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Abstract

de Sousa Cruz, Antonio Lívio; Chen, Wei (Advisor). Investigating
quantum geometry and quantum criticality by a fidelity marker.
Rio de Janeiro, 2023. 49p. Dissertação de Mestrado – Departamento de
Física, Pontifícia Universidade Católica do Rio de Janeiro.

The investigation of quantum geometry in semiconductors and insulators
has become significant due to its implications for material characteristics. The
notion of quantum geometry arises by considering the quantum metric of the
valence-band Bloch state, which is defined from the overlap of the Bloch states
at slightly different momenta. By integrating the quantum metric through-
out the Brillouin zone, we introduce a quantity that we call fidelity number,
which signifies the average distance between adjacent Bloch states. Further-
more, we present a formalism to express the fidelity number as a local fidelity
marker in real space that can be defined on every lattice site. The marker can
be calculated directly by diagonalizing the lattice Hamiltonian that describes
particle behavior on the lattice. Subsequently, the concept of the fidelity num-
ber and marker is extended to finite temperature using linear-response theory,
connecting them to experimental measurements which involves analyze the
global and local optical absorption power when the material is exposed to
linearly polarized light. Particularly for two-dimensional materials, the ma-
terial’s opacity enables straightforward determination of the fidelity number
spectral, allowing for experimental detection of the fidelity number. Finally,
a nonlocal fidelity marker is introduced by considering the divergence of the
quantum metric. This marker is postulated as a universal indicator of quan-
tum phase transitions, assuming the crystalline momentum remains a valid
quantum number. This nonlocal marker can be interpreted as a correlation
function of Wannier states, which are localized wave functions describing elec-
tronic states in a crystal. The generality and applicability of these concepts
are demonstrated through the investigation of various topological insulators
and topological phase transitions across different dimensions. These findings
elaborate the significance of these quantities and their connection to various
fundamental phenomena in condensed matter physics.

Keywords
Topological insulators; Optical absorption; Quantum geometry; Quan-

tum phase transitions; Topological phase transitions.



Resumo

de Sousa Cruz, Antonio Lívio; Chen, Wei. Investigando geometria
quântica e criticalidade quântica por um marcador de fidelidade.
Rio de Janeiro, 2023. 49p. Dissertação de Mestrado – Departamento de
Física, Pontifícia Universidade Católica do Rio de Janeiro.

A investigação da geometria quântica em semicondutores e isoladores
tornou-se significativa devido às suas implicações nas características dos ma-
teriais. A noção de geometria quântica surge considerando a métrica quântica
do estado de Bloch da banda de valência, que é definido a partir da sobreposi-
ção dos estados de Bloch em momentos ligeiramente diferentes. Ao integrar a
métrica quântica em toda a zona de Brillouin, introduzimos uma quantidade
que chamamos de número de fidelidade, que significa a distância média entre
estados de Bloch adjacentes. Além disso, apresentamos um formalismo para
expressar o número de fidelidade como um marcador de fidelidade local no es-
paço real que pode ser definido em qualquer sítio da rede. O marcador pode ser
calculado diretamente diagonalizando o hamiltoniano da rede que descreve o
comportamento das partículas na rede. Posteriormente, o conceito de número
e marcador de fidelidade é estendido para temperatura finita utilizando a teo-
ria de resposta linear, conectando-os a medições experimentais que envolvem
analisar o poder de absorção óptica global e local quando o material é exposto
à luz linearmente polarizada. Particularmente para materiais bidimensionais,
a opacidade do material permite a determinação direta do número de fideli-
dade espectral, permitindo a detecção experimental do número de fidelidade.
Finalmente, um marcador de fidelidade não local é introduzido considerando a
divergência da métrica quântica. Este marcador é postulado como um indicador
universal de transições de fase quântica, assumindo que o momento cristalino
permanece um número quântico válido. Este marcador não local pode ser in-
terpretado como uma função de correlação dos estados de Wannier, que são
funções de onda localizadas que descrevem estados eletrônicos em um cristal.
A generalidade e aplicabilidade destes conceitos são demonstradas através da
investigação de vários isoladores topológicos e transições de fase topológicas em
diferentes dimensões. Essas descobertas elaboram o significado dessas quanti-
dades e sua conexão com vários fenômenos fundamentais na física da matéria
condensada.
Palavras-chave

Isolantes topológicos; Absorção óptica; Geometria quântica; Transições
de fase quânticas; Transições de fase topológicas.
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1
Introduction

In solids with a periodic crystalline structure, the momentum of the
electrons are confined within a region in the momentum space called Brillouin
zone (BZ). The BZ may be considered as a compact manifold constructed
from a set of points in the momentum space, thanks to the periodicity of the
lattice. The energy dispersion of the electrons manifests as multiple bands
in the BZ, and from the filling of the electrons in the band structure, one
classifies the materials as metals, semiconductors, or insulators. Particularly
for semiconductors and insulators that have a band gap, all the bands below
the chemical potential are filled and all the bands above are empty, giving rise
to the notion of valence and conduction bands, respectively. Given the current
interest in the exploration of insulating and semiconductor materials, especially
about their topological properties, the band structure analysis becomes even
more intriguing[1, 2].

Because semiconductors and insulators exhibit a band gap, their valence
bands are fully occupied at zero temperature, which leads to fascinating
outcomes. Firstly, the Fermi statistics ensures that the wave function |ψ(k)⟩ of
the filled valence bands at a specific momentum must be fully antisymmetric
with respect to exchanging the band index. From this fully antisymmetric
valence band wave function, an intriguing feature that arises is the notion of
quantum geometry, defined in the following manner. The overlap of a valence
band state at k with its neighbor at k + δk is described by |⟨ψℓk(k)|ψℓk(k +
δk)⟩| = 1 − 1

2gµνδkµδkν . This overlap of Bloch states, which is often called
the fidelity, defines the quantum metric gµν(k), which characterizes how these
states change in the BZ manifold [3]. The concept of fidelity is based on measure
how much similar is a quantum state from another one and can be related to
characterization of quantum phase transition [4, 5, 6, 7, 8, 9, 10]. The quantum
metric can therefore be seen as a fidelity susceptibility, in the sense that it
describes how the fidelity is susceptible to the change of momentum, thereby
characterizing the evolution of the fully antisymmetric valence band state over
the BZ. On the other hand, from a geometrical point of view, the quantum
metric brings many interesting aspects in differential geometry into the BZ
manifold. For instance, one can define a geodesic running through the Hilbert
space along which the valence band state changes the least. Moreover, a D-
dimensional BZ can be viewed geometrically as a TD torus, implying that it
can be parameterized by a set of periodic coordinates k = {k1, k2, ..., kD}. As
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a result, the momentum integration of the quantum metric can be interpreted
as the average distance between neighboring Bloch states on the manifold,
leading to a number that is the main focus of this thesis that we call the fidelity
number[11]. This fidelity number can be regarded as a differential geometrical
property of the manifold, and moreover, we will elaborate that it is equivalent
to the so-called spread of Wannier functions [12, 13, 14], an important quantity
that has been investigated quite intensively within the context of first- principle
calculation of band structures.

Mathematically, the quantum metric and another important concept in
quantum mechanics, namely the Berry curvature, are very similar objects in
the sense that one is the real part and the other the imaginary part of a more
generalized concept called quantum geometric tensor. It then follows that the
momentum integration of the quantum metric can be directly compared to the
momentum integration of the Berry curvature, which in 2D materials is known
as the Chern number [15]. Thus, comprehending the theoretical background
behind the Berry curvature becomes a powerful tool to develop a similar
approach for the quantum metric.

We will further demonstrate a formalism that converts the fidelity
number into a function of real space positions, which is done via utilizing the
identity that establishes a connection between Bloch and full wave functions
[4, 5, 6, 7, 8, 9, 10]. Employing this identity, the derived expression used
to obtain the fidelity number can be rewritten in a projector formalism.
Consequently, this representation leads to a more concise expression that can
also yield other insightful results, as the object called fidelity operator [11].
Building on a similar approach taken from the Chern number, the locality
characteristic of the Wannier functions can be exploited in investigating the
quantities of interest in this work.

