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Abstract

Walker Urena, Miguel Beltran; Sirakov, Slavchev Boyan (Advisor);
Sire, Yannick (Co-Advisor). Regularity Theory for Nonlinear
Partial Differential Equations. Rio de Janeiro, 2023. 63p. Tese
de doutorado — Departamento de Matematica, Pontificia Universi-
dade Catolica do Rio de Janeiro.

We first examine LP-viscosity solutions to fully nonlinear elliptic equa-
tions with bounded measurable ingredients. By considering py < p < d, we
focus on gradient-regularity estimates stemming from nonlinear potentials.
We find conditions for local Lipschitz-continuity of the solutions and conti-
nuity of the gradient. We survey recent breakthroughs in regularity theory
arising from (nonlinear) potential estimates. Our findings follow from — and
are inspired by — fundamental facts in the theory of LP-viscosity solutions,
and results in the work of Panagiota Daskalopoulos, Tuomo Kuusi and Giu-
seppe Mingione (DKM2014). In the second part we prove partial regularity
of weakly stationary weighted harmonic maps with free boundary data on
a cone. As a starting point we take a look at the interior partial regula-
rity theory for intrinsic energy minimising fractional harmonic maps from
Euclidean space into smooth compact Riemannian manifolds for fractional
powers strictly between zero and one. Intrinsic fractional harmonic maps
can be extended to weighted harmonic maps, so we prove partial regularity
for locally minimising harmonic maps with (partially) free boundary data

on half-spaces, fractional harmonic maps then inherit this regularity.

Keywords
Fully nonlinear equations; Viscosity solutions; Potential estimates;
Gradient-regularity estimates; Harmonic maps; Free boundary; Partial

regularity;



Resumo

Walker Urena, Miguel Beltran; Sirakov, Slavchev Boyan; Sire, Yan-
nick. Teoria da regularidade para equacgoes diferenciais par-
ciais nao lineares. Rio de Janeiro, 2023. 63p. Tese de Doutorado
— Departamento de Matematica, Pontificia Universidade Catdlica
do Rio de Janeiro.

Primeiro examinamos solugoes de viscosidade LP para equagoes elipti-
cas totalmente nao lineares com ingredientes de fronteira mensurdveis. Ao
considerar py < p < d, focamos nas estimativas da regularidade dos gra-
dientes derivadas de potenciais nao lineares. Encontramos condigoes para
Lipschitz-continuidade local das solugoes e continuidade do gradiente. Exa-
minamos avangos recentes na teoria da regularidade decorrentes de esti-
mativas potenciais (ndo lineares). Nossas descobertas decorrem de — e séo
inspiradas por — fatos fundamentais na teoria de solucoes de LP-viscosidade,
e resultados do trabalho de Panagiota Daskalopoulos, Tuomo Kuusi e Giu-
seppe Mingione (DKM2014). Na segunda parte provamos a regularidade
parcial de mapas harmonicos com peso fracamente estaciondrios com da-
dos de fronteira livre em um cone. Como ponto de partida, damos uma
olhada na teoria da regularidade parcial interior para mapas harmonicos
fracionarios de minimizacao de energia intrinseca do espaco euclidiano em
variedades Riemannianas compactas e suaves para poténcias fracionarias
estritamente entre zero e um. Mapas harmonicos fracionarios intrinsecos
podem ser estendidos para mapas harmoénicos com peso, entao provamos
regularidade parcial para mapas harmdnicos minimizantes locais com da-
dos de fronteira (parcialmente) livres em meios-espagos, mapas harmonicos

fracionarios entao herdam essa regularidade.

Palavras-chave
Equacoes totalmente nao lineares;  Solugoes de viscosidade;  Estima-
tivas potenciais;  Estimativas de regularidade de gradiente; Mapas harmo-

nicos;  Fronteira livre;  Parcial regularidade;
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List of Abbreviations

In what follows we put forward a list of notations used throughout this
text. This is mostly based on [(E2010), Appendix A.3].

Basic Notation:
(i) The d-dimensional Euclidean space is

R = {(21,72,...,74) |z €R, Vi=1,2,....d},

with norms

||(I17x2a--.,$d)|| = \/x%+x%_|_..._|_x?l

and

I3, 22, 2a) o = max {|1], |zl .., Jaal}

(ii) Open ball of radius r and center xy:

B, (20) = {x € R*|||z — x|l <7} and B, = B,.(0).

(iii) Lebesgue measure of a set O is denoted |O| or £(O).

Function Spaces and their norms: Let O C R%.

(i) C(O) ={u:0O — R|u continuous }.
C(O) ={u: O — R|u uniformly continuous }.

If O is a bounded set, C(O) is a Banach space with
[ulle@) = sup |u(z)]
z€O

(i) C*(O) ={u: O — R|u is k-times continuously differentiable }.

C*(O) = {u € C*(O) | D*u is uniformly continuous for all |a| < k }

where a = (ay, a, ..., ag) € N® and

oledy,
a7 lal=a1+as+--+aq

= T ol Aaog
8?[51 ct al‘l



If O is a bounded set, C*(0) is a Banach space with

[uller@) = sup sup [D%u(z)]
|a|<k z€O

We also denote,
C*(0) = ﬂ C*(O) and C>(0) = ﬂ C*(O).
k=0 k

=0

We denote C.(O), C¥(O),..., the spaces comprised of C(O), C*(O), ...

functions with compact support.

If 0 < v <1, C%(0) is the space of Holder continuous functions with

exponent v, or v*"-Holder continuous. That is,
C*(0) = {u € C(0)|3C < oo, |f(x) = f(y)| < Clz —y|', Vz,y € O .

If v # 1 we can write C7* = C%7, C%! is also called Lipschitz space.

In this case we have the seminorm

z,yeO |l‘ - y|'\/
Y
and the y"-Holder norm
[ullcon@) = llull o) + [uly0-

In general, C*7(0) is the v""-Holder space
c(0) = {u e CO)||ullgrm@) < o0},

where
[ullera@y = D 1Dl g + D (DY, o
|| <k la|=F

The ~*"-Hélder Spaces are also Banach Spaces.

LP(O) = {u : O — R u is Lebesgue measurable and ||u||z»0) < oo} :
where for 1 < p < oo

il = ( bz )



L>(0) = {u : O — R|u is Lebesgue measurable and ||u|| g~ (o) < oo} :

where

||| Lo (o) = ess sup |u(z)| = inf{C €R ‘ |f(z)] < C ae. onO }
xcO

(vi) p-BMO(O) is the p"-bounded mean oscillation space of functions f €
L}, .(0), with norm

loc

1/p
nmwww:wp{<éwv@—mmm@ }<w

B (z)CO

where (f)., is the average value of f in B,(z):

1

(Per =P = F, T dy =g [ Sldy

We also denote (f) = (f)o1 and m(f)(z) = sup (f)z,.

r>0
(vii) Wh(0) = {ue L/(O)| D% € LP(0), Yo € N st. o <k} is the
Sobolev space.

We have the norm

1/p
|w||yen (O) = > ||D"‘u\|1£p(o) ] in the case 1 < p < oo,

0<]e<k

and we have

We also denote H* = Wk2,

(viii) WgP(0) is the closure of C=(O) in WH»(0), so

Wo(0) = {u € WH(0) | 3 (un)nen st. up € C2(0) and [|uy — o) — 0}



1
Introduction

In this thesis, we study two types of problems. The first one is driven by a
fully nonlinear elliptic partial differential equation (PDE), whereas the second
one concerns fractional harmonic maps whose target is a Lipschitz manifold.
The former is presented in Chapter 2 and is based on the joint work (PW2023)
with Edgard Pimentel. Here, we examine LP-viscosity solutions for PDE with
bounded-measurable ingredients. We focus on gradient-regularity estimates.

The second model, which we develop in the Chapter 3, is mostly inspired
by (AHL2017) and (RM2022). It focuses on the regularity analysis of weighted
harmonic solutions on a half-space associated with an extension of a fractional
harmonic equation when the target is a cone. The strategy used on this second
problem relies on monotonicity formulas, compactness and energy decay for

minimizers of a modified Ericksen energy.
1.1
Main Results

In Chapter 2, we study the regularity of LP-viscosity solutions to
F(DQu, Du,u,x) =f in K (1-1)

where F: S(d) x R x R x Q\ N — R, is a uniformly elliptic operator with
bounded-measurable ingredients, and f € LP(Q) for p > po. Here, Q C R? is

an open and bounded domain, A is a null set, S(d) ~ R¥™ is the space

of symmetric matrices, and d/2 < py < d is the exponent such that the
Aleksandrov-Bakelman-Pucci (ABP) estimate is available for elliptic equations
with right-hand side in L?, for p > py.

We extend the gradient potential estimates reported in (DKM2014) to
operators with bounded-measurable coefficients depending explicitly on lower-
order terms. Our analysis heavily relies on properties of LP-viscosity solutions
(CCKS1996, S1997); see also (WN2009).

Our first main result concerns the Lipschitz-continuity of LP-viscosity

solutions to (1-1) and reads as follows.

Theorem 1.1 (Lipschitz continuity) Let v € C() be an LP-viscosity
solution to (1-1). Suppose Assumptions A1 and A2 are in force. Then, for every
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q > d, there exists a constant 0* = 0*(d, \, A, p,q) such that if Assumption A3
holds with 0 = 0*, one has

|Du(z)| < C Ig(:[, r) + (]éT(x) ‘DU(y)‘qdy> ;]

for every x € Q and r > 0 with B,(z) C Q, for some universal constant C' > 0.

The potential estimate in Theorem 1.1 builds upon Swiech’s W'4-
estimates to produce uniform estimates in B /5. In fact, by taking d < g < p*

in Theorem 1.1, with

.. pd

b and d" = +oo,

p

one finds C' = C(d, \, A, p) such that

1Dull e, ) < C ([0l poe iy + 1 £l o)) -

Our second main result establishes gradient-continuity for the LP-
solutions to (1-1) and provides an explicit modulus of continuity for the gra-

dient. It reads as follows.

Theorem 1.2 (Gradient continuity) Let u € C(Q) be an LP-viscosity
solution to (1-1). Suppose Assumptions A1 and A2 are in force. Suppose further
that Ig(az, r) — 0 asr — 0, uniformly in x. There exists 0 < 6* < 1 such that,
if Assumption A8 holds for 0 = 0%, then Du is continuous. In addition, for
Ve e, and any § € (0,1], one has

|Du(x) — Du(y)| < C <||DU||L°°(Q')|5E —y[*Y 4 sup I/ (2, 4]z - y|5)> ,
TE

for every x,y € ', where C = C(d,p, A\, \,w, Y, Q") and o = a(d, p, \, ).

The strategy to prove Theorems 1.1 and 1.2 combines fundamental facts
in LP-viscosity theory to show that a solution to (1-1) also solves an equation

of the form

F(D*u,z)=f in

where F' and f meet the conditions required in (DKM2014). In particular, the

Lorentz borderline condition for gradient-continuity follows as a corollary.

Corollary 1 (Borderline gradient-regularity) Let v € C(2) be an LP-

viscosity solution to (1-1). Suppose Assumptions Al and A2 are in force.
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Suppose further f € L¥(2). There exists 0 < 0* < 1 such that, if Assumption
A3 holds for 6 = 0*, then Du is continuous.

We organize the remainder of this part as follows. Section 2.2 presents
some context on potential estimates, briefly describing their motivation and
mentioning recent breakthroughs. We detail our first main assumptions in
Section 2.3.1, whereas Section 2.3.2 gathers preliminary material. The proofs
of Theorems 1.1 and 1.2 are the subject of Section 2.4.

The theory developed on the Chapter 3 studies the regularity of intrinsic
harmonic maps related with fractional harmonic maps.

