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Abstract

Piancó, Felipe Neves; Santos, Bruno Fânzeres dos (Advisor); Silva,
Alexandre Moreira da (Co-Advisor). Distribution grid planning with
lines investment and topology reconfiguration for wildfire re-
silience under Decision-Dependent Uncertainty. Rio de Janeiro,
2024. 95p. Dissertação de Mestrado – Departamento de Engenharia In-
dustrial, Pontifícia Universidade Católica do Rio de Janeiro.

Wildfires can be a source of vulnerability for power systems operations.
These events can especially affect the operation of distribution systems. They
can interrupt energy supply, increase costs, and decrease grid resilience. Nu-
merous approaches can be executed to prevent them. In this dissertation, it
is considered the relationship between operative actions and the probability
of wildfire disruption. This type of study has not been properly evaluated in
technical and scientific literature. By not recognizing this aspect, the operation
of power systems may be impaired. Properly modeling this dependency could
lower wildfire disruption and loss of load. Considering this, a two-stage distri-
butionally robust optimization problem with decision-dependent uncertainty
is developed to consider distribution system multiperiod operation. The first
stage determines the optimal switching actions and line investments, and the
second stage evaluates the worst-case expected operation cost. It is designed
a decision-dependent uncertainty framework where the line failure probabili-
ties are a function (dependent) of its power flow levels. An iterative method
is proposed to solve this model and an out-of-sample analysis is developed to
validate it through different case studies. Results showed that, by neglecting
the uncertainty dependency on operative decisions, there could be a higher
expected loss of load and a higher operational cost. By considering this new
approach when operating power lines, the grid’s resilience could be improved
and wildfire consequences can be mitigated with less costly actions.

Keywords
Distribution systems; Topology Reconfiguration; Wildfire Resilience;

Optimization Under Uncertainty; Decision-Dependent Uncertainty.



Resumo

Piancó, Felipe Neves; Santos, Bruno Fânzeres dos; Silva, Alexandre Mo-
reira da. Planejamento de Sistemas de Distribuição com Investi-
mento em Linhas e Reconfiguração de Topologia para Resiliên-
cia a Incêndios Florestais sob Incerteza-Dependente de Decisão.
Rio de Janeiro, 2024. 95p. Dissertação de Mestrado – Departamento de
Engenharia Industrial, Pontifícia Universidade Católica do Rio de Ja-
neiro.

Os incêndios florestais podem ser uma fonte de vulnerabilidade para sis-
temas de potência. Esses eventos podem afetar especialmente a operação de sis-
temas de distribuição, interrompendo o fornecimento de energia, aumentando
os custos, e diminuindo a confiabilidade. Nesta dissertação, é considerada a
relação entre as decisões operativas e a probabilidade de falha nas linhas sob o
contexto de queimadas. Este tipo de estudo ainda não foi devidamente avali-
ado pelo meio acadêmico. Ao não reconhecer este aspecto, o funcionamento dos
sistemas de potência pode estar sendo prejudicado. A modelagem adequada
dessa dependência poderia reduzir a incidência de queimadas e perda de carga.
Considerando este aspecto, um problema de otimização distributivamente ro-
busto de dois estágios com incerteza endógena foi desenvolvido para considerar
a operação multiperíodo de sistemas de distribuição. O primeiro estágio de-
termina a topologia da rede e os investimentos nas linhas, e o segundo estágio
avalia o custo operacional esperado no pior caso. Nessa estrutura, a incerteza
é modelada de forma dependente das decisões do modelo, onde as probabilida-
des de falha da linha são em função do fluxo de potência das próprias linhas.
Um método iterativo é proposto para resolver este modelo e uma análise fora
da amostra é desenvolvida para validação através de diferentes estudos. Os
resultados mostraram que, ao negligenciar a dependência da incerteza, uma
maior perda de carga e um maior custo operacional são esperados. Ao consi-
derar esta nova abordagem, a confiabilidade da rede pode ser melhorada e as
consequências dos incêndios podem ser mitigadas com ações mais econômicas.

Palavras-chave
Sistemas de distribuição; Configuração da topologia de rede; Resiliência

a incêndios florestais; Otimização sob incerteza; Incerteza endógena.
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[. . . ] The Badger People saw Hummingbird
coming and said, “Cover the fire! Cover the
fire!” They hid their fire and covered it over
with a deerskin. But the deerskin had a hole
in it, where an arrow had gone through, and

Hummingbird reached in with his long,
narrow beak. He took out a hot ember and
carried it away – but before he could put it

safely into his armpit, it flamed, turning his
throat a brilliant red.

Linda Yamane, How Hummingbird Got Fire: A Rumsien Ohlone Story.



1
Introduction

1.1
Motivation

Given a perspective of a more erratic weather due to climate changes,
being able to predict extreme conditions and how to handle them has been a
very important aspect in the operation and planning of the electricity sector.
In the context of wildfires, different accidents have drawn the attention of the
community into this subject. The damage caused by these events might cost
an enormous capital to society. When human lives are involved, the costs can
be irreparable.

The state of California/USA, for instance, has undergone a growth in
wildfire accidents [2]. Between 2000 and 2016, local utilities had to pay more
than $700 million in damage for transmission and distribution systems [3]. In
2018, one of the most threatening wildfires in the state’s history was caused
by power lines, leading to 85 human deaths. The state was considered in 2021
the worst state in the USA in terms of quantity and extension of wildfires [4].
Recent cases in Brazil, Australia, Chile, Greece, and the United Kingdom warn
the importance of the topic worldwide [1, 5].

Although the interaction between power systems and vegetation is not
the major cause of wildfires, the consequences can be catastrophic and should
not be ignored [6]. The failure of power system components, or the contact of
power lines with other lines and external objects can produce arcs or molten
particles that can ignite a fire [7]. Combined with climate factors such as ex-
treme wind conditions, dry weather, and temperature, the interaction between
power lines and vegetation can be intensified, promoting fire propagation and
a large incident [8]. In this context, in the state of California, according to
aggregated data from 2022 CPUC Fire Incident reports from the three major
utility companies of the state, incidents with distribution systems accounted
for more than 90% of the reported cases [9, 10, 11].

To prevent this kind of event, novel operative policies are important to
establish efficient power system operations amidst wildfire-prone climate con-
ditions. Actions such as vegetation clearing, equipment inspection and main-
tenance, line undergrounding, and line shut-off are some of the most common
actions taken by utility companies [1]. These actions demand considerable
efforts from the companies, and some of them would require areas without
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electricity supply and huge investments.
Planning strategies that consider the relationship between operative

decisions and the probability of wildfire disruption have not been properly
evaluated by technical and scientific literature. From a modeling perspective,
in general, uncertainties in power system operations are typically exogenously
induced into the decision-making process. In this framework, uncertainty
sources are solely associated with external factors and are not endogenously
affected by operational actions. However, in many realistic cases, such as
under wildfire-prone climate conditions, the operation of electric grids is also
associated with the origin of fire ignitions, which significantly increase line
failure probabilities. Due to this double role of power grids, the nature of
the uncertainty is thus more complex to characterize (dependent not only on
meteorological conditions – exogenous factors, but also on the grid operation
decisions – endogenous factors), challenging the standard exogenously-induced
approach.

In order to design resilience-oriented strategies in high fire-threat areas,
utility operators must be aware of the impact of their operational decisions
on the likelihood of wildfire initiation and reduction in reliability levels. The
model we propose in this dissertation can help in this matter.

1.2
Contributions and objectives

In this research, we propose a methodology for a distribution system
operation capable of endogenously taking into account the impact of line power
flow in fault probabilities. We design a decision-dependent uncertainty (DDU)
framework where the line failure probabilities are a function (dependent) of its
power flow levels. In this context, we consider that during extreme weather
conditions in certain parts of the grid (e.g., high wind and dry weather),
switching actions can be made to reconfigure the grid’s topology to reduce
the power flow of the lines inside these wildfire-prone areas. The model also
acknowledges line investment options that can increase the grid’s flexibility for
topology reconfiguration, and hardening action investments to decrease the
dependency of the failure probability on the line power flow.

Structurally, the proposed methodology falls into the class of a two-stage,
three-level, distributionally robust optimization problem (DRO) with DDU. In
the first-stage, the model optimally decides for a single-period operation, line
investments, and network topology. This is made by minimizing the investment
actions and the worst-case expected cost of post-contingency multiperiod oper-
ation. Thus, in the second-stage, the post-contingency operation is addressed,
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where the probabilities are adjusted according to the first-stage information of
the single-period operation and the investments made. The model is summa-
rized in Fig. 1.1.

Second-Stage2First-Stage
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Minimization of costs:
Cd

Ce

Cs

Ci

Ch

deficit at period 0
expected multiperiod op.
switching actions (z)
line investments
hardening investments (yh)

za
yh
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Maximization: 

With Ambiguity Set 𝒫: 

For worst contingency (a)

𝔼(H) expected third-level

f0

β0

β0
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Minimization of costs:
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power for multiperiod
deficit for multiperiod
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...

...
t

0 1
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2 |𝒯|

...

Wildfire Contextual
Information

FIRE DANGER

Figure 1.1: Proposed methodology of the three-level model with two stages.
The final model is a min-max-min problem.

The first product of this research was reported in [12], where a single-
period operation model was developed without any investment options. In this
dissertation, we upgrade the model towards including line investment options
for a multiperiod operation. We also construct the problem to accommodate
more than one representative day, where different weather conditions and load
profiles can be considered. To summarize, the contributions of this dissertation
are:

1. To formulate a distribution grid planning and operation optimization
problem as a two-stage DRO model to increase wildfire resilience.

2. To formulate the uncertainty framework of line failure dependent on the
weather conditions and the decisions made by the model (topology).
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3. To present a decomposition-based solution methodology capable of solv-
ing the proposed three-level problem.

4. To illustrate different aspects of the model with case studies evaluating
the topology decisions, parameters sensitivity, costs, loss of load, and
reliability.

1.3
Dissertation organization

The rest of this dissertation is structured as follows: Chapter 2 better
contextualizes the problem, first showing the relationship between wildfire and
power systems, then showing different resilience actions that can be taken.
After that, a methodological review is presented, showcasing some works
that have addressed this issue, specially considering topology reconfiguration
and decision-dependent uncertainty evaluation; Chapter 3 shows the problem
formulation we propose, where each level of the three-level model is explained;
Chapter 4 shows the development of the methodology to solve this model,
where we present the construction of the Master problem, the Subproblem,
the cutting-planes, and the algorithm for the decomposition technique used;
Chapter 5 shows three illustrative case studies to present to the reader
different features and discussions about the proposed model. The first case
study shows a 54 bus system with one representative day and no investment
option, the second case a 138 bus system with one representative day and no
investment option, and last, the third case with a 54 bus system planning for
3 representative days and different investment options; Chapter 6 addresses
the conclusions; Appendices A and B present the complete formulation of the
final Master problem and Subproblem, respectively; and Appendix C presents
the nomenclature of every symbol used for sets, indexes, parameters, variables,
and functions.



2
Contextualization

2.1
Wildfires and power systems

The potential for wildfires has arisen worldwide, with the interaction of
humans on wild lands and extreme weather conditions as leading causes for
this context [1]. The consequences of the interaction between wildfires and
power systems are intensified considering the expansion of the power system
and the high dependency of modern society on electricity. These events can
damage different structures and directly affect the operation. The sudden
growth of temperature near the lines can reduce the transmission capacity
temporarily [5]. The combination of heat and smoke from wildfires can increase
the probability of short circuits as this combination can change the properties
of the air gap [5]. Wildfires not only have the strength to impact power
systems, but the operation of these systems, in conjunction with environmental
conditions, can start wildfires.

Power system’s induced wildfires can be started mainly by two forms:
when external objects (e.g., tree parts) come in contact with the power line
(Fig. 2.1a); or when the line itself comes in contact with nearby vegetation,
equipment, or other lines (Fig. 2.1b) [13]. In either case, the sequence of two
events is necessary: a line fault followed by the ignition of nearby vegetation
[14]. The ignition process occurs when the power flowing in the conductor
finds an alternative path to the ground, closing a circuit. This action can
directly start a fire when close to vegetation, by creating an arc (Fig. 2.1b), or
indirectly through molten metal particles, burning embers, or burning fluids
(Fig. 2.1a). In this context, high line flows and line overloading can increase
the probability of line faults. Overload lines can increase the line’s thermal
stress and the occurrence of electric arcs [14], and the duration and intensity
of these arcs are directly related to ignition probability [15].
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1 External object
         contacts line

2 Line fault

3 Particles

4 Ignition

(a) Example 1

1 Line contacts 
        external object

2 Line fault

3 Spark

4 Ignition

(b) Example 2

Figure 2.1: Two examples of a wildfire started by power systems. Adapted from
[1].

Although events induced by power systems are not the leading cause of
wildfires, their relationship with extreme weather conditions makes this type of
wildfire more severe [13]. Wind is the leading weather condition, but humidity
and temperature can also intensify its effect [13]. As extreme weather can
comprise vast areas, it can lead to multiple line faults and multiple ignitions.
Not only that, certain weather conditions can create a mechanism of rapid fire
growth and ember showers, leading to multiple large fires and consequently
catastrophic losses [7].

In 2009, the chain of wildfires known as “Black Saturday” occurred in
Victoria state in Australia. Considered one of the worst wildfires of this century,
the event destroyed more than 400,000 ha and caused 173 human deaths
[16]. According to authorities, the event was partially caused by the failure
of electricity equipment [16]. In 2011, the most destructive wildland-urban
interface wildfire in the state of Texas in the United States lasted 55 days,
known as “Bastrop fire”, leading to the death of 2 people, hundreds of home
losses, and a huge financial impact on the community [17]. The event started
when a tree fell over a power line creating an electric arc and igniting the
vegetation [18]. Post investigations also found a different ignition point where
branches debris created an ignition source when reaching power lines [18]. In
2017, Chile experienced a firestorm of more than 500,000 ha [5]. Investigations
point out that some of the multiple ignitions that caused the major event were
caused by different power system components malfunctioning. In the following
year, in 2018, a fire event spread all over the Attica region in Greece [1]. In
this event, 102 people were killed, and it was found that the first ignition
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point of the major wildfire was probably also started by malfunction of power
components [19].

More recently, in 2023, a wildfire on Maui Island in Hawaii, United States,
renewed the world’s awareness over this topic. The catastrophe led to at least
106 deaths and caused more than 5 billion dollars of damage [20]. The causes
for the event are still not clear, as investigations are ongoing, but one of the
possibilities being discussed is that the fire might have started from the contact
of power lines and vegetation in a high wind environment [20]. This possibility
gains traction considering a fire caused by power lines that were reported and
contained earlier than the major fire. The local utility company affirms however
that there is no relationship between the first and the second events and states
that all lines from the area were de-energized when the second fire occurred
[21]. Due to the destructive nature of these events, investigations can take
months or even years, and the real cause might not be properly identified and
reported. Because of this, it can be hard to condemn the real responsibility
and plan for future actions. In the United States, the state of California stands
out in this matter for the multiple wildfire cases throughout the year and a
strong public opinion on the topic.

In 2018, the deadliest wildfire in California history led to the death of 85
people [22]. In this wildfire, the sequence of events began with an electrical arc
between a transmission line and a tower structure. This arc led to an increase
in the temperature of the steel structure, creating molten metal particles that
fell over the ground. These high-temperature metal particles ignited the dry
brush in the area. At a different site, it was discovered that the contact of a pine
tree with a distribution line also led to a different source of ignition, starting a
minor wildfire [23]. More recently, in 2021, one of the biggest wildfires in state
history, the “Dixie fire”, took place in an area bigger than 300,000 ha [24].
The contact of a falling tree and a distribution line created an arc that ignited
the vegetation surrounding the area. Without proper protection actions, the
line remained energized, which contributed to the severity of the incident [25].
Other wildfires such as Tubbs, Witch, Woolsey, and Thomas happened in the
state in the past 20 years and their source were all linked with the interaction
between electrical systems and vegetation [26]. In fact, out of the 20 most
destructive wildfires in California, at least 9 were caused by this interaction
between power equipment and the environment [27].
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2.2
Wildfire resilience

In the planning and operation of power systems, ensuring the grid’s relia-
bility is essential. In this context, the National Renewable Energy Laboratory
(NREL) uses the concept of the “three R’s of power system reliability”: re-
source adequacy, operational reliability, and resilience [28]. While there can
be different definitions for each of these concepts, for NREL, resource ad-
equacy is the ability of the grid to provide electricity uninterruptedly, and
operational reliability is the capacity of the system to withstand variability,
ramping constraints, and flexible loads [28]. The concept of resilience can be
even more difficult to define and can overlap with the two previous definitions
[28]. According to [29], one of the definitions used by North American Electric
Reliability Corporation (NERC) includes the capability of a system to antici-
pate, adapt, and recover from disruptive events. The concept is usually related
to high-impact events with a low probability of occurrence [30]. Under the
context of extreme weather events, different actions can be taken to increase
situational awareness and provide an adequate response to such events [31]. To
properly enhance the grid’s observability, controllability, and operation flexi-
bility, two types of measure can be made: hardening decisions, taking part in
a planning stage, that could include vegetation management and Distributed
Energy Resources (DERs) allocation; and “smart” decisions that can include
more cost-effective strategies developed in the context of operation [30, 32].

Under a wildfire context, a 3-line of defense framework is proposed in
[33]. First, wildfire prevention is addressed by developing different strategies
such as wildfire prediction, fire-inducing faults detection, wildfire detection,
equipment maintenance and inspection, power lines hardening, and vegetation
management. After this, wildfire risk mitigation and proactive response actions
are taken, such as power lines de-energization, suppression tactics, wildfire
monitoring and tracking, and grid operations management. In the end, recovery
preparedness is approached through actions such as energy contingency plans,
recovery logistics, disaster risk financing, and community engagement.

To increase the grid’s resilience in the context of wildfire, power systems
actors develop different responses, considering each grid’s unique character-
istics (see Table 2.1 for a summary of actions). In Latin America, Chile has
experienced in the last years a growth in wildfire accidents, a context that
has led to different impacts [5]. The Chilean reaction to the subject was made
mostly after the 2017 firestorm event. For 19 days, about 681 ignition points
were recorded, affecting 24 transmission lines, and causing about 50 line short-
ages. Chilean authorities’ response during the event was to reduce power flow
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in some areas, avoiding major load shedding. The usage of already installed
DERs also helped to ensure electricity supply to areas aisled by line shortages.
After the incident, the country developed platforms that can provide data for
decision-making processes, such as energy facilities location, climate variables,
and historical wildfire data. New security standards for transmission network
planning were also promoted.