By unifying this idea with the operator formalism, a path is paved to
obtain a quantity of great interest in this work – the local fidelity marker.
To introduce this marker, it becomes enriching to compare it to the Chern
marker, which maps the Chern number of 2D materials in real space using
the same operator formalism [16, 17, 18]. Also, in the same way as the Chern
marker, the fidelity marker can be derived from the diagonal elements of the
fidelity operator. The importance of this local fidelity marker lies in the fact
that it facilitates the transition from momentum space to real space, offering a
detailed profile of the quantum phase for each unit cell of the system. This real
space representation provides a richer understanding of the system’s properties
and opens up new avenues for exploring and manipulating quantum phases in
condensed matter systems and beyond.
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Another interesting quantity we have introduced into this project comes
from the consideration of the Fourier transform of the quantum metric, which
results in what we call the nonlocal fidelity marker. Physically, The Fourier
transform of the quantum metric is the Wannier state correlation function,
which can also be displayed in real space to create a map just like the local
marker. This nonlocal marker is constructed by choosing an arbitrary point
of the material and profiling a map that shows the fidelity number associated
to this point related to all the rest of the material. It is also very important
for this work because it is potentially a universal indicator of quantum phase
transitions. This suggestion is based on the fact that this nonlocal marker
senses the divergence of the quantum metric when the system approaches
a quantum phase transition [4, 5, 6, 7, 8, 9, 10], as long as the crystalline
momentum k remains a valid quantum number.

The linear response theory will manifest as an important ingredient in
this work, since it can be used to build an expression for the quantum metric
which consider the effects of temperature [19]. The essence of this theory is to
consider a semiconductor or insulator subject to a small external perturbation
and determine the behavior of this system according to its response to such
stimulus. To be more specific, we analyze the optical conductivity of a system
subjected to an external electrical field, and relate this conductivity to the
quantum metric. Our theory shows that is possible to develop a way to connect
the spectral function of the fidelity number to the opacity of the material, which
can be locally measured. Furthermore, it is shown that finite temperature can
also be incorporated into the fidelity number, making it closer to describe
realistic optical absorption experiments. In a similar way to what was done
to obtain the local fidelity marker at zero temperature, our formalism can
be adopted to introduce a finite temperature fidelity marker. This means
that the projector formalism was also used, considering the presence of the
Fermi distribution and the different way of counting energy levels. It then
follows that this finite temperature fidelity marker can be directly linked to
the local optical absorption power of a real material, which may be measurable
by scanning thermal microscopy [20, 21, 22, 23]. As concrete applications
of the quantities introduced in our work, several one-dimensional (1D) and
two-dimensional (2D) lattice models will be investigated. The lattices were
simulated using tight-binding Hamiltonians,numerically diagonalized in order
to use their eigenstates and eigenenergies for the calculation of the markers.

The structure of the thesis is organized in the following manner. We
first comment on the theoretical background of the quantum metric, and
then proceed to introduce the fidelity number and fidelity marker at zero
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temperature using the projector formalism. The introduction of nonlocal
fidelity marker from the Fourier transform of the quantum metric is then
elaborated. We then generalize all these quantities to finite temperature using
a linear response theory of optical conductivity, which also links the spectral
functions of fidelity number and fidelity marker to the optical absorption power
of 3D materials, and the opacity of 2D materials, which clarify the experimental
measurements for these quantities. For concreteness, the application of the
theoretical framework to 1D and 2D lattice models of topological insulators
is shown, and we will put a particular emphasis on the behavior closer to
topological phase transitions. Finally, the work is concluded with a brief
summary of what was done. Concluding then, commenting, in general, the
results obtained after the whole process described throughout the work.



2
Mapping quantum geometry and quantum phase transitions

2.1
Introduction to Berry phases and curvatures on topological physics

Topological physics is a useful field in physics that helps to comprehend
various physical phenomena and investigate the geometrical properties of
materials. In recent times, its applications have become more significant,
mainly due to the work of Sir Michael Berry in arranging and popularizing
the theory about the Berry phase and related concepts[24].

The first concept being discussed is the Berry phase, also known as geo-
metric phase, which is closely linked to how a state is transported adiabatically
around a parameter space. To better understand this concept, a state denoted
by |uλ⟩ is used, where λ represents here the number of steps in a discrete pro-
cess of the evolution of this state around a closed path, as depicted in figure
2.1.

|u1 = |u

|u2

|u3

|u4

|u5

|u6

|u7

|u8

. . .

|u 1

Figure 2.1: Schematics of the evolution of the state along a closed trajectory,
which is discretized into small steps.

As the path is closed, the final stage of the state is essentially the
same as the initial stage, so |uλ⟩ = |u1⟩. This evolution process resulting
in an accumulated global phase that is described by the Berry phase, whose
formulation in discrete case is

ϕ = −Imln [⟨u1|u2⟩⟨u2|u3⟩...⟨uλ−1|u1⟩] = −
λ−1∑
i=1

Imln⟨ui|ui+1⟩. (2-1)

To express the geometric phase in a continuous way, we consider the loop to
exist in a space with a parameter λ, and the state |uλ⟩ is now a differentiable
function with respect to λ. We can expand the right-hand term of eq. 2-1 by
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assuming that uλ and uλ+dλ are related by a first-order differential equation
in dλ, resulting in the form:

ln⟨uλ|uλ+dλ⟩ = ln⟨uλ|
(

|uλ⟩ + dλ
d|uλ⟩
dλ

+ . . .

)

= ln

(
1 + dλ

〈
uλ|duλ

dλ

〉
+ . . .

)
(2-2)

= dλ

〈
uλ|duλ

dλ

〉
+ . . . ,

where we have used ∂λ = d/dλ as a shorthand notation and ignored the high-
order terms in dλ (represented by ". . . "). In the continuous limit, the Berry
phase takes the form:

ϕ = −Im
∮

⟨uλ|∂λuλ⟩dλ, (2-3)

where the integrand is purely imaginary, since its real part is zero. This can
be further simplified to:

ϕ =
∮

⟨uλ|i∂λuλ⟩dλ, (2-4)

which was originally formulated by Berry in 1984[25]. An important character-
istic of it is its gauge invariance modulo 2π, i. e., under a gauge transformation
it takes the form ϕ̃ = ϕ+ 2πn, where n is an integer number, and this is why
it’s called a phase.

It is worth noting that in the expression for the geometrical phase given
in equation 2-4, the integrand on the right-hand side is a mathematical concept
known as the Berry connection or Berry potential [24]. The Berry connection,
denoted by A(λ), is a vector-valued function defined as:

A(λ) = ⟨uλ|i∂λuλ⟩. (2-5)

It should be emphasized that unlike the Berry phase (when it’s considered as
a phase angle), the Berry connection is not a gauge-invariant quantity, then
it depends on the choice of a phase[25]. And, it is also very important for the
construction of the concept in the following section.

Berry curvature

The Berry curvature is a significant quantity in the understanding of
various phenomena in quantum mechanics, such as the quantum Hall effect,
topological insulators, and topological phases of matter[1, 26]. It arises from
the study of the geometric properties of the wave function.
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To extend the previous notation to a two-dimensional parameter space,
the vectors |uλ⟩ are now functions of λ = {λx, λy}. Similarly, there is a
formulation for a two-dimensional Berry connection vector A = {Ax, Ay},
which also depends on λ, given by:

Aµ = ⟨uλ|i∂µuλ⟩, (2-6)

where ∂µ = ∂/∂λµ and the symbol µ is used here just as a generalization to
represent a direction, which in this case can be {x, y}.

This way, the Berry curvature can be defined as the curl of the Berry
connection[25]. Then, considering a surface S surrounded by its contour C, it
can be defined as

Ωxy = ∂xAy − ∂yAx, (2-7)
and is possible to proceed with its representation, writing it in a generalized
form, doing

Ωµν = ∂µAν − ∂νAµ = ∂µ⟨u|i∂νu⟩ − ∂ν⟨u|i∂µu⟩

= ⟨∂µu|i∂νu⟩ +������⟨u|i∂µ∂νu⟩

− ⟨∂νu|i∂µu⟩ −������⟨u|i∂ν∂µu⟩

= −Im⟨∂µu|∂νu⟩ + Im⟨∂νu|∂µu⟩, (2-8)

where, knowing that ⟨∂νu|∂µu⟩∗ = ⟨∂µu|∂νu⟩, it is certain that Im⟨∂νu|∂µu⟩ =
−Im⟨∂µu|∂νu⟩, then it is finally possible to reach

Ωµν = ∂µAν − ∂νAµ = −2Im⟨∂µu|∂νu⟩. (2-9)

Once the Berry curvature was introduced, now it is possible to comment about
the "Berry flux" ΦS, through a surface S surrounded by a contour P

ΦS =
∫

S
Ω(λ)dS =

∮
P

A · dλ

= ϕP

(2-10)

which is shown to be equal to the Berry phase around P through the use of
the Stokes’ theorem. The calculations presented in Eq. 2-10 hold significant
importance in the formulation of the upcoming theorem, as discussed in the
following section.

