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Abstract

Cárdenas Castillo, Luis Fernando; Chen, Wei (Advisor). Optical
sum rule for quantum geometry in semiconductors. Rio de
Janeiro, 2025. 58p. Dissertação de Mestrado – Departamento de
Física, Pontifícia Universidade Católica do Rio de Janeiro.

The spatial spread of Wannier functions associated with the valence
bands in semiconductors and insulators serves as a fundamental quantity char-
acterizing the degree of electronic localization and, consequently, the insulat-
ing behavior of the material. We demonstrate that the gauge-invariant com-
ponent of this spread can be experimentally accessed through measurements
of optical conductivity and absorbance, as both quantities are directly re-
lated to the momentum-integrated quantum metric of the valence band states.
In three-dimensional systems, integrating the imaginary part of the dielec-
tric function over frequency enables the extraction of the spread of Wannier
function. This methodology is illustrated with examples such as silicon (Si),
germanium (Ge), and the topological insulator bismuth telluride (Bi2Te3). For
two-dimensional materials, a similar result is obtained by integrating the ab-
sorbance divided by frequency. In the case of graphene, we observe a finite
spread arising from intrinsic spin-orbit coupling, which can be probed via ab-
sorbance measurement in the microwave range. In twisted bilayer graphene,
absorbance in the millimeter-wave regime reveals the presence of nearly flat
bands and allows quantification of their associated quantum metric. Finally, we
extend our method to hexagonal transition metal dichalcogenides (MX2, with
M = Mo, W and X = S, Se, Te) using a three-band tight-binding model. By
translating the formalism into real space, we construct an absorbance marker
that permits the study of disorder effects and facilitates comparison with ex-
perimental data, thus demonstrating the validity and ubiquity of our approach.

Keywords
Absorbance; Dielectric function; Quantum Geometry; Wannier func-

tion; Semiconductors; Optical sum rule.



Resumo

Cárdenas Castillo, Luis Fernando; Chen, Wei. Regra da soma
óptica para geometria quântica em semicondutores. Rio de
Janeiro, 2025. 58p. Dissertação de Mestrado – Departamento de
Física, Pontifícia Universidade Católica do Rio de Janeiro.

A extensão espacial das funções de Wannier associadas às bandas de
valência em semicondutores e isolantes constitui uma grandeza fundamental
para caracterizar o grau de localização eletrônica e, consequentemente, o com-
portamento isolante do material. Demonstramos que o componente invariante
de gauge dessa extensão pode ser determinado experimentalmente por meio
de medições da condutividade óptica e da absorbância, uma vez que ambas as
quantidades estão diretamente relacionadas à métrica quântica integrada no
espaço de momento dos estados da banda de valência. Em sistemas tridimen-
sionais, mostramos que a integração da parte imaginária da função dielétrica
em relação à frequência permite extrair diretamente a extensão espacial das
funções de Wannier. Essa metodologia é ilustrada com exemplos como o silício
(Si), o germânio (Ge) e o isolante topológico telureto de bismuto (Bi2Te3).
Para materiais bidimensionais, um resultado análogo é obtido integrando a
absorbância dividida pela frequência. No caso do grafeno, observamos uma ex-
tensão finita decorrente do acoplamento spin-órbita intrínseco, que pode ser
investigada por meio de medições de absorbância na faixa de micro-ondas. No
grafeno bicamada torcido, a absorbância na faixa de ondas milimétricas revela
a presença de bandas quase planas e permite quantificar a métrica quântica
associada a elas. Finalmente, estendemos nosso método aos dicalcogenetos de
metais de transição com estrutura hexagonal (MX, com M = Mo, W e X =
S, Se, Te) utilizando um modelo teórico de bandas reduzidas. Ao traduzir o
formalismo para o espaço real, construímos um marcador de absorbância que
permite o estudo dos efeitos de impurezas e facilita a comparação com da-
dos experimentais, validando assim a robustez e o poder preditivo da nossa
abordagem.

Palavras-chave
Absorbância; Função dielétrica; Geometria quântica; Função de Wan-

nier; Semicondutores; Regra da soma óptica.
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1
Introduction

Recent progress in the study of quantum geometry of Bloch states has
notably advanced our comprehension of diverse physical phenomena occur-
ring in solid-state systems. Particularly, quantum geometry naturally emerges
in gapped materials such as semiconductors, insulators, and superconductors
when considering overlaps between occupied quantum states at neighboring
momenta [1]. This gives the Brillouin zone (BZ), interpreted as a compact
torus TD, a structure analogous to a metric tensor. Consequently, various fun-
damental material properties derived from Bloch states can be expressed in
terms of the elements of this quantum metric tensor. For instance, in topolog-
ical insulators and superconductors, the determinant of the quantum metric
directly connects to the absolute value of the curvature function integrated
to yield topological invariants [2], placing constraints on the effective volume
of the curved BZ [3]. Additionally, due to the intrinsic relationship between
quantum metric in semiconductors and insulators and elements of the optical
transition matrix, it becomes feasible to extract individual quantum metric
components from pump-probe experiments [2] or from data of dielectric func-
tions [4]. This allows further theoretical extensions of quantum metric concepts
to interacting systems at finite temperature [5]. Likewise, in conventional su-
perconductors [6], the quantum metric associated with quasihole states con-
siderably affects their optical response, and the metric related to nearly flat
bands in the normal state has been linked to the superfluid density observed
in superconducting phases [7–12].

This research specifically targets a crucial ground-state characteristic
of semiconductors and insulators—the spatial spread of Wannier functions
associated with valence bands—which is directly controlled by the quantum
metric. This spread is defined by the second cumulant of the electron charge
distribution constructed from Wannier functions corresponding to the valence
bands. This property has been extensively analyzed through first-principles
calculations and Wannierization procedures [13, 14]. The central objective of
this thesis is to establish clear and experimentally accessible relationships
between the gauge-invariant portion of the spread of Wannier functions, the
quantum metric averaged over the Brillouin zone, and the optical matrix
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elements appearing in absorption spectra and optical conductivity tensors.
Based on these established relationships, we propose an experimental

protocol that enables extracting the gauge-invariant component of the spread
of Wannier functions directly from optical conductivity or absorbance mea-
surements. In the case of three-dimensional materials, we show explicitly that
the gauge-invariant spread of Wannier functions can be accurately determined
by integrating the imaginary component of the dielectric function over fre-
quency, using the known volume of the unit cell and without needing extra
fitting parameters. By employing currently available experimental data of di-
electric function, we apply this methodology to typical semiconductors such
as silicon (Si) and germanium (Ge), as well as to topological insulators like
bismuth telluride (Bi2Te3) [17–19], thus demonstrating the broad applicability
of our approach to a wide variety of 3D semiconductors and insulators.

In two-dimensional systems, we demonstrate that the spread of Wannier
functions can be obtained similarly from absorbance data normalized by
frequency and subsequently integrated over frequency, again without additional
fitting beyond the unit cell area. To illustrate the generality of this method,
we select three distinct 2D materials with significantly different characteristic
frequency scales. In graphene, we identify a finite spread induced by intrinsic
spin-orbit coupling (ISOC), resolving the divergence of the quantum metric at
Dirac points [20]. We propose measuring microwave absorbance at sub-Kelvin
temperatures to quantify ISOC in graphene. For twisted bilayer graphene
(TBG), we utilize a recent tight-binding model to demonstrate how absorbance
varies with the twist angle, providing an experimental route to detect the
formation of nearly flat bands and quantify the related quantum metric
[21]. Finally, employing tight-binding models to hexagonal transition metal
dichalcogenides (TMDs), we evaluate their spreads, omitting substrate effects,
excitonic interactions, and higher-energy orbitals, and analyzing these systems
from both momentum-space and real-space perspectives. To capture additional
effects, we consider absorbance data in momentum space and separately
develop a real-space absorbance marker based on the fidelity marker concept
[24]. Introducing impurities into the samples enables us to compare our
theoretical predictions with experimental data to evaluate disorder effects.
Specifically, we compare our theoretical results for WS2 [43, 50, 51] with
experimental measurements from samples deposited on fused silica, validating
the practical applicability of our experimental procedure.

This thesis is structured as follows: Chapter 2 provides foundational con-
cepts regarding Wannier functions and quantum metric, establishing the theo-
retical framework, especially highlighting the gauge-invariant part of the spread
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of Wannier functions measurable experimentally. Chapter 3 applies these the-
oretical insights practically, detailing experimental procedures to determine
the spreads of Wannier functions in both three-dimensional (semiconductors
and topological insulators) and two-dimensional systems (graphene with ISOC,
TBG, and TMDs, in the latter including impurity effects). Chapter 4 summa-
rizes the main conclusions drawn from this research and proposes directions
for future investigations.



2
Theoretical Background

2.1
Wannier Functions

In a crystal with a periodic lattice, the solutions of the Schrödinger
equation take the form:

Ψnk(r) = unk(r)eik·r/ℏ, (2-1)

where unk(r) is a function with the same periodicity as the lattice poten-
tial, as a consequence of the Bloch theorem. The vector k is the crystal
(quasi)momentum, restricted to the first Brillouin zone (BZ) [15]. The band
index n distinguishes different energy bands for each k, so these (n,k) act like
quantum numbers.
This periodicity can be described by the commutativity between the effective
Hamiltonian H and the lattice-translation operator TR, with R as the Bravais
lattice vector, allowing us to choose the common eigenstates according to the
prescriptions of the Bloch theorem

[Ĥ, T̂R] = 0, (2-2)

i.e unk(r) satisfies the von-Karman periodic boundary conditions [16]

unk(r + R) = unk(r). (2-3)

From eq. (2-1), we see that Bloch functions at different k have different
envelope functions unk(r), one can expect to be able to build a localized “wave
packet” by superposing Bloch functions of different k. To obtain a localized
wave packet in the real space, we need to use a very broad superposition in
the k space. But k lives in the periodic BZ, so the best we can do is to choose
equal amplitudes all across the BZ. Thus, we can construct

w0(r) = ⟨r|w0⟩ = Vcell

(2πℏ)3

∫
BZ

dk⟨r|Ψnk⟩, (2-4)

where Vcell is the primitive cell volume in the real space and the integral is
carried over the BZ.
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Figure 2.1: Real-space representation of three Bloch functions eikxuk(x) associated
with a single band in 1D in the first BZ, for three different values of the wave vector
k.

