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Abstract

Abreu, Rafael Otavio Alves; Roehl, Deane de Mesquita (Advisor); Mejia
Sanchez, Eleazar Cristian (Co-advisor). Advances in implicit integration
algorithms for multisurface plasticity. Rio de Janeiro, 2023. 212p. Tese de
Doutorado — Departamento de Engenharia Civil e Ambiental, Pontificia
Universidade Catolica do Rio de Janeiro.

The mathematical representation of complex material behavior requires a
sophisticated constitutive formulation, as it is the case of multisurface plasticity.
Hence, a complex elastoplastic model demands a robust integration procedure for
the plastic evolution equations. Developing integration schemes for plasticity
models is an important research topic because these schemes are directly related to
the accuracy and efficiency of numerical simulations for materials such as metals,
concrete, soils and rocks. The performance of the finite element solution is directly
influenced by the convergence characteristics of the state-update procedure.
Therefore, this work explores the implementation of complex constitutive models,
focusing on generic multisurface plasticity models. This study formulates and
evaluates state-update algorithms that form a robust framework for simulating
materials governed by multisurface plasticity. Implicit integration algorithms are
developed with an emphasis on achieving robustness, comprehensiveness and
flexibility to handle cumbersome plasticity applications effectively. The state-
update algorithms, based on the backward Euler method and the Newton-Raphson
and Newton-Krylov methods, are formulated using line search strategies to improve
their convergence characteristics. Additionally, a substepping scheme is
implemented to provide further robustness to the state-update procedure. The
flexibility of the algorithms is explored, considering various stress conditions such
as plane stress and plane strain states, within a single, versatile integration scheme.
In this scenario, the robustness and performance of the algorithms are assessed
through classical finite element applications. Furthermore, the developed
multisurface plasticity background is applied to formulate a coupled elastoplastic-
damage model, which is evaluated using experimental tests in concrete structures.
The achieved results highlight the effectiveness of the proposed state-update
algorithms in integrating multisurface plasticity equations and their ability to handle

challenging finite element problems.
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Resumo

Abreu, Rafael Otavio Alves; Roehl, Deane de Mesquita (Orientadora); Mejia
Sanchez, Eleazar Cristian (Coorientador). Avancos em algoritmos de
integracdo implicita para plasticidade com multiplas superficies. Rio de
Janeiro, 2023. 212p. Tese de Doutorado — Departamento de Engenharia Civil
e Ambiental, Pontificia Universidade Catdlica do Rio de Janeiro.

A representacdo matematica de comportamentos complexos em materiais
exige formulacBes constitutivas sofisticada, como é o caso de modelos com
maultiplas superficies de plastificacdo. Assim, um modelo elastoplastico complexo
demanda um procedimento robusto de integracdo das equagOes de evolugédo
plastica. O desenvolvimento de esquemas de integracdo para modelos de
plasticidade é um topico de pesquisa importante, ja que estes estdo diretamente
ligados a acurécia e eficiéncia de simulagbes numéricas de materiais como metais,
concretos, solos e rochas. O desempenho da solucdo de elementos finitos é
diretamente afetado pelas caracteristicas de convergéncia do procedimento de
atualizacdo de estados. Dessa forma, este trabalho explora a implementacdo de
modelos constitutivos complexos, focando em modelos genéricos com multiplas
superficies de plastificacdo. Este estudo formula e avalia algoritmos de atualizacao
de estado que formam uma estrutura robusta para a simulagdo de materiais regidos
por multiplas superficies de plastificacdo. Algoritmos de integracdo implicita sdo
desenvolvidos com énfase na obtencao de robustez, abrangéncia e flexibilidade para
lidar eficazmente com aplicacdes complexas de plasticidade. Os algoritmos de
atualizagdo de estado, baseados no método de Euler implicito e nos métodos de
Newton-Raphson e Newton-Krylov, sdo formulados utilizando estratégias de busca
unidimensional para melhorar suas caracteristicas de convergéncia. Além disso, é
implementado um esquema de subincrementacao para proporcionar mais robustez
ao procedimento de atualizacdo de estado. A flexibilidade dos algoritmos é
explorada, considerando varias condi¢Ges de tensdo, como os estados plano de
tensdes e plano de deformagdes, num esquema de integracdo Unico e versatil. Neste
cenario, a robustez e o desempenho dos algoritmos sdo avaliados através de
aplicacdes classicas de elementos finitos. Além disso, o cenario desenvolvido no
contexto de modelos com multiplas superficies de plastificacdo € aplicado para
formular um modelo elastoplastico com dano acoplado, que é avaliado através de

ensaios experimentais em estruturas de concreto. Os resultados obtidos evidenciam



a eficdcia dos algoritmos de atualizacdo de estado propostos na integracdo de
equacdes de modelos com mdltiplas superficies de plastificacdo e a sua capacidade
para lidar com problemas desafiadores de elementos finitos.

Palavras-chave

Modelos com multiplas superficies de plastificacdo; integracdo implicita;
método de Newton-Raphson; método de Newton-Krylov; modelo elastopléstico
com dano acoplado



Contents

1 Introduction

1.1. Context and motivation
1.2. Objectives

1.3. Structure of the thesis

2 Fundamentals of plasticity theory

3 Implicit substepping integration algorithm
3.1. Elastic predictor-plastic corrector algorithm
3.2. Line search

3.3. Substepping scheme

3.4. Consistent tangent modulus

4 Applications of the implicit substepping integration algorithm
4.1. Elastoplastic model formulation

4.2. Return mapping analysis

4.3. Finite element analysis: single-surface plasticity

4.4. Finite element analysis: multisurface plasticity

5 Newton-Raphson-based implicit integration algorithm for both
plane stress and three-dimensional stress conditions

5.1. Formulation of the state-update scheme

5.2. Complementary function-based Newton-Raphson formulation

5.3. Plane stress plasticity

6 Newton-Krylov-based implicit integration algorithm
6.1. Jacobian-free Newton-Krylov method
6.1.1. Inexact Newton methods

6.1.2. Krylov subspace methods

20
20
22
23

25

29
32
41
44
45

52
52
57
62
64

70
71
72
78

83
86
86
89



6.1.3. Jacobian-vector product computations by using finite difference
schemes

6.1.4. Line search strategy

6.1.5. Updating the preconditioners by Broyden’s formula

6.2. Proposed state-update algorithm for multisurface plasticity

6.2.1. Newton-Krylov-based state-update scheme

6.2.2. Consistent tangent modulus

7 Applications of the Newton-Krylov-based implicit integration
algorithm

7.1. Plane strain versus plane stress

7.2. Computational time comparison

7.3. Implicit substepping scheme versus Newton-Krylov-based implicit

integration scheme

8 Proposed coupled elastoplastic-damage modeling
8.1. Continuum damage mechanics formulation

8.2. Proposed damage criteria

8.3. Proposed damage evolution law

8.3.1. Uniaxial tensile response

8.3.2. Uniaxial compressive response

8.4. Material tangent modulus

8.5. Plane stress considerations

8.6. Coupling elastoplasticity and damage

8.7. Computational aspects

8.8. Application of the CCD and C3EPD models

8.8.1. Evaluation of the proposed damage criteria and evolution law
8.8.2. Hydrostatic and confined compression tests
8.8.3. L-shaped panel

8.8.4. Four-point shear test

9 Conclusions and suggestions for future research
9.1. Conclusions

9.2. Suggestions for future research

90
91
92
94
94
96

99
99
103

112

114
116
119
121
121
123
126
128
129
130
134
135
136
138
141

146
146
149



10 References

Appendix A Auxiliary equations for elastoplastic model

implementation

Appendix B Capped Hyperbolic Generalized Classical (CHGC)

model formulation

Appendix C Cap Model formulation

Appendix D Auxiliary equations for Cracking-Crushing Damage
(CCD) model definition

D.1. Principal stresses computation

D.2. Derivation of the tensile damage evolution law

D.3. Derivation of the compressive damage evolution law

D.4. Derivatives related to material tangent modulus computation

Appendix E Parameter identification procedure
E.1. Inverse analysis

E.2. Data acquisition

E.3. Gradient boosting machine

E.4. Multistep-ahead prediction

E.5. Hyperparameter optimization

E.6. Genetic algorithm

E.6.1. Genetic operators

E.6.2. Genetic algorithm implementation

151

173

176

182

186
186
187
188
189

191
191
194
196
200
202
207
209
211



List of figures

Figure 1 Schematic representation of the elastic domain for a

multisurface plasticity model 26
Figure 2 Substepping update procedure for the plastic variables 33
Figure 3 Graphic interpretation of the Armijo rule (adapted from

Nocedal and Wright (2006)) 42
Figure 4 Flowchart of the proposed state-update algorithm 50
Figure 5 Capped Hyperbolic Generalized Classical (CHGC) model in
meridional plane 55
Figure 6 Biaxial strength envelope g, g, of the CHGC model, as well as

a zoom-in at the tensile corner, for a; = 0, cohesion ¢ = 490 kPa, and
friction angle ¢ = 20° 55
Figure 7 Return mapping paths to the apexes of the surfaces for case

1: (a) proposed algorithm versus classical return mapping for the
Drucker-Prager criterion, (b) state-update procedure with quadratic
interpolation for the Drucker-Prager criterion, (c) state-update procedure
with cubic interpolation for the Drucker-Prager criterion and (d)

proposed algorithm versus classical return mapping for the Mohr-
Coulomb criterion 58
Figure 8 Return mapping path to the Mohr-Coulomb pyramid for case

2: proposed algorithm versus classical return mapping and a zoom-in at
the updated stress point 59
Figure 9 CHGC model return mapping paths for case 3: (a) one-step
solution, (b) first substep, (c) second substep, and (d) last substep 60
Figure 10 CHGC model return mapping paths for case 4: (a) one-step
solution, (b) first substep, (c) second substep, and (d) last substep 61
Figure 11 Rigid footing problem: (a) finite element mesh and (b) details
about the mesh and the uniform prescribed displacements (adapted

from de Souza Neto, Peri¢ and Owen (2008)) 62



Figure 12 Normalized pressure-displacement relation considering the
Mohr-Coulomb and Drucker-Prager criteria for the (a) strip- and (b)
circular-footing problems

Figure 13 Maximum and cumulative number of (a) golden section
executions and (b) substeps in the circular-footing analysis, as well as
the number of Gauss points that required these specific strategies
Figure 14 Normalized pressure-displacement relation for the strip-
footing problem, the CHGC model, and the proposed state-update
algorithm (a) with substepping and (b) without substepping

Figure 15 Normalized pressure-displacement relation for the circular-
footing problem, the CHGC model, and the proposed state-update
algorithm (a) with substepping and (b) without substepping

Figure 16 Evolution of (a) the golden section, (b) the substepping
scheme executions, and (c) the number of Gauss points that required
these strategies throughout the numerical solution for the strip-footing
considering the CHGC model

Figure 17 Evolution of (a) the golden section, (b) the substepping
scheme executions, and (c) the number of Gauss points that required
these strategies throughout the numerical solution for the circular-
footing considering the CHGC model

Figure 18 Spatial distribution of the total number of substeps in the (a)
strip- and (b) circular-footing analysis

Figure 19 Internally pressurized thick-walled cylinder/ring: geometry,
boundary conditions, and finite element mesh

Figure 20 Pressure-displacement responses for the internally
pressurized thick-walled cylinder/ring under (a) plane strain and (b)
plane stress conditions

Figure 21 Spatial distribution of the softening variable a for the
internally pressurized thick-walled ring at the last analysis step (plane
stress conditions and H = —60 GPa)

Figure 22 Evolution of the softening variable related to GP1 for the
internally pressurized thick-walled ring (plane stress conditions and

H = —60 GPa)

63

64

65

65

67

68

69

100

101

102

103



Figure 23 Bending of a V-notched bar: geometry, boundary conditions,
and finite element mesh (adapted from de Souza Neto, Peri¢ and

Owen (2008)) 103
Figure 24 End-loaded tapered cantilever: geometry, boundary

conditions, and finite element mesh (adapted from de Souza Neto,

Peri¢ and Owen (2008)) 104
Figure 25 Finite element responses considering the Tresca criterion:

(a) internally pressurized thick-walled cylinder, (b) bending of a V-

notched bar, and (c) end-loaded tapered cantilever 106
Figure 26 Finite element responses considering the Mohr-Coulomb
criterion: (a) internally pressurized thick-walled cylinder, (b) bending of

a V-notched bar, and (c) end-loaded tapered cantilever 107
Figure 27 Finite element responses considering the Cap Model: (a)
bending of a V-notched bar and (b) end-loaded tapered cantilever 113
Figure 28 Physical damage and mathematical continuous damage
(adapted from Lemaitre and Desmorat (2005)) 117
Figure 29 Typical uniaxial tensile response for a conventional concrete
(the area of the shaded region is equal to g;) 122
Figure 30 Typical uniaxial compressive response for a conventional
concrete (the area of the shaded region is equal to g.) 124
Figure 31 Comparison of numerical and experimental response of

biaxial concrete behavior 126
Figure 32 Stress-strain relation of conventional concrete under biaxial
compression 136
Figure 33 Stress-strain relation of conventional concrete under

combined compression and tension 136
Figure 34 Hydrostatic behavior for numerical experiments using the
C3EPD model (compression is assumed to be positive) 137
Figure 35 Confined numerical tests for the CHGC and C3EPD models
(compression is assumed to be positive) 138
Figure 36 L-shaped panel: boundary conditions and geometry with all

lengths in millimeters 139



Figure 37 Load-displacement response for the L-shaped panel: (a)
without and (b) with adjustment according to Kitzig and Haussler-

Combe (2011) 140
Figure 38 Spatial distribution of the scalar damage variable D for the
L-shaped panel when the deflection reaches 1 mm at the point load 141
Figure 39 Four-point shear test: boundary conditions and geometry 142
Figure 40 Load-displacement response for the four-point shear test
considering the CCD model: (a) load-displacement, (b) load-CMSD,

and (c) load-CMOD responses 143
Figure 41 Load-displacement response for the four-point shear test
considering the C3EPD model: (a) load-displacement, (b) load-CMSD,

and (c) load-CMOD responses 144
Figure 42 Spatial distribution of the scalar damage variable D for four-
point shear test when the CMSD reaches 0.22 mm 145
Figure 43 Capped Hyperbolic Generalized Classical (CHGC) surface

in principal stress space 179
Figure 44 Cap Model in meridional plane 183

Figure 45 Flowchart of the adopted parameter identification procedure 193
Figure 46 Sample points from four sampling methods: (a) random
sampling, (b) Latin hypercube sampling, (c) Halton sequence, and (d)
Hammersley sequence 195
Figure 47 Schematic representation of the multistep-ahead prediction 202
Figure 48 Flowchart of the proposed machine learning modeling 207
Figure 49 Schematic depiction of genetic algorithm 209

Figure 50 Flowchart of the presented genetic algorithm 212



List of tables

Table 1 Plastic model shape parameters 57
Table 2 Strain increments for the return mapping analysis 57
Table 3 Comparison between the updated states considering one and

multistep schemes 62

Table 4 Global residual norms for the strip-footing problem and the

CHGC model 66
Table 5 Global residual norms for the circular-footing problem and the
CHGC model 66
Table 6 Shape and material parameters for the computational time
comparison 104
Table 7 Description of the Newton-Raphson-based schemes 105
Table 8 Description of the Newton-Krylov-based schemes 105

Table 9 Relative computational time comparison amongst Newton-
Raphson schemes for Tresca criterion 108
Table 10 Relative computational time comparison amongst Newton-
Krylov-based implicit integration schemes for Tresca criterion 109
Table 11 Relative computational time comparison amongst Newton-
Raphson schemes for Mohr-Coulomb criterion 110
Table 12 Relative computational time comparison amongst Newton-
Krylov-based implicit integration schemes for Mohr-Coulomb criterion 111
Table 13 Description of the XGBoost hyperparameters, their domains

and distributions 199
Table 14 Bayesian hyperparameter optimization configuration adopted

in this work 206



List of algorithms

Algorithm 1 Elastic predictor-plastic corrector algorithm for multisurface

plasticity

Algorithm 2 Armijo rule

Algorithm 3 Golden section method

Algorithm 4 Substepping scheme

Algorithm 5 Newton-Raphson-based implicit integration scheme for
multisurface plasticity considering both plane stress and plane strain
conditions

Algorithm 6 Newton-Krylov-based implicit integration scheme for
multisurface plasticity

Algorithm 7 State-update algorithm for the proposed coupled
elastoplastic-damage model

Algorithm 8 Update the internal variables r, and r, based on the
proposed damage criteria

Algorithm 9 Obijective function adopted by the hyperparameter
optimization task

40

43

44

51

82

98

132

133

205



“All models are wrong, but some are useful”

George Box



1
Introduction

1.1.
Context and motivation

The mechanical behavior of engineering materials, such as concrete, soils and
rocks, is defined by several multiscale phenomena. In the macromechanical level,
material heterogeneities are neglected in the development of phenomenological
constitutive models for engineering applications. The plasticity theory offers
mathematical support to describe the phenomenological behavior of several
materials. This theory describes solids under permanent strains during cyclic
loading. In the plasticity theory context, these strains are independent of the loading

rate.

Yield surfaces are essential components of elastoplastic models since they
define the boundary of the elastic domain. Often, those models are defined by a
unique yield surface (Foster et al., 2005; Seifert and Schmidt, 2008). On the other
hand, multiple yield surfaces can also be adopted to define the elastoplastic model,
primarily for complex constitutive behavior. This type of plasticity model is
frequent in various engineering applications, as presented by Lourengo and Rots
(1997), Mackenzie-Helnwein, Eberhardsteiner and Mang (2003), Lukacevic,
Lederer and Fussl (2017), and Xie et al. (2021).

Implementing an elastoplastic constitutive model in a finite element simulator
requires the integration of the constitutive evolution equations. Although analytical
and semi-analytical solutions for that integration process exist, they are limited to
certain conditions (Szabd, 2009; Becker, 2011). Numerical methods are therefore
generally used to integrate these equations. While explicit integration algorithms
based on the forward Euler method are straightforward to implement, they may not
offer the required accuracy for large strain increments (Sloan, 1987; Abbo and
Sloan, 1996; Jakobsen and Lade, 2002). Thus, implicit integration schemes based
on the backward Euler method are vastly considered (Simo and Taylor, 1986;
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Fuschi et al., 1994; Lourenco, de Borst and Rots, 1997; Huang and Griffiths, 2009;
Geng et al., 2021; Nie et al., 2022; Santos and de Souza Neto, 2022) due to their
excellent accuracy and stability characteristics (Ortiz and Popov, 1985).
Importantly, implicit schemes for multisurface plasticity involve a sophisticated
integration algorithm capable of identifying which surface contains the updated

state.

The pioneering work of Simo, Kennedy and Govindjee (1988) introduced an
implicit integration algorithm for generic multisurface plasticity models, including
an extension for viscoplasticity. Since then, numerous other authors dedicated effort
to enhance the algorithms to deal with multisurface plasticity, even in recent years
(Zheng, Zhang and Wang, 2020; Li, Li and Zheng, 2021; Pech, Lukacevic and
Fussl, 2021; Zhao et al., 2022), as complex models can lead to severe convergence
problems (Adhikary et al., 2017). A robust algorithm for multisurface plasticity
effectively handles complex stress trajectories and large strain increments.
Overcoming these issues requires specific investigations into appropriate numerical

strategies.

In the numerical context, an implicit integration scheme is generally
associated with solving a system of nonlinear equations. The classical Newton-
Raphson method is a common choice due to its convergence characteristics.
However, this method does not guarantee convergence, mainly in complex
constitutive models, as reported by Armero and Pérez-Foguet (2002). They
emphasized that yield surfaces with high curvature may show convergence
difficulties. Similar problems are reported by Bi¢ani¢ and Pearce (1996) and Lester
and Scherzinger (2017). As verified by Scherzinger (2017), the implicit algorithm
known as closest point projection may start an infinite iteration loop, which reduces

the convergence region of the method.

Besides robustness, efficiency and accuracy of integration schemes for
elastoplastic models, versatility is an important characteristic of these algorithms.
However, many existing algorithms are designed for specific constitutive models
(Aravas, 1987; Hofstetter, Simo and Taylor, 1993; Feenstra and De Borst, 1996),
which limit the applicability of those algorithms. Modeling single and multisurface
plasticity requires different schemes, since the latter uses a specific process to

identify the active surfaces of the problem (Simo, Kennedy and Govindjee, 1988;
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Pech, Lukacevic and Fissl, 2021). Similarly, the distinctive nature of plane stress
plasticity typically requires an appropriate algorithm (Simo and Taylor, 1986; Lee
and Fenves, 2001; Chatziioannou, Karamanos and Huang, 2021). To address these
challenges, proposing an implicit integration scheme that can handle single and
multisurface plasticity and accommodate plane stress and three-dimensional stress

conditions is an appealing task.

It is worth highlighting that elastoplastic models can effectively capture
complex material nonlinearity, such as hardening and softening behavior.
Nonetheless, these models may not respond satisfactory when the material
experiences stiffness degradation, particularly observed during the material
unloading step. In these scenarios, coupling elastoplasticity and damage models
becomes valuable for accurately modeling the evolution of unloading stiffness.
Simo and Ju (1987a, 1987b) and Ju (1989b) coupled multisurface plasticity with a
damage model. Nonetheless, most models available in the literature work with

single surface plasticity.

In this context, this work proposes the development of novel algorithms to
address the challenges posed by complex plasticity models, with a particular focus
on multisurface plasticity. The study explores and evaluates state-update algorithms
that provide a robust framework to simulate the behavior of complex engineering

materials.

1.2.
Objectives

This work aims to contribute to the research field of computational plasticity
by studying the implementation of complex constitutive models, focusing on
multisurface plasticity. Single-surface models are also assessed since they are
special cases of multisurface ones. In this scenario, implicit integration schemes are
developed, with particular emphasis on robustness, comprehensiveness, and
flexibility of the algorithms. Additionally, this research explores coupled
elastoplastic-damage modeling based on the developed multisurface plasticity
background and the continuum damage mechanics. A constitutive model is then
formulated to accurately represent the multiaxial behavior of conventional concrete.
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The specific objectives of this study are as follows:

e Develop strategies to improve robustness and comprehensiveness of
implicit integration scheme for generic multisurface plasticity models;

e Develop a Newton-Raphson-based strategy to integrate generic
multisurface plasticity, specifically addressing the plane stress condition;

e Investigate a non-conventional algorithm to solve systems of nonlinear
equations in the context of integrating generic multisurface plasticity for
different stress conditions;

e Propose a coupled elastoplastic-damage model to effectively handle the

multiaxial behavior of conventional concrete.

1.3.
Structure of the thesis

This work comprises 11 chapters that discuss novel developments in
multisurface plasticity by formulating algorithms and constitutive models. This
introductory chapter serves as Chapter 1 of the work.

Chapter 2 describes the fundamentals of plasticity theory, presenting the
plastic evolution equations in the context of multisurface plasticity. These
constitutive equations are essential to the definition of the proposed state-update
algorithms.

Chapter 3 presents a state-update algorithm for multisurface plasticity in
which optimization methods are employed: Newton-Rapson method and line search
strategy. To improve the robustness of the proposed algorithm, a substepping
scheme is adopted. Additionally, a tangent modulus consistent with multisurface

plasticity and the substepping scheme is formulated.

Chapter 4 evaluates the implicit substepping scheme, conducting analyses at
the local (Gauss point) and global levels (solving finite element problems). A
multisurface plasticity model is here formulated and used to assess the robustness

of the proposed integration scheme.

Chapter 5 formulates a novel Newton-Raphson-based implicit integration

algorithm capable of handling plane stress, plane strain, axisymmetric, and three-
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dimensional stress conditions. This algorithm applies complementary functions to

properly consider multisurface plasticity.

Chapter 6 formulates a novel Newton-Krylov-based implicit integration
algorithm that eliminates the need for some derivative computations related to the
constitutive equations. Moreover, a finite difference-based scheme to compute the

consistent tangent modulus is presented.

Chapter 7 evaluates the proposed Newton-Krylov-based scheme by studying
finite element problems that exhibit both hardening and softening behavior. The

efficiency of the proposed schemes is assessed in terms of computational time.

Chapter 8 proposes a novel coupled elastoplastic-damage model to simulate
the multiaxial behavior of conventional concrete. A regularization technique based
on the crack band approach is adopted to mitigate mesh dependency. Furthermore,
it is presented an appropriate state-update algorithm, along with specific
computational aspects to ensure accuracy. The applicability of the proposed
coupled elastoplastic-damage model in simulating concrete structures is then
assessed. Experimental tests available in the literature are studied to evaluate the
accuracy of the model. The parameter identification procedure proposed during the

development of this thesis is applied to compute unknown material parameters.

Chapter 9 concludes this thesis by summarizing the main achievements
obtained during the research. Additionally, five appendices are included. Appendix
A presents the equations related to the stress invariants and their derivatives.
Appendix B discusses the constitutive equations required to implement the
multisurface plasticity model formulated in this work. Appendix C presents the
multisurface plasticity formulation of the Cap Model. Appendix D presents relevant
equations related to the implementation and formulation of the proposed damage
model. Finally, Appendix E presents a novel parameter identification procedure that
utilizes artificial intelligence techniques to obtain unknown material parameters of
the proposed coupled elastoplastic-damage model. Important topics related to

machine learning and optimization methods are discussed.
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Fundamentals of plasticity theory

The classical small strain plasticity theory is considered in this work,
following the formalism presented by Simo and Hughes (1998) and de Souza Neto,
Peri¢ and Owen (2008). Thus, an additive decomposition of the total strain tensor

as the sum of the elastic strain tensor € and the plastic strain tensor &P is assumed:
e=¢g°+¢v (2.1)

For the linear elastic material, the stress-strain relationship derives from the
quadratic stored energy density function. Thus, the stress state for the linear elastic

law is
o=D:¢&° (2.2)

where o is a stress tensor and D is the elastic constitutive modulus. Additionally,

the inverse relation is defined as
g =Co (2.3)

It is essential to establish the elastic domain wherein the total strain increment
is equal to the elastic strain increment. The hypersurface that defines the boundary
of the elastic domain is named yield surface. In general, an elastoplastic constitutive
model may be formulated by multiple yield functions f;(a,q) = 0, where i €
{1,2,..., N} is the index of each yield surface and g is an internal variable tensor.
Therefore, the set of states (a, q) that defines the elastic domain of an elastoplastic

problem is given by

E=1{(0,9)|fi(e,9) <0, Vie{l2,..,N}} (2.4)

Mathematically, the yield envelope is defined by

Y ={(o,9) | fi(o,q) =0, 3i€{1,2,..,N}} (2.5)
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The set of states (a, q) that describes the plastically admissible domain is

given by
E=EuUY (2.6)

Figure 1 illustrates a schematic representation of the elastic domain for a
multisurface plasticity model. Notice the presence of singular points on the
boundary Y, also called corners. Nonsmooth plasticity models are typical in several
engineering applications, as presented by Louren¢o and Rots (1997) and Huang and
Griffiths (2008).

i-th yield surface

filo,q) = 0\ /

Y

Figure 1 Schematic representation of the elastic domain for a multisurface plasticity model

A plastic model requires the formalization of evolution equations regarding
the plastic variables. These definitions are indispensable to characterize the
irreversibility of plastic flow. A multisurface plasticity problem requires an
adequate characterization of these equations. In this work, Koiter’s rule (Koiter,
1953) is considered. Thus, these differential equations are the so-called flow rule

and hardening/softening law, respectively

N

& = ) yn(o,q) 2.7)
2

q= Zyihi(a’ q) (2.8)
i=1

Here y; are the nonnegative parameters named plastic multipliers, n;(o, q)
represent the plastic flow directions, and h;(o,q) characterize the
hardening/softening behavior of the material. These predefined functions n; and h;

depend on material behavior. Equations (2.7) and (2.8) must agree with
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complementary conditions to establish the set of plastically admissible states, which

are defined by

fi(a-' q) < 0! Vi = O' )/ifi(a-! q) =0 (29)

This set of equations is also called Karush-Kuhn-Tucker conditions.

Moreover, the consistency condition must be satisfied:

vifi(o,q) =0 (2.10)

The plastic multipliers presented in (2.7) and (2.8) can be calculated using the

chain rule in Equation (2.10). Therefore, the plastic multipliers y; take the form
N
y; = z dY(9,f;: D: £) 2.11)
j=1

in which (-) denotes the Macaulay brackets and d"/ takes the following form:
41 = (8,f: D:m; — B, hy) (2.12)

To define the elastoplastic tangent modulus, it is fundamental to understand
the concept of active surface. From an optimization point of view, Equations (2.9)
and (2.10) determine active constraints. Thus, the set ] describes the active yield

surfaces of the processes.

J = {i €{1,2,..,N}| f:(6,9) =0 and fi(o,q) = 0} (2.13)

The elastoplastic tangent modulus D®P relates the stress rate ¢ and the total

strain rate & according to
6 =D& (2.14)

Considering the flow rule (2.7), Equation (2.14) becomes

N
& = D: (¢ — &°) = D: (s _ Zyini> (2.15)
i=1
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Finally, substituting Equation (2.11) in (2.15), the elastoplastic tangent

modulus is

D, if]=0
D? =1 -3 % aUD:n) @ (D:0,f;), if J # 0 (2.16)
€] jejJ
Note that D®P is symmetric if n; = d,f;. This particular case is called

associated flow rule.
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Implicit substepping integration algorithm

An integration scheme of the elastoplastic evolution equations must be
defined to implement a plastic constitutive model in a numerical simulator. Ortiz
and Popov (1985) introduced two numerical algorithms in the elastoplasticity
context: the generalized trapezoidal and midpoint integrations. Forward and
backward Euler schemes (also known as explicit and implicit Euler methods,
respectively) are particular cases of these methods. They also studied the numerical
stability of the integration algorithms for elastoplastic constitutive equations. In
summary, Ortiz and Popov (1985) concluded that the fully implicit integration
algorithm is unconditionally stable, mainly for large strain increments. These
observations were also made by Gratacos, Montmitonnet and Chenot (1992) and
Chaboche and Cailletaud (1996). Therefore, due to their stability and accuracy,
implicit integration algorithms are widely adopted by multisurface plasticity

applications.

In the past years, several researchers have proposed integration algorithms for
multisurface plasticity considering specific constitutive models. Sandler and Rubin
(1979), Simo et al. (1988) and Hofstetter, Simo and Taylor (1993) presented state-
update algorithms for a well-known three-surface plastic model, Cap Model.
Lourengo and Rots (1997) evaluated an interface elastoplastic constitutive model to
analyze masonry structures. They also adopted the Cap Model and applied a two-
surface plasticity algorithm to treat the nonsmooth transitions between the surfaces.
Lourenco, de Borst and Rots (1997) developed an algorithm for plane stress
condition to model orthotropic material behavior. They adopted a two-surface
plastic model considering a Rankine-type criterion for tension and a Hill-type

criterion for compression.

Regarding nonsmooth multisurface plasticity, Simo, Kennedy and Govindjee
(1988) presented a one-step return mapping algorithm considering a generic

elastoplastic constitutive model. Mackenzie-Helnwein, Eberhardsteiner and Mang
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(2003) used this sort of model in a clear wood structural application. Clausen,
Damkilde and Andersen (2006, 2007) devoted some attention to studying plasticity
problems with multiple yield planes and presented an efficient algorithm to treat
classic models such as Tresca and Mohr-Coulomb. Godio et al. (2016) investigated
a multisurface numerical integration procedure in a Cosserat finite element
formulation. Zheng, Zhang and Wang (2020) solved the constitutive integration of
multisurface plasticity equations based on the theory of finite-dimensional
variational inequalities. The authors declared that their procedure was globally
convergent. Further relevant contributions to the improvement of implicit
integration schemes for generic multisurface plasticity models are presented by
Karaoulanis (2013), Adhikary et al. (2017) and Pech, Lukacevic and Fissl (2021).

As the classical Newton-Raphson method is a typical choice for solving
systems of nonlinear equations, implicit integration algorithms usually undergo
convergence problems related to this method. The line search strategy is an efficient
approach to improve the convergence properties of the Newton-Raphson method.
Several researchers, such as Dutko, Peri¢ and Owen (1993), Pérez-Foguet and
Armero (2002), Seifert and Schmidt (2008), and Li and Crouch (2010) adopted this
approach in their state-update procedures for single-surface elastoplastic models.
Scherzinger (2017) reported that the line search algorithm was able to expand the
convergence region of the Newton-Raphson method. Adhikary et al. (2017) also
adopted a line search strategy to improve their multisurface return mapping
algorithm. All these cited works applied inexact line search methods in their

implicit algorithms: quadratic and cubic interpolations.