The Chern number

The Chern theorem, which is also referred to as the Chern-Gauss-Bonnet
theorem, is a crucial outcome in differential geometry that links the geometry
of a smooth manifold to its topology. Its main idea is that the total curvature
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of a manifold is connected to a specific differential form called the Chern form,
which is determined by the curvature of the manifold’s tangent bundle. This
connection is expressed as an integral over the manifold. This procedure is
mathematically described by the following expressions:∮

S
Ω ·dS = 2πC, (2-11)

and then, employing the Stoke’s theorem,∫
S

Ω ·dS :=
∮

P
A · dλ. (2-12)

The significance of the Chern number C lies in its association with the
quantized Hall conductance[15] and its prominent role as an example of
topological order. The main objective of this work is to introduce the concept
of quantum metric and the fidelity number, which exhibit a remarkable
resemblance to the Berry curvature and the Chern number discussed in the
previous section, as detailed below.

2.2
The local fidelity marker at zero temperature

The study of quantum geometric properties is a crucial aspect of under-
standing the behavior of materials at the nanoscale. The primary aim of this
work is to explore the integration of the quantum metric in momentum space
for individual lattice sites. This approach enables a comprehensive analysis of
the material’s quantum geometric properties on a site-by-site basis, providing
a detailed profile of the behavior of these properties throughout the entire
material.

Traditionally, the characterization of materials’ geometric properties has
been limited to global measures such as the curvature and torsion of a surface
or the Euler characteristic of a manifold. However, in recent years, there has
been a growing interest in studying the geometric properties of materials at
the atomic scale, where quantum mechanics plays a dominant role. This has
led to the development of the concept of quantum geometry, which describes
the behavior of quantum systems in terms of their geometric properties.

In this context, the integration of the quantum metric in momentum
space for each site on a lattice provides a powerful tool for analyzing the
behavior of materials at the nanoscale. This approach allows for a more detailed
and accurate description of the quantum geometric properties of the material,
taking into account the local variations in these properties that can arise from
the complex interactions between atoms.

Overall, this work demonstrates the potential of the integration of the
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quantum metric in momentum space for understanding the behavior of mate-
rials at the nanoscale. The ability to analyze the material’s quantum geometric
properties on a site-by-site basis provides a more comprehensive understand-
ing of the material’s behavior, which could have significant implications for
the development of new materials with tailored quantum properties for use in
a wide range of applications.

Gapped insulating materials as TIs can be characterized by a Hamilto-
nian, denoted by H, in momentum space, which satisfies the secular equation
H|ψℓk⟩ = ϵℓk|ψℓk⟩. Here, |ψℓk⟩ represents the Bloch eigenstates, ϵℓk are their
respective eigenenergies and is important to mention that the letters ℓ, n and
m will be used hereafter to indicate all the bands of the material, the valence
bands and the conduction bands respectively. Geometrically, the quantum met-
ric in the Hilbert space can be defined by the overlap of the eigenstate at
momentum k with itself at a different momentum k + δk

|⟨ψℓk(k)|ψℓk(k + δk)⟩| = 1 − 1
2gµνδkµδkν , (2-13)

which gives rise to the expression[3]

gµν(k) = 1
2⟨∂µψℓk|∂νψℓk⟩ + 1

2⟨∂νψℓk|∂µψℓk⟩ − ⟨∂µψℓk|ψℓk⟩⟨ψℓk|∂νψℓk⟩. (2-14)

This expression is gauge invariant, just like the Berry curvature.. Taking the
periodic part of the Bloch state for all the bands uℓk(r) = e−ik·rψℓk(r) =
⟨r|uℓk⟩, it satisfies the condition uℓk(r) = uℓk(r+R), that means it is invariant
under a translation to a different position represented by the Bravais vector R.
Then, to find the correspondent Wannier state |Rℓ⟩ of each Bloch state |uℓk⟩,
and contrariwise, is necessary to do a transformation using the relations

|uℓk⟩ =
∑
R
e−ik·(r−R)|Rℓ⟩, |Rℓ⟩ =

∑
R
e−ik·(r−R)|uℓk⟩, (2-15)

where the obtained Wannier state corresponds to a Wannier function Wℓ(r −
R) = ⟨r|Rℓ⟩, which has the feature of been high localized function on the
position R.

To describe the quantum geometry of insulators and semiconductors,
one must respect the Fermi statistics of electrons in a multiband system. This
means that the right quantity to begin with is the fully antisymmetric Bloch
state constructed out of all valence bands

|ψ−(k)⟩ = 1√
N−!

ϵ12...N− |u1k⟩|u2k⟩ ... |uN−k⟩, (2-16)

where the eigenvectors |unk⟩ of the N− valence bands forms its basis. A
straightforward calculation leads to an expression for the quantum metric of
this fully antisymmetric state [27]
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gµν(k) =1
2⟨∂µψ

−|∂νψ
−⟩ + 1

2⟨∂νψ
−|∂µψ

−⟩ − ⟨∂µψ
−|ψ−⟩⟨ψ−|∂νψ

−⟩

=1
2
∑
nm

[⟨∂µun|um⟩⟨um|∂νun⟩ + ⟨∂νun|um⟩⟨um|∂µun⟩] .
(2-17)

Thus, a similar process used to find the Chern number is now used to find
the fidelity number, what means that it can be obtained by integrating the
quantum metric in eq.(2-17) over momentum as

Gµν =
∫ dDk

(2π)D
gµν(k)

= 1
2ℏ2

∫ dDk
(2π)D

∑
nm

[⟨ψnk|µ̂|ψmk⟩ ⟨ψmk|ν̂|ψnk⟩ + (µ ↔ ν)]
(2-18)

and is possible to see that the expression for the quantum metric is different
to the previously shown, and this happens by the using of the the first part of
the identity [13, 14, 18, 28, 29, 30]

i ⟨um|∂µun⟩ = 1
ℏ

⟨ψmk|µ̂|ψnk⟩

=
∑
R

eik·R

ℏ
⟨0m|µ̂|Rn⟩ =

∑
R

e−ik·R

ℏ
⟨Rm|µ̂|0n⟩

which one is basically a representation to the link between the Bloch and
Wannier states by Fourier transformation with m ̸= n, and thanks to it, the
constant ℏ appear in the equations. And the operators µ̂ and ν̂ denotes here
the position operators for the whole lattice in each direction, which are defined
by

µ̂ =
∑
r,σ

|r, σ⟩µr⟨r, σ| ≡
∑

r
|r⟩µr⟨r|,

ν̂ =
∑
r,σ

|r, σ⟩νr⟨r, σ| ≡
∑

r
|r⟩νr⟨r|,

(2-19)

where σ represents here any internal degree of freedom that can be present in
the unit cell, and r is the position of each site. Then, the next step is separate
the momentum integration in two integrals, one in k and other in k′, dividing
them by (ℏ/a)D, where a is the distance between the sties, leading to

Gµν = ℏD−2

2aD

∫ dDk
(2πℏ/a)D

∫ dDk′

(2πℏ/a)D
×

×
∑
nm

[⟨ψnk|µ̂|ψmk′⟩ ⟨ψmk′|ν̂|ψnk⟩ + (µ ↔ ν)] , (2-20)

in which, the integrals in "different" variables are used to separate the integra-
tion over the valence and conduction bands, where k is related to the valence
band and k′ to the conduction band. Moreover, the second line can be at-
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tributed to the fact that the matrix elements become zero when k is not equal
to k′. The constant (ℏ/a)D, where aD is basically a D-dimensional volume of
the primitive cell, was putted here by an algebraism aiming to relate the Bloch
states to the Wannier states, as shown in the second part of the identity in
eq.(2-19). This way, the expression for the fidelity number can be manipulated
to be expressed in terms of the Wannier states and takes the form

Gµν =
∑
nm

∑
R

1
2[⟨0n|µ̂|Rm⟩⟨Rm|ν̂|0n⟩ + (µ ↔ ν)]. (2-21)

Then, the fidelity number can also be written in terms of the Wannier functions
as

Gµν =
∑
nm

∑
R

1
2

∫
dr
∫
dr′[µrW

∗
n(r)Wm(r − R)×

× νr′W ∗
m(r′ − R)Wm(r′) + (µ ↔ ν)], (2-22)

which ones will be integrated over the positions r and r′ of different atoms, to
count the contribution over each site of the system.