Given s € (0,1) and v : R? — R™, the fractional Laplace operator Asu
is defined such that

-arute) = (v [ S0 )

Rd |z —
where ( )
r d+2s
= 228 —d/2 2
thus the maps v such that (—A)*v = 0 are called fractional s-harmonic

functions. Those maps, on Riemannian manifolds with free or constrained
boundary were introduced by Da Lio and Riviere (DLR2011), who proved
that they are smooth on domains of one dimension. In recent years related
problems has been increasingly analyzed.

In particular, Caffarelli and Silvestre (CS2007) extend fractional har-
monic maps to weighted harmonic maps over the half space, mapping the
Dirichlet boundary condition to the Neumann condition.

In this part we focus on maps targeted on a semicone over R™
Cpi={y e R™ /ym =k —1]"*|y'| } (1-2)

being Yy = (y17 s 7ym> = (y/7ym> and y/ = (y17 s 7ym71)' The cone Ck is jUSt
a simple connected Lipchitz target that is not compact, but eventually we take
in account that away the origin, Br(0) N Cy, is a Lipchitz submanifold.

Consider a bounded admissible open subset €2 C Riﬂ, we denote
HY(Q;C) = {u:Q—Cy : ue L2(Q) and Vu € L2(Q) }
the weighted Sobolev space, where
L3(9) = {u € Liye(Q) : agy™ ul € (@) }.

On H!(Q;Cy), the weighted energy is defined as
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1 a
mmﬁyzik%ﬂwm@mm (1-3)

where 2411 >0, s € (0,1) and a = 1 — 2s.

We say that u is a minimizing weighted harmonic map in 2 with respect

to the partially free boundary condition u(2) C Cy, if
E;(u, Q) < Eg(w, Q)

for all w € H!(Q;Cy) such that w(x) € Cy a.e. in Q and spt(w —v) C Q =
QU d°Q, being

0°Q) = {.CE € 90 NIRL™! : B () C Q for some 7 > 0}.
The Euler-Lagrange equation derived is

/Qxle Vu(z) « V{(x)dx =0 (1-4)

for all ¢ € H(Q; Cy) such that ¢ € T, Cy, a.e. 3°Q and such that spt(¢) C Q and
denoting T;,Cy the tangent space to Cy at u. In other words, the Neumann-type

problem
div (x§+1Vu) =0in Q2
a au : 1790 (1_5)
Tiv g 1 T,Cy in H;(0°Q; Cy),

in a weakly sense, is fulfilled.
As is described on (MSW2018) and (MPS2021), this u can be seen as an
extension of a fractional s-harmonic map v € H*(w;R™) (the set of functions

with finite fractional energy) as

x5 v(z
u(z) = v(x) = Yas /Rd d+1 (2) T dz. (1-6)
(‘x/_z‘z"‘x?lﬂ) ’

Since for every v € H $(w; R™) we have, given w C R? a bounded open

set with Lipschitz boundary,

ou
-areg) = (aa ge)
< w 19y 200,

for all ¢ € Hiy(w; R™) (elements of compact support from H*(w;R™)) and

® € Hj such that (ID' = ¢, u solves the Dirichlet problem
Rdx{0}
div (25, ,Vu) =0 in Q
(25, Vu) -
U= on 0°Q).

Related regularity theory is developed on (MPS2021), where is proved a
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called e-regularity theorem (Small Energy Holder Regularity). It first proves
regularity for v (MPS2021, Theorem 4.1), and then the regularity of his
extension u = v° is a corollary (MPS2021, Corollary 4.2), but with the
condition u(§2) C S™.

A weighted harmonic function u with weight s is defined as a solution of
div (x}lﬁs Vu) =0,

that we simply call it s-harmonic function, general regularity results were
presented and proved in (R2018, Section 2). In (AHL2017) the authors develop
regularity theory in the case s = 1/2 and with target on a whole cone. We
assume s € (0,1) and took mostly inspiration of (R2018, Roberts 2018) and
(RM2022, Roberts-Moser 2022) to develop some specific regularity results and
finally prove a e-regularity result (Theorem 1.3).

The (R2018, Sections 3 and 4) takes as target a generalized smooth
compact Riemmanian manifold, studying minimizers of the analogous of the
energy (1-3), also called intrinsic fractional harmonic maps, been the critical
points of an energy whose first variation is a Dirichlet to Neuman map for the
harmonic map problem on a half-space (1-5).

Like in (AHL2017), the motivation on take Cj as our target are the
Erickson’s model suggested in 1985 and his potential applications on the study
of defects in liquid crystals. As is described on (E1991) and (AHL2017), if

Q) C R?, that previous model minimizes the energy [, X (s,n)dz, where
X(s,n) = s*W(n) + r5|Vs|* + k| Vs e n|* 4+ 1(s),

with W (n) equal to

k1| divn|? + kg|n s curln|® + k3ln x curlnf®* + (k1 + K4) {tr(Vn)2 — (div n)2] ,

and a C%-potential ¥ such that

lim () = +oo, lmo(s) =L 0(0) =0
and has a minimum at some s* € (0, 1). Next (1.1989) and (L1991) studied the
case kK1 = kg = k3 = 1, ky = kg = 0 and k5 = 6 and relate the minimizing on
the par (s,n) € R x R? with a minimizing harmonic map into a cone, recasting
the maps

u=(|k —1|"%s,sn)
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and
X(s,n) = |Vu| + (k™ [u]),

so the image of u lie in the cone Cj, defined in (1-2).

Depending on the smallness of the weighted density function
O, (u, zg,7) := % E; (u, Bj(aco)), (1-8)
T
we will prove the following regularity result:

Theorem 1.3 (A result on e-regularity) Let d > 2, a € (—1,1) and
u € HNRI:Cy) be a minimizing of E(u, Q). Suppose Bf (wo) satisfies
R < 1 and 3°Bj; (x9) C Q. There exists an ¢ = e(d, ||ul| @), a) > 0 and
af=20 (d, L2, a) € (0,1) such that if

O, (u, zg, R) < ¢,
then u € C% (B;R(xo)> for some v =~ (d, lull 2, a) € (0,1). In particular,
lu (1) — u (2)] < C O (u, 20, R)? |21 — 2"

for every x1, 19 € Bgg (x0) and a constant C = C (d, || 2, a).

In order to prove it, we present a sequence of lemmas organized as follows;
in the Section 3.2 we prove important monotonicity formulas around the
density function defined as (1-8), which are the main support of the estimates
that allow us prove Theorem 1.3. Next, in the Section 3.3, the first collection of
previous useful estimates and the Section 3.4 is focused on the principal energy
decay lemmas, from which we derive almost directly the Holder regularity,
these lemmas include the so-called energy decay lemmas, highlighting Lemmas
3.17 and 3.18 as the main ones corresponding with border and interior decay

respectively. Finally, Proposition 1.3 is proved in Section 3.5.



2

Potential estimates for fully nonlinear elliptic equations with
bounded ingredients

2.1
Preliminaries

The regularity theory for viscosity solutions to (1-1) is a delicate matter.
Indeed, the first result in this realm is the so-called Krylov-Safonov theory. It

states that, if u € C'(By) is a viscosity solution to
F(D*u) <0< G(D*u) in B (2-1)
and F and G are (A, A)-elliptic operators, then u € C2 (By), for some o € (0, 1)
depending only on d, A and A. In addition, one derives an estimate of the form
||U||ca(Bl/2) <C ||U||Loo(31) )

where C' = C(d, A\, A) (KS1980). Indeed, the regularity result in the Krylov-

Safonov theory concerns inequalities of the form
aij(:v)afju <0< bij(m)ﬁfju (2-2)

where the matrices A := (a;;){,_, and B := (b;;){,_, are uniformly elliptic,
with the same ellipticity constants. The transition of those inequalities to
(2-1) comes from the fundamental theorem of calculus. Indeed, notice that
if F(0) = G(0) =0, we get

L d
/ L P@tD)dt = F(D*) < 0 < G(D*) = / S G(D ) dt
0
By computing the derivatives above with respect to the variable ¢ and setting
e / Dy F(tD*u)dt and by(x / Dy G(tD?u)dt,

one notices that a solution to (2-1) also satisfies (2-2).

If we replace the inequality in (2-1) with the equation

F(D*u)=0 in B (2-3)
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and require F' to be a (A, A)-elliptic operator, solutions become of class C1*
with estimates. Once again, a € (0, 1) depends only on the dimension and the
ellipticity (TN1988, CC1995). Finally, if we require F' to be uniformly elliptic
and convexr (or concave) viscosity solutions to (2-3) are of class C*%, with
estimates. This is known as the Evans-Krylov theory, developed independently
in the works of Lawrence C. Evans (E1982) and Nikolai Krylov (K1982).

The analysis of operators with variable coefficients, in the context of non-
homogeneous problems first appeared in the work of Luis Caffarelli (C1989).

In that paper, the author considers the equation
F(D*u,x)=f in B (2-4)

and requires F'(M, z) to be uniformly elliptic. The fundamental breakthrough
launched in (C1989) concerns the connection of the variable coefficients op-
erator with its fixed-coefficients counterpart. To be more precise, the author

introduces an oscillation measure f(x, o) defined as

|F(M,z) — F(M,xo)|
x,T0) == su .
Ao o) = sup =

Different smallness conditions on this quantity yield estimates in distinct
spaces. It includes estimates in C1, W?2P and C%*-spaces. Of course, further
conditions on the source term f must hold. In particular, it is critical that
f € LP(By), for p>d.

An interesting aspect of this theory concerns the continuity hypotheses on
the data of the problem. For instance, the regularity estimates do not depend
on the continuity of f. Meanwhile, the notion of C-viscosity solution requires f
to be defined everywhere in the domain, as it depends on pointwise inequalities
(CL1993, CEL1984, CIL1992). Hence, asking f to be merely a measurable
function in some Lebesgue space is not compatible with the theory. See the
last paragraph before Theorem 1 in (C1989).

In (CCKS1996), the authors propose an LP-viscosity theory, recasting
the notion of viscosity solutions in an almost-everywhere sense. In that paper,
the authors examine (1-1) and suppose the ingredients of the problem are in
LP, for p > po. The quantity d/2 < py < d appeared in the work of Eugene
Fabes and Daniel Stroock (FS1984). It stems from the improved integrability
of the Green function for (A, A)-linear operators.

In (E1993), and before the formalization of LP-viscosity solutions, the
quantity po appeared in the context of Sobolev regularity. In that paper, Luis
Escauriaza resorted to the improved integrability of the Green function from
(FS1984) to extend Caffarelli’s W?P-regularity theory to the range py < p < d.
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For that reason, pg is referred to in the literature as Escauriaza’s exponent.

A fundamental study of the regularity theory for LP-viscosity solutions
to (1-1) appeared in (S1997). Working merely under uniform ellipticity, the
author proves regularity results for the gradient of the solutions. In case p > d,
solutions are of class C**. Here, the smoothness degree depends on the Krylov-
Safonov exponent, and on the ratio d/p. However, in case py < p < d, solutions
are only in Wt4, where ¢ — oo as p — d.

The findings in (S1997) highlight an important aspect of the theory,
namely: the smoothness of Du, in the range pg < p < d, is a very delicate
matter. It is known that Cl®-regularity is not available in this context.

A program that successfully accessed this class of information is the one
in (DKM2014). Through a modification in the linear Riesz potential, tailored
to accommodate the p-integrability of the data, the authors produce potential
estimates for the LP-viscosity solutions to (2-4). Ultimately, those estimates
yield a modulus of continuity for the gradient of the solutions.

In addition to uniform ellipticity, the results in (DKM2014) require an
average control on the oscillation of F(M,x). It also assumes f € LP(Q) for
po < p < d. Under these conditions, the authors prove a series of potential
estimates. Those lead to local boundedness and (an explicit modulus of)
continuity for Du. Also, a borderline condition in Lorentz spaces follows: if
f € L4Y(Q), then Du is continuous. Besides providing new, fundamental
developments to the regularity theory of fully nonlinear elliptic equations,
the arguments in (DKM2014) are pioneering in taking to the non-variational
setting a class of methods available before only for problems in the divergence

form.