Looking at Fig. 2.1, we see a single-band 1D system, where the BZ goes
from −2πℏ/a to 2πℏ/a. Along of the red curve (first band) we see that any
value of k gives us an electronic state for the Hamiltonian that is given by a
oscillatory part (black curve) times a modulation (blue curve).
In a Dirac notation, we show that ⟨r|n⟩ = e−ik·r/ℏ⟨r|Ψnk⟩, with ⟨r|n⟩ = unk(r)
and |n⟩ = |n(k)⟩, we use the equation (2-4) to define a Wannier state |Rn⟩ as

|n⟩ =
∑
R

e−ik·(r−R)/ℏ|Rn⟩

|Rn⟩ =
∑

k

eik·(r−R)/ℏ|n⟩,
(2-5)

while ⟨r|Rn⟩ = Wn(r−R) stands for the conventional Wannier function (WF)
of the charge carrier in the n-th band located around the unit cell at R.
If we treat with continuous values of momentum k, then we do a integral over
the BZ of volume VBZ = (2π)D/Vcell, i.e

∑
k

−→
∫

BZ

dDk

ℏDVBZ

= Vcell

ℏD

∫
BZ

dDk

(2π)D
, (2-6)

then, the Wannier states take the form

|Rn⟩ = Vcell

ℏD

∫
BZ

dDk

(2π)D
|Ψnk⟩e−ik·R/ℏ. (2-7)
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Thus, equation (2-4) can be interpreted as the WF located in the home unit
cell.
The equation (2-7) constitutes a unitary transformation between Bloch and
Wannier states. Thus, both sets of states provide an equally valid description
of the band subspace (since {|Rn⟩} span the same space as {|Ψnk⟩}), and
even if the WFs are not Hamiltonian eigenstates, unlike Bloch states, still hold
orthonormality ⟨Rn|R′m⟩ = δn,mδ(R − R′).
So far, we have carried out a unitary transformation from the Bloch functions
to a set of “localized” WFs, such that in a crystal the WFs at different R are
translational images of one another, it means that these features are spatially
concentrated in a small region around a specific position in the crystal (such
as the centers of atoms or bonds), rather than being spread throughout the
entire crystal as the Bloch functions.
This means that if we choose a WF centered on a specific cell in the crystal,
the function will have significant values only near that cell, and its amplitude
will decay rapidly outside that region. In addition, although WFs are spatially
localized, they are constructed in such a way that when one considers all WFs
for all cells of the crystal, they respect the periodicity of the lattice. In other
words, WFs in different cells are related to each other by translations of the
crystal lattice

Wn(r − R) = Wn(r − (R + R′)), (2-8)
where R and R′ are Bravais lattice vectors on which WFs are centered.
That is, the WFs corresponding to different cells are essentially the same
function, but moved to the center of each cell in the network.

2.1.1
Gauge Freedom

As is typical of the wave functions resulting from the Schrödinger
equation, these may or may not modify some quantities calculated for the
system, depending on the gauge to which they are subjected. Suppose, for
instance, we have

|R̃n⟩ = Vcell

ℏD

∫
BZ

dDk

(2π)D

[
eiϕn(k)|Ψnk⟩

]
e−ik·R/ℏ

= Vcell

ℏD

∫
BZ

dDk

(2π)D
|Ψ̃nk⟩e−ik·R/ℏ,

(2-9)

or, equivalently
|Ψ̃nk⟩ = eiϕn(k)|Ψmk⟩. (2-10)

The shape of the WFs in real space will be different for each change of
phase ϕn(k). Physically, the additional phase does not change the system as
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originally described by the Bloch functions; however, it does modify the spatial
localization and real-space distribution of the individual WFs.

To describe this spatial distribution, let’s define the localization func-
tional

Ω =
∑

n

[
⟨0n|r2|0n⟩ − ⟨0n|r|0n⟩2

]
=
∑

n

[
⟨r2⟩n − r̄2

n

]
. (2-11)

The functional Ω quantifies the total quadratic spread of the WFs associated
with the occupied valence bands in the home unit cell (see eq. 2-7). In this
expression, the sum over n is performed only over the occupied (valence) bands,
so that Ω represents a true ground-state property. This definition ensures that
the spread under consideration is physically meaningful and corresponds to an
optical sum rule, as we discuss below.
One way to describe this functional, is to decompose it into gauge-dependent
and gauge-invariant parts. That is, we can write

Ω = ΩI + Ω̃, (2-12)

where

ΩI =
∑

n

[
⟨0n|r2|0n⟩ −

∑
Rm

|⟨Rm|r|0n⟩|2
]

Ω̃ =
∑

n

∑
Rm ̸=0n

|⟨Rm|r|0n⟩|2.
(2-13)

It can be shown that not only Ω̃ but also ΩI is positive definite, and
moreover that ΩI is gauge invariant, i.e. invariant under any arbitrary unitary
transformation of the Bloch orbitals. The gauge-dependence of Ω̃ becomes
explicit when we use a discretized matrix representation [14].
The next step is to express Ω in terms of Bloch functions. Using the Blount
identities [15]:

⟨Rm|rl|0n⟩ = Vcell

ℏD

∫
BZ

dDk

(2π)D
eik·R/ℏ⟨m|(i ∂

∂k
)l|n⟩, (2-14)

we can get the expressions

⟨Rm|r|0n⟩ = i
Vcell

ℏD

∫
BZ

dDk

(2π)D
eik·R/ℏ⟨m|∇k|n⟩ (2-15)

⟨Rm|r2|0n⟩ = −Vcell

ℏD

∫
BZ

dDk

(2π)D
eik·R/ℏ⟨m|∇2

k|n⟩, (2-16)

Then, we are concerned with getting the gauge-invariant part

ΩI =
∑
n,µ

[
⟨0n|r2

µ|0n⟩ −
[∑

Rm

⟨0n|rµ|Rm⟩⟨Rm|rµ|0n⟩
]]
. (2-17)

Different gauges produce bases with different spatial spreads [14]. While
various methods exist to optimize the localization of WFs to use just one set of
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them to describe the spatial properties of the system, the so-called Maximally
Localized Wannier Functions (MLWFs), in this work our interest lies solely in
the gauge-invariant component of their spread, as this is the quantity that
is physically meaningful and experimentally accessible through the optical
sum rule. Therefore, the choice of gauge, the construction of MLWFs or any
treatment for Ω̃ are not the main concern of this study.

2.2
Quantum metric

2.2.1
Quantum metric tensor

In this section, we formulate the quantum geometry of the valence band
states and explicitly demonstrate its connection to the spread of WFs discussed
in the previous section. Quantum geometry holds significant relevance in
condensed matter physics, providing an understanding of various properties.
The first notions of quantum metric were introduced in 1980 [1], which is
formulated in the following manner. Consider a quantum state described by
some parameter λ, the expansion can be expressed by

|ψ(λ+ δλ)⟩ ≈ |ψ(λ)⟩ + |∂µψ(λ)⟩δµλ, (2-18)

where the sum over repeated indices was assumed.
The norm of the difference between two neighboring states |ψ(λ)⟩ and |ψ(λ+
δλ)⟩ is given by

|||ψ(λ+ δλ)⟩ − |ψ(λ)⟩||2 = ⟨∂µψ(λ)|∂νψ(λ)⟩δµλδνλ, (2-19)

as only the real part survives, and knowing that there is symmetry in δµλδνλ,
then ⟨∂µψ(λ)|∂νψ(λ)⟩ can take its real and imaginary parts as γµν = γνµ and
σµν = −σνµ, respectively. So only the real part would survive, making

|||ψ(λ+ δλ)⟩ − |ψ(λ)⟩||2 = Re[⟨∂µψ(λ)|∂νψ(λ)⟩]δµλδνλ. (2-20)

We define the tensor Qµν = ⟨∂µψ(λ)|∂νψ(λ)⟩, to be analyzed separately. We
see that any tensor of the form Qµν → Qµν − Bµν is useful for solving eq.
(2-19), provided that Bµν is antisymmetric. We can see that, due to the
gauge dependence of the states |ψ(λ)⟩, the tensor to be defined is of the form
Tµν = Qµν − Aµ[Aν ]†, where Aµ = ⟨ψ(λ)|i∂µψ(λ)⟩ is the Berry connection.
This specific combination is not arbitrary. Under a gauge transformation, the
wavefunction acquires a phase factor, which causes Qµν and Aµ to change, but
Tµν is unchanged. Therefore, this is the minimal and natural way to obtain a
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gauge-invariant metric tensor from the derivatives of the quantum state. This
gauge-invariant structure is known as quantum metric tensor. This tensor
is expressed as

Tµν = ⟨∂µψ(λ)|∂νψ(λ)⟩ − ⟨∂µψ(λ)|ψ(λ)⟩⟨ψ(λ)|∂νψ(λ)⟩, (2-21)

since the product ⟨ψ|∂µψ⟩ is pure imaginary, it is possible to separate the
quantum metric tensor into two parts:

gµν =1
2⟨∂µψ(λ)|∂νψ(λ)⟩ + 1

2⟨∂νψ(λ)|∂µψ(λ)⟩

− ⟨∂µψ(λ)|ψ(λ)⟩⟨ψ(λ)|∂νψ(λ)⟩
Ωµν =i [⟨∂µψ(λ)|∂νψ(λ)⟩ − ⟨∂νψ(λ)|∂µψ(λ)⟩] ,

(2-22)

so that Tµν = gµν − i

2Ωµν , or that is equivalent, gµν = Re[Tµν ] and Ωµν =
−2Im[Tµν ] [2–4]. Then, the measure of the distance between two neighboring
states |ψ(λ)⟩ and |ψ(λ+ δλ)⟩ is given by

ds2 = |⟨ψ(λ)|ψ(λ+ δλ)⟩|2 = Tµνδλ
µδλν . (2-23)

The term Ωµν is called Berry curvature, which is responsible for phenomena
such as Hall effects [6], and is related to electronic properties [5] and topological
phases of matter [7, 8]. On the other hand, the real part of Tµν is symmetric
and corresponds to the quantum metric gµν , which also arises equivalently
from the expression |⟨ψ(λ)|ψ(λ + δλ)⟩| = 1 − 1

2gµνδλ
µδλν . For solids, we use

momentum space Hamiltonian and Bloch eigenstates to define this quantum
metric, as we will see later.
The quantum metric can be related to various experimental measures [9–12].
For example, there are investigations that show how to relate the metric to
optical responses by introducing a object called the quantum metric spectral
function gd

µν(k, ω) [5, 25, 31], where the superscript is introduced because
the system is considered to be “dressed” by interactions, as could it be an
environment with T ̸= 0 K. For the case of a gapped material (our aim),
known as those materials that exhibit a gap in their electronic structure, it is
possible to relate the quantum metric spectral function, which integrates over
frequency to the quantum metric, with the optical absorption rate [24].

In addition, it has also been found that the quantum metric is related to
topological order. This is a type of order that represents a certain geometric
property of the Bloch state in the momentum space, and depending on
the dimension and symmetry of the system [2, 34]. This order can manifest
itself through different physical phenomena. In systems characterized by a
topological order derived from the integration of the Berry curvature into the
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momentum space, the determinant of the quantum metric is related to these
quantities [22,23,26]. In relation to the aforementioned, it has been found that
in Dirac models, when the integration of a certain function with respect to the
momentum results in a topological order, the modulus of that function is equal
to the determinant of the quantum metric. This relationship has been called
the metric-curvature correspondence [2, 5], which is useful in revealing the
topological order through the excitation absorption rate measures mentioned
above.