Table 2.1: Power system’s wildfire resilience actions

Action type Examples Reference
Asset management Visual asset inspection [2]

Corrosion monitoring [34]
Equipment inspection with drones [35]

Education Community planning [1]
Public information campaigns [5]

Equipment hardening Conductor covering [2]
Line undergrounding [36]
Insulator upgrades [34]
Wood to concrete poles [34]

Fault management Early fault detection [2]
Fault current limiter [36]
Automatic circuit reclosers [34]

Fuel management Controlled burning [1]
Fire retardant application [34]
Vegetation management [34]

Grid planning Switching devices installment [35]
Grid operation Proactive de-energization [37]

Microgrid formation [38]
DER utilization [38]
Mobile power sources [5]
Network topology control [5]

Regulation Fire ban [34]
Weather awareness Situation awareness tools [5]

Forecasting programs [35]

The past years in Brazil also revealed the same experience in Chile:
growth of wildfire accidents and growth of intensity [5]. In the country, wildfire
and atmospheric discharges were combined the cause of more than 50% of
line outages in 2020. The outages due to these two causes usually have
complementary patterns. While discharges took place mainly in rainy seasons
(December-April), wildfire outages took place mainly in dry season (May-
November). The fact that wildfires were more abundant in dry seasons and
that they were dispersed through the Midwest and Northeast regions provides
an additional concern in the system operation perspective. The reason for this
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concern is that in those months, a higher production of hydropower plants in
the Midwest, and higher production of wind power plants in the Northeast,
supply energy for the Southeast region, where the most populous cities are,
with higher electricity consumption. As a consequence of those dry seasons,
wildfires have erupted through Brazil’s interior, leading to many events with
line outages. From the operator’s perspective, preventive and corrective control
programs were implemented. In the planning transmission expansion, wildfire
disruption probability is being considered. Regulatory actions were imposed,
mainly regarding vegetation clearance below transmission lines and public
awareness programs.

In Australia, although transmission lines are usually far from vegetation,
smoke, and meteorological conditions can disturb operation. Distribution lines,
on the other hand, are typically closer to the ground and to “bush” areas, which
tends to enhance the risk of line disruption caused by wildfires. Besides typical
preventive and response strategies, it is being discussed how the concept of
microgrids allied with the usage of DERs can mitigate further impacts of line
disruptions in the country. The operations of some areas aisled from the main
grid could ensure the power supply to customers, especially to essential services
[34].

In fact, microgrids potential to increase wildfire resilience where perceived
in other places [38]. In the United States, the development of microgrids is
usually promoted for resilience purposes, especially in the face of extreme
weather events such as tornadoes and wildfires. In the Blue Lake Rancheria
tribe, a microgrid was developed with a different objective, but after recent
wildfire events in California, resilience became its main purpose. With a system
composed of a photovoltaic plant, a battery bank, and a backup generator, the
microgrid can act as a supplier to emergency customers in the case of grid
islanding. In Greece, a wildfire incident in 2007 was partially responded by
employing microgrids, mainly through the usage of mobile diesel generators.
The relevance of these equipment was also proven in the events that took place
in the country in 2021, especially in the Attica, Euboea, and Olympia regions.
In Canada, local government provinces develop different incentive programs
for microgrids operation, in particular considering indigenous communities.
Japan is also promoting microgrid programs, considering extreme events such
as earthquakes.

In the United States, California’s prolonged periods of drought and high
temperatures promote scenarios of extreme weather conditions. After major
wildfire events during 2017 and 2018, the topic increased public awareness,
which helped model authorities’ response [2]. In the South, San Diego Gas &
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Electric (SDG&E) company has done numerous initiatives in this matter [35].
Situational awareness and forecasting programs were developed, such as wild-
fire risk modeling programs, weather station integration, and fault indicators
circuits. It was created a specialized department within the corporation to han-
dle climate subjects. Initiatives in the grid design included conductors covering,
equipment modernization, protection programs implementation, and microgrid
development. The utility company Southern California Edison (SCE) also de-
veloped special operational protocols, vegetation clearance, and conductors
hardening [2]. The operator has strengthened transmission lines by covering
its conductors with different technologies. Artificial intelligence and machine
learning algorithms have helped the company to identify equipment defects
using a picture database obtained with aerial inspections. The implementa-
tion of microgrids has also been studied to enhance the grid resilience. Similar
actions were taken by Pacific Gas and Electric Company (PG&E), the major
utility company of the state [36]. The company is one of the state’s utilities
that uses the program Public Safety Power Shutoff (PSPS), where under high
wind weather, the company actively turns off the power of high-threat areas
to prevent wildfire disruption by power lines. As a consequence, this program
can cause power outages for customers for long periods [37]. A more recent
initiative, the Enhanced Powerline Safety Settings (EPSS) program, is help-
ing the reduction of the PSPS necessity, decreasing customers’ impact. In this
program, line protection devices’ responses are enhanced to de-energize line
segments faster. This helps reduce the amount of time the line is in contact
with external objects, decreasing the energy released, thus reducing poten-
tial sources of wildfire ignition. The company is also deploying a program to
underground 10,000-mile of distribution lines under high wildfire-risk areas.

2.3
Methodological review

Many works have handled power system’s planning and operation con-
sidering extreme events. At the transmission level, for instance, the work de-
veloped in [39] proposes a two-stage stochastic Mixed-Integer Non-Linear Pro-
gramming (MINLP) model to define investment strategies of transmission and
generation expansion to improve resilience, considering a range of earthquake
events. The methodology in [40] combines optimization and simulation tech-
niques to determine a portfolio of investments such as new lines, transformers,
and substation hardening. In this case, the dependency of failure rate of a
equipment and hardening decisions are not fully addressed. The occurrence of
seismic hazards is also considered in [41], where is introduced different damage
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states to acknowledge the fact that equipment can be impacted in different
ways. A battery sitting and sizing model is then developed to increase re-
silience at the distribution level. In [42] the authors designed a 3-level system
of optimization models to coordinate line hardening solutions and operational
measures to protect the distribution grid against natural disasters and human-
made attacks. Topology reconfiguration is considered as a defensive tool in the
operation stage, and line hardening in the planning stage.

Wildfires alone have also motivated works in the area. In [43], the
authors analyzed the problem for the expansion planning area regarding
transmission lines. The novelty of the work is to account for wildfires that are
ignited by transmission lines, where different intensities of fire-threat zones are
considered. With that, the expansion problem is modeled as a Mixed-Integer
Linear Programming (MILP) problem, where the wildfire risk is represented by
the unavailability of lines within fire-threat zones. Considering the case where
utility companies conduct public safety power shut-offs (PSPS) to prevent
wildfire ignitions, authors in [44] develop a risk-aware planning problem. With
the help of a machine learning model, they are able to quantify the risk of
wildfire ignition with high accuracy by integrating weather conditions into the
risk mitigation process.

A model to predict wildfire is constructed in [45] and discusses how it
could help transmission line operation decisions prior to the wildfire happens.
The work presented in [46] proposes a probabilistic redispatch strategy using
a Markov decision process to model system state transitions and take deci-
sions considering uncertainties of failure, load, and wildfires’ spatial-temporal
properties. With this model, they are able to reduce load curtailments and
operational costs in the occurrence of wildfires. Authors acknowledge the high
uncertainty nature of wildfires and the fact that they can propagate and impact
different components of the grid.

Other works investigate the subject considering distribution level. In
[47], uncertainties such as solar radiation and wind properties are considered
exogenously in a stochastic model to incorporate the progression of the
wildfire. The impact of these events is considered not only under the line’s
temperature but also in its ability to remain operative. By acknowledging that,
the distribution system can be better operated with minimized load shedding.
In [48], the rise of lines’ temperatures is modeled given the occurrence of
small to medium wildfires nearby. By considering this, decisions can be made
to mitigate load outages, for instance, by committing distributed resources.
Authors in [49] presented the relationship between wildfire and power line
operation by considering that wildfires can change dramatically the weather
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near transmission lines, and therefore it can change the ampacity of each line.
A risk-averse IGPD (information-gap decision theory) method is developed to
solve the problem, considering uncertainties such as wind and solar generation,
load, and ampacity of the lines, being able to increase the operational resiliency
of the system.

2.3.1
Topology reconfiguration

Different researchers have provided ways to increase grid resilience under
extreme events using network reconfiguration. Authors in [50] propose a dy-
namical reconfiguration of the distribution system to form islanded microgrids
that can keep providing load to certain areas in the event of natural disas-
ters. These microgrids are supported by the usage of distributed generation in
real-time operation and can also help in the grid restoration stage. In [51], it
is proposed a radiality constraint methodology to fully take advantage of dis-
tribution network flexibility. Combined with distribution system automation,
microgrids, and distributed generation, network configuration is shown as a
measure to alleviate the risks under the occurrence of extreme events.

Authors in [52] combine a transmission expansion problem and an op-
timal transmission switching problem to increase the resilience of the net-
work under typhoon-related events. The final problem is a three-level model,
where the upper level minimizes the transmission expansion investment, the
middle level maximizes the worst-case expected load-shedding, and the lower
level minimizes the worst-case cost considering economic dispatch and optimal
transmission switching. In [53], the problem of grid design is considered also in
the transmission system, with measures to improve resilience under extreme
weather in general. The authors model a two-stage problem, where in the first
stage upgrades investments are decided and in the second stage the network
performance is tested under different scenarios. The upgrade actions include
the construction of new lines, the addition of switches (to improve operational
flexibility), the addition of FACTS devices and transformers, hardening actions
for existing lines, and the implementation of distributed generators.

In the distribution expansion problem, authors model a two-stage
stochastic program in [54]. The model captures communication networks and
different measures to harden the system under disaster scenarios. The first
stage decides the system upgrade investments such as hardening power lines
and communication links, installing new lines, making new communication
pathways, installing remotely controlled switches, and placing of distributed
generators. Then, the second stage can decide how to reconfigure the grid
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and use the new elements to attend demand in each disaster scenario consid-
ered. By acknowledging the relationship between the distribution grid and the
communication system, grid resilience can be improved with hardening and
modernization investments.

The expansion problem is discussed especially under the wildfire context
in [55]. The expansion model includes three different decisions: addition of
new lines, modification of existing lines, and installation of DERs. With these
decisions, the model aims to mitigate the wildfire risk while considering the
consequences of PSPS. The modification of existing lines is modeled as any
hardening measures the planner can take to decrease the vulnerability of the
line to wildfire-prone environments. In real life, these measures can be a wide
range of actions, such as reconductoring, undergrounding, line repositioning,
anchoring, wood pole replacement, and many others. The installation of DERs
is modeled as a measure to decrease the demand in its source, thus alleviating
load shedding if needed. The model then accounts for the risk of wildfire by
integrating different factors that affect the ignition risk, such as wind speed,
vegetation, and humidity. Although it is not their main concern, in one of
the case studies developed by the authors, it is highlighted the side benefit of
adding a new line to the system. By taking this action, the grid can count to
more possible topologies (as they consider that every line in the system can be
switched on and off). Results show that by adding new lines and allowing them
to perform switching actions, the overall costs of the expansion are reduced,
as the wildfire risk is decreased, with lower investments on DER and line
hardening deployment.

Recent works have provided this perspective also under the operation
context. In [32], authors focus on the operation actions that can be made to
increase resilience response, both in a preventive stage and as an emergency
response. An integrated resilience response framework is developed, acknowl-
edging operation strategies of generation redispatch, line switching, and load
shedding. The line switching strategies include actions to turn on or turn off
specific lines, both as a preventive action and as an emergency action during the
occurrence of the event. In [56], authors develop a stochastic recovery frame-
work to improve resilience in a post-hurricane scenario. In this case, switching
actions provide ways to better restore critical loads. The best configuration
chosen also helps to determine islanded areas of the grid that will need mobile
emergency resources (MERs) in the post-hurricane event. Other works, such as
[57], also consider islanding strategies through reconfiguration of distribution
systems. The method obtains the optimized topology before the event occurs
and addresses the reconfiguration after the occurrence of multiple faults caused
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by the extreme event.
In these works, it is not considered the possibility of grid reconfiguration

decisions to impact the uncertainty dynamics.

2.3.2
Decision-dependent uncertainty

A few works considered decision-dependent uncertainties in the context
of extreme events for power systems. This type of framework models the en-
dogenous nature that the uncertainty set might have, i.e., when the uncertainty
set is dependent on a decision variable or a set of decision variables within the
problem. For illustrative purposes, this type of problem can be seen in the
following two-stage DRO general formulation as shown in [58]:

Minimize
x∈X

{
f(x) + Maximize

Q∈P(x)

{
EQ[H(x, ξ)]

}}
, (2-1)

where x is the decision variable vector, and ξ the uncertain parameter vector
that follows the probability distribution Q. The first part of the objective
function, f(x), has no uncertain parameters and models the first-stage of
this decision-making process. The second part of the objective function is
defined following the ambiguity set P . This maximization problem calculates
the worst expected value of function H. The ambiguity set is used to model
the uncertainty in the probability distributions of parameters, and in this case,
is dependent on the first stage decision variables x. This set is contained in
M+ (set of all probability distributions) and can be defined in different ways
following different purposes (see, e.g., Section 6 of [59]). The function H can
be defined as:

H(x, ξ) = Minimize
y

{
g(x,y, ξ)

}
(2-2)

subject to:
ψi(x,y, ξ) ≤ 0 ∀i = 1, · · · ,m, (2-3)

where g(·) and ψi(·) are bounded and continuous functions, and y is the
decision variable vector of the second-stage. Different works considered this
type of formulation with variations, aiming to tackle different problems.

In [60] a two-stage model is developed. In the first stage, hardening
decisions and the deployment of DERs and switches are considered. In the
second stage, operation costs are evaluated considering load curtailment costs
and damage repair when the occurrence of extreme weather events. In this
model, the damage caused by wind-induced events on lines is considered to be
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dependent on the hardening decisions previously made.
In [61] the authors propose a decision-dependent stochastic model for

the operation and maintenance of transmission lines considering the occur-
rence of sandstorms, and consequent line failures. The uncertainty is made en-
dogenously considering the relationship between line failure and maintenance
decisions in post-sandstorm scenarios. The first stage models the unit commit-
ment and maintenance decisions, and the second stage models the operation
scenario-wise, accounting for generator power output, wind power spillage, and
load-shedding.

Authors in [62] propose a framework to enhance resilience against ty-
phoons. Typhoon path and wind field are simulated using Monte Carlo sam-
pling to model line impact. Decision-dependency is constructed to reflect the
relationship between line enhancement measures and the probability of failure
of the line given a typhoon event. A two-stage stochastic mixed-integer pro-
gramming is developed and solved via sample average approximation (SAA)
algorithm.

The work developed in [63] considers an investment model to protect
the system against earthquakes. The two-stage stochastic optimization model
decides in the first stage for the grid’s investments and operation in a pre-
contingency case, and in the second stage dispatch corrective actions in a post-
contingency case based on different scenarios. The uncertainty is modeled in
a decision-dependent approach as the investments of the transmission system
can change outage probabilities, and the challenge of dealing with this type
of model is addressed with a DRO framework. It is considered two types
of investments: hardening substations to withstand seismic events; and the
creation of new lines to allow other paths for the power flow in the event of an
outage.

Also considering earthquake scenarios, authors in [64] develop a planning
model to increase resilience. In this case, the investment portfolio considers
hardening actions for distribution lines and investments in mobile generators
and mobile storage systems. The decision to harden the lines affects directly
the probability of a line to be damaged in the face of an earthquake, thus
considering an endogenous uncertainty. The bi-level structure developed mini-
mizes first the investments and the expected interruption cost, and second the
post-disaster operation.

Most of the works presented here consider that investment decisions,
to harden the system’s components, affect outage uncertainty. However, all
of them fail to directly consider an endogenous uncertainty framework under
a wildfire context. As far as we are concerned, no other work other than [12]
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optimizes investments in distribution grids while properly considering decision-
dependent uncertainty related to power lines potentially initiating fires.



3
Problem formulation

The model we propose can optimally decide for line investments and
topology configuration given a set of representative days while considering
potential wildfire-prone circumstances. In the two-stage problem we develop,
the first stage decides for the investments and the grid topology, while in the
second stage, the operation of the whole period is robustly accounted for.
To address this, we develop a three-level problem. The first-level minimizes
the costs of deficit and surplus at “period 0”, the worst expected cost of the
multiperiod operation, the costs of the switching actions, and the costs of line
and hardening investments. In this case, “period 0” can be chosen as a prior
operating point, or as the worst period in the operation in terms of wildfire-
prone environment. The operation of this single period will determine the
ambiguity set used in the second-level (this set models the uncertainty in the
probability distributions of parameters, explained in Section 3.2), where the
worst-case line contingency is calculated by maximizing the expected cost of
the third-level. Finally, the third-level minimizes the costs of operating the grid
of every representative day in a post-contingency scenario. The relationships
between these levels and what they stand for were summarized in Fig. 1.1.