Another widespread approach to improve state-update algorithms for
plasticity is the substepping scheme. This strategy is usual in explicit integration
algorithms (commonly based on the forward Euler method) for elastoplastic
models, as presented by Sloan (1987), Abbo and Sloan (1996), Sloan, Abbo and
Sheng (2001), Jakobsen and Lade (2002), and Lloret-Cabot et al. (2016). These
studies demonstrated that the substepping process affords more accuracy to
numerical integration. Moreover, the size of each substep is automatically
computed using the error measure adopted in the process. In general, forward Euler
integration schemes perform accurately only for small increments (Sloan, 1987;
Abbo and Sloan, 1996; Jakobsen and Lade, 2002). Even with this limitation,
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explicit substepping schemes are widely utilized to simulate complex constitutive
models since these procedures are more straightforward in terms of formulation and
implementation than implicit integration. From that perspective, Quevedo, Firme
and Roehl (2019) described an explicit substepping method to model complex creep
behaviors in geomaterials considering subincrements of time, strain and

temperature.

Regarding single-surface implicit integration, some researchers considered
the substepping scheme to improve the robustness of their implementations. Pérez-
Foguet, Rodriguez-Ferran and Huerta (2001) showed a general formulation of the
consistent tangent modulus for substepping time-integration schemes. This
formulation leads to quadratic convergence in nonlinear finite element problems.
Saritas and Filippou (2009) and Ma and Chen (2016) presented an implicit
integration scheme for modeling concrete using a plastic-damage constitutive
model. In both works, the plastic-corrector phase uses a substepping strategy. Li
and Crouch (2010) proposed a single-surface constitutive model for concrete. They
adopted implicit numerical integration with line search and substepping techniques
with constant substep size. Nevertheless, substepping numerical integration
algorithms for multisurface plasticity are barely discussed in the literature.
Adhikary et al. (2017) suggested adopting a substepping scheme in multisurface
constitutive models with hardening/softening behavior. According to these authors,
the return mapping process may have a nonunique solution and may compute a
physically incorrect solution. It should be highlighted that these authors did not
clearly present the process of implementation.

In this context, this study proposes a numerical integration procedure for
multisurface plasticity models. Single-surface models are also studied since they
are special cases of multisurface ones. The backward Euler scheme is adopted due
to its accuracy and stability. A general framework for 2D and 3D problems is
presented to integrate generic plasticity models with nonassociated
hardening/softening behavior. Computational aspects of the proposed algorithm are
also discussed. The line search strategy is implemented to expand the convergence
region of the Newton-Raphson method employed in the solution of the system of
nonlinear equations. To enhance the algorithm robustness and deal with huge strain

increments, the substepping scheme completes the algorithm. This solution has
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been developed in the work of Abreu, Mejia and Roehl (2022a) and is described in
this chapter. Moreover, the one-step return mapping formulated by Abreu (2019)
serves as basis for each substep calculation.

In opposition to the available works in the literature, the proposed algorithm
adopts an exact line search: the golden section method. The presented procedure
solved a Drucker-Prager return mapping, which could not be solved satisfactorily
by either the traditional closest point projection algorithm or the Newton-Raphson
method with typical inexact line search strategies. Therefore, the proposed method
is an appropriate alternative to integration schemes for the Drucker-Prager criterion.
This study also contributes to the substepping integration algorithms for
multisurface plasticity, presenting an adaptive substep size scheme and the
consistent tangent modulus formulation. In this context, the proposed algorithm
becomes a powerful tool that can be used to assess the mathematical formulation of
new plastic models straightforwardly. A novel multisurface plasticity model is
utilized to test the robustness of the proposed integration algorithm. This
constitutive model, named Capped Hyperbolic Generalized Classical (CHGC),
consists of combining the generalized yield surface proposed by Lester and Sloan
(2018), and a cap surface with hardening behavior, initially described by DiMaggio
and Sandler (1971), Sandler, DiMaggio and Baladi (1976) and Sandler (1976). This
model simulates the nonlinear behavior of engineering materials, such as concrete,
soils and rock. Nonetheless, the complex model formulation requires a

comprehensive state-update procedure.

3.1.Elastic predictor-plastic corrector algorithm

The numerical solution of plasticity problems requires a numerical scheme
for the integration of elastoplastic evolution equations (Simo and Hughes, 1998; de
Souza Neto, Peri¢ and Owen, 2008). In this context, the backward Euler method
provides the incremental form of Equations (2.7) and (2.8). This method updates
the plastic variables from the previous global step n to the current global step
n + 1. Thus, the algorithm presented in this work is based on the elastic predictor-
plastic corrector scheme presented by Simo, Kennedy and Govindjee (1988) in
which the plastic correction is performed by solving the following system of

equations:
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refwl =&, + Z AYins1Mins
i€Jn+1
3.1
dn+1 = qn + z AVi,n+lhi,n+l ( )

i€]n+1

\ fi,n+1 =0,Vi € Jpq

This work proposes a state-update algorithm following a substepping scheme,
illustrated in Figure 2. In this sense, the strain increment Aeg,,.; is split in M parts.
Hence, the update from substep m to m + 1 follows through pseudo-time
subincrements At,,,m € {1,2,..., M}, denoting the fraction of Aec,,, of each

substep. In a one-step return mapping, M and At, are equal to one.

Strain
increment:

A“;:n+1

\

State-update
algorithm: Updated global

variables:

D

Initial global
variables:

D
Eny Ons qns €y

~ _ ~ AP
0,=0nq,=qn, & =&,

Om+1 = Om + A0y

On+1 = OM+1
An+1 = M+

Gm+1 = Gm + AG o4y

AD _aD AD
€m+1 = €m + A“:m+1

En+t1 = Em+i

Figure 2 Substepping update procedure for the plastic variables

For the substepping scheme, the system of equations (3.1) is reformulated in
terms of local variables @11, Gmi1, &0, 1, and AP; i 1. A new system of equations

(3.2) is defined to integrate a generic substep m restricted to the active yield

surfaces:

(/\ ~ A AN
an+1 =&n + Z AVl',m+1ni,m+1
iE]ij
< am+1 = q\m + Z A?i,m+1hi,m+1 (3'2)
iE]ij
\ fim+1 =0, Vi € ;4

The system of equations (3.2) is nonlinear in terms of the internal variables

and requires an adequate numerical solution method. In this sense, the following
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residual vectors are defined for the flow rule, hardening/softening law, and yield

function. Notice that Equation (3.3) is determined using Equations (2.1) and (2.3).

Time1 = COpmyy — Epyy + 8y + z AVime1 Rim (3.3)
i€)m+1
Tom+1 = —Gms1 + Gm + Z AVim+1hime (3.4)
€)m+1
R fn m+1 fll(am+1» qm+1) N
r3m+1 = fme1 = flzm+1 ﬁ2(0m+1,qm+1) y Uyl e € st (3.5)

Hence, the system of equations (3.2) becomes
T m+1

Tint1 @t 1 Gma 1, AV ms1) = [Tz,mﬂl =0 (3.6)
T3 m+1

An unconstrained optimization algorithm can also be adopted to solve the
system of equations (3.6). The optimization problem to be solved is defined as
min Y (Xy.41) (3.7)

Xm+1

Thus, the objective function ¥ (x,,,.;) can be defined as (Nocedal and Wright,
2006)

1
YCome1) = 5 (Pt Fme)) st ) (38)

For the multisurface plasticity problem, vector x,, ., takes the form

am+1
Xm+1 = am+1 (39)
A?m+l
in which
[A),/\l,m+l-|
~ Ay
Mo = | yz;’”*" (3.10)

AVN,m+1
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In this work, the Newton-Raphson method is adopted to solve the
optimization problem (3.7). This method establishes a descent direction, which is
calculated by a second-order Taylor expansion of i around x,,,;. Consequently,

the Newton-Raphson direction is given by (Nocedal and Wright, 2006):
k k k
dgn-)l-l = (}[fn-)l-l) l/’r(nJ)rl (311)

where }[(kll and Vl/)fﬂl are, respectively, the Hessian matrix and gradient vector

ofl/)(x(k) ) l/)( +1 Inthe current iteration k. The terms }[(k 4 and Vl/J( 4+ can be

m+1

(k)

m+1

() .

and its Jacobian matrix J,,% -

computed by the residual vector r

() _ )\ _ (q0 €3] 3.12
V7‘/)m+1 - Vl/)(xmﬂ) - (Jm+1) Ty ( )
3
(k) (r) () & 7
:}[m+1 (Jm+1) Jm+1 + 1m+1V2 im+l (3-13)

i=1

Nocedal and Wright (2006) discuss that the first term of Equation (3.13)
()

m+1*

approximation for the calculation of the Hessian matrix is adopted:

usually has the major contribution to the matrix # Thus, the following

) ) (k)
g{m+l (Jm+1> Jm+1 (3'14)

Therefore, the expression for the descent direction of the Newton-Raphson
method is computed by Equations (3.11), (3.12) and (3.14):

%, =-(a% )_1r(k) (3.15)

m+1 m+1 m+1

Note that the Newton-Raphson direction is a descent direction if the matrix

}[(k)] is positive definite. The Newton-Raphson method fits a quadratic function
()

around the solution x % |

of each iteration. The quadratic approximation has a local

maximum or a saddle point when 7-[(") 41 Is either a negative definite or an indefinite
matrix, respectively. These situations are undesirable. Equation (3.15) is a descent

direction if the following inequation holds (Nocedal and Wright, 2006):
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() gt
(V¢m+l) mil < 0 (3'16)

From Equations (3.12) and (3.15), Equation (3.16) gives:
@\ g® = _(70 V0 _ s g (3.17)
ltbm+1 m+1 — Tm+1) Tme1 = lpm+l )

Therefore, the direction calculated by Equation (3.15) proves to be a descent
direction. In order to avoid the complete inversion of the Jacobian matrix, the
descent direction can be obtained as described below. Initially, the following system
of equations is solved:

g0 gt 0 (3.18)

m+1"m+1 — m+1

Each element of the descent direction dﬁn 41 Is related to the variables of the

plasticity problem: stresses, internal variables, and plastic multipliers. In this
scenario, the descent direction is defined as follows:

da 9)

m+l1

d(k) dq k) (319)

m+1 — m+1

dAY x)

m+l1
considering that d_ | ”(k) is defined by

dAy x)

g O _ iAlm; o ~ (k) )
m+1 d]’() y Lyl e E]] (3 O)

m+1
i, m+1

The determination of the set of active surfaces ]]m 41 Inthis work is based on

the proposition of Simo, Kennedy and Govindjee (1988). The starting set &4 is
given by

Joiat =30, ={ie 12,... M} £5,, > 0} (3.21)

This set is updated during the Newton-Raphson iterations. Here, a slightly
different procedure from the one described by Simo, Kennedy and Govindjee
(1988) is adopted. After several numerical experiments, it was verified that a newly



37

computed state could accuse a negative yield function. For that reason, the proposed

algorithm always checks if the yield function is positive (a tolerance may be
()

considered) for the updated set J,"7 ,.

Furthermore, Simo, Kennedy and Govindjee

~ (k)

V;m+1 o define this set. If the iterative

(1988) suggested checking the signal of A

~ (k)

(k)
Vi,m+l

< 0, the i-th yield surface is removed from set ™% .

process computes A

Therefore, the set of active surfaces ]Tgfll is computed as follows:

m+1 — ;m+1 Vi,m+1

§50, = {i e (L2, NHIAS, >0 and 8752, > 0} (3.22)

Another problem arises when a calculated state enters the elastic domain E

without satisfying (3.6). In this case, the set of active surfaces is redefined by

&(k) _ satrial
]]m+1 - J]m+1 .

The expression for the Jacobian matrix of rﬂfil takes the form

(& )‘1 Q)

m+1 m+1

T = |, o (3.23)
(Gm+1) 0

in which
-1
[ ~ (k) (k) ~ (k) =)
C+ 2 AV 1061 m 1 Z AV m10gM; ma
ieﬁgfll ieﬁﬂfll
) _ T 3.24
lpm+1 - ( )
~ (k) (k) ~ (k) 7.(k)
AV ime106h -1+ z AV ime19qM
iElTSfL ie]”]g:ll
0 f(k)
() _ |70/ m+1
Gm+1 - [a f.?li) (3-25)
q7 m+1
)
N
*) +1
Epy H?,i) (3.26)
m+1

where I is the identity matrix. Also,

0,F% :[aafi(") 9,f% ...],il,iz,...eﬁ(k) (3.27)

m+1 ,m+1 irm+1
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2 _ F(K) £ (k) o
Oqf i1 = [ ofime1 9afiyman ]' 1y, . € Hm+l (3.28)
N 70 %K) ;o 7(K)
m+1 1.1 m+1 niz,m+1 ] Lyl € ]]m+1 (3'29)
(k) () 7} o
H. = [hll m+1 h12m+1 ]' 1o, € ]]m+l (3.30)

Hence, solving the system of equations in (3.18), we obtain the following

solutions:
w _ [dn W (00 o gk g8 ()
a,q _ m+ Y
dm+1 - q (k) _lpm+1(pm+1 +Em+1dm+l ) (3'31)
m+1
Ay (k) _ a(k) [ (k) (k) (k) (k)
doyi = Ay (fm+1 (Gm+1) P +1pm+1) (3.32)
considering that
(k) _gP (3]
* _ T1m+1] v T Em + E® pAp® (3.33)
Pmi1 = | ) (k) m+18¥m+1
2,m+1 qm+1 + Qm
(k) _ (k) k) &)
Am+1 Gm+1 lPm+1Em+1> (3'34)
(k)
709 u ,:" + 2(k)
fond1 = ( ) Ul € (3.35)

A quasi-singular matrix may emerge in Equations (3.24) and (3.34). As

described by Godio et al. (2016) and Adhikary et al. (2017), provided that the flow

A(k)

directions ii; - ., are linearly dependent, then the Jacobian matrix ;](k) becomes a

singular matrix. It should be pointed out that the hardening function adopted in this
work may produce a quasi-singular Jacobian matrix with a large condition number,
deteriorating the globally convergent characteristics of the Newton-Raphson
method (Nocedal and Wright, 2006). To deal with matrix singularity, inverse
matrices are computed by singular value decomposition, as implemented by Press
et al. (2007) and Godio et al. (2016).

(k)

Next, it is fundamental to obtain the step size to update x,, 7, ,. The update uses

the following equation:
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(k+1) _ (k) k) )
xm+1 - xm+l + am+ldm+l

(3.36)

()

m+1

The step size (or step length) « is computed by a line search strategy by

solving the optimization problem (3.37).

. (r) (k) (k)
a(r,%llr;ol/)(xmﬂ + am+ldm+l) (3.37)

In the Newton-Raphson method, it is usual to adopt 0 < a,(f}rl < 1 (Nocedal

and Wright, 2006; Press et al., 2007; Scherzinger, 2017). Finally, the variables are
updated according to Equations (3.38) to (3.41). These corrections are made until
residuals (3.3), (3.4) and (3.5) become negligible.

~(k+1) _ A(K) (k) 4o (k)
Omit =Opp T am+1dm+1 (3'38)
Skt+1) _ (k) (k) 44 (k)
An+1 = 9myr T am+1dm+1 (3.39)
~(k+1) _ 5 (k) (k) Ay (k) . _ o(k+1)
AVimei = Bimar T OmiiGimits V€ Jinyy (3.40)

ab (k+1) _ Ap (k) *x) g (k)
Emrl T €ma1 T am+1Cdm+1 (3.41)

Algorithm 1 summarizes the procedure presented in this section for

multisurface plasticity. It is noted that for associative plasticity and afﬂ] =1, the

proposed procedure closely reproduces the multisurface plasticity algorithm
initially presented by Simo, Kennedy and Govindjee (1988).



40

Algorithm 1 Elastic predictor-plastic corrector algorithm for multisurface plasticity

1)

2)

3)

4)

5)
6)

7)

8)

Initialize: k = 0, At,,, €441, &y &5y, G, G, D, C, fi(a,q), ni(0,q), hi(a,q), N, tol,,
tol,, toly, and k-

Compute the elastic predictor state:

AZ, ) = Aty (Eny1 — €n)

Aggrl =0, + DA, asrl:ll =qm, §fn(fl) = sm' ?Er}lcll =0

Define the active yield surfaces:

~(k)  ~(k) Atri
[fi m+l’qm+l)] [flf:r:g—ll

. . A(k) ~(k) £ftrial
;’;:_all :f&:) |f2 m+l’qm+l | { 277+1|

,\(k) ~(k) Ftrial

lfN m+1'qm+l J Nm+l1

P k

trial — §0) = {i € {1,2,..., N} | firiet > tol,}
Check plastic condition:

I Pl = ©:

~(k) ~ ~(k S ap (k) PN (k)
Ome1 = Opiys Qmar = qm-)i-l’ £Zfn+1 £m(+1’ AVm+1 = AVt

RetUrN G i1y Gmits Eoysts APma1, k, fail = false, and EXIT.
End

Compute N® H("+1 and E 11 using Equations (3.29), (3.30) and (3.26), respectively.

m+1’
Check the stopping criteria:

(k) (k)
m+1’ 1 ,m+

If f%, < tol; such that Vi € {12,.., N}, [r) || < tol,, and |7, || < tols:

Compute p , and r2 m+l using Equation (3.33).

A ®© v e §®

~ PN P () ap ~p (k) ~ _)Bim+r m+l
Om+1 = Oyt Amet = sy Ey = Epiy BVimer = N
0, Vi &J,4

RetUrN G py1s Gmits Eoyrts APmae1, k, fail = false, and EXIT.

End
Ifk = kg
Return fail = true and EXIT.
End
Compute the element dAy (k) of the descent direction:
Redefine me as presented in Equation (3.35) and compute a,,fggl, aqufll, Gﬁfil : ‘I’,(,ﬂl,

A% and a5 using Equations (3.27), (3.28), (3.25), (3.24), (3.34), and (3.32). In a

general context, compute lP(k), and A("Jrl using Singular Value Decomposition.
Check Karush-Kuhn-Tucker condition:

A7&ETD — A?.(k) L+ dY i e H(k)

yz m+1 im+ im+l1’ m+1

If 3i € {1,2,..., N} such that A7y < O:

Go to step 12).
End
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Algorithm 1 Elastic predictor-plastic corrector algorithm for multisurface plasticity (continuation)

9) Compute the elements d? ) and d2 %) of the descent direction using Equation (3.31).

10) Perform the line search algorithm to calculate am+1 (Algorithm 3).

11) Update stresses, internal variables, plastic multipliers, and plastic strains:

~(k+1) ~(k+1D) ~(k+1)
m+1 qm+1 Alm+1

and & “*Vysing Equations (3.38) to (3.41).

Compute @ 1
12) Update counter variable:

Setk=k+1
13) Specify the active yield surfaces:

£ (k)

e for all

Redefine me as an array consisting of N elements: the plastic functions f;
surfaces.

If 3i € {1,2, ..., N} such that A7® < o0:

yLm+1

k —
19, ={i 1%, 1875, > o}

m+l1 m+l1
Else
19, ={ie 12, N} 7., > —tol,}
End
1T =
" o
Dsn-)i-l = It
End
Go to step 5).
3.2.
Line search

The line search approach is a valuable strategy since it provides the Newton-
Raphson method with globally convergent characteristics. For that, the step length
must comply with the Wolfe conditions, and the Hessian matrix (3.14) must be
positive definite and have a bounded condition number (Nocedal and Wright,

2006). In this work, two line search strategies are combined to compute the optimal

value for the step size o the Armijo rule (Armijo, 1966) and the golden section

m+1

method (Arora, 2012). The Armijo rule is a popular inexact line search strategy,

applied in this work to determine if a® =1 sufficiently reduces the objective

m+1

()

function. This condition occurs when a, ;|

satisfies the following inequation:
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T
(r) (k) (k) (k) () () ()
Iﬁb(xm+l + am+1dm+l) = lpm+1 + Clam+l(v¢m+l) dm+l (3'42)

The condition (3.42), which is also the first Wolfe condition (Nocedal and

Wright, 2006), is defined by a slope control parameter c,. Authors such as Nocedal
and Wright (2006) and Press et al. (2007) suggested ¢; = 10™*. For simplicity

purposes, inequation (3.42) is reformulated using Equation (3.17):

(k) (k) g(k) (k) k) (k)
l'b(xm+l + am+ldm+l) = l/Jm+l + Sm+1%m+1 (343)
. . &) .
inwhich s, 1, is defined by
Sr(rll?rl = _25111’7(:11 (3.44)

Inequation (3.43) has the graphic interpretation shown in Figure 3. The right-
()

hand side of this inequation is a linear function with a negative slope s, 7, .

If ¢, has

a small value, this function lies above the objective function for small values of

7

s+ Hence, this region has an acceptable step length. Moreover, as Figure 3

presents, the algorithm makes reasonable progress for large values of afﬂ] because

in this region the objective function lies below the linear function. In this context,

(k)

large values of a,, |

, sufficiently decrease the objective function.

a (20, + 2l dl) @) )

m+1 m+1 m+1)/>SIope: Sm+1 = =2c¢p (xm+l)

»
|

(F)
Acceptable Ui
s

Acceptable

[
¥

»l
>

Figure 3 Graphic interpretation of the Armijo rule (adapted from Nocedal and Wright (2006))

According to the adopted line search approach, if inequation (3.43) is satisfied

with af,'fll = 1, the objective function decreases sufficiently. Thus, the full-Newton

step is applied in the current iteration. However, if the rule is not satisfied, the
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golden section method is adopted to solve problem (3.37). The golden section is an
exact line search and an interval-reducing method; it finds an optimal solution while
the objective function is evaluated at points determined by the golden ratio. In this

work, the golden section method is applied in the interval 0 < “7(:31 <1

The golden section method is an attractive exact line search since it does not
require derivatives in arbitrary directions, as is the case of the Newton-Raphson and
the secant methods. In addition, the golden section method uses fewer objective
function evaluations per iteration than the bisection method. Algorithm 2

summarizes the Armijo rule and Algorithm 3 shows the golden section method.

Algorithm 2 Armijo rule

1) Initialize: p(x%) ), x99 d%) L a%) and ¢;.

%

m+1

2) Compute the slope according to Equation (3.44).

3) Perform the Armijo rule:
(F) () 4 () )y (k) .
Iflp(xmﬂ + am+1dm+1) = w(xmﬂ) + Sm+1%m+1-
Return accept = true and EXIT.
Else:
Return accept = false and EXIT.

End
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Algorithm 3 Golden section method

P Q) ] ) o) _ o S _ _ ¥l
1) Initialize: i = 1, Y(x3.), Xy 1o Doty Tomer = 0, Qg sy = 1, 9 = — and tol.
i P A k) _ f) ; .
2) Perform the Armijo rule considering a,,,, = a; ., (Algorithm 2):
If accept = true:
k) _ f)
Return a1 = @g 4, and EXIT.
End
3) Divide the interval using the golden ratio:
rk) _ f (k) rk) _ (k) r (k) (k)
Uimsl = PUmirr Vimer = WYX, + ai,m+1dm+1)
Lk _ f &) Lk _ (F) L(k) (k)
ai,m+1 - (1 - (p)ao,mﬂ7 lpi,m+1 - l,l)(me + ai,m+1dm+1)
4) Choose the correct interval and divide it:
r (k) L(k) .
If wi,m+1 > lpi,m+1'
fky _ rk) rk) _ 1@k
Tim+1 = Xmer Tpmer = Timp
k) _ f) o (k) 1w _ o) (k)
Oime1 = Timar — Vimerr Ximir = Ay + L= 0)0; 0,
rky _ LK) L (k) — () L) (k)
Vivimer = Yimir Visime = (s + “i,m+1dm+1)
Else:
o(ky _ 1) ik _ v
Tim+1 = Xmir Xpmar = Tima
) _ f) o (k) rk) _ _o(k) (k)
Oimer = Ximst ~ Cimsrr Ximir = Xy T 00y
L (k) _ 7 (k) r (k) _ (k) r (k) (k)
Vivimer = Yimerr Yisime = (g + ai,m+1dm+l)
End
5) Check the stopping criterion:
(k) .
If6, 0, <tol:
o (k) f (k)
@ ime1 T Xmy
A1 = 2
()
Return a,,,;, and EXIT.
Else:
Seti:= i+ 1and go to step 4).
End

3.3.
Substepping scheme

Hardening and softening behavior in plasticity models and huge strain
increments can lead to severe convergence problems by the solution of the system
of equations (3.1). In order to overcome this problem, a multistep scheme is

adopted. In this technique, the strain increment used in the state-update procedure
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is divided into subincrements. In the finite element context, the plastic variables for
all Gauss points are computed from a fraction of the total strain increment for each

substep.

In the substepping technique, the summation of all pseudo-time
subincrements At,,, is equal to one. An adaptive substepping scheme is applied to
compute adequate pseudo-times that control the fraction of the total strain
increment. The adopted strategy in this work is based on the scheme presented by
Ramm (1981). Therefore, the factor §,, adjusts the current pseudo-time At,, to the

next pseudo-time 6,,At,,,

8 = max (min (Vkg/k,kq).0.5) (3.45)

where k is the number of iterations in the Newton-Raphson process, k, represents

the desired number of iterations, and At,,;, defines the minimum pseudo-time

subincrement. If the plastic correction is not necessary, then &,, = \/kg.

In this work, the first attempt of pseudo-time subincrement is At; = 1. If the
algorithm fails to update stresses, strains and internal variables, a new attempt is
performed considering a subincrement of half the size. Hence, global state variables
are not updated. On the other hand, when the algorithm is successful, these variables

are updated to compute the following substep.

3.4.
Consistent tangent modulus

The consistent elastoplastic tangent modulus must be defined to preserve the
quadratic rate of convergence of the Newton-Raphson method in the context of
nonlinear finite element analyses. Using numerical examples, Simo and Taylor
(1985) presented that the consistency between the integration scheme and the
tangent modulus is fundamental to reach quadratic convergence in the global
Newton-Raphson method. Thus, the consistent tangent modulus D% | is computed

as follows:
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(3.46)

Initially, considering the return mapping of a generic substep, tensor D77, | is

obtained from the system of equations (3.2). For this purpose, each equation of this

system is differentiated. Thus, the following equations are obtained using the chain

rule:
deh ~ dG Aqm+
?m-l-l Z Ayi,m+laanlm+1d = + Z A)/lm+laqnlm+1d =
m+1 = Em+1 = Em+1 (3.47)
dA]/ 1
+ Z nlm+1 de S
Em+1
€)m+1
dqm+ . =  dOpy . = dQpmy
F::H= Z AYi,mHaahi,mHF::H‘l' Z AYi,mHaqhi,mHT:H
i€)m+1 i€)m+1 (3.48)
4 Z i dAVim+1
, = bl d§m+1
1€)m+1
6 dqm+1 . S
aflm+1 = +aqflm+1 = =0, Vi € Jinq (3.49)
de Em+1 de Em+1

Furthermore, Equation (2.1) is differentiated to support the consistent tangent

modulus computation.

P o e o€ = =
d£m+1 d£m+1 d£m+1 d£m+1 dam+1 dam+l

= = — =] - C— (3.50)
d£m+1 d£m+1 d£m+1 d0m+1 d£m+1 d£m+1

Therefore, the following system of equations in matrix form is computed,
utilizing Equations (3.47) to (3.50):

[ dam+1 | [ dam+l 1
d§m+1 d§m+1 I
Aqom+1 (Pns)™" Emar]| 9@+
J — =" mH = [= o (3.51)
m d£m+1 (Gm+1)T 0 d8m+1 0
AAY 1 dA¥m+1
- d§m+1 - - d§m+1 -

where J,,4; is the Jacobian matrix of y,,,,;. The inverse matrix of J,,,; is also

defined here.
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Diims1 Dizgms1r Dizms
1 _
(Im+1)" = [Dame1 Dome1 Drzms (3.52)
D3im+1 Diyms1 Diszmyn

Using Equation (3.52) and the system of equations (3.51), the consistent

tangent modulus D:? , takes the following form:

- do
Dfrzlg+l = AmH = Di1m+1 (3.53)
d£m+1 '

Note that D, ,,+; has dimension equal to the number of stress (and strain)
components. The Banachiewicz-Schur form for block matrix inversion is applied
to obtain that matrix, as described by Baksalary and Styan (2002). Then, a block
matrix M, is given by

(3.54)

A B
M0=[0 o]

Co D,

Given S, = D, — C,A;' B, matrix M, can be inverted blockwise as follows:

Ayl + A7 B, Sy €Ayt —Aa‘Bosgll (3.55)

M;! =
0 [ —S5'CoA7! Sy!

Thus, the square matrix (3.55) is utilized to compute the inverse matrix of
Jm+1 according to Equation (3.52). Based on Equation (3.23), matrices 4, By, C,
and D, are defined by

Ay = (W)™ (3.56)

By = Epy (3.57)

Co=(Gpy)" (3.58)

D, =0 (3.59)

S0 = —(Gms1) Pms1Eme1 = —(Api) ™! (3.60)

Then, the first term of the matrix My defines

Diim+1 Dizm+

D D ] = lpm+1(l - Em+1Am+1(Gm+1)Tqu+1) (3-61)
21,m+1 22,m+1
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The consistent tangent modulus for the return mapping of a generic substep
is represented by the term D, ,,, 1 of Equation (3.61), according to Equation (3.53).
Then, considering a substepping technique, an expression of consistent tangent
modulus can be derived for multisurface plasticity. The proposed formulation of
the tangent modulus is based on the work by Pérez-Foguet, Rodriguez-Ferran and
Huerta (2001), in which the authors treated a single-surface plasticity problem.
Initially, a fraction of the strain increment is computed from the total strain

increment in each substep as given:

m
Ag 41 = Aty (Eny1 — &) = Aty <§m+l + (1 - Z Ati) Ent1 — £n> (3.62)

The consistent tangent modulus D?,_ | for the substepping scheme requires

m+1

some modifications in (3.2). The first equation of (3.2) is reformulated as follows:

€6, + Z AVim+1Mime1 = COpy + A8y (3.63)

i€Jma1

Thus, considering (3.63), the system of equations (3.2) becomes

rCa’m+1 + z A?i,m+1ﬁi,m+1 = Cam + A"c:'m+1
ieﬁm+1
\ _am+1 + Z A?i,m+1hi,m+1 = _am (3'64)
ieﬁm+1
\ fi,m+1 =0, Vi € ;4

All equations of system (3.64) are differentiated as in Equations (3.47) to
(3.49). Therefore, the following equations are obtained using the chain rule in order

to replace Equations (3.47) and (3.48) since Equation (3.49) is still valid.

A0y Ao+
ds:H + Z AVlm+1aanlm+l d& =

i€)m+1 Em1
Aqm+1
+ Z AVlm+1aqnlm+ld = (365)
Em+1
i€)m+1
dAy do dAE
+ z n1m+1 Vim+1 = C— m + Am+1
dg Em+1 d8m+1 d£m+1

i€)m+1
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da 1 do 1
- Am+ + Z A)/Lm+la Lm+1d e

d£m+1 Em+1
i€Jm+1

A+
+ Z A)/Lm+la Lm+ld = (3.66)

Em+1
i€fma1

— dAy; dq
+ z hi,m+1 dl’t,m+1=_ Aqm

m+1 d£m+l

i€)m+1

Hence, the following system of equations in matrix form is computed utilizing
Equations (3.49), (3.65) and (3.66):

[ dam+1 1 [ da-m ]
de d& dAg
damer | [€ 0 Ol aagn | den  |ga
N =({0 —-I 0 — —~ + m+l 3.67
Jm+1 d£m+1 0 0 0 dem d£m+1 0 ( )
dA?m+1 dA?m 0
B d§m+1 - L dém |

Considering (3.52) and the derivatives of Ag,,,,; and &,, with respectto &,,,,

the solution of the system of equations (3.67) is given by the following recursive

equations:
- do do dq
D =—Tl_p <C—m + At 1) D m (3.68)
m+1 d§m+] 11,m+1 dém m 12m+1 3~ d/\
Aq st do dq
dé:; = D3im+1 (Cﬁ + Atml) Doym+1 55— dz,, - (3.69)

where Dy 141, D12m+1, Doim+1 and Dy, 4 are defined in Equation (3.61). Thus,
using Equations (3.68) and (3.69), the tangent modulus can be computed
consistently with the presented implicit substepping integration. Notice that these
equations provide nonsymmetric matrices, even for associated plasticity (Ding et
al., 2015).

The proposed substepping scheme is summarized in Algorithm 4, considering
the computation of the consistent tangent modulus for multisurface plasticity and
the substepping scheme. If the substepping scheme leads to At,, smaller than a
predefined limit At,,;,, the procedure is interrupted. Thus, the finite element

program returns to the previous converged global step and attempts a smaller global
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increment. Figure 4 shows the flowchart of the proposed implicit substepping

integration algorithm.

