (MB)™127H]b + |,

when [b + €| < 1. Therefore,

_{TT(M)+(p_2)<Mb+§n b+ &n >]S%(fn(xn)

|b+§n|7|b+fn| $n7|b+‘fn|)’

which implies,

- B0+ -2 (M )] < e T

By passing the limit n — oo, that u., is a viscosity subsolution to

Duso + €00 Do + éxo

—Ateo — (p—2) <D2u > =0 in Bgyy.
A similar argument shows that us is also a viscosity supersolution to (5-24), and
hence a viscosity solution to (5-24).

On the other hand, assume that the sequence (&,)nen is unbounded. Let us
define a normalized sequence (e, )nen given by e, == &,/|¢,], and observe that e, up
to a subsequence, converges to some e in Bg/g. Moreover, since &, is unbounded
we have

b

El —eén and b+ &l > 1,
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for n large enough. Since u,, is a viscosity solution to (5-23), we have that ¢,, satisfies

(5-26), and as a consequence we get

L) - (p—2) <M bénl™ +en &l +en > R 10

bI€n|= 4 en|” [blEnl 7L +enl [ T @n(@n, [b+ &nl)

in By. As before, by using A2.6 and A2.5, we obtain

~ (M)~ (p - 2) <M

M B[ fullLe(B,)
= b+ &

b|€n|_1 +en b|£n|_1 +en
’b|§n’_l + en” |b|§n|_1 + en|

< M B fullzoe(By)-

Once more, by passing to the limit n — oo, we obtain that u., is a subsolution
to (5-25). With an analogous argument, we can prove that u., is a viscosity

supersolution to (5-25). This concludes the proof. [

5.3
Gradient estimates

Throughout this section, we define
min{aa,ﬁ} ify>0

o =
min{aa,ﬁ} if —1<y<O.

(5-27)

We start with an approximation lemma, connecting solutions of our equa-
tion to solutions of the p—Laplace equation. Recall that «g accounts for the
C1-@0 _regularity for

—Apu = 0.

Lemma 5.8 (Approximation lemma I) Let u € C(B;) be a normalized viscos-
ity solution to (5-2), and assume A2.3 — A2.6 are in force. Suppose further that
v > 0. Given § > 0, there exists € > 0 such that, if

[ fllzoe(By) < €5

1,0

then we can find a function h € C)).°(B1) satisfying

[ = Rl Lo (By)1) < 6.

Proof. We argue by contradiction. Suppose that, for 6y > 0 and sequences (®,,)en,

(gn)nENa (un)nGNa and (fn)nGNv we have

i) each f, satisfies A2.3, and || fy ||z — 0;
it) each &, € C(By) x C([0,00]) satisfies A2.6 and A2.5;
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iii) each u, € C(B1) is a viscosity solution to

— @ (@, [Dup + &) lAun

Du, +&, Dup+&,
" | Dy, + ‘Sn” ‘Dun +&n

+(p—-2) <D2u ‘>] = fu(x) in By;

but, nevertheless,
[t = hll o< (By)10) > 0 (5-28)

for all h € C%*(By/). Proposition 5.5 ensures the existence of a function

Uso € C*(By/10) such that, up to a subsequence, uy,, converge to s, locally uniformly.

At this point, we split the proof into two cases.
Case 1: The sequence (&,)nen 1S bounded.

In this case, we can assume that &, — s, for some o € R?. From the

stability result, Proposition 5.7, we have that us is a viscosity solution to

Dugo + €00 Duco + €0

—Aus — (p—2) <D2u > =0 in Bygyy.
Hence, u € C’ﬁ)’?l(Bg/lo), for some a3 € (0,1) (see, for instance, [10, Lemma 3.2]).
Therefore, choosing h = u«, we get a contradiction with (5-28) for n sufficiently

large.
Case 2: The sequence (&n)nen s unbounded.