3.1
First-level: investment planning problem under wildfire-related decision-
dependent uncertainty

The objective function of the first-level minimization problem is defined
as:

∑
r∈R

(Cd
r (·) + Ce

r (·)
)
w1
r +

(
Cs
r (·)

)
w2
r

+ Ci(·) + Ch(·), (3-1)

where the first three cost functions are accounted for every r in the set of
representative days R: Cd

r (·) is the cost function of the prior operating point
deficit/surplus at t = 0; Ce

r (·) is the worst expected cost of the multiperiod
operation; and Cs

r (·) is the switching actions costs. Investments are decided
in the first stage for all of the representative days: Ci(·) is the function for
line investments costs, and Ch(·) is for hardening investments costs. All of the
costs can be considered in the same objective function by applying weights
that every representative day r has in a year, and by considering investments
costs annually levelized. Parameter w1

r is the weight of one hour and w2
r is the
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weight of the switching action of the representative day in a year. Each of these
cost functions is defined as:

Cd
r (·) =

∑
b∈N

(
Cp+∆Dp+

b,0,r + Cp−∆Dp−
b,0,r + Cq+∆Dq+

b,0,r + Cq−∆Dq−
b,0,r

)
(3-2)

Ce
r (·) = sup

Q∈Pr(fp
r ,yha)

EQ
[
Hr(zr,ar)

]
(3-3)

Cs
r (·) =

∑
l∈Lsw

Csw
l yswl,r (3-4)

Ci(·) =
∑

l∈Lsw,c

Csw,in
l ysw,inl +

∑
l∈Lc

Cin
l y

in
l (3-5)

Ch(·) =
∑
l∈Lha

∑
h∈Hl

Cha
l,h y

ha
l,h, (3-6)

where, Cp+, Cp−, Cq+, Cq−, Csw, Csw,in, Cin, and Cha
h , are respectively the cost

of: active power surplus; active power deficit; reactive power surplus; reactive
power deficit; switching action; investment to turn regular line into switchable;
investment to construct a line; and investment of a line hardening action h. In
this last case, different line hardening actions (h ∈ Hl) can be considered with
different costs and different impacts. Variables ∆Dp+

b,0,r, ∆Dp−
b,0,r, ∆Dq+

b,0,r, and
∆Dq−

b,0,r, are respectively the variables of active power surplus, active power
deficit, reactive power surplus, and reactive power deficit, of each line l at each
representative day r at the prior operating point t = 0. Binary variable yswl,r
represents the switching action of each line l ∈ L at representative day r ∈ R.
And binary variables ysw,inl , yinl , and yhal,h, are respectively investment decisions
for turning a regular line into switchable, creating a new line, and making
hardening action at each line l ∈ L. These variables take the value 1 if the
decision was made and 0 otherwise. Equation (3-3) represents the worst-case
operation cost. The first-level problem is defined as follows:

Minimize
pb,0,r,qb,0,r,v

†
b,0,r

,fp
l,0,r

,fq
l,0,r

,

∆Dp+
b,0,r

,∆Dp−
b,0,r

,∆Dq+
b,0,r

,∆Dq−
b,0,r

zl,r,y
sw
l,r ,y

sw,in
l

,yin
l ,yha

l,h∑
r∈R


 ∑
b∈N

(
Cp+∆Dp+

b,0,r + Cp−∆Dp−
b,0,r + Cq+∆Dq+

b,0,r + Cq−∆Dq−
b,0,r

)

+ sup
Q∈Pr(fp

r ,yha)
EQ
[
Hr(zr,ar)

]w1
r +

 ∑
l∈Lsw

Csw
l yswl,r

w2
r


+

∑
l∈Lsw,c

Csw,in
l ysw,inl +

∑
l∈Lc

Cin
l y

in
l +

∑
l∈Lha

∑
h∈Hl

Cha
l,h y

ha
l,h (3-7)

subject to:
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pb,0,r +
∑

l∈L|to(l)=b
fpl,0,r −

∑
l∈L|fr(l)=b

fpl,0,r −D
p
b,0,r −∆Dp+

b,0,r + ∆Dp−
b,0,r = 0;

∀b ∈ N sub, r ∈ R (3-8)
qb,0,r +

∑
l∈L|to(l)=b

f ql,0,r −
∑

l∈L|fr(l)=b
f ql,0,r − tan(arccos(PFb))Dp

b,0,r

−∆Dq+
b,0,r + ∆Dq−

b,0,r = 0;∀b ∈ N sub, r ∈ R (3-9)∑
l∈L|to(l)=b

fpl,0,r −
∑

l∈L|fr(l)=b
fpl,0,r −D

p
b,0,r −∆Dp+

b,0,r + ∆Dp−
b,0,r = 0;

∀b ∈ N \ N sub, r ∈ R (3-10)∑
l∈L|to(l)=b

f ql,0,r −
∑

l∈L|fr(l)=b
f ql,0,r − tan(arccos(PFb))Dp

b,0,r

−∆Dq+
b,0,r + ∆Dq−

b,0,r = 0;∀b ∈ N \ N sub, r ∈ R (3-11)
v†
to(l),0,r − v

†
fr(l),0,r + 2(Rlf

p
l,0,r +Xlf

q
l,0,r) ≤ (1− zl,r)M ; ∀l ∈ L, r ∈ R (3-12)

v†
fr(l),0,r − v

†
to(l),0,r − 2(Rlf

p
l,0,r +Xlf

q
l,0,r) ≤ (1− zl,r)M ;∀l ∈ L, r ∈ R (3-13)

f ql,0,r − cot
((1

2 − e
)
π

4

)(
fpl,0,r − cos

(
e
π

4

)
F l

)
− sin

(
e
π

4

)
F l ≤ 0;

∀l ∈ L, e ∈ {1, . . . , 4}, r ∈ R (3-14)

− f ql,0,r − cot
((1

2 − e
)
π

4

)(
fpl,0,r − cos

(
e
π

4

)
F l

)
− sin

(
e
π

4

)
F l ≤ 0;

∀l ∈ L, e ∈ {1, . . . , 4}, r ∈ R (3-15)
0 ≤ pb,0,r ≤ P b;∀b ∈ N sub, r ∈ R (3-16)
Q
b
≤ qb,0,r ≤ Qb; ∀b ∈ N sub, r ∈ R (3-17)

V 2
b ≤ v†

b,0,r ≤ V
2
b ; ∀b ∈ N \ N sub, r ∈ R (3-18)

v†
b,0,r = V ref2 ; ∀b ∈ N sub, r ∈ R (3-19)
− zl,rF l ≤ fpl,0,r ≤ zl,rF l; ∀l ∈ L, r ∈ R (3-20)
− zl,rF l ≤ f ql,0,r ≤ zl,rF l; ∀l ∈ L, r ∈ R (3-21)
0 ≤ ∆Dp+

b,0,r ≤ Dp
b,0,r; ∀b ∈ N , r ∈ R (3-22)

0 ≤ ∆Dp−
b,0,r ≤ Dp

b,0,r; ∀b ∈ N , r ∈ R (3-23)
0 ≤ ∆Dq+

b,0,r ≤ tan(arccos(PFb))Dp
b,0,r;∀b ∈ N , r ∈ R (3-24)

0 ≤ ∆Dq−
b,0,r ≤ tan(arccos(PFb))Dp

b,0,r;∀b ∈ N , r ∈ R (3-25)
yswl,r = 0;∀l ∈ L \ Lsw, r ∈ R (3-26)
ysw,inl = 0;∀l ∈ (Lsw,e) ∪ (L \ Lsw) (3-27)
yinl = 0;∀l ∈ Le (3-28)
zl,r = 1;∀l ∈ Le \ Lsw, r ∈ R (3-29)
yswl,r ≤ ysw,inl ;∀l ∈ Lsw,c, r ∈ R (3-30)
ysw,inl ≤ yinl ;∀l ∈ (Lc) ∩ (Lsw,c) (3-31)
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yswl,r ≥ +zl,r − zinitl,r ;∀l ∈ Le, r ∈ R (3-32)
yswl,r ≥ −zl,r + zinitl,r ;∀l ∈ Le, r ∈ R (3-33)
yinl − y

sw,in
l ≤ zl,r;∀l ∈ Lc \ Lsw,e, r ∈ R (3-34)

zl,r ≤ yinl ;∀l ∈ Lc, r ∈ R (3-35)∑
l∈Lforb

k

zl,r ≤ |Lforbk | − 1;∀k ∈ Kforb, r ∈ R (3-36)

zl,r, y
sw
l,r ∈ {0, 1}; ∀l ∈ L, r ∈ R (3-37)

ysw,inl , yinl ∈ {0, 1};∀l ∈ L (3-38)∑
h∈Hl

yhal,h ≤ 1; ∀l ∈ Lha (3-39)

yhal,h ∈ {0, 1};∀h ∈ Hl, l ∈ Lha. (3-40)

Constraints (3-8)–(3-11) model the active and reactive power balance in
the buses with substations and in the buses without substations. Variables p
and q represent active and reactive power at each substation, and variables fp

and f q active and reactive power flow at each line, respectively. Parameters Dp

and PF are the demand and the power factor at each bus. Constraints (3-12)–
(3-13) model the voltage difference between buses, where variable v† represents
the squared voltage of the bus where a line starts (to) and the voltage where the
line ends (from). Parameters R and X are respectively the resistance and the
reactance of each line, and parameter M denotes a large number to relax these
constraints when the line is off or was not created. Constraints (3-14)–(3-15)
limit the active and reactive power flows according to the linearized AC power
flow in [65]. Constraints (3-16)–(3-25) model the lower- and upper-bounds of all
non-binary variables, where parameters P , Q, Q, V , V , V ref , and F represent
the maximum active power at the substations, minimum reactive power at the
substations, maximum reactive power at the substations, minimum voltage at
every bus that is not a substation, maximum voltage at every bus that is not
a substation, voltage reference at the substations, and maximum power flow
in each line, respectively.

The group of constraints (3-26)–(3-38) models the behavior of the binary
variables z, ysw, ysw,in, and yin. Variable z represents the line status, where it
takes the value 1 if the line is on, or 0 if the line is off. For example, if a line is
switchable and the model chooses to turn off this line, variable z will assume
value 0. The same will occur if a candidate line was not created. Parameter zinit

represents the initial status of the line, where is 0 if the line starts off and 1 if
the line starts on. Variable ysw represents the action of turning a switchable line
on or off, assuming value 1 if the action was made, and 0 otherwise. Variable
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ysw,in represents the investment action of turning a line to become switchable,
and yin is the investment action of creating a new line, where they assume the
value 1 if the investment was planned.

In this framework, a given line can be part of one of six different sets (see
Fig. 3.1): 1) existing, 2) existing and switchable, 3) existing and candidate
to become switchable, 4) candidate, 5) candidate that is switchable, and 6)
candidate that can become switchable if an additional investment is made.
The set of constraints (3-26)–(3-38) can model the status and investments of
any line of a problem that has lines in any of these sets. Constraint (3-26)
ensures that a line that is not switchable will not perform a switching action.
Constraint (3-27) says that a line that is not a candidate to become switchable
cannot make investments to become switchable, while constraint (3-28) ensures
that the existing line cannot have line investment. Constraint (3-29) says that
a line that exists and is not switchable, will always have its status on. For
the lines that are candidates to become switchable, constraint (3-30) makes
sure that a switching action is performed only if an investment for the line
to become switchable happens. Similarly, for the lines that are candidates
to be created and to become switchable, constraint (3-31) makes sure that
a switching investment can be made only if the line is created. Constraints
(3-32)–(3-33) model the behavior of the switching actions for the lines that are
existent, signaling that a switching action was performed when the line status
variable (z) is different from the initial status (zinit). Constraint (3-34) limits
the behavior of status variable z when a line is created but does not become
switchable, where the line must be on. Constraint (3-35) makes sure that if a
line is not created, the status variable will be 0. Constraint (3-36) avoids the
simultaneous activation of line segments that can result in the formation of
loops within the network, i.e., given a rule k ∈ Kforb, at least one line of the
set Lforbk must be off (z = 0). This is made since the problem is applied to a
distribution network. For any given grid, this set can be easily calculated with
a depth-first search (DFS) algorithm [66]. Constraints (3-37) and (3-38) state
the binary nature of these 4 binary variables.

Finally, constraint (3-39) imposes that no more than one binary variable
yhal,h can have the value 1, i.e., the model is allowed to choose only one line
hardening investment out of the set Hl. This type of investment directly affects
the second-level of the problem, by changing the probability of a line to fail
given an environmental scenario (explored in the next section). Constraint
(3-40) states the binary nature of this binary variable.

It is important to notice that the first-level problem is at the first-stage,
and as shown in Fig. 1.1, the horizon in this stage is one period. The sub-
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Line Setℒ 

Existing ℒe Candidate ℒc 

Switchableℒsw 
Existing ℒsw,e 
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5
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Figure 3.1: All the sets a line can belong.

index “0” that appears in the problem’s variables represents that the problem
is optimizing the operation of the grid considering only single period 0, based
on the demand at this period (Dp

0). Index r that appears in some variables and
some constraints is modeling the problem for every representative day r of the
set R. Besides the operation variables, only binary variables z and ysw have
index r, this means that topology configuration can be decided differently for
each representative day, while investment decisions are made the same for the
entire period.

3.2
Second-level: worst expected cost problem under ambiguous uncertainty

This level calculates the worst expected cost of the multiperiod operation
(Hr) considering the ambiguity set Pr for each representative day r. The term
that represents this level is located at the objective function of the first-level:

sup
Q∈Pr(fp

r ,yha)
EQ

[
Hr(zr,ar)

]
. (3-41)

This maximization problem is defined at the ambiguity set Pr(f pr,yha) ∈
M+ for every representative day r. This set is composed of a collection of
probability distributions that characterizes the limited knowledge of failure
probabilities and the endogenous/exogenous uncertain impact factors, similar
to the set defined in [12]. In our methodology, we robustly plan the grid
considering not only the probability of a line contingency alone but also
considering the fact that environmental conditions can create a wildfire-prone
environment, which can influence line availability. Under these circumstances,
we argue that line availability uncertainty is endogenously impacted by the
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power flow decisions of the lines. The probability of a line to start a fire and
going unavailable increases as the active power of this line is increased. Besides
that, in this work, we acknowledge that investment decisions can be made
prior to the operation so the probability of a line failure can be reduced under
extreme weather circumstances. Formally, the proposed ambiguity set can be
expressed as:

Pr(f pr,yha) =
{
Q ∈M+(Ar)

∣∣∣∣ EQ
[
Sâr

]
≤ µr(·)

}
, (3-42)

where matrix S is an auxiliary matrix of coefficients:

S =
[
I | − I

]⊤
2|L|×|L|

, (3-43)

where I is the identity matrix of size |L|. Vector âr indicates a random vector
of line unavailability that can be defined as:

âr = 1− ar, (3-44)

with 1 being a vector of ones and ar a binary vector of size |L| for every
representative day r. The support of the random vector âr, is defined as:

Ar =
{
ar ∈ {0, 1}|L|

∣∣∣∣∣ ∑
l∈L

al,r ≥ |L| −K
}
, (3-45)

where binary variable al,r indicates if a line l is available (1) or unavailable
(0). The term |L| − K represents the security criteria as used in [67], with
K indicating the maximum number of lines that can go simultaneously
unavailable.

Following the ambiguity set definition in (3-42), function µr defines the
exogenous and endogenous dependency vector of means of each representative
day r, and is defined as:

µr(fp, yha) = γ + diag
(
β0,rw

β
)
|f p0,r|, (3-46)

where vector γ represents an estimated nominal probability of failure associ-
ated with each line segment l ∈ L, extracted from the set of available infor-
mation (e.g., failures per year). This parameter characterizes the exogenous
nature of failure that is not related to any decision variable. This vector is
defined as:

γ = [ γl | 0 ]⊤1×2|L| , (3-47)
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with 0 representing a vector of zeros of size |L|.
Vector β is the probability of failure parameter related to the scheduled

active power flow in each line at period 0, for every representative day r. The
interaction between this parameter and the active power flow represents how
the uncertainty is modeled endogenously dependent on the model’s decision.
Parameter β can be adjusted considering an expected weather condition for
such representative day that the operator wants to be resilient to a higher β
would mean that a higher probability of failure will happen as the power flow
of a line increases. Besides that, the weight wβ is defined as:

wβl = 1−
∑
h∈Hl

whal,hy
ha
l,h;∀l ∈ Lha (3-48)

wβl = 1;∀l ∈ L \ Lha, (3-49)

where (3-48) represents the decrease of β parameter for the lines that have
the option of hardening investments (Lha), and (3-49) represents the weight
for the lines that do not have this option, i.e., the β is not reduced. The way
we model this function allows the user to input different options of hardening
investment strategies for a given line l (set Hl). For example, we can give
the model the option to consider two different investments in line 8, one that
decreases the probability of failure by half and another that decreases by 20%
the probability of failure. In this case, wβ8 would be equal to 1−0.5yhar8,1 −0.2yhar8,2 .
As we use constraint (3-39), the model can choose at most one investment. If
the model chooses the first investment, variable yhar8,1 would be equal to 1, and
the weight function wβ8 would be equal to 0.5, reducing β8 by half for this line
example. The same goes if the model chooses to invest in the second option,
where variable yhar8,2 would be equal to 1, and the weight function would be
wβ8 equal to 0.8, reducing β8 by 20%. If the user would like to consider in this
example both hardening investments at once, it would be necessary to include
a third hardening investment option with a weight (wha8,3) that represents the
decrease of failure probability if both investments are made, and a cost (Cha

8,3)
associated to this two investments at once. This line hardening investment can
include different types of actions, such as line undergrounding, line coating, or
even vegetation management near the lines, that although it cannot be defined
properly as a line hardening, it fits in this model as it can reduce the probability
of wildfire disruption. It is important to highlight that these decisions made in
the first stage are valid for all of the representative days r.

The product of β and the weight wβ are inside the function diag(·), a
function that returns a diagonal matrix of size |L|×2|L|. This diagonal matrix
is then multiplied by |f p|, modeling the fact that the higher the power flow is
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(no matter its direction), the higher the value of µr.
Considering these definitions, function µr (3-46) can be defined as:

µl,0,r = γl,0 + βl,0,rw
β
l |f

p
l,0,r| ;∀l ∈ Lha, r ∈ R (3-50)

µl,0,r = γl,0 + βl,0,r|fpl,0,r| ;∀l ∈ L \ Lha, r ∈ R (3-51)
µ(l+|L|),0,r = 0;∀l ∈ L, r ∈ R. (3-52)

This means that every line can have a different probability of failure,
which is constructed differently for every representative day r. Besides that,
the failure probability is based on the representative day power flow (fp) and
weather conditions (β) at period t = 0. This information is carried out for the
whole period in the second-stage operation.

Finally, the resulting ambiguity set for every representative day r can be
defined as:

Pr(f pr,yha) =
{
Q ∈M+(Ar)

∣∣∣∣ 0 ≤ EQ[âl,r] ≤ γl + βl,0,rw
β
l |f

p
l,0,r| ; ∀l ∈ Lha,

0 ≤ EQ[âl,r] ≤ γl + βl,0,r|fpl,0,r| ; ∀l ∈ L \ Lha
}
. (3-53)

Since âr is a Bernoulli-type random vector, the structural specification of
(3-53) implies that a fault probability in each line l ∈ L for each representative
day r ∈ R is constrained between 0 and the factor γ+βwβ|fp|, thus dependent
on the scheduled active power flow fp, and contextual information γ and β at
period t = 0.

Considering the definition of the ambiguity set in (3-53), maximization
problem (3-41) can be defined for every representative day r as:

Maximize
Q∈M+

∑
ar∈Ar

Hr(zr,ar)Q(ar) (3-54)

subject to:∑
ar∈Ar

(Sâr)Q(ar) ≤ µr : (ψr) (3-55)
∑
ar∈Ar

Q(ar) = 1 : (φr), (3-56)

where the objective function maximizes the expected cost of the third-level
(Hr). The third-level function represents the operation cost of the multiperiod
representative day r considering the grid topology decided at the first stage
(z) and a line availability scenario a. To give this, the problem maximizes
the sum for every scenario in ar ∈ Ar of the product between Hr and
the probability of each scenario Q(ar). Constraint (3-55) states that the
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probability of each scenario is contained between 0 and function (3-46), with ψ
being the dual variable associated with this constraint. Constraint (3-56) says
that the summation of the probability of all scenarios must be 100%, where φ
is the dual variable associated with this constraint.