Supposing now that H is a tight-binding Hamiltonian for a D-dimensional
lattice expressed as H = ∑

rrσσ′ trr′σσ′c†
rσcr′σ′ , where r is the positions of the

sites, σ represents any degree of freedon, such as spin, and trr′σσ′ is the
hopping term. Diagonalizing this Hamiltonian by the secular equation leads
to its eigenenergies and eigenstates according to H |ϵℓ⟩ = ϵℓ|ϵℓ⟩. It is then
employed a projector formalism to rewrite Eq. 2-20 completely in terms of
these lattice eigenstates. This is done by identifying the momentum integration
of the projectors of momentum eigenstates with the sum of lattice eigenstates
[18]

P̂ =
∑

n

∫
BZ

dDk
(2πℏ/a)D

|ψnk⟩⟨ψnk| →
∑

n

|ϵn⟩⟨ϵn|,

Q̂ =
∑
m

∫
BZ

dDk′

(2πℏ/a)D
|ψmk′⟩⟨ψmk′| →

∑
m

|ϵm⟩⟨ϵm|.
(2-23)

The projector P̂ is calculated using the valence band eigenstates, while Q̂ is
calculated using the conduction band eigenstates and both of them can be
related by P̂ = I − Q̂. Here is possible to see that the earlier introduction of
the term (ℏ/a)D fits with the intention to use these operators in the calculations
of this work, turning them more practical.

When introducing this projectors tho build a new formulation for calcu-
lations, the expressions takes a more compact form. This way, knowing that
the projectors are matrices, the main diagonal elements obtained after make
the operations due the process to find the fidelity number will be the value
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of this quantity for each site of the lattice. Then, the sum is replaced by the
trace of the resultant matrix and the calculation of the fidelity number can be
denoted as

Gµν = ℏD−2

aDN
Tr
[1
2
(
P̂µ̂Q̂ν̂ + P̂ν̂Q̂µ̂

)]
, (2-24)

where µ̂ and ν̂ are the position operators related to two arbitrary directions
and N is the number of unit cells. Now, the expression of eq.(2-24) can be
rewritten calling the trace as the sum over the position of each site

Gµν = ℏD−2

aDN
Tr
[1
2
(
P̂µ̂Q̂ν̂P̂ + P̂ν̂Q̂µ̂P̂

)]
= 1
N

∑
r

Gµν(r), (2-25)

considering that only the main diagonal elements are necessary now, these
elements leads to another quantity named local fidelity marker, whose repre-
sentation is

Gµν(r) = ℏD−2

aD

∑
σ

〈
r, σ

∣∣∣∣[1
2
(
P̂ µ̂Q̂ν̂P̂ + P̂ ν̂Q̂µ̂P̂

)]∣∣∣∣ r, σ〉

≡ ℏD−2

aD

〈
r
∣∣∣∣[1

2
(
P̂ µ̂Q̂ν̂P̂ + P̂ ν̂Q̂µ̂P̂

)]∣∣∣∣ r〉 ,
(2-26)

whose part of it, denoted as 1
2

(
P̂µ̂Q̂ν̂P̂ + P̂ν̂Q̂µ̂P̂

)
, will be treated here

separately and called as fidelity operator

Ĝµν ≡ 1/2[P̂µ̂Q̂ν̂P̂ + P̂ν̂Q̂µ̂P̂]. (2-27)

It is interesting to mention that, from eq.(2-25) onwadrs, the operator
Ĝµν is written multiplied by P̂ by the right. This modification is made based
on observation of numerical results, and is essential to observe the profile of
the marker offered by its main diagonal.

The main goal of the present work is to show that the integration of
quantum metric in momentum space can be defined for each site on a lattice
using the fidelity operator in Eq. 2-27, which allows to show the geometrical
properties of the material site by site on the lattice. It will be seen in the next
section how this is done explicitly.

2.3
Formulation of a quantum phase transition detector: the non-local fidelity
marker

Focusing on the zero temperature regime, the fact that the quantum
metric diverges near a phase transition can be exploited in another way, namely
by integrating the metric over momentum space to yield the fidelity number,
and then express it in real space to give a fidelity marker. In addition, the
divergent quantum metric also gives rise to the formulation of a non-local
fidelity marker which is proposed to be able to be used as a universal indicator
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for quantum phase transitions. These quantities will be introduced in this
section.

This marker works relating a lattice site in position r to another observed
site in position r + R′, offering a correlation between them. Therefore, since
the local marker is obtained by the diagonal elements of the fidelity operator
matrix

Gµν(r) = ⟨r| Ĝµν |r⟩, (2-28)
This quantity referred to as the fidelity marker. Physically, in a translationally
invariant system, ideally it should give a constant on every lattice site, and
the constant is equal to the fidelity number. In this manner, the fidelity
number has been inscribed into a real space object. The second quantity under
consideration is the Fourier transform of the quantum metric

g̃µν(R′) =
∫ dDk

(2π)D
gµν(k)eik·R′

. (2-29)

The motivation of considering this Fourier transform is that because the
quantum metric generally diverges somewhere in the momentum space near
a phase transition, it will likely diverge with a peak shape, and hence the
Fourier transform of the peak should give a quantity in real space that carries
some information about the diverging quantum metric. Thus, the suggestion
proposed by this work is that this Fourier transform may serve as a universal
indicator for any quantum phase transitions. In fact, one can use the Wannier
state formalism to write this Fourier transform into a form that looks like
a correlator between Wannier states. This is done by first using the same
formalism as Eq. 2-18, yielding

g̃µν(R′) = ℏD−2

aD

∑
n

∑
m

∫ dDk
(2πℏ/a)D

∫ dDk′

(2πℏ/a)D
×

× 1
2
[
⟨ψnk|µ̂|ψmk′⟩ ⟨ψmk′|ν̂|ψnk⟩ eik·R′ + (µ ↔ ν)

]
, (2-30)

where using the Bloch function property of periodicity, due to the crystalline
aspect of the lattice, implies that ⟨r|ψnk⟩eik·R′ ≡ ⟨r+R′|ψnk⟩ is a valid relation
for the projection of the wave function. Hence, through using again the identity
in eq. 2-19, it can be rewritten as

g̃µν(R′) =
∑
nm

∑
R1

1
2 [⟨0n|µ̂|R1m⟩ ⟨(R1 + R′)m|ν̂|0n⟩ + (µ ↔ ν)] , (2-31)

where R1 is the parameter related to the use of such identity, and now, is
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possible to present this correlation function in terms of the Wannier functions

g̃µν(R′) =
∑
nm

∑
R1

1
2

∫
dr
∫
dr′[µrW

∗
n(r)Wm (r − R1) νr′×

×W ∗
m (r′ − R1 − R′)Wn (r′) + (µ ↔ ν)]. (2-32)

It will behaves as a superposition of the Wannier functions where,
out of the thermodynamic limit, it will only be different from zero in the
positions of the lattice sites. Then, gives rise to the non-local fidelity marker
Gµν(r + R′) = ⟨(r + R′)| Ĝµν |r⟩, which lim

N→+∞
Gµν(r + R′) = g̃µν(R′), and will

correspond to the (r + R′, r)-th off-diagonal matrix elements of the fidelity
operator matrix.

Turning back to the formalism used in the present work, the non-local
fidelity marker is denoted by

Gµν(r + R′, r) = ℏD−2

aD
Re

{∑
σ

〈
r + R′, σ

∣∣∣∣[1
2 P̂ µ̂Q̂ν̂P̂ + (µ ↔ ν)

]∣∣∣∣ r, σ〉
}

≡ ℏD−2

aD
Re

{〈
r + R′

∣∣∣∣[1
2 P̂ µ̂Q̂P̂ + (µ ↔ ν)

]∣∣∣∣ r〉} ,
(2-33)

using the real part of the terms in the trace and ignoring again the degree
of freedom represented by σ, the similarity with the expression for the local
fidelity marker is clear.

2.4
Linear response theory and the finite temperature fidelity marker

Linear response theory is a branch of physics that deals with the
relationship between a system’s response to an external stimulus and the
strength of that stimulus. The theory provides a mathematical framework
for describing the behavior of a wide range of physical systems, including
mechanical, electrical, and biological systems. In linear response theory, the
response of a system to a small perturbation is assumed to be linearly
proportional to the strength of the perturbation. This means that if the system
is subject to a small external force or disturbance, its response will be directly
proportional to the strength of the force or disturbance. This assumption is
valid when the perturbation is small enough that it does not significantly
alter the behavior of the system. Linear response theory is used to study a
wide range of physical phenomena, including the behavior of materials under
stress, the dynamics of chemical reactions, the response of biological systems
to environmental changes, and the properties of complex systems such as fluids
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and plasmas. It is also used in the development of control systems, where the
goal is to manipulate a system’s response to achieve a desired outcome.