=

Elastic predictor-plastic
corrector algorithm

( Initialization )

Y

Define the current
substep

________ — — — 71

Y
|

Elastic predictor

Update plastic
variables

A

Y

No |

{ I

Perform the line
search algorithm

Compute the descent

direction |

i

Update the consistent
tangent modulus

.
|
|
|
|
|
|
|
I
I
I
I

Substepping schemi|

Figure 4 Flowchart of the proposed state-update algorithm
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Algorithm 4 Substepping scheme

1)
2)

3)

4)

5)

Initialize: m = 1, t = 0, Aty = 1, Atyyin, kg, €n, €5, 05, and q,,.
p 48,
n dg;

a4
dg

Initialize the local plastic variables &, = 0,,, §, = q,,, & = ¢ =0,and—=0.

Update state for the current At,,:
Set t:=t + At,,. Perform the elastic predictor-plastic corrector algorithm to compute
Gmsts Gma1s &0yt APy, k, and fail according to Algorithm 1.
If fail = true:
Sett =t — Aty
Set At,, = 0.5At,,

Go to step 5).
Else:
Ifk +0:
O = max( kq/k ,0.5)
Else:
b =
End
At = min(6,,At,,, 1 —t)
End

Update the consistent tangent modulus:
Update ¥,,,, 1, G;ny1, Ejgi, @and A, according to Equations (3.24), (3.25), (3.26), and

(3.34), respectively. Compute D1y 11, Dipm+1s Daymers and Dy, 4 using Equation
(3.61). Compute % and % using Equations (3.68) and (3.69), respectively.
A&m4 A&my

Check the stopping criteria:

If At,, < Aty and 6, < 1:
The algorithm fails and the procedure is interrupted. Then, EXIT so that the finite
element program returns to the previous converged global step and attempts a

smaller global increment.

End
Ift=1:
Define M as the number of required substeps (M = m).
Ons1 = Ousts Gnst = Austs Enyr = Eyyrs DIY =%Z:I
Return 6,41, gn41, €5, and Di% |, and EXIT.
End
If fail = false:
Setm=m+1
End

Go to step 3).
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Applications of the implicit substepping integration
algorithm

In this chapter, several problems are used to assess the proposed implicit
integration scheme. Linear elasticity was adopted while single and multisurface

plasticity models were studied at local and global levels.

4.1.
Elastoplastic model formulation

A new multisurface plastic model is applied to evaluate the state-update
procedure. Also known as Hyperbolic Generalized Classical yield surface, the
model developed by Lester and Sloan (2018) is the main surface of the proposed
model. It requires shape parameters for the definition of the deviatoric and
meridional sections of the surface, as presented by Lester and Sloan (2018) and
Lagioia and Panteghini (2016). Perfect plastic behavior is adopted for this yield
surface. A secondary yield function, a cap surface, is adapted from the works by
Hofstetter, Simo and Taylor (1993) and Schwer and Murray (1994). In general, it
is used in engineering applications to control the volumetric plastic strain evolution
under hydrostatic compression. For this purpose, a nonassociated hardening law is
adopted. The proposed constitutive relation, named Capped Hyperbolic
Generalized Classical (CHGC) model, is sufficiently complex to require a line
search strategy and the substepping scheme simultaneously. The formulation of the
CHGC model and some auxiliary equations are fully presented in Appendices A

and B. The former surface is described in Equation (4.1):
fi(e) = F ++a*M? + J?I1? (4.1)
where a is a user-defined parameter that defines the hyperbolic approximation and

F=Mp-K (4.2)
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M= 6sing 43

V(3 —sing) )

P 6cos¢p 44
_\/5(3—sin¢)c (44)

Il = acos <% Q2-y) - %arccos(ﬁsin%)) (4.5)

Parameters c and ¢ respectively represent the cohesion and friction angle. In
order to define the nonassociated flow rule n;(a, q), the friction angle must be
replaced by the dilation angle ¥ in Equation (4.1). In addition, «, 8 and y are shape
parameters presented by Lagioia and Panteghini (2016) and Lester and Sloan

(2018). Each parameter value depends on the desired surface. Importantly, the
following stress invariants were adopted in thiswork: p = I,/3,] = +/J2, ¢ = +/3/a,

and the Lode angle 6. In this context, I, represents the first invariant of the stress

tensor and J, represents the second invariant of the deviatoric stress tensor.

Following the traditional mechanics convention, tension is assumed to be
positive in this formulation. The presented model can simulate several perfect
elastoplastic criteria, as well as their rounded versions. These rounded models are
defined according to parameters a and 8 (Lagioia and Panteghini, 2016; Lester and
Sloan, 2018). They can eliminate “corners” (nonsmooth transitions) of this surface,

generating regions of high curvature.

The proposed cap surface is described in Equation (4.6). There are distinct
formulations of this yield surface in the literature. In this work, the form presented
by Hofstetter, Simo and Taylor (1993) is combined with Equation (4.1). Thus, the

cap surface is given by

I — L)\
fr(o,q) = F, + |a’?M? + J211% + <T> , for X(k) <1, < L(kx) (4.6)

considering

F, = %ML(K) —K (4.7)
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The parameter L(k) defines the center of the cap. Additionally, the parameter
K is the internal hardening variable which defines the tensor q. The definition of
L(x) depends on an initial internal variable value k, that represents the initial

position of the cap, according to the following equation:
L(x) = min(x, k) (4.8)

The hardening behavior of this surface is described by a relation between
volumetric plastic strain ££ and the cap limit position X (x). Then, this hardening

rule is defined by
g=w (exp (D(X(K) — X(Ko))) — 1) (4.9)
where W and D are material parameters, and
X(x) = L(k) — RF,(L(x)) (4.10)

Figure 5 shows a graphical representation of the CHGC model in the I,-]
plane. The CHGC model has some high curvature regions, introducing further
difficulties in the classical closest point projection algorithm. The biaxial strength
envelope of the CHGC model, which considers the third principal stress equal to
zero, is presented in Figure 6. The Mohr-Coulomb shape parameters are adopted to
generate this envelope. A value less than the unity for shape parameter S provides
a rounded version of the Mohr-Coulomb surface. Notice that the closer the
parameter § is to unity, the higher the curvatures presented in Figure 6. Details
about the smoothing of the deviatoric and meridional sections of this failure
envelope are given by Lagioia and Panteghini (2016) and Lester and Sloan (2018),

respectively.
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Cap surface Failure envelope
folo,k) =0 file) =0

%

Elastic domain \

X (k) L(x) I
Figure 5 Capped Hyperbolic Generalized Classical (CHGC) model in meridional plane
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Figure 6 Biaxial strength envelope (g, 0,) of the CHGC model, as well as a zoom-in at the tensile
corner, for a3 = 0, cohesion ¢ = 490 kPa, and friction angle ¢ = 20°

Initially, problems at the material point (Gauss point) were analyzed. The
stress path was investigated in detail in each iteration from different trial stresses.
The study adopts the Drucker-Prager, Mohr-Coulomb and CHGC models as
described in Appendix B. Next, the footing collapse problems presented by de
Souza Neto, Peri¢ and Owen (2008) were analyzed considering the finite element
method and the single and multisurface models. For the Mohr-Coulomb criterion,
the well-known Prandtl solution (Chen, 1975) and the one obtained by Cox, Eason
and Hopkins (1961) compute the limit pressure of strip- and circular-footings,

respectively.

The proposed state-update procedure and the constitutive models were
implemented in the nonlinear finite element in-house framework named GeMA
(Geo Modeling Analysis). This framework has been developed at Tecgraf
Institute/PUC-Rio and supports the development of new multiphysics simulators
(Mendes, Gattass and Roehl, 2016). The framework provides a Newton-Raphson
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procedure to prescribe displacements at particular nodes. This process is
fundamental to correctly simulate the footings since they are assumed rigid and
without friction at the interface between footing and soil. For the return mapping

process, unless otherwise specified, it considers k; = 8, kypax = 50 and Aty =
10™*. In addition, the tolerance adopted for the golden section method is equal to

107, Lastly, the global and local residual error tolerances are equal to 107°.

The main material properties in all problems are: Young’s modulus
E =10 GPa, Poisson’s ratio v = 0.48, cohesion ¢ = 490 kPa, friction angle
¢ = 20°, and dilation angle i = 20°. The parameters that define the cap surface
areR =3,k, =—7MPa, W =0.1,and D = 10”* MPa™!. As the Prandtl solution
predicts the limit load of strip-footings using the Mohr-Coulomb parameters ¢ and
¢, the Drucker-Prager parameters must be adjusted so that problems modeled using
the Drucker-Prager and Mohr-Coulomb materials produce the same limit load.
Chen and Mizuno (1990) proposed a Drucker-Prager approximation to the Mohr-
Coulomb surface so that both models produce identical limit loads for plane strain
conditions. Adapting the expressions presented by these authors to the model
presented by Lester and Sloan (2018), the Drucker-Prager parameters are defined

as

3 —sing

¢ = € (4.11)
2 cos ¢ +/3 + 4tan? ¢,
. 3 tan ¢,
d) = arcsin (4 12)
tan ¢, + 2+4/3 + 4tan?¢,,. '

in which ¢, and ¢,,,. are respectively the cohesion and the friction angle adopted
for the Mohr-Coulomb material. In this work, when the plane strain case is required,
the Drucker-Prager parameters are computed using Equations (4.11) and (4.12) for
Cme = 490kPa and ¢,,,. = 20°. Furthermore, the shape parameters in Table 1
define the deviatoric and meridional section of the Drucker-Prager, Mohr-Coulomb
and CHGC surfaces, according to Lagioia and Panteghini (2016) and Lester and
Sloan (2018). The selected Mohr-Coulomb shape parameters eliminate the
discontinuities in deviatoric and meridional planes, providing a rounded criterion.

Although this model is not exactly the classical criterion, it is treated herein as such
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since the differences are insignificant. The Drucker-Prager shape parameters

produce the original criterion (without the hyperbolic rounding).

Table 1 Plastic model shape parameters

Shape parameter

Plastic model
a B
Drucker-Prager 1 0 1 0
Mohr-Coulomb T B
andCHGe ¢ (g ¥+ 1)) 0.9999 -7 0.025¢ cot ¢

The parameter y is defined as

<

_ 6 sin¢
= Earctan( NG ) (4.13)

4.2.
Return mapping analysis

The performance of the proposed state-update algorithm is examined in detail
for single and multisurface plasticity. As the presented procedure is strain-driven,
updated stresses can be computed from known strain increments and material
parameters. Additionally, it was considered a,, = q,, = €%, = 0. Stress paths for the

strain increments and stress states shown in Table 2 are analyzed in the p-q plane.

These increments were selected to produce challenging return mapping paths.

Table 2 Strain increments for the return mapping analysis

Stress Strain increments
Case
state A&y Agy, Ag,, Ay, Ag,, Aey,
1 Planestrain 5.00E-05 1.00E-05 0 0 - -
2 General —1.00E-03 2.00E—-03 —1.00E-3 1.00E—03 0 1.00E-3
3  Plane strain —6.44E—04 4.91E-04 0 —8.83E-04 - -
4 Plane strain —6.40E—04 4.90E—04 0 —8.80E—04 - -

Initially, strain increment case 1 in Table 2 was analyzed for the Drucker-
Prager and Mohr-Coulomb criteria, as depicted in Figure 7. The iterative method

was initialized at the trial stress according to the elastic predictor and must compute
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an updated state at the apex of the surface. The adaptive substepping scheme was

not required.
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Figure 7 Return mapping paths to the apexes of the surfaces for case 1: (a) proposed algorithm
versus classical return mapping for the Drucker-Prager criterion, (b) state-update procedure with
quadratic interpolation for the Drucker-Prager criterion, (c) state-update procedure with cubic
interpolation for the Drucker-Prager criterion and (d) proposed algorithm versus classical return
mapping for the Mohr-Coulomb criterion

The full-Newton step (a,(,"l";)rl = 1) was compared with the proposed algorithm
in terms of stress paths. Note that the classical return mapping algorithm could not
reach the solution, as presented in Figure 7a. This algorithm started at the trial state
A and oscillated between states B and C. In opposition, the proposed algorithm with
the Armijo rule and golden section method was successful in returning the stress
state to the surface, state E, after 12 iterations.

Besides the golden section method, two inexact line searches are assessed:
quadratic and cubic interpolations. They were implemented based on Pérez-Foguet
and Armero (2002) and Seifert and Schmidt (2008) and compared with the golden
section method. The quadratic interpolation could not reach the solution as the
algorithm stalls at stress state D in the hydrostatic axis due to minor stress updates,
as shown in Figure 7b. In contrast, the cubic interpolation solved the problem for
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the prescribed tolerance, as depicted in Figure 7c. However, a large number of
iterations were required (90 iterations). Thus, the proposed algorithm, which
considers the golden section method, is a suitable method to integrate the Drucker-
Prager constitutive equations. The method emerges as an excellent alternative to
the studies presented by Hijiaj, Fortin and de Saxcé (2003) and Rezaiee-Pajand and
Nasirai (2008).

Figure 7d shows the return to the apex for the Mohr-Coulomb problem. The
proposed method could correctly compute the updated stress E. On the other hand,
the traditional closest point projection algorithm failed to solve the problem since

it entered an infinite iteration cycle at points B and C.

These infinite loops also happen in compression regions of the Mohr-
Coulomb surface, as depicted in Figure 8. For case 2 in Table 2, the algorithm that
considers the golden section method reached the solution, and the one without line
search entered an infinite loop at points B and C, as presented in the stress path in
Figure 8. Lode angle for the updated stress is 8 =~ —30°, introducing an additional
difficulty as this point is in a high curvature region. The line search strategy emerges
as a suitable procedure to overcome convergence problems for surfaces with high

curvature regions.
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Figure 8 Return mapping path to the Mohr-Coulomb pyramid for case 2: proposed algorithm
versus classical return mapping and a zoom-in at the updated stress point
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Figure 9 shows the return mapping process considering the CHGC model. For
this analysis, it was assumed k; = 5. Moreover, the tolerance for the golden section
method equals 107'°. For case 3 in Table 2, the substepping technique was used
since the one-step return mapping could not solve the problem. The algorithm
stalled after the first update due to successive calculations of negative plastic
multipliers. Then, the algorithm automatically divided the strain increment into

three subincrements and successfully updated the state.
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Figure 9 CHGC model return mapping paths for case 3: (a) one-step solution, (b) first substep, (c)
second substep, and (d) last substep

The last case in Table 2 considers slightly different strain increments
concerning case 3. This difference allowed the numerical method to solve the
problem in one-step, as presented in Figure 10a. However, the algorithm was forced
to divide the strain increments to compare the final solutions. A priori, this slight
difference between the strain increments in cases 3 and 4 should not offer
substantial modifications in the iterative process. Nevertheless, the substepping
scheme is essential to solve case 3 in Figure 9. This peculiarity may be explained

by the convexity properties of the CHGC model.
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Franchi, Genna and Paterlini (1990) pointed out that the term convexity is
frequently used vaguely in the literature. They also indicate that yield surface
convexity does not entail the convexity of the yield function. The latter is essential
to provide good convergence characteristics in implicit numerical integration
schemes (Panteghini and Lagioia, 2018). Even though the limit of the elastic
domain Y is a convex surface, it is crucial to conserve the convexity when the

surface expands beyond stress states outside the current plastically admissible

domain E.
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Figure 10 CHGC model return mapping paths for case 4: (a) one-step solution, (b) first substep,
(c) second substep, and (d) last substep

In this context, the CHGC surface convexity was checked according to Abbo
etal. (2011) and Lester and Sloan (2018). Nonetheless, the CHGC formulation does
not consider any technique to provide quasi-convexity to the yield functions to
preserve convexity when the surface expands outside the up-to-date E, as presented
by Panteghini and Lagioia (2018). Therefore, this nonconvexity may explain the
convergence problem in a one-step return mapping in case 3, considering the slight

difference between strain increments in cases 3 and 4.
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Lastly, the final solutions presented in Figure 10a and Figure 10d are
compared in Table 3. Observe that the one- and multistep schemes provided
different updated states. In the differential equation context, a multistep process

provides better accuracy. Hence, the obtained solutions are generally distinct.

Table 3 Comparison between the updated states considering one and multistep schemes

Integration Updated state
scheme p q
One-step —2575.94 2785.83
Multistep —2539.50 2805.59

4.3.
Finite element analysis: single-surface plasticity

The proposed state-update algorithm is now evaluated in finite element
problems. The collapse of strip- and circular-footings is investigated. The limit
pressures of the footings were computed using the mesh composed of 135 quadratic
quadrilateral elements with four integration points described in Figure 11. Uniform
displacements u were prescribed to the nodes below the footing in order to model
a rigid mode settlement. Plane strain and axisymmetric conditions were used to
simulate the strip- and circular-footings, respectively.
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Figure 11 Rigid footing problem: (a) finite element mesh and (b) details about the mesh and the
uniform prescribed displacements (adapted from de Souza Neto, Peri¢ and Owen (2008))

The computed pressure-displacement responses are presented in Figure 12.

The analytical limit pressure is taken as a reference for model accuracy. For the
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strip-footing problem, the Drucker-Prager and Mohr-Coulomb criteria were
adopted. The circular-footing analysis considered only the Mohr-Coulomb model,

as no analytical solutions are available for the Drucker-Prager model.

In order to assess the algorithm robustness, large displacement increments are
prescribed. Initially, considering the strip-footing problem for the Mohr-Coulomb
criterion, the first global step is the most challenging. If only the line search strategy
is adopted (At, = 1), a Gauss point close to the footing edge requires the golden
section execution four times during the global iterations. On the other hand, if the

substepping scheme alone is employed, the same point requires 108 substeps.
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Figure 12 Normalized pressure-displacement relation considering the Mohr-Coulomb and
Drucker-Prager criteria for the () strip- and (b) circular-footing problems

Additionally, two distinct solutions that consider the Drucker-Prager criterion
were developed with different prescribed displacement increments. The first case
reproduced the same displacement increments of the Mohr-Coulomb problem, as
depicted in Figure 12a. This solution did not require line search and substepping
strategies since all updated stresses were on the smooth portion of the Drucker-
Prager cone. In the second solution, three huge global increments were adopted. In
this case, the substepping scheme was not needed. Nevertheless, the line search
method is required in global steps one and two, respectively, 39 and 36 times, to
solve the return mapping to the apex. Importantly, the solid lines in Figure 12
represent the solution for very small steps. Observe that the proposed scheme
provides accurate responses even for large increments.

Figure 13 presents the maximum and the cumulative number of golden
section executions and substeps required in the circular-footing problem throughout

the global iterations. In all presented results, the number of substeps does not
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include the first attempt to apply the full increment (At; = 1). In addition, it
presents the number of Gauss points that required these schemes in all iterations.
According to Figure 13b, one Gauss point demands five substeps in the first global
step; the circular-footing problem cannot be solved without the substepping process
for the adopted prescribed increments. In summary, the golden section method was
demanded 42746 times while the substepping scheme was needed 35 times. The
high curvature regions in the adopted surface and the large displacement increments
make this problem more challenging.
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the circular-footing analysis, as well as the number of Gauss points that required these specific
strategies

4.4,
Finite element analysis: multisurface plasticity

The strip- and circular-footing problems in Figure 11 were run considering

the CHGC model to evaluate the performance of the finite element program. Since
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the complex plastic model requires a robust state-update algorithm, this study aims
to show how robustness directly affects the finite element solution. In the footing
problems, the global increments were automatically calculated according to Ramm
(1981). In this context, the desired number of iterations was defined as eight. If the
global Newton-Raphson procedure did not reach a solution, a new attempt was run

for an increment half the size.

The numerical pressure-displacement curves for the strip- and circular-
footing analyses are shown in Figure 14 and Figure 15, respectively. These
problems were analyzed with the state-update procedure using the line search with
and without the substepping process. It should be highlighted that the algorithm
with the substepping scheme required roughly three times less global steps than the
one without this scheme.
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Figure 14 Normalized pressure-displacement relation for the strip-footing problem, the CHGC
model, and the proposed state-update algorithm (a) with substepping and (b) without substepping
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Some global residual norms computed using the substepping procedure are

shown in Table 4 and Table 5. As expected, the convergence rate is quadratic since

the consistent tangent modulus (3.68) is employed in the finite element equations.

Table 4 Global residual norms for the strip-footing problem and the CHGC model

. Step 61 Step 62 Step 63
Iteration - - 3
Absolute Relative Absolute Relative Absolute Relative
1 4.87E+00 5.21E-05 1.34E+00 1.44E-04 1.22E+00 1.29E-05
2 1.60E-01 1.71E-06 2.05E-01 221E-06 4.32E-02 4.58E-07
3 1.49E-03 1.60E-08 1.20E-03 1.29E-08 2.22E-04 2.36E-09
4 1.01E-06 1.08E-11 1.98E-08 2.13E-13 2.94E-09 3.12E-14

Table 5 Global residual norms for the circular-footing problem and the CHGC model

. Step 36 Step 37 Step 38
Iteration - - -
Absolute Relative Absolute Relative Absolute Relative
1 438E+00 1.71E-05 1.61E+00 6.20E-06 2.70E-01 9.61E—07
2 9.06E-02 3.54E-07 4.91E-02 1.89E-07 3.84E+00 1.37E-05
3 2.18E-04 8&.52E-10 7.29E-05 2.80E-10 5.51E-02 1.97E-07
4 - - - - 3.31E-05 1.18E-10

Figure 16 and Figure 17 show the maximum and the cumulative number of

golden section executions and substeps in the footing problems, as well as the

number of Gauss points that needed these strategies, throughout the global Newton-

Raphson iterations (including the failed global steps). Due to the plastic strain

evolution directly below the footing, the substepping and line search approaches

were extremely demanded. In particular, the substepping technique was mainly

needed in the region near the edge of the footing. The Gauss points denoted in

Figure 16c and Figure 17c mostly represent this complex region.
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The spatial distribution of substeps in the region near the footing can be
observed in Figure 18. The map in this figure presents the total number of substeps
required throughout the strip- and circular-footing collapse analysis. Most of the
integration points do not require pseudo-time subincrements At,,, < 1, including the

regions beyond the represented map. Nonetheless, several integration points are
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subjected to complex stress states. The substepping technique plays an essential role
in updating the states and, consequently, reducing the number of failed global steps.
It should be highlighted that one single element (located near the footing edge)
requires roughly 42% and 58% of the total substeps of the strip- and circular footing

simulations, respectively.
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Figure 18 Spatial distribution of the total number of substeps in the (a) strip- and (b) circular-
footing analysis

Some numerical experiments were developed in GeMA, regarding the
quadratic and the cubic interpolations as inexact line search methods presented by
Pérez-Foguet and Armero (2002), and Seifert and Schmidt (2008). In general, exact
line search methods, such as the golden section method, require more computational
effort. However, an insignificant difference between the computation time of
inexact and exact approaches was observed in the numerical tests performed during

the research.
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Newton-Raphson-based implicit integration algorithm for
both plane stress and three-dimensional stress conditions

Aiming to contribute to the computational methods for multisurface
plasticity, a novel Newton-Raphson-based implicit algorithm is formulated in this
chapter, presenting two key characteristics. Firstly, it considers multisurface
plasticity by using complementary functions, avoiding the need for an algorithm to
define active surfaces. These functions are worthy for elastoplastic applications
with nonlinear elastic behavior (Zhou, Lu, Su, et al., 2022; Zhou, Lu, Zhang, et al.,
2022; Lu et al., 2023) and multisurface plasticity problems (Li, Li and Zheng,
2021). Secondly, this algorithm is able to deal with the plane stress plasticity based
on the computation for the plane strain condition. Hence, the proposed algorithm is
able to consider distinct stress conditions.

In the literature, plane stress plasticity is typically addressed by adopting
specific algorithms tailored for this state, while a separate algorithm is employed
for plane strain, axisymmetric, and three-dimensional conditions. However, some
researchers have dedicated efforts to provide generalized plasticity
implementations. For instance, de Borst (1991) introduced an implicit algorithm at
the structural level to enforce the plane stress condition in elastoplastic problems.
This approach eliminates the need for specialized subroutines for plane stress
plasticity, allowing the application of a standard three-dimensional algorithm.
Dodds (1987) studied a von Mises model with a mixed isotropic-kinematic
hardening based on the radial return mapping. At the Gauss point level, the author
proposed a scheme, utilizing an outer Newton-Raphson loop, to enforce the plane
stress constraint within a standard three-dimensional algorithm. In each outer loop,
the radial return mapping is run, considering the updated out-of-plane total strain.
Ohno, Tsuda and Kamei (2013) and Ohno et al. (2016) presented implicit
integration algorithms for a von Mises-like model. The plane stress constraint was
directly incorporated into the constitutive equations, enabling the definition of a

unified algorithm for both plane stress and three-dimensional stress conditions,
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requiring a static condensation of the consistent tangent modulus for plane stress
cases. Grange (2014) developed a strategy based on multisurface plasticity to
enforce the plane stress constraints. The author implemented a von Mises model
with a mixed isotropic-kinematic hardening and imposed zero-stress conditions by
utilizing extra yield surfaces (hyperplanes in the stress space). Santana, Keo and
Hjiaj (2022) formulated an efficient and low-memory return mapping algorithm for
generic single-surface models, capable of handling general stress conditions,
including the plane stress condition. The author's formulation heavily relies on

static condensation.

In this context, this work also aims to contribute to the study of multisurface
plasticity under plane stress conditions. The literature generally lacks sufficient
attention given to this particular aspect, as most authors tend to focus on models

based on simple single-surfaces.

5.1.Formulation of the state-update scheme

In this state-update algorithm for multisurface plasticity, the backward Euler
method is adopted to provide the incremental form of the flow rule (2.7) and the
hardening/softening law (2.8). Additionally, the elastic predictor-plastic corrector
scheme is also applied, assuming no update in the plastic strains as an initial
hypothesis (Simo, Kennedy and Govindjee, 1988). If the Karush-Kuhn-Tucker
conditions are not satisfied under this hypothesis, the plastic correction is then
performed by solving the following system of nonlinear equations (Simo, Kennedy
and Govindjee, 1988; Pérez-Foguet, Rodriguez-Ferran and Huerta, 2001):

( N
C(0n+1 - Gn) + Z AVl',n+1ni,n+1 = A&y
i=1
(5.1)

N
Qn+1 = qn t+ Z Ayi,n+1hi,n+1
i=1

\ bni1 =0

where Ag,, ., is the current strain increment and ¢,,.,; is classically defined by the

elements ¢; ;41 as
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¢i,n+l = fi,n+l' Vi€ Jpy (5-2)

in which J,,,, represents the set of the active yield surfaces.

Several authors have studied a different approach to define ¢; ,,, in solving
the system (5.1) (Scalet and Auricchio, 2018; Cui et al., 2021). This approach
involves defining the complementary functions ¢;,+; =0, i € {1,2,..., N} that
enforce all Karush-Kuhn-Tucker conditions, including their inequalities. This work
aims to contribute to the latter by further exploring these functions since no scheme
for identifying the set of active surfaces is required, such as the one presented by
Simo, Kennedy and Govindjee (1988). Therefore, all surfaces are considered during
the iterative process.

5.2.
Complementary function-based Newton-Raphson formulation

As presented by Scalet and Auricchio (2018), these functions can be smooth
or nonsmooth. The present work focuses on studying smooth complementary
functions to avoid singular points in their derivatives. Specifically, this work
examines the application of smooth versions of the Fischer-Burmeister (FB)
function (Fischer, 1992), the sigmoid-based function (Chen and Mangasarian,
1995), and Chen-Harker-Kanzow-Smale (CHKS) function (Chen and Mangasarian,
1996). Scalet and Auricchio (2018) referred to the sigmoid-based function as neural
network function. However, this term is here considered vague as it does not

accurately reflect the relationship with the sigmoid function.

The smooth FB complementary function and its derivatives are presented in
Equations (5.3) to (5.5). They consider the smoothing parameter § and the
parameter c¢¥. The former has a near-zero value and eliminates singular points in
the derivatives (5.4) and (5.5), while the latter generates an approximation of the
original smooth complementary function that is easier to solve. The parameter c¥
is frequently referred to as dimensional parameter by several authors (Areias et al.,
2015; Areias, Msekh and Rabczuk, 2016; Zhou, Lu, Su, et al., 2022). In the
plasticity context, Scalet and Auricchio (2018) considered the smoothing parameter
in their state-update algorithms. Schmidt-Baldassari (2003) and Akpama, Bettaieb
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and Abed-Meraim (2016) applied this function without dimensional and smoothing
parameters, while Zhou, Lu and Zhang (2022) and Zhou, Lu and Su (2022) adopted

both parameters.

2 2 53
Pins1 = \/(CyAyi,nH) + (fin+1) +26 — Ay + fine (5.3)

(k) x)
0,08 = Piner VDY 4
f¢i,n+1 NG ¥ Ay O *) (5.4)

Birar TV AY 41 — fint
k) (k)
P ) _ .y fi,n+1 B ¢i,n+1

2y Pint1 = ¢ 5 ) ) (5.5)

y _
B 1 T EVAY 1 — finn

The sigmoid-based complementary function and its derivatives are presented
in Equations (5.6) to (5.8). This was inspired by the sigmoid activation function
commonly used in neural networks (Chen and Mangasarian, 1995; Scalet and
Auricchio, 2018). Note that, unlike other functions, § cannot be set to zero to
recover a nonsmooth function. In the plasticity context, Areias et al. (2012, 2015)
and Areias, Msekh and Rabczuk (2016) studied plasticity problems by considering

the dimensional parameter.

cYAYipe1 + fi
Gine1 = —fins1 —6In (1 + exp (— y"’“’é f"”“)) (5.6)
1
(F)

0, = —

f¢lln+1 exp (_ CyAyi,n+é + fi,n+1> +1 (5.7)
@ c” exp (_ CVAVi,n% + fi,n+1)

Opy ;.7 =

Ay¢l,n+1 exp (_ cVAyi,n_,_é + fi,n+l) +1 (5.8)

Finally, the smooth CHKS complementary function and its derivatives are
presented in Equations (5.9) to (5.11). This function is closely related to smooth
versions of the max and min functions (Scalet and Auricchio, 2018). To the best of
the author's knowledge, this smooth complementary function has not been
considered in numerical integration schemes for plasticity applications in the
literature. Therefore, this work explores the potential of using this function in such

applications.
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2

_ DYins1 — fine \/ (CYAYins1 + fine1) + 462 (5.9)

By = B -

C"AYins1 — Pin+1
O Pime) = o 5.10
Pime 20in+1 — C"AYins1 + fine (5.10)

fine1 + Pinsi

a (k) = CV i 2

AV¢L,n+1 2d)i,n+1 - CyAyi,nH + fi,n+l (5'11)

To solve the system (5.1), an unconstrained optimization process can be

employed. The optimization problem is defined as

min (X)) (5.12)

Xn+1

in which ¥ (x,,) defines the objective function of the problem, which must be

minimized:

1
Y Ctne) = 5 (Tt @) Tt (i) (5.13)

Considering multisurface plasticity, the vector x,,,; is given by

On+1
qn+1
AYn+1

(5.14)

Xn+1 =

with

[AVin+1]
A

Ayt = | st,n+1 | (5.15)
AVN,n+1

The vector function r,,,,(x,,+) is the representation of the system (5.1) in
vector form, as defined in Equation (5.16). Observe that the scaling parameters c4
and c?® are included since the system (5.1) has multiple units of measure, with Tin+1
being dimensionless, -, ,,;; being or not dimensionless, and r; ,,+ generally having
unit of stress. Dennis and Schnabel (1996) demonstrated that the Newton-Raphson
method is not affected by this linear transformation resulting from scaling

parameters. However, these parameters may be useful in other approaches, such as
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the trust-region method (Lester and Scherzinger, 2017; Zhou, Lu, Zhang, et al.,
2022).