Figure 2.2: Representation of rotation of a unit vector ψ(k) in the Hilbert space in
some basis |n1⟩, |n2⟩ and |n3⟩ from k to k + δk.

To start our analysis in momentum space, we establish the parameter λ
as momentum k, then the quantum metric can be defined as follows

|⟨ψ(k)|ψ(k + δk)⟩| = 1 − 1
2gµν(k)δkµδkν . (2-24)

Equation (2-24) indicates that if we take the modulus of a state |ψ(k)⟩ that
overlaps with itself at slightly different momentum and perform an expansion
in terms of small displacement δk, the result introduces a prefactor denoted
by gµν(k), which is the quantum metric. A very intuitive picture that allows
us to visualize this is Fig. 2.2, where we have the unit vector |ψ(k)⟩ in the
Hilbert space in some basis |n1⟩, |n2⟩ and |n3⟩. This vector is pointing in some
direction, and when we move from k to k + δk, this unit vector will rotate in
a different direction in the Hilbert space. If we now take the product between
these two unit vectors, the result must be less than one. Hence, if an expansion
is performed, the correction should give us the quantum metric.
Suppose the system has a gap and occupiesN− valence bands (including spin or
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any other quantum number), then the fully antisymmetric many-body valence
band Bloch state is given by

|uval(k)⟩ = 1√
N−

ϵn1n2...nN− |n1⟩|n2⟩ . . . |nN−⟩, (2-25)

where |ni⟩ = |ni(k)⟩.
The main ingredient in our formalism is the quantum metric defined in
equation (2-24) from the overlap of neighboring valence band states in the
momentum space [1]

|⟨uval(k)|uval(k + δk)⟩| = 1 − 1
2gµν(k)δkµδkν , (2-26)

which amounts to the expression [2, 24]

gµν(k) =1
2⟨∂µu

val|∂νu
val⟩ + 1

2⟨∂νu
val|∂µu

val⟩

− ⟨∂µu
val|uval⟩⟨uval|∂νu

val⟩

=1
2
∑
nm

[⟨∂µn|m⟩⟨m|∂νn⟩ + ⟨∂νn|m⟩⟨m|∂µn⟩],

(2-27)

where we denote |m⟩ as a conduction band state and |n⟩ as the valence band
state. The closure relation reads ∑n∈v |n⟩⟨n|+∑m∈c |m⟩⟨m| = Q−+Q+ = I [5].

2.2.2
Fidelity number

The key quantum geometrical quantity that is related to the spread of
WFs is the momentum integral of the quantum metric [13,14,23].

Gµν =
∫

BZ

dDk

(2π)D
gµν(k), (2-28)

and we call it the fidelity number. The BZ in a dimension D can be considered
as a torus TD from a differential geometry perspective. It can be inferred that
by the integral of the quantum metric over momentum space on the torus TD,
given in eq. (2-27). It represents the average distance between neighboring
Bloch states, |ψ(k)⟩ and |ψ(k + δk)⟩; this quantity may be considered an
intrinsic property of the quantum geometry.

The momentum integration of the quantum metric spectral function gives
us a term called the fidelity number spectral function Gd

µν(ω). The frequency
integral gives the dressed fidelity number

Gd
µν =

∫ ∞

0
dωGd

µν(ω), Gd
µν(ω) =

∫
BZ

dDk

(2π)D
gd

µν(k, ω), (2-29)

which is the key ingredient to link the quantum geometry to the optical
absorption power, as we shall see below for 3D and 2D materials. We call this
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quantity Gd
µµ the fidelity number because it is dimensionless in 2D. Although

in 3D it has the unit of momentum, it can be trivially multiplied by V 1/3
cell /ℏ to

make it dimensionless, and hence we stick with this nomenclature, in the form
Gd

µµ → Gd
µµ

(
V

1/D
cell /ℏ

)D−2
.

We can express this quantity in real space through this projection
formalism to define a fidelity marker at each lattice site, which allows us
to study, for example, the influence of impurities in real space on the quantum
geometric properties [24]. This latter concept will be necessary in the Sec.
3.2.3.

2.2.3
Experimental relations

To link these geometrical quantities with experimentally measurable
data, it is practical to introduce a quantum metric spectral function gd

µµ(k, ω)
to define the real part of longitudinal optical conductivity at momentum k,
frequency ω and polarization µ̂ [5, 24,25].

σµµ(k, ω) =
∑
l<l′

π

Vcellℏω
⟨l|ĵµ|l′⟩⟨l′|ĵµ|l⟩[f(εk

l ) − f(εk
l′)]δ

(
ω + εk

l

ℏ
− εk

l′

ℏ

)

= πe2

Vcell

ℏωgd
µµ(k, ω),

(2-30)

where f(εk
l ) is the Fermi distribution function at the eigenenergy εk

l and ĵµ

represents the µ-th component of the current operator (we obtain this relation
by Kubo formula and Matsubara frequency summations [25]). As noted
previously, the superscript d indicates “dressed”, since the optical conductivity
formalism incorporates finite temperature and many-body interactions. The
frequency integral of gd

µµ(k, ω) gives the dressed quantum metric gd
µµ(k) =∫∞

0 dωgd
µµ(k, ω) as has been pointed out previously [5, 26–29]. In the zero

temperature and non-interacting limit limT →0 g
d
µµ(k) = gµµ(k), the frequency

integration recovers to the expression given by eq. (2-28).
It is important to note that the zero temperature limit is appropriate for
describing the optical properties of semiconductors at room temperature in
practice, since the band gap is typically much larger than the thermal energy
at room temperature. Therefore, the occupation of states is well-approximated
by the zero temperature Fermi distribution. In the following calculations, we
will neglect the Fermi distribution factor and simply use the zero temperature
formula to compare with experimental data.

The optical conductivity measured in a real experiment corresponds
to the momentum integration of σµµ(k, ω) over the BZ of volume VBZ =
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(2π)D/Vcell

σµµ(ω) =
∫ dDk

ℏDVBZ

σµµ(k, ω)

= πe2

ℏD−1ω
∫ dDk

(2π)D
gd

µµ(k, ω) ≡ πe2

ℏD−1ωGd
µµ(ω),

(2-31)

leading to the dressed fidelity number spectral function Gd
µµ(ω) at polarization

µ̂.

2.3
Relating quantum geometry to the spread of Wannier functions

We proceed by elaborating on a connection between the fidelity number
and the spread of the valence band WFs compared to our aforementioned
objective of equation (2-29), defined by Refs. [13,14] in equation (2-13).

The main goal of the present work is to propose an experimental protocol
to determine ΩI based on its relation with the fidelity number Gµµ, and the
connection of the latter with the longitudinal optical conductivity σµµ(ω)
according to equations (2-29) and (2-31). This equivalence can be seen by
considering the identities

⟨r2⟩n = Vcell

ℏD−2

∫ dDk

(2π)D

∑
µ

⟨∂µn|∂µn⟩

⟨Rn′|r̂µ|0n⟩ = Vcell

ℏD−1

∫ dDk

(2π)D
⟨n′|i∂µ|n⟩eik·R/ℏ,

(2-32)

from which ΩI can be written as

ΩI = Vcell

ℏD−2

∫ dDk

(2π)D

∑
µ

∑
n

[
⟨∂µn|∂µn⟩ −

∑
n′

⟨∂µn|n′⟩⟨n′|∂µn⟩
]

= Vcell

ℏD−2 TrGµν = Vcell

ℏD−2

∑
µ

Gµµ,

(2-33)

indicating that the gauge-invariant part of the spread of valence band Wannier
states is equivalent to the trace of fidelity number (tensor). Thus, the quantum
metric formalism developed in Sec. 2.2 linking the fidelity number to optical
conductivity can be particularly useful for extracting ΩI experimentally, as we
shall see in the following sections devoted to particular 3D and 2D systems.



3
Spread of Wannier functions in different systems

3.1
Extracting the spread of Wannier functions in 3D systems from dielectric
function

Assume an oscillatory electric field whose spatial profile changes on a
length scale far exceeding the lattice constant a. Under this long-wavelength
condition, the complex dielectric function and the optical conductivity are
related through [30]

ε(ω) = µrεr + i
µrσ̃(ω)
ε0ω

, (3-1)

where ε0 is the vacuum permittivity, εr is the relative dielectric constant, and
µr is the relative magnetic permeability, which is practically unity for most
insulators. The real part of the complex optical conductivity σ̃(ω) is σµµ(ω)
in eq. (2-31) after averaging over the three crystalline directions µ. Hence,
the imaginary component of the dielectric function, Im[ε(ω)], is governed by
the real part of the optical conductivity, and can be connected to the fidelity
number spectral function via

Im[ε(ω)] = 1
3
∑

µ

σµµ(ω)
ε0ω

= πe2

ε0ℏ2 × 1
3
∑

µ

Gd
µµ(ω), (3-2)

where the factor of 1/3 is explained below. Consequently, the dressed fidelity
number and the spread of valence band WFs are determined directly by
frequency/energy integrals of Im[ε(ω)]

1
3
∑

µ

Gd
µµ = ε0ℏ

πe2

∫ ∞

0
d(ℏω)Im[ε(ω)] (3-3)

ΩI = lim
T →0

Vcellε0

πe2 × 3
∫ ∞

0
d(ℏω)Im[ε(ω)]. (3-4)

This equation is the cornerstone of our three-dimensional formulation, provid-
ing a concrete experimental protocol for extracting ΩI .

3.1.1
Applications to common semiconductors and topological insulators

Extensive experimental records on the frequency dependence of the
dielectric function exist for many semiconductor compounds. Nevertheless, a
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few subtleties arise when one wants to deduce ΩI from those data, and we
discuss them below.

First, in most optical setups the sample is polycrystalline and the incident
beam is unpolarized; this situation is equivalent to irradiating a perfect single
crystal with light whose polarization is random. Therefore, we model the
incident electric field as

E = E0(sin θ cosϕ, sin θ sinϕ, cos θ) cosωt, (3-5)

which is uniformly distributed over the the solid angle element sin θdθdϕ.
Writing the induced electric current at frequency ω as jµ = σµνEν ,

the absorbed power density reads Wa(ω, θ, ϕ) = ∑
µ⟨jµ(ω, t)Eµ(ω, t)⟩t =∑

µ jµ(ω)Eµ(ω)/2 = ∑
µν σµν(ω)Eµ(ω)Eν(ω)/2, where the prefactor 1/2 stems

from the time average ⟨cos2 ωt⟩t = 1/2, because both the current and field
oscillate harmonically at frequency ω. Averaging this absorption power over
all directions of incidence yields

W a(ω) = 1
4π

∫ 2π

0
dϕ
∫ π

0
dθ sin θ1

2
∑

µ

jµ(ω)Eµ(ω)

= 1
2

(
1
3
∑

µ

σµµ(ω)
)
E2

0 ≡ 1
2σ(ω)E2

0 ,

(3-6)

thus the measurements provide the directionally averaged optical conductivity
σ(ω) = ∑

µ σµµ(ω)/3 and therefore the averaged dielectric function Im[ε(ω)].
Because the ΩI in eq. (3-4) requires a sum over the three crystalline axes, one
must multiply the experimentally obtained dielectric function by a factor of
three, i.e., employ 3Im[ε(ω)].