2.2
Potential estimates: from the Poisson equation to fully nonlinear problems

Potential estimates are natural in the context of linear equations for
which a representation formula is available. For instance, let u € L*(R) be a

measure and consider the Poisson equation
—~Au=p in R (2-5)

It is well-known that w can be represented through the convolution of p with

the appropriate Green function. In case d > 2, we have

u(w) = C /R ), (2-6)

|z —y|*?

where C' > 0 depends only on the dimension.
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Now, recall the 3-Riesz potential of a Borel measure u € L'(RY) is given

1§ () ::/ &dy.

Rd |z —y|*h

by

Hence, the representation formula (2-6) allows us to write u(z) as the 2-Riesz

potential of u. Immediately one infers that
u(z)] < ClIy(x)],

obtaining a potential estimate for u. By differentiating (2-6) with respect to

an arbitrary direction e € S, one concludes
|Du(z)| < C[I{(x)].

That is, the representation formula available for the solutions to the Poisson
equation yields potential estimates for the solutions.

This reasoning collapses if (2-5) is replaced with a nonlinear equation
lacking representation formulas. Then a fundamental question arises: it con-
cerns the availability of potential estimates for (nonlinear and inhomogeneous)
problems for which representation formulas are not available.

The first answer to that question appears in the works of TERO
KILPELAINEN and JAN MALY (KM1992), and NEIL TRUDINGER and XU-J1A
WanG (TNWX2002), where the authors produce potential estimates for the
solutions of p-Poisson type equations. Taking this approach a notch up, and ac-
counting for potential estimates for the gradient of solutions, one finds the con-
tributions of GIUSEPPE MINGIONE (M2018, M2014, M2011, M2011a), FRANK
DuzAAR and GIUSEPPE MINGIONE (DM2011, DM2010, DM2010a, DM2009),
and TuoMo Kuust and GIUSEPPE MINGIONE (KM2018, KM2016, KM2016a,
KM2014, KM2014a, KM2014b, KM2014c, KM2013, KM2013a, KM2012,
KM2012a, KM2011). Of particular interest to the present thesis is the anal-
ysis of potential estimates in the fully nonlinear setting, due to PANAGIOTA
DaskavLoprouLos, TuoMo Kuusi, and GIUSEPPE MINGIONE (DKM2014).
More recent contributions appeared in the works of CRISTIANA DE FIL-
1pPIS (CDF2022) and CRISTIANA DE FiLipPIS and GIUSEPPE MINGIONE
(FM2021, FM2022). See also the works of CRISTIANA DE FILIPPIS and col-
laborators (FS2022, FP2022).

In (DM2011) the authors examine an equation of the form
—diva(z,Du) =pu in £, (2-7)

where Q@ C R? is a Lipschitz domain, and p € L'(Q) is a Radon measure



Chapter 2. Potential estimates for fully nonlinear elliptic equations with
bounded ingredients 21

with finite mass. Here, a : Q x R? — R? satisfies natural conditions,
regarding growth, ellipticity, and continuity. Those conditions involve an
inhomogeneous exponent p > 2, concerning the behavior of a = a(x,z) on

z. An oversimplification yields
a(z, 2) = |22,

for p > 2, turning (2-7) into the degenerate p-Poisson equation. In that paper,
the authors resort to the Wolff potential Wgyp, defined as

L =T dr
VVZm(xrR)?ZLA 5 <[;«wzdy)dy> —,

r p—1 r

for 5 € (0,d/p]. Their main result is a pointwise estimate for the gradient of
the solutions to (2-7). It reads as

|Du(z)| < €

£ pular s W a2 25)
Br(z) P

whenever Br(z) C €2, and R > 0 is bounded from above by some universal
quantity depending also on the data of the problem; see (DM2011, Theorem
1.1). A remarkable consequence of this estimate is a Lipschitz-continuity
criterium for u obtained solely in terms of the Wolff potential of p. Indeed, if
WH (> R) is essentially bounded for some R > 0, every Wy P-weak solution to
(2—%) would be locally Lipschitz continuous. We notice the nonlinear character
of the Wolff potential suits the growth conditions the authors impose on a(z, z),
as it scales accordingly under Lipschitz geometries.

The findings in (DM2011) also respect a class of very weak solutions,
known as solutions obtained by limit of approximations (SOLA); see (BG1989,
BG1992). This class of solutions is interesting because, among other things, it
allows us to consider functions in larger Sobolev spaces. Indeed, for 2 —1/d <

p < d one can prove the existence of a SOLA u € W, (Q) to

—Ayu=p in Q
u=>0 on 0.

In addition, v € W, 9(Q2) with estimates, provided ¢ > 1 such that

d(p —1)

1l<qg<
1= "1 7

When it comes to the proof of (2-8), the arguments in (DM2011) are very

involved. However, one notices a fundamental ingredient. Namely, a decay rate
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for the excess of the gradient with respect to its average. Indeed, the authors
prove there exist 5 € (0,1] and C' > 1 such that

r

£ 1pu) — Dualay <€ (5) f 1Duty) — (Duel i, (29

for every 0 < r < R with Bg(z) C Q. Here,

See (DM2011, Theorem 3.1). An important step in the proof of (2-9) is a
measure alternative, depending on the fraction of the ball B, in which the
gradient is larger than, or smaller than, some radius-dependent quantity.
Although the Wolff potential captures the inhomogeneous and nonlinear
aspects of a = a(z, z), a natural question concerns the use of linear potentials
in the analysis of (2-7).
Indeed, in (M2011) the author supposes a(z, z) to satisfy

AP < (9:a(x,2)€,€)
|0.a(x, 2)| + |a(x,0)| < C, (2-10)
la(z, 2) — aly, 2)| < Ko —y|*(1+|z]),

for every z,y € Q, z € R and ¢ € R?, for some C,\ > 0, and o € (0,1].

Under these natural conditions, he derives a gradient bound in terms of the

(linear) localized Riesz potential I%(z, R), defined as

R 1] dr
I7(x, R :——/ / dy | —,
slo, R) = | 5 < o W) y) .

for a measure o € L'(2), and 8 € (0, 1], whenever Bg(z) C Q.
Indeed, the main contribution in (M2011) is the following: under (2-10),
solutions to (2-7) satisfy

|Du(x)] < C

]g()yDu(y)ydyH*f(mR)+K(IL?ul(x,2R)+Ra)], (2-11)

where C' > 0 depends on the data in (2-10). In case a = a(z) does not depend
on the spatial variable, K = 0 and (2-11) recovers the usual potential estimate.

A further consequence of potential estimates is in unveiling the border-
line conditions for C'-regularity of the solutions to (2-7). See (DM2010); see
also (C2011) for related results. More precisely, the intrinsic connection be-
tween Lorentz spaces and the nonlinear Wolff potentials unlocks the minimal
conditions on the right-hand side p that ensures continuity of Du.

In (DM2010), the authors impose p-growth, ellipticity, and continuity
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conditions on a = a(z,z), and derive minimal requirements on u to ensure
that u € C*(Q) (DM2010, Theorem 3); see also (DM2010, Theorem 9) for the
vectorial counterpart of this facti

They prove that if p € Lﬁ;ff1 (), then Du is continuous in 2. To get this
fact, one first derives an estimate for the Wolft potential W‘é 7p(x, R) in terms
of the (d,1/(p — 1))-Lorentz norm of p. It follows from averages of decreasing
rearrangements of p. See (DM2010, Lemma 2). Then one notices that such

control implies

W4 (z,R)—0

Sp
uniformly in z € Q, as R — 0; see (DM2010, Lemma 3).

The previous (very brief) panorama of the literature suggests that
whenever a = a(x,z) satisfies natural conditions — concerning p-growth,
ellipticity, and continuity — potential estimates are available for the solutions to
(2-7). Those follow through Wolff and (linear) Riesz potentials. Furthermore,
this approach comes with a borderline criterion on p for the differentiability
of solutions. However, these developments appear in the variational setting,
closely related to the notion of weak distributional solutions.

Potential estimates in the non-variational case are the subject of
(DKM2014). In that paper, the authors examine fully nonlinear elliptic equa-
tions

F(D*u,z)=f in Q, (2-12)
where F' is uniformly elliptic and f € LP(Bj). In this context, the appropriate
notion of solution is the one of LP-viscosity solution (CCKS1996). Technical
aspects of the theory — including its very definition — rule out the case where
f € LY(Q), regardless of the dimension d > 2. Instead, the authors work in
the range py < p < d, where d/2 < py < d is the exponent associated with the
Green’s function estimates appearing in (FS1984).

The consequences of potential estimates for fully nonlinear equations are
remarkable. In fact, if f € LP(2) with p > d, solutions to (2-12) are known to
be of class C'* with « € (0, 1) satisfying

! { d}
a<mins a1l ——¢,
p

where ag € (0,1) is the exponent in the Krylov-Safonov theory available for
F = 0; see (S1997). It is also known that C'b®-regularity is no longer available
for (2-12) in case p < d. The fundamental question arising in this scenario
concerns the reqularity of Du in the Escauriaza range po < p < d.

In (S1997), the author imposes an oscillation control on F'(M,-) with

respect to its fixed-coefficients counterpart and proves regularity estimates for
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the solutions in W14(Q), for py < p < d, for every

q<p =,

with d* := +00. Meanwhile, the existence of a gradient in the classical sense,
or any further information on its degree of smoothness, was not available in
the p < d setting.

In (DKM2014) the authors consider LP-viscosity solutions to (2-12),
with f € LP(Q), for po < p < d. In this context, they prove the local
boundedness of Du in terms of a p-variant of the (linear) Riesz potential.
In addition, the authors derive continuity of the gradient, with an explicit
modulus of continuity. Finally, they obtain a borderline condition on f, once
again involving Lorentz spaces. In fact, if f € L»1(), then u € C1(Q).

The reasoning in (DKM2014) involves the excess of the gradient vis-a-
vis its average and a decay rate for this quantity. However, in the context of
viscosity solutions, energy estimates are not available as a starting point for
the argument. Instead, the authors cleverly resort to Swiech’s W h4-estimates
and prove a decay of the excess at an initial scale. An involved iteration scheme
builds upon the natural scaling of the operator and unlocks the main building

blocks of the argument.

2.3

Technical preliminaries and main assumptions

This section details our assumptions and gathers basic notions and facts

used throughout this thesis. We start by putting forward the former.

2.3.1
Main assumptions

For completeness, we proceed by defining the extremal Pucci operators
Pi A S(d) = R.

Definition 2.1 (Pucci extremal operators) Let 0 < A < A. For M €
S(d) denote with Ai,..., g its eigenvalues. We define the Pucci extremal
operator Py, : S(d) — R as

Py a(M) =AY N+HAD N

Ai>0 <0

Similarly, we define the Pucci extremal operator P~ : S(d) — R as

PoaM) =X N+AD A

Ai>0 Ai<0
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A 1 (Structural condition) Let w : [0,+00) — [0,400) be a modulus of
continuity, and fix v > 0. We suppose the operator F' satisfies

P}:A(M_N) _’y’p_Q‘ —w(|r—s|) < F(M,p,?“,l') _F(Na%sax)
< PiaM = N) +vlp —q| + w(]r — s)),

for every (M,p,r) and (d,q,s) in S(d) x R x R, and every x € Q\ N. Also,
F = F(M,p,r,x) is non-decreasing in r and F(0,0,0,z) = 0.

Our next assumption sets the integrability of the right-hand side f.

A 2 (Integrability of the right-hand side) We suppose f € LP(By), for
p > po, where d/2 < py < d is the exponent such that the ABP maximum
principle holds for solutions to uniformly elliptic equations F = f provided

f e L?, with p > pg.

We continue with an assumption on the oscillation of F' on x. To that

end, consider

F(M,0,0,z) — F(M,0,0,y
B(x,y) = sup I )M ( )‘-
MeS(d)\{0} (| M]]

We proceed with a smallness condition on (-, y), uniformly in y € Bj.