7141t Gne1, AV ns1)
rn+l(xn+l) = quZ,n+l(an+l' qn+lfA}’n+l) (5.16)
C¢r3,n+l (a'n+l’ dn+1, AYnH)

where
N
Tin+e1 = C(0n+1 - an) - A‘c—'n+1 + Z Ayi,n+1ni,n+1 (5'17)
i=1
N
Ton+l = —Qn+1 Tt qn + Z AVL',n+1hi,n+1 (5-18)
i=1
[¢1,n+1]
¢
T34l = Priy = | 2’?“ | (5.19)
¢N,n+1

Unconstrained optimization typically requires defining descent directions.
Assuming the objective function in (5.13), the descent direction related to the

Newton-Raphson method takes the form

da(k)
n+l1 —1 k)

k k

af = ai® | = (a2 ! (520

dAY ®)

n+l
with

|’dAY (k)"l

1,n+1
A
g _ [ (5.21)

n+l

Ay (k)
dN,n+l

(qﬂm)‘l £

n+l1 n+1

(GW)Y' r®

n+l n+l1

(5.22)

(k)

To compute the Jacobian matrix J, ;.

the auxiliary expressions (5.23) to

(5.26) are defined. In particular, Equation (5.23) depends on derivatives of n; (o, q)
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and h; (o, q). In the case of associated plasticity, the former is in fact the derivative

of the yield function, and numerical differentiation is an attractive strategy to

compute it.
w0\
(lpn+l)
(k) (k) (k) (k)
c +2Ayln+laﬂ'nln+l szLnHaqnlnH (5.23)
(k) (k) (k) (k)
ct <ZA)/“H_10 hln+1> Cq( I+ZA)/”H_10 hln+1)
(k)
N
*) n+1
E® = (5.24)
(k)
an+1
k
@ l[af¢1(,11)+1 0 0 ]l
*)
L R T
n+l 9 (k) . . . .
qfn+1 | : : - ék) |
0 0 af("t")N,nHJ
k
aAY(pl(,n)H 0 0 ]
(k)
['7(1’?1 = C¢| 0 aAV¢2 n+l 0 | (526)
(k) J
l 0 0 aAyd’N n+1
where
(k) *) *) 9]
Ogfpi1 = [6,, L,n+1 g 2n+l g N+l (5.27)
() _ (k) (k) (k)
qfn+1 - [aq I,n+1 aq 2n+1 aq N,n+1 (5'28)
(k) ) %) (k)
Nogi = [0 Mope My (5.29)
x) () ) %)
H. = [hl,n+1 hyper o hy +1] (5.30)

To analytically solve the system (5.1), the Banachiewicz-Schur form for

block matrix inversion is here applied, as defined in Equation (3.55). Therefore, the

inverse of the Jacobian matrix J%, in Equation (5.22) is given by
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T
(k) (k) A(K) (k) (k) (k) (k) A(K)
() -1 lI"n+1(I_En+lAn+l(Gn+l) lpn+l) llJn+1En+lAn+l
(J"“) - W (1) \ gy W) (3D
An+1(Gn+l) lPn+1 _An+l
in which
-1
® _ ((+® \g® g0 (k)
An+1 - ((GnH) lpn+1En+1 _Fn+1> (5'32)

It is worth noting that computing the pseudo-inverse of these matrices is a
viable option, particularly when they are quasi-singular (Godio et al., 2016).
Considering Equations (5.16), (5.20) and (5.31), the elements of the descent
direction related to stresses, internal variables and plastic multipliers are defined as

follows:
w _ [dny W () | gl g0y (K
a,q _ n+ _ Y
dyer = q (k) __lpn+1(pn+1+En+1dn+1) (5.33)
dn+1
Ay (k) _ A(K) Q) ) \ g ® k)
d. =AM <C¢¢n+1_(6n+l> q"n+1pn+1> (5.34)
where

+ E® Ay (5.35)

n+1

k (k)
p(k) _ [ r§,73+1 ] _ C(0n+] - o-n) - ASTL+1
n+l = 3 = .
T cq (qn - q1(1+)1>
With the descent direction computed, the next phase is to calculate the step
(k)

n+l

3 and 4. After determining the step size, the plastic variables can be updated using

size a/, using a line search strategy, such as the strategies discussed in Chapters

the following expressions:

(k+1) _ (k) (k) 0 (k) _
Ont1 = Onqy + an+1dn+1 (5 36)
(k+1) _ (k) (k) 4q (k)
Anv1” = An + an+1dn+1 (5-37)
(k1) _ Aq, () (k) Ay (k)
AV = Avp Hapdy) (5.38)

At the end of the iterative process, the plastic strains can be computed as

follows:
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k1
e  =¢&h + ey — C(a,g;’l ) — an) (5.39)

Notably, the consistent tangent modulus D77, , must be computed to preserve
the quadratic rate of convergence of the Newton-Raphson method applied in the
solution of the global equilibrium equations. In this scenario, D7, | can be computed
by differentiating the system (5.1). Therefore, the consistent tangent modulus takes

the form

ep dan+l

n+l =

=D 4
den . 11,n+1 (5.40)

in which Dy, ,,;; has dimension equal to the number of stress components and can
be calculated from Equation (5.31) as follows:
Dijnt1 Dign+ _

D D - lpn+1(1 - En+1An+1(Gn+1)TqJn+l) (5-41)
21,n+1 22n+1

5.3.
Plane stress plasticity

The equations presented in Section 5.2 are applicable to three-dimensional
problems. Moreover, plane strain and axisymmetric problems can be also analyzed
using the same algorithm by considering the three normal stresses and only one
shear stress. Nevertheless, to model plane stress problems, additional modifications
must be made to the previous algorithm. Inspired by work of Aravas (1987),

Equation (5.16) must be altered to obtain 74,4, by adding a constraint on the

out-of-plane stress o,, ,,+1, Which can be expressed as follows:

[rl,n+l (an+1 ydn+1» Ayn+l' A“;‘zz,n+l)-|
¢y n41(0nt1, Gns1, A¥ns1)
C¢r3,n+1 (Ons1, Gns1, AV ns1)

Cao-zz,n+l (o'n+l)

Yaugn+l (xaug,n+1) = (5.42)

in which ¢? is a dimensional parameter and
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On+l1

qn+1
Xaugn+1 = A);lnﬂ (5.43)

A‘gzz,n+l

Since the plane stress condition is directly enforced in the system of nonlinear
equations, the presented procedure requires the use of D and C as the traditional

matrices for the plane strain condition, as shown in the following equation:

[l—v v v 0 ]

E | v l—v vV 0 |
D=cCc"'= [ v v o 1l—v 0 | 5.44
(1+V)(1—2V)| 1—21/' ( )

[ 0 0 0 3 J

where E represents Young’s modulus and v represents Poisson’s ratio. In this sense,
0,41 consists of four stress components, where the out-of-plane stress will have a

near-zero value upon convergence. In the context of an elastic predictor-plastic
Q]

corrector algorithm, an initial guess Ae, . .

, is here required. Thus, it is assumed
©

zzn+1

that there are no plastic increments, and Ae can be computed considering

linear elasticity, as given by

0 v
AeQ = = (Bexunsr + Aeyy i) (5.45)

zzn+1l —

By utilizing Equation (5.45) to compute the stress tensor according to matrix
(5.44), the resulting stresses are equivalent to those computed using matrix (5.46).
Therefore, the state update scheme proposed in this work utilizes the plane strain

state as basis to consider the plane stress state.

I v 0
E [v1 o0
D—l_v2 - 1—v (5.46)
2
To calculate the novel Jacobian matrix Jfl'ffg’n +; related to Equation (5.42),

the matrix Jg?l in Equation (5.22) can be used. Thus,
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(k)
k —e
g = [‘7”;1 0”] (5.47)
zZZ
with
e;=[0 0 1 0 0 .. 0] (5.48)
By applying the Banachiewicz-Schur form, the matrix Jfl';)g‘n 41 can be
inverted analytically, as given by
w !
(Jaug,n+1)
-1 -1
(k) ; (k) (k) ; (k) 5.49
1 (Jn+l) (733,n+11_822(<7n+1) ) Fi3n+1 (5.49)
)
I33m41 —jg’;)nﬂ 1

-1
where &,, = e,,(e,,)T; the column vector jg?m is the third column of (31(1]?1) ;

(k)

the row vector 737, ., is the third row of (J(k)

-1
n+1) ; and ;'3(;")%1 is the element in the

-1
third row and third column of (Jg?l) . Therefore, considering the plane stress

condition, the descent direction takes the following form:

)
daug,n+1
-1
. (k) €9) x) (G 1)
_ 1 <f33,n+1l - (Jn+1) 822) dn+1 - Cao-zz,n+11i3.n+l (5'50)
IO (K (x)
$33n+1 Fijme1Tne1 — €004

Since &,, has only one nonzero element (the third element in the main

-1
diagonal), the product (Jg?]) &, yields a matrix with only one nonzero column:

-1
the third column, which is identical to the third column of (Jfl'?l) . To compute

this product, according to Equation (5.31), one can simply select the pertinent

(G(k) )T‘P(k) ) and

n+1 n+l

elements from the products p® (I—E(k) A%

n+l n+l1" " n+l1

()

i3n+1 and

T
A;"jl(ag‘jl) ‘I’T(l'i)l. An analogous process can be executed to define 7

(k) . ;
Fijm+1- In this scenario,
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T
(k) K) () A(K) (~(K) (k)
j(k) _ Yisnei _lpn+1En+lAn+l(Gn+l) VYisnei (5.51)
B3n+l — T '
' & (® 9
An+1(Gn+1) II)iS,n+l
Q) 1 p09 209 (609 \g® |
() _ ll)3j,n+1_¢3j,n+1 n+l n+l( n+l) n+l 550
F3jm1 OISO (5:52)
lI)3j,n+1 n+l1° n+l

in which 1[11%‘3%1 and ‘/’glj',)nﬂ are respectively the third column and third row of

a,q (k)
zzn+1

w® Hence, d® can be simplified by Equation (5.53). Importantly, d

n+1* augn+l

is the third element of d27* and d5%7 ™ is the last element of dggg,nﬂ.

k k
[dz’fl(k) Cao-z(z,)nﬂ + dgzt,ln(+i .(k) ]
gy = | ") N (33)rn+1 o | (5.53)
.(k k
ll ) (f3j,n+1rn+1_ca"zz,n+1) Jl
33n+1

The consistent tangent modulus for the plane stress condition is also given by

Equation (5.40), in which, according to Equation (5.49), Dy, ,,+ is computed by

Diijns1 Diznsr Dizns iy
_ [ q0)

Dyint1 Dont1 Doptr| = (Jn+1 I—-

D31 i1 Dizntr Diznsd

- 822(32’?1)_1) (5.54)

33n+1
This expression can be simplified using the following:
Dijns1 Diznt1r Dizn+

1 1
k ) .
Dyins1 Daznyr Dazngs :(ng)l) ) f§3,21+1fgljc‘,)n+1 (5.55)
D3iny1 Dinyr Dizpyg $33n+1

The Newton-Raphson-based scheme presented in this work is summarized in
Algorithm 5, which takes into account different stress conditions, including the

plane stress condition.
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Algorithm 5 Newton-Raphson-based implicit integration scheme for multisurface plasticity
considering both plane stress and plane strain conditions

Initialize: k = 0, kypgy, A&nyy, €0, 0, Gy, D, C, fi(0,q), n;(0,q), hi(a,q), N, tol,, tol,, tols,
8,c?, c®, and c?. In case of plane stress, initialize v and tol,, and compute D, € according to the
plane strain state

Procedure:

1: Elastic predictor:

© © p (0) p

0
=0, + DAg,yy, qEH)q = gy, Ay

an+1 n+l — 0' and £n+1 =&
In case of plane stress, Aeg‘)n = % (Ayyns1 + Agyynit)
2: Check plastic condition;
Compute flffl)w 2?211, ,\EQH according to the constitutive model
(O] ) ) .
If max(fl,nﬂ’ 21 N,n+1) < tol;:
In case of plane stress, redefine D as the traditional 3 x 3 matrix in Equation (5.46)
0 0 0 0
Return On41 = a-gl-i)-l’ qn+1 = q;lp Ayn+l = Ay;.-?—l’ £71!'J1.+1 = Efl-l(-l)’ and Dfll-)l-l =D
End
3: (0 g ® i - -
: Compute N, /,, H,,,and E, [, using Equations (5.29), (5.30), and (5.24), respectively

Compute 6df(k) a,,f(") and a;’”l using Equations (5.27), (5.28), and (5.25), respectively.

n+l1? n+l?’ +

As G,(f?l depends on af¢§ﬁ)+l, use Equations (5.4), (5.7), or (5.10)

5:  Compute W,S’fr)l, I‘g?l, and Asl’?l using Equations (5.23), (5.26), and (5.32), respectively. As
I",(l'?l depends on 6Ay¢i(":l{rl, use Equations (5.5), (5.8), or (5.11)

6: Check the stopping criteria:
Compute ¢,(1'?1 and p;"jl using Equations (5.19) and (5.35), respectively

If | @S| < c®toly, |74, || < toly, and |5, || < c?tols:

(In case of plane stress, also include |a(k) | < c%toly)

zzn+1

Compute D?F | based on (5.40) and (5.41). In case of plane stress, use (5.55) instead of

n+l
(5.41) and remove the third (zero) row and third (zero) column of D¢

n+l
Compute the plastic strains using Equation (5.39)

REWUM sy = 0301, Gnst = A4y, A¥nit = Yy, €hyy = €007, and DY,
End
If k < Knax:
Stop the algorithm since it fails to converge
End
7: Compute d2% " and @7 ™ using Equations (5.34) and (5.33), respectively

In case of plane stress, correct the directions using the following expressions based on (5.53):

q () q () 69 a.q (k)
d:zl d:-?-l _ Cao-zz,n+1 + dzz,n+1 (k)
d% ® = d% ® (k) B3n+l
n+l n+l 33n+1
1
Aezz (k) . ; (k) (k) ()
dn it ) (73j,n+1rn+1 - Cgo-zz,n+1

33,n+1

-1
where (J;’?l , jg‘jm, jg}‘.‘),m, and ;'g‘im are the inverse of the Jacobian matrix and its

parts and rﬁl’?l is defined by Equation (5.16)

Perform the line search to compute “1(1?1

9:  Update stresses, internal variables and plastic multiplier, using Equations (5.36) to (5.38). In
case of plane stress, Aeg‘;?, = Aeé’z‘_)n at “1(1?1 dflfflz )

10: Update counter variable:
k=k+1

Go to step 3)




6
Newton-Krylov-based implicit integration algorithm

The implicit substepping integration scheme proposed in this work
demonstrates remarkable robustness, as it effectively handles severe hardening
processes and singular points on yield surfaces. Nevertheless, it involves various
components, such as a line search strategy and an adaptive substepping scheme. In
addition, the algorithm requires derivatives of f; .1, n; 41, and h; 4., which can
pose challenges when dealing with complex constitutive formulations.
Consequently, implementing multisurface plasticity models in a numerical
simulator can be a cumbersome task. Numerical derivatives based on finite
difference schemes offer a potential solution for computing these derivatives. In
this context, this chapter aims to develop a Jacobian-free implicit integration

algorithm that circumvents the need for some derivative computations.

In the scenario of implicit integration schemes for single and multisurface
plasticity, the classical Newton-Raphson method is extensively applied to solve
systems of nonlinear equations (Adhikary et al., 2017; Scalet and Auricchio, 2018;
Pech, Lukacevic and Fussl, 2021). Nevertheless, other numerical methods for
solving such systems are also applied in the literature: Broyden’s method (Feenstra
and de Borst, 1996), Levenberg-Marquardt method (Shterenlikht and Alexander,
2012), third-order Newton-like methods (Kiran, Li and Khandelwal, 2015), trust-
region method (Shterenlikht and Alexander, 2012; Lester and Scherzinger, 2017;
Zhou, Lu, Zhang, et al., 2022), and a hybrid Newton/Polak—Ribiére conjugate
gradient algorithm (Geng et al., 2021). Additionally, some solutions based on
mathematical optimization are available in the literature: interior-point method
(Krabbenhgft et al., 2007; Krabbenhgft, Lyamin and Sloan, 2007, 2008;
Krabbenhgft and Lyamin, 2012; Bruno et al., 2020) and complementary theory
(Zheng, Zhang and Wang, 2020; Zhao et al., 2022; Zheng and Chen, 2022).

The numerical solution of systems of nonlinear equations is a crucial and

challenging research topic that has garnered significant attention in recent years.
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Robust and efficient methods, often of an iterative nature, have been developed to
tackle this problem. These methods are usually variants of well-known techniques,
for instance, higher-order Newton-like methods (Grau-Sanchez, Grau and Noguera,
2011; Cordero et al., 2012; Sharma, Guha and Sharma, 2013; Sharma and Gupta,
2014; Esmaeili and Ahmadi, 2015; Sharma and Arora, 2017); Levenberg-
Marquardt-like methods (Fan, 2012; Zhou, 2013; Chen, Du and Ma, 2017);
Broyden-like methods (Ziani and Guyomarc’h, 2008; Fang, Ni and Zeng, 2018);
and conjugate gradient-like methods (Zhang, Zhou and Li, 2006; Cheng, Xiao and
Hu, 2009; Yuan and Zhang, 2015; Abubakar and Kumam, 2019; Zhang, 2020).
Regarding this variety of methods, the author considers that investigating other
analogous numerical algorithms can bring new alternatives for the state update

procedure in elastoplasticity.

Newton-Krylov methods (Dembo, Eisenstat and Steihaug, 1982) are
ingenious algorithms that combine Newton-type methods for linearizing systems of
nonlinear equations and Krylov subspace methods to solve the system of linear
equations at each nonlinear step. In this approach, the linearized system, defined by
a Jacobian matrix, is solved using a Krylov subspace-based iterative method. These
iterative schemes are commonly used to compute an inexact solution at each
Newton step, reducing the computational cost of the Newton-Raphson method
(Eisenstat and Walker, 1994). Newton-Krylov methods are widely employed in
numerical simulations to solve large-scale systems of nonlinear equations, being
also applied in the finite element context. These methods have been successfully
employed in problems such as nonlinear elasticity (Barnafi, Pavarino and Scacchi,
2022), two-phase flow in porous media (Bergamaschi et al.,, 2012), and
incompressible fluid flow (Bellavia and Berrone, 2007). Newton-Krylov methods
have also been used in various other research areas, as reported by Knoll and Keyes
(2004).

It is worth noting that in Krylov subspace methods, the operations associated
with the Jacobian matrix involve exclusively matrix-vector products. These
operations can be carried out using finite difference schemes, which do not require
any information about the derivatives of the system of nonlinear equations (An,
Wen and Feng, 2011; Kan et al., 2022). Consequently, it is possible to perform
Newton steps without explicitly forming the elements of the Jacobian matrix. The
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use of Jacobian-free Newton-Krylov algorithms has gained popularity due to their
versatility and efficiency. These algorithms have been successfully applied to solve
the global system of nonlinear equations in various finite element applications,
including linear hardening plasticity (Hales et al., 2012), crystal plasticity
(Chockalingam et al., 2013), geometric nonlinearity problems (Kan et al., 2022),
multiscale modeling (Rahul and De, 2011, 2015b, 2015a), thermomechanical
coupling problems (Hales et al., 2012), and simulation of nuclear processes (Gaston
et al., 2009).

As mentioned earlier, one of the focuses of this work is to develop a Newton-
Krylov-based algorithm that combines flexibility with competitive performance
compared to other finite difference-based Newton-Raphson implementations. In
opposition to the intricate implementation presented in Chapter 3, the algorithm
proposed in this chapter does not require some derivative computations, simplifying
the implementation of new multisurface plasticity models in a numerical simulator.
From a practical perspective, the constitutive model information required to
implement a forward Euler-based algorithm, a cutting plane algorithm, and a
Newton-Krylov-based implicit algorithm is essentially the same. However, the last
is unconditionally stable, making it a more robust and reliable option for numerical
simulations. Therefore, this chapter explores the fundamentals of applying a
Jacobian-free Newton-Krylov method to solve systems of nonlinear equations.
Based on this review, it is defined a Newton-Krylov-based implicit integration

algorithm, incorporating the features discussed in the previous chapter.

It is worth highlighting that the consistent tangent modulus depends on
derivatives of f; 11, M n41, and h; .41, as presented in Chapter 3 and 5. Therefore,
numerical differentiation is adopted to compute this modulus. Finite difference
schemes are largely applied to calculate consistent tangent moduli and tangent
stiffness matrices (Pérez-Foguet, Rodriguez-Ferran and Huerta, 2000a; Kim, Ryu
and Cho, 2011; Kiran and Khandelwal, 2014; Tanaka et al., 2014; Scheunemann,
Nigro and Schroder, 2021). In this scenario, a scheme previously applied by Seifert
and Schmidt (2008) and Lu et al. (2023) is implemented in this work.
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6.1.
Jacobian-free Newton-Krylov method

6.1.1.
Inexact Newton methods

Consider a generic system of nonlinear equations
rx)=0 (6.1)

in which x e R*, n€ Z, and r : R" - R™ is a vector function. Typically, the
classical Newton-Raphson method is applied to solve this sort of system. The
method is derived from a multivariate Taylor expansion of the function r(x) around

the current point x| that is

or(x®)
k+1)Y = R)Y) 4 —— (xRt _ x(R) 6.2
r(x®tD) = r(x®) + ox (x x(9) + (6.2)

Neglecting the higher-order terms and making the right-hand side zero, the

Newton-Raphson formula is obtained:
J(k)d(k) = —r(x(k)) (63)
in which k defines the current iteration and

x&+D = () 4 g (6.4)

or(x")

3 = 3(x0) = —

(6.5)

It is important to highlight that the Newton-Raphson method is attractive
because of its convergence characteristics, but it requires the exact Jacobian matrix
in (6.5) to perform the calculations. Integrating the elastoplastic constitutive
equations usually yields a computation of complex Jacobian matrices, a situation
overcome by some authors through numerical differentiation (Pérez-Foguet,
Rodriguez-Ferran and Huerta, 2000b; Choi and Yoon, 2019). In this scenario,
inexact Newton methods (Dembo, Eisenstat and Steihaug, 1982) can be an

attractive strategy to solve Equation (6.1).
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In an inexact Newton method, iterative methods are commonly used to solve
Equation (6.3) (Nocedal and Wright, 2006; Bergamaschi, Bru and Martinez, 2011;
Bergamaschi et al., 2012; Barnafi, Pavarino and Scacchi, 2022). In this sense,
Newton-Krylov methods are developed based on Krylov subspace iterative
methods. The tolerance parameter of those iterative methods can be adjusted in each
Newton step, producing inexact solutions of (6.3) that can accelerate the overall
solution process (Eisenstat and Walker, 1996; Pernice and Walker, 1998). When an
intermediate iteration value x®) is significantly far from the final solution of (6.1),
the linearization process in Equation (6.2) may inaccurately approximate r(x)
(Dembo, Eisenstat and Steihaug, 1982; Kan et al., 2022). Therefore, a tight
tolerance is not always necessary, especially in the early iterations. Additionally,
inexact Newton methods are valuable for solving large-scale problems, as
calculating the exact solution can be computationally expensive (Dembo, Eisenstat
and Steihaug, 1982; Eisenstat and Walker, 1994). In this scenario, an inexact
Newton step must comply with the following criterion (Eisenstat and Walker,
1994):

Ir(x%) + 3©a®|| < n@[lr(x©)] (6:6)

where ||-|| represents the Euclidian norm and n®) € [0, 1) defines the forcing term.

Choosing an appropriate value for the forcing term in the inexact Newton
method involves balancing the computational cost of solving the linear system with
sufficient accuracy against the number of nonlinear iterations needed to achieve
convergence (Kan et al., 2022). A smaller forcing term can lead to fewer nonlinear
iterations, but it also requires a more accurate solution of the linear system, which
can be computationally expensive. Conversely, a larger forcing term can reduce the
cost of computing the linear system solution while it may involve a larger number
of nonlinear iterations for convergence. Based on numerical experiments conducted
during the development of the proposed scheme, the strategy proposed by Gomes-
Ruggiero, Lopes and Toledo-Benavides (2008) was here implemented. The author
proved the superlinear convergence of the Newton-Krylov method using this
strategy. Additionally, practical constraints, called safeguards, were adopted to

improve the convergence of the method. In this sense,
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2
w __ (06%) ( ! )X (€Il 6.7)
Nunsafe = (@®)2 + (@2 \k+ 1) |lr(x&D)]

where y is a control parameter that ensures ’lim n®) =0, thatis y > 1, and

()]
o =g ey o0
b(k) f log]()(p(k) J— p(k_l)) (69)

where p® is the current total number of function evaluations, also counting the
evaluations related to the finite difference scheme for approximating the Jacobian-
vector products, which is discussed in Section 6.1.3.

The following practical safeguards are adopted based on Gomes-Ruggiero,
Lopes and Toledo-Benavides (2008):

min(nggsafe,nmaxl), ifa<Oandk <3

Ry _
Nsafe = min(nggsafe,nmaxz), ifa<Oandk >3 (6.10)

Nimax1, ifa=0

in Which 1,01 @nd Nmax are limit values for n). Finally, the forcing term is

computed using the strategy proposed by Pernice and Walker (1998).

(69) ()

(k) = Tsafer Msare < 27 6.11
n . ) (6.11)
0.8z[[r(x®)||, ifnggr, > 27

in which 7 is the termination tolerance value. This verification is important to
improve the quality of the final solution of the nonlinear numerical solver at the last
iteration. In order to initialize the Newton-Krylov steps, n© = 0.1 is adopted, as
suggested by Rahul and De (2011, 2015b, 2015a), Bellavia and Berrone (2007), and
Gomes-Ruggiero, Lopes and Toledo-Benavides (2008). Additionally, 7,41 = 0.1
and nax2 = 0.01 is adopted, according to Gomes-Ruggiero, Lopes and Toledo-
Benavides (2008).
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6.1.2.
Krylov subspace methods

Krylov subspace methods are iterative projection algorithms to solve, in
general, linear systems. These methods are mostly applied in large-scale problems.
Formalized as iterative methods, they solve the system Ax = b based on the j-order

Krylov subspace, which is defined by the following linear subspace:
K;j(A, 7o) = span(r, Aro, A’ro, -, AT ) (6.12)

where 7, = b — Ax,, and x,, is an initial guess of the solution and equals to a zero

vector. In this sense, the linear span X is defined as the set of all finite linear
combinations of the vectors in {#, A#o, A>#, -, A #}. As x € X, Krylov

iterative methods approximate the solution of Ax = b with the following

summation:
j—1
X =%+ Z Yildlr (6.13)
=0

in which y; is the scalar to be solved to minimize the residual norm ||b — Ax;||.

Since the bases {7, A+, A*1, -+, AV~ 1#} of the Krylov subspace X;; tend
to be linearly dependent, various techniques have been adopted to redefine novel
bases (Knoll and Keyes, 2004; Kan et al., 2022). In this study, the Generalized
Minimal Residual (GMRES) method (Saad and Schultz, 1986), which is based on
the modified Gram-Schmidt method, was utilized for computing the bases to solve
the linear system (6.3). Kelley (1995) provided specific details about the
implementation of the method. In addition, Kelley (2003) offered a MATLAB
implementation of the GMRES method that is tailored to this study. In this
implementation, a reorthogonalization strategy (Kelley, 1995) is not utilized in the
GMRES method. Notably, the choice of this method in this study is based on its

ability to handle linear systems with nonsymmetric matrices.
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6.1.3.
Jacobian-vector product computations by using finite difference
schemes

The GMRES algorithm requires one matrix-vector product per iteration,
representing a Jacobian-vector product in the case of systems of nonlinear
equations. In the context of the Jacobian-free Newton-Krylov method, the linear
system (6.3) can be solved by approximating that product using a forward finite
difference scheme, that is:

r(x+ev) —r(x)

Jx)v = . (6.14)

in which e denotes a small perturbation. Knoll and Keyes (2004) presented a

demonstration of Equation (6.14).

It is also possible to adopt different schemes to approximate Jacobian-vector
products. Besides the forward scheme, Pernice and Walker (1998) and An, Wen
and Feng (2011) adopted the central finite difference scheme to compute the

Jacobian-vector products, as given by

r(x+ ev) —r(x — ev)

- (6.15)

JX)v =

Equations (6.14) and (6.15) suffer from ill-conditioning due to catastrophic
cancellation, making it challenging to devise a stable and accurate strategy. To
address this issue, Kan et al. (2022) explored the use of the complex-step finite
difference scheme in a Jacobian-free Newton-Krylov algorithm. The complex-step

method evaluates the function r(x) at a complex argument, allowing for an accurate

computation of the derivative. Considering the imaginary uniti = v—1,

Im(r(x + iev))
€

(6.16)

Jx)v =

where Im(-) denotes an operation to extract the imaginary part of the complex
number. To implement this approach, the code must be able to handle complex
numbers. However, some nonsmooth functions, such as the minimum function, can
cause numerical issues. Therefore, in this work, such functions are smoothed to

ensure the stability and accuracy of the algorithm.
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Regarding the perturbation €, also known as finite difference step size, Knoll
and Keyes (2004), An, Wen and Feng (2011) and Kan et al. (2022) presented the
following vastly applied expressions for forward and central finite difference

schemes, respectively:

— \/(1 + :llij::)emach (6.17)

€= W \3/ €mach (6-18)

in which €,,,. 1S the machine epsilon. As the finite difference step size € is not a

major issue for the complex-step scheme, € = 107>° was adopted for all the

analyses conducted in this study.

6.1.4.
Line search strategy

The Newton-Raphson method is a locally convergent algorithm, which means
that it is guaranteed to converge when the initial guess of the method is sufficiently
near the solution. Therefore, the line search and trust-region methods are two
popular globalization strategies for the Newton-Raphson method (Dennis and
Schnabel, 1996; Kelley, 2003), as well as for the Newton-Krylov method (Brown
and Saad, 1994, Eisenstat and Walker, 1994; Bellavia and Berrone, 2007).

In this work, a backtracking line search is implemented, based on the work of
Eisenstat and Walker (1994), due to its simplicity and robustness. This algorithm
has been applied by other researchers such as Pernice and Walker (1998), Bellavia
and Berrone (2007), and Shin, Darvishi and Kim (2010). In the backtracking
algorithm, the update for x® is determined by iteratively adjusting the step size (or
step length) a® to sufficiently decrease ||r(x®*+D)||. The update expression is as

follows:

X+ = (K 4 o (0) (k) (6.19)
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where d® is a search direction. In this process, it is usually adopted 0 < a® < 1

(Knoll and Keyes, 2004). To compute the step size, it is considered the contraction

factor p,(,'f) and the following expression to update the step size in each iteration:

7, = oWl (6.20
where m denotes the current iteration of the backtracking algorithm, 0 < p,(,'f) <1,

and &ék) = 1. Since 0 < t < 1, the procedure consists of verifying condition (6.21)

until it is satisfied, while repeatedly incrementing m and applying Equation (6.20).

When a value @ leads to Equation (6.21) being satisfied, set a® = g%,
[r(x® + & a®)|| < (1 = €1 = 7)) (=) (6.21)
in which 70 = ® and
o = 1= p50(1-7%) (6.22)

()

m

Usually, the scalar p,,,” varies at each iteration, based on a minimization of a
quadratic function that interpolates || (x)|| along the search direction (Pernice and

Walker, 1998; Bellavia and Berrone, 2007). Nonetheless, in this work, maintaining

p,(,'f) constant during the simulation was sufficient to solve the systems of nonlinear
equations. This strategy is also applied in other algorithms such as Newton-
Raphson (Kelley, 1995, 2003) and Broyden’s (Li and Fukushima, 2000) methods.
Therefore, p,(,'f) = 0.5 was adopted in this work. Furthermore, t in Equation (6.21)
is set to a small value, t = 10™* (Pernice and Walker, 1998; Bellavia and Berrone,
2007; Shin, Darvishi and Kim, 2010). Typically, a minimum value for the step size

is adopted, as suggested by Dennis and Schnabel (1996), and is set to a,,,;,, = 0.1
for this work.

6.1.5.
Updating the preconditioners by Broyden’s formula

Preconditioning procedures are necessary to improve the rate of convergence

of Krylov subspace methods, reducing the condition number of the matrix
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associated with linear systems. In the context of the solution of Equation (6.3), the

preconditioner P s typically an approximation of . Therefore, it is expected

that the product J® (%)™ ~ 1 has a condition number close to unity
(Souldimani, Salah and Saad, 2002). In Newton-Krylov frameworks, the right

preconditioning is traditionally applied. In this case, Equation (6.3) becomes
(J(k)(g)(k))_l) (PPAR) = —(x®) (6.23)

The preconditioning strategy employed in this work is based on Souldaimani,
Salah and Saad (2002). In order to solve computational fluid dynamics problems,
Souldimani, Salah and Saad (2002) investigated enhancements in the GMRES
method applied in a Newton-Raphson framework. The strategy of interest here
involves computing only the initial preconditioner £ for the GMRES algorithm
in the first iteration, and then updating the preconditioner for subsequent iterations
using Broyden’s formula. Bergamaschi et al. (2006, 2012) also used Broyden’s
update to compute preconditioners for Krylov subspace methods within an inexact
Newton approach. Bergamaschi, Bru and Martinez (2011) adopted a similar
strategy; however, they used the BFGS method, which is more appropriate for

symmetric positive definite Jacobian matrices.

Elastoplastic problems can produce nonsymmetric Jacobian matrices, such as
In nonassociated plasticity. Therefore, Broyden’s formula is here adopted.
Broyden’s method is a widely employed algorithm for solving systems of nonlinear
equations. It is a quasi-Newton method that replaces the exact Jacobian calculation

for an approximate matrix. Broyden’s update is defined as follows:

(y® — p® S(k))(s(k))T

(6.24)
l|s |2

P+ — po) 4

with

s = y(k+1) _ 5 () (6.25)
Yy = pletD) _ () (6.26)
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Manipulating the preconditioners using inverse matrices can be useful.
Therefore, employing the Sherman-Morrison formula, the following expression is
obtained and applied in this work:

(S(k) _ (gp(k))‘ly(k)) (S(k))T(gJ(k))_l

(50T (P10 =150 (627

(Ph+D)™! = (g)(k))_l _

In the proposed implicit integration scheme, (:P(O))_1 can be computed
analytically in a straightforward manner. In this scenario, the recurrence formula
(6.27) is used to update the preconditioner in the subsequent iterations. Thus, for
any preconditioner 2, the Jacobian-vector products performed in this work are

computed using the following expressions:

r(x+eP 'v) —r(x) (6.28)
€

(JX)P v =J@)(P'v) ~

r(x+eP'v) —r(x—eP v)

TX)P Hr=Jx) (P 'v) = 5 (6.29)
Im (r(x + ie?‘lv))
J@OP Hr=Jx) (P 'v) ~ . (6.30)

Considering a linear system Ax = b, Equation (6.23) states that

A= J(")(?’("))_1 and x = POd®_ In this sense, when using (6.28), (6.29) or
(6.30) during the GMRES execution, the final result calculated by this method must

be multiplied by (P®))™".