In this work, the aim is to elaborate an expression for the fidelity
marker considering temperature and connecting it to measurable quantities, is
proposed through the linear response theory. The first step to its development
is denote the quantum metric spectral function of a system subjected to an
oscillating electrical field [19]

Relations with experimentally measurable quantities

The connection with experimental results comes from the optical re-
sponse of the material. This is made considering the system affected by an
oscillating electric field Eµ, which induces a current that can be described by a
current operator in momentum space ĵµ = e ∂µ H [31], where H is the Hamil-
tonian in momentum space k for a system with a D-dimensional volume of its
unit cell equal to aD and e is the electron charge. Once the induced current can
be obtained, using the linear response theory for a non-interacting system [32]
it is possible to obtain the finite temperature longitudinal optical conductivity.
To formulate the conductivity in momentum k, is necessary to start with the
current operator in the second quantization form

ĵµ(k) = e
∑
ℓ<ℓ′

⟨uℓ|∂µH|uℓ′⟩c†
ℓkcℓ′k. (2-34)

The formalism can be applied to interacting systems as well, H + H′, where
H′ is the interacting Hamiltonian. Then, in the most general case, , the time-
evolution of the current operator is givem by

ĵµ(k, t) = ei(H+H′)tĵµ(k)e−i(H+H′)t. (2-35)

With the purpose of calculate the current at momentum k caused by applying
an electromagnetic wave, the perturbation is described by the minimal cou-
pling. Assuming the electric field E⃗ along µ direction, the Hamiltonian is given
by

H′ = −eA⃗ · v⃗ = −eAµ∂µH, (2-36)
which is write in term of the vector potential. In what follows, the speed of
the light c, ℏ and lattice constant a will be ignored (ℏ = c = a = 1), but
they will be restore later. Then, denoting the oscillating electric field of the
electromagnetic wave as

E⃗ = µ̂Eµ(t) = µ̂E0e
−iωt

Eµ(t) = −∂Aµ

∂t
= iωAµ

(2-37)
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where the time-dependent external electric field Eµ(t) can be directly related
to the component of the vector potential

Aµ = − i

ω
Eµ(t). (2-38)

So, in second quantization, the perturbation caused by the electromagnetic
wave is

δH(k) = −eAµ

∑
ℓ<ℓ′

⟨uℓ|∂µH|uℓ′⟩c†
ℓkcℓ′k

= i

ω
eEµ

∑
ℓ<ℓ′

⟨uℓ|∂µH|uℓ′⟩c†
ℓkcℓ′k = i

ω
Eµĵµ(k).

(2-39)

Likewisely, the time evolution of it is:

δH(k, t) = i

ω
Eµ(t)ĵµ(k, t), (2-40)

which is used to obtain the conductivity

⟨ĵµ(k, t)⟩ = σµµ(k, t)Eµ(t), (2-41)

where ⟨. . . ⟩ is the ensemble average. Within linear response theory, it is
calculated by:

⟨ĵµ(k, t)⟩ = −i
∫ t

−∞
dt′⟨[ĵµ(k, t), δH(k, t′)]⟩

= −i
∫ t

−∞
dt′⟨[ĵµ(k, t), ĵµ(k, t′)]⟩

(
i

ω

)
Eµ(t′)

= −i
∫ t

−∞
dt′⟨[ĵµ(k, t), ĵµ(k, t′)]⟩

(
i

ω

)
Eµ(t)eiω(t−t′)

(2-42)

What leads to define a frequency-dependent conductivity

σ̃µµ(k, ω) =
(
i

ω

)
(−i)

∫ t

−∞
dt′eiω(t−t′)⟨[ĵµ(k, t), ĵµ(k, t′)]⟩. (2-43)

The linear response theory can be generalized to finite temperature using the
Matsubara formalism; which amounts to calculating

Πµµ(k, iω) =
∫ β

0
dτeiωτ Πµµ(k, τ), (2-44)

where,
Πµµ(k, τ) = −⟨Tτ ĵ(k, τ)ĵ(k, 0)⟩. (2-45)

Assuming no interaction is present, i.e. H′ = 0, and after analytical continua-
tion iω → ω, the usual Green’s function and frequency sum calculation gives

Πµµ(k, ω) =
∑
ℓ<ℓ′

⟨uℓ|∂µH|uℓ′⟩⟨uℓ′ |∂µH|uℓ⟩
f(Eℓ) − f(Eℓ′)

ω + Eℓ − Eℓ′ + +iη , (2-46)

where η is a small artificial broadening. And back to the formalism above, the
complex conductivity is written as

σ̃µµ(k, ω) = i

ω
Πµµ(k, ω), (2-47)
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and then, it is necessary to take its real part

σµµ(k, ω) = Re σ̃µµ(k, ω) = Re
(
i

ω
Πµµ(k, ω)

)
= −Im Πµµ(k, ω)

ω

= − 1
ω

∑
ℓ<ℓ′

⟨uℓ|∂µH|uℓ′⟩⟨uℓ′|∂µH|uℓ⟩[f(Eℓ) − f(Eℓ′)] −η
(ω + Eℓ − Eℓ′)2 + η2

= 1
ω

∑
ℓ<ℓ′

⟨uℓ|∂µH|uℓ′⟩⟨uℓ′ |∂µH|uℓ⟩[f(Eℓ) − f(Eℓ′)]πδ(ω + Eℓ − Eℓ′).

(2-48)
Finally, using

⟨uℓ|∂µH|ℓ′⟩⟨uℓ′ |∂µH|uℓ⟩ = (Eℓ − Eℓ′)⟨∂µuℓ|uℓ′⟩(Eℓ′ − Eℓ)⟨∂µuℓ′ |uℓ⟩ (2-49)

and since ⟨∂µuℓ′ |uℓ⟩ = −⟨uℓ′|∂µuℓ⟩,

⟨uℓ|∂µH|uℓ′⟩⟨uℓ′|∂µH|uℓ⟩ = (Eℓ − Eℓ′)2⟨∂µuℓ|uℓ′⟩⟨uℓ′|∂µuℓ⟩, (2-50)

the expression above can be rewritten in other form. And also, putting back
the lattice constant and ℏ to male σµµ to have the right unit in D-dimension.
In addition, the δ-function implies ℏω = Eℓ − Eℓ′ , then

σµµ(k, ω) = π

aDℏω
∑
ℓ<ℓ′

⟨uℓ|∂µH|uℓ′⟩⟨uℓ′|∂µH|uℓ⟩[f(Eℓ) − f(Eℓ′)]δ(ω + Eℓ − Eℓ′)

= πe2

aD
ℏωgd

µµ(k, ω),
(2-51)

which introduces a quantum metric spectral function at finite temperature

gd
µν(k, ω) =

∑
ℓ<ℓ′

{1
2 ⟨∂µuℓ|uℓ′⟩ ⟨ uℓ′ |∂νuℓ⟩ + (µ ↔ ν)

}
×

× [f (ϵℓk) − f (ϵℓ′k)] δ
(
ω + ϵℓk

ℏ
− ϵℓ′k

ℏ

)
,

(2-52)

where the quantities obtained this way will be called "dressed", indicated by
the superscript d. This function have the physical interpretation of being a
kind of "density of states" of the dressed quantum metric gd, indicating the
contribution given by each eigenstate for this quantity.