3.3
Third-level: multiperiod operational post-contingency problem

This level formulation is developed to represent function Hr for a given
representative day r ∈ R. The model is similar to the first-level operation
model, except that a multiperiod operation is considered and the topology
information (z) and line availability (a) are inputs. The primal formulation of
the third-level is defined as:

Minimize
pc

b,t,r,q
c
b,t,r,v

†c

b,t,r
,

fpc

l,t,r
,fqc

l,t,r
,∆Dp−c

b,t,r
,

∆Dp+c

b,t,r
,∆Dq−c

b,t,r
,∆Dq+c

b,t,r

1
|T |

∑
t∈T

∑
b∈N sub

Ctr
b p

c
b,t,r

+
∑
t∈T

∑
b∈N

(
Cp+∆Dp+c

b,t,r + Cp−∆Dp−c

b,t,r + Cq+∆Dq+c

b,t,r + Cq−∆Dq−c

b,t,r

) (3-57)

subject to:
pcb,t,r +

∑
l∈L|to(l)=b

fp
c

l,t,r −
∑

l∈L|fr(l)=b
fp

c

l,t,r −D
p
b,t,r −∆Dp+c

b,t,r + ∆Dp−c

b,t,r = 0 :

(η1
b,t,r);∀b ∈ N sub, t ∈ T (3-58)

qcb,t,r +
∑

l∈L|to(l)=b
f q

c

l,t,r −
∑

l∈L|fr(l)=b
f q

c

l,t,r − tan(arccos(PFb))Dp
b,t,r

−∆Dq+c

b,t,r + ∆Dq−c

b,t,r = 0 : (η2
b,t,r);∀b ∈ N sub, t ∈ T (3-59)∑

l∈L|to(l)=b
fp

c

l,t,r −
∑

l∈L|fr(l)=b
fp

c

l,t,r −D
p
b,t,r −∆Dp+c

b,t,r + ∆Dp−c

b,t,r = 0 :

(η3
b,t,r);∀b ∈ N \ N sub, t ∈ T (3-60)∑

l∈L|to(l)=b
f q

c

l,t,r −
∑

l∈L|fr(l)=b
f q

c

l,t,r − tan(arccos(PFb))Dp
b,t,r

−∆Dq+c

b,t,r + ∆Dq−c

b,t,r = 0 : (η4
b,t,r);∀b ∈ N \ N sub, t ∈ T (3-61)

− v†c

fr(l),t,r + v†c

to(l),t,r + 2(Rlf
pc

l,t,r +Xlf
qc

l,t,r)− (1− al,r)M − (1− zl,r)M ≤ 0 :

(η5
l,t,r);∀l ∈ L, t ∈ T (3-62)

v†c

fr(l),t,r − v
†c

to(l),t,r − 2(Rlf
pc

l,t,r +Xlf
qc

l,t,r)− (1− al,r)M − (1− zl,r)M ≤ 0 :

(η6
l,t,r);∀l ∈ L, t ∈ T (3-63)

f q
c

l,t,r − cot
((1

2 − e
)
π

4

)(
fp

c

l,t,r − cos
(
e
π

4

)
F l

)
− sin

(
e
π

4

)
F l ≤ 0 :

(η7
l,e,t,r);∀l ∈ L, e ∈ {1, . . . , 4}, t ∈ T (3-64)
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− f q
c

l,t,r − cot
((1

2 − e
)
π

4

)(
fp

c

l,t,r − cos
(
e
π

4

)
F l

)
− sin

(
e
π

4

)
F l ≤ 0 :

(η8
l,e,t,r);∀l ∈ L, e ∈ {1, . . . , 4}, t ∈ T (3-65)

0 ≤ pcb,t,r ≤ P b : (η9
b,t,r, η

10
b,t,r);∀b ∈ N sub, t ∈ T (3-66)

Q
b
≤ qcb,t,r ≤ Qb : (η11

b,t,r, η
12
b,t,r);∀b ∈ N sub, t ∈ T (3-67)

V 2
b ≤ v†c

b,t,r ≤ V
2
b : (η13

b,t,r, η
14
b,t,r);∀b ∈ N \ N sub, t ∈ T (3-68)

v†c

b,t,r = V ref2 : (η15
b,t,r);∀b ∈ N sub, t ∈ T (3-69)

− zl,ral,rF l ≤ fp
c

l,t,r ≤ zl,ral,rF l : (η16
l,t,r, η

17
l,t,r);∀l ∈ L, t ∈ T (3-70)

− zl,ral,rF l ≤ f q
c

l,t,r ≤ zl,ral,rF l : (η18
l,t,r, η

19
l,t,r);∀l ∈ L, t ∈ T (3-71)

0 ≤ ∆Dp+c

b,t,r ≤ Dp
b,t,r : (η20

b,t,r, η
21
b,t,r);∀b ∈ N , t ∈ T (3-72)

0 ≤ ∆Dp−c

b,t,r ≤ Dp
b,t,r : (η22

b,t,r, η
23
b,t,r);∀b ∈ N , t ∈ T (3-73)

0 ≤ ∆Dq+c

b,t,r ≤ tan(arccos(PFb))Dp
b,t,r : (η24

b,t,r, η
25
b,t,r);∀b ∈ N , t ∈ T (3-74)

0 ≤ ∆Dq−c

b,t,r ≤ tan(arccos(PFb))Dp
b,t,r : (η26

b,t,r, η
27
b,t,r);∀b ∈ N , t ∈ T , (3-75)

where continuous decision variables pc, qc, v†c , fpc , f qc , ∆Dp+c , ∆Dp−c , ∆Dq+c ,
and ∆Dq−c have the same role as the continuous decision variables of the first
level problem (3-7)–(3-40), but in the third level these variables are accounted
for every period t ∈ T , of a given representative day r ∈ R. Besides that, as
the third-level receives the contingency information a as an input, the problem
operates the grid in a post-contingency scenario. Therefore, superscript c is
used to highlight that the variables in this level are being optimized considering
contingencies, thus differentiating them from the first-level variables.

The objective function (3-57) minimizes the cost of electricity purchase
at every substation for each period and the cost of active and reactive
deficit/surplus. The objective function in this level is divided by the number
of periods |T |, providing the average cost of one hour in the multiperiod
operation. This is made since we are comparing in the objective function of
the first-level the costs of single period t = 0 and the worst expected cost of
the third level. Analogously to the first-level, constraints (3-58)–(3-61) model
the active and reactive power balances for every bus. Constraints (3-62)–(3-63)
model the voltage differences between two buses connected by a line, where
they are considered under a given contingency state associated with vector a
and a first-stage topology decision z. Constraints (3-64)–(3-65) enforce limits
to active and reactive flows. Finally, constraints (3-66)–(3-75) imposes the
upper and lower limits of each decision variable. Variables η represent the dual
variable of this problem associated with each constraint. As will be shown in
the next section, this is important as we will need to dualize problem (3-57)–
(3-75) to be able to solve the whole model. It is worth mentioning that the
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third-level problem is always feasible since one of the solutions is to curtail all
demand.



4
Solution methodology

The two-stage formulation (3-7)–(3-40) proposed in Section 3 is intended
to optimally decide line investments and topology aiming to increase wildfire
resilience. As the formulated problem is also a three-level problem, with a min-
max-min configuration, it is necessary to develop a methodology to solve this
problem. In this section we present the same iterative procedure of an outer
approximation as in [12], using Benders decomposition [68]. First, the master
is developed and then the subproblem is presented (the complete formulation
of both problems is provided in Appendices A and B, respectively). Finally,
the solution algorithm is shown.

4.1
Master problem

As the three-level problem is a min-max-min problem, the first step
to solve it is by transforming the second-level problem into a minimization
problem. This is done by developing the dual problem of second-level (3-54)–
(3-56) for each representative day r:

Minimize
ψl,r,φr

ψ⊤
r µr + φr (4-1)

subject to:
ψ⊤
r Sâr + φr ≥ Hr(zr,ar);∀ar ∈ Ar (4-2)

ψl,r ≥ 0; ∀l = {1, . . . , 2|L|} (4-3)
φr ∈ R, (4-4)

where variables ψ and φ are the dual variables associated to constraints (3-55)
and (3-56), respectively.

As the strong duality theorem is valid, primal and dual formulation
of problem (3-41) are equivalent and, therefore, interchangeable. First, the
second-level primal objective function is exchanged with its dual formulation
objective function. Then, constraints (4-2)–(4-4) are considered in the first-
level set of constraints for every r ∈ R. The problem is now defined as:

Minimize
pb,0,r,qb,0,r,v

†
b,0,r

,fp
l,0,r

,fq
l,0,r

,

∆Dp+
b,0,r

,∆Dp−
b,0,r

,∆Dq+
b,0,r

,∆Dq−
b,0,r

zl,r,y
sw
l,r ,y

sw,in
l

,yin
l ,yha

l,h

ψl,r,φr
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∑
r∈R


 ∑
b∈N

(
Cp+∆Dp+

b,0,r + Cp−∆Dp−
b,0,r + Cq+∆Dq+

b,0,r + Cq−∆Dq−
b,0,r

)

+ψ⊤
r µr + φr

w1
r +

 ∑
l∈Lsw

Csw
l yswl,r

w2
r


+

∑
l∈Lsw,c

Csw,in
l ysw,inl +

∑
l∈Lc

Cin
l y

in
l +

∑
l∈Lha

∑
h∈Hl

Cha
l,h y

ha
l,h (4-5)

subject to:
Constraints (3-8)–(3-40) (4-6)
ψ⊤
r Sâr + φr ≥ Hr(zr,ar);∀ar ∈ Ar, r ∈ R (4-7)

ψl,r ≥ 0;∀l = {1, . . . , 2|L|}, r ∈ R (4-8)
φr ∈ R;∀r ∈ R. (4-9)

To withstand the intractability caused by the combinatorial nature of the
support set Ar defined in (3-45), we can robustly pick the worst contingency
case. To do that, constraints (4-7) can be remodeled as:

φr ≥ max
a∈A

{
Hr(zr,ar)−ψ⊤

r Sâr

}
;∀r ∈ R. (4-10)

Besides that, following the definitions of second-level, the product ψ⊤
r µr

in (4-5) can be first expressed as:

∑
l∈L\Lha

(
γl,0,rψl,r + βl,0,r|fpl,0,r|ψl,r

)

+
∑
l∈Lha

(
γl,0,rψl,r + βl,0,rw

β
l |f

p
l,0,r|ψl,r

)
;∀r ∈ R, (4-11)

and with function wβ definition (3-48)–(3-49), the product ψ⊤
r µr becomes:

∑
l∈L

γl,0,rψl,r + βl,0,r|fpl,0,r|ψl,r


−

∑
l∈Lha

βl,0,r ∑
h∈Hl

whal,hy
ha
l,h|f

p
l,0,r|ψl,r

;∀r ∈ R. (4-12)

Considering this, the first-level problem can now be defined as:

Minimize
pb,0,r,qb,0,r,v

†
b,0,r

,fp
l,0,r

,fq
l,0,r

,

∆Dp+
b,0,r

,∆Dp−
b,0,r

,∆Dq+
b,0,r

,∆Dq−
b,0,r

zl,r,y
sw
l,r ,y

sw,in
l

,yin
l ,yha

l,h

ψl,r,φr
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∑
r∈R


 ∑
b∈N

(
Cp+∆Dp+

b,0,r + Cp−∆Dp−
b,0,r + Cq+∆Dq+

b,0,r + Cq−∆Dq−
b,0,r

)

+
∑
l∈L

(
γl,0,rψl,r + βl,0,r|fpl,0,r|ψl,r

)

−
∑
l∈Lha

(
βl,0,r

∑
h∈Hl

whal,hy
ha
l,h|f

p
l,0,r|ψl,r

)
+ φr

w1
r

+
 ∑
l∈Lsw

Csw
l yswl,r

w2
r


+

∑
l∈Lsw,c

Csw,in
l ysw,inl +

∑
l∈Lc

Cin
l y

in
l +

∑
l∈Lha

∑
h∈Hl

Cha
l,h y

ha
l,h (4-13)

subject to:
Constraints (3-8)–(3-40) (4-14)

φr ≥ max
a∈A

{
Hr(zr,ar)−ψ⊤

r Sâr

}
;∀r ∈ R (4-15)

ψl,r ≥ 0;∀l = {1, . . . , 2|L|}, r ∈ R (4-16)
φr ∈ R;∀r ∈ R. (4-17)

With expression (4-12), the first-level objective function (4-13) becomes
non-linear. This non-linearity appears first with the product of the two decision
variables ψ and fp, and later with the product of the three decision variables
ψ, fp, and yha. Not only that but variable fp appears in these products with
its absolute value. To avoid this, these two products need to be replaced with
other variables and constraints that can model their behavior without adding
non-linearity to the problem. This linearization process is described next.

4.1.1
Linearization of first-level objective function

The process starts by first handling the product |fp|ψ non-linearity. The
main idea is to replace it with a new variable χ that is modeled through a set
of constraints.

First, we need to linearize the absolute value of the power flow variable
fp. In [69], it is proved that every irrestrict variable can be defined as the
difference of two non-negative variables. Considering this, variable fp can be
redefined with two new auxiliary variables:

fpl,0,r = fp+
l,0,r − f

p−
l,0,r;∀l ∈ L, r ∈ R (4-18)

fp+
l,0,r ≥ 0;∀l ∈ L, r ∈ R (4-19)
fp−
l,0,r ≥ 0;∀l ∈ L, r ∈ R. (4-20)
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Besides setting a lower bound for each of the two new variables as zero,
it is possible to also construct an upper bound for them. Considering that fp

is constrained between −F and +F , and using an auxiliary binary variable
called ξ, we define:

fp+
l,0,r ≤ F l(ξl,0,r);∀l ∈ L, r ∈ R (4-21)
fp−
l,0,r ≤ F l(1− ξl,0,r);∀l ∈ L, r ∈ R (4-22)
ξl,0,r ∈ {0, 1};∀l ∈ L, r ∈ R. (4-23)

With this, the new auxiliary binary variable ξ is modeled to assume value
1 if variable fp has a positive value and value 0 if variable fp has a negative
value, as in the following sketch:

if fp ≥ 0→ ξ = 1
0 ≤ fp+ ≤ F

0 ≤ fp− ≤ 0
→ fp− = 0→ fp = +fp+

if fp ≤ 0→ ξ = 0
0 ≤ fp+ ≤ 0

0 ≤ fp− ≤ F
→ fp+ = 0→ fp = −fp−. (4-24)

Finally, by using constraints (4-18)–(4-23), the module of variable fp can
be replaced by the sum of fp+ and fp−:

|fpl,0,r| ≡ fp+
l,0,r + fp−

l,0,r. (4-25)

After that, the product of variables ψ and |fp| is handled. An approach for
that is to approximate the value of one of the variables using auxiliary binary
variables. By doing that, the linearization process can be easily done since
there will be the product of continuous variables and binary variables. In this
case, the approximation can be made with variable |fp| since this is the variable
with defined bounds. The procedure for that is called binary expansion, as in
[70], and is done by defining:

fp+
l,0,r + fp−

l,0,r = s
El∑
e=1

(
2e−1δl,0,e,r

)
;∀l ∈ L, r ∈ R (4-26)

δl,0,e,r ∈ {0, 1}; ∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R, (4-27)

where δ is a new auxiliary binary variable that has size E for each line l at
each representative day r. The parameter E is the number of digits necessary
in the binary form to represent a number in the decimal form. For example,
the number (5)10 in the decimal form is equal to (101)2 in the binary form,
requiring three digits. Given that, index e represents each digit in the binary
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representation of a number. Parameter s is used to allow representations
of rational numbers using this expression, it means the steps between the
numbers that the binary expansion can represent. The choice of parameter
s and parameter E is made according to the lower and upper bound of the
variable that is going to be represented. If a value of s is chosen as 0.01, for
example, in the case of a E = 3, the highest number that could be represented is
0.07 (when all binaries are equal to 1), and the lowest number would be 0 (when
all binaries are 0). If a higher value for s is chosen, the number represented
can be more accurate but would require higher E and therefore more binaries.
Following the criterion developed in [70], the expression to calculate the value
of parameter E can be adapted for our problem given a required accuracy and
the upper bound F of variable |fp|:

El =
⌈
log2

(
F l

s

)⌉
;∀l ∈ L, (4-28)

where function ⌈·⌉ returns the ceiling of a rational number.
As stated before, the main objective is to be able to replace the product

|fp|ψ with variable χ. Considering all that has been done so far, this replace-
ment is done considering the following sketch:

|fp|ψ = χ

s
E∑
e=1

(
2e−1δ

)
ψ = χ

s
E∑
e=1

(
2e−1δψ

)
= χ. (4-29)

By doing this, the product δψ appears. As explained before, this product
can be easily linearized since one of the variables is binary. To deal with this,
first, a new auxiliary variable ρ is introduced to replace them:

χl,0,r = s
El∑
e=1

(
2e−1ρl,0,e,r

)
;∀l ∈ L, r ∈ R. (4-30)

To end this characterization, it is only required to model the behavior
of variable ρ without any non-linear constraints. This procedure is done by
characterizing the values that this product can have. For a given l, e and r,
the following sketch represents this:

if δ = 0 → ρ = 0 · ψ → ρ = 0
if δ = 1 → ρ = 1 · ψ → ρ = ψ. (4-31)
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To ensure this performance, it is required the following set of constraints,
where M represents a sufficiently big number:

− (1− δl,0,e,r)M ≤ ψl,r − ρl,0,e,r ≤ (1− δl,0,e,r)M ;
∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (4-32)

− δl,0,e,rM ≤ ρl,0,e,r ≤ δl,0,e,rM ;∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R. (4-33)

Finally, the set of constraints (4-18)–(4-23), (4-26)–(4-27), (4-30), and
(4-32)–(4-33) can be added to the first-level problem and the non-linear
product |fp|ψ can be approximated by variable χ. After doing this, the product
between variable yha and χ still keeps the non-linear nature of the objective
function. As said previously, this is easily handled since yha is a binary variable.
The procedure to that linearization is similar to the one defined at (4-32)–
(4-33) and is done by using the auxiliary variable ρha for every hardening
action h:

− (1− yhal,h)M ≤ χl,0,r − ρhal,0,r,h ≤ (1− yhal,h)M ; ∀l ∈ Lha, r ∈ R, h ∈ Hl (4-34)
− yhal,hM ≤ ρhal,0,r,h ≤ yhal,hM ;∀l ∈ Lha, r ∈ R, h ∈ Hl. (4-35)

With the proposed linearization, the first-level problem can now be
defined as:

Minimize
pb,0,r,qb,0,r,v

†
b,0,r

,fp
l,0,r

,fq
l,0,r

,

∆Dp+
b,0,r

,∆Dp−
b,0,r

,∆Dq+
b,0,r

,∆Dq−
b,0,r

zl,r,y
sw
l,r ,y

sw,in
l

,yin
l ,yha

l,h

ψl,r,φr,f
p+
l,0,r

,fp−
l,0,r

,ξl,0,r,

δl,0,e,r,ρl,0,e,r,ρ
ha
l,0,r,h,χl,0,r

∑
r∈R


 ∑
b∈N

(
Cp+∆Dp+

b,0,r + Cp−∆Dp−
b,0,r + Cq+∆Dq+

b,0,r + Cq−∆Dq−
b,0,r

)

+
∑
l∈L

(
γl,0,rψl,r + βl,0,rχl,0,r

)
−

∑
l∈Lha

(
βl,0,r

∑
h∈Hl

whal,hρ
ha
l,0,r,h

)

+ φr

w1
r +

 ∑
l∈Lsw

Csw
l yswl,r

w2
r


+

∑
l∈Lsw,c

Csw,in
l ysw,inl +

∑
l∈Lc

Cin
l y

in
l +

∑
l∈Lha

∑
h∈Hl

Cha
l,h y

ha
l,h (4-36)

subject to:
Constraints (3-8)–(3-40) (4-37)
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φr ≥ max
a∈A

{
Hr(zr,ar)−ψ⊤

r Sâr

}
;∀r ∈ R (4-38)

ψl,r ≥ 0; ∀l = {1, . . . , 2|L|}, r ∈ R (4-39)
φr ∈ R; ∀r ∈ R (4-40)
fpl,0,r = fp+

l,0,r − f
p−
l,0,r;∀l ∈ L, r ∈ R (4-41)

0 ≤ fp+
l,0,r ≤ F lξl,0,r;∀l ∈ L, r ∈ R (4-42)

0 ≤ fp−
l,0,r ≤ F l(1− ξl,0,r);∀l ∈ L, r ∈ R (4-43)

fp+
l,0,r + fp−

l,0,r = s
El∑
e=1

(
2e−1δl,0,e,r

)
;∀l ∈ L, r ∈ R (4-44)