Second, in gapped materials, optical absorption is not limited to direct
valence-to-conduction interband transitions; excitonic resonances can also
appear. We suggest that, when one integrates the measured spectra, any
distinct peaks that occur inside the fundamental gap should be excluded, as
they originate from bound electron-hole pairs rather than from free-carrier
excitations. A case like this is elaborated in Sec. 3.2.3 for TMD materials.

Third, the optical measurements usually report the dielectric response
as a function of photon energy (eV) rather than angular frequency (ω).
Accordingly, we recast the frequency integral as∫ ∞

0
d(ℏω)Im[ε(ω)] =

∫ ∞

0
d(eV)Im[ε(eV)] = ν × eV, (3-7)

where ν is a dimensionless factor obtained from the experimental curve, and
the eV units come from the integration over the photon energy. Inserting this
factor with the factor of 3 derived earlier into eq. (3-4) gives
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ΩI = lim
T →0

Vcellε0

πe2 eV × 3ν

= lim
T →0

Vcell

Å
× 1.7591 × 10−3 × 3ν

TrGµν = lim
T →0

ℏ
Å

× 1.7591 × 10−3 × 3ν,

(3-8)

which furnish extremely simple working formulas for extracting ΩI and TrGµν

directly from optical spectra. Because typical semiconductor band gaps greatly
exceed kBT at room temperature, the limit T → 0 K in eq. (3-8) is effectively
satisfied in ordinary conditions.

Combining the spread ΩI and Vcell, one may form the dimensionless
ratio Ω3/2

I /Vcell as a measure of insulating character of the material. Table
3.1 illustrates this procedure: digitized dielectric function data for Si and
Ge (conventional semiconductors) and Bi2Te3 (3D topological insulator) from
Refs. [17,18] and [19] are integrated to obtain ν. Then, the eq. (3-8) yields ΩI .
The outcome points to a markedly more extended Wannier function in Bi2Te3

than Si or Ge, consistent with its much narrower gap (∼ 0.4 eV compared to
∼ 2 eV). Such a small gap places Bi2Te3 closer to the verge of a topological
band-inversion transition, a regime where Wannier functions are expected to
acquire longer spatial range [24].

Table 3.1: Volume of the unit cell Vcell, frequency-integration ν of the imaginary
part of dielectric function, trace of the fidelity number TrGµν , spread of the
valence-band WFs ΩI , the dimensionless ratio Ω3/2

I /Vcell and the band gap obtained
from experimental data for semiconductors Si and Ge, and topological insulator
Bi2Te3.

Mat. Vcell (Å3) ν Tr Gµν (ℏ/Å) ΩI (Å2) Ω3/2
I /Vcell ∆ (eV)

Si 160.1 80.6 0.425 68.1 3.51 1.12
Ge 181.3 87.0 0.459 83.24 4.19 0.66
Bi2Te3 545.3 141.6 0.747 407.48 15.08 0.15

3.2
Detecting the spread of Wannier functions in 2D systems by absorbance

Imagine a 2D material subject to a linearly polarized time-harmonic
electric field Eµ(ω, t) = E0 cosωt. This drive induces a current jµ(ω, t) =
σµµ(ω)E0 cosωt. The optical-power density absorbed at frequency ω and
polarization µ is therefore



Chapter 3. Spread of Wannier functions in different systems 28

W µ
a (ω) = ⟨jµ(ω, t)Eµ(ω, t)⟩t = 1

2σµµ(ω)E2
0

= πe2

2ℏ E
2
0ωGd

µµ(ω).
(3-9)

For an incident plane wave, the incoming power flux per unit area is Wi =
cε0E

2
0/2. Thus, the absorbance at polarization µ is [32]

Oµ(ω) = Wa(ω)
Wi

= 4π2αωGd
µµ(ω) |2D , (3-10)

with α = e2/4πε0ℏc ≈ 1/137 as the fine-structure constant. Hence, the dressed
fidelity number spectral function Gd

µµ(ω) can be read directly from experiment

Gd
µµ(ω) |2D = 1

4πω

[
Oµ(ω)
πα

]
, (3-11)

following the discussion in Sec. 2.2, in the zero temperature and non-interacting
limit limT →0 Gd

µν(ω) = Gµν(ω). So, from equation (2-33), the gauge-invariant
spread is simply given as

ΩI = AcellTrGµν = Acell

∫ ∞

0
dωTrGµν(ω)

= lim
T →0

Acell

∑
µ

∫ ∞

0
dω

1
4πω

[
Oµ(ω)
πα

]
.

(3-12)

Thus the ratio ΩI/Acell = TrGµν−which characterizes how insulating is the
material−comes straight from the trace of fidelity number.

If the absorbance is measured with unpolarized light or on a polycrys-
talline sample, the angle-averaged absorption power becomes

W a =
∫ 2π

0

dϕ

2πWa(ϕ) = 1
2

(1
2σxx(ω) + 1

2σyy(ω)E2
0

)
≡ 1

2σ(ω)E2
0 , (3-13)

so that ∑µ Oµ(ω) = 2O(ω). Inserting this into eq. (3-12) just gives

ΩI = lim
T →0

Acell

∫ ∞

0
dω

1
2πω

[
O(ω)
πα

]
= AcellTrGµν . (3-14)

Equations (3-12)–(3-14) therefore supply a practical, experiment-based recipe
for determining the gauge-invariant spread of WFs and the trace of fidelity-
number, enabling direct comparison with first-principles or tight-binding pre-
dictions. The subsequent sections apply this protocol to monolayer graphene
with ISOC, twisted bilayer graphene, and several transition-metal dichalco-
genides to establish realistic scales for ΩI in representative 2D gapped materi-
als.
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3.2.1
Graphene with ISOC

We start with a nearest-neighbor tight-binding description of graphene
that explicitly includes ISOC, a key ingredient for the quantum spin Hall effect
(QSHE) in the Kane-Mele model [36, 37]. Taking the lattice constant of the
honeycomb lattice as the unit of length aL = 1, we define the lattice vectors
as [20]

R1 = (1, 0)aL, R2 =
(

−1
2 ,

√
3

2

)
aL,

R3 =
(

−1
2 ,−

√
3

2

)
aL,

(3-15)

as can be visualized in Fig. 3.1.

Figure 3.1: Monolayer graphene and its lattice vectors, as defined in eq. (3-15)

The second-quantized Hamiltonian is written as H = ∑
q ψ

†
qH(q)ψq

with the spinor basis ψ†
q = {c†

Aq↑, c
†
Bq↑, c

†
Aq↓, c

†
Bq↓}, where c†

Xqσ is the electron
creation operator at momentum q (with respect to the center of BZ), sublattice
X = {A,B}, and spin σ = {↑, ↓}. In this basis, the 4 × 4 Hamiltonian takes
the form

H(q) =


λIfI −tforb 0 0

−tf ∗
orb −λIfI 0 0

0 0 −λIfI −tforb

0 0 −tf ∗
orb λIfI


forb(q) = 1 + eiq·R2/ℏ + e−iq·R3/ℏ

fI(q) = − 2
3
√

3

3∑
i=1

sin(q · Ri/ℏ).

(3-16)
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Figure 3.2: Energy dispersion of graphene defined by the Hamiltonian of eq. (3.16)
(a) λI/t = 0.1 and (b) λI/t = 0.8, to visualize the band separation due to the ISOC
strength.

The hopping amplitudes t and λI measure, respectively, the nearest-neighbor
hopping and the ISOC strength. The corresponding band structure hosts Dirac
points at

K

ℏ/aL

=
(4π

3 , 0
)
,

K ′

ℏ/aL

=
(

−4π
3 , 0

)
, (3-17)

which will play a crucial role in the optical-response analysis, as we can see
later.

3.2.1.1
Quantum geometry induced by ISOC

We observe that the Hamiltonian in eq. (3-16) can be written in a Dirac
form. A convenient representation with 4 × 4 Dirac matrices (see eq. (B.2) of
Ref. [33]) is

Γ1∼5 = (ŝ1 ⊗ σ̂3, ŝ2 ⊗ σ̂3, ŝ0 ⊗ σ̂1, ŝ0 ⊗ σ̂2, ŝ3 ⊗ σ̂3), (3-18)

where ŝα and σ̂α are the Pauli matrices acting in the spin space {↑, ↓} and the
sublattice space {A,B}, respectively. Using this set, the Hamiltonian of eq.
(3-16) can be expressed as a linear combination of the Γ-matrices (Γ3,Γ4,Γ5)

H(q) = d · Γ = d3Γ3 + d4Γ4 + d5Γ5

(d3, d4) = −t(Re, Im)forb(q), d5 = λIfI(q).
(3-19)

Defining the unit vector [34]

n(q) ≡ d/|d| = (ñ3, ñ4, ñ5), (3-20)

where |d| = d =
√∑

i |di|2. Explicitly expanding the momentum around the
two Dirac points, we set

q = K(′) + k, (3-21)
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so that the five-component vector d = (d1, d2, d3, d4, d5) becomes to linear
order in the small deviation k

K : d = (0, 0, vFkx, vFky, λI)
K ′ : d = (0, 0,−vFkx, vFky,−λI),

(3-22)

where vF =
√

3taL/2ℏ ∼ 106 m/s is the Fermi velocity of graphene. We next
evaluate the quantum metric of graphene in the presence of ISOC.
For the Dirac-form Hamiltonian in eq. (3-19), the quantum metric can be
written as [2]

gµν(q) =
(
N

8

)
∂µn(q) · ∂νn(q), (3-23)

with N = 4 for the dimension of the Hamiltonian, and ∂µ = ∂/∂qµ is the
corresponding momentum derivative. This yields

gµν = 1
2d2

{ 5∑
i=3

∂µdi∂νdi − ∂µd∂νd

}
, (3-24)

using the expression in eq. (3-22) close to valleys, one obtains

gxx = 1
2d4 [v2

Fλ
2
I + v4

Fk
2
y]

gyy = 1
2d4 [v2

Fλ
2
I + v4

Fk
2
x]

gxy = −v4
Fkxky

2d4 .