It is important to observe on the above expression, that the count over
the states are different from the case at zero temperature, in section2.2. Now,
the indices ℓ and ℓ′ are used to indicate all the states of the system, under the
condition that ℓ is always smaller than ℓ′. Following the same line of reasoning,
the momentum integration of this function can give the conductivity of the
whole sample measurable in space, implying on the integration of the quantum
metric spectral function, obtaining
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σµµ(ω) =
∫ dDk

(2πℏ/a)D
σµµ(k, ω)

= πe2

ℏD−1ω
∫ dDk

(2π)D
gd

µµ(k, ω) ≡ πe2

ℏD−1ωGd
µµ(ω),

(2-53)

exposing this way, the relation between the conductivity of the sample and a
finite temperature quantity named fidelity number spectral function Gd

µµ(ω).
Beside this, is now considered that the D-dimensional material is sub-

mitted to a oscillating electric field denoted now as Eµ(ω, t) = E0 cos(ωt),
polarized in µ direction, where E0 is its intensity. The current induced by this
field is defined as

jµ(ω, t) = σµµ(ω)E0 cos(ωt)

≡ πe2

ℏD−1ωE0 Gd
µµ(ω) cos(ωt)

(2-54)

where such definition can be used now to calculate another experimental
measurable quantity, the optical absorption power per unit cell also in function
of the frequency ω

Wa(ω) = ⟨jµ(ω, t)Eµ(ω, t)⟩t = 1
2σµµ(ω)E2

0

= πe2

2ℏD−1E
2
0ωGd

µµ(ω),
(2-55)

obtained by the time average ⟨. . .⟩t of the multiplication of the field and its
induced current. This expression suggests that the measure of the absorption
power of the sample can be used to obtain the spectral function Gd

µµ(ω) in µµ
direction.

Looking for a 2D system, the incident power of the light per unit area
Wi is defined as

Wi = cε0E
2
0

2 (2-56)
where c is the velocity of the light and ε0 is the electric permissivity. Therefore,
considering that the light is polarized in µ direction, the opacity of this 2D
system can be defined as [32]

O(ω) = Wa(ω)
Wi

= 4π2αωGd
µµ(ω)|2D, (2-57)

where the term α = e2/4πε0ℏc is the fine structure constant, and the expression
can be managed to define the spectral function of such opacity

Gd
µµ(ω)|2D = 1

4πω

[
O(ω)
πα

]
, (2-58)

leading to conclude that once the opacity is obtained, is possible to get the
fidelity number spectral function through the simple relation above, which is
basically this opacity in units of πα multiplied by a factor of 1/4πω. Even that
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this formulation has been recently applied in two-dimensional Dirac materials
, such as graphene, is expected that it works broadly for two-dimensional
systems.

Continuing in the 2D approach, the way to get the off-diagonal terms of
the spectral function, referred to be Gd

µν(ω) → Gd
xy(ω), is consider a different

polarization of the light [33], where now the field, current operator mentioned
above are defined as

E± = E0(x̂± ŷ)

ĵ± = ĵx ± ĵy

(2-59)

which leads to a respective conductivity σ±(k, ω). Then, the off-diagonal
components of the quantum metric spectral function can be obtained relating
then as

σ+(k, ω) − σ−(k, ω) = 4πe2

aD
ℏωgd

xy(k, ω), (2-60)

whose momentum integration shall connect Gd
xy with the current operator ĵ±,

which will be used to fisnd the difference of the absorption power

∆Wa(ω) = ⟨j+(k, ω)E+(k, ω) − j−(k, ω)E−(k, ω)⟩

= 2πe2

ℏD−1E
2
0ωGd

xy(ω).
(2-61)

Making the same process done before, in which the absorption power was
divided by the incident power, obtaining the difference between opacities with
different direction of polarization can give the component of the spectral
function

Gd
xy(ω)|2D = 1

8πω

[
O+(ω) − O−(ω)

πα

]
, (2-62)

concluding then, that the measurement of the opacity of such 2D materials
can give a complete information about its finite temperature fidelity spectral
function, what suggests that results of experimental measurements are very
potential means to obtain information about the topology of such materials.

Development of the finite temperature fidelity marker

Once the dressed fidelity spectral function was obtained through linear
response theory, it is possible to use it to obtain the dressed fidelity number,
which one is calculated considering the effect of temperature over the material.
Then, doing a similar process which was done on eq.2-18,

Gd
µν =

∫ ∞

0
Gd

µν(ω)dω

=
∫ dDk

(2π)D

∑
ℓ<ℓ′

[1
2⟨∂µuℓ|uℓ′⟩⟨uℓ′|∂νuℓ⟩ + (µ ↔ ν)

]
[f(ϵℓk) − f(ϵℓ′k)]

(2-63)
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where is possible to to see that the expression into brackets, which is similar to
the last case, is being multiplied by the Fermi distributions of each energy state.
It then follows that, the momentum integration can be splitted in intagrations
over k and k′,

Gd
µν = 1

ℏ2

∫ dDk
(2π)D

∑
ℓ<ℓ′

×

×
[1
2 ⟨ψℓk|µ̂|ψℓ′k⟩ ⟨ψℓ′k|ν̂|ψℓk⟩ + (µ ↔ ν)

]
[f (ϵℓk) − f (ϵℓ′k)] (2-64)

= ℏD−2

aD

∫ dDk
(2πℏ/a)D

∫ dDk′

(2πℏ/a)D

∑
ℓ<ℓ′

×

×
[1
2 ⟨ψℓk|µ̂|ψℓ′k′⟩ ⟨ψℓ′k′|ν̂|ψℓk⟩ + (µ ↔ ν)

]
[f (εℓk) − f (εℓ′k′)] .

The Bloch functions can now be replaced by the eigenstates |Eℓ⟩ of the lattice
model, obtained via diagonalization, as

Gd
µν = ℏD−2

NaD

∑
ℓ<ℓ′

[1
2 ⟨Eℓ|µ̂|Eℓ′⟩ ⟨Eℓ′ |ν̂|Eℓ⟩ + (µ ↔ ν)

]
[f (Eℓ) − f (Eℓ′)] (2-65)

which can also be simplified through using the projectors representation to be
expressed in real space. To write this expression this way, the relation between
Bloch states and lattice eigenstates is used again to rewrite the states as was
made in Eq. 2-23,∫ dDk

(2πℏ/a)D
|ψℓk⟩⟨ψℓk| →

∑
ℓ

|Eℓ⟩⟨Eℓ| =
∑

ℓ

Sℓ,

∫ dDk
(2πℏ/a)D

|ψℓk⟩⟨ψℓk|f(ϵℓk) →
∑

ℓ

|Eℓ⟩⟨Eℓ|f(ϵℓk) =
∑

ℓ

Sℓf(ϵℓk),
(2-66)

and can be seen here that |ψℓk⟩ is the full Bloch state, which periodic part
|uℓk⟩ satisfies ⟨r|ψℓk⟩ = eik·r⟨r|uℓk⟩. Observing that instead of using the letters
P and Q, the letter S is used, since there is no strict distinction between valence
and conduction band at finite temperature because both of them are partially
filled. The subscript ℓ (or ℓ′) is now the responsible to indicate if the projector
corresponds to the higher |Eℓ⟩ or lower energy level |Eℓ′⟩, obtained by the
diagonalization of the Hamiltonian H. Then, the expression for the dressed
fidelity marker can get the form

Gd
µν = ℏD−2

NaD

∑
ℓ<ℓ′

Tr
[1
2 µ̂Sℓ′ ν̂Sℓ + (µ ↔ ν)

]
[f (Eℓ) − f (Eℓ′)] . (2-67)

Here, is visible the similarity with the expression obtained for zero-temperature
casse, in eq. 2-24. Will be possible to see further that, considering a zero
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temperature regime for Gd
µν , the function f(Eℓ) = θ(−Eℓ). Then, it becomes

evident that under this condition the dressed fidelity number converges to the
same value obtained by the zero temperature fidelity number derived before.

In order to formulate a finite temperature fidelity marker, the expression
in eq. 2-67 can be rewritten in a even more compact form through using a
specific matrix, which is also responsible to introduce the extra projector, as
made in eq. 2-27,

Mµ =
∑
ℓ<ℓ′

SℓµSℓ′

√
fℓℓ′ , (2-68)

where [f(Eℓ) − f(Eℓ′)] was splitted into the multiplication of two square roots
√
fℓℓ′ , and the term fℓℓ′ is just a short notation for f(Eℓ) − f(Eℓ′). Using this,

is possible to derive the finite temperature fidelity marker

Gd
µν(r) = ℏD−2

2aD
Re

{
⟨r|
[
MµM†

ν + MνM†
µ

]
|r⟩
}
, (2-69)

which spatial sum can recover the dressed fidelity number

Gd
µν =

∑
r

Gd
µν , (r)
N

, (2-70)

because the existence of the properties ∑r |r⟩⟨r| = I and SℓSℓ′ = δℓℓ′Sℓ′ and
also agree with the zero temperature fidelity marker results in eq. 2-26 doing
limT →0 Gd