Once more, Proposition 5.7 shows that us. solves
—Auso — (p—2) <D2uooeoo, eoo> =0 in By,

in the viscosity sense, where e, is a unitary vector. Since the operator above is linear
and uniformly elliptic, and has constant coefficients, it follows from [24, Corollary
5.7] that there exists a universal as € (0, 1) such that ue, € 12 (Bg/10)- Again, by
choosing h = u«,, we obtain a contradiction with (5-28) for n large enough. |

By using Lemma 5.8, we can find an affine function that is close to u, in a

suitable sense, on a fixed small scale.

Proposition 5.9 Letu € C(By) be a normalized viscosity solution to (5-2). Suppose
that A2.3 — A2.6 are in force. Suppose further that v > 0. There exists € > 0 such
that, if

[ flloe(By) < €,

then we can find an affine function ¢(x) = a+b-x, with |al,|b] < C, for a universal
constant C > 0, such that
[ = €l oo,y < P,

for every a € (0, ap).
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Proof. Let us fix § > 0 and p > 0 sufficiently small to be chosen later. From Lemma
5.8, there exists € > 0 and a function h € C’llo’cao (Bq) satisfying

[ = Bl Lo (By),0) < 6.
Since h € C1?, there exists a positive constant C' such that
Ih(2) = 1(0) — Dh(0) - @|| 1 (,) < Cp'*e0.

Thereby, we can define the affine function ¢ := h(0) + Dh(0) - z and use the triangle

inequality to obtain

[u—="Lllro(B,) < llu—"hlres,) + b —LllL=(B,)
< 54 Cpltao,

Now, for 0 < a < ag, we make the universal choices

1
1 pyp—— 1+«
p = ( ) ° and 5="

2C

fixing also the value of € > 0 through Lemma 5.8. Thus, we get
[ = €l oo,y < p'H

|
We now iterate the previous result to find a sequence of affine functions

approximating u on every small scale.

Proposition 5.10 Let u € C(B1) be a normalized viscosity solution to (5-1) and
assume A2.3 — A2.6 are in force. There exists € > 0 such that, if

[ £l () <&

then there exists a sequence of affine function ({)ren, such that, for each k € N, fy,
is of the form
li(x) = ap + by - x,

with

|ag+1 — ag| + pF[brs1 — bi| < CpFIF)]

for a universal constant C' > 0, and

[ = Cell (s ) < pri+e),

Proof. We will split the proof into two cases, depending on the sign of the constant

Y.
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Case 1: Assume first that v > 0. As usual, we will argue inductively. For k = 1, we
set lo(x) = l1(x) = £(x), where £(-) is the affine function from Proposition 5.9, and
the result follows from it. Now, suppose that the conclusion holds for k£ = 1,...,n,
and let us prove the case k = n+1. We introduce the auxiliary function v, : B; — R,

defined by
_u(p"z) — la(p )
- pn(l-‘ra) ’

vp(x)

Notice that, from the induction hypothesis, we have |[v, ||z o(p,) < 1; moreover, v,

solves

— @, (z,|Dvy + p~"by)) [Avn

Duv, + p7 b,  Duvp + p~ ™y,
" [Dv + pby| " [Duy + pmby|

+(p—2) <DQU >] = fo(x) in By,

in the viscosity sense, where

O(plx, Pt n(l—a) n
e R R
Notice that ®,(-,-) and f,(-) satisfy the hypotheses of Proposition 5.9. Indeed, we

have

O, (x,t) =

T p" M| fll oo (51)
n||L>®(B1) = @(l’, 1)pnau

< M| fll poo (yyp" )]
< Me,

where we have used the value of a chosen in (5-27). Moreover, a simple computation
shows that the map ¢t — ®,,(z,t)/t7 is almost increasing, the map t — @, (x,t)/t"
is almost decreasing, and ®,(x,1) = 1 for every x in Bj. Therefore, we can apply

Lemma 5.9 to the function v,, and obtain

v — €| oo,y < P

Rescaling back to the function u, we get

HU — €n+1HLoo(Bpn+1) < p(n-‘rl)(l-f-a)’

where
bogr(2) = () + p" Tl (p™" ).