(3-25)

Employing either valley and eq. (3-24), the low frequency parts of the
fidelity number spectral function, eq. (2-29) and the absorbance, eq. (3-10),
behave as in Chern insulators [31]. Explicitly, it gives the following fidelity
number spectral function

Gd
µµ(ω) =

∫
kdk

∫ dθ
8πd4

[
v2

Fλ
2
I + v2

F (k2 − k2
µ)
]

(f(−d) − f(d))δ(ω − 2d
ℏ

),
(3-26)

which yields the results

Gd
µµ(ω) =

[
1

4πω + λ2
I

πℏ2ω3

]
Z(ω)|ω≥2λI/ℏ

Oµ(ω)
πα

=
[
1 + 4λ2

I

ℏ2ω2

]
Z(ω)|ω≥2λI/ℏ

Z(ω) =
[
f

(
−ℏω

2

)
− f

(
ℏω
2

)]
,

(3-27)

and f is the Fermi distribution. In Fig. 3.3 we plot these results for λI = 12
µeV ≈ 0.1 K and different values of temperature. Because d =

√
v2

Fk
2 + λ2

I ≥
ℏω/2, photons with ω < 2λI/ℏ cannot be absorbed; the δ−function in eq.
(3-26) enforces the threshold. Considering the lowest value when k = 0,
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Figure 3.3: (a) The low frequency absorbance Oµ(ω) and (b) the fidelity number
spectral function Gd

µµ(ω) computed for an arbitrary polarization direction µ̂ consid-
ering the ISOC strength λI = 12 µeV and orbital hopping amplitude t = 2.8 eV.
Results are presented for several temperature values (solid lines with distinct colors)
ranging from kBT = 2.4 µeV ≈ 0.02 K up to 24 µeV ≈ 0.2 K.

and even lower values of ω we deduce that there is no light absorption, and
Gd

µµ(ω < 2λI/ℏ) = 0.
Our study reveals that ISOC, characterized by the parameter λI , sup-

presses the optical absorption in graphene at photon energies below the ISOC
gap (ℏω < 2λI), a range that−for a realistic λI−lies in the microwave do-
main. When the temperature is low enough that kBT ≪ 2λI , the same SOC
interaction boosts absorption of light at the band edge (ℏω ≈ 2λI). Strikingly,
in the zero temperature limit and for photons with energy exactly 2λI , the
absorbance reaches twice the topologically protected value, identical to that of
pristine graphene and independent of the light polarization (Oµ/πα = 2).

These distinctive spectral signatures suggest that λI can, in principle,
be extracted experimentally−provided the sample is measured at low enough
temperature and the Fermi level lies inside the gap. At higher temperatures,
thermal broadening of the Fermi distribution diminishes the absorption, as
illustrated in Fig. 3.3. To quantify the effect, we evaluate the fidelity number
at T → 0 using the full tight–binding Hamiltonian (eq. 3-16) and a realistic
λI ≈ 12 µeV. The calculations yields Gd

xx = 1.08 and Gd
yy = 1.28, indicating

about a 20% anisotropy between zigzag and armchair directions. The resulting
spread of WFs is ΩI = 2.36Acell ≈ 2.36×(

√
3/2)a2

L, only modestly larger than a
single unit cell area, underscoring the internal consistency of the tight-binding
model.
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3.2.2
Twisted bilayer graphene (TBG)

Let us now consider TBG with a twist angle close to ∼ 1o, a system
renowned for its phase diagram, including emergent superconductivity [38].
The physical properties of TBG are largely governed by the presence of flat
bands and the associated Moiré patterns. These features not only give rise to
unconventional superconducting behavior, as suggested by recent theoretical
and experimental studies, but also strongly influence the quantum metric and
the optical response offered by this material.

Within our approach, we calculate the spectral function fidelity number
of TBG, focusing on the impact of flat bands on the absorption of light in the
millimeter-wave region. The narrow bandwidth covered by these flat bands,
typically spanning a few meV, and the quantum metric therein have been
proposed to be related to the superfluid stiffness [9,10,39–41], highlighting the
unique role of quantum geometry in determining the observable properties of
TBG.

In the model given by Bistritzer and MacDonald [48], there is a set of
magic angles θ ≈ 1.05o, 0.5o, 0.35o, 0.24o and 0.2o, but in practice only the
first one has been observed [38], so we focus our attention on angles close
to that value. In the model given by Bennett et. al. [21], they take into
account the atomic relaxation (minimization of the energy of system due
to a rearrangement of atoms) [47], and a magic range is defined between
0.91o ≤ θ ≤ 1.04o, where the band width is minimized, but the bands are never
perfectly flat. We will use this model to explain the topological properties of
the TBG and calculate the spread of the WFs.
Given the Moiré period asc (which acts as the lattice parameter of the Moiré
superlattice), we define the vectors

a1 = ascx̂, a2 = asc

(
1
2 x̂ +

√
3

2 ŷ

)

a3 = asc

(
−1

2 x̂ +
√

3
2 ŷ

)
, b1 = asc

(
1
2 x̂ + 1

2
√

3
ŷ

)

b2 = asc

(
−1

2 x̂ + 1
2
√

3
ŷ

)
, b3 = −asc

1√
3

ŷ,

(3-28)

where the A vectors (a1,a2,a3) join the vertices and the B vectors (b1, b2, b3)
join the middle of the triangles in the Moiré pattern. For calculations in-
volving the electronic bands in TBG, it is often assumed−at least as a first
approximation−that the two graphene layers are rigid and simply overlaid,
preserving the individual honeycomb structures of each sheet. However, in re-
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Figure 3.4: Moiré superlattice for twisted bilayer graphene, detailing the AA,
AB/BA and DW stackings, (a) without atomic relaxation, (b) with atomic relaxation
[47]. The Moiré pattern was made in Wolfram Mathematica.

alistic systems, the atomic positions are spontaneously adjusted to minimize
the total energy, leading to local relaxation of the lattice.

This structural relaxation results in well-defined stacking domains. When
the sublattice vertices of the upper layer are situated directly above those of the
lower layer, the arrangement is known as AB stacking; if the configuration is
reversed, it is known as BA stacking. Regions where the two layers are perfectly
aligned (with atoms on the same sublattice vertically above each other) are
termed AA stacking, which act as the nodes of the Moiré superlattice. The
boundaries between AA regions, which separate the AB and BA domains, are
called domain walls (DWs), as depicted in Fig. 3.4.

These stacking arrangements are energetically distinct: AA regions ex-
perience significant repulsion due to direct atomic overlap and therefore tend
to contract, while the AB and BA domains expand, benefiting from a lower
energy configuration. Domain walls naturally arise at the interfaces of these
domains as a result of this relaxation process. Without such atomic relaxation,
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the distinction and size of AA, AB and DW regions would be ill-defined or ab-
sent, limited to scales comparable to a single unit cell rather than the larger
Moiré pattern.

To describe the electronic structure at this scale, we use the (2+2)-band
model proposed by Bennett et. al. [21]. In this formalism, the total Hamiltonian
is partitioned as follows

H(2+2)
k =

 H∗
k Hint

k

Hint,†
k H∆

k

 , (3-29)

where H∗
k is a 2×2 sub-matrix related to AA regions, modeled by a honeycomb

lattice, H∆
k is for the symmetric states localized along the domain walls, which

serve as conduits connecting the AA sites, which also form a honeycomb lattice.
The off-diagonal blocks encode couplings between two AA stackings, whereas
the DW states provide additional bands at higher energies (typically above 10
meV, resembling auxiliary or complementary bands). The dominant hopping
processes in AA regions are relatively weak (of the order of 10 meV), whereas
those connecting DW regions are much stronger (around 1 eV).

To be more explicit, each block HI
k (with I = ∗, ∆, int) is represented

following the conventions of Ref. [21], can be generally written as

HI
k =

 tI0 + tI2f2 tI1f1 + tI3f3

tI1f
†
1 + tI3f

†
3 tI0 + tI2f2

 =
dI

0 dI
−

dI
+ dI

0

 , (3-30)

where the real hopping parameters {tI0, tI1, tI2, tI3} are specified for each subsys-
tem, except tint

3 , which can generally be complex and encodes third nearest-
neighbor interactions. The functions f1, f2, f3 are defined as

f1 =
3∑

j=1
eik·bj/ℏ, f2 =

3∑
j=1

cos(k · aj/ℏ)

f3 =
3∑

j=1
e−2ik·bj/ℏ.

(3-31)

These terms describe first, second, and third nearest-neighbor hoppings, re-
spectively, on the honeycomb lattice.

3.2.2.1
Minimal two-band model

As the focus here is on the low-energy physics of TBG, we can simplify
the original four-component spinor Φ = (ϕ, ϕ′) by considering each as a two-
component object. This allows us to write the eigenvalue problem for the
Hamiltonian as follows
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H(2+2)
k Φ = EΦ =⇒

 H∗
k Hint

k

Hint,†
k H∆

k

ϕ
ϕ′

 = E

ϕ
ϕ′

 , (3-32)

being ϕ the low-energy states, and ϕ′ the highly dispersive states, to a effective
energy-dependent Hamiltonian equation for ϕ in terms of H∗

k, H∆
k and Hint

k

Heff
k ϕ = Eϕ. (3-33)

So, we define an effective Hamiltonian

Heff
k = H∗

k − Hint
k (H∆

k )−1Hint
k

† =
d0 d−

d+ d0

 . (3-34)

Moreover, since both HI ’s and Heff are 2 × 2 matrices, it is convenient
to express them in terms of the identity matrix σ0 and Pauli matrices
σ± = σ1 ± iσ2. All the dependence on momentum k is incorporated into the
coefficients (dI

0, d
I
1, d

I
2) ↔ (dI

0, d
I
± = dI

1 ± idI
2), which are defined as follows for

any block I

dI
0 = tI0 + tI2

3∑
j=1

cos(k · aj/ℏ)

dI
1 = tI1

3∑
j=1

cos(k · bj/ℏ) + RetI3
3∑

j=1
cos(2k · bj/ℏ) + ImtI3

3∑
j=1

sin(2k · bj/ℏ)

dI
2 = −tI1

3∑
j=1

sin(k · bj/ℏ) + RetI3
3∑

j=1
sin(2k · bj/ℏ) − ImtI3

3∑
j=1

cos(2k · bj/ℏ),

(3-35)

the coefficients for the effective Hamiltonian Heff
k are then given by

d0 = d∗
0 − 1

d2
∆

[
dint

0 d∆
0 d

int
0 − dint

− d∆
+d

int
0 − dint

0 d∆
−d

int
+ + dint

− d∆
0 d

int
+

]
,

d− = d1 − id2 = (d+)†

= d∗
1 − id∗

2 − 1
d2

∆

[
2dint

0 d∆
0 d

int
− − dint

− d∆
+d

int
− − dint

0 d∆
−d

int
0

]
,

(3-36)

where d2
∆ = (d∆

0 )2 − (d∆
1 )2 − (d∆

2 )2. Although the diagonal component d0 of
Heff

k influences the band energies, such that the eigenvalues are

εn = d0 − d, εm = d0 + d, d =
√
d2

1 + d2
2, (3-37)

it does not appear in the eigenstates associated with the valence and conduc-
tion bands |n⟩ and |m⟩, which are given by

|n⟩ = 1√
2d

 −d
d1 + id2

 , |m⟩ = 1√
2d

 d

d1 + id2

 . (3-38)
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In the case where the effective model Hamiltonian takes the Dirac form
Heff

k = ∑2
i=0 diσi the quantum metric defined from the lower band eigenstate

|n⟩ is according to eq. (3-23) and (2-27) given by

gµν = 1
4d2 {∂µd1∂νd1 + ∂µd2∂νd2 − ∂µd∂νd},

= 1
8d2 {∂µd+∂νd− + ∂µd−∂νd+ − 2∂µd∂νd}.