µν(r) = Gµν(r).
To keep the pattern of the procedures made earlier in this chapter for

the zero temperature case, a Fourier transform of the dressed quantum metric
can also be done here as in eq. 2-29,

g̃d
µν(R′) =

∫ dDk
(2π)D

eik·R′
∫ ∞

0
gd

µν(k, ω)dω, (2-71)

and this dressed Wannier state correlation function can derive a similar
expression to eq. 2-33, but now for the finite temperature case,

Gd
µν(r + R, r) = ℏD−2

2aD
Re

{
⟨r + R|

[
MµM†

ν + MνM†
µ

]
|r⟩
}
, (2-72)

which is also be obtained by the (r + R, r)-th off-diagonal matrix components.
As the connection between the dressed fidelity spectral function and a

optical absorption power was done before, it is relevant to develop here, a
fidelity marker spectral function. It can be obtained through multiplying this
dressed fidelity spectral function by a Dirac delta function δ(ω+Eℓ −Eℓ′), and
can be expressed trhough using a frequency dependent matrix

Mµ(ω) =
∑
ℓ<ℓ′

SℓµSℓ′

√
fℓℓ′ δ(ω + Eℓ − Eℓ′). (2-73)

In the simulations this δ function can be represented by a Lorentzian δ(x) =
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η

π(x2 + η2) , with η being an arbitrary very small number. Then, the dressed
spectral function is derived as

Gd
µν(r, ω) = ℏD−2

2aD
Re

{
⟨r|
[
Mµ(ω)M†

ν(ω) + Mν(ω)M†
µ(ω)

]
|r⟩
}
, (2-74)

which spatial sum results in the spectral function linked to the absorption
power in eq. 2-55,

Gd
µν(ω) =

∑
r

Gd
µν(r, ω)
N

, (2-75)

making room for development of the calculation of the local absorption power
correspondent to the system unit cell at position r

Wa(r, ω) = πe2

2ℏD−1E
2
0ωGd

µµ(r, ω). (2-76)

And as usual, the off-diagonal components of Gd
µν(r, ω) contain relevant

information. In this case, it gives the absorption power difference shown in
eq. 2-61. Due to its link with the ability to absorb energy, is expected that
thermal probes capable of detecting the heating effects generated by light at
the atomic level, like scanning thermal microscopy, will be able to perform this
task.

As could be seen, this chapter focused in show the path took in the
development of the theory behind this work. Even commenting each one of
the results obtained, is obvious the necessity of a visualization of its behavior.
The next chapter is then all devoted to showing the figures got for the main
results, and each figure shown there was very discussed and compared with
other results in order to make a concise work.



3
Applications in one- and two-dimensional models

After presenting the theoretical framework in this work, the primary
objective is to demonstrate its application through examples of models for
Topological Insulators (TIs). The calculations of the quantities discussed in
the previous chapter were first analyzed analytically in linear Dirac models.
Later, numerical calculations were conducted to study the behavior in real
space using various lattice models. By employing both approaches, the results
obtained through the implementation of the theory are compared to observe
their concordance. This comprehensive analysis allows us to gain a deeper
understanding of the theory’s applicability and its behavior in different sce-
narios. The combination of analytical and numerical investigations provides
valuable insights into the behavior and properties of Topological Insulators
and enhances our confidence in the theoretical framework’s validity.

3.1
The Su-Schrieffer-Heeger model

In a way to introduce the present model and understand it well, it is
important to comment a little of its origin. This way, is necessary to start
introducing an important polymer. The polyacetylene (PA), which chemical
formula is (C2H2)n, is an organic polymer discovered in the 70’s by Hideki
Shirakawa, Alan Heeger, and Alan MacDiarmid. It is known to be the simplest
linear conjugated polymer, whose molecular structure is basically a chain, with
single and double bonds between the carbon atoms in alternate positions, as
shown in figure 3.1.
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Figure 3.1: Representation of the chemical structure of trans-isomer of poly-
acetylene.

In 1979, W. P. Su, J. R. Schrieffer and A. J. Heeger presented pioneeringly
a theoretical study involving to observe the occurrence of soliton formation in
PA chains with trans configuration. Until current days, this work is used as
basis to studies involving the well known Su-Schrieffer-Heeger (SSH) model.
The SSH model[34] is a 1D toy model used to describe the PA chain. The chain
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is composed by two sublattices, A and B, and its unit cell hosts one site of
each sublattice [35]. In second quantization formalism it can be described by
the Hamiltonian

H =
∑

i

(t+ δt)c†
AicBi + (t− δt)c†

Ai+1cBi + h.c. (3-1)

where cAi and cBi and they hermitian conjugate are the annihilation and
creation operators where is possible to see that they act on A and B sublattices
of the model. The δt is the difference existent in the hopping between each basis
and the atoms belonging to then, describing the presence of single and double
bonds in the structure.

An important characteristic to be mention, is the effect the values
assigned to δt has over the lattice. Different values for it results on different
dimerization, which affects the material properties. The figure 3.2 schematizes
types of patterns of the chain, where shows the case of setting δt > 0 (top chain)
and δt < 0 (bottom chain), changing the organization of the sublattices.

Figure 3.2: Schematic drawing of the two types of dimerization of the SSH
model corresponding to values of δt > 0 (top) and δt < 0 (bottom).

In the present work, the numerical calculations for the SSH model were
made only considering δt < 0. This suggests that the lattice simulated here
was the bottom molecule representation on the figure above, which looking for
its Hamiltonian in eq. 3-1, is possible to verify that it have a critical point in
δt = 0. The numerical calculation of the local and non-local FM for this lattice
model resulted in interesting results.

First, let’s consider the local fidelity marker. The graph in Figure 3.3
illustrates the fidelity marker’s profile over the real space, displaying the values
of this quantity for each of the 100 simulated lattice unit cells. The calculations
were performed with different values of δt, specifically δt = −0.1, δt = −0.2,
and δt = −0.3, at both zero temperature (KBT = 0) and non-zero temperature
(KBT = 0.05).

As expected, the fidelity marker profile exhibits constant values in the
bulk, which increase as δt approaches zero and tend to diverge near the
edges. It is noteworthy that the results for the finite temperature fidelity
marker (represented by dashed lines) do not significantly differ from the zero
temperature results (represented by solid lines). The only noticeable variation
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Figure 3.3: Numerical results of the fidelity marker at different values of tuning
parameter δt, and at zero and a finite temperature. The value in the flat region
in the large part of the sample agrees with the momentum integration of the
quantum metric, indicating the validity of the marker.

occurs at higher temperatures. This behavior indicates the robustness of the
fidelity number associated with the system, as it remains virtually unchanged
at low temperatures and varies only under higher temperature conditions.
This robustness of the fidelity number is observed in other examples that
will be discussed later in this chapter. Such stability in the fidelity number
reinforces the topological properties of the system and its insensitivity to
thermal fluctuations.

The non-local fidelity marker, shown in figure 3.4, plotted for the same
lattice with different δt displays an interesting pattern. As commented in the
last chapter, the non-local marker provides the correlation over the system.
The calculations were made for a chosen unit cell in the middle of the lattice,
this way, the marker shows the correlation between the chosen unit cell and
the entire lattice. Therefore, its real space profile provide a visualization of
the correlation length for each δt, as long it approach the critical point at
δt = 0, displaying the characteristic behavior of the quantum phase transition
indicator. For the red graphic (δt = −0.1), the correlation length is long ranged
as it shortens when the value of δt moves away from the critical point, as
shown in the blue (δt = −0.2) graphic and subsequently even shorter in the
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Figure 3.4: Numerical results of the nonlocal fidelity marker at several different
values of δt. One sees that the nonlocal marker becomes more long ranged as
the system approaches the critical point δt = 0.

green (δt = −0.3) graphic. This result agrees with what is expected, since
the quantum metric in momentum space diverges like a peak as the system
approaches the critical point, and hence its Fourier transform (the non-local
marker) must become more long ranged.

In fact, these behavior of the local and non-local fidelity marker can
be directly examine in momentum space, because the analytical form of the
quantum metric can be easily obtained. Upon acting the following Fourier
transform in the creation and annihilation operators, respectively, of the
Hamiltonian in eq.3-1

c†
Ai =

∑
k

e−ikric†
Ak, cAi =

∑
k

eikricAk, (3-2)

it is possible to write it in function of momentum. Doing this for both A and
B sublattices, the SSH Hamiltonian takes the form

H =
∑

k

[
(t+ δt) + (t− δt)e−ik

]
c†

AkcBk +
[
(t+ δt) + (t− δt)eik

]
c†

BkcAk, (3-3)

which can be splitted isolating the operators from the hopping term expres-
sions, resulting in the matrix multiplication
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H =
∑

k

(
c†

Ak c†
Bk

) 0 (t+ δt) + (t− δt)e−ik

(t+ δt) + (t− δt)eik 0

 cAk

cBk


=
∑

k

(
c†

Ak c†
Bk

)
(d · σ)

 cAk

cBk

 ,
(3-4)

where σ are the Pauli matrices that are multiplied by the vector d, satisfying
the Dirac Hamiltonian, whose components are

d1 = (t+ δt) + (t− δt) cos k,

d2 = (t− δt) sin k,

d3 = 0.