A 3 (Oscillation control) For every y € ), we have

sup B(x,y)Pdx < 6P,
Br(y)cQ /Br(y)

where 0 < 0 < 1 is a small parameter we choose further in the paper.

We close this section with a remark on the modulus of continuity w
appearing in Assumption Al. For any v € C(B;) N L*®(B;) we notice that
w(|v(z)]) < C for some C' > 0, perhaps depending on the L*-norm of wv.

Hence A
</Bl w(|v(x)|)pdx)p <C.

This information will be useful when estimating certain quantities in LP-spaces

appearing further in the work.
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2.3.2
Preliminaries

In the sequel, we introduce the basics of LP-viscosity solutions, mainly
focusing on the properties we use in our arguments. We start with the definition

of LP-viscosity solutions for (1-1).

Definition 2.2 (LF-viscosity solution) Let ' = F(M,p,r,x) be nonde-
creasing in v and f € LP(By) for p > d/2. We say that u € C(2) is an
LP-viscosity subsolution to F' = f if for every ¢ € VVlif(Q), e > 0 and open
subset U C €2 such that

F(D*¢(x), Dg(x), $(x), ) — f(z) = €

almost everywhere in U, then uw — ¢ cannot have a local mazximum in U. We
say that w € C(Q) is an LP-viscosity supersolution to F = f if for every
¢ € WEP(Q), € > 0 and open subset U C Q such that

F(D*¢(x), Dd(x), d(), x) — f(z) < —€

almost everywhere in U, then u — ¢ cannot have a local minimum in U. We
say that v € C(2) is an LP-viscosity solution to F' = f if it is both an LP-sub

and an LP-supersolution to F' = f.

Although the definition of LP-viscosity solutions requires p > d/2, the
appropriate range for the integrability of the data is indeed p > py > d/2,
as most results in the theory are available only in this setting. See, for
instance, (CCKS1996). For further reference, we recall a result on the twice-

differentiability of LP-viscosity solutions.

Lemma 2.1 (Twice-differentiability) Let u € C(Q) be an LP-viscosity
solution to (1-1). Suppose Assumptions A1 and A2 are in force. Then u is
twice differentiable almost everywhere in 2. Moreover, its pointwise derivatives

satisfy the equation almost everywhere in €2.

For the proof of Lemma 2.1, see (CCKS1996, Theorem 3.6). In what
follows, we present a lemma relating LP-viscosity solutions to F' = f with

equations governed by the extremal Pucci operators.

Lemma 2.2 Suppose Assumption A1 and A2 and are in force. Suppose further
that u € C(Q) is twice differentiable almost everywhere in Q. Then u is an LP-

viscosity subsolution [resp. supersolution] of (1-1) if and only if
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1. we have

F(D?*u(x), Du(x),u(x), x)
[resp. F(D*u(z), Du(x), u(z), z)

IA
V=
&

almost everywhere in €2, and

ii. whenever ¢ € WP(Q) and w — ¢ has a local mazimum [resp. minimum]|
at x*, then

essliminf (P~ (D*(u — ¢)(x)) = y[D(u— ¢)(x)[) > 0

r—x*
[resp. esslimsup (73+ (Dz(u —9) (x)) +v|D(u — ¢) (x)|> <0J.
T—T*
For the proof of Lemma 2.2, we refer the reader to (51997, Lemma 1.5).
We are interested in a consequence of Lemma 2.2 that allows us to relate the
solutions of F(D?u, Du,u,r) = f with the equation F(D?u,0,0,z) = f, for
some f € LP(Q). This is the content of the next corollary.

Corollary 2 Let u € C(Q2) be an LP-viscosity solution to (1-1). Suppose A1
and A2 hold. Define f: Q — R as

f(z) := F(D*u(x),0,0,z).

If f € LP(Q), then u is an LP-viscosity solution of
F(D*u,0,0,z) = f in Q. (2-13)

Proof. We only prove that w is an LP-viscosity subsolution to (2-13), as the
case of supersolutions is analogous. Notice the proof amounts to verify the
conditions in items ¢. and 4¢. of Lemma 2.2.

Because u solves (1-1) in the LP-viscosity sense, Lemma 2.1 implies it is

twice differentiable almost everywhere in Q. Hence, the definition of f ensures
F(Du(x),0,0,7) < f(z)

almost everywhere in 2, which verifies item 7. in Lemma 2.2.
To address item ¢z., we resort to Lemma 2.2 in the opposite direction.
Let ¢ € W2’p(Q) and suppose z* € €2 is a point of maximum for u — ¢. Since

loc

w is an LP-viscosity solution to (1-1), that lemma ensures that

ess lim inf (P_ (DQ(u — (b)(x)) —v|D(u — (b)(ﬂ?)\) > 0.

Tr—x

Therefore, item 7. also follows and the proof is complete. [ |
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We also use the truncated Riesz potential of f. In fact, we consider its
LP-variant, introduced in (DKM2014). To be precise, given f € LP(Q2), we

define its (truncated) Riesz potential I/ (z,r) as

)= [ (£ ora) a

In case p = 1 we recover the usual truncated Riesz potential.
We proceed by stating Theorems 1.2 and 1.3 in (DKM2014).

S

Proposition 2.1 (Daskalopoulos-Kuusi-Mingione I) Let v € C(Q) be

an LP-viscosity solution to
F(D*u,x)=f in B.

Suppose Assumptions A1 and A2 are in force. Then there exists 0, such that,
if Assumption A3 holds for 6 = 6y, one has

)+ (f,  IDutoran) 1

for every x € Q and r > 0 with B,(z) C Q, for some universal constant C' > 0.

|Du(z)] < C

Proposition 2.2 (Daskalopoulos-Kuusi-Mingione II) Let u € C(Q) be

an LP-viscosity solution to
F(D*u,z)=f in Q.

Suppose Assumptions A1 and A2 are in force. Suppose further that I]];(:L', r)—0
as v — 0, uniformly in x. Then there exists Oy such that, if Assumption A3
holds for 8 = 0y, Du is continuous. In addition, for Q' € Q" € §, and any
d € (0,1}, one has

Du() - Du(y)| < c(HDu||Loo<m>rx—yra<15> ©oswp U (z,4\x_y\6)),

ze{z,y}
for every x,y € ¥, where C = C(d,p, \, A, v,w, Y, Q") and o = a(d, p, \, \).

For the proofs of Propositions 2.1 and 2.2, we refer the reader to
(DKM2014, Theorem 1.3). We close this section by including (S1997, Swiech)’s

Wr_regularity result.

Proposition 2.3 (IW!4-regularity estimates) Let v € C(Q) be an LP-

viscosity solution to (1-1). Suppose Assumptions Al and A2 are in force.
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There exists 0 < 0 < 1 such that, if Assumption A3 holds with 0 = 0, then
u € WEI(Q) for every 1 < q < p*, where

*

pd
P

= H, and d* = +OO

Also, for ) € Q, there exists C = C(d, A\, \,v,w, q,diam(€), dist(Y', 92))
such that

letllynagery < C (el o oy + 1F 1| poey) -

The former result plays an important role in our argument since it allows
us to relate the operator F'(M,p,r,x) with F(M,0,0,x).

2.4
Proof of Theorems 1.1 and 1.2

In the sequel, we detail the proofs of Theorems 1.1 and 1.2. Resorting to a
covering argument, we work in the unit ball B; instead of 2. As we described
before, the strategy is to show that LP-viscosity solutions to (1-1) are also

LP-viscosity solutions to
G(D*u,x)=¢g in B

Then verify that G : S(d) x By \N — R and g € LP(By) are in the scope of
(DKM2014). More precisely, satisfying the conditions in Theorems 1.2 and 1.3

in that paper. We continue with a proposition.

Proposition 2.4 Let u € C(By) be an LP-viscosity solution to (1-1). Suppose
Assumptions A1 and A2 are in force. Suppose further that Assumption A3
holds with 0 = 0, where 0 is the parameter from Proposition 2.3. Then u is an

LP-viscosity solution for
F(D?*u,0,0,2) = f in By,
where f € LY (By) and there exists C > 0 such that

17

Lr(Bg/10) ¢ (HUHLOO(Bl) T ”f“Lp(Bl)) )

Proof. We split the proof into two steps.

Step 1 - We start by applying Proposition 2.3 to the LP-viscosity solutions
to (1-1). By taking 6 in Assumption A3 such that § = 0, we get u € WL9(B;)

and
1Dull gz, 1) < C (Il g o) + 1 o) » (2-14)
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for some universal constant C' > 0. Moreover, because u is an LP-viscosity so-
lution to (1-1), Lemma 2.1 ensures it is twice-differentiable almost everywhere
in B;. Define f: By — R as

f(z) := F(D*u(x),0,0, ).

Step 2 - Resorting once again to Lemma 2.1, we get that

f(z) = F(D*u(x),0,0,2) — F(D*u(z), Du(z), u(z), z) + f(x),

almost everywhere in B;. Ellipticity implies

@) <y [Du@)| +w (Ju(@)]) + [f@)],

for almost every x € By. Using (2-14), and noticing that one can always take

g > p, we get f € Li,(By), with

17

LP(Bg,10) ¢ (HUHLOO(BI) + ||f||L”(Bl)> ’

for some universal constant C' > 0, also depending on p. A straightforward
application of Corollary 2 completes the proof. [ |

Proposition 2.4 is the main ingredient leading to Theorems 1.1 and 1.2.
Once it is available, we proceed with the proof of those theorems.

Proof.[Proof of Theorem 1.1] For clarity, we split the proof into two steps.

Step 1 - Because of Proposition 2.4, we know that an LP-viscosity solution to

(1-1) is also an LP-viscosity solution to

F(D*u,z)=f in By 10,

where
F(M,z) := F(M,0,0,z),
and f is defined as in Proposition 2.4. To conclude the proof, we must ensure

that F satisfies the conditions in Proposition 2.1.

Step 2 - One easily verifies that F satisfies a (), A)-ellipticity condition,
inherited from the original operator F'. It remains to control the oscillation
of F(M, ) vis-a-vis its fixed-coefficient counterpart, F(M, z), for zg € By /10-

Because

F(M,z) — F(M,z) = F(M,0,0,z) — F(M,0,0, 2),
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one may take § = 6; in Assumption 3 to ensure that F' satisfies the conditions

in Proposition 2.1. Taking
0" := min (91, ?)

and applying Proposition 2.1 to u, the proof is complete. [ |
The proof of Theorem 1.2 follows word for word the previous one, except

for the choice of #* := min (62, 5), and is omitted.