Moreover, we can verify that

‘an—&-l - an‘ -+ Pn’bm-l —by| < Cpn(l—m)
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which concludes the inductive process.
Case 2: Now, assume —1 < v < 0. Recall that from Proposition 2.22 we have that
u is a viscosity solution to

D (x, \Du|)ApNu

= f(z) in By,
where

(5-30)
B(z,t) =t 7®(x,t) and f(z):= |Du|7f(z),

for x € By and t > 0. Now, A2.6 and A2.5 imply that the map t — ®(x,t) is
almost increasing and that the map ¢ — ®(x,t)/t*~7 is almost decreasing and since
®(z,1) = &(z,1), we have

O(z,1) =1 forall xe€ Bj.

Moreover, we obtain from Lemma 5.4 that w is a Lipschitz continuous function, and

as a consequence, the gradient Du is bounded almost everywhere. Thus, we can
estimate

17 @)l (83 10) = 1Dl ™ - 1l (520
<l 1y ey

Therefore, ® and f satisfy the assumptions A2.3 — A2.6, and we can apply the same

inductive argument as in the Case 1 to the equation (5-30). Once again, we define
the function

_ u(p"z) — Lp(p"x)
Un (x) = pn(lJra) ’

that solves, in the viscosity sense

@, (z, | Doy + p~"by|) lAvn

o (o Dt

Dvy + p~ "%y, -
n — ) — = fn('r)
|Dvy, + p~by,|” |Dvy, + p~ "%y,

in B1 s
where

_ P (pra)
Bz, o) and f,(x) =

®(prx, pre)
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Observe that since the map ¢ — ®(z,t)/t#~7 is almost decreasing, we have

. Tl oon
B TP

Pn(lfa)MH?”Loo(Bg/m)
6(10”1'7 1)pna(u—'y)

< M[Fllze (g 0™ )

< Mz,

where we have again used the value of « chosen in (5-27). Now, note that
- 6 mn no

B, (1) = 2"2,0")

(px, pe)

the map t — ®,(z,t)/t7 is almost increasing, and the map t — ®,(z,t)/tH7 is

=1, forall =z € Bj,

)

almost decreasing. Therefore, we can apply the Lemma 5.8 and repeat the remainder
of Case 1 to obtain the desired result. |

Now, we are ready to enunciate and give the proof of our first main results of
this Chapter.

Theorem 5.11 Let u € C(By) be a wviscosity solution to (5-1). Suppose that
A2.3—A2.6 are in force. Then u € CZIO’?(Bl), and there exists a constant C' > 0 such
that

lullcrap, ) <C=C (d,p,B,a, [ull oo (By) HfHLoo(Bl)) ;
where
min{a&,ﬁ} ifvy>0

min{aa,HiMY} if —1<vy<0.

o =

(5-31)

Here, o, denotes any number € (0, o).

Notice that, in particular, Theorem 5.11 shows that viscosity solutions to (5-1)
in the singular p—Laplacian case, i.e., with ®(x,t) = t?=2, for p € (1,2), are almost

as smooth as viscosity solutions to the homogeneous equation
—Apu =0 Bl,

since we can take y =y =p— 2.
Proof. To begin with, Proposition 5.10 ensures the existence of a sequence of affine

functions (£y,)nen such that, for every n € N,
‘an—i—l - an| + Pn|bn+1 - bn| < Cpn(lJra)

and

Hu _enHL“(Bpn) < pn(l+a)_
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Therefore, the sequences (ap)neny and (bn)neny are Cauchy sequences, and as a
consequence, there exist as, and by such that a, — as and b, — by, as n — oc.

Let us define the affine function o () := aoo + bo - , and observe that
|an — aoo] < C’pn(Ha) and |bn, — boo| < Cp"™.

At this point, for any 0 < r < 1 sufficiently small, we can take n € N such that
Pt < r < p™. Consequently,

|u— KOOHLOO(B,«) < lu— gnHLW(B,,n) + [|€n — EOOHLOO(Bpn)
< p(He) 4 |an — aoo| + |bp — boo| - [
< pn(l—l—a) +Cpn(1+a) +Cpna _pn
< Cpn(1+o¢)

< COrlte,

which implies the C1“—regularity. |

Remark 5.12 It is important to note that agy can be arbitrarily small in general.
As a result, even when v and p are close to zero, or even equal to zero, the regularity
of the solutions remains bounded above by «g. In the mext result, we study the
homogeneous p-Laplace equation and show that oy can be taken arbitrarily close

to 1, as long as p is close enough to 2.