6.2.
Proposed state-update algorithm for multisurface plasticity

6.2.1.
Newton-Krylov-based state-update scheme

The proposed algorithm is based on the Jacobian-free Newton-Krylov method
with backtracking line search, which results in an unconditionally stable algorithm.
Typically, this method is used in large-scale problems. However, Shin, Darvishi

and Kim (2010) showed that the Newton-Krylov method can also perform
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satisfactorily for small systems of nonlinear equations, although it was

outperformed by the higher-order Newton-like methods in most cases.

In this scenario, the Newton-Krylov method discussed in Section 6.1 is
utilized to solve the systems of nonlinear equations defined by vector functions
(5.16) and (5.42). Consequently, the proposed algorithm is capable of handling
plane stress problems. Unlike Algorithm 5, the proposed scheme requires fewer
interventions in its structure to handle plane stress problems since the Jacobian-
vector products are numerically performed using Equations (6.28), (6.29) or (6.30).
In addition, the use of complementary functions helps to avoid schemes that define
active yield surfaces, allowing similar implementations to handle both single and

multisurface plasticity.

The algorithm also follows the basic structure of elastic predictor-plastic
corrector. Assuming there is no plastic evolution in the elastic predictor phase,
Q]

Ay, ;, = 0 simplifies the analytical calculation of the inverse of P

w1 Which is

required by the GMRES method. In the general case, Equation (5.31) is adopted to

= J©  whereas Equation (5.49) is applied for plane

compute the inverse of PO nels

n+l

stress condition. Therefore, Equations (5.31) and (5.49) are computed for

p© - [g _fq J (6.31)

(k)

in+1’

%) (%) (k)
dgn dgh; and dgh,;

which do not need the computation of d,n ins1r Oalti iy intlr

simplifying the implementation of the constitutive model in a numerical simulator.

While the Newton-Raphson method is insensitive to scaling parameters
(Dennis and Schnabel, 1996), the parameters c?, ¢® and ¢ play an important role
in the current formulation due to the GMRES method. During the formulation of
the proposed scheme, tests revealed that the GMRES method was affected by the
units of the vector functions, mainly due to the presence of multiple units within
these functions. Therefore, modifying these parameters can potentially improve the
convergence of the method.

Regarding the parameters required by the scheme, it is adopted y = 2.5 for
Equation (6.7) and p,(,'f) = p = 0.5 for Equations (6.20) and (6.22). Observe that

Equation (6.11) needs the definition of the termination tolerance t. Therefore,
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tolerances for subvectors (related to the flow rule, hardening/softening law,
complementary functions, and out-of-plane stress) of the vector function are

adopted. Then, the definition of 7 is given as follows:

T = +/(tol,)? + (tol,)? + (toly)? + (toly)? (6.32)

in which tol;, tol,, tols, and tol, are the user-defined tolerances, respectively, for
these subvectors. Importantly, the last tolerance is only utilized when dealing with

plane stress problems.

6.2.2.
Consistent tangent modulus

To ensure the independence of the proposed scheme from the derivatives of
n;(a, q) and h; (@, q), the consistent tangent modulus D}, | is here computed using

numerical differentiation. In view of Equations (5.31), (5.40) and (5.41), D}, can

n
()

be directly defined from the inverse of 7, ,,

which can be obtained using a finite
difference scheme applied to either vector functions (5.16) or (5.42) (Seifert and
Schmidt, 2008; Lu et al., 2023). Therefore, forward, central and complex-step finite

difference schemes are respectively presented in Equations (6.33), (6.34) and

- i - (k)
(6.35), which are responsible for computing each column of 7..7,.
or _ r(x+ hje;) —r(x) (6.33)
or r(x+hje;) —r(x — he)) (6.34)
ax]' - 2h] .
or Im (r(x + ihjej))
] ]

in which r(x) represents the vector function (5.16) or (5.42), % represents the jth
J

column of Jg‘fl, and e; is the jth unit vector. Similar to the schemes to

approximating Jacobian-vector products, the finite difference step size h; can be
computed using some pratical rules, as discussed by Dennis and Schnabel (1996).

In a general approach, for Equations (6.33) or (6.34), h; is defined as
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h; = sgn(xj) max(|xj|, typxj) h, (6.36)

where typx; represents a typical value of x;, in which typx; = 1 can often be set

in a general context (Miehe, 1996). In addition, h, is respectively defined by the
forward and central finite difference schemes as follows (Dennis and Schnabel,
1996):

h, = v/ €mach (637)
h

r = 3 Emach (638)

Finally, the sign function is here defined as

I, ifx=0
sgn(x) = {—1, ifx <0 (6.39)
Similarly to the Jacobian-vector products, for the complex-step scheme, a step

size of h; = 107 is used for all the analyses in this study.

The proposed Newton-Krylov-based scheme, which is able to consider the
plane stress plasticity, is summarized in Algorithm 6. Notably, this algorithm
requires fewer modifications specific to the plane stress condition compared to
Algorithm 5, primarily due to step 7 in Algorithm 5.
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Algorithm 6 Newton-Krylov-based implicit integration scheme for multisurface plasticity

Initialize: k = 0, kypgy) AEpyy, €6, 00, @y, D, C, fi(0,q), n;(0,q), hi(a,q), N, tol,, tol,, tol;,
8, ¢V, c®, X, Nmaxt» max2» Pr @min, and t. In case of plane stress, initialize v and tol,, and compute
D, C according to the plane strain state

Procedure:
1. Elastic predictor:
6 =0, +DAeysy, 40, = @, bYD, = 0,and £ D = £
In case of plane stress, Aely | = — & (Agyynst + Aeyynin)
2:  Check plastic condition;
Compute flfgll, ZSE)H, ,\ETZH according to the constitutive model
If max(fif:)l)-f-l’ 2?2)+1""' I\Egzﬂ) < tol;:

In case of plane stress, redefine D as the traditional 3 x 3 matrix in Equation (5.46)
RetUMN 041 = 051, Quit = Quay AVt = AYS)), &5y = 550, and D}, = D
End
3:  Define vector function r,,,,(x,,) according to Equation (5.16). In case of plane stress, use
(5.42) instead of (5.16). As 13, depends on ¢; ,,,, use Equations (5.3), (5.6), or (5.9)

-1
41 Compute (?51031) using Equation (5.31). In case of plane stress, use (5.49) instead of (5.31)

Define the initial guess of the solution x,(loil = (a,(loil, q;Oll,Ay;Oil). In case of plane stress,
© = (0®,q9, 87?82

n+l n+1’ qn+1'Ayn+1' zzn+l1

6: Check the stopping criteria:

If [, | < c®toly, |74, || < toly, and |55, || < c9tols:

use x

(In case of plane stress, also include |rf£3+l| < toly)
Apply a finite difference scheme ((6.33), (6.34), or (6.35)) for approximating Jg‘fl

Find the inverse of Jg?l
Select the elements of the matrix J(") related to the stress condition to define DP

n+1 n+l
Enyy = &n +Ag L — C(”S?l ~0y)
Return o, = O';k_gl, dns1 = qgi)]: AYpy = AYS?M ££+lv and foi—l
End
Ifk < kipay:
Stop the algorithm since it fails to converge
End
7. compute d, such that [|r%), + 39,d%), || < n%,||r%),|| based on the GMRES method
applying (?5321)‘1. Calculate Jacobian-vector products using Equations (6.28), (6.29), or
(6.30)
8: Perform the line search:

Define ﬁgfio = n,(l’?,, in which 771(10+)1

ar(L’i)l = max{1,p, p>, ..., p™} = a,,;, that satisfies:

(s + ap )l < (1= et = )2l and 750, = 1= p(1 = 1)
9:  Update stresses, internal variables, and plastic multiplier:
LD 00 G0 00

n+l =xn+1 n+l1-n+l

10: Update the forcing term n%, using Equation (6.11) and 7 = J(tol )2 + (tol))? + -

n+l

-1
11: update (P%®),) " using Equation (6.27)
12: Update counter variable:

k=k+1

Go to step 6)

= Nmax1- While repeatedly incrementing m, compute
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Applications of the Newton-Krylov-based implicit
integration algorithm

In this chapter, a series of finite element analyses is conducted to evaluate the
effectiveness of the Newton-Krylov-based implicit integration scheme, as described
in Algorithm 6. The analyses encompass both single and multisurface plasticity
models, considering the presence of hardening or softening behavior. These
applications were developed in a nonlinear finite element solver implemented in the

MATLAB environment specifically for this thesis.

7.1.
Plane strain versus plane stress

A long thick-walled cylinder subjected to internal pressure is here modeled
with the finite element mesh presented in Figure 19. This problem is inspired by the
work of de Souza Neto, Peri¢c and Owen (2008). Due to the symmetry of the
problem, a quarter of the cross-section is discretized while applying appropriate
boundary conditions for this symmetric case. The mesh consists of 12 quadratic
quadrilateral elements with four integration points. For this long cylinder
simulation, it is assumed plane strain conditions. Nonetheless, analyses under plane
stress conditions are carried out using the same mesh. In this sense, an internally
pressurized ring with unit thickness is investigated. The proposed Newton-Krylov-
based integration scheme is particularly valuable in this study as it effectively

considers both plane strain and plane stress states.

Regarding the constitutive model, the Drucker-Prager criterion is adopted for
all analyzes, considering both perfect plasticity and softening behavior. The yield

function of this criterion is expressed as follows:

f(o,q) = q(0) + p(o) tang — d(q) (7.1)
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where ¢ is the friction angle and d(q) evolves according to the hardening/softening

variable a as given by
d(q) =dy+ Ha (7.2)

with the initial material cohesion d,, and the hardening/softening modulus H. Thus,
H = 0 represents perfect plasticity. Moreover, it is considered n(o, q) = d,f and

h(o,q) = 1. Then, the hardening/softening variable evolves according to ¢ = y.

For computational purposes, it is assumed J, > 107'°.

)
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0.028 m

0.020 m
0.016 m

»le
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e
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Figure 19 Internally pressurized thick-walled cylinder/ring: geometry, boundary conditions, and
finite element mesh

The material properties for this problem are as follows: Young’s modulus
E =200 GPa, Poisson’s ratio v = 0.3, initial material cohesion d, = 0.24 GPa, and
friction angle ¢ =30°. For this study, three different values for the
hardening/softening modulus H are assumed: 0, —6 GPa, and —60 GPa. Notably,
when H = —60 GPa, the material exhibits intense softening behavior, requiring a
robust continuation method to solve the global system of nonlinear equations. In
this sense, the variable displacement control proposed by Fujii et al. (1992) was
here implemented. Leon et al. (2011) studied this control method, pointing its
robustness in handling instability phenomena such as snap-through and snap-back.

In contrast, other continuation methods, such as the spherical and cylindrical arc-
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length methods, were unable to overcome the turning point of the equilibrium path

for this case of severe softening under plane stress conditions.

The results obtained using the Newton-Krylov-based implicit integration
scheme are presented in Figure 20. These results were obtained with the following
scaling parameters: c? = c¢® = ¢? = 1. Moreover, the smooth FB complementary
function in Equation (5.3) was adopted, considering ¢¥ =1 and 6 = 10™%. The
consistent tangent modulus was computed using the complex-step finite difference
scheme in Equation (6.35). For the numerical simulations, the tolerances adopted

at the Gauss point and the global levels are equal to 107°.
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Figure 20 Pressure-displacement responses for the internally pressurized thick-walled
cylinder/ring under (a) plane strain and (b) plane stress conditions

To validate the results in Figure 20, an alternative implementation of the state-
update scheme was developed. This implementation is based on the implicit
integration scheme for the Drucker-Prager criterion as presented by de Souza Neto,
Peri¢ and Owen (2008), and the outer Newton-Raphson scheme proposed by Dodds

(1987) to enforce the plane stress constraint. In this scenario, the proposed Newton-
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Krylov-based integration scheme and the alternative integration scheme produced
the same results. This indicates that the Newton-Krylov-based scheme accurately
computed the results, emphasizing its robustness in simulating softening behavior.

Under plane strain and plane stress conditions, the internally pressurized
cylinder/ring presented similar responses for H=0 and H = -6 GPa.
Nevertheless, for the softening modulus H = —60 GPa, the internally pressurized
ring under plane stress conditions exhibited a snap-back phenomenon. Figure 21
illustrates that only the finite elements near the inner face became plastified at the
last analysis step. Elements further from the internal pressure P did not undergo
plastification as the softening variable and, consequently, the plastic multiplier did
not evolve. Hence, the internal pressure P is applied in severely degraded elements,

leading to a global instability phenomenon.

3.69e-003
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2.95e-003
258e-003
2.21e-003
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3.69e-004

0.00e+000
Figure 21 Spatial distribution of the softening variable a for the internally pressurized thick-
walled ring at the last analysis step (plane stress conditions and H = —60 GPa)

Figure 22 shows the evolution of the softening variable at the first Gauss point
of the model (indicated as GP1 in Figure 21). It is noteworthy that this variable
consistently increases from the beginning of the plastification process until the end
of the analysis, indicating that no artificial unloading is occurring.
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Figure 22 Evolution of the softening variable related to GP1 for the internally pressurized thick-
walled ring (plane stress conditions and H = —60 GPa)

7.2.
Computational time comparison

This section aims to investigate the computational efficiency of the proposed
Newton-Krylov scheme in comparison with other finite difference-based Newton-
Raphson schemes. The study involves evaluating three finite element problems.
Firstly, the long internally pressurized cylinder described in Section 7.1 is utilized.
Moreover, a wide bar subjected to pure bending (caused by two opposite nodal
forces F) with a 90° V-shaped notch is considered (de Souza Neto, Peri¢ and Owen,
2008). The finite element mesh of this bar is depicted in Figure 23. Lastly, a wide
tapered cantilever loaded at its end is analyzed (de Souza Neto, Peri¢ and Owen,
2008), with the finite element mesh shown in Figure 24 and a uniformly distributed
shearing traction P. For both meshes, quadratic quadrilateral elements with four

integration points were adopted.

F
i * “ > A
—_— :
E 4 M=Fh |
To) Il
Il <=
S < v
F
=40 mm _

Figure 23 Bending of a VV-notched bar: geometry, boundary conditions, and finite element mesh
(adapted from de Souza Neto, Peri¢ and Owen (2008))
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Figure 24 End-loaded tapered cantilever: geometry, boundary conditions, and finite element mesh
(adapted from de Souza Neto, Peri¢ and Owen (2008))

All analyses are conducted under plane strain conditions, as the cylinder, bar
and cantilever are considered to be sufficiently wide. Furthermore, for all problems,
the Tresca and Mohr-Coulomb criteria are assumed, following the yield function
defined in Equation (4.1) and the parameters listed in Table 6. Parameter y, required
for the Mohr-Coulomb criterion, is given by Equation (4.13). Additionally, the

dilation angle ¥ is considered equal to the friction angle ¢.

Table 6 Shape and material parameters for the computational time comparison

Shape parameter Material parameter
Plastic model o g a Cohesion  Friction
Y c(GPa) angle ¢ (°)
T
Tresca sec () 0.9999 1 0 0.12 0
6
V[
Mohr-Coulomb sec (g ¥+ 1)) 0.99 1 -7 0.025ccot¢ 0.24 35

In this work, different finite difference-based Newton-Raphson schemes are
investigated. A brief description of these schemes is shown in Table 7, detailing
their characteristics, employed equations, and references in the literature when
available. Importantly, scheme 2 utilizes analytical derivatives in the computations
related to the updated stress. On the other hand, the consistent tangent modulus is
computed by performing the state-update algorithm several times, perturbing each
strain component to construct this modulus. Additionally, for this scheme, §;; is

defined as the Kronecker delta.
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Table 7 Description of the Newton-Raphson-based schemes

Newton-Raphson-
based scheme

Description Reference

Scheme 1

Scheme 2

Scheme 3

Scheme 4

Scheme 5

Scheme 6

Calculate first and second derivatives of f; 4
using the central finite difference scheme,
computing the finite difference step size
according to Pérez-Foguet, Rodriguez-Ferran
and Huerta (2000a)

Use (6.36) and (6.37) to compute

d +e)—
( l""n+1) — o(en41+€)—0n+| where € = h]6”
de j h

J

Solve (6.3) using (6.5), (6.33), (6.36), and
(6.37)

Substitute r(x) for n; ., in (6.33) to compute
0gM; 41 DY using (6.36) and (6.37)

Solve (6.3) using (6.5) and (6.35)

Substitute r(x) for n;,,; in (6.35) to compute
aerni,n+l by using hj = 10_25

Choi and Yoon (2019)

Pérez-Foguet, Rodriguez-
Ferran and Huerta (2000a)

Miehe (1996)

Seifert and Schmidt
(2008)

Seifert and Schmidt
(2008)

Pérez-Foguet, Rodriguez-
Ferran and Huerta (2000b)

Algorithm 6 is here examined by considering the complementary functions

(5.3), (5.6) and (5.9). In another experiment, no complementary functions are

assumed; employing Equation (5.2) leads to the traditional implicit integration

algorithm. In this sense, a comprehensive study of the computational efficiency of

these functions is developed. Additionally, various finite difference schemes listed

in Table 8 to compute the Jacobian-vector products and the consistent tangent

modulus are assessed. Regarding the scaling and dimensional parameters, the

Newton-Krylov-based schemes considered the following: ¢c? = ¢® = ¢? = ¢¥ = 1.

Moreover, the smoothing parameters of the complementary functions in Equations

5.3), (5.6) and (5.9) were respectively assumed: § = 10™%°, § = 0.003, and
( p y

5=107%.

Table 8 Description of the Newton-Krylov-based schemes

Newton-Krylov-
based scheme

Description

Scheme 1 Apply (6.28) and (6.33) in steps 7 and 6, respectively
Scheme 2 Apply (6.28) and (6.35) in steps 7 and 6, respectively
Scheme 3 Apply (6.30) and (6.33) in steps 7 and 6, respectively
Scheme 4 Apply (6.30) and (6.35) in steps 7 and 6, respectively
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To obtain the equilibrium path of the studied finite element problems, two
different continuation methods were applied: displacement control (Batoz and
Dhatt, 1979) and cylindrical arc-length method (Crisfield, 1981). The former was
used in the V-notched bar analysis, and the latter was applied in the internally
pressurized cylinder and the tapered cantilever problems. To ensure a fair
comparison, the same increments were prescribed for each finite element problem,
regardless of the constitutive model. In addition, the tolerances adopted at the Gauss
point and the global levels are both set to 107°. In this context, Figure 25 and Figure

26 display the numerical responses for the studied problems.
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Figure 25 Finite element responses considering the Tresca criterion: (a) internally pressurized
thick-walled cylinder, (b) bending of a VV-notched bar, and (c) end-loaded tapered cantilever
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Figure 26 Finite element responses considering the Mohr-Coulomb criterion: (a) internally
pressurized thick-walled cylinder, (b) bending of a VV-notched bar, and (c) end-loaded tapered
cantilever

Table 9 and Table 11 provide a summary of the relative computational times
for the finite difference-based Newton-Raphson schemes, while Table 10 and Table
12 summarize the relative times for the Newton-Krylov-based schemes. Notably,
these relative times are also computed by considering Algorithm 5, which employs
analytical first- and second-order derivatives, a cubic interpolation-based line
search scheme (Seifert and Schmidt, 2008), and the same scaling and dimensional

parameters as the Newton-Krylov-based scheme.
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Table 9 Relative computational time comparison amongst Newton-Raphson schemes for
Tresca criterion

Function Algorithm Scheme
Problem
PDin+1 5 1 2 3 4 5 6
) Internally
~ 8 E pressurized thick- 1.000 4276 2759 1960 1.338 2.601 1.739
o S @ walled cylinder
= 5o .
S ews BendingofaV- 400 2890 2068 1583 1196 1817 1376
S s notched bar
=385
O Bt
£¢g End-loaded 1000 3346 2203 - 1254 2080 1520
& tapered cantilever

Internally
pressurized thick- 1.962 9412 7985 4676 2580 6.412 3.377
walled cylinder

Bending of a V-

1.469 5.639 4.621 2.982 1.844 3.853 2.284
notched bar

Equation (5.3)

End-loaded

. 1.679 7578 5.942 3911 2.263 5.166 2.899
tapered cantilever

Internally
pressurized thick- 3.153 11947 8928 6.022 3.268 8.191 4.339
walled cylinder

Bending of a V-

1.903 7455 5537 3.998 2416 5.164 3.015
notched bar

Equation (5.6)

End-loaded

) 2.522 11.741 8760 6.124 3375 7.940 4.375
tapered cantilever

Internally
pressurized thick- 1.213 4362 2966 2421 1366 3.374 1.773
walled cylinder

Bending of a V-

0.998 2.856 2.207 2.151 1.183 2.149 1.388
notched bar

Equation (5.9)
(smooth CHKS function) | (sigmoid-based function)| (smooth FB function)

End-loaded

. 1.026 3.326  2.533 - 1.267 2579 1.532
tapered cantilever

To establish a baseline, the reference time is determined from a one-step
implicit integration scheme with cubic interpolation-based line search. Thus,
Algorithm 1 for single-surface plasticity and without substepping scheme is
considered. As a result, the values presented in these tables specify how many times
the computational time for a specific scheme is higher than the computational time
related to Algorithm 1. The presented computational time is the average time of 20

executions of the finite element solver.
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It is important to emphasize that certain analyses exhibited convergence
issues for the prescribed increments. However, it does not necessarily imply that
such schemes cannot solve the problem, being necessary to adjust the increments
to achieve convergence. Regarding the Newton-Raphson schemes, it was observed
that scheme 4 consistently outperformed the other finite difference-based schemes.
In a general sense, schemes that incorporated the complex-step scheme tended to
produce a more accurate consistent tangent modulus, but at the expense of higher
computational costs. Therefore, a trade-off between accuracy and computational
efficiency should be carefully considered when selecting the appropriate scheme

for specific applications.

Table 10 Relative computational time comparison amongst Newton-Krylov-based implicit
integration schemes for Tresca criterion

Function Scheme
Problem
Pin+1 1 2 3 4
§ Internally
— S £ pressurized thick- 1.459 1753 1.633 1.852
o § 2 walled cylinder
=5q _
g o BendingofaV- 57 1303 1312 1428
S 52 notched bar
g5
88 Enddoaded o0 e 1610
& tapered cantilever ' '

Internally
pressurized thick- 1.926 2.364 2.734 3.082
walled cylinder

Bending of a V-

notched bar 1503 1728 1.997 2.155

End-loaded
tapered cantilever

Equation (5.3)
(smooth FB function)

1.790 2.099 2459 2.743

Internally
pressurized thick- 2.502 2.908 3.527 3.999
walled cylinder

Bending of a V-

notched bar 2033 2330 2759 3018

Equation (5.6)

End-loaded

) 2715 3179 3912 4305
tapered cantilever

Internally
pressurized thick- 1.688 2.107 1.940 2.363
walled cylinder

Bending of a V-

notched bar 1261 1530 1438 1.622

Equation (5.9)
(smooth CHKS function)|(sigmoid-based function)

End-loaded

. 1731 2.661 1.647 1.909
tapered cantilever
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The schemes that considered the smooth CHKS complementary function
demonstrated promising results in terms of computational cost compared to other
complementary functions. Nonetheless, it was noticed that using this function
generally led to a slower scheme when compared to cases where no complementary
functions were used. This observation is valuable as the smooth FB function and
the sigmoid-based function are vastly employed in plasticity frameworks, and the
CHKS complementary function can serve as a viable alternative for efficient

simulations.

Table 11 Relative computational time comparison amongst Newton-Raphson schemes for
Mohr-Coulomb criterion

Function Algorithm Scheme
Problem
Pin+i 5 1 2 3 4 5 6

Internally
pressurized thick- 1.000 4762 3704 2155 1431 2.802 1.860
walled cylinder

Bending of a V-

1.000 3.195 2519 1517 1208 1.871 1.414
notched bar

Equation (5.2)
(no complementary
functions are assumed)

End-loaded

) 1.000 4039 2852 1838 1322 2392 1.674
tapered cantilever

Internally
pressurized thick- 1.675 7931 6.905 4.113 2305 5.621 2.902
walled cylinder

Bending of a V-

1.170 - 3.578 2.258 1.458 2.800 1.749
notched bar

Equation (5.3)

End-loaded

. 1.414 6.333 4.876 3.291 1.875 4.453 2.442
tapered cantilever

Internally
pressurized thick- 2.633 11.388 8.390 5.526 2939 7.697 4.019
walled cylinder

Bending of a V-

1.466 5.662 4559 2853 1.833 3774 2335
notched bar

Equation (5.6)

End-loaded

. 1.545 7.157 5418 3.690 2.099 4.945 2.695
tapered cantilever

Internally
pressurized thick- 1.081 4805 4.080 2537 1422 3.630 1.890
walled cylinder

Bending of a V-

1.035 3.254 2894 1792 1236 2.342 1.468
notched bar

Equation (5.9)
(smooth CHKS function)|(sigmoid-based function)| (smooth FB function)

End-loaded

) 1.113 4170 3293 2299 1.367 2990 1.702
tapered cantilever
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Table 12 Relative computational time comparison amongst Newton-Krylov-based implicit
integration schemes for Mohr-Coulomb criterion

Function Scheme
Problem
PDin+1 1 2 3 4
=) Internally
— E E pressurized thick- 1.462 1.727 1993 2.175
o 5 @ walled cylinder
= 5o
S 3R Bending of a V- i )
s S 2 notched bar 1.206  1.345
(&)
w o=
£g  Endloaded o0 4417 1604 1761
& tapered cantilever

Internally
pressurized thick- 1.788 2.169 2.655 2.970
walled cylinder

Bending of a V-

notched bar 1283 1591 1.957 1.845

Equation (5.3)

End-loaded

. 1.627 1.883 2435 2.723
tapered cantilever

Internally
pressurized thick- 2.244 2.652 3.439 3.785
walled cylinder

Bending of a V-

notched bar 1706 1.796 2.254 2.386

Equation (5.6)

End-loaded

. 1.706 2.027 2.602 2.891
tapered cantilever

Internally
pressurized thick- 1.643 2.060 2.279 2.615
walled cylinder

Bending of a V-

notched bar 1196 1.503 - .

Equation (5.9)
(smooth CHKS function) | (sigmoid-based function)| (smooth FB function)

End-loaded

. 1415 1.643 1939 2187
tapered cantilever

The Newton-Krylov-based schemes demonstrated a noteworthy
computational efficiency, with scheme 1 showing particularly promising results.
Among the Newton-Krylov-based schemes, schemes 1 and 2 were the only ones
able to outperform Algorithm 5 in four different analyses of the internally
pressurized cylinder problem. The proposed Newton-Krylov-based algorithm
proved to be faster than the finite difference-based Newton-Raphson schemes in
most cases. However, the smooth CHKS function led to the fastest finite difference-
based Newton-Raphson scheme (scheme 4) to be faster than the fastest Newton-

Krylov-based scheme (scheme 1), except for the analysis of the bending of a V-
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notched bar using the Tresca criterion. These observations highlight the
computational advantages of the Newton-Krylov-based schemes, especially
considering the effectiveness in various analyses of scheme 1 combined with the
smooth CHKS function.

7.3.
Implicit substepping scheme versus Newton-Krylov-based implicit
integration scheme

The effectiveness of the proposed Newton-Krylov-based implicit integration
scheme for multisurface plasticity under plane strain conditions is now evaluated.
To this end, the Cap Model presented in Appendix C is utilized in the solution of
two finite element problems: the bending of a V-notched bar and the end-loaded
tapered cantilever. The geometry, boundary conditions, finite element mesh,
continuation method, and tolerances of these problems were described in Section
7.2.

The material parameters assumed in Equations (C.1), (C.2), (C.3), and (C.6)
for these problems are as follows: E = 200 GPa, v = 0.2, @ = 0.35 GPa, § = 0.1,
A=0.1GPa, 8 =07, R=2, T =0.08 GPa, x, = —0.01 GPa, W = 0.05, and
D = 0.1 GPa™'. As Equations (C.2) and (C.6) depend on the min function, one of

its smooth versions is considered to compute L(x) = min(x, k;):

Kt rg (k= ko) + 42 (7.3)

LG =—3 2

This equation is closely related to the smooth CHKS complementary function
in (5.9). To ensure accurate numerical derivatives, it is assumed . = 107°°. In this
context, the consistent tangent modulus is computed using the complex-step finite
difference scheme described in Equation (6.35), while Equation (7.3) plays a crucial

role in ensuring its accuracy.

Regarding the Newton-Krylov-based implicit integration scheme, the scaling
parameters c? =c? =c? =1 are applied. Moreover, the smooth CHKS

complementary function in Equation (5.9) is utilized with ¢¥ = 10 and 6§ = 107%.

The choice of ¢ # 1 was fundamental to improve the performance of the method
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in terms of convergence. Lastly, the Jacobian-vector products are computed

according to the complex-step finite difference scheme defined in Equation (6.30).

The numerical responses obtained using the proposed Newton-Krylov-based
scheme are shown in Figure 27. Additionally, this scheme is compared with the
implicit substepping algorithm proposed in Chapter 3, which utilizes an approach
to identify active yield surfaces. Notably, the use of complementary functions
satisfactorily replaces the process of identifying active surfaces and leads to

accurate results. Note that the solution is not affected by the dimensional parameter

cV # 1.
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Figure 27 Finite element responses considering the Cap Model: (a) bending of a VV-notched bar
and (b) end-loaded tapered cantilever
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Proposed coupled elastoplastic-damage modeling

The introduction of the damage concept has led to an increasing popularity of
models involving elastic degradation and damage. These models are commonly
used to describe the constitutive behavior of quasi-brittle materials, such as
concrete, ceramics and rocks. In recent years, damage models have been widely
accepted as an effective approach for describing material degradation. This
approach offers versatility and simplicity, whereas being rigorously based on a

fundamental constitutive theory.

The concept of damage was first formulated by Kachanov in 1958 (Kachanov,
1999) to model creep rupture. Since then, a significant number of works in the field
of applied mechanics has been dedicated to formulating constitutive models that
simulate the internal degradation of solids. After several decades of continuous
development, significant progress has been made, and these theories have been

merged into what is currently known as continuum damage mechanics.

Isotropic damage models, in which damage variables are formulated as scalar
quantities for an isotropic representation of the medium degradation, are the most
common constitutive model provided by the continuum damage mechanics. Several
authors developed studies using this approach. Oliver et al. (1990) presented how
to implement an state-update algorithm for isotropic damage, as well as a damage
evolution law related to the fracture energy of the material. More recently,
Kurumatani, Soma and Terada (2019) modeled reinforced concrete beams using an
isotropic damage model. Experimental tests were used to validate the numerical
model. Qi et al. (2020) proposed a damage constitutive model to simulate concrete
structures. This model has material parameters that vary during the loading and

damage process.

Jirdsek (2011) described several pathological features related to strain-
softening behavior in constitutive modeling, focusing on damage models. These

features include: infinitely small softening regions; the potential occurrence of
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snapbacks in the load-displacement response, independent of the size of the
structure and the material ductility; and the total dissipated energy throughout the
failure process is zero. According to Jirdsek (2011), these features are associated to
the loss of ellipticity of the governing differential equations, leading to ill-posed
boundary value problems. Hence, there is no guarantee that the problem has a
unique solution. In the finite element context, the ill-posed nature becomes evident

through the pathological sensitivity of responses to finite element size.

In this scenario, several strategies have been developed in past years to
mitigate the mesh dependency, such as viscous regularization (Simo and Ju, 19873,
1987b; Faria, Oliver and Cervera, 1998; Wosatko et al., 2018), nonlocal models
(Pijaudier-Cabot and Bazant, 1987; Bazant and Pijaudier-Cabot, 1989; de Vree,
Brekelmans and van Gils, 1995; di Prisco and Mazars, 1996; De-Pouplana and
Onfate, 2016; Pereira, Weerheijm and Sluys, 2017b), gradient-enhanced models
(Peerlings et al., 1996; Jirasek, 2011; Wosatko et al., 2018), and micromorphic
continuum theory (da Silva, Pitangueira and Penna, 2022; Reges, Pitangueira and
Silva, 2023).