3

Intrinsic s-Harmonic maps with free boundary

3.1
Preliminaries

Lemma 3.1 (First variation of the energy) Let u : Q@ — Ci be a mini-
mizer for (1-3). Then u satisfies

div (2%, ;uDu) = 2%, | Dul? 3-1
d+1 d+1

in the distributional sense. In addition, let ¢ € C{°(Q,RI¥Y) be such that
£(2',0) C R% x {0}. Then,

0= a/ 2971 | Duf?dz +/ 24, (|Duf’dive — 2DuDE - Du) dz.  (3-2)
Q Q

Proof. The proof is standard and follows along the general lines of (51996,
Chapter 2). We consider appropriate variations of u and explore its minimality.
First, let ¢ € C5°(Q); hence, u; := (1 + tp)u maps 2 into Cy, for |¢| < 1. The

minimality of u yields
/Ql'ngl [gp\Du!Q + u (Du, an}} dz =0,

which is tantamount to (3-1).
To verify (3-2), we start with a vector field £ € C5°(Q, R41) satisfying
&(2',0) C R4 x {0}. For 0 < |t| < 1, and z € Q, we define

Uy (z) =z + t&(x).
Denote with ®; the inverse of ¥; and consider the variation
U = u o Oy,

Once again, the minimality of u gives

d
0 /(xd+1 +t§d+1)a|DUt|2d$
t=0 7%

frg E _
= a/ﬂxjﬁ{d+1|Du|2dl‘ + /Qx?lﬂ (|Du|2diV§ —2DuDE - Du) dz
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and concludes the proof. [ |

Remark 1 In (3-2), the notation DuDE - Du stands for the inner product of
DuD¢ and Du as vectors in R¥™. That is,

m dtl aul au, 8€J

i=1 j k=1

3.2
Monotonicity Formulas

Remark 2 In order to extend the case RE™ to a general case in R4 we can
argue through an estended function @ : R4+ — Cy from u : RE — Cy, for

example taking his even reflection with respect to 8Ri+1

u(x’, xqr1), if g4 >0
(e, 2a,) ::{ (@', Ta+1) f T+ (3:3)

w@', —xar1), if Tay1 <0

In this case @ still being s-harmonic and minimizes
) 1 a 2 o
Es(u,Q) =3 /ﬁ |zg11]%| Vu(z)|* de = 2Es(u,§2)

where Q = QU QU {(m’, —Zgy1)/T € Q}

Lemma 3.2 Let Q C R be a bounded open set and suppose u € H(; Cy)
is a minimiser of Eg(u, ). If xg € Q and r € (0,dist(zg, 0N)), the following
identity holds:

2

d Es (U, Br(xO)) 1 ou
o dra—1 i / |Zaa S,
dr rdta rd+ta=l Jap, (zo) Oz — o]
(d+1)
(I n _
|2Td+a | / a1 "Vl da.
(3-4)
Proof. From (3-2) we have
d+1
/ > |l (\VU\Q@J—?(@U'@U)>8in+@/ |za1 |7 [Vl za, = 0.
Br -'EO) i,j=0 Br(xo)
(3-5)
Like in Simon (S1996), if ¢ € C®(B,(x)) and @ = (aV, ..., a(?)
/ Za Jg+xp—o:>/ Zaﬁag——qf nedC — .
T 370) 837"(330)

(3-6)



Chapter 3. Intrinsic s-Harmonic maps with free boundary 34

Set 7o = (xg, |x(()d+1)| ), then

d+1
/ > |Id+1\a< [Vul?6; ; — 2(05u « Oju) )8in
r(ﬂUO) 4,j=0
d+1 ~(J)
Xr; — X
= =40 |l’d+1|a< |VU|25Z‘,]‘ - 2(8111, . 8]u) )] XZ
OB (z0) ij=1 T
—a [ Jzanl ! [VuPran.
By (z0)
fX=x-— io

d—l/ a2 d
( ) B, (30) |~’Ud+1|’ U’ €z

d+1
:/ (z0) Z |xd+1\a<]Vu\2(5i7j —2(81'&'(9]10)(517] dx
r{%0) j j=1
A T ) ()
= [y X |xd+1ya<|vu\ 5y — 2(8iu-0ju)) } (2 — 3) dS,
m\T0) 4,5=0
- a/ |z |*? (xd+1 — j(()d+1)) |Vul? dx
Br(mo)
d+1 |z, — jgi) 2 a1, z0) e — 79
=[P v — 2 S (g ) (B0 ) | ds,
OB, (z0) | = r ij=0 r r

—a [ fganl VP de+ a0 [ Jaga]t ! Val e
By (zo) B (z0)

T

_ 2 _
B / [Zay1]” [ e [Vul* —2r TV
B (o) r r

— a/ \xdﬂ\“]Vu\de—l—aiédH)/ |zg1 || Vul* do
Br(zo) By (z0)

2
] s,

ou 2

— zan|® | [Vauf? — 2| =22
/<93T<xo>‘d+1| [' | |3!$—xo!

—a/ \xd+1|a|vu|2+aazgd+1>/ 2| Vul? do
Br(mo) Br(-TO)

| ]
_’_ajgd—&-l)/ |xd+1|“_1|Vu|2
By (o)
(3-7)

dS,

Then, we have that

ou

(o r(x0 3|x—x0]

@+a=1) [ el Vel =7 [ gl [ Vul? - 2\
By (z0) 9By (zo0)

and, since
1

d
LB, (u,B, :,/ | Vul? ds,
dr (u (xo)) 2 JoB, (z0) [Zasa*[Vl
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We get
d Es(uaBr(xO)) —(d+a—1)/ ’ ’a‘v ‘Zd
— = x u|® dx
dr rdta=l 2rd+a Bo(wo)
1
— “\Vul? dS,
+ opd+a—1 /BBT(xO) [Zay1]"|Vul
2
—r ou
— a V 2 9
opdta /aBT(mo) |l‘d+1| |: | U| ‘ ('3|:1: _ xO’ ]
~(d+1)
azy / a—1 2
— Vul“d
2rdta /5. (no) [Zaq1|"" [ Vul® d
1
— “\Vul? dS,
+ gt el
Then we get the equation (3-4). [

Remark 3 By integrating the formula (3-4), and assuming xo € ORE™ we
get

E, (u, Bp(xg)> E; (Ua Ba(xo)) / M dz. (3-8)
By (zo)

pd—i-a—l O—d+a—1 \Bo (z0) ‘l’ _ x0|d+a—1

Now we have the following proposition, that corresponds with (R2018,
Lemma 4.5) and (MPS2021, Proposition 2.17):

Proposition 3.3 Let () C Ri“ be a bounded open set and suppose u €
HY(Q;Cy) is a minimizer of Ey(u,)). For every xy € 0°Q we have

2
a
To ‘Vu . 7]‘

®S<U,LE0,,O) - 68(u7x070-) = /BJr( ) dx (3_9)
p \Z0

\Bf (z0) |T — woldta~!

for every 0 < o < p < dist(x, 1), the limit
O, (u,xg) := lig)l O (u, xg,r) (3-10)

exists, and the function ©, : 9°Q — [0,00) is upper semicontinuous. In
addition, for every xy € 0°4Q,

2
a
T ’Vu . 77’

O,(u, To, p) — Os(u, ) = /

B} (z0) |2 — xo|dTo~!

dx (3-11)
for every 0 < p < dist(xg, Q2°).

Proof. Tt follows directly from Lemma 3.2, Remark 3 and using a reflection
argument like in Remark 2. |

Another monotonicity result is corresponding to (R2018, Lemma 4.7):
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Lemma 3.4 Let Q C RE™ be a bounded open set and suppose u € H(Q; Cy)
is a minimiser of Eg(u, Q). Fizing a ball Bg,(y) with Bg,(y) C Q, we have

el R, (u, Bp(y)) —e¥ gl E, <U, B, (y))
calz—yl¢ 2%, ’Vu . 77’2 (3-12)

> dz

By (y)\Bo (y) |z — zo|dt

-1
for every 0 < o < p < Ry, where £ = (de — RO)

Proof. We have that ( the equation (3-4) )

d ES U, B?" y a .
- ( ( )) :/ Ty | Vuen] dp — W+l / 27! Vu|? do
dr 7acl+afl 9B, (y) Td+a+1 27ad+a B (y)
(3-13)
d [ e d E.(u, B.(y))
_ arf,.a
dr [Td—l Es (u, B’"(y))] T dr {e r rd+a—1

E, <u7 B, (y))

_ arf, .a—1 aré a)
= (ae r' 4 afe”r v

Tgq [Vuen| aYa+1 2
4 répa / drl dr — / Vul|* dx
e r < OB (1) rd+atl 2rd+a /g () d+1| |

_/ ez, [Vuen) i
= x
8B, (y) rd+l

aear{

+

Ya+1 2
14+r8)Es(u, B, MWVul? de
[( O (u.B.0) = M [ a9 ]

So,
aearf

d T earé e x4, |[Vuen|
ar [WEs(ua Br(Q))] :/a&() il dx + rd U(y,r) (3-14)

where

Y
Uy.r) = L+ B(u Biy) = 5= [ it [Vul'da

We have that

Yd+1 a—1 2 1 2
2 Jnw Tg1|Vul" dz < 2 )50 ($d+1 +Ta7d+1) |Vul” dz

=B.(u.B ) +5 [, widIVal e
< E,(u, B,(y)) + r¢ E, (u, B,(y))

r&(Ro — 1) / 2
A — Vul® dx
5 B.3) d+1‘ ‘
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because 7! = ygy1 — Ry < 4.1 + 7 — Ry, then ¥(y,y) > 0. So, in the case
a > 0 we obtain from (3-14) that

d [ ers

€ s, (Vo)
S B (uB(y) | > /a . dr  (3-15)

dr rd+l1
Similarly,
Wt [ iuPde > o [ (af - regd) [VuP d
2 JB.w) 2 JB.(y)
T a—
=E.(uB.) 5 [, aidIVul dr
> E.(u, B,(y)) — € B (u, B, (1))

what implies

r&(Rg—r o
¥(y.r) < 206 B (. Brly) - ST [ v e
ré(Ry —r
< | 7€ (Yar1 +7) — f(g)] /B . 25| Vul|® do
. 3r R()
=r§ (yd+1 + 7 2 )
<0

because £ < 0 and yg41 + % — % > 0. Then, in the case a < 0 we also have
from (3-14) the inequality (3-15). At the end we conclude (3-12) by integration
from o to p the inequality (3-15).

[

Lemma 3.5 Let Q C RE™ be a bounded open set and suppose u € H(Q; Cy)

is a minimizer of By(u, Q). For every xo € 9°Q we have

d| 1 " ) 4 N
dr lrdﬂ /aBi(xo) Sl dsx] = e Ba(w B (0)). (3-16)

Proof. Let @ : QU QU {(2/, —x441)/z € Q} — Ci the odd reflection of u

respect to OR%!, then

d a 2 d Td a ~12
ar [/BB;F(;BO) T |ul de] = ar [2/631 (l’d+1‘u| )

To+rT

as.]
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_n ) .
= Jont e )$d+1‘u| s, + 2/ ) (:Cd+1’u‘ ) ndS,
0
n 9 1 , )
= — Qja u de—{—* U +3§'a vu R de
T JOB(z0) d-‘rl’ ‘ 2 9By (20) ’ ‘ d+1 ’ ‘ n
axgﬁ-%
n 2
= a dsS
r /8B,T(zo) La+1 |ul P
L @+ [ )
2 - — v ds,
T3 OB (o) [ 0T (xdﬂ 0 ) T T V|
n 9 ) ) »
e ; 8B;F(x0) Id+1|u‘ dS + - /8Br xo xd+1|u| dS + / xd+1V’u| . ,r]dSw

By taking ¢, € C§°(B,(xo)) the approximation of the characteristic

function in B, (z() and using (3-1), we have
a 2 1 a 2
/Bj(xo)de|Vu| dr = khl& /Bi(:co) Ty, |Vul gy d

1
= lim — div (x3+1V|u|2)¢k dx

k=00 2 JB/f (x0)

. 1 a 1 a
= lim [ —5 /Bj(xo) <xd+1V|u|27V¢k>d$ + 2/83T+(zo) l‘d+1¢kV|u|2 endS,

1
= 1i —/ a 2endS,
kl—{go [ 2 JoB; (z0) Tag1 0k 1 ]

1

= — a v 2 . dSm
2 /aBr(a:O) Tisr VUl en
1

= — xa V ﬂ/ 2 . dSl-
1 /am(mo) a1 V|a[=en

(3-17)
Then

d 2 d +a
— ¢ Jul?dS,| = / @ Jul?dS, + 2 / @ V2 d
dr [/837*(960) Tl ] v JoB; (o) Tl - Bif (0) Tip|Vul"de

and next, we get (3-16) by

d 1 )
- a dsx
dr [rd+a /B+( )35d+1’u\ ]
d+a ) 1 d . )
- - pdtatl /(93;‘-($)$d+1’u‘ dSy + — rd+a dgp [ABi(wo) md-i—l’u‘ de]