(3-39)

Here, N = 2 reflects the presence of two spin components. Since spin
degeneracy has not been included in the previous calculation, the physically
relevant quantum metric must be multiplied by a factor of two

gµν → gµν × 2, (3-40)

this same factor applies to the fidelity number spectral function and the
opacity, ensuring consistency with physical observables.

These bands are related to virtual K and K ′ points where are located the
AA stackings (we say “virtual” because these stackings are minimized regions,
no physical points), which were already defined previously. This redefinition
of the AA stackings helps us to relate the similar behavior of the eigenstates
obtained in eq. (3-38) to the case that appears in pristine graphene [2], it
means the emergence of nodal points−i.e., energy band degeneracies−at the
K and K ′ positions in the TBG structure. This is also evident in Fig. 3.5.
Although our numerical calculations reveal a very small gap (∆ = 0.045 meV)
at these points, as displayed in Fig. 3.6, this gap is negligible in physical
terms: It is several orders of magnitude smaller than the thermal energy at
room temperature (kBT ∼ 25 meV), and thus does not materially affect our
theoretical predictions.

In summary, these findings demonstrate that, provided that ISOC is
absent, TBG maintains a semimetallic (Dirac-like) character closely analogous
to monolayer graphene.

3.2.2.2
Quantum geometry and low frequency opacity of TBG

The band structure {εn, εm}, quantum metric gµν , fidelity number spec-
tral function Gµν(ω), and opacity Oµ(ω) are computed numerically from the
tight-binding model for TBG proposed by Bennett et al. [21]. Results for se-
lected twist angles are presented in Fig. 3.5. Both Gµν(ω) and Oµν(ω) are ob-
tained using the eq. (2-30), where the Dirac delta function representing optical
transitions is approximated by a Lorentzian shape
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Figure 3.5: Numerical calculations for TBG at five distinct twist angles θ =
0.87o, 0.91o, 0.95o, 0.99o, 1.05o. From top to bottom, we show the electronic band
structure (εn, εm) and the quantum metric components (gxx, gyy) along high-
symmetry lines in the BZ, followed by the fidelity-number spectral function
(Gxx(ω),Gyy(ω)) and the absorbance for polarized light (Ox(ω),Oy(ω)),each dis-
played as a function of energy ℏω.

δ(ω + εn

ℏ
− εm

ℏ
) ≃ η/π

(ω + εn

ℏ
− εm

ℏ
)2 + η2

, (3-41)

with η = 0.1 meV serving as a phenomenological broadening parameter
to simulate correlation effects. Throughout this analysis, we restrict to zero
temperature. The calculated band structure retains Dirac-like features at the
K and K ′ points. Although the chemical potential is shifted to values between
approximately 0.1 and 0.5 meV above the Dirac point, in agreement with the
predictions of the Bennett model.

If the chemical potential µ were located precisely at the Dirac points, the
quantum metric components gxx, gyy would diverge, and as a consequence, the
low-frequency limit of the fidelity number spectral function {Gxx(ω),Gyy(ω)}
would display a 1/ω divergence resulting in a constant, frequency-independent
opacity at low frequencies [31].

However, due to the finite value of the chemical potential in our model,
the region of nonzero quantum metric is confined away from the Dirac point,
because only the region with only one band filled and one band empty can have
nonzero quantum metric (this is the region where optical transition matrix
element is the quantum metric). If both bands are filled (µ > 0) or both bands
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Figure 3.6: a) The effect of a finite chemical potential µ = 0.055meV on the opacity
of linear Dirac model. The figure shows schematically how the energy shift caused
by the real part of self-energy blocks the optical transition in a low-frequency
regime [31], b) Energy bands of TBG at θ = 0.99o taking ky = 0, we see the
appearance of a nonzero gap ∆ = 0.045 µeV, that could be easily neglected in our
model.

are empty (µ < 0), the there is no optical transition and quantum metric is
ill-defined.

Thus, the singular behavior at the K and K ′ points is eliminated, and
{Gxx(ω),Gyy(ω)} does not diverge as ω → 0. As a result, the opacity at zero
frequency is suppressed, analogous to the behavior observed in fluorinated
graphene when the chemical potential is displaced from the Dirac point [31,41],
as depicted in Fig. 3.6.

A straightforward expectation is that TBG, consisting of two coupled
graphene monolayers, should show an absorbance approximately twice that of
a single sheet, given by

O(ω) = πα + (1 − πα) × πα ≈ 2πα, (3-42)

where this estimate is based on summing the optical absorption from each
monolayer. This estimate of absorbance is valid primarily at frequencies
exceeding the chemical potential, which is typically around ℏω ≳ 0.5 meV,
for most twist angles. However, for photon energies below ℏω ≲ 0.5 meV,
the absorbance is notably reduced due to the influence of the finite chemical
potential, as discussed above.

Furthermore, within the so-called magic range (0.96o ≤ θ ≤ 1.02o), the
model predicts especially flat valence and conduction bands that are almost
identical in shape, but exhibit the following remarkable feature: In this regime
(for example, as shown by the θ = 0.99o) result in Fig. 3.5, both the fidelity
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number spectral function Gxx(ω) ≈ Gyy(ω) and the opacity Oµ(ω) display
pronounced peaks at very low frequencies, around ℏω ≈ 0.3 meV. For higher
frequencies, these quantities quickly diminish.

This behavior reflects the fact that, in a large region of the Brillouin zone,
electrons can absorb photons of nearly the same energy (specifically, the energy
corresponding to the separation between the two flat bands). The presence of
a peak in Gµν(ω) at ℏω ≈ 0.3 meV is a clear indication that the quantum
metric is predominantly concentrated within the flat band region, particularly
between the Γ and M points (see the band structure in Fig. 3.5 for θ = 0.99o).

These findings point to a close connection between an enhanced quantum
metric and the formation of flat bands at the magic angle, providing support
for the theoretical link between the quantum metric and the superfluid density
[7–12].

Figure 3.7: Opacity of TBG for unpolarized light Õ(ω) at zero temperature, plotted
as a function of twist angle θ for three selected frequencies ℏω = (0.2, 0.4, 0.6)
meV. The results are presented for three distinct values of artificial broadening (a)
η = 0.05 meV, (b) η = 0.01 meV, (c) η = 0.2 meV. These broadening parameters are
phenomenological representations of different correlation strengths. (d) The fidelity
number components {Gxx,Gyy,Gxx + Gyy} are shown as functions of the twist angle
θ.

From an experimental point of view, our quantum metric analysis sug-
gests a straightforward test: If a substantial reduction in absorbance is detected
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for ℏω ∼ 0.1 meV in the magic angle regime, or equivalently, if TBG becomes
nearly transparent at millimeter wavelengths (as demonstrated by the sim-
ulations in Fig. 3.7 for varying values of the broadening parameter η), this
would serve as indirect evidence for the presence of flat bands. By integrating
the ratio of absorbance to frequency over ω (as in eq. (3-14)), one obtains
the trace of the fidelity number, providing a measure of the total quantum
metric associated with the flat bands. Using the effective tight-binding model,
we computed this quantity as a function of the twist angle, as shown in Fig.
3.7(d), where both Gxx and Gyy reach their maximum near θ ≈ 0.98o. It is
important to note that the total fidelity number remains finite in this calcu-
lation only because the chemical potential eliminates the otherwise divergent
quantum metric (i.e., the spread ΩI = Acell(Gxx + Gyy)), where Acell is the
area of the Moiré superlattice. In reality, this divergence would persist since
the tight-binding model omits the ISOC at 55 µeV that would be required to
regularize the spread. as discussed in Sec. 3.2.1 for monolayer graphene. Thus,
the presence of a nonzero chemical potential in our model plays a crucial role
in regularizing the quantum metric.

3.2.3
Transition metal dichalcogenides (TMDs)

3.2.3.1
Tight-binding model of TMDs

We now focus on monolayer hexagonal TMDs, of the form 1H − MX2,
where the transition metal M is either Mo or W, and chalcogen X can be S, Se
or Te. For our study, we employ the widely used tight-binding model described
on Ref. [43]. This model emphasizes the role of the transition metal d orbitals
closest to the energy gap, while minimizing the influence of s orbitals, and p

orbitals are dominated by chalcogen atoms. As a result, this scheme is often
referred to as the “three-band approximation”.

In this approach, the basis set for the Hamiltonian consists of the d

orbitals
|ψ0⟩ = (dz2 , dxy, dx2−y2), (3-43)

and the corresponding hopping terms define a 3×3 tight-binding Hamiltonian

H0(k) =
(
c†

k,1 c†
k,2 c†

k,3

)
V0 V1 V2

V ∗
1 V11 V12

V ∗
2 V ∗

12 V22



ck,1

ck,2

ck,3

 . (3-44)

Here, c†
k,I , ck,I denote the creation and annihilation operators for each orbital,
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and the various matrix elements are given explicitly as follows

V0 = ε1 + 2t0
(
2 cosα cos β + cos 2α

)
+ 2r0

(
2 cos 3α cos β + cos 2β

)
+ 2u0

(
2 cos 2α cos 2β + cos 4α

)
,

Re[V1] = −2
√

3 t2 sinα sin β + 2(r1 + r2) sin 3α sin β − 2
√

3u2 sin 2α sin 2β ,

Im[V1] = 2t1 sinα (2 cosα + cos β) + 2(r1 − r2) sin 3α cos β
+ 2u1 sin 2α (2 cos 2α + cos 2β) ,

Re[V2] = 2t2
(
cos 2α− cosα cos β

)
− 2√

3(r1 + r2)
(
cos 3α cos β − cos 2β

)
+ 2u2

(
cos 4α− cos 2α cos 2β

)
,

Im[V2] = 2
√

3 t1 cosα sin β + 2√
3 sin β (r1 − r2)(cos 3α + 2 cos β)

+ 2
√

3u1 cos 2α sin 2β ,
V11 = ε2 + (t11 + 3t22) cosα cos β + 2t11 cos 2α + 4r11 cos 3α cos β

+ 2
(
r11 +

√
3 r12

)
cos 2β + (u11 + 3u22) cos 2α cos 2β + 2u11 cos 4α ,

Re[V12] =
√

3 (t22 − t11) sinα sin β + 4r12 sin 3α sin β +
√

3 (u22 − u11) sin 2α sin 2β ,
Im[V12] = 4t12 sinα (cosα− cos β) + 4u12 sin 2α (cos 2α− cos 2β) ,

V22 = ε2 + (3t11 + t22) cosα cos β + 2t22 cos 2α + 2r11
(
2 cos 3α cos β + cos 2β

)
+ 2√

3 r12
(
4 cos 3α cos β − cos 2β

)
+ (3u11 + u22) cos 2α cos 2β + 2u22 cos 4α ,

where a is the lattice parameter of TMD material being used, (α, β) =
( a

2ℏkx,
√

3a
2ℏ ky), εj is the on-site energy corresponding to the atomic orbital

|ϕj
µ⟩, where j represents a category of symmetry in irreducible representa-

tion: A′
1{dz2} for j = 1, E ′{dxy, dx2−y2} for j = 2, and µ is the label

of the orbital in the category; then we denote the basis as |ϕ1
1⟩ = dz2 ,

|ϕ2
1⟩ = dxy and |ϕ2

2⟩ = dx2−y2 as is shown in Ref. [43]. And the other parame-
ters (t0, t1, t2, t11, t12, t22.r0, r1, r2, r11, r12, u0, u1, u2, u11, u12, u22) are parameters
accurately determined by fitting the first principles (FP) energy bands of re-
laxed monolayers of MX2 in generalized-gradient approximation (GGA). Is
important to mention that, even the model is using a set of d orbitals of
M , the parameters are fitted regarding p orbitals as an intermediate path
(da → pab → db), so even the p orbitals are not used in the basis of the
Hamiltonian, are too important in its construction.