Bazant and Oh (1983) proposed a straightforward strategy to relate the finite
element size and the crack band width, also known as characteristic length (Oliver,
1989). This length depends on factors such as the tangent stiffness pre- and post-
peak, the ultimate tensile strength and the fracture energy, as described by Bazant
and Oh (1983). The authors achieved the objectivity of the presented results for
different finite element sizes. In this work, the crack band approach is adopted as a
regularization technique to mitigate the mesh sensitivity. The estimation of the
characteristic length is generally affected by the element size, element type, element
shape, integration scheme, and mesh orientation (Jirasek and Bauer, 2012).
However, the strategy presented by Kurumatani et al. (2016) is adopted, computing
the characteristic length based on the area of each finite element, effectively
reducing the mesh-size dependency. The mesh-bias dependency can be addressed

by implementing crack tracking algorithms (Cervera et al., 2010).

In order to improve the capabilities of the constitutive modeling, coupling
elastoplasticity and damage behavior is widely applied in the literature. Simo and
Ju (1987a, 1987b) presented the theoretical and computational aspects of coupled
elastoplastic-damage models, considering isotropic continuum damage modeling
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and a cap plasticity model. Lee and Fenves (2001) presented a return mapping
algorithm for a class of plastic-damage models according to both three-dimensional
and plane stress conditions. Jason et al. (2006) studied a coupling technique of
elastoplastic and damage models focusing on radial loading conditions for
modeling a concrete column wrapped in a steel tube. Grassl et al. (2013) proposed
a constitutive model based on the plasticity theory and damage mechanics in order
to describe the failure of concrete structures. Mihai, Jefferson and Lyons (2016)
presented a novel constitutive approach to simulate fiber reinforced concrete based

on damage-plastic-contact modeling.

In this scenario, this work proposes a coupled elastoplastic-damage model,
named Coupled Cracking-Crushing Elastoplastic-Damage (C3EPD) model,
specifically designed to simulate concrete structures, with a focus on conventional
concrete. This model captures the realistic behavior of concrete by incorporating
distinct tensile and compressive damage evolution laws based on a bi-criterion
approach. To regularize the softening behavior, the crack band width-based
regularization technique is adopted for both tensile and compressive branches.
Additionally, the multisurface plasticity formulation presented in Section 4.1, the

CHGC model, is utilized to enhance the model’s capability.

The literature related to realistically modeling the compressive behavior of
concrete based on compressive damage criterion and compressive damage
evolution law (without plasticity) is limited. Furthermore, to the best of the author's
knowledge, the coupling of multisurface plasticity and a bi-criterion isotropic
damage model has not been explored in other applications. Therefore, the proposed
formulation aims to contribute to the field, with particular emphasis on presenting
real-world applications of multisurface plasticity background and the involved

computational aspects.

8.1.Continuum damage mechanics formulation

In the solid mechanics context, damage refers to the creation and growth of
microcracks or microvoids, which represent discontinuities in a continuous medium
in a large-scale problem. Thus, these degradations may be understood as the average

effect of distributed microcracks or microvoids. In the engineering context, the
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continuous mechanics introduces the concept of a Representative Volume Element
(RVE), whose properties are denoted by homogenized variables (Lemaitre and
Desmorat, 2005). Then, the damage discontinuities are irrelevant in relation to the
dimension of the RVE. In this scenario, a damaged specimen may present volume
defects such as microvoids, or surface defects such as microcracks. Therefore, the
damage variable can be defined according to these volume and surface defects,
producing distinct mathematical descriptions. When considering ductile materials,
the damage variable D, can be defined according to the volume density of

microvoids (Lemaitre and Desmorat, 2005):

Vvoids

D, =
Y VRVE

(8.1)

where V.45 1S the volume of microvoids and Vi is the volume of the RVE. In a
general way, when microcracks and microvoids may exist, the surface density of
microcracks S, and intersections S of microvoids according to a cutting plane in
the RVE physically define the damage variable (Lemaitre and Desmorat, 2005).
The damage variable is computed considering the plane that maximizes this density,

defined by a normal vector, as given in Figure 28.

Figure 28 Physical damage and mathematical continuous damage (adapted from Lemaitre and
Desmorat (2005))

Considering isotropic damage, which is adopted in this work, the scalar
damage variable D does not depend on this normal vector. Therefore, the scalar
damage variable here is given by

Sp
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On the other hand, the effective stress is a tensor to which the material
skeleton between microcracks or microvoids is subjected. In this scenario, the
undamaged constitutive behavior describes the relationship between effective stress
and total strain tensors. In the multiaxial case of isotropic damage, all the effective
stress components act in the area without volume or surface discontinuities.

Therefore, the effective stress tensor & can be defined as

o
1-D

o= (8.3)
where o is the nominal stress tensor and D is a scalar variable that defines the
damage level. Considering linear elasticity, the effective stress tensor is also given
as

o0=D:e=Cl:¢ (8.4)

In order to describe the realistic concrete behavior, a bi-criterion damage
model is adopted, as proposed by Mazars and Pijaudier-Cabot (1989). Therefore,
two damage parameters are used to represent tensile and compressive damage
variables. To simplify the mathematical formulation in this study, the symbol X is
used to describe tensile stress states when & = t and compressive stress states when
X = c. In this context, the criteria that define damage growth take the following

form:
px(edd ) = el =1 <0 (8.5)

The equivalent strains eg” are scalar measures of the strain level. The internal
variables ry define the largest value of the referred measure, which is based on the
deformation history of the material up to its current state. Therefore, the internal

variables are given by
rx(T) = max (rNO, max egl (T)) (8.6)

in which T is the pseudo-time in the deformation history and ry, are the damage
thresholds. These material parameters represent the initial value for the internal
state variables. Hence, ry, indicate the equivalent strains at which the damage

process begins. In general, ry, are defined as
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Txo = % (8.7)

where fy, are the uniaxial stresses at which the damage process is initialized and E

is Young’s modulus.

The evolution law of the damage variable D depends directly on the interval

variables ry. Therefore, the damage variable D is defined by

g, 1) =0, if . =1y and 1, = 1

g(rt, rc) such that {O < g(rt' rc) < 1, if Ty > Ty OF 1. > Ty

(8.8)

As described by Jirasek (2011), the damage variable cannot decrease in order
to adequately reproduce the loading-unloading-reloading process. For this reason,

the Karush-Kuhn-Tucker conditions are introduced:
(pN < O, T'N > O, f'x(px = 0 (89)

Furthermore, the damage process must satisfy the consistency condition as
described in Equation (8.10):

In Sections 8.2 and 8.3, the proposed model is described focusing on the
definition of the equivalent strains ¢ and the damage evolution law g (r,7.).
When no associated with elastoplasticity, the following formulation is referred to

as Cracking-Crushing Damage (CCD) model.

8.2.
Proposed damage criteria

Two scalar measures e¢? are applied in order to define the damage process.
In general, these scalars are computed considering the strain tensor (Mazars, 1981;
de Vree, Brekelmans and van Gils, 1995; Desmorat, Gatuingt and Ragueneau,
2007; De-Pouplana and Oniate, 2016; Pereira, Weerheijm and Sluys, 2017a; Moraes
et al., 2020). However, the equivalent strains are computed in this work using the
stress tensor divided by Young’s modulus E, as applied by He et al. (2015, 2019).

Through this approach, yield surfaces of plastic problems can be utilized as damage
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criteria. Several works presented a good fit between their numerical results and
experimental tests considering the criteria based on stress states (Cervera, Oliver
and Faria, 1995; Cervera, Oliver and Manzoli, 1996; Faria, Oliver and Cervera,
1998; Wu, Li and Faria, 2006; Petracca et al., 2017; Saloustros et al., 2017).

In some models described in the literature, as a consequence of the
mathematical definition of bi-criterion damage models, damage due to compressive
stresses may emerge in tensile tests, and vice-versa (Wu, Li and Faria, 2006;
Mazars, Hamon and Grange, 2015). Thus, Saloustros et al. (2017) and Petracca et
al. (2017) suggested using the Heaviside function H(-) to inactivate the tensile

criterion under compressive stress state and vice-versa.

This work adopts the criteria based on the yield surfaces proposed by Lubliner
et al. (1989), combined with the propositions by He et al. (2015), Saloustros et al.
(2017) and Petracca et al. (2017). Therefore, the equivalent strains are given by

H _max = = _
gteq = (O-E ) (“tll + ﬁt1/3]2 + )/t(o-max>> (811)
eq __ H(_gmin) = - _
gl = m(%h + B, /312 - )/c(—ffmax)) (8.12)

in which &,,,, and ,,;, are respectively the maximum and minimum principal
effective stresses; I; represents the first invariant of the effective stress tensor; J,
represents the second invariant of the deviatoric effective stress tensor; and (-)
denotes the Macaulay brackets. Parameters ay, fBx and y; can be expressed
according to the strength of the material. In this context, f;, and f,, are the uniaxial
tensile and compressive strength of the material, and f;,; and f;. are the biaxial
tensile and compressive strength of the material, respectively. Therefore, ay, Bx and

yx are defined as

a, = % —1 (8.13)
go=10 4 g, (8.14)
ye=1 —tcat — B, (8.15)
o = Joe “Jem (8.16)

¢ _2fbc_fcm
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Be=1 (8.17)

_3(1=p)

= 8.18
e =5, (8.18)

As suggested by Lubliner et al. (1989), a typical value of the parameter p is
2/3, also assumed in the analyses presented in this work. The parameter f. adjusts
the tensile criterion shape. It is considered that f;. = 5f.,, iS a representative value

for this parameter.

8.3.
Proposed damage evolution law

Mazars (1986) proposed an isotropic damage model that combines two scalar
damage variables to consider tensile and compressive effects. For this purpose, the
damage evolution law depended on the internal variable and the strain tensor. Some
authors, such as Mazars, Berthaud and Ramtani (1990), Pijaudier-Cabot, Mazars
and Pulikowski (1991), Tao and Phillips (2005) and Jason et al. (2006), adopted
similar approaches. In a different strategy, Lee and Fenves (1998b) proposed a form
of coupling the tensile and compressive damage variables using only the internal

variables. This approach is adopted in this work and takes the following form:

g1 =1-(1-g.0)(1 - g.() (8.19)

This coupling approach was also applied by other authors such as Lee and
Fenves (1998a), Alfarah, Lépez-Almansa and Oller (2017), Chi et al. (2017),
Pereira, Weerheijm and Sluys (2017b), and Poliotti and Bairan (2019). Therefore,
based on the crack band approach, the tensile and compressive damage evolution
laws are defined below. Appendix D details the derivation of the tensile and

compressive damage evolution laws.

8.3.1.
Uniaxial tensile response

In this work, the tensile and compressive damage evolution laws are derived

from convenient stress-strain responses that agree with experimental observations
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of the concrete behavior, as suggested by Alfarah, Lopez-Almansa and Oller
(2017). For this purpose, analytical expressions are previously defined for the
uniaxial response of concrete after the beginning of the damage process. The tensile
stress-strain responses adopted lead to the exponential damage evolution law
presented by Kurumatani et al. (2016). According to this law, a sudden decrease in
stress occurs before the elastic domain. Hence, the uniaxial stress f;, at which the
damage process starts, equals the uniaxial tensile strength of the material, as
presented in Figure 29.

o
A

frot

10 €
Figure 29 Typical uniaxial tensile response for a conventional concrete (the area of the shaded
region is equal to g.)

In this sense, this stress-strain relation is defined by

o= ftoexp(—at(e - eto)), if € > ¢ (8.20)

in which o and ¢ are uniaxial stress and strain, respectively; €, = 13, indicates the
strain at which the damage process begins; and a; is a material parameter to be
defined later. Therefore, the tensile damage evolution law related to the damage

criterion (8.11) is given by
Tto
9e(re) =1-— r—exp(—at(rt — 1)) (8.21)
t

In order to obtain the parameter a;, gy iIs defined as the energy per unit
volume dissipated by damage during the degradation process. Furthermore, gy

represents the finite area under the stress-strain curve in which damage is evolving.
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Importantly, gy can be related to the fracture energy G, and the crunching energy

G., according to the following equation:

G

gy = l_f (8.22)
ch
Ge

e =1 (8.23)

where [, is the characteristic length of the element. For quadrilateral finite
elements, this length can be adopted as the square root of the element area
(Kurumatani et al., 2016; He et al., 2019). In this sense, all elements with the same
material properties comply with the same stress versus crack opening displacement

response. Therefore, g, takes the form

o)

[ f
ge= [ ode= | fuex(-a. - e))de =22 (8.24)
€to €to ‘
Based on Equations (8.22) and (8.24),
l
a, = ftO ch (8.25)
Gy

Note that the stress-strain behavior is adapted according to the element size

since the parameter a; in Equation (8.25) changes for each finite element.

8.3.2.
Uniaxial compressive response

To reproduce realistically the behavior of concrete, two different analytical
expressions are adopted to define the compressive stress-strain curve. In this sense,
the ascending branch is modeled by a quadratic Bézier curve, as suggested by
Petracca et al. (2016, 2017), whereas the descending branch is modeled by an

exponential curve based on the work of Winkler, Hofstetter and Lehar (2004).

Regarding the ascending branch, quadratic Bézier curves are parametric
curves that require the definition of control points. Petracca et al. (2017)

recommended obtaining control points based on experimental data. In the present
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work, a set of prefixed control points is proposed. Considering f.,, as the uniaxial
compressive strength of the concrete and 7, as the strain that corresponds to the

ultimate uniaxial compressive strength, the proposed set is given by:

Py = (rCO' fco) (8-26)
Py = (1 fem) (8.27)
PZ = (rcm: fcm) (8-28)
in which
Te = fc?m (8.29)

These control points ensure that the complete stress-strain curve is smooth,
providing its first-order derivative equals E at its beginning and zero at the peak
stress. Concerning the descending branch, the adopted exponential curve provides
a finite area under its curve, making it possible to compute g. adequately. This
expression is inspired by the work of Winkler, Hofstetter and Lehar (2004). The

adopted stress-strain response for compression is shown in Figure 30.

o
1 7 Control point
fem b o

!

!

i/

i

I

I

I ch

cl Ccl E

Figure 30 Typical uniaxial compressive response for a conventional concrete (the area of the
shaded region is equal to g.)

Then, the compressive uniaxial response of concrete after the beginning of

the nonlinear behavior is defined by
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g = (1 - tc)zfco + (2 - tc)tcfcmr if Eco <e< Eem (8 30)
fcmexp(_dc(g - gcm)z)» if € = Eem .

where .o = 7co, Ecm = Tems d 1S @ Material parameter to be defined later, and

|(_bc + \/(bc)z - 4ac(rco - rc)

, ifa.#0
= 2ac o (8.31)
fe ~ Teo if @, =0
l b :
Ar =T — 2Tei + Tomm (8.32)
bc = 2(7'01' - rcO) (8-33)

Therefore, considering ¢, = 1., the compressive damage evolution law

related to the damage criterion (8.12) is given by

T Toi
| e (1—t)%— %(2 —t)te, f 1 <71, <Topy
(o C

ge(re) = (8.34)

Tei 2 .
1 - r_exp(_dc(rc - rcm) )' if e 2 Tem
c

In order to determine the parameter d., g. is defined according to Equation

(8.23). Based on Equation (8.30), g can be also computed by

(o) Tem (o)

Ge = f ode = f ode + f ode =g + g0 (8.35)
Tco Tco Tem
in which
T, T-i T,
Gc1 = _(ch + fcm) %0 + (ch - fcm)? + (ch + Sfcm) % (8'36)

fom |
G =" d. (8.37)

Based on Equations (8.23), (8.35), (8.36), and (8.37), the parameter d. takes

the form
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Importantly, Equations (8.35) and (8.38) limit the characteristic length and,
consequently, the size of the finite element. Then, the length [, must comply with

the following expression:

len < Ge (8.39)
Yci

Considering biaxial stress states, the damage criteria defined in Equations
(8.5), (8.11), and (8.12) and the damage evolution law defined in Equations (8.8),
(8.19), (8.21), and (8.34) lead to the numerical biaxial response presented in Figure
31, which agrees with the investigations by Kupfer, Hilsdorf and Riisch (1969). The
following parameters were adopted in this comparison: E = 32 GPa, v = 0.20,
fio =2.9MPa, fo = 0.33f., fom = 32MPa, for = 1.16fom, for = 0.95f,, and
T.m = 0.0022. Notably, the proposed formulation effectively defines this biaxial

strength envelope using parameters that are largely known or can be estimated.

0.2
= = =Experimental elastic limit
02 A for compression (Kupfer et
al., 1969)
= Numerical elastic limit for
compression
& 0.6 1
Experimental biaxial
strength (Kupfer et al.,
q 1969)
O Numerical biaxial strength
'1.4 T T T
-1.4 -1 -0.6 -0.2 0.2

01
Figure 31 Comparison of numerical and experimental response of biaxial concrete behavior

8.4.Material tangent modulus

To define the tangent modulus, the constitutive relation in Equation (8.3) for

the isotropic damage model has to be differentiated with respect to time, leading to
6 =(1-D)g—Da (8.40)

Thus, the tangent modulus can be obtained



127

do do dD

— =(1-D)——7 R — 8.41
de (1=D) de 7® de ( )
According to Equation (8.4), the effective tangent modulus for linear

elasticity is defined as

d
d—Z=D=/11®1+2uI (8.42)

where A and u are the Lamé constants, 1 is the second-order identity tensor, and I

is the fourth-order symmetric identity tensor.

The material tangent modulus depends on the tensile and compressive
damage evolution laws. Jason et al. (2006) suggested that the plastic strains do not
affect the damage evolution. Consequently, the damage variable exhibits a direct
relation with the elastic strain. By deriving Equation (8.8) and using the chain rule,

the following equation is defined:

e T
d_D _ (ds ) (d_g dry d_g drc> (8.43)
de de dry,de® dr.de¢

In a general context, the presented model can be coupled with several inelastic
models. Hence, the elastic and total strain tensors are different. Thus, the following

derivative is valid for inelastic models:

de¢ B det do B do

= " _c= (8.44)
de do de de
When linear elasticity is adopted, Equation (8.44) becomes
e
e _ (8.45)
de

To exploit the condition in (8.10) when 7y # 0, Equation (8.5) is
differentiated with respect to time. Using the chain rule, the following differential

equation is defined:

. _aﬁox ‘e 0px _ (8.46)
(px—aseg +a_rxrx—0

which results in
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" = —a—(pre (8.47)

In this scenario, Equation (8.47) defines the following expression:

dr gfpx
R _ &€

de° % (8.48)
dary

In the case of iy = 0, the internal variable ry does not evolve. Hence, Equation
(8.49) is used instead of Equation (8.48):

d ™™

— = (8.49)

8.5.
Plane stress considerations

When considering linear elasticity, the effective stress tensor @ can be
computed using Equation (8.4) and the elastic modulus D in Equation (5.46). Thus,
Equation (8.42) is invalid for plane stress problems. Using Equations (5.44) and
(5.45), the effect of the out-of-plane strain is correctly accounted for in the
computation of the effective stresses and, consequently, in the equivalent strains
e, Regarding the material tangent modulus, Equation (8.58) requires some
attention during its computation to ensure the plane stress condition. Following the
strategy described by de Souza Neto, Peri¢c and Owen (2008) for plasticity
applications, D, D,, D,,, and D,, are defined according to Equations (8.50) and
(8.51).

Dy, Dlz] dD (8.50)
—D)—— - :
[021 D, a ) o ®
[daxx] [dgxx]
dayy ] [Du Dlz] [ ] [Du Dlz] deyy
doyy doy, Dy, Dxllde,, Dy, Dy dfny (8.51)
dO'ZZ dgzz

Imposing do,, = 0, do and de¢,, are computed according to
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do = Dlldg + DlZdSZZ (852)

1
de,, = ——
€22 Dy D, de (8.53)

Substituting (8.53) in (8.52), the material tangent modulus that agrees with
the plane stress state is obtained, as presented in Equation (8.54). Note that this
equation is closely related to (5.55) as they are computed according to the same
definition (out-of-plane stress equals zero).

do 1

E =Dy — D_22D12D21 (8-54)

8.6.
Coupling elastoplasticity and damage

Numerous authors have explored different strategies for combining
elastoplastic and damage models (Lemaitre, 1985; Lubliner et al., 1989; Faria,
Oliver and Cervera, 1998; Jason et al., 2006; Feng, Ren and Li, 2018). This work
adopted a rational and physically meaningful approach, which considers that
elastoplasticity occurs exclusively in the intact material and not within microcracks
or microvoids (de Borst et al., 2012). Hence, the effective stress tensor @ is
computed according to the plasticity theory. Considering multisurface plasticity,

the plastically admissible states for the C3EPD model are defined as follows:
E={(@,q) |fi(e.q9) <0, Vie {12, .., N}} (8.55)

Moreover, the flow rule and the hardening law are redefined to be computed
according to the effective stress tensor. In the end, the system of nonlinear equations
to be solved in order to update the stress states takes the form

( N
C(Ony —0p) + Z AYin1Mi(Cni1, i) = Agpy
i=1
N (8.56)
dn+1 = qn + Z Ayi,n+1hi(6-n+l' qn+1)
i=1

L Gins1 =0, i €{1,2,...,N}
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The C3EPD model combines the damage constitutive equations described in
Sections 8.2 and 8.3 with the elastoplastic formulation defined in Section 4.1. In
this scenario, a typical integration algorithm for plasticity can be utilized in this
coupling process, which starts with applying such algorithm in order to compute
the effective stresses @. Once the stresses @ are determined, the equivalent strains
eq " and damage variable D can be computed. Importantly, the damage variable does
not evolve due to plastic strains (Jason et al., 2006). Therefore, according to Simo
and Ju (1987b) and Jason et al. (2006), the state-update process of a coupled
elastoplastic-damage model can be performed in two main steps: elastic predictor-
plastic corrector and damage corrector. Other authors, such as Ju (1989a, 1989b),
Wu, Li and Faria (2006), Haussler-Combe and Harting (2008), and Zhang and Li

(2016) used the same strategy to couple elastoplasticity and damage.

Notably, the tensor LIntl Equations (8.41) and (8.50), represents the

o

dentg
material tangent modulus for the adopted integration scheme. In this work,
Algorithm 5 is adopted to compute the effective stresses and the other plastic
variables. The consistent tangent modulus for elastoplasticity can be calculated
using Equations (5.40) and (5.41). In the plane stress case, one could use Equation
(5.55) rather than Equation (5.41). However, Equation (8.54) performs the same
modification as Equation (5.55). In this work, Equations (5.40) and (5.41) are used
to compute the consistent tangent modulus for elastoplasticity, also for the plane

stress state, while Equation (8.54) yields the final material tangent tensor.

8.7.
Computational aspects

The scheme, which also takes into account the plane stress condition, to
update the states for the C3EPD model is summarized in Algorithm 7. Additional
equations required to implement the model are presented in Appendix D. The
proposed procedure incorporates certain computational aspects described in this
section. These aspects were included to ensure a well-behaved algorithm, primarily
in computing a material tangent modulus that accurately represents the derivative
of stresses with respect to total strains. To evaluate the proposed procedure, finite

difference schemes were adopted to verify the validity of the tangent modulus.
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Attention is required to compute the principal stresses in Equations (8.11) and
(8.12) due to accuracy issues related to the analytical computation of eigenvalues,
presented in Appendix D. These expressions can exhibit numerical instability when
two or three eigenvalues are nearly identical (Scherzinger and Dohrmann, 2008). In
this scenario, several experiments were conducted based on the proposed damage
model, including uniaxial, biaxial, and hydrostatic tests under tension and
compression. Inconsistencies were observed in these tests when the invariants J,
and /5 approached zero. Hence, the algorithm was specifically modified to set theses
invariants to zero in such situations. The tolerances tol, = tol, = 107" are

adopted to determine the proximity to zero of these invariants.

Moreover, the argument of the inverse sine function present in the analytic
computation of the principal stresses may slightly exceed the domain of this
function, deviating from the limit values of 1 and —1 due to floating-point
operations. To address this, the proposed algorithm sets the limit values of the Lode
angle 8 when such situation arises. These considerations are presented in Algorithm
8. It should be noted that in step 2 of this algorithm, a division by zero is possible
(Gmax /tmax aNd Gmin /tmin). These verifications are performed to check if any
principal stress is approximately zero, based on the tolerance tol; = 107°. As is the
case in many programming languages, assuming that this division results in oo, no
theoretical problems will arise when using this algorithm. Moreover, when

computing the Heaviside function in Equations (8.11) and (8.12), it is adopted:
H(x) = sign(max(x,O)) (8.57)

Considering the matrix representation and the Voigt notation, the material
tangent modulus in Equation (8.41) takes the following form:
do do dD

E-a-ng-a() 659
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Algorithm 7 State-update algorithm for the proposed coupled elastoplastic-damage model

Initialize: Afn+1: sfu Ons qn, Dnv Tens Tens D, C, fi(o': ¢I), ni(U' Q), hi(o" q)l fcmv ftOl chv
Gf- Gc- Tt0r Tcor Teir Tem lch
Procedure:

1:

Compute effective stresses @,,,1:

In case of plane stress, the stress and strain tensors are defined with four components
a-Tl

l—Dn

g, =

If D,

Return Ont1 = 0, qn+1 = qn: €
da
and 4on+1 —
denyg

End
Perform the Algorithm 1, Algorithm 5, or Algorithm 6 to compute @, 9,41, €

Aony)

p — — —
n+1 Snl Dn+1 - Dnl rt,n+1 - rt,n! rc,n+1 - rc,n!

n+1’ and

o = D | based on Ag,,, |, Gy, q,, € and the constitutive equations f; (e, q), n;(a, q),

and h;(o,q)
Compute nominal stresses ,,4,:

dren+1 Tc, n+l

Calculate 13 41, Tent1s e and Zent! according to Algorithm 8

Calculate ay, a., b, t., g, and d, usmg Equations (8.25), (8.32), (8.33), (8.31),
(8.36), and (8.38). The proposed state-update scheme is valid for g, ., < G,
Calculate the scalar damage variable D, , based on Equations (8.8), (8.19), (8.21),
and (8.34)

Calculate d“;—’:l and dg—’;:l using Equations (D.16) to (D.20)

Ony1 = (1 = Dyyy)0yy

Compute the material tangent modulus %

n+l

Calculate "+' using Equation (8.44)

Initialize the materlal tangent modulus usmg =(1- n+1) Intl (secant modulus)
If Ttn+1 = Ten'
don+1 . A0n+1 _ dgn+l = (drt,n+1)T dep i
deng deng dry L gee de
End
If Ten+l = Ten:
don+1 . A0n+1 _ Agn+l = (drc,n+1)T dep
deng deng dre ML\ gee de
End

In case of plane stress, modify the material tangent modulus according to Equation (8.54)

P don4i
Return Ontls An+1s £n+ll Dn+11 Tt,n+1: Tc,n+1: and depi
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Algorithm 8 Update the internal variables r; and .. based on the proposed damage criteria

Initialize: 6,41, Ten, Yoy D, E, g, Bey Ve, Qe Bey Ve, toly, toly, toly
Procedure:
1:  Compute invariants I, J,, and J; and invariant gradients according to @, ;:
If 12/ (1)*] < tol or || + 5] = 0:
]2 = tmax = tmin = 0
Elseif |J5/(1,)*| < tol,:

= _ — 20
tmax = \/E: tmin = —tmax, and % 0

Else:
_ 333
- 2]—23/2
Ifw=>1:
— 3, - 2./37 06
tmaX:Tzv tminz_ 3 z,and%ZO
Elseif w < —1:
= 23, - 3 28
tmax = 3 2: tmin = _T27 and% =0
Else:
6 = Larcsin(w), L2 = — 1489 gng 2B - a8
3 do 2] do 3J3
_ _ 99 . .
Compute tqxs tmin and = according to Equations (D.4), (D.5) and (D.26)
End
End

2:  Compute maximum and minimum principal stresses:
Calculate p, 6,45 and Gy, Using Equations (D.3), (D.1) and (D.2)
If |5max /Emaxl < tOl}:

Omax =0

End

If |6min /t_minl < t0l3:
Omin = 0

End

3: Compute equivalent strains:
Calculate &7 | and &7, using Equations (8.11) and (8.12)
Tentl = max(rt,n, sf_le) and 1. 41 = max(rcln, efglﬂ)
: atives 27 and 27
4 Con_wputia derivatives ase_and oec’
If |,/ (1)?] < tol or || + |J5] = 0:

asﬁq _ 3“t+VtH(5max)a_I_l agiq _ 3“C+VCH(_Emax)a_l_l
I 3E a5’ a5  3(l-al)E  0F
ot 2¢c - :
Compute P and = Using Equation (D.21)
Else:
Compute aa@%, % and ij using Equations (D.25), (D.21), (D.23), and (D.24)
End

Ore _ 00 o e _ 29

Return Ttn+ts Tentls 2s¢ g€’ e pse
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8.8.
Application of the CCD and C3EPD models

The proposed constitutive formulations are here confronted with
experimental data to evaluate its capability of representation of concrete structures.
These evaluations are conducted using the finite element method within the in-
house framework GeMA (Mendes, Gattass and Roehl, 2016). Then, the CCD and
C3EPD model were implemented in this framework based on Algorithm 7. For the
implicit integration of multisurface plasticity, Algorithm 5 was applied.
Importantly, the implementation adopted the golden section method as line search
strategy, as detailed in Algorithm 3. All finite element models consider plane stress
conditions and bilinear quadrilateral elements with four integration points.
Furthermore, the cylindrical arc-length method (Crisfield, 1981) was utilized to
obtain the global solution of the problem. The tolerance of Newton-Raphson global

process is assumed 107°.

Unless otherwise specified, the following assumptions were made regarding
the material parameters: Poisson’s ratio is v = 0.20 (fib, 2013); the uniaxial
compressive stress at which the damage process is initialized f., = 0.4f.,, (Alfarah,
Lopez-Almansa and Oller, 2017); and r,,, = 0.002, which was considered here a
representative value according to the Model Code recommendations (fib, 2013).
Moreover, the biaxial tensile and compressive strength of the material are
respectively f,: = 1.05f;, (Jirdsek and Bauer, 2012) and f;,. = 1.16f,,, (Kupfer,
Hilsdorf and Rusch, 1969). When the crunching energy G. is not available, it is
computed using the following expression recommended by Alfarah, Ldpez-
Almansa and Oller (2017):

2
= fem 8.59
G, = G (= (8.59)
fem

The applications discussed in Sections 8.8.3 and 8.8.4 focus on numerically
simulating concrete structures using the C3EPD model. The parameters related to
the damage formulation can be defined by basic experimental information (such as
the compressive strength), empirical relations available in the literature and design
guidelines for concrete structures. However, it is necessary to estimate some plastic

parameters to match the numerical and experimental data. Therefore, the
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methodology described in Appendix E is applied to solve the parameter
identification problems under a feasible computational cost. This methodology is
completely based on artificial intelligence methods, aiming to obtain accurate and

efficient solutions.

In the parameter identification context, a gradient boosting machine is used
to approximate the outcomes of the finite element simulations while a genetic
algorithm minimizes the error between the numerical and experimental results. A
Bayesian optimization algorithm is applied to compute the hyperparameters of the
gradient boosting machine. To acquire data for the machine learning modeling
process, various numerical models were simulated to generate load-displacement
curves. Several of these simulations encountered convergence problems, resulting
in their exclusion from the dataset. Despite that, the amount of data generated in

this process was sufficient to produce accurate machine learning models.

8.8.1.
Evaluation of the proposed damage criteria and evolution law

Before evaluating the coupled elastoplastic-damage model (C3EPD model),
this section focuses solely on assessing the isotropic damage formulation presented
in this work, the CCD model. Therefore, the effective stress tensor is computed
according to Equation (8.4). In Section 8.3, the biaxial strength envelope of
conventional concrete for the CCD model was validated with experimental data.
The current study considers experimental stress-strain curves under biaxial stresses,
considering different stress ratios o,/0, from a series of experimental tests
performed by Kupfer, Hilsdorf and Risch (1969).

In order to numerically simulate these biaxial tests, the adopted parameters
are as follows: E =32GPa, fio=29MPa, f.0=033fim fom = 32 MPa,
for = 0.95f0, Tem = 0.0022, G; = 0.1 kN/m, G, =23 kN/m, and I, = 0.2 m.
Therefore, Figure 32 presents the comparison between numerical and experimental
stress-strain responses under biaxial compression. Additionally, Figure 33 shows
the comparison for the case of combined compression and tension. The predicted
responses agree well with the experimental results, presenting satisfactory peak

stresses under biaxial stresses. Importantly, a proper value for f;. was fundamental
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to reach the experimental peak stresses in Figure 33. Adjusting the tensile criterion
shape using f;. = 5f.m is here considered a good approach to match the numerical

and experimental results.
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Figure 32 Stress-strain relation of conventional concrete under biaxial compression
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Figure 33 Stress-strain relation of conventional concrete under combined compression and tension

8.8.2.
Hydrostatic and confined compression tests

The proposed coupled elastoplastic-damage model exhibits hardening

behavior due to plasticity under specific conditions. This section aims to evaluate
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this phenomenon through two types of experiments: hydrostatic and confined tests.
The hydrostatic compression test is based on the numerical application developed
by Hofstetter, Simo and Taylor (1993). The numerical confined compression test is
conducted here using the same parameters to assess the influence of the damage

formulation on the results.