χl,0,r = s
El∑
e=1

(
2e−1ρl,0,e,r

)
;∀l ∈ L, r ∈ R (4-45)

− (1− δl,0,e,r)M ≤ ψl,r − ρl,0,e,r ≤ (1− δl,0,e,r)M ;
∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (4-46)

− δl,0,e,rM ≤ ρl,0,e,r ≤ δl,0,e,rM ; ∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (4-47)
− (1− yhal,h)M ≤ χl,0,r − ρhal,0,r,h ≤ (1− yhal,h)M ;∀l ∈ Lha, r ∈ R, h ∈ Hl (4-48)
− yhal,hM ≤ ρhal,0,r,h ≤ yhal,hM ;∀l ∈ Lha, r ∈ R, h ∈ Hl (4-49)
ξl,0,r ∈ {0, 1};∀l ∈ L, r ∈ R (4-50)
δl,0,e,r ∈ {0, 1};∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (4-51)
χl,0,r ∈ R;∀l ∈ L, r ∈ R (4-52)
ρl,0,e,r ∈ R;∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (4-53)
ρhal,0,r,h ∈ R;∀l ∈ Lha, r ∈ R, h ∈ Hl. (4-54)

Finally, to solve problem (4-36)-(4-54), we use decomposition techniques
to iteratively approximate the right-hand side of constraint (4-38). First a
relaxed version of problem (4-36)-(4-54) is developed, named the “Master
Problem”:

Minimize
pb,0,r,qb,0,r,v

†
b,0,r

,fp
l,0,r

,fq
l,0,r

,

∆Dp+
b,0,r

,∆Dp−
b,0,r

,∆Dq+
b,0,r

,∆Dq−
b,0,r

zl,r,y
sw
l,r ,y

sw,in
l

,yin
l ,yha

l,h

ψl,r,φr,f
p+
l,0,r

,fp−
l,0,r

,ξl,0,r,

δl,0,e,r,ρl,0,r,ρ
ha
l,0,r,h,χl,0,r

∑
r∈R


 ∑
b∈N

(
Cp+∆Dp+

b,0,r + Cp−∆Dp−
b,0,r + Cq+∆Dq+

b,0,r + Cq−∆Dq−
b,0,r

)

+
∑
l∈L

(
γl,0,rψl,r + βl,0,rχl,0,r

)
−

∑
l∈Lha

(
βl,0,r

∑
h∈Hl

whal,hρ
ha
l,0,r,h

)
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+ φr

w1
r +

 ∑
l∈Lsw

Csw
l yswl,r

w2
r


+

∑
l∈Lsw,c

Csw,in
l ysw,inl +

∑
l∈Lc

Cin
l y

in
l +

∑
l∈Lha

∑
h∈Hl

Cha
l,h y

ha
l,h (4-55)

subject to:
Constraints (3-8)–(3-40) (4-56)
Constraints (4-39)–(4-54) (4-57)
φr ≥ Cutting Plane(j)

r ;∀j ∈ J ,∀r ∈ R (4-58)∑
l∈L

(
γl,0,rψl,r + βl,0,rχl,0,r

)
−

∑
l∈Lha

(
βl,0,r

∑
h∈Hl

whal,hρ
ha
l,0,r,h

)
+ φr ≥ 0;

∀r ∈ R, (4-59)

where, constraint (4-58) is considered for every representative day r for all the
iterations needed j in J . Constraint (4-59) is added to provide a lower bound
of the second-level, stating that the expected worst cost of the operation is
non-negative. This is helpful for the algorithm since it is not possible to affirm
that variable φ – the variable that we want to approximate at each iteration
– is non-negative. Considering this, solving this problem can be hard if we do
not provide a lower bound for this variable. The complete formulation of the
“Master Problem” is provided in Appendix A.

The so-called “Subproblem” is developed to solve the right-hand side
of (4-38). This process is developed in the next section (4.2). By solving the
subproblem at each iteration, cutting planes are constructed and added to the
Master problem (4.3) for each representative day r. The solution algorithm for
this is shown in section 4.4.

4.2
Subproblem

As explained before, we construct at each iteration an approximation of
the right-hand side of constraint (4-38), in the so-called “Subproblem” defined
for every r in R:

Maximize
a∈A

{
Hr(zr,ar)−ψ⊤

r Sâr

}
. (4-60)

Problem (4-60) is a maximization problem in a ∈ A. This information
reveals the characterization of the security criterion defined in (3-45). Thus,
this maximization problem is now defined:

Maximize
a

{
Hr(zr,ar)−ψ⊤

r Sâr

}
(4-61)
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subject to:∑
l∈L

al,r ≥ |L| −K (4-62)

al,r ∈ {0, 1};∀l ∈ L. (4-63)

Besides that, function Hr models the third-level problem, with the
multiperiod post-contingency operation (section 3.3). This problem receives as
inputs the grid topology (represented by first-level variable z) and the random
binary vector (a) associated with line availability. As shown, this problem is a
minimization problem. When considering inside the objective function (4-61),
the subproblem becomes a max-min problem. To solve that, once again we rely
on the duality theory, where the dual of the third-level problem (3-57)–(3-75)
is calculated and put in the place of Hr in the objective function of problem
(4-61)–(4-63). With this, the subproblem for each representative day r can now
be defined as:

Maximize
η1

b,t,r,η
2
b,t,r,η

3
b,t,r,η

4
b,t,r,η

5
l,t,r,η

6
l,t,r,η

7
l,e,t,r,

η8
l,e,t,r,η

9
b,t,r,η

10
b,t,r,η

11
b,t,r,η

12
b,t,r,η

13
b,t,r,η

14
b,t,r,

η15
b,t,r,η

16
l,t,r,η

17
l,t,r,η

18
l,t,r,η

19
l,t,r,η

20
b,t,r,η

21
b,t,r,

η22
b,t,r,η

23
b,t,r,η

24
b,t,r,η

25
b,t,r,η

26
b,t,r,η

27
b,t,r,a∑

t∈T

∑
b∈N sub

(
−Dp

b,t,rη
1
b,t,r − tan (arccos (PFb))Dp

b,t,rη
2
b,t,r

− P bη
10
b,t,r +Q

b
η11
b,t,r −Qbη

12
b,t,r − V ref2

η15
b,t,r

−Dp
b,t,rη

21
b,t,r −D

p
b,t,rη

23
b,t,r − tan(arccos(PFb))Dp

b,t,rη
25
b,t,r

− tan(arccos(PFb))Dp
b,t,rη

27
b,t,r

)
+
∑
t∈T

∑
b∈N \N sub

(
−Dp

b,t,rη
3
b,t,r − tan (arccos (PFb))Dp

b,t,rη
4
b,t,r

+ V 2
bη

13
b,t,r − V

2
bη

14
b,t,r −D

p
b,t,rη

21
b,t,r −D

p
b,t,rη

23
b,t,r

− tan(arccos(PFb))Dp
b,t,rη

25
b,t,r

− tan(arccos(PFb))Dp
b,t,rη

27
b,t,r

)

+
∑
t∈T

∑
l∈L

− ((1− al,r)M + (1− zl,r)M)η5
l,t,r

− ((1− al,r)M + (1− zl,r)M)η6
l,t,r

+
∑

e∈{1,2,3,4}

F l

(
cot

(
(1/2− e)(π/4)

)
cos

(
e(π/4)

)

− sin
(
e(π/4)

))
(η7
l,e,t,r + η8

l,e,t,r)

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− zl,ral,rF l(η16
l,t,r + η17

l,t,r + η18
l,t,r + η19

l,t,r)


−ψ⊤
r Sâr (4-64)

subject to:∑
l∈L

al,r ≥ |L| −K (4-65)

al,r ∈ {0, 1};∀l ∈ L (4-66)
Ctr
b /|T |+ η1

b,t,r − η9
b,t,r + η10

b,t,r = 0 : (pcb,t,r);∀b ∈ N sub, t ∈ T (4-67)
η2
b,t,r − η11

b,t,r + η12
b,t,r = 0 : (qcb,t,r);∀b ∈ N sub, t ∈ T (4-68)∑

l∈L|b=fr(l)

(
η6
l,t,r − η5

l,t,r

)
+

∑
l∈L|b=to(l)

(
η5
l,t,r − η6

l,t,r

)
− η13

b,t,r + η14
b,t,r = 0 :

(v†c

b,t,r);∀b ∈ N \ N sub, t ∈ T (4-69)∑
l∈L|b=fr(l)

(
η6
l,t,r − η5

l,t,r

)
+

∑
l∈L|b=to(l)

(
η5
l,t,r − η6

l,t,r

)
+ η15

b,t,r = 0 :

(v†c

b,t,r);∀b ∈ N sub, t ∈ T (4-70)∑
b∈N sub|b=to(l)

η1
b,t,r −

∑
b∈N sub|b=fr(l)

η1
b,t,r +

∑
b∈N \N sub|b=to(l)

η3
b,t,r

−
∑

b∈N \N sub|b=fr(l)
η3
b,t,r + 2Rlη

5
l,t,r − 2Rlη

6
l,t,r

+
∑

e∈{1,2,3,4}

[
− cot

(
(1/2− e)(π/4)

)(
η7
l,e,t,r

)

− cot
(

(1/2− e)(π/4)
)(
η8
l,e,t,r

)]
− η16

l,t,r + η17
l,t,r = 0 :

(fp
c

l,t,r);∀l ∈ L, t ∈ T (4-71)∑
b∈N sub|b=to(l)

η2
b,t,r −

∑
b∈N sub|b=fr(l)

η2
b,t,r +

∑
b∈N \N sub|b=to(l)

η4
b,t,r

−
∑

b∈N \N sub|b=fr(l)
η4
b,t,r + 2Xlη

5
l,t,r − 2Xlη

6
l,t,r

+
∑

e∈{1,2,3,4}

(
η7
l,e,t,r − η8

l,e,t,r

)
− η18

l,t,r + η19
l,t,r = 0 : (f q

c

l,t,r);∀l ∈ L, t ∈ T (4-72)

Cp+/|T | − η1
b,t,r − η20

b,t,r + η21
b,t,r = 0 : (∆Dp+c

b,t,r);∀b ∈ N sub, t ∈ T (4-73)
Cp+/|T | − η3

b,t,r − η20
b,t,r + η21

b,t,r = 0 : (∆Dp+c

b,t,r);∀b ∈ N \ N sub, t ∈ T (4-74)
Cp−/|T |+ η1

b,t,r − η22
b,t,r + η23

b,t,r = 0 : (∆Dp−c

b,t,r);∀b ∈ N sub, t ∈ T (4-75)
Cp−/|T |+ η3

b,t,r − η22
b,t,r + η23

b,t,r = 0 : (∆Dp−c

b,t,r);∀b ∈ N \ N sub, t ∈ T (4-76)
Cq+/|T | − η2

b,t,r − η24
b,t,r + η25

b,t,r = 0 : (∆Dq+c

b,t,r);∀b ∈ N sub, t ∈ T (4-77)
Cq+/|T | − η4

b,t,r − η24
b,t,r + η25

b,t,r = 0 : (∆Dq+c

b,t,r);∀b ∈ N \ N sub, t ∈ T (4-78)
Cq−/|T |+ η2

b,t,r − η26
b,t,r + η27

b,t,r = 0 : (∆Dq−c

b,t,r);∀b ∈ N sub, t ∈ T (4-79)
Cq−/|T |+ η4

b,t,r − η26
b,t,r + η27

b,t,r = 0 : (∆Dq−c

b,t,r);∀b ∈ N \ N sub, t ∈ T (4-80)
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η1
b,t,r, η

2
b,t,r, η

15
b,t,r ∈ R;∀b ∈ N sub, t ∈ T (4-81)

η3
b,t,r, η

4
b,t,r ∈ R;∀b ∈ N \ N sub, t ∈ T (4-82)

η20
b,t,r, η

21
b,t,r, η

22
b,t,r, η

23
b,t,r, η

24
b,t,r, η

25
b,t,r, η

26
b,t,r, η

27
b,t,r ≥ 0;∀b ∈ N , t ∈ T (4-83)

η13
b,t,r, η

14
b,t,r ≥ 0;∀b ∈ N \ N sub, t ∈ T (4-84)

η9
b,t,r, η

10
b,t,r, η

11
b,t,r, η

12
b,t,r ≥ 0;∀b ∈ N sub, t ∈ T (4-85)

η5
l,t,r, η

6
l,t,r, η

16
l,t,r, η

17
l,t,r, η

18
l,t,r, η

19
l,t,r ≥ 0; ∀l ∈ L, t ∈ T (4-86)

η7
l,e,t,r, η

8
l,e,t,r ≥ 0;∀l ∈ L,∀e ∈ {1, 2, 3, 4}, t ∈ T . (4-87)

It is important to mention that, although the inner maximization problem
(a representation of function Hr) receives both variables z and a as inputs, the
outer maximization problem considers variable a as a decision variable. When
we turn this problem into one single maximization problem, it is required to
consider a as a decision variable inside Hr problem. By doing this, this inner
problem becomes non-linear, as there is the product between different decision
variables (η) with the binary variable a in the objective function (4-64). To
linearize these products, we use the same methodology done in (4-32)–(4-33),
replacing them with new auxiliary variables λ and a set of constraints.

Besides that, expression ψ⊤
r Sâr can be reformulated considering the

definition of âr in (3-44) and the definition of S in (3-43). As first-stage variable
ψ⊤
r is a vector of size 2|L|, the final Subproblem formulation is defined as:

Maximize
η1

b,t,r,η
2
b,t,r,η

3
b,t,r,η

4
b,t,r,η

5
l,t,r,η

6
l,t,r,η

7
l,e,t,r,

η8
l,e,t,r,η

9
b,t,r,η

10
b,t,r,η

11
b,t,r,η

12
b,t,r,η

13
b,t,r,η

14
b,t,r,

η15
b,t,r,η

16
l,t,r,η

17
l,t,r,η

18
l,t,r,η

19
l,t,r,η

20
b,t,r,η

21
b,t,r,

η22
b,t,r,η

23
b,t,r,η

24
b,t,r,η

25
b,t,r,η

26
b,t,r,η

27
b,t,r,a

λ5
l,t,r,λ

6
l,t,r,λ

16
l,t,r,λ

17
l,t,r,λ

18
l,t,r,λ

19
l,t,r∑

t∈T

∑
b∈N sub
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1
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− P bη
10
b,t,r +Q

b
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b,t,r −Qbη
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b,t,rη

21
b,t,r −D
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4
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p
b,t,rη
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+
∑
t∈T

∑
l∈L

− ((1− al,r)M + (1− zl,r)M)η5
l,t,r

− ((1− al,r)M + (1− zl,r)M)η6
l,t,r

+
∑

e∈{1,2,3,4}

F l

(
cot

(
(1/2− e)(π/4)

)
cos

(
e(π/4)

)

− sin
(
e(π/4)

))
(η7
l,e,t,r + η8

l,e,t,r)


− zl,ral,rF l(η16
l,t,r + η17

l,t,r + η18
l,t,r + η19

l,t,r)


−
∑
l∈L

(
(ψl,r − ψl+|L|,r)(1− al,r)

)
(4-88)

subject to:
Constraints (4-65)–(4-87) (4-89)
− (1− al,r)M ≤ η5

l,t,r − λ5
l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (4-90)

− al,rM ≤ λ5
l,t,r ≤ al,rM ; ∀l ∈ L, t ∈ T (4-91)

− (1− al,r)M ≤ η6
l,t,r − λ6

l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (4-92)
− al,rM ≤ λ6

l,t,r ≤ al,rM ; ∀l ∈ L, t ∈ T (4-93)
− (1− al,r)M ≤ η16

l,t,r − λ16
l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (4-94)

− al,rM ≤ λ16
l,t,r ≤ al,rM ; ∀l ∈ L, t ∈ T (4-95)

− (1− al,r)M ≤ η17
l,t,r − λ17

l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (4-96)
− al,rM ≤ λ17

l,t,r ≤ al,rM ; ∀l ∈ L, t ∈ T (4-97)
− (1− al,r)M ≤ η18

l,t,r − λ18
l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (4-98)

− al,rM ≤ λ18
l,t,r ≤ al,rM ; ∀l ∈ L, t ∈ T (4-99)

− (1− al,r)M ≤ η19
l,t,r − λ19

l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (4-100)
− al,rM ≤ λ19

l,t,r ≤ al,rM ; ∀l ∈ L, t ∈ T (4-101)
λ5
l,t,r, λ

6
l,t,r, λ

16
l,t,r, λ

17
l,t,r, λ

18
l,t,r, λ

19
l,t,r ∈ R;∀l ∈ L, t ∈ T . (4-102)

It is worth highlighting that in the constructed Subproblem, ψ and z are
not decision variables, instead they are input from the Master problem. Besides
that, the recourse function associated with the resulting Subproblem is convex
with respect to the first-stage decision as it is a maximum of affine functions,
therefore rendering the description of the right-hand side of Equation (4-38) is
suitable with cutting planes approximation. The complete formulation of the
“Subproblem” is provided in Appendix B.
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4.3
Cutting plane

The Master relaxation (4-55)–(4-59) is improved by the iterative inclusion
of cutting planes in Equation (4-58). These cutting planes are constructed in
the form of the objective function of the Subproblem (4-88), which is added
at each iteration j in J . As the third-level is always feasible, these cuts are
optimality cuts, and there is no need to construct viability cuts. The cutting
planes are presented as:

Cutting Plane(j)
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t∈T

∑
b∈N sub
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. (4-103)
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4.4
Algorithm

Following the Master and Subproblem descriptions, the algorithm is
carried out until the approximation provided by the inclusion of the cutting
planes (4-103) is sufficient to make the solution of the relaxed Master problem
close enough to optimality. This proposed outer approximation algorithm is
illustrated in Fig. 4.1 and summarized in Algorithm 1.

Solve it
Store variables (𝑧,𝜓)

Calculate LB

Master problem1

Start

No

LB = UB?

End

Subproblem2

Stop criterion3

Day r

YesCalculate UB

Solve it
Store variables (𝑎,𝜂)

(𝑧, 𝜓)

(𝑎, 𝜂)

Add cutting planer

(𝑧, y)

Figure 4.1: Algorithm illustration to solve the decomposed problem.

First Master problem (4-55)-(4-59) is solved. The lower-bound (LB)
of the algorithm is calculated as the objective function (4-55) result in
this iteration. After that, the subproblem (4-88)–(4-102) is solved for every
representative day r ∈ R, considering as input the previous values of variables
z and ψ, calculated in the Master problem. The upper-bound (UB) of the
algorithm is calculated considering the Master’s objective function (4-55)
solution minus the term with variable φ plus the Subproblem’s objective
function (4-88) solution (the approximation of φ). With the LB and UB
calculated, the stopping criterion can be tested. If the bounds are close enough
to a preset parameter ϵ, the problem stops and gives the current topology
configuration z for each representative day and investment decisions y as the
final solution. If the bounds are not close enough, considering the calculated
values from dual variables η and the contingency vector a from the Subproblem,
a cutting plane (4-103) is added for every representative day r in R. After
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this addition, the algorithm runs the Master problem again and continues the
mentioned process until the bounds are close enough.