For a more realistic case, we include the spin-orbit coupling (SOC), then
the new basis consists of six-band model spanned by three transition metal d
orbitals and their two spins projections



Chapter 3. Spread of Wannier functions in different systems 43

Figure 3.8: Model calculated band structure (εn, εm) and quantum metric (gxx, gyy)
displayed along the high-symmetry lines in the BZ, followed by fidelity-number spec-
tral function (Gxx(ω),Gyy(ω)), and the absorbance (Ox(ω),Oy(ω)) under polarized
light as functions of energy ℏω for the six TMD materials: MoS2, MoSe2, MoTe2,
WS2, WSe2 and WTe2.

|ψ⟩ = (dz2 ↑, dxy ↑, dx2−y2 ↑, dz2 ↓, dxy ↓, dx2−y2 ↓), (3-45)

and the full Hamiltonian 6 × 6 takes the form

H(k) = I2 ⊗H0(k) +H ′, (3-46)

where H ′ = λL · S is the SOC contribution to the Hamiltonian, being λ the
strength of the SOC. It results

H(k) =

H0(k) + λ

2Lz 0

0 H0(k) − λ

2Lz

 ,

Lz =


0 0 0
0 0 2i
0 −2i 0

 .
(3-47)

Numerical calculations based on this model−including SOC−are presented in
Fig. 3.8 for six different TMD materials. An artificial broadening parameter
η = 0.1 eV is used in the simulation. These compounds display direct
semiconducting gaps of roughly 1 − 2 eV.

Their band structures comprise a single pair of spin-split valence bands
and two pairs of spin-split conduction bands, placing their dominant optical
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transitions across the infrared and visible ranges. Inspecting the quantum met-
ric reveals peaks at the K and K ′ valleys, which, unlike pristine graphene, re-
mains finite. As a result, both the TMD’s fidelity numbers Gµν and the spreads
of the WF ΩI are finite too. Computing the spread through momentum-space
integration (eq. (2-33)) or via the frequency integral (eq. (3-14)) yields the
values of ΩI summarized in Table 3.2.

Table 3.2: Area of the unit cell Acell, spread of the valence-band WFs ΩI , the
dimensionless ratio ΩI/Acell = TrGµν and the band gap in the K point with and
without SOC, calculated from the tight-binding model of Ref. [43].

Mat. Acell (Å2) ΩI (Å2) ΩI/Acell = Tr Gµν ∆S
K (eV) ∆K (eV)

MoS2 26.44 16.95 0.641 1.585 1.658
WS2 26.45 17.22 0.651 1.595 1.806
MoSe2 28.74 19.57 0.681 1.338 1.429
WSe2 28.72 20.36 0.709 1.313 1.541
MoTe2 32.87 24.42 0.743 0.965 1.072
WTe2 32.93 26.31 0.799 0.829 1.067

For these materials, the dimensionless ratio ΩI/Acell = TrGµν lies between
0.6 and 0.8, indicating that their corresponding WFs are fairly localized
compared to the unit cell area. Additionally, the absorbance O(ω) predicted
by this model agrees closely with experimental measurements on free-standing
TMD monolayers under unpolarized illumination at low photon energies
(ℏω ≲ 3 eV) [42, 44, 45]. In summary, this minimal model−based only on the
three transition metal d orbitals−provides an accurate description of both the
essential low-energy optical response and the quantum geometric properties of
these TMD systems.

3.2.3.2
Absorbance marker of TMDs with impurities

Building upon a method introduced by Bianco and Resta for calculating
the Chern number [46,49], we adopt a similar strategy to evaluate the optical
conductivity to a lattice system in real space. Using the projector formalism,
we note that

|ψlk⟩⟨ψlk| =
∫ d2k

ℏ2VBZ

|ψlk′⟩⟨ψlk′ | = |Elk′⟩⟨Elk′ |, (3-48)
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where ⟨l|i∂µ|l′⟩ = ⟨ψlk|x̂µ|ψl′k⟩/ℏ. Inserting these projectors into the formula
for optical conductivity, we obtain

σµµ(ω) =
(
πe2

Acellℏ

)
ω
∫ d2k

ℏ2VBZ

∫ d2k′

ℏ2VBZ

∑
l<l′

⟨ψlk|x̂µ|ψl′k′⟩⟨ψl′k′ |x̂µ|ψlk⟩

× [f(εk
l ) − f(εk

l′)]δ(ω + εk
l

ℏ
− εk

l′

ℏ
).

This expression can be simplified as

σµµ(ω) =
(
πe2ω

Acellℏ

)∑
l<l′

Tr
[
Ŝlx̂µŜl′x̂µŜl

]
[f(εk

l ) − f(εk
l′)]δ(ω + εk

l

ℏ
− εk

l′

ℏ
), (3-49)

where Ŝl = |El⟩⟨El|.
At this point, we can define a position-dependent version of the optical

conductivity (also referred to as the optical conductivity marker), which
reads

σµµ(r, ω) =
(
πe2ω

Acellℏ

)∑
s

⟨r, s|
∑
l<l′

[
Ŝlx̂µŜl′x̂µŜl

]
|r, s⟩

× [f(εk
l ) − f(εk

l′)]δ(ω + εk
l

ℏ
− εk

l′

ℏ
),

(3-50)

where the sum runs over all internal degrees of freedom s at site r. This formula
provides a way to compute the optical response locally at any lattice position.
For greater convenience, we introduce the operator

Mµ(ω) =
∑
l<l′

Ŝlx̂µŜl′

√
(f(εl) − f(εl′))δ

(
ω + εl

ℏ
− εl′

ℏ

)
, (3-51)

so that
σµµ(r, ω) =

(
πe2ω

Acellℏ

)∑
s

⟨r, s|Mµ(ω)M†
µ(ω)|r, s⟩. (3-52)

Similarly, we can introduce the absorbance marker [35], that is, local
absorption defined as

O(r, ω) = 2π2α

Acell

ω
∑

s

∑
µ

⟨r, s|Mµ(ω)M†
µ(ω)|r, s⟩, (3-53)

that was averaged in µ directions. This framework can be used to define a
local, gauge-invariant spread

ΩI(r) = Acell

∫ ∞

0
dω 1

2πω

[
O(r, ω)
πα

]
= AcellTrGd

µν(r), (3-54)

where Gd
µν(r) defined as the fidelity marker, obtained from eqs. (2-31) and

(3-52)
Gd

µµ(r, ω) = 1
Acell

∑
s

Re[⟨r, s|Mµ(ω)M†
µ(ω)|r, s⟩], (3-55)

and integrating over frequency as shown in eq. (2-29).
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To construct the states |El⟩, we proceed by performing a Fourier transform
from momentum to real space for the creation operators

c†
k,I =

∑
i1

eik·ri1c†
i1,I , (3-56)

where c†
i1,I , ci1,I create and annihilate a particle in orbital I at site ri1 .

With this transformation, each operator acts on three orbitals per site,
extending the original 3 × 3 hamiltonian to 3L2 × 3L2 matrix if there are L
atoms per lattice direction (i.e., N = L2 sites). For instance, setting L = 14
leads to a system with 14×14 = 196 atoms, each with three orbitals, resulting
in a total Hamiltonian of dimension (3 · 142) × (3 · 142).

The eigenvectors |El⟩ contain 3 × 142 components, quite distinct from
the eigenstates of H0(k) in momentum space (their eigenstates have only
3 elements). To enforce periodic boundary conditions (PBC), we use the
exponential position operator

x̂ = L

2πdiag
(
e2πi/L, e4πi/L, e6πi/L . . . e2πi

)
⊗ Is, (3-57)

where Is is a s × s identity matrix, meaning that all three orbital degrees
of freedom s inside the same unit cell share an identical position operator
(now, we ignore the spin degrees of freedom, since the SOC is a very small
energy scale compared to the optical transition range, so presumably it does
not influence much in the absorbance spectrum). It is possible to appreciate
that this operator adds complex elements to the definition of the markers. This
is fixed by redefining them by taking the module

σµµ(r, ω) →
[
(Reσµµ(r, ω))2 + (Imσµµ(r, ω))2

]1/2

O(r, ω) →
[
(ReO(r, ω))2 + (ImO(r, ω))2

]1/2
.

(3-58)

With this change, we only care about the amplitude of the marker, being pre-
cisely what we can experimentally appreciate. Through this position operator,
we produce the absorbance marker shown in Fig. 3.9.

In this case, the value found in the homogeneous limit is ΩI = 13.557Å2,
which differs from our last result shown in Table 3.2 in 21.272%. It is a large
difference, but is understandable due to the finite size effect in our numerical
computation (since a 14 × 14 lattice requires significant computational time,
which is why we do not include the SOC contribution here). The presence of
a single impurity is represented as a Hamiltonian H

Uimp

3N×3N with all elements
equal to zero, but the diagonal, where the potential of the impurity is repeated
in its 3 degrees of freedom. Thus, setting Uimp = 0.5, 1.5 and 3.0 eV, we put
this number in the 3 positions of HUimp that represent the position analyzed,
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and all the others are zero.
We can appreciate a small difference between the absorbance marker

in the central location and the absorbance measured in k−space. However,
there are significant differences in the presence of impurities, and this will be
mentioned here.