2 a
= /B+(x0) xd+1|Vu|2 dx.
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Lemma 3.6 Let Q C RE™ be a bounded open set and suppose u € H(Q; Cy)
is a minimizer of E(u, Q). For every xy € 9°Q we have

d

%Ns(u,xo,r) >0, (3-18)

where

N (u, o, ) /6B+ x4, |ul* dS, = 2rE, (u, B:—(ZL'[))). (3-19)

r -TO)

Proof. From (3-19) we have

2E, (u, B} (o) ) 1
r a 2
log N (u, zg,7) = log ( e —log (rdm /83;r(x0) Ty |ul de>
Using Lemmas 3.2 and 3.5 we obtain the identities

d (2E5 (u, Bj(:co)> ) 1 u, Bj(mo)) ) -

— 1 = 28, | Vuen|*dsS ES(
08 rd+a—1 o rd+a—1 OB; (z0) d+1 n z rd+a—1

dr

-1
2r )
T N.(u 2o p Vuenl”dS, / 2%, |ul2dsS,
s(u7 .1'077”) /QBf(:L"o) xd+1‘ 77’ ( 9B; (z0) d-i-l‘ ’ )

and
d 1 . 4E, (u, Bf (x0)) ( 1 !
% log pdta /63;"(:1:0) xd—H’u' dSs | = rdta rdta /83;"(:1:0) xd—H‘u’ A5
~ 2N,(u, o, 7)
-
so, we get

—1
2IN?2
i ds; ) -2

d " 9
—Ns(u,xo,r):%/ xy,, | Vuen|”dS, </¢93+( :

dr B} (x0) +(zo r
(3-20)
Because (3-17) from Lemma 3.5’s proof
/ 2% |Vul? dz = L 2%, V]ul*+«ndS :/ rg ,uVuendS
B (zo) 0T 2 JoB; (o) ! 7 JoBr(ao) T ’

By Cauchy-Schwarz inequality
2
4F2 (u, Bj(mo)) = (/Zij(ZO) rg uVuen d5x>

a 2 a 2
= </8Bf(x0) Tat1 |vu | T]| dsz) </63+(x0) Td+1 |U| dsz)

T
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then

-1
a 2 a 2
2r /63“%) T | Vuen|”dS, (/a&f(xo) iy |ul dSm)

—2
> 8rE2 (u, B (x))) ( [ |u|2dsx)

r \Z0
B 2N (u, zg, 1)

r
So, we conclude
d 2N? 2N?
9 Ny, r) > eltetor) 2Rl tor)
dr r r

3.3
Useful Estimates

Lemma 3.7 Let Q C Ri“ be a bounded open set and suppose u € H(Q; Cy,)

is a minimizer of Eg(u,Q). For every zo € 9°Q we have

<
JoBt (wo) Tasa|ul? dSe

7\ d+a+2N;(u,z0,R)
() R

faB;"(:ro) 'Tg—&-l |u’2 dSy 7\ drat2Ns(uzo.r)
7 < ()

(3-21)
where 0 < 1 < R and Br(z)*™ C Q.

Proof. Like we see in Lemma 3.6’s proof

d 1 u 5 2N (u, o, 1)
L s B

then, by integration

R*te faB:r(xo) G |ul? dS, /R 2N (u, g, )
= eXp N S S —

ds
rdta faB;(xo) T |ul? dS,

S

We have, because the monotonicity of Ng(u, xg, s) with respect to s (Lemma
3.6)

R 2N (u, x,
2N, (u, zo,7) log <R> < / M ds < 2N, (u, zg, R) log (R> ,

r S r

which implies the inequality (3-21).
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Lemma 3.8 Let Q C RE™ be a bounded open set and suppose u € H(Q; Cy)
is a minimizer of Eg(u, Q) with respect to the boundary data ug € H*(0; Cy,).
If there is M > 1 such that |ug| < M, then |u| < M.

Proof. Set IIp; : C, — Cj the Lipchitz retraction of C, to the set
Cem :={y € Cy : |y| < M}, defined as identity on Cj s and sending each
point y € Cy, \ Cy as to the point of intersection between 0Cy, and the geodesic
line that connect y to the vertex 0.

Note that, for each £ € T,Cy, with o € Cy \ Cg s, [dII(€)] < |€], then

1 1
E,(Tyu, Q) = - 4|V (Iyu) da+ 5 4 V()| d
Mo @) =5 [ e[ Vglde+ 5 [ V()| do
1 1
= — o |d (V d — gi1lVuld
2 Jonguisan Ty |dIy (Vu))| dz + 2 Jargu<an Tgy1|Vul dz
1 1
< = ge1lVuld — ge1|Vuld
2 Qﬂﬂm>M}wa| Y Ty QmﬂmgM}wwH| ul dz
= E (u, Q)
but (ITyu) ’89 = Iy (up) = ug, so we are contradicting the minimality of w,
unless v < M. [ |

Lemma 3.9 Let n > 2 and h € HY(B; (20); Cy) a s-harmonic function. It
holds that

1/2
a 2 a 2 a 2
/Bj_(&?o) T | VR de < C </<93ﬂ'(ro) Tr1|Vianh] de> (/8B;"(xo) Tglh — ¢ dS:r)

(3-22)
for some C = C(d,a) and any constant £ € R?.

Proof. Because integration by parts and the s-harmonicity of h, we have that

a 2 _ a
/B o P |VAPAS, = /B ey V(=6 (4,,Vh) dS,

T

- aBﬁ'(mo)(h - 5) ) (xg—HVh ) I/) 15

- /B oy (B €y (25, V1) dS,

= [opeon, Tira(h =€) (Vhev) ds.,
r (L0

and then, by Cauchy-Schwartz and Hoélder inequalities

a thdSz:/ @ (h— &) e (Vhev)dsS,
L Tl oy Fina (=€)« (Vh o)

< zhq|h =& |[Vhev|dS,

- 83;«F (1‘0)

1/2
a 2 a 2
< ([yro talTwbas, ) ([ agabi- epas.)

T

1/2

1/2
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Since there is C such that
@ IVhev|2dS, < c/ @V anh|2dS,,
/BBmo) Zin|[Vhev] = JoB; (x0) Zipa|Vianh

we get (3-22).
[

Lemma 3.10 Let Q C R4 be a bounded open set and suppose u € H(Q; Cy)
is a minimizer of Eg(u,Q) with ||ul|L=@q) < oo. There is a constant C
depending on d, k and |ul|p=@q) and there exists w € HY(B,(xo);Cy), an

extension of u’aB+( to Bf (xg) satisfying:

zo)

1/2 1/2
% | Vianu|?dS / % lu — €|*dS, ,
el VaPas) ([ g s,

T

a 2
/B;r(xo) xd+1|vw| dz<C </8BJr

T

for any € € R™ and B (x0) C Q with xo € ORLT™.

Proof.

Since z — x§,; is an Ay-weight, (HKM2006, Theorem 3.17) allow us to
choose h € H! (B} (z0); Cy) a s-harmonic function with h‘aB;*(zo) =u

Now we claim that there exists w € H}(B;Cy) such that w = h on

0B (x0) and C = C(d, |u|~(s0)) such that
2%, [Vl dz < c/ 2% [Vh|? do 3-23
Ly, TanilVultde <O [ g Vh (323

Set Coar = {y € Chstlyl < M}, for some M > 1 such that
|u||Le@n) < M. Because of (H1987, Lemma 6.1), there exists a compact
0-dimensional Lipschitz set X C R%! and a locally Lipschitz retraction
P : RN\ X — Cy s such that

/ |VP(x)|?dx < oo for any ball B ¢ R*!,
B

Note that there is 7 > 0 depending on k such that the projection I1(y) is unique
under the condition dist(y, C ps) < 7. Let B an open ball containing Cy, 5y U X
and defines P,(x) := P(z — z) for z € B, when o < inf{r, dist(Cy s, OB)}. We
also need to assume that B, (h(z)) C B for almost every x € B, (x¢) by taking
o small enough or increasing B.

Since h is smooth on €2, we may apply Sard’s theorem to see that the

compositions P, o h € H}(B, (20);Cy ) for almost all z. Using Fubini’s
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theorem, the chain rule and matrix sub-multiplicativity, we can get
x4, |V(P,oh)(x 2 dadz
L Lo, it [9(P- o )@)
a 2 2
< /B © oy Tt [V0(2) /B 0 VP (h())[ dede
- 2 thz/ VP(y)* dyde
Loy T VR [ () TP
2 a 2
< [IVPGF dy [, i [Vh(r) da.
We can choose a zy € B, such that
B, |/ T [V(Py 0 b )2 de < 2/ /Bw )x§+1|V(onh)(x)|2 drdz.
o r \Z0
Then, taking a constant C' > 2|B,|~" f3 [VP(y)|” dy,
G IV (Pyo @) de < C [ aty, |Vh(a)] de.
Loy Tt V(P o @) dr < C [ s [Vh(a)f dr
So, lets take

-1
> o P, ohe& HYB/(20); Cr.ur),
Cr,mr

w = (on

, thus, using inverse function theorem,

—1
z Ck,M)

At the end, the result follows by combining the estimation (3-23) and

clearly w‘aBmo) - h‘an(w - “’aBi(m

(3-23) follows by taking

C’zé-supLip(

ZGBO‘

Lemma 3.9.

Lemma 3.11 Let Q C R be a bounded open set and suppose u € H(; Cy)
s a minimizer of Eg(u, Q). For any compact K C ), there exists a constant Dy

depending on ||ul|Le(00), K and Q such that

2% |Vul?> < D,.
| @bl Vul* < Dy

Proof. By the compactness of K, scaling and translation, it suffices to prove
the estimate for 2 = By and K = B;_; for a fixed § € (0, 1).
By Lemma 3.8, there is R > 0 such that u(B;) C Bg N Cy.
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Since, for almost every r € (0, 1), holds that

d a a
%/BJF 1| Vul® do :/BBJr [Vl da

T

so, because the minimality of u and taken £ = 0 from Lemma 3.10, and taking

M = M(||u||L=(s0)) from Lemma 3.8 we have
d 1/2
D(r) := /Bi 24, 1| Vul* de < C <d7" /Bf 21| Vul?* dx - /8B7Jf $g+1|u|2d5x>

T

d
< CMy(d,a)Vrite (d’f’/B
= CMy(d, a)Vri+e D' (r)'/?

1/2
i)

then )
(CM(d.a) _ D)
Td—f—a — D(T)2

so, by integrating from (1 — J) to 1, we get

dta—1 D) T DI =0) = D—9)

— (CMp(d,a)) 1 ~1 1 1
(1 B (1-— 5)d+a1> <
then

(1 _ 5)d+a—1
1 — (1 _ 5)d+a—1

[ @[ Vul? = D= 8) < (d+a— 1) (CM(d. )’ —~ Dy

So the result has been prove. [ |
Lets denote

—1
Upty),s = < /Bmy) Ty dx) /BT+ w Tgu(z) do (3-24)

Lemma 3.12 (Caccioppoli-type inequality) Let u € H}(B};Cy) is a
minimizer of B,(u, BE). Then, for every A € (0,1), there exists a constant
C' depending on k such that

g W (u, xg, 2r), (3-25)

O, (u, g, 1m) < AO; (u, o, 21) + 32

where xy € ORI By,.(z0) C Bf; and

2

dz.

-1
Wtwso) = ([ shade) [t fute) =t

P

Proof.