Algorithm 1: Iterative process

1 Initialization:
2 Set j ← 0 and J ← ∅

3 Iteration j ≥ 1:
4 Step 1 – Master problem:
5 Solve problem (4-55)-(4-59)
6 Store variables z(j)

r , ψ(j)

r , φ(j)
r

7 Compute LB(j) = Eq. (4-55)
(j)

8 Step 2 – Subproblems:
9 for r ∈ R do

10 Get stored variables z(j)
r , ψ(j)

r

11 Solve problem (4-88)–(4-102)
12 Identify worst case contingency ar
13 Store variables η(j)

r , ar
14 Compute UB(j) = LB

(j) −∑r∈R φ
(j)
r w

1
r +∑

r∈R Eq.(4-88)
(j)

r w
1
r

15 Step 3 – Stop criterion:
16 if

(
UB

(j) − LB(j)
)
/UB

(j) ≥ ϵ then
17 for r ∈ R do
18 Get stored variables η(j)

r , ar
19 Include cutting planes (4-103)r in Master
20 Set j ← j + 1 and J ← J ∪ {j}
21 Go to Step 1
22 else
23 Return solution z(j)

r , ysw,in(j) , yin(j) , yha(j)
h

4.5
Complimentary algorithms

In this section, two complimentary algorithms we developed are pre-
sented. The first describes the steps to construct the forbidden switching set
used in the first-stage. And the second shows the out-of-sample analysis made
for the cases studies (Chapter 5) to evaluate the model we propose.

4.5.1
Grid forbidden patterns

As explained before, the model developed here is made considering the
operation of distribution systems. The set of constraints used is valid for oper-
ating only this type of system. As we consider topology changes, it is manda-
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tory to ensure that no cycles are created in the final grid configuration. Also,
no path between substations should be possible. To ensure these situations,
constraint (3-36) is used in the first-level, where the topology is decided. For
this constraint, it is necessary to construct set Kforb of forbidden patterns that
cannot exist. An algorithm using depth-first search (DFS) [66] was developed.
The steps are summarized in Algorithm 2.

Algorithm 2: Forbidden patterns set construction

1 Step 1 – Graph creation:
2 Create a graph where buses are nodes and lines are edges
3 Get indexes of existing lines that are non-switchable
4 Get indexes of buses that are substations
5 Step 2 – Forbidden cycles:
6 Use DFS to find all cycles (closed paths) in the graph
7 Remove cycles with same edges
8 Remove duplicated cycles
9 Transform cycle information from nodes to edges (lines)

10 Filter out existing lines that are non-switchable
11 Get remaining rules of forbidden cycles
12 Step 3 – Forbidden paths:
13 Find all paths between pairs of substations using DFS
14 Transform paths information from nodes to edges (lines)
15 Filter out existing lines that are non-switchable
16 Get remaining rules of forbidden paths
17 Step 4 – Forbidden set creation:
18 Combine forbidden cycles and paths into a single set
19 Remove duplicates rules
20 Assign unique rule IDs to each forbidden pattern

4.5.2
Out-of-sample analysis

To compare the results that a case study would have if we consider the
operation based on the results from the decision-dependent model developed
here, it is necessary to compare it with the results obtained by a model that
does not consider this type of uncertainty. This model is constructed exactly
the same as the “with DDU” model, but considering parameter β as zero for
every line in every case, leaving the probability of failure only with the term γ

(named “without DDU” model). Therefore, the uncertainty is not affected by
any decisions made within the model.

After obtaining the results of each model (grid topology and invest-
ments), we perform an out-of-sample analysis using Monte Carlo simulation
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[71]. Considering the final grid topology, first, the regular operation of the dis-
tribution grid of each representative day is analyzed, and the power flow of
each line in each period t and each representative day r is calculated. With
this, we calculate the probability of failure of each line in each period t and
each representative day r. For both models, we calculate the probability of fail-
ure based on the definition made in expressions (3-50)–(3-51), with the same
value of β used in the model “with DDU”. Although in the construction of the
model’s ambiguity set, we only consider the failure associated with the power
flow at period 0, here we calculate individually the failure rate of each period
t. After that, we generated 2000 scenarios of failure following a Bernoulli trial
for the line states (1 in service; 0 otherwise) with the computed probabilities.
Once again, the operation of the case is evaluated in each scenario and the
deficit proportion of the entire demand is calculated. By doing this, we are
able to verify the impacts on the demand that would not be possible to deliver
if we made decisions without considering the DDU model. All the steps to
address this analysis are summarized in Algorithm 3.
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Algorithm 3: Out-of-sample analysis

1 Initialization:
2 Step 1 – Grid topology:
3 Solve problem with and without DDU
4 Store final topology configuration of each model (zr) for each r in R

5 Operation Analysis:
6 Step 2 – Probability of failure:
7 for each model do
8 for r in R do
9 Set a as vectors of 1 (no contingencies)

10 Get zr
11 Solve third-level Hr(zr, a)
12 Store power flow variables fpl,t,r for each period t and line l
13 Compute failure probability for each period t and line l:
14 µl,t,r = γl + βl,rw

β
l |f

p
l,t,r|

15 Step 3 – Scenario generation aω,l ∼ Bern(p):
16 for each model do
17 for ω in 1 : 2000 do
18 for t in T , l in L, r in R do
19 Sample x in X ∼ U(0, 1)
20 if x ≤ µl,t,r then
21 Set aω,l,t,r = 0
22 if x > µl,t,r then
23 Set aω,l,t,r = 1
24 Step 4 – Impact at each scenario:
25 for r in R do
26 Solve Hr(zr, aω,r) for each model and scenario ω
27 Store deficit variables
28 Compute deficit percentage of the demand
29 Step 5 – Results analysis:
30 Compare data from each model of each representative day r in R



5
Results

The proposed methodology is illustrated in this section with three case
studies. In all of them, we consider that a part of the grid is vulnerable to
the ignition of a wildfire, which can be influenced by the levels of power
flows passing through the line segments within the region. Furthermore, in the
numerical experiments, we assume K = 1 in expression (3-45) to characterize
the support setA. The first case study is based on a 54-bus distribution system,
whereas the second one comprises a 138-bus distribution system. The two
cases aim to analyze the methodology considering the operation of one hour
in one representative day, with no investment options. The third case study
is a 54-bus distribution system, but considering the operation of 24 hours,
in 3 different representatives days. In this last study, we consider investment
options. For replicability purposes, the input data can be downloaded from [72].
The solution algorithm for the model described in Chapter 3 was implemented
in Julia 1.9 and solved on a server with one Intel® Core® i7-10700K processor
@ 3.80GHz and 64 GB of RAM, using Gurobi 9.0.3. under JuMP.

5.1
Case 1: 54-bus system, 1 representative day

In the first case study, we analyze the operation of a 54-bus distribution
system (depicted in Fig. 5.1) based on the data provided in [73]. Here, we
consider only one representative day with one period, and no investment
options. The reason we do this is to first study the behavior of the model
considering the topology reconfiguration in a more simple problem. In this
system, there are 54 buses, from which 3 are substations (buses 51, 53, and 54).
The total demand of the system is 5400 kW for the single period of the single
representative day. Besides that, there are 11 switchable lines and 46 lines that
are non-switchable. In Fig. 5.1, the switchable lines are represented by blue
lines, where the dashed lines are initially open and the solid lines are initially
closed. To enforce radiality, we used a DFS algorithm to create forbidden rules
as explained in Chapter 4.5.1. The switching action cost is $100 and the energy
price is 0.01 $/kWh. The weights parameters of the master function were used
as 1 for both w1 and w2.

We consider an event of adverse climate conditions approaching that
includes extreme dry weather and consistent wind speed at the southeast region
of the grid (lines 6, 7, 8, 9, 10, 12, 13, 36, 37, 43, 45, 46, 47, and 52). This
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Figure 5.1: Case 1 distribution system.

unusual environmental condition in this area is expressed with a higher value
for the β parameter in the failure probability expression (3-46). In each of
the aforementioned lines, we consider an increase of 3% in its probability of
failure for each 0.01 pu (100kW) of scheduled active power flow (β = 300%).
The remaining lines outside this critical region have an increase of only 10−4%
in their probabilities of failure per 0.01 pu of scheduled active power flow
(β = 0.01%). We also consider that every line has a nominal rate of failure
equal to 0.4 failures per year. Using the exponential probability distribution
(5-1), this rate of failure translates into a failure probability of 0.12% (γ) for
each line in the next 24 hours.

FailureProb = 1− e( −1
1/F ailureRate

) (5-1)

We consider in this first study three possible modeling structures to
determine the status of switchable lines. In the first one, hereinafter referred to
as “without DDU”, the operator ignores the decision-dependent influence of
line flows and probabilities of failures in the modeling and, therefore, only
considers the nominal probabilities previously described (β = 0). In the
second one, hereinafter referred to as “with DDU”, the operator explicitly
considers the aforementioned increase in failure probability corresponding to
line usage according to (3-46). In the third one, hereinafter referred to as “with
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DDU+WU”, decision-dependency is considered exactly as in the “with DDU”
case but the cutting planes of the “without DDU” case are included in the
master problem since the beginning of the execution of the solution algorithm.
This reuse of cutting planes works as a warm-up phase and can help the model
to achieve the same solution of the “with DDU” method in less time.

The resulting topology statuses for every model considered are depicted
in Table 5.1, where 1 means a line is closed and 0 means a line is open. As
expected, when DDU is ignored there is no incentive to change the status of
any line. Nonetheless, when DDU is considered, six lines have their statuses
changed.

Table 5.1: Case 1 topology results (1 for closed and 0 for open)

Switchable Lines
3 5 9 13 17 19 27 34 37 47 52

W/out DDU 1 1 0 0 0 0 0 0 1 1 1
With DDU 1 0 0 0 1 1 0 1 1 0 0

With DDU+WU 1 0 0 0 1 1 0 1 1 0 0

In a simplified representation, Figure 5.2a shows how the grid would be if
no switching actions were performed, same result as the “without DDU” case.
In this configuration, the demand of the buses inside the red area (wildfire-
prone environment) is mostly being supplied by substations 53 and 51. Figure
5.2b shows the configuration of the grid when the switching actions proposed
by the “with DDU” model are performed. In this case, most of the grid demand
is supplied by substation 54.

51

54

53

L52

L47

L5

L37

L3

(a) Without DDU

51

54

53

L17

L34

L19

L3

L37

(b) With DDU

Figure 5.2: Case 1 simplified diagram of topology reconfiguration results. The
left figure (a) represents the solution for the case “without DDU”, where no
switching actions were performed. The right figure (b) represents the solution
for the case “with DDU”, where lines 17, 19, and 34 were closed and lines 5,
47, and 52 were opened.
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This change of topology incurs a reduction of the average power flow
of lines across the system, as seen in Fig. 5.3. This reduction occurs since
by recognizing that the power flows through the lines inside a wildfire-prone
environment can increase failure probabilities, the proposed methodology
better distributes the power flow level across all line segments of the system
while minimizing the system’s loss of load. By considering the information
about which lines are inside an area that is vulnerable to wildfires, the proposed
methodology is able to strategically decrease power flow levels in this area, and
increase power flow levels in safer areas to compensate the demand supply (see
Fig. 5.3).

Figure 5.3: Case 1 power flows results for the solutions without and with DDU.

Considering the operation of the grid in this single representative day,
the cost would be $54 for the “without DDU” case, and $654 for the “with
DDU” solution. This last cost includes not only the cost of feeding loads but
also the cost of performing 6 switching actions. The “with DDU+WU” solution
results in exactly the same costs and topology decisions as the “with DDU”
solution. The solutions “without DDU”, “with DDU”, and “with DDU+WU”,
were obtained in 2.3, 3.7, and 1.2 minutes, respectively. While the master
problem of the “with DDU” case had 961 continuous variables and 570 binary
variables, the master problem for the “without DDU” case had 505 continuous
variables and 228 binary variables. For both models, the subproblem had 1,797
continuous variables and 57 binary variables.

5.1.1
Out-of-sample analysis

To compare the performance of both solutions, “without DDU” and “with
DDU”, we conduct the out-of-sample analysis as shown in Chapter 4.5.2. The
average loss of load (% of total demand) for the solutions “without DDU” and
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“with DDU” are 44.21% and 0.68%, respectively. In addition, the CVaR95% of
loss of load (% of total demand) for the solutions “without DDU” and “with
DDU” are 58.20% and 9.06%, respectively. Moreover, according to Fig. 5.4,
the solution “with DDU” has 83% probability to incur in null loss of load and
96% probability of resulting in up to 2% of loss of load, whereas the solution
“without DDU” has 98% probability to incur in any loss of load and 93%
probability to result in more than 30% of loss of load.

Figure 5.4: Case 1 out-of-sample inverse cumulative distribution of the system
loss of load for the solutions without and with DDU.

We note that the magnitude of the impact on loss of load probability
is rooted in the topology reconfiguration prescribed by the two cases under
analysis. More specifically, note from Fig. 5.2a that the cost-effective action
prescribed under the without DDU case is to feed customers using power mostly
from substation Bus 53, by keeping lines 47 and 52 closed, i.e., no switching
action is taken. Since the substation Bus 53 is in a wildfire-prone area, the
likelihood of line failure closely linked to feeding part of the system with power
coming from this feeding bus is high. This fact is due to the context and the
relatively higher power flow needed to feed almost the whole system. Therefore,
this topology reconfiguration potentially triggers the failure of important line
segments, magnifying the system loss of load for several operating conditions
(scenarios), and inducing the observed high loss of load probability. It should
be highlighted, nevertheless, that by appropriately taking into account wildfire-
prone conditions when prescribing the topology reconfiguration (the with DDU
case), the same performance metric was significantly improved for the same
system and context conditions. In fact, the topology reconfiguration prescribed
under the with DDU case is to feed customers using power mostly from
substation Bus 54, located in an area without critical wildfire conditions (as
shown in Fig. 5.2b). This proposed reconfiguration is constituted by opening
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lines 5, 47, and 52 and closing lines 17, 19, and 34. Therefore, we argue that
our proposed methodology can properly recognize the appropriate switching
actions that are needed to significantly decrease the risk of loss of load within
a decision-dependent uncertainty framework.

5.2
Case 2: 138-bus system, 1 representative day

The second case study considers a 138-bus distribution system (Fig. 5.5),
also adapted from the data provided in [73]. This study was made to evaluate
the benefits and effectiveness of the proposed methodology in larger and more
complex systems. Besides that, we evaluate the sensitivity of the β parameter.
In this system, there are 3 substations, 138 buses, and 142 lines, from which 12
are switchable. As in the first case study, we consider only one representative
day with a single period operation and no investment options. The total
demand of the system is 56,900 kW and the energy price is 0.20 $/kWh. We
consider a penalty of 2 $/kWh for loss and surplus of both active and reactive
power, and each switching action costs $200. The DFS algorithm is used to
identify the 12 rules that avoid the simultaneous activation of line segments
and result in the formation of cycles within the network. All branches have a
nominal rate of failure equal to 0.15 per year and, analogously to Subsection
5.1, this rate of failure translates into a 0.0411% of failure probability (γ) for
each line in the next 24 hours using the exponential probability distribution.
Furthermore, the northwest part of the system is more likely to initiate a
wildfire. This area of the grid includes lines 1–5 and 17–24. As showed in the
first case study (Subsection 5.1), the model with the DDU can be helped by
the inclusion of the warm-up phase with the cutting planes from the model
without DDU, providing the same solution in a shorter time. As we increase
the complexity of the case studies, hereinafter the results we show for the DDU
model are already considering the warm-up phase.

In this numerical experiment, we conduct a sensitivity analysis of the
impact of the β parameter in the solution by running the model “with DDU”
27 times, considering different values for β in the mentioned area. The range
of the chosen values is defined considering the maximum failure probability
(γ+βF ). This probability indicates how likely a line failure is to happen if the
power flow in the feeder is at its maximum capacity. Given that, we choose β
values for the lines in the wildfire area considering β ×F to range from 1% to
2% by 0.1%, from 2% to 10% by 1%, and from 10% to 90% by 10%. All the
lines from outside the wildfire-prone area are assumed to have a β×F as 0.1%
in all cases.
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Figure 5.5: Case 2 distribution system.

The main results are depicted in Table 5.2, where, for expository pur-
poses, only the results for 8 cases are shown. These cases of maximum failure
probability are important as they resulted in an operation change in terms
of switching actions, for example, the cases between 1.1% and 1.8% resulted
in the same switching decision, and so on. The first line shows the maximum
failure probability, and the second the switching actions performed in each
case. Next, the master objective function costs are shown, with the respective
terms presented in the master function: Cd as the cost of prior operating point
deficit/surplus at t = 0; Ce as the worst expected cost of the multiperiod oper-
ation; Cs as the switching actions costs; Ci as the line investments costs; and
Ch as the hardening investments costs. Finally, the computing time of each
case is presented in minutes.

As depicted in Table 5.2, as the value of β increases (maximum failure
probability), the line risk of failure also increases, thus the solution is to change
the grid by switching some strategical lines. By changing the grid topology, the
model decreases the power flow in critical lines (inside the wildfire-prone area),
decreasing the risk of failure associated with β. The four possible topology
configurations are depicted in Figure 5.6. Figure 5.6a shows the simplified
diagram of the grid configuration result for the cases with maximum line failure
probability between 0% and 1%. In this topology, substation 136 is being used
to provide energy for the branches that start in lines 2 and 18. Figure 5.6b
shows the topology for the cases with maximum line failure probability between
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1.1% and 1.8%. Now, by switching lines 30 and 138, part of the branch that
started in line 18 is being supplied by substation 138. Figure 5.6c shows the
topology for the cases with maximum line failure probability between 1.9%
and 3%, where by additionally switching lines 2 and 136, all the branches that
started in line 2 is being supplied by substation 137. Figure 5.6d shows the
topology for the cases with maximum line failure probability between 4% and
90%, where by additionally switching lines 18 and 137, both branches that
started in lines 2 and 18 are totally being energized by substations 137 and
138.