Based on the works of Hofstetter, Simo and Taylor (1993) and Li and Crouch
(2010), the subsequent simulations adopt the following parameters related to the
damage formulation: E = 27.691 GPa, f;o = 2.5 MPa, fon, = 10f10, foc = L. 1fems
and [, = 0.1 m. The shape parameters of the plastic envelope are based on the
Mohr-Coulomb criterion, as described in Table 1. The cohesion and friction angle
are taken as ¢ = 250 MPa and ¢ = 15°, respectively. Moreover, the friction and
dilation angles are assumed to be equal. Lastly, the cap surface with hardening

behavior is defined according to the following parameters: R = 0.35,

Ko = —5 MPa, W = 0.42, and D = 0.000464 MPa™'.

Figure 34 illustrates the hydrostatic compression test results, comparing the
numerical outcomes derived from the C3EPD model and the numerical results
presented by Hofstetter, Simo and Taylor (1993) for the Cap Model. The solution
for the C3EPD model exhibits a strong concordance with the reference solution,
adequately capturing the expected hardening behavior of the cap surface. It is
important to highlight that no damage evolution occurs in this application, as

29 < 0 according to Equation (8.12).

15000 -
Numerical results P
4
= = = = Hofstetter et al. (1993) ,/

x ,/
= 10000 - P
o /
2 z 7/
— /,
\E/ Yy _ _ +J

5000 Exx : Eyy : €22 ’,’
Exy = Exz =&, =0 >
L/
f””
0 T r :
0 0.25 0.5 0.75

tr(e)
Figure 34 Hydrostatic behavior for numerical experiments using the C3EPD model (compression
is assumed to be positive)
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Figure 35 shows the numerical results for the confined compression test
(oedometric test), employing both the CHGC and C3EPD models. This
examination assesses the influence of the damage formulation within the
framework of multisurface plasticity. Note that the plasticity results exhibit
increasing stress throughout the test owing to cap hardening. Nonetheless, when
considering the damage process, this increase is interrupted by stiffness
degradation, leading to specimen collapse. Therefore, this application demonstrates

the implications of coupling plasticity and damage for modeling engineering

materials.
225 g
/ X
150 A /
<
o Z
2 / 7 y
bgg Eyy =&;=0
75 A exy=gxz=gyz=0
e = CHGC plasticity model
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0 T T T
0 0.005 0.01 0.015 0.02
SXX
Figure 35 Confined numerical tests for the CHGC and C3EPD models (compression is assumed to
be positive)
8.8.3.

L-shaped panel

Winkler, Hofstetter and Niederwanger (2001) and Winkler, Hofstetter and
Lehar (2004) presented the experimental program of an L-shaped concrete panel in
order to assess elastoplastic models. This structure has become a well-known
benchmark to validate the computational modeling of plain concrete under mode |
fracture conditions. The boundary conditions and geometry of the problem are
depicted in Figure 36. In addition, the thickness of the L-shaped panel is equal to
10 cm. Displacements are measured at the point load.
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Figure 36 L-shaped panel: boundary conditions and geometry with all lengths in millimeters

For the present simulations, the following material parameters are adopted:
E =25.85GPa, v = 0.18, f,y = 2.7 MPa, f.,, = 31 MPa, G; = 0.065 kN/m, and
G, = 10.8 kN/m. The assumed value for the fracture energy agrees with the works
of Winkler, Hofstetter and Niederwanger (2001) and Winkler, Hofstetter and Lehar
(2004). However, it differs from other predictions, such as Oliver et al. (2004), who
computed Gy = 0.09 kN/m, and the Model Code recommendations (fib, 2013),

which suggest G¢ = 0.073(f.,)*'® = 0.135 kN/m. Nevertheless, in this case study,
Gr = 0.065 kN/m was adopted as it provided satisfactorily results.

Regarding the plastic parameters, the shape parameters are adopted according
to the Mohr-Coulomb criterion, as considered in the previous application. Hence, it
becomes necessary to identify the following parameters related to this criterion:
cohesion ¢ and friction angle ¢. For simplicity, the friction and dilation angles are
assumed to be equal. Additionally, the cap surface is here defined by the following
parameters: R =2, ko, =—10MPa, W =0.5, and D =0.001 MPa~'. The
parameter identification task is conducted approximating the outcome of the
numerical simulator using a machine learning model, specifically a gradient
boosting machine. Then, the difference between the numerical and experimental
data is minimized using a genetic algorithm. Solving the parameter identification
problem, ¢ was assumed to be 210 MPa and ¢ to be 15 degrees. Figure 37a
illustrates the following load-displacement responses for the adopted values of ¢
and ¢: the numerical simulator, the gradient boosting machine, and the

experimental data. The predicted responses by both the numerical and machine
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learning models align with the experimental data, culminating in a successful

parameter identification task.
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Figure 37 Load-displacement response for the L-shaped panel: (a) without and (b) with
adjustment according to Kitzig and Haussler-Combe (2011)

In order to compare the quality of the results for the CCD and C3EPD models,
both were utilized to compute the load-displacement response of the L-shaped
panel. It is evident that both models successfully captured the initial branch of this
response. Nevertheless, a notable difference is observed in the post-peak branch,

where the CCD model exhibited a faster decrease than desired. This discrepancy is



141

effectively addressed by coupling elastoplasticity and damage, proving to be
fundamental in accurately reproducing the descending branch of this load-

displacement curve.

A correction procedure of the load-displacement response is applied in Figure
37b, according to Kitzig and Haussler-Combe (2011). As shown by these authors,
a typical finite element modeling of this L-shaped panel tends to overestimate the
initial branch of the mentioned response. A coupled elastoplastic-damage model
cannot produce this additional stiffness since this model does not affect this branch.
Therefore, the authors claimed that a rigid body rotation occurred in the panel due
to some flexibility in the support. By using the proposed adjustment, a better match

between the numerical and experimental peak load was achieved.

The damaged region resulting from the simulation based on the C3EPD model
is depicted in Figure 38. As reported by Winkler, Hofstetter and Niederwanger
(2001) and Winkler, Hofstetter and Lehar (2004), a fracture propagation with a
slight inclination was observed. The proposed coupled elastoplastic-damage model

satisfactorily captured this fracture shape.
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Figure 38 Spatial distribution of the scalar damage variable D for the L-shaped panel when the
deflection reaches 1 mm at the point load

8.8.4.
Four-point shear test

Mixed mode fracture propagation in structures is a critical aspect to assess the

predictive capabilities of constitutive models for concrete. In this sense, the
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experimental tests presented by Carpinteri et al. (1993) are simulated in this work.
These authors developed an experimental mixed mode fracture program to study
displacements in a plain concrete beam, detailing the Crack Mouth Sliding
Displacement (CMSD) and the Crack Mouth Opening Displacement (CMOD).
Figure 39 depicts the studied beam, in which the height and width of the beam are
respectively 20 cm and 10 cm, while the size of the notch is 4 x 0.5 cm?.
Concerning the load in the beam, force F2 corresponds to 10% of force F1.

Displacements are measured at the respective point loads.
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Figure 39 Four-point shear test: boundary conditions and geometry

The material parameters utilized in the numerical simulations are as follows:
E =28GPa, v=0.1, fo, = 10f;p, Gf = 0.145kN/m, R =2, Kk, = —10 MPa,

W = 0.5, and D = 0.001 MPa™". It should be highlighted that the assumed value
for the fracture energy is similarly to the value reported in the Model Code
recommendations (fib, 2013): G = 0.138 kN/m. As in the previous applications,
the adopted shape parameters yield the Mohr-Coulomb criterion. Consequently, the
parameters to be identified are: the uniaxial tensile stress f;, at which the damage
process is initialized; the cohesion c; and the friction angle ¢. It is assumed that the
friction and dilation angles are equal to each other. Based on the parameter
identification procedure, the following parameters were estimated: f;, = 3.6 MPa,
¢ =270 MPa and ¢ = 10°. Notably, the computed uniaxial tensile strength
reasonably agrees with other works in the literature (De-Pouplana and Ofate, 2016;
Javanmardi and Maheri, 2019).
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Figure 40 Load-displacement response for the four-point shear test considering the CCD model:
(a) load-displacement, (b) load-CMSD, and (c) load-CMOD responses

To assess the impact of elastoplasticity in this modeling, the results for the
CCD model are presented in Figure 40. Additionally, Figure 41 shows the response
for the C3EPD model, which exhibits good agreement with the experimental data.
Moreover, the machine learning prediction in Figure 41b confirms the accuracy of

the gradient boosting machine since it coincides with the numerical data. When
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comparing the CCD and C3EPD models, a significant difference is observed in the

post-peak branch, highlighting the necessity of
damage.
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Figure 41 Load-displacement response for the four-point shear test considering the C3EPD model:
(a) load-displacement, (b) load-CMSD, and (c) load-CMOD responses

Finally, the numerical fracture trajectory of the beam modeled using the

C3EPD model is depicted in Figure 42. The numerical fracture trajectory is in
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conformity with the experimental data provided by Carpinteri et al. (1993). In this
scenario, the proposed coupled elastoplastic-damage model exhibits a worth
capacity to define fracture shapes for conventional concrete structures.
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Figure 42 Spatial distribution of the scalar damage variable D for four-point shear test when the
CMSD reaches 0.22 mm
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Conclusions and suggestions for future research

9.1.
Conclusions

This work proposes novel algorithms to handle the challenges presented in
modeling for complex plasticity applications, with a special focus on multisurface
plasticity. This study explores and assesses state-update algorithms that are useful
to simulate complex engineering materials. In this context, implicit integration
algorithms are formulated aiming at robustness, comprehensiveness, and flexibility
of the proposed schemes. Furthermore, this research develops coupled elastoplastic-
damage modeling based on a novel constitutive model that also relies on

multisurface plasticity.

Firstly, this study proposes a comprehensive implicit substepping integration
scheme of single and multisurface plasticity models with nonassociated
hardening/softening behavior. Line search and substepping techniques are applied
to improve the convergence properties of the return mapping algorithm. The work
proposes a line search strategy that combines the Armijo rule with the golden
section method. Moreover, this work presents an adaptive substepping scheme and

a corresponding consistent tangent modulus.

Local and global problems were studied to assess the convergence
characteristics of the proposed algorithm. This work adopted the Drucker-Prager,
Mohr-Coulomb and CHGC plasticity models. Some numerical examples show that
the classical closest point projection method fails in some yield surface regions. The
algorithm can oscillate between stress states and can enter an infinite iteration cycle.
In contrast, the proposed algorithm with the Armijo rule and the golden section
method adequately solved these problems. The presented state-update algorithm
emerges as a way to integrate the Drucker-Prager constitutive equations since the

golden section method allows the return mapping to the apex of the surface.



147

In addition, the finite element problems developed in this work showed how
the simulation performance is improved using the line search and substepping
techniques. The high curvature regions in the adopted plastic surfaces and the
relatively large displacement increments provide challenging footing collapse
problems since the classical closest point projection algorithm may fail in the return
mapping process. According to the finite element analyses, when applying the
CHGC model, the algorithm with the substepping scheme required roughly three
times fewer global steps than the one without the substepping scheme. Due to the
hardening behavior of the CHGC model, the substepping technique was essential
to improve the convergence characteristics of the state-update algorithm and the
performance of the nonlinear finite element solution. Additionally, the consistent
tangent modulus formulated in this work assured the quadratic convergence of the
global Newton-Raphson procedure, as shown by the global residual norms. Thus,
the proposed state-update algorithm is a robust procedure to assist the simulation of
complex elastoplastic models.

Besides the proposed implicit substepping scheme, this study introduces a
novel Newton-Raphson-based implicit algorithm with two main characteristics: the
incorporation of complementary functions to consider multisurface plasticity and
the adaptation of plane strain plasticity to enforce plane stress conditions. As a
result, the proposed scheme can simulate problems under different stress
conditions. This algorithm provides a fundamental background for the development

of a Jacobian-free implicit integration scheme.

In opposition to the complex implicit substepping scheme introduced here, a
Newton-Krylov-based implicit integration algorithm was formulated in order to
circumvent the need for some derivative calculations. This algorithm is remarkably
flexible in handling both single and multisurface plasticity problems, as well as in
considering plane stress, plane strain, axisymmetric, and three-dimensional stress

conditions.

Some finite element problems were conducted to assess the effectiveness and
efficiency of the Newton-Raphson-based and Newton-Krylov-based implicit
integration schemes, considering both single and multisurface plasticity, as well as
hardening and softening behavior. Notably, it was observed that the use of the

smooth CHKS complementary function presented promising performance
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compared to other complementary functions applied in other plasticity frameworks
available in the literature. Moreover, the proposed Newton-Krylov-based implicit
integration scheme was computationally faster compared to most cases when a
finite difference-based Newton-Raphson scheme was applied. Consequently, the
smooth CHKS function is highly recommended to other plasticity applications that

involve multisurface plasticity or nonlinear elasticity.

Furthermore, this work proposes a coupled elastoplastic-damage model to
simulate the multiaxial behavior of conventional concrete. By integrating the
principles of continuum damage mechanics and plasticity theory, the damage
criteria, damage evolution laws, and material tangent tensor were formulated and
coupled with the novel multisurface plasticity model also developed in this work.
To mitigate mesh dependency, a regularization technique based on the crack band
approach is employed. To demonstrate the accuracy of the proposed model, several
numerical problems were simulated using the finite element method and then
compared with experimental tests. Additionally, when material parameters are not
available, a parameter identification methodology was applied to estimate them

accurately.

The proposed coupled elastoplastic-damage model demonstrates excellent
agreement with experimental observations. The numerical predictions for load-
displacement, load-CMSD, load-CMOD responses, and crack trajectories closely
agree with the experimental data. Hence, the proposed model is certainly a

promising approach for accurately predicting failure loads and crack propagations.

In this scenario, this research significantly advances the field of modeling
complex constitutive models by addressing the challenges posed by such models
with novel algorithms. This work provides an important background in formulating,
implementing, and coupling in the multisurface plasticity context. These
developments have practical applications in simulating the behavior of complex
engineering materials and can serve as a valuable reference for future studies in the
field.
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9.2.
Suggestions for future research

Examining different numerical methods in the context of state-update
algorithms seems to be a promising research topic. Investigations may focus on
exploring alternative numerical techniques for solving the nonlinear equations
associated with the implicit integration of elastoplastic equations. Algorithms such
as higher-order Newton-like methods, Broyden-like methods, conjugate gradient-
like methods, and sequential quadratic programming may be potential tools in this

scenario.

The proposed state-update algorithms are robust, comprehensive, and
flexible; however, there is still room for their enhancement. An interesting aspect
to be evaluated is the impact of the substepping scheme in the complementary
function-based Newton-Raphson and Newton-Krylov-based formulations.
Moreover, assessing the computational efficiency in the algorithm that applies the
golden section method and inexact line search methods, such as quadratic and cubic
interpolations, can be useful to better understand the efficiency of the proposed
scheme. The line search strategy adopted in this work for the Newton-Krylov
algorithm can be refined by using successive polynomial approximations to
compute an optimum step size. Lastly, the Newton-Raphson-based schemes
presented in this work can be further advanced by adopting the automatic
differentiation, which relies heavily on the chain rule, to automatically compute the

derivatives required in the implicit integration process.

The use of a suitable complementary function is essential for achieving an
efficient implementation. Hence, it would be worthwhile to explore alternative
functions for this purpose. Furthermore, expanding the study to evaluate the
computational efficiency of different complementary functions within the state-
update scheme is a valuable task, especially when considering other finite element

models and constitutive formulations.

Assessing the applicability of the proposed strategies in various contexts can
provide valuable insights. Therefore, evaluating these strategies in scenarios
involving elastoplastic models with nonlinear elastic behavior, anisotropic
plasticity, and crystal plasticity can yield further benefits and broaden the scope of

their application.
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In the context of the coupled elastoplastic-damage modeling proposed in this
work, it would be beneficial to explore alternative regularization techniques that
mitigate the mesh dependency issue. Techniques such as viscous regularization,
nonlocal damage modeling, gradient-enhanced modeling, and micromorphic
continuum theory could be assessed. Subsequent tests involving both coarse and
fine meshes can support the evaluation of the effectiveness of these techniques.
Furthermore, the proposed model can be enhanced by incorporating rate-dependent
behavior, enabling accurate analysis under dynamic loading conditions for concrete
structures. Investigating the model performance in dynamic scenarios can be a

valuable topic for future research.
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Appendix A
Auxiliary equations for elastoplastic model implementation

An elastoplastic model implementation requires some derivatives of yield
functions with respect to stress tensor. The first and second derivatives are

computed as follows:
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where I, represents the first invariant of the stress tensor, /, represents the second
invariant of the deviatoric stress tensor and J; represents the third invariant of the
deviatoric stress tensor. Crisfield (1997) defined the invariant derivatives present in
these equations. These invariants support the geometric representation of any stress
state because they are coordinates to represent yield surfaces in stress space. Other
representations are possible, such as the stress invariants: p = 1,/3, ] = \/]_2 and

the Lode angle
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Some constraints were adopted to compute these invariants and to avoid
singularity in invariant derivatives. These constraints are defined in Equations (A.4)
and (A.5):
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Considering the stress invariants / and 8, some invariant derivatives are

defined as follow:
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In this work, the model presented by Lester and Sloan (2018), also known as
Hyperbolic Generalized Classical yield surface, is employed. This yield surface
formulation is described in Appendix B. In order to define the deviatoric section of

this yield surface, the parameter I1 is defined as

Il = acos <% Q2-y)— %arccos(ﬁsin%’)) (A.13)
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where a, 8 and y are shape parameters presented by Lagioia and Panteghini (2016)

and Lester and Sloan (2018). Each parameter value depends on the desired surface.

Some important derivatives are shown below:
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Appendix B
Capped Hyperbolic Generalized Classical (CHGC) model
formulation

This work presents a novel multisurface plasticity model that is used to assess
the proposed algorithm. This constitutive model combines the Hyperbolic
Generalized Classical yield surface, proposed by Lester and Sloan (2018), and a
cap surface adapted from the works by Hofstetter, Simo and Taylor (1993) and
Schwer and Murray (1994). The former surface is described in Equation (B.1):

fi(e) = F +ya?M? + J2IT? (B.1)

where a is a user-defined parameter that defines the hyperbolic approximation and

F=Mp—-K (B.2)
M= 6sin¢g (8.3)
V3(3 — sing)
6cos¢p

K = mc (B.4)

Parameters ¢ and ¢ respectively represent the cohesion and friction angle. In
order to define the nonassociated flow rule n,(a, q), the friction angle must be
replaced by the dilation angle ¥ in Equation (B.1), and then Equation (A.1) must
be computed. Following the traditional mechanic convention, tension is assumed to
be positive in this formulation. The presented model can simulate several perfect
elastoplastic criteria, as well as their rounded versions. These rounded models are
defined according to parameters a and 8 (Lagioia and Panteghini, 2016; Lester and
Sloan, 2018). They can eliminate “corners” (nonsmooth transitions) of this surface,
generating regions of high curvature. The following derivatives are defined to

support the computation of Equations (A.1) and (A.2):
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(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

The invariant derivatives presented in Appendix A, as well as the derivatives

of f, with respect to J and II, are required to compute Equations (B.5) to (B.11).

These derivatives are given as follows:

oh
o]
of
all
0*f,

ET ¢l -3

o’fi _ ¢
orn? 1
0*fi
ajorl

= ¢l

={J?

(1=

==

in which

11

/azMz _|_]2H2

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

The proposed cap surface is described in Equation (B.18). There are distinct

formulations of this yield surface in the literature. In this work, the form presented
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by Hofstetter, Simo and Taylor (1993) is combined with Equation (B.1). Thus, the

cap surface is given by

(0,q) = F, + |a®M? + 2112 + ﬂzf X)) <1
fro.@) = Fi+ @M +] ) xS

< L(k)
Considering

F, = %ML(K) —K (B.19)

The parameter L(x) defines the center of the cap. Additionally, the parameter
K is the internal hardening variable which defines the tensor q. The definition of
L(x) depends on an initial internal variable value x, that represents the initial

position of the cap, according to the following equation:
L(x) = min(x, k) (B.20)

The hardening behavior of this surface is described by a relation between
volumetric plastic strain &£ and the cap limit position X (x). Then, this hardening

rule is defined by
£ =w (exp (D(X(rc) - X(KO))) - 1) (B.21)
where W and D are material parameters, and
X(x) = L(k) — RF,(L(x)) (B.22)

Figure 43 illustrates a three-dimensional representation of the CHGC model.
Note that the proposed cap surface and the failure envelope presented by Lester and

Sloan (2018) have high curvature regions.
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Figure 43 Capped Hyperbolic Generalized Classical (CHGC) surface in principal stress space

The following derivatives are presented to implement the proposed

constitutive model:

0f _ I = L(x)
ol 2 B.23
RZ\/a2M2 +]2H2+ (#) ( )
of, 0f, 0] df,oI
92 _929 (9207 B.24
3, ) 0, " omaj, (824
of, _of, ol
FTARE TN (B.25)
62]:'2 B 1 <L_(%>2>
a1 2 \R* Ao, (B.26)
[ s+ g
0 f, 0% 0]\> 0*f (01N’ _0°f, 9] Al Of; 3%
W‘W(a_h) +W(a_]2) t 25950, T o 92 827
af, 0211 '
Ton)
0%f, 0f, (01N’ 0f, 0%l
5i=amr) tang (529
’h _ 0*f 0]  9’f, ol (B.29)

d1,0], d1,0]d], dI1,0110],
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0°f,  0%f, an

_ of (B.30)
91,0], 91,011 )

0%, (0 o] 9*f,0m\all df, Ml 5 a1

35,05, \aJoriaj, T om2a),) o), oM a),a), (B.3D

Derivatives of f, with respect to J and IT are necessary to calculate Equations

(B.23) to (B.31). Therefore, these derivatives are defined as follows:

06_};2 =n (B.32)
% =4 (B.33)
25— na - e 83
%:%2(1 -7 (B.35)

f _ _ JA(1 - L))
e R <a2M2 + 211 + (hﬂ)zf (B.36)

fh _ _ (1 = L()
et R2 <a2M2 + 202 + (’1—1!#)2)3 (B.37)
<3a]26f127 =52 -8 (B.38)

with
. i

\/ a2M? + J2112 + (hﬂ)z (B.39)

Also, derivatives of f, with respect to q are presented in Equations (B.40) and
(B.41):

of 1, ok

LT (B.40)
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0°fs __<02f2611+ 2*f o 0*f, 0]3) (B.41)

dcdq ~ \o1,2dc ' 01,0),d0 01,35 0c

Finally, the hardening behavior of the CHGC model is defined. As the yield
function (B.1) simulates perfectly elastoplastic problems, h,(a,q) = 0. Schwer
and Murray (1994) clearly presented the definition of function h, (o, q). Hofstetter,
Simo and Taylor (1993) pointed out that the hardening law uniquely depends on f,
providing a nonassociated hardening law and a nonsymmetric tangent modulus.
This function and its derivatives are given by

%
Iy
h, =3 B.42
277 96l ox (B42)
0X 0k

 holy 9°f 0L, 9f 9
oh, 3@112 dc " 01,0], 0c " 0I,0]; 0o

(B.43)
do ael ax
0X 0k
0°f 000X , 0f,0%]
ohy _ 21> 9X 0k " 91, 0K’
——=- B.44
oq de? ax\’ (B449)
0X ok
in which
%0 _ Wpexp (D(xGe) - X(x0)) (B.45)
oX
02l del
_p% B.46
ax: ~ Pox (B.48)
2P 2P 2
07& _07¢y (a_X) (B.47)
ok?  0X% \0k
oX 1
—=1+-MR (B.48)
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Appendix C
Cap Model formulation

The Cap Model formulation adopted in this work is based on the studies of
Hofstetter, Simo and Taylor (1993) and Schwer and Murray (1994). The three yield

functions that define this nonsmooth model are given by

fi(e) =2, - E.(1)) (C.1)
f(o,q) = J% + <Il_xﬂ>2 — F,(L(x)), for X(x) < I, < L(x) (C.2)
fi(e)=1—T (C3)

considering that
F,(I) = a — Aexp(BI,) — 61, (C.4)
L(x) = min(x, ko) (C.5)

The center of the cap surface is determined by the parameter L(x), while the
internal hardening variable k defines the tensor q. The initial position of the center
of the cap surface L(x,) depends on the initial internal variable x,. Regarding the
hardening evolution, the following volumetric plastic strain £ and the cap limit

X (x), as shown in Figure 44, are defined:
g =w (exp (D(X(K) — X(Ko))) - 1) (C.6)

X(x) = L(x) — RF,(L(x)) (C.7)
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Figure 44 Cap Model in meridional plane

The following derivatives are required to compute Equations (A.1) and (A.2):
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63252 - ‘%(%)2 (C.17)

10/ a1, \oJ,

ZZ; B ailz 533 - aigz =0 (C.18)
Z_]Icf =1 (C.19)
Z—ﬁ =0 (C.20)

°f _0h _0h_ K _3h _ K _ 20
al,* B a),> B 6]32 - 0Lo), 01,05 0),0]; .

Derivatives related to f, with respect to q are presented in Equations (C.22)
and (C.23). On the other hand, derivatives related to f; and f; with respect to q are
equal to zero.

d d d
aq 611 =L 611
02 0%f, 01 9%*f, 0
o (TR, 9 9k (C.23)
0o0q d1,> 9 ~ 01,0], 0o

In the end, the hardening behavior of the cap surface is defined by Equation
(C.24) and its derivatives (C.25) and (C.26). Importantly, the other surfaces behave
according to perfect elastoplasticity, h,(o,q) = h;(o,q) = 0.
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(C.27)

(C.28)

(C.29)

(C.30)
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Appendix D
Auxiliary equations for Cracking-Crushing Damage (CCD)
model definition

This appendix describes several auxiliary expressions for implementing the
CCD model. Evidently, the same equations are used in the couple elastoplastic-
damage modeling. In addition, further details about the derivation of the tensile and

compressive damage evolution laws are presented.

D.1.
Principal stresses computation

In order to compute principal stresses, an analytical strategy is adopted. Since
a stress tensor is a 3 x 3 real symmetric matrix, a closed-form expression of the
three real roots of the characteristic equation of the matrix can be used. Frangois
Viete (1540-1603) derived a trigonometric solution for cubic equations with real
roots that is adopted in this work. In this scenario, the maximum and minimum
principal stresses are presented in Equations (D.1) and (D.2) using some stress
invariants. Qi et al. (2020) presented a similar approach to compute maximum

principal stresses and strains in their damage model.

Omax = bmax TP (D-l)
Omin = tmin TP (D.Z)
where
I

= — D.3
P=3 (D.3)

1
tmax = (cos 0 — ﬁsin 9) \/]_2 (D.4)

1
tmin = — (cos 0+ ﬁsin 9) \/E (D.5)
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To compute the intermediate principal stress, let gi,: = P — tmax — tmin-
Lode angle 6 can be computed using the second and third invariants of the

deviatoric effective stress tensor J, and /5. This angle is defined as

m 1 (-3V3)\ =
—¢< 0 = garcsm( 2]23/2 > <z (D.6)

D.2.
Derivation of the tensile damage evolution law

Based on analytical expressions for stress-strain responses, damage evolution
laws can be derived to ensure that a damage model comply this behavior. Therefore,
the derivation of the tensile and compressive damage evolution laws is presented in
this appendix. Firstly, for the tensile behavior, the stress-strain relation adopted in

this work is given by

{ Ee, ife < & 0.7)

ftoexp(—at(e - Sto))' ife = &y

where ¢ and ¢ are respectively uniaxial stress and strain; &;, denotes the strain at
which the damage process begins; and a, is a material parameter. Notably, Equation
(8.11) yields &/ = r, = ¢ for a uniaxial tensile response without unloading. In
addition, g.(r) = 0 for a uniaxial tensile test. In this scenario, Equations (8.7) and

(D.7) can be manipulated as follows for the case of € > &;:

Tto
o= ErtoeXp(_at(rt - Tto)) = riexp(—at(rt - Tto))Ee
t

1—|1- <1 - :f—toexp(—at(rt - rto))> Ee 0.8)

- (1= (1- 0= 0:0)(1 = 0.007))) =
= (1 - g(r,n))Ee = (1 — D)Ee

Comparing the equations in (D.8) and g.(r.) =0, g.(r;) takes the form
presented in Equation (8.21).
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D.3.
Derivation of the compressive damage evolution law

Regarding the compressive behavior, the uniaxial response of concrete is

defined in this work according to

Ee, ife < &g
o= (1 - tc)2f60 + (2 - tc)tcfcm» if €co =e< Eem (D,Q)
fcmexp(_dc(g - gcm)z): if €= Eem

inwhich € > 0, g,y = 1¢0, Ecm = Tem, dc 1S @ material parameter, and

|(_bc + \/(bc)2 - 4ac(800 - E)

, ifa.+0
(=1 2a, ‘ (D.10)
) if @, =0
l b c
A, = €0 — 280 + Ecm (D.11)
bc = 2(501' - SCO) (D12)
€ = Tei = Jem (D.13)

Importantly, Equation (8.12) leads to /7 = r, = ¢ for a uniaxial response
without unloading. Moreover, g.(r;) =0 for a uniaxial compressive test.
Therefore, using Equations (8.7) and (D.13), the expression related to the nonlinear

ascending branch in (D.9) can be manipulated as follows:

0= (1 - tc)zErcO + (2 - tc)tcETCi

T, Tei
= (LO (1—t)?+2(2- tc)tc> Ee
T, T

Cc

—|1- (1 _ (1 _ %(1 —t)? - %(2 - tc)tc>> Ee (D.14)

= (1= (1- 0= 0:0)(1 = 0.007))) e
= (1 - g(r,n))Ee = (1 — D)Ee

Considering the descending branch in (D.9) and Equation (D.13), the

following manipulation is obtained:
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r .
0= Erciexp(_dc(rc - rcm)z) = %exp(_dc(rc - rcm)z)Eg
c

(o

=l1=(1= (1 — %EXD(_dc(rc - rCmy)) Ee (D.15)

- (1-(1- 0 = 0 00)(1 - 9.000))) e
= (1 - g(r1))Ee = (1 — D)Ee

Based on the equations in (D.14), (D.15) and g.(r;) = 0, g.(r.) takes the
form presented in Equation (8.34).

D.4.
Derivatives related to material tangent modulus computation

To compute the material tangent modulus, several derivatives of the
constitutive equations defined in this work are required. In this scenario, these
derivatives are established in this appendix. Concerning Equation (8.43), the

following expression can be obtained from Equation (8.19):

dg _ dg dgx

dTN N dgx drx (D16)

Considering Equations (8.19), (8.21) and (8.34), the following derivatives are
presented in order to define Equation (D.16):

Z-1- ge (D.17)
dge
jjc =1-4 (D.18)
Z—‘z; =(1-90 (rlt + at> (D.19)
dg. rl—c< —gc— 2(r6i2;c’;cc01(1bc— tc))' if 70 <7 < Tom

_ (D.20)
dr, 1 .
l (1 - gc) (; + 2dc(rc - Tcm)) ’ if Te = Tem

c
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To calculate Equation (8.48), the derivatives expressed in Equations (D.21)
to (D.26) are shown:

eq —=.T 7_.eq eq
a<pN=aex z(da) 0&g ZDE)SN (D.21)
oe¢  0O&° de¢) Oo 0o
dpy
— = -1 D.22
o (D.22)
aefq _ 1 ,Bt 3 a]z H(_ )agmax D.23
6 E taa 2 g Ve Ome) o5 (D-23)
agfq 1 aI_l Be 36]_2 00max
= —+—= == H(-a, — D.24
9 (U —a)E\ %35 ' 2 ]266'+yc (ZOmar) =55 (D-24)

agmax _ 1 a1_1 Emax 6]2 + tmax + 2fmin a6

_ 1oL ov D.25

9 300 2], 9o NCL (D:25)
00 _080f, , 900

o 0,00 0J,00 (D.26)

ol 9, 9Js 08
on 95 9 and 22 are the same used in plasticity

The invariant gradients 95’ 95’ 95 3J, aJ3

frameworks and are presented in Appendix A.



Appendix E
Parameter identification procedure

Defining material parameters of numerical simulations from experimental
tests demands an appropriate approach due to potential computational cost.
Specifically, certain examples related to the C3EPD model require computation of
parameters associated with elastoplasticity. Therefore, this appendix discusses a
soft computing-based strategy to estimate this parameter using artificial intelligence
techniques. The presented formulation is based on the work of Abreu, Mejia and
Roehl (2022b) and Abreu et al. (2023b).