Figure 3.9: Comparison of density of particles (black circles) and spreads of WFs
measured with the absorbance marker in the position of the single impurity (purple),
next-neighbor (red) and next-next-neighbor (blue) in a 14×14 lattice using η = 0.1,
in the WS2, where: a) Uimp = 0.5 eV, b) Uimp = 1.5 eV and c) Uimp = 3.0 eV.
The black dashed line is related to the clean case, where ΩI = 13.557 Å2 and the
density of particles is equal to 1 in any position. It can be observed how the spread
noticeably decreases its extension due to the presence of the positive impurity. There
are also very local decreasing in the density of particles in every case.

This phenomena is easier to be explained within the context of the
absorbance marker. The absorbance with a single impurity with positive
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potential is drastically decreased, which tells us that a single impurity with
positive potential makes it difficult for the material to absorb light as a
clean sample normally would. Intuitively, this is because the positive impurity
potential repels electrons on the impurity site, so there are less electrons
occupying the filled valence band states, and hence the spread of valence band
WFs is reduced. Alternatively, one can also interpret it as there are less valence
electrons available to absorb light on the impurity site, so the absorbance is
reduced.

We now proceed to consider the many-impurity case that is more
relevant to the experimental realization of disordered TMD materials in the
macroscopic scale. We aim to describe the experimentally measured absorbance
in the macroscopic scale disordered TMD that contains some densities of
impurities.

To do this, we use the empirical relation

OMI(ω) = (nimp)O1−imp(ω) + (1 − nimp)OH(ω), (3-59)

where OMI(ω) is the absorbance with many impurities in the macroscopic
scale, O1−imp(ω) is the absorbance marker on the impurity site, and OH(ω)
is the absorbance in the homogeneous sample (clean case), and nimp is the
density of impurities on the sample. Both O1−imp(ω) and OH(ω) are shown in
Fig. 3.9. This empirical formula is based on the single-impurity result presented
in the previous section, which shows that the absorbance is suppressed very
locally on the impurity site. As a result, when many impurities are present
and the impurity density is low, we assume that each impurity suppresses
the absorbance in its neighborhood, so the suppression of absorbance in the
macroscopic scale should be proportional to the impurity density.

Our marker formalism suggests a straightforward experimental route:
record the macroscopic absorbance, which equals the spatial average of local
quantities

{ΩI ,TrGd
µν ,O(ω)} = 1

N

∑
r

{ΩI(r),TrGd
µν ,O(r, ω)}. (3-60)

Hence, the protocol of eq. (3-12)−divide the bulk absorbance O(ω) by ω

and the integrate over frequency−yields the spatially averaged fidelity marker
TrGd

µν = ΩI/Acell. These quantities can be readily measured, providing a
concrete way to quantify the quantum quantum geometry of a disordered
sample.
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Figure 3.10: Absorbance of WS2 measured at room temperature on a fused silica
(blue circles) and theoretical calculation at zero temperature (black line) based on
three-orbital model.

3.2.3.3
Absorbance of WS2 on fused silica:
Comparison between clean and disordered cases

We present the experimental results and some considerations are ad-
dressed with respect to the extraction of the gauge-invariant spread ΩI from
the room-temperature absorbance data of WS2 placed on fused silica sub-
strates. Particularly, aspects related to the involvement of higher-energy elec-
tronic bands and excitonic effects are discussed.

In Fig. 3.10 we display the data obtained from Ref. [50] as blue circles,
and is compared with the SOC case shown in Fig. 3.8 by a black curve
obtained through the k−integration for a clean WS2. Now, we analyze the
main differences.

The experimental data agree very well with the theoretical calculation for
photon energies ℏω ≲ 4 eV, meaning that the tight-binding model employing
only three d orbitals of W captures the absorbance in the low frequency range
very accurately. At higher frequencies ℏω ≳ 4 eV, the calculated absorbance
falls to zero whereas the measured one remains finite. These additional values
arise from optical transitions that involve p orbitals of S, and contribute to the
spread of valence-band Wannier orbitals. As chalcogen orbitals are not included
in the minimal tight-binding model of Ref. [43], a more elaborate tight-binding
description or first-principle calculations would be needed to capture this part
of the spectrum.

A further complication that cannot be avoided experimentally is the
formation of excitons: two peaks around 1.9 and 2.3 eV. These excitons
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Figure 3.11: Absorbance of WS2 measured at room temperature on a fused silica,
with impurities induced by plasma in different exposure times (solid lines) [51], and
theoretical calculations fitting the empirical formula with different densities and
impurity potentials a) Uimp = 1.5 eV, and b) Uimp = 3.0 eV (dashed lines).

do not contribute to the spread ΩI since excitons are bosons (we build
the optical conductivity using Fermi distributions) and only appear after a
photoexcitation process, their presence does not describe the ground state of
the system, so we ignore these peaks in this discussion. Then, we conclude
that we may extract the spread ΩI from experimental absorbance data O(ω)
using equation (3-14), provided that exciton absorption peaks are not taken
into account.

Applying the equation (3-60) for macroscopic scale absorbance measured
in disordered 2D semiconductors, we analyze the experimental absorbance data
of Ref. [51]. In that work, monolayers WS2 films deposited on fused silica
substrates are treated with plasma, and their density of impurities can be
controlled by the exposure time. After each plasma exposure, the absorbance
of the WS2 sample was re-measured, giving the cumulative results for 10 and 20
seconds, which are presented in Fig. 3.11. That absorption spectrum exhibits
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pronounced excitonic resonances at approximately 1.9 eV (A exciton) and 2.3
eV (B exciton), just like in the clean WS2 presented in Fig. 3.10 above. For
pristine WS2, the interband absorbance rises gradually from the gap edge ∼1.5
eV to the maximum near ∼3.0 eV−this region of the spectrum is almost entirely
dominated by transitions involving the three d orbitals of W−that can be well-
described by our theoretical model in Sec. 3.2.3. Above ≳ 4.0 eV, the bands
derived from the S atoms begin to contribute, moving beyond the scope of the
minimal three-orbital description.

Fig. 3.11 shows that plasma treatment systematically reduces the ab-
sorbance, with greater suppression for longer exposure. This trend is attributed
to preferential S atoms removal: sulfur vacancies deplete charge carriers around
those sites and reduce interband transitions, as argued above. Because the
tight-binding Hamiltonian includes only W orbitals, we mimic the resulting
electron depletion by adding a positive potential Uimp on selected W sited,
which was exactly described in the Sec. 3.2.3.2.

Figure 3.9 showed that such a local potential strongly decreases the
absorbance in its immediate vicinity; therefore, a sample with randomly
distributed vacancies can be modeled by the spatially averaged spread, fidelity
marker and absorbance of the plasma-treated sample in the macroscopic scale
defined in eq. (3-62) by the empirical formula

A = (nimp)A1−imp + (1 − nimp)AH

A = {ΩI ,TrGd
µν ,O(ω)},

(3-61)

where A1−imp is the local marker on the impurity site, AH is the value in
the homogeneous sample. This empirical formula presumes that each defect
suppresses absorbance only locally−a notion supported by Fig. 3.9−so the
macroscopic reduction should scale with nimp.

Fitting the measured spectra using equation (3-61) can be achieved with
either a moderated impurity potential and higher density of impurities (e.g.
Uimp = 1.5 eV and nimp = 18% generated per 10 seconds of exposure) or,
equivalently, a larger impurity potential and lower density (e.g. Uimp = 3.0
eV and nimp = 16% per 10 seconds). A definitive determination of Uimp

under plasma conditions would require ab-initio kinetic simulations, which
lie beyond our present scope. Nonetheless, the close agreement between the
experimental absorbance in Fig. 3.11 and the empirical prediction of equation
(3-59) demonstrates that−even within a simple tight-binding framework with
only d orbitals of W atoms− our absorbance marker successfully captures
both the local response near impurity sites and the experimentally measured
absorbance in the macroscopic limit.



4
Conclusions

In conclusion, by leveraging the quantum metric perspective, we propose
an optical absorption-based method to determine the gauge-invariant com-
ponent of the spread (ΩI) of occupied valence band Wannier functions. It
represents a fundamental ground-state property characteristic of semiconduc-
tors and insulators. Our theoretical framework stems from recognizing that the
spread of the valence band Wannier functions has a quantum-geometric ori-
gin, with the quantum metric of these states formally coinciding with optical
transition matrix elements. For three-dimensional systems, we show that the
spread of WFs can be extracted directly by integrating the imaginary part of
the dielectric function over frequency and then multiplying it by the unit cell
volume. This resulting quantity corresponds to an average measure of distances
within the Brillouin zone when the latter is endowed with a curved (non-trivial)
quantum metric, a measure we term the fidelity number. Using published ex-
perimental data on the dielectric function of silicon (Si), germanium (Ge), and
bismuth telluride (Bi2Te3), we successfully determined the absolute magnitude
of ΩI . Furthermore, we interpret the dimensionless ratio Ω3/2I/Vcell as an ef-
fective measure to characterize insulating properties, underlining the broad
applicability of our methodology.

For two-dimensional systems, we suggest measuring the spread of WFs
normalized by the unit cell area (ΩI/Acell) through the frequency-integrated
optical absorbance divided by frequency. The application of this approach to
graphene highlights the critical role of intrinsic spin-orbit coupling (ISOC)
in obtaining a finite spread of WFs, which solves the divergence issue of the
quantum metric at Dirac points. Additionally, measurement of the microwave
range absorbance of graphene in the sub-Kelvin regime can directly quantify
the magnitude of ISOC. We further investigate a recently introduced tight-
binding model for structurally-relaxed twisted bilayer graphene (TBG), ex-
ploring its quantum geometric properties and optical absorption across vari-
ous twist angles. Our analysis, focused on frequencies ℏω ≲ 0.1 meV, provides
a practical means to detect the emergence of quasi-flat bands and map the
associated quantum metric, potentially offering experimental evidence linking
unconventional superconductivity in TBG to its quantum geometry.
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Applying our approach to hexagonal transition metal dichalcogenides
(TMDs) produces absorbance predictions that are in excellent agreement with
the experimental data. We estimate that the ratio ΩI/Acell from the metal
orbitals (Mo, W), typically ranges from approximately 0.6 to 0.8. Lastly,
we employed the same parameters to construct a real-space Hamiltonian
on a 14×14 lattice to investigate WS2 samples containing single impurities
characterized by impurity potentials Uimp = 1.5 eV and 3.0 eV. Our analysis
clearly shows how these impurities alter both the intensity and frequency range
of optical absorption. Furthermore, we successfully modeled the experimentally
observed decrease in average absorbance as a function of the impurity density
nimp and the potential Uimp, demonstrating the robustness and precision of our
approach. These results could help us conduct experiments where improved
light absorption is needed for higher frequencies.

In summary, our proposed experimental protocol to extract ΩI is ro-
bust and versatile, applicable to free-standing or substrate-supported two-
dimensional materials, irrespective of their chemical composition or practical
experimental complexities.
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