This change of configuration can be understood also by looking at the cost
terms of the objective function. As we increase the level of β, the worst-case
expected value of post-contingency operation cost increases until it is worth
performing switching actions. For instance, in the cases where only 4 lines
are switched, between 1.9% and 3%, the worst-case expected value increases
up to $12,543. At 4%, it is more economically viable to afford further two
switching actions and have a lower worst-case expected value. Therefore, as
we increase the influence of the power flow levels through some line segments
on their corresponding failure probabilities, the proposed methodology is able
to recognize the impact and perform the appropriate switching actions, yielding
more risk-averse solutions. These switching actions are intended to decrease
the power flows through the most vulnerable line segments, which, as a
consequence, results in dramatically lower metrics of average and CVaR95%

of loss of load as can be seen in our further discussion out-of-sample analysis.
These lower levels of loss of load can be translated into avoiding large costs for

Table 5.2: Case 2 main results
Without

DDU
With
DDUa

Max.
failure

prob.
0.0% 1.0% 1.1% 1.8% 1.9% 3% 4% 90%

Sw. actions
(line index)

- - 30; 138 30; 138 2; 30;
136; 138

2; 30;
136; 138

2; 18;
30; 136;
137; 138

2; 18;
30; 136;
137; 138

Master
($) 11,721 12,721 12,802 13,126 13,154 13,343 13,463 14,792

Cd 0 0 0 0 0 0 0 0
Ce 11,721 12,721 12,402 12,726 12,354 12,543 12,263 13,592
Cs 0 0 400 400 800 800 1,200 1,200
Ci 0 0 0 0 0 0 0 0
Ch 0 0 0 0 0 0 0 0

Time
(min) 7.3 2.7 4.2 7.5 9.1 11.0 11.6 13.9

a The results shown for the “with DDU” model considered the warm-up phase reusing the “without DDU”
cutting planes, therefore, the real elapsed time for the “with DDU” model should add the “without DDU”
elapsed time.
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not serving the demand, which is an economic benefit of our methodology.
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Figure 5.6: Simplified diagram for topology reconfiguration results of case 2.
In Figure (a) no switching action was performed, in Figure (b) lines 30 and
138 were switched, in Figure (c) lines 2, 30, 136, and 138 were switched, and
in Figure (d) lines 2, 18, 30, 136, 137, and 138 were switched.

In general, the solution time of each case also increases with the β
levels, reaching a maximum elapsed time of roughly 14 minutes. Essentially,
when decision-dependent uncertainty is neglected (β = 0 for all lines),
the impact of power flow levels on failure probabilities is not considered.
Therefore, the switching decisions are the only first-stage decision variables
to influence the outcome of the worst-case expected value of post-contingency
costs. With β = 0 for all lines, γ is the only remaining parameter in the
line failure probability affine function, defined in expression (3-46). Since in
our case studies, we consider γ as a low routine failure probability for all
lines, different first-stage switching decisions lead to the same outcome of
the worst-case expected value of post-contingency costs when β = 0. The
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solution algorithm can then efficiently recognize that no switching decision
would decrease the worst-case expected value of post-contingency costs and,
since switching decisions have an associated cost, switching is not performed.
It is worth mentioning that switching actions only take place when the
decrease in the worst-case expected value of post-contingency costs offsets
the switching costs. On the other hand, when we consider that power flow
levels can impact line failure probabilities (β ≥ 0), the solution algorithm
needs more information from the subproblem to better describe in the master
problem how the worst-case expected value of post-contingency costs could
decrease depending on the first-stage switching actions. In this case, different
combinations of switching actions can decrease the worst-case expected value
of post-contingency costs. Consequently, the solution algorithm needs more
iterations to determine the least-cost combination of switching actions that
can lead to the highest decrease in the worst-case expected value of post-
contingency costs. Moreover, the impact of power flow levels on line failure
probabilities increases as we consider higher values of β, which prompts the
solution algorithm to usually require more time to approximate the worst-
case expected value of post-contingency costs so as to identify the optimal
combination of switching actions.

While the master problem of the “with DDU” case had 3,253 continuous
variables and 2,272 binary variables, the master problem for the “without
DDU” case had 1,265 continuous variables and 568 binary variables. For
both models, the subproblem had 4,505 continuous variables and 142 binary
variables.

5.2.1
Out-of-sample analysis

In this 138-bus system, we consider the results of using each parameter
β. Firstly, in Fig. 5.7, we showcase the average load shedding for the out-of-
sample analysis for a few levels of maximum failure probability (γ+βF ). Note
that, as the environmental conditions for a wildfire worsen, the impact of the
average loss of load when disregarding the DDU increases significantly. For
instance, for a maximum failure probability of 90%, the average loss of load
would be roughly 23% of total demand if no actions were considered (“without
DDU”), while it would be roughly 1% if the actions suggested by the DDU
model were implemented. Furthermore, Fig. 5.8 depicts a similar analysis, but
highlighting the associated CVaR95% level. Note that, for the setup “without
DDU”, a value between 20% and 30% in loss of load (in % of total demand)
can be observed in the most critical scenarios. On the other hand, the system
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topology prescribed by the “with DDU” setup significantly mitigates the load
shedding occurrence and, consequently, the system operation cost. Considering
once more the maximum failure probability of 90%, the average cost in the
“without DDU” setup is around $26,000 (Fig. 5.7). This value is even higher
than the expected cost of around $13,000 in the 5% worst-valued scenarios
(CVaR95%) when prescribing the “with DDU” setup (Fig. 5.8).

Figure 5.7: Case 2 average loss of load (% total demand) in the out-of-sample
analysis for the solution setup with DDU and without DDU for different levels
of maximum failure probability.

Figure 5.8: Case 2 CVaR95% loss of load (% total demand) in the out-of-sample
analysis for the solution setup with DDU and without DDU for different levels
of maximum failure probability.
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5.3
Case 3: 54-bus system, 3 representative days

The last case study aims to illustrate the full potential of the methodology
we propose. We use the same grid as in the first case study (Section 5.1), a
distribution system with 54 buses and 57 lines. In this case, only lines 13, 17,
47, and 52 are already switchable. Existing lines 3, 5, and 37 need an additional
investment to become switchable, and lines 9, 19, 27, and 34 are candidate lines
that needs an additional investment to be constructed. In this case example,
candidate lines become switchable lines if they are created. Besides that, lines
10, 11, and 12 have the option of hardening investment 1, and lines 11, 12, 22,
and 24 have the option of hardening investment 2. While hardening investment
1 can reduce the failure probability by 50%, hardening option 2 can reduce the
failure probability by 100%. This grid configuration can be seen in Figure 5.9.
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Figure 5.9: Case 3 distribution system.

In this case study we consider 3 different representative days in the
problem formulation. Each of these days considers different demands and
different wildfire area-prone environment inputs. The demand for each day
is hourly accounted for, with 24 periods. The demand profile was constructed
based on the first case study, but adapting the profile of the total demand
considering the CAISO profile for days 05-jan-2022, 05-may-2022, and 05-sep-
2022, for days 1, 2, and 3, respectively. We chose the prior operating point
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(t = 0) considering the hour with the highest demand in each day. While the
peak demand on days 1 and 3 was at 7 pm, on day 2 the peak was at 9 pm.
The total demand profile of the system for each day can be seen in Figure 5.10.

Figure 5.10: Case 3 total demand profile of each representative day.

The wildfire risk conditions are different for each representative day. In
representative day 1, it is expected extreme weather conditions in the southwest
part of the grid (lines 21, 22, 25, 26, 51, 53, and 55) that highly affect the failure
probability of the lines inside this area. East from this part of the grid, it is
expected a more mild weather condition (lines 13, 43, 45, 46, 47, and 52), that
although affects line failure probability, has a lower intensity. For the first area
we chose a β that would represent a maximum failure probability (γ + βF )
of 50%, while in the second area, the β chosen represents a maximum failure
probability of 10%. All the other lines outside these areas were considered to
have a minimum β parameter for a maximum failure probability of 0.003%.
These different wildfire-prone areas can be seen in the simplified diagram in
Fig. 5.11a, where the dark red shade represents the more extreme weather
condition. In the representative day 2, depicted in Fig. 5.11b, an extreme
weather condition is expected in the southeast part of the grid (lines 6, 7, 8,
9, 10, 12, 13, 36, 37, 43, 45, 46, 47, and 52). In the lines inside of this area,
the β parameter was also chosen considering a maximum failure probability of
50%. Finally, the representative day 3 has a wildfire area only in part of the
grid (lines 6, 7, 8, 9, 10, 12, 36, and 37), as depicted in Fig. 5.11c. In this part,
we chose a β that would represent a maximum failure probability of 70%.
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Figure 5.11: Simplified diagram of wildfire-prone area in each representative
day of case 3.

The cost for creating a new line was considered to be $10,000, the cost
for turning a regular line to be switchable $1,000, and the switching action
cost $100. The investment cost for the hardening option 1 was considered to
be $1,000, while for the hardening option 2, $100,000. The energy price is
0.01 $/kWh. We considered each representative day with the same weight in a
typical year, where the weights parameters of the master function were chosen
to be 2920 for both w1 and w2. This value represents the hours in a year that
each day represents. All other parameters were used the same as in case 1.

The main results can be seen in Table 5.3. The first column shows the
results for the model without DDU and the second for the model with DDU.
The last column shows the result for the model with DDU but locking all the
switching and investment binary variables to be zero.

In the model without DDU, no investment or switching action was made,
as there is no incentive to change the topology. The model with DDU returns
a solution with investments for creating lines 19 and 34, and turning line 5
to be switchable. These investments allow the model to change the topology
differently for each day. Hardening investments were made only in the model
with DDU, where line 10 had the hardening investment 1, and lines 12 and
22 had the investment 2. When we analyze the cost functions of the master
problem for the models with DDU, we can see that the expected cost of the
post-contingency operation (Ce) reduces drastically when we allow the model
to invest and perform switching actions. In this case, the reduction is from
$78,805,000 to $5,532,000. The cost for line investments and switching actions
is lower than this difference, and therefore, the model prefers to pay for these
actions than to have a high expected cost for the second-level. The expected
cost for the case without DDU is lower since the model ignores the decision
dependency of the failure. Besides that, as lines 19 and 34 were created in the
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Table 5.3: Case 3 main results

W/out DDU With DDU With DDU a

New lines - 19; 34 -
New switchable lines - 5 -

Sw. actions
(line index)

Day 1 - 17; 19; 47; 52 -
Day 2 - 5; 17; 19; 34; 47; 52 -
Day 3 - 5; 34 -

Hardening
investments

1 - 10 -
2 - 12; 22 -

Master ($K) 2,781 8,090 78,805
Cd 0 0 0
Ce 2,781 5,532 78,805
Cs 0 2,336 0
Ci 0 21 0
Ch 0 201 0

Time (min) 23.0 43.3 b 20.3
a The results for this case were obtained locking all y variables to be zero, i.e., no

switching actions and investments were allowed to be performed.
b The results shown for the “with DDU” considered the warm-up phase reusing

the “without DDU” cutting planes, therefore, the real elapsed time for the “with
DDU” model should add the “without DDU” elapsed time.

model with DDU, no switching costs were considered for both lines. Therefore,
the total switching costs (Cs) considered 3 switching actions for day 1, 4 actions
for day 2, and 1 action for day 3. With a cost of $100 per switching action
and a weight w2 = 2920, the total cost for the switching actions in the master
objective function is $2,336 thousand. Lines investments cost in total $21,000,
where $20,000 is for the creation of two lines and $1,000 for turning line 5
to be switchable. Finally, the hardening investment cost (Ch) accounts for
$1,000 for hardening line 10 with option 1 and $200,000 for hardening lines
12 and 22 with option 2. The elapsed time for the case without DDU is 23
minutes, and for the case with DDU is 43.3 minutes. In the “with DDU” case
shown in this section the warm-up phase is considered, and therefore, the
elapsed time for the “with DDU” case should add the time necessary to run
the case “without DDU”. While the master problem of the “with DDU” case
had 3,225 continuous variables and 1,296 binary variables, the master problem
for the “without DDU” case had 1,515 continuous variables and 570 binary
variables. For both models, the subproblem of each representative day had
43,128 continuous variables and 57 binary variables.

The topology reconfiguration results can be better seen in the simplified
diagrams in Fig. 5.12 for each representative day and for each model. In these
figures, lines that were not created or were not turned on are not shown. As in
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the “without DDU” case no investments were made, and lines 9, 19, 34, and 27,
were not created, so they are not shown in Figures 5.12a–5.12c. Lines 3, 5, and
37 did not turn to be switchable in this case, and they are shown in solid black
lines in Figures 5.12a–5.12c. In the “with DDU” model, as line 5 were turned
to be switchable and lines 19 and 34 were created, they are shown in solid blue
line when they are turned on. In the topology configuration for day 1, if no
switching action is performed (Fig. 5.12a), the buses inside the wildfire-prone
area are entirely supplied by bus 53. If the “with DDU” switching action is
performed (Fig. 5.12d), these buses have their energy supplied by bus 54. In
this configuration, these buses are at the end of their branches, which helps in
reducing the power flow of the lines inside this red area. For day 2, a similar
result as in Case 1 can be seen, the buses inside the wildfire-prone area that
were mostly being supplied by bus 53 (Fig. 5.12b), are now being supplied
mostly by bus 54 (Fig. 5.12e). For day 3, as the wildfire-prone area changes
in location and intensity, only two switching actions are necessary (lines 5
and 34). With these actions, part of the buses in the red area that was being
supplied by bus 51 (Fig. 5.12c), is now being supplied by bus 54 (Fig. 5.12f).
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Figure 5.12: Simplified diagram for topology reconfiguration results of each
representative day of case 3.

In Figure 5.12 it can also be seen the lines that received investment to be
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hardened, line 10 with hardening action 1, and lines 12 and 22 with hardening
action 2. Line 22 is inside the wildfire-prone area in the first representative day
(Fig. 5.12d), and lines 10 and 12 are both inside the wildfire-prone areas for
days 2 and 3 (Fig. 5.12e and 5.12f). As explained before, hardening investments
are decided in the first-stage of the problem and therefore are the same for all
the representative days considered.

5.3.1
Out-of-sample analysis

Similar to cases 1 and 2, in this last case, we also perform an out-of-
sample analysis following Algorithm 3. We evaluate the performance of the
solutions “without DDU” and “with DDU” in terms of loss of active load for
each representative day r. In this case, the analysis is made not only considering
the topology change but also considering the hardening investments that
directly affect line unavailability uncertainty construction. The average loss
of load for each day as well as the CVaR95% of loss of load can be seen in Table
5.4. It is clear that as we consider the investments and topology reconfiguration
of the “with DDU” model, we decrease the probability of having a loss of load.
In day 2 for example, there is a reduction from 24% of loss of load if no action
was taken against only 1% of loss of load if the actions from the DDU model
were taken. This reduction can be perceived in all days and also evaluating
the loss of load in terms of CVaR95%.

Table 5.4: Case 3 out-of-sample analysis results

W/out DDU With DDU

Average loss of active load
(% of demand)

Day 1 11 1
Day 2 24 1
Day 3 7 1

CVaR95% loss of active load
(% of demand)

Day 1 17 3
Day 2 31 3
Day 3 10 3

The complete out-of-sample results can be seen for each day in Fig. 5.13
through the inverse cumulative distribution of the system loss of load. We
can perceive that the loss of load in this case is in general lower than the
first case study (see 5.4). This is due to the fact that the ambiguity set that
defines the uncertainty probability is constructed using the peak demand. In
the out-of-sample analysis, we calculate the line unavailability considering the
power flow for each hour. As the hours outside the peak hour usually had
lower power flows, the total loss of load in the whole period can be reduced.



Chapter 5. Results 78

Although when we operate more than one hour, like in this third case study, the
benefits of using the case with DDU are reduced, it is still more reliable than
the solution of the model that ignores the decision-dependency nature of this
type of uncertainty. Besides that, in this case study, lower failure probability
values for β were chosen to be lower.

(a) Representative day 1

(b) Representative day 2

(c) Representative day 3

Figure 5.13: Case 3 out-of-sample inverse cumulative distribution of the system
loss of load for the solutions without and with DDU.
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Conclusion

This dissertation proposes a novel methodology to better plan the
operation of distribution systems considering wildfire-prone environments. We
acknowledge that the likelihood of a line failing is dependent on its power
flow levels. Because of that, we leverage a decision-dependent uncertainty
framework to characterize this aspect. In this framework, the model can
properly prescribe optimal switching actions to decrease power flow values
of lines inside areas with extreme weather conditions. Besides that, the model
can decide for line investments that increase the grid’s topology flexibility and
for hardening investments that decrease the dependency of failure probability
with the power flow levels.

Three numerical experiments were conducted to illustrate the effective-
ness of the proposed methodology. We compared the results of the model we
propose with a model that ignores this decision-dependency aspect. The first
case study presented how the model works regarding the topology configura-
tion aspect. The second case study proved that the model could be used in
a grid with more buses and lines, and presented a sensitivity test for β, the
parameter that represents the wildfire-prone weather conditions. The last case
study aimed to demonstrate the interaction between the topology decisions
and the investment options. In this case, we also tested the capability of the
model to work with 3 representative days and a multiperiod operation. In gen-
eral, the results demonstrated that by considering the wildfire information in
the way constructed by our model, we can reduce the risk of failure and there-
fore the expected loss of load. We can extrapolate this analysis and claim that
this would lead to less wildfire disruption caused by power lines.