5.4
Sobolev estimates

In this section, we derive Sobolev estimates for viscosity solutions to the

p—Laplace equation
—Ap,u=0 in Bj. (5-32)

Recall that, from [51], viscosity solutions to the equation above are also viscosity

solutions to
~Aju=0 in Bi. (5-33)

From now on, we will work with this equation.
Let u € C(By) be a viscosity solution to (5-33). We argue similarly to [5, 11]

and consider the regularized operator

(D*v.Dv,, Dv.) i
+ Ave = A\u in B
[Du]? + &2 ¢ 3/4 (5-34)

Ve = U on 0Bz,

—Av, — (p - 2)

for some A > 0. We added the zero-order term in the equation above to avoid
issues with the uniqueness of solutions. Now, since we have a uniformly elliptic
operator with no singularities, classical results ensure that solutions v. are C?
classical solutions (see, for instance [47]). It is immediate to check that v, is bounded,

independently of e, by using the maximum principle.
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We are now ready to prove Theorem, our second main result of this Chapter.

Theorem 5.13 Let u € C(B1) be a viscosity solution to
-Ayu=0 By.
Given q € [1,00), there exists a constant € := &(q) > 0, such that if
lp—2| <&,

then u € I/VlQO’Cq(Bl), for all ¢ € [1,400), and there exists a universal constant C such
that

lullw2a, ) < CllullLe(s,)-

In particular, u € C’l’o‘(Bl/g) for any a € (0,1), with the same estimate.

Proof. Let us consider the operator

D?*uDw;, Dv,)

F(D?*u,z) == Au+ (p — 2)< Du.P 1o
€

)
and notice that it is uniformly elliptic, with ellipticity constants
A =min{l,p — 1} and A = max{l,p—1}.

Moreover, the oscillation of F,

F(M,z) — F(M,0)
Op(z) := su ,
p(@) = sp 1]

is such that

Op(z) < 2/p—2|.

Since, from (5-34), v, solves
F(D*v.,z) = Mv. —u) € L>(Bs,4)

(recall that both v and v, are bounded), we can apply classic W27 —estimates (see
[25], [24]) to guarantee that for a given g € [1,00), there exist & := &(q) > 0, such
that if

lp—2[<¢,

then v. € W24, Moreover, there exists a universal constant C' > 0 such that
[vellw2as, ,) < C <\|U5HLOO(B3/4) + Allve — u||L°°(B3/4)) : (5-35)

Finally, from the fact that v, — w locally uniformly, we also have that « € W29 and

satisfies the estimate

lullw2a, ) < CllullLe(s,)-
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In particular, u € C’l’“(Bl/z) for any « € (0,1), with the same estimate. |

Remark 5.14 The proof can be adapted (cf. [12]) to show that viscosity solutions
to
—Apu = f(z) in By,

where f € LY(By), are of class W24, as long as |p — 2| < &(q).

A direct application of Theorem 5.13 is an improvement of the regularity
estimates provided by Theorem 5.11. In particular, this result generalizes [61,
Theorem 1].

Corollary 5.15 Let u € C(B1) be a viscosity solution to (5-1). Suppose that A2.3-
A2.6 are in force and let

1 .

T+u ifvy>0
_1
1+p—y

if —1<~y<0.
Given B € (0, ], there exists a constant € == &(3) > 0 such that if

then u € C%(By), and there exists a constant C > 0 such that

loc

lull s, ) < € = C (d,p, Boos Jull ooy 1l -

Proof. The proof follows directly from Theorem 5.11 and Theorem 5.13, since for
given
—-1<y<upu and Ip—2| <&,

we can take

S 1
oS> —
0 T+
if y > 0 and .
oag > —————
T ltu—ny
it v < 0. |

Remark 5.16 Although Corollary 5.15 improves the regularity of solutions when p
is close to 2, it still imposes the constraint that € depends on the exponent 5. In
particular, we cannot allow B to depend on the parameter p, as this would cause €

to also depend on p, creating a circular dependence.
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