Chapter 3. Intrinsic s-Harmonic maps with free boundary 45

From Lemma 3.10, and using the Cauchy’s inequality

1 1
AB < = (542 32)
—2< *3

with § = Ap with p € (0, 1), we have that there is a constant C' depending on k
and ||ul| e (a0) and there exists w € H} (B} (x0); Cy), an extension of u

dB; (o)

to B (xg) satisfying:

1 A
— % |[Vwl|?dS, < 7/ 2% | Vianu|?dS,
pita—1 /B;(xo) a1l | = 202 Jop (40) d1| Vianu|
C 2
5 q —&|7dS,,
* 2)\2pdta /833(360) Tasilu =]
Note that

2r
% |Vul? dS, dp = / %, |Vul? dz
/r /BB;L(QEO) an |Vl = Jos eonst o) anl Vel

so, there is p; € (r,2r) such that

1
x5 Vu2d33<f/ 2% |Vul? de
balVultde < L[ 0tV

1
% |Vul*dS, = - /
/8le (z0) iVl 7 JBS (20)\B; (x0)

in a similar way, we have that exists ps € (r,2r) such that
/ 2% |lu— &2 dS <1/ 2% Ju— € da
0B w0) C T B ) ’

Taking in account that Vi,,u = Vu — (Vu)(r ® v), we have that
x4 Vanu2de§2/ %, |Vul? dS,,
[\ it o it 7

now, setting p = min(py, p2), and using the monotonicity of @ and the

minimality of u, we get

1
O, (u, zg,r <7/ 2%, |Vw|*dS,
(0.7) € s [ Vi

A a 2 ¢ a 2
< 0 gy g Tort VU Gy [ Sl 6PS,

C
< \Oq (u, xo, 2r) + ﬁws(uu o, 21)

by taken £ = UBY (ng).s and the fact that

L o Pirde = @) (d,a)
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C’~¢(d,a).

so we also replace C' by Sira

Lemma 3.13 Let u; € H!(By;Cy) be a sequence of minimizing maps of
Eg(u, By), such that w; € L¥(0B;) and u; converges to u., weakly in
H!(By;Cy). Then us is a minimizing map of Ey(u, By), and u; converge to
Uso Strongly in H(By;Cy).

Proof. Set Wy like in Lemma 3.12, using the weighted Sobolev-Poincaré
Inequality (See (HKM2006), it is easy to verify that xg,, is an Ay-weight).
1
W, (u;, xo, 2r)/* < C(d) ~TWS(]Vui|p,x0,27’) r
2n . . . .
where p = 44 € [1,2], then from the Caccioppoli-type inequality (3-25), for
any A € (0,1) we have

C(d,a)r?
\2

2/p

93 (Ui, Zo, T) S >\®S (ui7'r07 2T> + Ws(’vui|p7 Zo, ZT) )

Take into account that, since zy € OR !,
2%, dr = pttty(d, a
/B;,"(aco) d+1 P w( ) )7

where

d—l(

sin sin?—2 ...sin(pg—
Y(d,a) = / #1) (i72) (1) cos®(¢1) dp1 dps . .. dp,

[0,7]4 d+a+1
so, dividing by 721(d, a) we have

Wi (|VUi|275U0,7“) < 2H AW, (|Vui|27$0727") + mWSOVWP,zO, 2r>2/p

¢ WS(]VUZ-VD, Zo, 27")2/p,

=0W, (|Vui|2,330,27“) + 02

where § = )\/2¢tat1 € (0, 1).

From (G1983, Chapter V, Proposition 1.1), that inequality allows us to
conclude that |Vu;| are equibounded in L . for some g > 2.

Let w € H (B, Cy) be an arbitrary map with boundary value w = u on
OB; and choose 1 a smooth cut-off function such that, given 6 > 07 =1 on
By 5,7 =0 o0n 0B and |Vn| < 6! on the set A; = By \ By 5. Now set in
By the map

v; = (1—n)u; +nuw
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Arguing like in Lemma 3.10’s proof, we can obtain a map w; € H!(By,Cy)

such that " ) . )
[, wialVuPde <O [ 2|Vl de,

w;=v; =w on 0B, (3-26)
w; =v; =u; on By,
w;=w on B,
where C' depends on k uniform in j.

Because semicontinuity of the energy and the minimality of u;, for j large

enough, we have that
a € a a
J mial Vel dr =5 < [ aalVailde < [ sVl dr, (327
for a given € > 0. Then, using (3-26)
a € a a
/B1+ 25,1 | Vul? do — 5 < /Bl—é 25,1 | Vw;|* dz + C’/A5 2G| Vw; P dr. (3-28)
We also have
2
[, wal Vol de = [ |V =t —w)| do
As As
2
= [, |V =1V —w) — (u; —w) V| d
2
<2 [ at, (10 0PIVl + PVl + ;= wlV]) do
6
= cl/ x5 [ Vus? + 02/ x| V) + 035_2/ x4, Juj — wl?
As As As

Because the Holder inequality and the equiboundness of Vu;, we have
2/q
[ Vulde < ([ 1Vulrde) A < b Al
As As

using Young inequality and a varient of Poincaré inequality

/m§+1|uj—w|2dx§2/ x§+1|uj—u|2—|—2/ x3+1|u—w|2dx
As As As

< 2/ x§+1|uj—u|2+2b252/ 25,1V (u—w)|*dz
As As
Thus, we obtain

[, bl Vol de = O A2 4+ o [ty — ul?
8 é

+ 035*2/ 28, |Vwl? + 045*2/ 2%, |V (u — w)?
As As

Since u; — u strongly in L#(B;"), and choosing § small enough such that
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€
lim su 22 |V P de < —,
p As d-|—1| ]| = 20

Jj—o0

(3-29)

thus we get from (3-28) that

[ il Vel dr < [ o Vel +e
1

1

Since w and € are arbitrary, we conclude that u is minimizer.

Now, we can in order to prove the strong convergence, let w = u, thus

2 2
/Bj x5, |Vu; — Vul* dz
2 2 2 2 2
:/B;rde|Vuj] d:L‘+/Bl+:L'd+1]Vu| dx—2/jgl+xd+1VujoVudx
€
</ B Vu~2dx—|—/ o Vu2dx—2/ 22 |Vul*dr + =
= st a1l V| B a1Vl B a1Vl

2
€
S/B+x§+1|Vuj|2dx—/B+x§+1|Vu|2dx+§

1 1

By the minimimality of u; and taking w = u in (3-26) we get
J whal Vel de < [ adn [Vl de+ © [ ad Vol d
then, taking again a small enough ¢ such that (3-29) holds, we have

2 2 2 2 €
[, il Vs = Vultde <€ Vo4 <e

We conclude that the convergence is strong in H!(B;)

3.4
Energy Decay Lemmas

Lemma 3.14 (Morrey’s Decay Lemma) Suppose u € W' (Bg(x)), [ >
0,7 € (0,1] are constants, and

by
ot [ V< (2) . Wy € Brya(20).p € (0, R/2).
r\Y

Then u € C°7 (PR (370)) and

|z1 — 9

o)~ utan)] < €5 (1

y
) ) vxbm? € BR/2 (-7:0)7

where C' depends only on d.

Proof. (M2005, Lemma 2.1) |
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Remark 4 In the Lemma 3.14 we can replace Br(xo) by Bf(xo) through a
reflection argument; that is replacing u by his even reflection in O]R‘f“l like in
Remark 2.

The next lemma is based on (GT2001, Lemma 8.23)

Lemma 3.15 Let w be non-decreasing function on an interval (0, R] satisfy-

ing, for all r < R, the inequality
w(r) < kw(r)

where v > 0 and 0 < 0 < 1. Then , there exists v € (0,1) depending on (0, k)
such that

Proof. Fix any r; € [r, R] and note that for every m € N
w(@™r) < kw(@™ ) < - < EMw(r) < EMw(R)

There is m such that

0"y < r < 0™ bpy

Hence, taking v = log(x)/ log(6)

() < (O™ 1) < KM w(R) < - 0™ w(R) < (T)% o(R)

K K \Ty

At the end we can choose g > 0 and 7y = RFr'™* € (r,R) such that
vY=pmn <1, s0

Lemma 3.16 Let u € HN(RY:Cy) be a minimizing of Es(u, Q). Suppose
B} (x0) is a half-ball with 9°B}; () C Q and suppose B,(y) C B (o) such
that y € BE/B(%) with yqy1 > 2p, then there is a constant C' = C(d) such that

pl_d/ Vul? < CO,(u, z0, R).
Bo(y)

Proof.
Noticing that for any = € B,(y)

2 Yar1 < Tgpq < 6Yg4
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and using the monotonicity result from Lemma 3.4 we have that

2
1-d 2 1-d a 2
1% / Vu(x dr < = P / T Vu(x dx
() | ( )‘ — () d+1’ ( )‘

Ydv1

9 Wdt+1€/2 1-d
e <?/d+1> / x3+1|vu(x)|2 dl’
et 2 Bygi1 (y)
—2

T Yda
where & = (Yat1 — ¥at1/2)"" = 2/yas1, then
d 1o (Yar )T 2
p' / |Vu(x)|? de < 2% e <> / xg,4|Vu(z)| do
By(y) BydT-H(y)

2

(3-30)
Since BydTH (y) C Bsygr (v, 0) and ygiq < |y — 0| < %, we get, by using

2
the monotonicity result from Proposition 3.3, that

p17d/
B

a+2 .2

2 3
Vu@) dr < S0 (u, (4,0, 57
(4) 3 2

P
2a+2€2

R
< 3maaOs (U (¥',0), 2)

we also have that Bg/s(y',0) C Bg(zg), so

a+2,2

2
1-d 2
P /Bp(y) |Vu(x)|*de < m@)s (u, zo, R)

2

48
Taking C'(d) = 61—: we get the result. |

The following Energy Decay Result is based on (R2018, Lemma 4.20)
and (AHL2017, Claim of equation 2.27).

Lemma 3.17 Let v € HNRI:Cy) be a minimizing of Ey(u,$). Sup-
pose Bf, (zg) satisfies R < 1 and 0°Bf (xg) C Q. There exists an gy =
€0 (d, ||u||L2(Q),a) >0 and a 6y = b (d, ||u||L2(Q),a) € (0,1/4) such that if

65 (U, Zo, R) S €0,
then .
85 (’LL, Y, 00/0> S 5 88 (U, Y, 10) )
for every Bf (y) C Bp(x0) with y € Brya(wo) N ORI and p < R/2.

Proof.
Lets prove by contradiction, considering a sequence of minimizers {u;}

such that
|| < flullz= @B, @0 (3-31)

O, (ui,y,p) =€, = 0, as i — o0 (3-32)
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but, for some ~ 1
O, (ui,y,0p) > 5 ©s (uiy. p) (3-33)
If there exists a C' > 0 such that

a 2
x u;|“dS, < C Oy (uy,y, p
/[“);r(y) d+1| | — ( )

Because or Lemma 3.5, we have that

d 1 " ) 4 .
% [Td+a /(93;"'(10) xd+1|ui’ de‘| - ; CF (ui’Br (Io)) (3—34)

and also using monotonicity of O (u;,y, p), we get
P dr P4
. Bt - _ +
4@S<u,, Bep(xo)) i T < /ép " 95<u, B, (xo)) dr
1 / 2 1 2
= x4 |7 dS, — ——— / x4 || dS,
Pt JoB (z0) i (gp)d+a ang(zo) d+1| |

S C@s (ui7 Y, p)

then
C

< —
~ 4log(1/0)

but when 0 < 6 < e~¢/2 we contradict (3-33), so Jostw) x4, 1 u;|* dS; does not

decay as fast as Oy (u;, y, p).