E.1.
Inverse analysis

The parameter identification of mathematical models from a set of
observations is an inverse problem. This type of problem emerges in opposition to
forward problems, in which their parameters are well-known, and the model
response can be directly predicted. Inverse problems are typically ill-posed.
Therefore, the uniqueness and existence of the solution are not guaranteed, and the
problems may be unstable when subject to perturbations in the initial and boundary
conditions (Tikhonov and Arsenin, 1977). In this scenario, inverse problems are

cumbersome classical applications.

If the inversion process does not successfully define an acceptable match
between observed and predicted data, the selected model may be an inadequate
candidate for the problem, and consequently, a new model is required (Knabe et al.,
2013). The trial-and-error technique is commonly applied in solving inverse
problems. However, this process demands high human effort. The inverse analysis
provides several approaches to cope with inverse problems in an automatic and

rational scheme.

The inversion of model equations (inverse approach) is a classical strategy to
solve inverse problems. Nevertheless, this procedure can be unfeasible for complex
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and nonlinear models, mainly when closed-form solutions are unavailable (Knabe
etal., 2013). Therefore, one can adopt optimization methods to overcome this issue.
This approach aims to obtain a solution that minimizes an error function (direct
approach). This function directly depends on the observed and the predicted data.
Since this work targets obtaining material parameters for a nonlinear constitutive
model, the proposed methodology adopts the direct approach using a genetic
algorithm developed by Abreu (2019) and Abreu, Mejia and Roehl (2022D).

Based on Knabe et al. (2013), the parameter identification problem via direct
approach includes the following stages: (1) define the observed data, usually
acquired from an experimental test; (2) define a mathematical model, as well as its
input data (such as finite element mesh and known parameters) and initial and
boundary conditions; (3) define the problem domain 2 (complex models may
require nonlinear constraints) and/or an initial guess for the parameters (according
to the adopted optimization algorithm); (4) define an appropriate objective function
which measures an error between observed and predicted data; (5) execute an
optimization method; and (6) evaluate the suitability of the mathematical model for

the calculated parameters.
In this work, the inverse problems are formulated in terms of the following

unconstrained optimization problem:

min F (x) (E.1)

XEN

in which x denotes a set of parameters to be identified and F(x) represents the
objective function related to the inverse problem. In this scenario, the nonlinear
least square objective function is adopted here, as described in the following

equation:
F(x) = r(x)r(x) (E.2)
where
(%) = Yobs = Yprea (%) (E.3)

in which y, ;s represents the observed data and y,,.4 represents the model outcome

(predicted data). This approach is widely applied in several curve-fitting problems.
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Swoboda et al. (1999), Le, Fatahi and Khabbaz (2015) and Jiang et al. (2018)
adopted this function in their inverse analysis problems.

Several engineering applications compute the predicted data based on finite
element models. However, these mathematical models frequently have a high
computational cost. An approximate solution can be a good alternative since it can
reduce the computational time required in the optimization procedure. Therefore,
Yprea(x) is computed in this work using a proxy model, considering a fitness

approximation strategy (Jin, 2005).

For a generic parameter identification task, Figure 45 shows a flowchart of
the inverse analysis process adopted in this work. The predicted data is defined by
a previously built machine learning model, whereas the optimization method is a
genetic algorithm. This work adopts the real-coded genetic algorithm (Abreu, 2019;
Abreu, Mejia and Roehl, 2022b) presented in this appendix to identify material

parameters, solving problem (E.1).

r—— - - — — — — — — "

| l Acquire data Initialization

| Hyperparameter o |

| optimization o Proxy model |
Proxymodeling
r———————-—————-—-—7 7 r — — = L
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: el |+ “lton” [+ : D aneed :
| || | |
\ \
|  |Execute the genetic o i Calcula;;e tht? | Nonlinear least square |
operators o th::tlrlnzs; lvl? dlil\?isdl(l);ls objective function
| ; N i |
| e Y || |
Stoppi Update th
: pgpl?l:tior? : : / Observed data / :

Optimization algorithm Objective function definition

_——_—— —— — T — ] L e o — —_ — -

Optimal solution

Figure 45 Flowchart of the adopted parameter identification procedure
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The presented inverse analysis methodology was implemented in Minerva, a
program written in Python and designed to solve parameter identification problems
for user-defined mathematical models. Minerva is available on Eras Portal
(https://eras.tecgraf.puc-rio.br), a cooperative environment developed by Tecgraf
Institute/PUC-Rio to assist researchers who develop projects in geomechanics
(Limaet al., 2018).

From the parameter identification perspective, artificial intelligence
techniques are extensively employed. There are two key contexts for their use in
such applications: proxy modeling (Zhang et al., 2017; de Simone, Souza and
Roehl, 2019; Tripoppoom et al., 2019; Tripoppoom, Ma, et al., 2020; Tripoppoom,
Wang, et al., 2020; Tripoppoom, Xie, et al., 2020) and optimization (Xavier et al.,
2013; Yin et al., 2018; Jin and Yin, 2020). Machine learning algorithms and
stochastic optimization are vastly applied in those tasks. Therefore, this work adopts
the gradient boosting machine and a genetic algorithm, as described in the following

sections.

E.2.
Data acquisition

Since the machine learning modeling provides data-driven models to perform
regression and classification tasks, its preliminary stage is based on data acquisition.
Sample points of the original mathematical model must be generated to build a
proxy model using machine learning concepts. A dataset of the input variables must
be defined, having random sampling as a common approach (de Simone, Souza and
Roehl, 2019; Rao, Zhao and Deng, 2020). Thus, the results of the mathematical
model are collected. However, there are other valuable techniques to generate
datasets. Design of experiment methods are widely employed in experimental
(Wang et al., 2021; Sultana et al., 2022) and computational (Deshpande et al., 2011;
Aulia et al., 2019) scenarios. On the other hand, quasi-random sequences quickly
and uniformly produce sample points covering the domain of the problem. Low-
discrepancy sequences, such as the Halton and the Hammersley, are quasi-random
sampling methods commonly used in the quasi-Monte Carlo method (Evans and
Swartz, 2000). In addition, the Halton sequence is helpful for incremental sampling
(Wong, Luk and Heng, 1997).
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Wong, Luk and Heng (1997) studied the Halton and the Hammersley
sequences, which are deterministic formulae with roughly similar theoretical bases.
These formulae generate uniformly distributed and apparently stochastic sampling
patterns. Through experimental results, the authors showed that the Halton and
Hammersley sequences produced good sampling patterns, especially the second
one. On the other hand, Evans and Swartz (2000) highlighted that these sequences

should not be used in high-dimensional applications. As a rule of thumb, ten is the
limit number of dimensions (Head et al., 2021).
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Figure 46 Sample points from four sampling methods: (a) random sampling, (b) Latin hypercube
sampling, (c) Halton sequence, and (d) Hammersley sequence

Latin hypercube sampling (McKay, Beckman and Conover, 1979) is another
well-known technique extensively adopted in proxy modeling (Riazi et al., 2016;
Tripoppoom et al., 2019; Zhang et al., 2019; Kohler et al., 2020; Tripoppoom, Ma,
et al., 2020; Tripoppoom, Wang, et al., 2020; Tripoppoom, Xie, et al., 2020). The
method involves generating sample points considering a stratified domain which
improves their distribution in the problem domain. Importantly, Latin hypercube
sampling is a stochastic sampling method. Since the Halton and the Hammersley
sequences produce similar sample points, the latter and the Latin hypercube

sampling were utilized to respectively generate the training and test datasets
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required in the machine learning modeling. Furthermore, the Halton sequence was
applied in the sampling process related to the assumed hyperparameter optimization
algorithm. Figure 46 compares the sampling methods mentioned above.

E.3.
Gradient boosting machine

In regression analysis, a machine learning model establishes a mapping
between input and output variables. In this sense, the gradient boosting machine is
the selected method to build the proxy model of finite element simulations. In
regression tasks, this method usually consists of regression trees, which provide
predictions combining nested conditional statements (Kuhn and Johnson, 2013).
Therefore, the input variable space is divided into non-overlapping regions called
leaf nodes (James et al., 2013; Kuhn and Johnson, 2013). All data points belonging
to a specific region have the same predicted output (leaf weight), usually the
average outcome of the training data in the leaf node (James et al., 2013). These
models can effectively deal with several types of input variables without any data
scaling process (Kuhn and Johnson, 2013).

Hyperrectangular subspaces are widely adopted to define these leaf nodes for
their simplicity and interpretability (James et al., 2013). The algorithm presented
by Breiman et al. (1984) is extensively applied to split the input variable space into
several subspaces. This process, also known as recursive partitioning, begins at the
node representing the entire input variable space, the root node. This node is divided
into two branches, considering the input variable and the split value that typically
minimizes the sum of squared errors. Identifying the best input variable and split
value can be a fast task, mainly when the number of input variables is not too large
(James et al., 2013). Then, this splitting process is performed in each new subspace,
transforming leaf nodes into internal nodes and increasing the tree depth (the
longest path length from the root node to a leaf node). In practice, the process
continues until the leaf nodes reach a certain number of sample points (Kuhn and
Johnson, 2013).

In general, regression trees adequately predict the training data and produce
poor predictions for the test dataset (James et al., 2013). In addition, regression trees

have notable limitations: model instability (minor variations in the training data can
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radically alter the tree structure) and suboptimal predictive performance (since the
tree is defined by hyperrectangular subspaces that can yield substantial prediction
error in relation to other machine learning models) (Kuhn and Johnson, 2013). The
pruning approach (Breiman et al., 1984) is an attractive process to reduce the tree
structure and, consequently, tree complexity. Nonetheless, the regression trees are
not usually competitive with the best machine learning algorithms (James et al.,
2013). In this context, the boosting approach is widely utilized since it combines

multiple trees to achieve high prediction accuracy.

Boosting models work by sequentially adding predictive models, each
utilizing information from previously trained ones (James et al., 2013). The general
idea is to combine weak models to build a strong one (Kuhn and Johnson, 2013).
Gradient boosted regression trees are built using regression trees (Chen and
Guestrin, 2016). However, boosting is not restricted to tree-based models (James et
al., 2013). This work develops the proxy modeling through XGBoost, an open-
source library that provides a regularized gradient boosting system (Chen and
Guestrin, 2016). XGBoost is a robust and efficient implementation extensively
utilized in machine learning competitions (Chen and Guestrin, 2016; Xia et al.,
2017; Song et al., 2020; Wu, Chen and Liu, 2020; Shi et al., 2021) and engineering
applications (Song et al., 2020; Gu et al., 2021; Koc, Ekmekcioglu and Gurgun,
2021; Zhou et al., 2021).

The presented mathematical description is based on Chen and Guestrin

(2016). A gradient boosted regression tree f takes the following form:

FO) = 2w = folxd +1 ) filx) E4)
k=1

in which y; denotes a predicted value for a set of input variables x;, K represents to
the number of regression trees in the gradient boosting machine, f, corresponds an
initial prediction (usually fy,(x;) =0.5), f, for 1 <k <K corresponds an
independent regression tree, and 7 is the learning rate. The following loss function

£ defines the optimization problem required to build the set of regression trees:

1
(i3 = 2 (i — 91)* (E.5)
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where y; is the output to be learned by the machine learning model. Thus, the

objective function L(y,y) of the problem is defined according to Equation (E.6):

L) = ) £0u9) + ) 2D E6)
i=1 k=1

in which n is the number of sample points in the training dataset and 2 is a

regularization term that penalizes the complexity of the trees. This term is given by
1 2
Q) =T +aliwll +54lwliz (E.7)

where |||, and ||-]|, respectively denote the Manhattan and the Euclidian norms; T
is the number of leaf nodes in the tree f; w represents the leaf weights of the tree
f;and y, a and A are regularization parameters which are hyperparameters of the

gradient boosting machine.

Considering conventional optimization methods, Equation (E.6) cannot be
minimized since it includes functions as parameters. In this sense, the model is built
in an additive process. Considering a number k of trees, a regression tree f;, needs

to be added in the sequence of trees to minimize the following equation:

n k

L@ T = ) €0 9u) + )0 E8)
i=1

i=1
in which
Vik = Vik-1 + frr(x;) (E.9)

In this sense, f, is greedily included, improving the model sequentially. The
Newton-Raphson method is then applied to define the tree inserted in each iteration.
According to this method, the descent direction p,, is given by Equation (E.10).
Conceptually, this direction corrects the predecessor regression trees. Parameter n
theoretically works as a step size of the optimization method, being typically
constant and usually assuming a small value in order to prevent overfitting
(Friedman, 2001).
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(E.10)

Chen and Guestrin (2016) presented optimal strategies to train robust gradient

boosting machines efficiently. These processes are related to additional

hyperparameters that need to be optimized. In this sense, Table 13 describes all

hyperparameters studied in this study, as well as their attributes and adopted

domain.

Table 13 Description of the XGBoost hyperparameters, their domains and distributions

Hyperparameter Symbol

Data
type

Description

Upper Lower
bound bound

Distribution

n_estimators

max_depth

learning_rate

min_child_weight

subsample

colsample_bytree

colsample_bylevel

gamma
reg_alpha

reg_lambda

K

Integer

Integer

Real

Real

Real

Real

Real

Real
Real

Real

Number of regression
trees.

Maximum tree depth.
Learning rate.

Minimum sum of the
second derivative of the
loss function for the
sample points in a node.

Ratio between the
number of training
sample points for each
boosting iteration and
the total number of
training sample points.

Ratio between the
number of input
variables for
constructing each tree
and the total number of
input variables.

Ratio between the
number of input
variables for each level
and the total number of
input variables.

Complexity parameter.
L, regularization term.

L, regularization term.

1500

25

107!

15

10°
10°

10?

50 Uniform

3 Uniform

10~ Log-uniform

1 Uniform

0.5 Uniform

0.5 Uniform

0.5 Uniform

1073 Log-uniform
1073 Log-uniform

10~ Log-uniform
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E.4.
Multistep-ahead prediction

The proposed framework aims to identify parameters based on force-
displacement curves computed according to the structural behavior. In practical
terms, the rope of the displacements is comparable to the time. In this scenario,
these curves are handled as time series. As this work models such curves based on
a gradient boosting machine, this machine learning model must accurately predict
time series for a long horizon. The trained models must consider an appropriate
approach to perform time series prediction since this is a well-known challenging
task (Sorjamaa et al., 2007). In this sense, predicting time series values involves
calculating current values using previous data from the series (Sorjamaa et al., 2007;
Taieb et al., 2012).

Time series modeling can be used to predict the next time instant (one-step-
ahead prediction) or multiple time instants (multistep-ahead prediction) (Liu and
Zio, 2017). In the multistep-ahead prediction context, Taieb et al. (2012) described
several techniques to forecast time series that can be applied to any machine
learning model. Among these approaches, two techniques can be highlighted: the
direct and the recursive. On the one hand, the direct strategy predicts each time step
using distinct models. Therefore, all models have the same inputs: the known
current and the previous data. On the other hand, the recursive strategy involves
using predicted values as model input in the following prediction since history data

(moving window) is required.

The time series prediction faces difficulties with the accumulation of errors,
accuracy deterioration, and increased uncertainty since predicted values are used as
inputs (Cheng et al., 2006; Sorjamaa et al., 2007; Taieb et al., 2012). Nonetheless,
the recursive strategy is successfully applied in real-world applications of time
series prediction (Xue et al., 2019; Jing et al., 2020; Kohler et al., 2020; Gu et al.,
2021; Abreu et al., 2023a). Sorjamaa et al. (2007) and Hamzagebi, Akay and Kutay
(2009) observed in their study that the direct strategy outperforms the recursive one.
Nonetheless, Taieb and Hyndman (2014) presented some examples of time series
in which the recursive approach outperforms the direct one. Xue et al. (2019)
observed the benefits, in terms of performance, of using the recursive strategy

compared to the direct one employed in heat load forecasting for district heating
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systems. The combination of the XGBoost system and the recursive strategy was
adopted by Gu et al. (2021) and Xue et al. (2019) to model time series. As modeling
force-displacement curves involves long time series prediction, the recursive
strategy is indicated since it avoids training a distinct model for each time step,

reducing the modeling time (Xue et al., 2019).

To train the desired proxy model adopting the recursive strategy, the one-step-
ahead prediction is used. Equation (E.11) defines how the model f should be
trained. The presented strategy considers exogenous variables as model inputs
(Sorjamaa et al., 2007). In this work, the material parameters to be estimated

compose the major part of these exogenous variables.

p’\t+1 = f(ptl Pe—1s - Pt—h+1, X1, X2, "'rxm) (Ell)

in which p; is a predicted force intensity, p; is a known historical datum, t is the
time step, h is the moving window size, and x; is an exogenous variable of the set
of m variables. After training f, the following value p;., is predicted according to
Equation (E.12).

ﬁt+2 = f(p’\t+lfpt' v Pe—h+2, X1, X2, +ny xm) (ElZ)

The values p;i3,Prtar - Pryan are calculated using the same scheme
presented in Equation (E.12): the oldest input is removed and the last predicted
value is inserted. In this work, the known values p; to p;_j; for t < 0 are equal to
the initial force intensity p, = 0. Figure 47 describes the recursive strategy, relating
the exogenous variables (uniaxial tensile stresses f;, at which the damage process
Is initialized, cohesion ¢, and friction angle ¢) and the known and the predicted

time series values to each prediction.
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Figure 47 Schematic representation of the multistep-ahead prediction

E.5.
Hyperparameter optimization

Machine learning algorithms are directly dependent on a set of parameters
called hyperparameters. These are specified before the training stage, affecting how
the algorithm defines the mapping between inputs and outputs (Wu et al., 2019). A
proper definition of these hyperparameters can prevent the occurrence of
overfitting. In this sense, grid (Meng, Zhong and Wei, 2020; Zhang et al., 2020;
Wang et al., 2021) and random (Bikmukhametov and J&schke, 2019) searches are
vastly adopted to select proper hyperparameters in several machine learning
applications. In general, the random search outperforms the grid one, mainly in

high-dimensional problems (Bergstra and Bengio, 2012).

In the hyperparameter optimization scenario, Bayesian optimization is a
robust approach that outperforms grid and random searches (Bergstra et al., 2011;

Bergstra, Yamins and Cox, 2013; Nguyen, Liu and Zio, 2020). This procedure is
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widely utilized to optimize objective functions that require high computational
effort, tolerating noisy functions (Frazier, 2018). It is a derivative-free global
method that deals with nonconvex and noncontinuous functions, as well as with
black-box systems (Frazier, 2018; van Hoof and Vanschoren, 2021). This method
appropriately solves optimization problems with less than 20 dimensions (Hoffman,
Brochu and de Freitas, 2011; Frazier, 2018).

Bayesian optimization builds a probabilistic (proxy) model for the objective
function and exploits this model to define the following points of function
evaluation under uncertainty (Snoek, Larochelle and Adams, 2012; Frazier, 2018).
In this work, the initial sampling that defines the first proxy model is carried out
based on the Halton sequence. Thus, the proxy model is continually updated while
new points are computed through the optimization algorithm. A predefined number
of objective function evaluations is used as the stopping criterion. There are various
mathematical strategies to build this proxy model, such as tree-structured Parzen
estimator (Bergstra et al., 2011; Thornton et al., 2012; Bergstra, Yamins and Cox,
2013; Xiaetal., 2017), random forest (Thornton et al., 2012), and gradient boosting
machine (van Hoof and Vanschoren, 2021). This work assumes the well-known
Gaussian process model to build that proxy model, producing an efficient
hyperparameter optimization approach (Wu et al., 2019). Furthermore, this model
is broadly used in continuous optimization problems (Yang and Shami, 2020). That
is the case of the presented hyperparameter optimization task. Authors that integrate
the XGBoost system and Bayesian optimization are Xia et al. (2017), Shi et al.
(2021) and Zhou et al. (2021). Importantly, the scikit-optimize library (Head et al.,
2021) is adopted to perform the Bayesian optimization. Furthermore, scikit-learn
(Pedregosa et al., 2011) is a free library supporting some machine learning tasks,

considering the Python environment.

The Gaussian process regression is a probabilistic machine learning method.
Using previous knowledge, this algorithm provides predictions based on a
multivariate normal distribution ' (u,2) with mean vector u and covariance
matrix 2 (Murphy, 2012). The procedure defines a prior distribution over functions
used to characterize a posterior distribution based on known data (Murphy, 2012).
That process is a Gaussian random function entirely characterized by its mean

function m(x) and covariance function k(x, x") (Rasmussen and Williams, 2006),
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as presented in Equation (E.13). In addition, the covariance k(x, x") between F(x)
and F(x") is typically written as a function of the input variables x and x’
(Rasmussen and Williams, 2006). Any prior knowledge about m(x) is usually

unavailable and, by symmetry, m(x) = 0 can be considered (Bishop, 2006).
F(x)~GP(m(x), k(x,x")) (E.13)

Considering training dataset X and test dataset (unseen data) X,of n and n,
sample points, respectively, the training outputs y and the test outputs y, are
possibly corrupted by noise (Murphy, 2012). The multivariate normal distribution
of the training outputs y and the test outputs y, has the following form (Rasmussen
and Williams, 2006):

2
2] ~N([ﬂ,[" b ,'j]) €14

in which u = m(X), u, = m(X,), K = k(X,X) is a matrix of dimension n X n,
K, = k(X,X,) isamatrix of dimensionn X n,, and K,, = k(X,, X,) is a matrix of
dimension n, X n,. It should be highlighted that I represents the white noise
covariance function. According to Rasmussen and Williams (2006), to obtain the
posterior distribution over functions, it is required to constrain the prior distribution
in (E.14) to the functions that agree with the training sample points. As shown by
Murphy (2012), this operation can be performed by defining the following posterior

conditional distribution:

Y ly~N(. L) (E.15)
y.=um+K (K+oD'(y—n) (E.16)
Y=K, —KI'(K+oD7'K, (E.17)

where y, |y represents the probability distribution of y, when y assumes a specific

known value. Conditional probability is a crucial concept in Bayes’ theorem.

The outputs y, can be sampled from the posterior distribution based on the
mean vector (E.16) and covariance matrix (E.17). However, the mean vector y, can
be used to predict y, (Zhang et al., 2019). A typical assumption is g = u, =0

(Rasmussen and Williams, 2006; Wu et al., 2019) since it is simple and sufficient
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(Bergstra et al., 2011). Rasmussen and Williams (2006) presented an efficient
algorithm to make predictions based on Gaussian process regression.

Once defined the optimization procedure, the following phase is to define the
objective function. The present work proposes to specify the objective function
according to multistep-ahead prediction errors. A model trained to perform one-
step-ahead tasks is assessed for multistep-ahead prediction. Then, the
hyperparameters are selected to minimize k-fold cross-validation performance, the
average Root Mean Squared Error (RMSE). Considering regression tasks in
machine learning, both k-fold cross-validation (Thornton et al., 2012; VVasconcelos
et al., 2019; Wu et al., 2019; Yang and Shami, 2020; Koc, Ekmekcioglu and
Gurgun, 2021; Zhou et al., 2021; Sultana et al., 2022) and RMSE (Riazi et al., 2016;
Tripoppoom et al., 2019; Vasconcelos et al., 2019; Tripoppoom, Ma, et al., 2020;
Zhou et al., 2021) are vastly used in hyperparameter tuning. It should be highlighted
that each performance is computed using multiple multistep-ahead predictions, one
for each set of material parameters, as each set is associated with a specific time
series. Each series is kept complete in the folds created using cross-validation. The

proposed process is described in Algorithm 9.

Algorithm 9 Objective function adopted by the hyperparameter optimization task

Initialize:
f: Machine learning model defined by a predetermined set of hyperparameters
D: Full training dataset
k: Number of folds in the selected cross-validation method
&: Metric to evaluate model performance
Procedure:
1: Forifromltok:
2 Define the validation set D7* as fold i in D
3 Define the training set D™ as the remaining data in D
4 Define N as the number of time series in D%
5: Train the model f on D™ with the one-step-ahead prediction
6 For j from1to N:
7 Predict outcomes y; ; on DY using f and the recursive strategy
8 End
9: Based on &, evaluate performance E; using the outputs in D}* and yi,Vj €{12,..,N}
10: End
11: Calculate mean E = %Zf:l E; (standard deviation can be useful in further analyses)
12: Return E
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It is not recommended to minimize the objective function directly estimated
by y., owing to insufficient information from the small number of sample points
(Elsas et al., 2021). In this sense, an acquisition function typically designates new
candidates for the global optimum. The acquisition function defines where to
evaluate the objective function by balancing the trade-off between exploration
(related to global search) and exploitation (related to local search) (Frazier, 2018;
van Hoof and Vanschoren, 2021). Usually, the same point optimizes both the

acquisition and the objective functions (Wu et al., 2019).

Common acquisition functions are Probability of Improvement (Pl),
Expected Improvement (El), and Lower Confidence Bound (LCB). However,
Hoffman, Brochu and de Freitas (2011) argue that choosing the proper acquisition
function to deal with a specific problem is not trivial. Then, the authors proposed
the GP-Hedge approach that adaptively manages an acquisition function set. Using
the softmax function, this approach probabilistically selects one optimum among
those computed by all acquisition functions in a predefined set. GP-Hedge
satisfactorily solved the ten- and twenty-dimensional problems assessed by
Hoffman, Brochu and de Freitas (2011).

In this scenario, the parameters associated with Bayesian hyperparameter
optimization are presented in Table 14. As Snoek, Larochelle and Adams (2012)
suggested, the twice-differentiable Matérn covariance function is adopted for the
configuration established in Table 14. This work applies the limited-memory BFGS
optimization algorithm. Figure 48 shows the adopted machine learning modeling
process. After the hyperparameter tuning, if the final performance is not
satisfactory, it is necessary to return to the hyperparameter set or data acquisition

definitions.

Table 14 Bayesian hyperparameter optimization configuration adopted in this work

Gaussian process component  Symbol Description Value
o Standard deviation 1
Matérn covariance function k l Length-scale parameter 1
v Shape parameter for the Matérn family 2.5
White noise covariance function On Standard deviation 1
Pl and EI acquisition functions & Trade-off parameter 0.01
LCB acquisition function K Variance weight parameter 1.96

Softmax function n Weight parameter 1
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Figure 48 Flowchart of the proposed machine learning modeling

E.6.
Genetic algorithm

The genetic algorithm (Holland, 1975) is a computational model of biological
evolution that simulates Darwinian natural selection mechanisms. The algorithm is
a metaheuristic global optimization and search procedure inspired by natural
evolution. In this sense, an optimal solution of an objective function is computed

by applying selection, crossover and mutation operators through successive
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population generations. This section presents the algorithm implemented in the in-
house Python framework Minerva, used to solve parameter identification problems.

The former implementations of genetic algorithms considered a binary
codification to represent the candidate solutions. This procedure can adequately
solve several sorts of problems. Nonetheless, it may have a high computational cost,
especially for a high-dimensional continuous domain with great desired numerical
precision (Goldberg, 1991; Herrera, Lozano and Verdegay, 1998). This work
adopts a real-coded genetic algorithm that outperforms the binary-coded genetic
algorithm in continuous optimization since it is more precise, more consistent, and
faster in execution time (Michalewicz, 1996; Herrera, Lozano and Verdegay, 1998).
The genetic algorithm presented below is based on the studies of Kaelo and Ali
(2007), Sawyerr, Adewumi and Ali (2014), Jin et al. (2016), and Yin et al. (2017).

The algorithm is applied here to solve the optimization problem (E.1). The
domain 2 is defined as [; < x; < u;, suchthatl;,,u; € Randi € {1,2,...,D}. Each
vector of continuous components x is composed of D genes, representing each
vector component. The solution x* € 2 of the problem (E.1) is defined according
to F(x*) < F(x),Vx € 0.

This technique starts with a set of candidate solutions. In the genetic algorithm
context, this set is named population, whereas each solution in the population is
named individual. This study assumes that the population in the initial iteration
(generation) is produced using Latin hypercube sampling (McKay, Beckman and
Conover, 1979) to obtain N random sample points in a stratified domain, as adopted
by Jin et al. (2016) and Yin et al. (2018).

The fitness function guides the computational model toward the optimal
solution. Accordingly, the fitness function value increases as the individual
approximates the optimal solution. This function is defined according to the
objective function. Based on the classical methodology that applies minimization
methods to solve maximization problems, Equation (E.18) computes the fitness
function F (x) to solve the problem (E.1). The adopted fitness function is adequate
to deal with the selection mechanism presented in the next section. Additionally,
this strategy is robust to handle positive and negative objective function values of

any magnitude.
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F(x) =—F(x) (E.18)

Figure 49 illustrates the population evolution in this genetic algorithm
throughout the generations, in which the individuals’ fitness is improved
continually. As this algorithm is population-based, the global minimum (marked in
green) is the individual with the highest fitness function (or the lowest objective

function).
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Figure 49 Schematic depiction of genetic algorithm

E.6.1.
Genetic operators

This section describes the genetic operators applied in the algorithm. The
selection operator is crucial to maintain populational diversity because it selects
appropriate individuals to provide crossovers and mutations. According to Back
(1994), selective pressure characterizes the emphasis on choosing the best
individuals. The higher the selective pressure is, the more the best individuals are
benefited. Nevertheless, high selective pressure provides a less diverse population
(Mokhade and Kakde, 2014). This study adopts tournament selection, a process in
which a set of individuals is randomly chosen from the population in this selection
operator to compete with each other. The individual with the greatest fitness value
wins the tournament and is placed in an intermediate population, also known as
mating pool. Miller and Goldberg (1995) described this mechanism as simple to
implement on parallel and nonparallel frameworks, robust in the presence of noise,
and with adjustable selective pressure (altering the number of individuals in the
tournament). The tournament size defines the number of selected individuals. Here,
the tournament size is equal to two in order to preserve population diversity (Yin et
al., 2017).
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The arithmetic crossover linearly combines the genes x? and x? of two
different individuals from the mating pool, also called parents, to generate new
solutions, named offsprings (Sawyerr, Adewumi and Ali, 2014). Therefore, the

genes x and x” are defined as

¢ =axd+ (1 —a)x? (E.19)

= (- a)xl + axf (E.20)

in which «a; for each gene is a uniformly distributed random number generated
between —1 and 1. The presented crossover mechanism can produce individuals
outside the domain £2. Thus, the presented implementation performs new attempts

to generate other solutions inside the domain.

After the crossover execution, the mutation operator is performed to reduce
the chance of computing local minima. This mechanism randomly modifies the
genes of selected individuals to provide genetic diversity. This work applies the
nonuniform mutation (Kaelo and Ali, 2007). This operator carries out a uniform
search in domain £ in the initial generations, whereas it provides a local search in
advanced generations (Kaelo and Ali, 2007). Thus, this mechanism considers the
upper and lower bound u; and [; of each gene x; to generate the mutated gene x;,

according to

__(u+itw—x),  ifn <05
T { xi—&(tx —1), ifr>05 (E.21)
considering that
()

where r; and r, are uniformly distributed random numbers generated between 0 and
1; t is the generation number; and T is the maximum user-defined number of
generations. In this study, it is adopted b = 5, according to Elsayed, Sarker and
Essam (2010).
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E.6.2.
Genetic algorithm implementation

Since genetic algorithms are computational population models, a set of N
candidate solutions P, = {x},x7, ..., xY} is maintained in each generation t. The
initial population Py, is generated using Latin hypercube sampling in domain 2 and

the fitness values of all individuals of this population are calculated.

After defining the population, let t:=t+ 1 and apply the tournament
selection operator as described in the previous section to select a predefined number
of individuals M individuals in P,_; to compose the mating pool P,, whereas
M < N. As the adopted crossover operator produces two offsprings, M is an even
number in this work. Moreover, the operator is allowed to select an individual
multiple times. Next, the individuals in P, are paired and submitted to crossover

and mutation mechanisms.

The crossover mechanism generates M offsprings to compose the auxiliary
population P,. This operator is applied considering a probability p.. Two offsprings
are generated using Equations (E.19) and (E.20) if p, > p,, whereas p, is a distinct
uniformly distributed random number generated between 0 and 1 for each
crossover. These new individuals are placed in P,. If p, < p,, the selected parents

do not perform the crossover and are copied to P,.

While p, is a distinct uniformly distributed random number generated
between 0 and 1 for each gene of the individuals of P,, the mutation operator is
applied if p,,, > p,. Equation (E.21) is employed to mutate the selected genes of
these individuals. Thus, the individuals whose genes may or not have mutated are
placed in the auxiliary population P,. The fitness values of population P, can be

now computed.

At the end of generation t, the individuals in P, are placed in the main
population P,. Moreover, the elite, the best individuals of the population P;_; in
terms of the fitness function in Equation (E.18), are also placed in P,. Accordingly,
E = N — M represents the number of candidate solutions in the elite. This strategy
is called elitism. A new generation is set up considering the procedures previously
described unless the maximum number of generations T is reached. Figure 50

depicts a flowchart of the presented genetic algorithm.
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Figure 50 Flowchart of the presented genetic algorithm