This line of research can be enhanced or adapted in different aspects. For
future work, the following topics can be evaluated:

1. Test the model in a case study with a more realistic grid. More represen-
tative cost values and a better representation of the extreme weather con-
ditions can also be addressed. With bigger grids, heuristics approaches
can be developed to decrease the computational time;

2. Adapt the framework to different topological conditions such as distri-
bution systems operated as meshed networks and transmission systems;

3. Model the switching actions as recourse decisions and correlated cascad-
ing failures;
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4. Consider the operation of batteries and DERs for microgrid formation;

5. Consider other ways to linearize the problem. The binary expansion ap-
proach increased significantly the number of binary variables needed,
which increased the computational burden. Approaches such as Mc-
Cormick envelopes can be evaluated in this framework;

6. Investigate other ways to construct the ambiguity set. We modeled the
line failure probability of the whole multiperiod operation based on a
single period, which can be unsuitable for some cases.
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b,0,r

)

+
∑
l∈L

(
γl,0,rψl,r + βl,0,rχl,0,r

)
−

∑
l∈Lha

(
βl,0,r

∑
h∈Hl

whal,hρ
ha
l,0,r,h

)

+ φr

w1
r +

 ∑
l∈Lsw

Csw
l yswl,r

w2
r


+

∑
l∈Lsw,c

Csw,in
l ysw,inl +

∑
l∈Lc

Cin
l y

in
l +

∑
l∈Lha

∑
h∈Hl

Cha
l,h y

ha
l,h (A-1)

subject to:

pb,0,r +
∑

l∈L|to(l)=b
fpl,0,r −

∑
l∈L|fr(l)=b

fpl,0,r −D
p
b,0,r −∆Dp+

b,0,r + ∆Dp−
b,0,r = 0;

∀b ∈ N sub, r ∈ R (A-2)
qb,0,r +

∑
l∈L|to(l)=b

f ql,0,r −
∑

l∈L|fr(l)=b
f ql,0,r − tan(arccos(PFb))Dp

b,0,r

−∆Dq+
b,0,r + ∆Dq−

b,0,r = 0;∀b ∈ N sub, r ∈ R (A-3)∑
l∈L|to(l)=b

fpl,0,r −
∑

l∈L|fr(l)=b
fpl,0,r −D

p
b,0,r −∆Dp+

b,0,r + ∆Dp−
b,0,r = 0;

∀b ∈ N \ N sub, r ∈ R (A-4)∑
l∈L|to(l)=b

f ql,0,r −
∑

l∈L|fr(l)=b
f ql,0,r − tan(arccos(PFb))Dp

b,0,r

−∆Dq+
b,0,r + ∆Dq−

b,0,r = 0;∀b ∈ N \ N sub, r ∈ R (A-5)
v†
to(l),0,r − v

†
fr(l),0,r + 2(Rlf

p
l,0,r +Xlf

q
l,0,r) ≤ (1− zl,r)M ;∀l ∈ L, r ∈ R (A-6)

v†
fr(l),0,r − v

†
to(l),0,r − 2(Rlf

p
l,0,r +Xlf

q
l,0,r) ≤ (1− zl,r)M ;∀l ∈ L, r ∈ R (A-7)

f ql,0,r − cot
((1

2 − e
)
π

4

)(
fpl,0,r − cos

(
e
π

4

)
F l

)
− sin

(
e
π

4

)
F l ≤ 0;

∀l ∈ L, e ∈ {1, . . . , 4}, r ∈ R (A-8)

− f ql,0,r − cot
((1

2 − e
)
π

4

)(
fpl,0,r − cos

(
e
π

4

)
F l

)
− sin

(
e
π

4

)
F l ≤ 0;

∀l ∈ L, e ∈ {1, . . . , 4}, r ∈ R (A-9)
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0 ≤ pb,0,r ≤ P b;∀b ∈ N sub, r ∈ R (A-10)
Q
b
≤ qb,0,r ≤ Qb; ∀b ∈ N sub, r ∈ R (A-11)

V 2
b ≤ v†

b,0,r ≤ V
2
b ; ∀b ∈ N \ N sub, r ∈ R (A-12)

v†
b,0,r = V ref2 ; ∀b ∈ N sub, r ∈ R (A-13)
− zl,rF l ≤ fpl,0,r ≤ zl,rF l; ∀l ∈ L, r ∈ R (A-14)
− zl,rF l ≤ f ql,0,r ≤ zl,rF l; ∀l ∈ L, r ∈ R (A-15)
0 ≤ ∆Dp+

b,0,r ≤ Dp
b,0,r; ∀b ∈ N , r ∈ R (A-16)

0 ≤ ∆Dp−
b,0,r ≤ Dp

b,0,r; ∀b ∈ N , r ∈ R (A-17)
0 ≤ ∆Dq+

b,0,r ≤ tan(arccos(PFb))Dp
b,0,r;∀b ∈ N , r ∈ R (A-18)

0 ≤ ∆Dq−
b,0,r ≤ tan(arccos(PFb))Dp

b,0,r;∀b ∈ N , r ∈ R (A-19)
yswl,r = 0;∀l ∈ L \ Lsw, r ∈ R (A-20)
ysw,inl = 0;∀l ∈ (Lsw,e) ∪ (L \ Lsw) (A-21)
yinl = 0;∀l ∈ Le (A-22)
zl,r = 1;∀l ∈ Le \ Lsw, r ∈ R (A-23)
yswl,r ≤ ysw,inl ;∀l ∈ Lsw,c, r ∈ R (A-24)
ysw,inl ≤ yinl ;∀l ∈ (Lc) ∩ (Lsw,c) (A-25)
yswl,r ≥ +zl,r − zinitl,r ; ∀l ∈ Le, r ∈ R (A-26)
yswl,r ≥ −zl,r + zinitl,r ; ∀l ∈ Le, r ∈ R (A-27)
yinl − y

sw,in
l ≤ zl,r;∀l ∈ Lc \ Lsw,e, r ∈ R (A-28)

zl,r ≤ yinl ; ∀l ∈ Lc, r ∈ R (A-29)∑
l∈Lforb

k

zl,r ≤ |Lforbk | − 1;∀k ∈ Kforb, r ∈ R (A-30)

zl,r, y
sw
l,r ∈ {0, 1}; ∀l ∈ L, r ∈ R (A-31)

ysw,inl , yinl ∈ {0, 1};∀l ∈ L (A-32)∑
h∈Hl

yhal,h ≤ 1;∀l ∈ Lha (A-33)

yhal,h ∈ {0, 1}; ∀h ∈ Hl, l ∈ Lha (A-34)
ψl,r ≥ 0;∀l = {1, . . . , 2|L|}, r ∈ R (A-35)
φr ∈ R;∀r ∈ R (A-36)
fpl,0,r = fp+

l,0,r − f
p−
l,0,r;∀l ∈ L, r ∈ R (A-37)

0 ≤ fp+
l,0,r ≤ F lξl,0,r;∀l ∈ L, r ∈ R (A-38)

0 ≤ fp−
l,0,r ≤ F l(1− ξl,0,r);∀l ∈ L, r ∈ R (A-39)

fp+
l,0,r + fp−

l,0,r = s
El∑
e=1

(
2e−1δl,0,e,r

)
; ∀l ∈ L, r ∈ R (A-40)
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χl,0,r = s
El∑
e=1

(
2e−1ρl,0,e,r

)
;∀l ∈ L, r ∈ R (A-41)

− (1− δl,0,e,r)M ≤ ψl,r − ρl,0,e,r ≤ (1− δl,0,e,r)M ;
∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (A-42)

− δl,0,e,rM ≤ ρl,0,e,r ≤ δl,0,e,rM ;∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (A-43)
− (1− yhal,h)M ≤ χl,0,r − ρhal,0,r,h ≤ (1− yhal,h)M ;

∀l ∈ Lha, r ∈ R, h ∈ Hl (A-44)
− yhal,hM ≤ ρhal,0,r,h ≤ yhal,hM ;∀l ∈ Lha, r ∈ R, h ∈ Hl (A-45)
ξl,0,r ∈ {0, 1}; ∀l ∈ L, r ∈ R (A-46)
δl,0,e,r ∈ {0, 1};∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (A-47)
χl,0,r ∈ R;∀l ∈ L, r ∈ R (A-48)
ρl,0,e,r ∈ R; ∀l ∈ L, e ∈ {1, · · · , El}, r ∈ R (A-49)
ρhal,0,r,h ∈ R; ∀l ∈ Lha, r ∈ R, h ∈ Hl (A-50)
φr ≥ Cutting Plane(j)

r ;∀j ∈ J ,∀r ∈ R (A-51)∑
l∈L

(
γl,0,rψl,r + βl,0,rχl,0,r

)
−

∑
l∈Lha

(
βl,0,r

∑
h∈Hl

whal,hρ
ha
l,0,r,h

)
+ φr ≥ 0;

∀r ∈ R (A-52)



B
Subproblem complete formulation

Maximize
η1

b,t,r,η
2
b,t,r,η

3
b,t,r,η

4
b,t,r,η

5
l,t,r,η

6
l,t,r,η

7
l,e,t,r,

η8
l,e,t,r,η

9
b,t,r,η

10
b,t,r,η

11
b,t,r,η

12
b,t,r,η

13
b,t,r,η

14
b,t,r,

η15
b,t,r,η

16
l,t,r,η

17
l,t,r,η

18
l,t,r,η

19
l,t,r,η

20
b,t,r,η

21
b,t,r,

η22
b,t,r,η

23
b,t,r,η

24
b,t,r,η

25
b,t,r,η

26
b,t,r,η

27
b,t,r,a

λ5
l,t,r,λ

6
l,t,r,λ

16
l,t,r,λ

17
l,t,r,λ

18
l,t,r,λ

19
l,t,r∑

t∈T

∑
b∈N sub

(
−Dp

b,t,rη
1
b,t,r − tan (arccos (PFb))Dp

b,t,rη
2
b,t,r

− P bη
10
b,t,r +Q

b
η11
b,t,r −Qbη

12
b,t,r − V ref2

η15
b,t,r

−Dp
b,t,rη

21
b,t,r −D

p
b,t,rη

23
b,t,r − tan(arccos(PFb))Dp

b,t,rη
25
b,t,r

− tan(arccos(PFb))Dp
b,t,rη

27
b,t,r

)
+
∑
t∈T

∑
b∈N \N sub

(
−Dp

b,t,rη
3
b,t,r − tan (arccos (PFb))Dp

b,t,rη
4
b,t,r

+ V 2
bη

13
b,t,r − V

2
bη

14
b,t,r −D

p
b,t,rη

21
b,t,r −D

p
b,t,rη

23
b,t,r

− tan(arccos(PFb))Dp
b,t,rη

25
b,t,r

− tan(arccos(PFb))Dp
b,t,rη

27
b,t,r

)

+
∑
t∈T

∑
l∈L

− ((1− al,r)M + (1− zl,r)M)η5
l,t,r

− ((1− al,r)M + (1− zl,r)M)η6
l,t,r

+
∑

e∈{1,2,3,4}

F l

(
cot

(
(1/2− e)(π/4)

)
cos

(
e(π/4)

)

− sin
(
e(π/4)

))
(η7
l,e,t,r + η8

l,e,t,r)


− zl,ral,rF l(η16
l,t,r + η17

l,t,r + η18
l,t,r + η19

l,t,r)


−
∑
l∈L

(
(ψl,r − ψl+|L|,r)(1− al,r)

)
(B-1)

subject to:∑
l∈L

al,r ≥ |L| −K (B-2)

al,r ∈ {0, 1};∀l ∈ L (B-3)
Ctr
b /|T |+ η1

b,t,r − η9
b,t,r + η10

b,t,r = 0 : (pcb,t,r);∀b ∈ N sub, t ∈ T (B-4)
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η2
b,t,r − η11

b,t,r + η12
b,t,r = 0 : (qcb,t,r);∀b ∈ N sub, t ∈ T (B-5)∑

l∈L|b=fr(l)

(
η6
l,t,r − η5

l,t,r

)
+

∑
l∈L|b=to(l)

(
η5
l,t,r − η6

l,t,r

)
− η13

b,t,r + η14
b,t,r = 0 :

(v†c

b,t,r);∀b ∈ N \ N sub, t ∈ T (B-6)∑
l∈L|b=fr(l)

(
η6
l,t,r − η5

l,t,r

)
+

∑
l∈L|b=to(l)

(
η5
l,t,r − η6

l,t,r

)
+ η15

b,t,r = 0 :

(v†c

b,t,r);∀b ∈ N sub, t ∈ T (B-7)∑
b∈N sub|b=to(l)

η1
b,t,r −

∑
b∈N sub|b=fr(l)

η1
b,t,r +

∑
b∈N \N sub|b=to(l)

η3
b,t,r

−
∑

b∈N \N sub|b=fr(l)
η3
b,t,r + 2Rlη

5
l,t,r − 2Rlη

6
l,t,r

+
∑

e∈{1,2,3,4}

[
− cot

(
(1/2− e)(π/4)

)(
η7
l,e,t,r

)

− cot
(

(1/2− e)(π/4)
)(
η8
l,e,t,r

)]
− η16

l,t,r + η17
l,t,r = 0 :

(fp
c

l,t,r);∀l ∈ L, t ∈ T (B-8)∑
b∈N sub|b=to(l)

η2
b,t,r −

∑
b∈N sub|b=fr(l)

η2
b,t,r +

∑
b∈N \N sub|b=to(l)

η4
b,t,r

−
∑

b∈N \N sub|b=fr(l)
η4
b,t,r + 2Xlη

5
l,t,r − 2Xlη

6
l,t,r

+
∑

e∈{1,2,3,4}

(
η7
l,e,t,r − η8

l,e,t,r

)
− η18

l,t,r + η19
l,t,r = 0 : (f q

c

l,t,r);∀l ∈ L, t ∈ T (B-9)

Cp+/|T | − η1
b,t,r − η20

b,t,r + η21
b,t,r = 0 : (∆Dp+c

b,t,r);∀b ∈ N sub, t ∈ T (B-10)
Cp+/|T | − η3

b,t,r − η20
b,t,r + η21

b,t,r = 0 : (∆Dp+c

b,t,r);∀b ∈ N \ N sub, t ∈ T (B-11)
Cp−/|T |+ η1

b,t,r − η22
b,t,r + η23

b,t,r = 0 : (∆Dp−c

b,t,r);∀b ∈ N sub, t ∈ T (B-12)
Cp−/|T |+ η3

b,t,r − η22
b,t,r + η23

b,t,r = 0 : (∆Dp−c

b,t,r);∀b ∈ N \ N sub, t ∈ T (B-13)
Cq+/|T | − η2

b,t,r − η24
b,t,r + η25

b,t,r = 0 : (∆Dq+c

b,t,r);∀b ∈ N sub, t ∈ T (B-14)
Cq+/|T | − η4

b,t,r − η24
b,t,r + η25

b,t,r = 0 : (∆Dq+c

b,t,r);∀b ∈ N \ N sub, t ∈ T (B-15)
Cq−/|T |+ η2

b,t,r − η26
b,t,r + η27

b,t,r = 0 : (∆Dq−c

b,t,r);∀b ∈ N sub, t ∈ T (B-16)
Cq−/|T |+ η4

b,t,r − η26
b,t,r + η27

b,t,r = 0 : (∆Dq−c

b,t,r);∀b ∈ N \ N sub, t ∈ T (B-17)
η1
b,t,r, η

2
b,t,r, η

15
b,t,r ∈ R;∀b ∈ N sub, t ∈ T (B-18)

η3
b,t,r, η

4
b,t,r ∈ R;∀b ∈ N \ N sub, t ∈ T (B-19)

η20
b,t,r, η

21
b,t,r, η

22
b,t,r, η

23
b,t,r, η

24
b,t,r, η

25
b,t,r, η

26
b,t,r, η

27
b,t,r ≥ 0; ∀b ∈ N , t ∈ T (B-20)

η13
b,t,r, η

14
b,t,r ≥ 0;∀b ∈ N \ N sub, t ∈ T (B-21)

η9
b,t,r, η

10
b,t,r, η

11
b,t,r, η

12
b,t,r ≥ 0;∀b ∈ N sub, t ∈ T (B-22)

η5
l,t,r, η

6
l,t,r, η

16
l,t,r, η

17
l,t,r, η

18
l,t,r, η

19
l,t,r ≥ 0; ∀l ∈ L, t ∈ T (B-23)

η7
l,e,t,r, η

8
l,e,t,r ≥ 0;∀l ∈ L,∀e ∈ {1, 2, 3, 4}, t ∈ T (B-24)
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− (1− al,r)M ≤ η5
l,t,r − λ5

l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (B-25)
− al,rM ≤ λ5

l,t,r ≤ al,rM ;∀l ∈ L, t ∈ T (B-26)
− (1− al,r)M ≤ η6

l,t,r − λ6
l,t,r ≤ (1− al,r)M ;∀l ∈ L, t ∈ T (B-27)

− al,rM ≤ λ6
l,t,r ≤ al,rM ;∀l ∈ L, t ∈ T (B-28)

− (1− al,r)M ≤ η16
l,t,r − λ16

l,t,r ≤ (1− al,r)M ; ∀l ∈ L, t ∈ T (B-29)
− al,rM ≤ λ16

l,t,r ≤ al,rM ;∀l ∈ L, t ∈ T (B-30)
− (1− al,r)M ≤ η17

l,t,r − λ17
l,t,r ≤ (1− al,r)M ; ∀l ∈ L, t ∈ T (B-31)

− al,rM ≤ λ17
l,t,r ≤ al,rM ;∀l ∈ L, t ∈ T (B-32)

− (1− al,r)M ≤ η18
l,t,r − λ18

l,t,r ≤ (1− al,r)M ; ∀l ∈ L, t ∈ T (B-33)
− al,rM ≤ λ18

l,t,r ≤ al,rM ;∀l ∈ L, t ∈ T (B-34)
− (1− al,r)M ≤ η19

l,t,r − λ19
l,t,r ≤ (1− al,r)M ; ∀l ∈ L, t ∈ T (B-35)

− al,rM ≤ λ19
l,t,r ≤ al,rM ;∀l ∈ L, t ∈ T (B-36)

λ5
l,t,r, λ

6
l,t,r, λ

16
l,t,r, λ

17
l,t,r, λ

18
l,t,r, λ

19
l,t,r ∈ R;∀l ∈ L, t ∈ T (B-37)



C
Nomenclature

Table C.1: Sets

Symbol Description
Hl Set of hardening investments of line l
J Set of iterations of the solution algorithm
Kforb Set of rules of topology forbidden patterns
L Set of lines
Le Set of existing lines
Lc Set of candidate lines
Lsw Set of switchable line segments
Lsw,e Set of existing switchable lines
Lsw,c Set of candidates lines to become switchable
Lha Set of lines ta have hardening investment options
Lforb

k Set of lines in the forbidden pattern rule k in Kforb

N Set of buses
N sub Set of buses with substation
R Set of representative days
T Set of periods

Table C.2: Indexes

Symbol Description
b Bus
h Line hardening investment option
j Iteration
l Line
r Representative day
t Time period
0 Prior operating period (t = 0)
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Table C.3: Parameters

Symbol Description
β Sensitivity of line failure probability to the active power flow
γ Estimated upper bound for the nominal line failure probability
Cp+ Cost of active power surplus
Cp− Cost of active power loss
Cq+ Cost of reactive power surplus
Cq− Cost of reactive power loss
Csw Cost of line switching action
Csw,in Investment cost of turning a line to be switchable
Cin Investment cost of constructing a line
Cha Investment cost of line l hardening action h in Hl

Ctr Cost of active power from main transmission grid at the substations
Dp Active power demand at the buses
E Number of digits for binary expansion linearization
F Maximum power flow at the lines
K Number of simultaneous lines that can go off for the security criterion
M Sufficiently large number (Big M)
P Maximum active power injection at the buses
PF Power factor at the buses
Q Maximum reactive power injection at the substations
Q Minimum reactive power injection at the substations
R Resistance of the lines
s Step for binary expansion used in Master problem linearization
S Auxiliary matrix of second-level problem
V Voltage lower bound at the buses
V Voltage upper bound at the buses
V ref Voltage reference at the substations
w1 Weight parameter of first-level objective function
w2 Weight parameter of first-level objective function
wha Weight of hardening investment decrease of β
X Reactance of the lines
zinit Initial switching status of the lines
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Table C.4: Variables

Symbol Description
∆Dp+ Amount of buses active power surplus
∆Dp− Amount of buses active power loss
∆Dq+ Amount of buses reactive power surplus
∆Dq− Amount of buses reactive power loss
δ Auxiliary binary variable for binary expansion in Master problem
η1−21 Dual variables of the third-level problem
λ16−19 Auxiliary variables for linearization of the Subproblem
ξ Auxiliary binary variable for linearization of Master problem
ρ Auxiliary binary variable for linearization of Master problem
ρha Auxiliary binary variable for linearization of Master problem
φ Dual decision variable of the worst expected value of third-level problem
χ Auxiliary variable for linearization of Master problem
ψ Dual variable of the worst expected value of third-level problem
a Binary variable associated with line availability
fp Active power flow at the lines
fp− Non-negative auxiliary variable for linearization of Master problem
fp+ Non-negative auxiliary variable for linearization of Master problem
fq Reactive power flow at the lines
p Amount of active power injected at the substations
q Amount of reactive power injected at the substations
v† Squared voltage at the buses
ysw Binary variable of line switching action
ysw,in Binary variable of investment action for a line to become switchable
yin Binary variable of investment action to construct a line
yha Binary variable of line hardening investment action
z Binary variable of a line status

Table C.5: Functions

Symbol Description
µ Exo/endogenous dependency vector of means at second-level problem
â Line unavailability vector
Cd Cost of prior operating point deficit/surplus at t = 0
Ce Worst expected cost of the multiperiod operation
Ch Hardening investments costs
Ci Line investments costs
Cs Switching action costs
wβ Weight that reduces β according to hardening investments
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