O, (ui, Bf (xo))

Op

0. (s, Bf (o)),

Using the scaling invariance of the target C,, we can replace u; by

~1/2
a 2
2% |2 dS, u;
([, ctalutas)

a 2
2%, |u|*dS, =1,
/83;(960) d 1| ‘

in that case (3-32) and (3-33) still hold.
Let W = Wipt () s> then
OS/ x5 wi(x)]? = |w|? dx:/
oy St (@ =il = [

<@ [ whalVuf e (33)

p (T0

to assume

2 |ua(x) — ] da

S C<d)pd+a+l @s (uia Lo, p) 9

because the weighted Poincaré inequality (See (HKM2006, 1.4), it is easy
to verify that xj,, is an Aj-weight). Here we may work with an absolutely

continuous representative of u;, which we do not relabel. Then, using Lemma
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3.7

p [ d+a+2N(u,z0,p)
2 a 2
% |, dx>/ - / 2% w2 dS, dr
/B;L(mo) d—i—l‘ | =) (P) 83;(900) d+1| ’

p / a 2
= x5 u;|* dSy,
1+d+a+ ZNS(u, 0, p) B (o) d+1| ’

where

-1
N (u, zo, p) = 2p Eq (u, B;L(xo)) (/ . 24wl dSm> :

0B, (x0)

and then

p
x5 || de >
/B:m > 1+d+ a+2p™* Oy(uj, xo, p)

next, we get

-1
—|2 a a 2 a 2 —12
u;|° = z%, . dx / % || dx —/ T w;|© — | da:>
;] </Bj(xo) dt1 ) (Bj(xo) a1 Uil Bt a) (’ "= |)

p
Y(d,a) p d+a+1
> - C d “ 98 i3 3
B pd+a+l d +a+ 2pd+a ®S(Uia Zo, p) ( )p (u o p)

B ¥(d, a)
(d + a)ptte + 2p21+20 O (u;, 2o, p)

— C(d)(d, a) O (uy, zo, p) -

Since Og (u;, xo, p) — 0, there is n > 0 such that, for ¢ large enough, [w;| > 7.

From the weighted Jensen‘s inequality and Lemma 3.7
-1

—12 a a 2
W] < </B+($O) $d+1dx> /B;L(a:o) T |wil“dx

P

d+a+2N(u,zo,r)
P(d,a) (o (r o
< / - / ) 2,1 Juil* dS, dr
P 0 P 9B, (o)

_ ¥(d.0)

- pd+a

Let @; be the minimizer of dist(w;, Cy,), since
-1
dist? (w;, C / x4 dx) / % | (x) — w;|2de
(7 ) < ( [ dade) [ ) -

-1
a 2
d)p (/B :Edex) /B+(x0) Ty, |Vu;|*dx

P
<Cda su21$0’>7

we have that
w; — @|* < C(d, a) O (u;, zo, p) (3-36)
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Passing to a subsequence if necessary, and because (3-32), there is a
constant u, such that u; and @;, both converge to u, and |u,| > n > 0. We also
may assume, by scaling and translations, that o = 0 and p = 1.

Now, let r; = |u, — @;| and define

(uz‘ - u*) @s (Ui, 07 1)71/2 If hml—wo(rl/gz) < Q.

Ui =
(u; — ;) Oy (uy, 0, 1)_1/2 If lim; o0 (7;/g;) < oo is not true.

It is clear that ||VU2‘||L§(BI+) =/2.
When lim;_,o.(7;/2;) < oo, we follow from (3-35) and (3-36) that

—-1/2
1Tl 2y = ©s (1, 0,1) 72 [ — tll 25y
—1/2 __ __ ~
<O, (u;,0,1)7" (Hui = Uil 2y + W — Uall L2y + 7 ’Bﬂm)
< C(d)'? + Od,a) 2| Bf |2 + 2 BT |26} < oo.
g

In the other case,

-1/2 ~
||Uz‘||Lg(Bl+) = 05 (u;,0,1) / |lwi — @

L%(BY)
< 0O, (u;,0,1)""/? <||Uz = Uil| 2y + [T — az‘”Lg(Bj))
< C(@)'"*+Cd, ) |Bf? < e,

Hence in any case, by Rellich Compactness, Lemma (R2018, Lemma 2.5),
passing to a subsequence if necessary, that U; — U, weakly in H!, converge

strongly in L?(Bj) and satifies:
||VUoo||Lg(Bl+) < h?_{i}}f HVUz‘HLg(Bj) =2

Besides, we claim that U,, maps B; to T;,C; almost everywhere which
is in a hyperplane, as |u.| > n > 0.

To prove this claim, first note by Egorov’s Theorem, since U; and U, are
bounded a.e., that for every § > 0, there exists Fs C By witch |Bf" \ Es;| < 6
such that U; convergence uniformly on FEj.

We also have that, there is a sequence of maps W; : B \ Es — Ty, Cy
such that |U; — W;| = 4 — 0. Since @; and u, are bounded uniformly away
from 0, there exists a sequence map 7; : T;,C,, — T,,,Cy, such that 7; converge

to the identity, as ¢ — oco. Setting Wl =1, 0 W; = T5,Cy, we have

W, — Uso| < [Wi = Wi| + |[W; = Uy| + |U; — Uy
<|m —dl|Us| + v + |U; — Us|
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So, Uy is the convergence value of Wi, then U, maps Bi" \ Es to T, Cy,. Next,
since ¢ is arbitrary the claim holds.

Another last claim is that, U, must be a vector valued s-harmonic
function and U; satisty the Caccioppoli-type inequality with the same uniform
constant as wu;. Thus, we can repeat the argument from Lemma 3.13 to say
(B). We

that U, is also a minimizer and the convergence is strong in H}, .

have the following Caccioppoli-type inequality

O, (User@0,0) < A0, (Use,70,20) + ;WS(UOO, %0, 20),

As in (RM2022, Lemma 5.1), we have that there is v > 0 such that

_Y(d,a)
(2§>d+a+1

v

W, (Use, 0, 20) = /B @ Un(@) — Ul? de < 0(d. a) C(d) (26)

So we obtain, by taking A = §7/3, that
0, (Us,0,0) < O,

where C' is depending on (d, a). For i large enough, we obtain

~ 1 “ 9 1 Gv/3 I 1
©.(U,,0,0) = 2%_1/]89+ T [VU()[? d < 542007 < 2 = 2 0,(Us,0,1)
for any 6 < (8C) ", which contradicts (3-33). |

Lemma 3.18 Let u € HN(R:Cy) be a minimizing of Es(u, Q). Suppose
B} (o) is a half-ball such that R < 1 and 0°Bj; (zo) C Q. There exists 1 > 0,
01 > 2 and C > 0 depending on d and ||ul|12(q) such that if

@s (U, Zo, R) S €1,

then ,
pl_d/ |Vul>dz < C ('0> rl_d/ |Vul|? do
Bp(y) r Br(y)

on every B,(y) C B(xo) such that y € By 5(xo) with yap1 > 617, 0 < p <
and some y =y (d, HuHLz(Q)) € (0,1).

Proof. Let suppose that, O (u, xg, R) < &1 for an €1 to be chosen and let ¢ like
in (R2018, Lemma 4.12); that’s ¢ such that, if v € H'(£2/Cy) minimizing of

E;(u, By) ::/B |Vu|§\/det§da:
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satisfying
> |0kgij| <e and / |Vo|de < ¢,
By

7:7j7k

then v is Holder continuous in B/, and
[v(21) — v(22)| < Clay — x2|7, Vi, 20 € Byyo, (3-37)

where €, C' and v € (0,1) are depending on d and [Jul|2(q).
According to (R2018, Section 1), the Dirichlet energy Eg(u,€) is the
same energy corresponding to the metric g = %6 where b = Cf_—al and 0 is the

Euclidean metric. Let § = - (1 + 7y 2441)° = vz 9(rz + y), then

. 1 _ “
Ey(v,By) = [ [Volpfdetgde = [ (14 ryzliaan) Vol dr

—1-d _
v ()
T

r 2
There exists constants ¢ and C' depending only on d such that

dz.

—_= Za
2 /Br(y) d

c<(1+ Ty;ilxd+1)b <C

So we can choose C' independently of b such that

d+1 b
> 10 (1 + ry;-&lmd-&-l) | ="Yahh ‘1 + T?Jcﬂlﬁdﬂl
k=1

LA -1
S Cryd—i-la

80, >k |OkGij| < € by taking 6; > max{2, (d + 1)Cer '}
If we define u,,(z) := u(rz +vy) for x € By, u,,, € H'(By;Cx) and
noting that E;(u,,, B1) = r'~%E;(u, B,(y)) = Es(u, B,(y)), we have that u,.,

is Fz-minimizing, and from Lemma 3.16, there is C(d) such that
/ IV, (2)]? de = rlfd/ IVul? < C(d) ©4(u, z0, R) < &,
B1 BT(y)

by taking e; < ¢/C(d), then we can follow that v, , is Hélder continuous in
By ).

Re-scaling implies that u is Holder continuous in B, /2(y). From (R2018,
Lemma 4.14) , there is C'(d, k) such that

sup |V, |2 < C(d, k)r— /B |Vt 21/det(g) da
1

By 2

then, after a change of variables

r? sup 9, |Vul®> < O(d, k)rlfd/ xjH\Vu\; dx
B, /2 Br(y)
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Then, for any o € (0,1/2]

(ar)l_d/B w 24, | Vul® de < C(d, k’)agrl_d/B ( )x3+1]Vu]2 dx

r\Y

By calling C' = ﬁk)a we get
1
e (or) T E, (% Bar(?J)) < C el E, (u, B,,«(y))

Letting w(p) := e p!~¢ E, (u, Bp(y)> for & = (yd+1 - r)_l and p < r.
In that case, Lemma 3.4 says that w is non-decreasing, also it satisfies
w(or) < C7lw(r), from Lemma 3.15, there exists v € (0,1) depending on
d and k such that
w(p) 2 (2) i)

r

that concludes the proof.

3.5
Proof of Theorem 1.3
Proof. [Proof of Theorem 1.3] Set ¢ = min(eg, 1), where gy and €; are the
numbers from Lemmas 3.17 and 3.18 respectively.
By the Lemma 3.17, there is 6y € (0,1/4) depending on d, ||u||r2(q) and
a such that
O (u,y,bop) < ; O (u,y,p),

for every B (y) C Bj(xo) such that y € Bgja(z) N IR and p < R/2, so
because the monotonicity of @4(u,y, p) on p from Proposition 3.3, we get by
the Lemma 3.15 that

2p Y0
95 (U, Y, p) S 2 (R) 98 (uv Y, R/Q)

for some 7y € (0,1) depending on d, ||u| 2 and a.
Note that, if y4.1 = 0 then

x4 de = pt%(d, a),
[z, Fatdr = pw(d )

where

sin?~1 sin®—2 ...sin(pg_
Y(d,a) = /[0 y (1) (2) (i) dpidps ... dp,

B (1+d—a)cos*(p1)

Then
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pn /B+ Tty dx /B+ y) x§+1|vu|2 dx = vY(d,a) O (u,y, p)
1 p Yo
< 270+ w(d, CL) () @s (U, Y, R)

R
(3-38)
We also have, from Lemma 3.18, that there is 6; > 2, 4 € (0,1) and

C > 0 depending on d and ||u| () such that

pl—d/
By(

P

71
Vul?* < C (p) rl_d/ Vul?, 0<p<r
v) r Br(y)

on any B, (y) C Bf(xo) such that y € Bj 5(wo) with yay1 > 6017

In this case, note that

1 a a a
5 Yari <4 <6y5, 7€ B,(y)

On the one hand

p—Qn /
B

and, on the other hand

x, dx/ 2% | Vul*de < 12p' 7% B / Vul|* dx
o T de [ a1Vl | Bi Bp(y)l |

P

o[ e £ 00
By (y)

because the Lemma 3.16, then

_9 _
n ;¢ dm/
P /chy) G B )

P

Y1
S|Vl do < €y (£) O,(wame B)  (339)

where

R 71
i =12iBilc) ()

is depending on d and ||u|r2(q).
Note that, by Hélder’s Inequality, and taking v = % min(7y,72), the

2
equations (3-38) and (3-39) produce
d 2 25\
vl < (p [ agtide [ ag Val do)
o [ 1Vl < (p7 [ agtde [ 2t Valdo
1 /p\”
< C(d,a)Os(u, zg, R)2 <T> ,

where B = Bf (y) C Bj(zo) such that y € By,r(z) N ORE with p < 6,R or
B = B,(y) C Bj/(x0) such that y € By, z(xo) with yg41 > 01p.
The Lemma 3.14 and Remark 4 conclude the proof. [
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