(3-5)

After putting the components shown in the eq.3-5 into the quantum
metric formula for Dirac models presented in eq.3-7, its possible to obtain the
quantum metric for the SSH model, which results of its momentum integration
shows concordance with the numerical results for the fidelity marker presented
above. The general formula for the quantum metric in a Dirac model is derived
below.

For N-dimensional (N × N) Dirac models, described by a Hamiltonian
of the type

H =
D∑

i=0
diΓi, (3-6)

where Γi are the Dirac matrices and di are the components of the vector d,
which characterizes the momentum dependence of the Hamiltonian. It has been
previously demonstrated that the fully antisymmetric valence Bloch state of a
TI, as represented by equation 2-16 and described by momentum k, yields the
quantum metric given by [27]

gµν(k) = N

8d2

{
D∑

i=0
∂µdi∂νdi − ∂µd∂νd

}
, (3-7)

where d =
√∑D

i=0 d
2
i . According to the theory behind Dirac models, this state

exhibits a N/2-fold degeneracy, with valence-band states having an energy
of ϵn = −d and conduction-band states with energy ϵm = d. The next step
involves utilizing this expression for the quantum metric to calculate its related
quantities, where the model’s homogeneity leads to the following expression:

Gd
µν(ω) =

∫ dDk
(2π)D

gd
µν(k, ω) [f(ϵn) − f(ϵm)] δ(ω + ϵn

ℏ
− ϵm

ℏ
), (3-8)

which allows for the determination of both the fidelity number spectral function
in eq.2-53 and the fidelity marker spectral function in eq. 2-74, since they are
the same. The fidelity number can then be obtained either from a frequency
integration of the fidelity number spectral function in Eq. 3-8, or from a
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momentum integration of the quantum metric in Eq. 3-7. It was verified that,
either way, one obtains a fidelity number that is consistent with the values in
the flat region in Fig 3.3, indicating the validity of the numerical calculations
of the fidelity marker made in this work.

3.2
2D Chern insulator

Lattice systems can exist where Bloch bands have a non-zero Chern
number, denoting a topological property, even when there is no presence
of magnetic field. In such instances, the insulator would be called a Chern
insulator.

The 2D Chern insulator stands as one of the most pivotal and influential
models in the realm of topological insulators. The first model of this kind,
known as the Haldane model, was first introduced by F. D. M. Haldane in
1988 [36]. It describes a quantum Hall effect in a honeycomb lattice with
broken time-reversal symmetry. The Haldane model is a paradigmatic example
of a topological insulator, and it has gained immense importance in condensed
matter physics due to its unique properties and behavior. As a two-dimensional
system, the Chern insulator disrupts time-reversal symmetry, distinguishing
it from conventional insulators. One of the defining features of the Chern
insulator is the quantized Hall conductance that it exhibits. This quantization
is described by the Chern number, a topological invariant that characterizes
the topological properties of the system, as mentioned in chapter 2. The
Chern number serves as a robust and fundamental measure of the topological
nature of the 2D Chern insulator. This remarkable phenomenon has garnered
significant attention and research interest, as it provides a concrete and
experimentally observable manifestation of the topological nature of insulating
materials.

When the Hall conductance of this model undergoes a sudden and
discrete change from one value to another, it indicates a topological phase
transition (TPT) in the system. In this context, the objective is to demonstrate
how the fidelity marker can be employed to detect such a transition. This
implies that the shift in quantized Hall conductance can be observed and
measured through optical means.

In the present work, the concept of the 2D Chern insulator is applied here
to a square lattice, as illustrated in Figure 3.5. The matrices in this case operate
within a space composed of orbitals. A crucial aspect of this system is that
the kinetic part of the Hamiltonian is characterized by an odd dependence on
the momentum k. The unique property of this interaction leads to intriguing
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topological behavior, making the 2D Chern insulator a compelling platform
for studying and understanding topological phenomena in condensed matter
systems.

Figure 3.5: Pictorial representation of the simulated square lattice to obtain
the numerical results of this work.

The fig. 3.5 serves as a schematic representation of the 2D Chern
insulator, which was simulated to derive the numerical results for the local
and non-local fidelity markers. The figure illustrates a 6 × 6 square lattice,
with the sites represented by the intersection of black lines. Within the lattice,
two circles, one red and one blue, are depicted superimposed on each other.
These differently colored circles symbolize the two possible s- and p-orbitals
that can be occupied within the model. Hence, the simulation of the model
is based on the premise that the Chern insulator is described by the spinless
basis ψ = (cks, ckp)T and by the following Hamiltonian expanded in terms of
three Pauli matrices

H(k) =A sin kxσ
x + A sin kyσ

y

+ (M + 4B − 2B cos kx − 2B cos ky)σz,
(3-9)

which satisfy the Dirac Hamiltonian, with

d1 = A sin kx,

d2 = A sin ky,

d3 = M + 4B − 2B cos kx − 2B cos ky.

(3-10)

Here, the parameters A and B are associated with the kinetic terms related
to hopping, and {σx, σy, σz} represent the Pauli matrices. The terms kℓ =
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{kx, ky, kz} account for the kinetic terms responsible for the usual linear band
crossing, while the mass term M controls the system’s topology.

To rewrite the Hamiltonian in real space, the Fourier transform acts on
the spinless basis of electron creation and annihilation operators, c†

kI and ckI ,
as follows: ∑

k

cos(kℓ)c†
kIckJ → 1

2
∑

i

{
c†

iIc(i+ℓ)J + c†
(i+ℓ)IciJ

}
,

∑
k

sin(kℓ)c†
kIckJ → 1

2
∑

i

{
c†

iIc(i+ℓ)I + c†
(i+ℓ)IciJ

}
,

(3-11)

As a result of this Fourier transform, the operators with momentum k that
act on orbitals I = {s, p} are transformed into real space operators. These
new operators are the ones used to construct the real space second quantized
Hamiltonian defined on lattice sites i [37]

H =
∑

i

t
{
−ic†

isc(i+a)p + ic†
(i+a)scip + H.c.

}
+
∑

i

t
{
−c†

isc(i+b)p + c†
(i+b)scip + H.c.

}
+
∑
iδ

t′
{
−c†

isc(i+δ)s + c†
ipc(i+δ)p + H.c.

}
+
∑

i

(M + 4t′)
{
c†

iscis − c†
ipcip

}
−
∑
il

µc†
iIciI .

(3-12)

In this real space representation, the lattice constants for each direction of the
plane are denoted as δ = a, b. The hopping terms, t = A/2 and t′ = B, act
on the sites i, involving the two possible orbitals, I. It is important to note
that the chemical potential µ, which appears at the end of the expression, will
be considered zero in the subsequent simulations. The decision to ignore the
chemical potential is due to its lack of influence on the topology of the system.
Consequently, setting µ to zero simplifies the analysis without affecting the
essential topological properties of the 2D Chern insulator.

Moreover, it is crucial to consider periodic boundary conditions in both
directions for this real space representation. These boundary conditions are
essential for studying the profile of the local and non-local fidelity markers for
the 2D Chern insulator in a comprehensive manner. By employing periodic
boundary conditions, the system behaves as if it were wrapped into a toroidal
shape. This handling enables the study of properties that arise due to the
system’s topological nature, ignoring effects that occurs at the edges to look
just to what happens in bulk of the system.

Numerical simulations were conducted on a 14×14 square lattice to study
the intriguing behavior of a 2D Chern insulator and to reproduce the marker
profiles presented in section 3.1, for the SSH model. The primary objective was
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Figure 3.6: Numerical results for the local marker in the Chern insulator at
several different parameters and temperatures. For the zero temperature data,
the flat region in the center gives a value that agrees with the momentum
integration of quantum metric in momentum space.

to develop a program capable of accurately diagonalizing the Hamiltonian in
eq. 3-12 associated with the system, employing the tight-binding method. By
obtaining the eigenvalues and eigenvectors through the diagonalization process,
the markers could be effectively computed and analyzed.The resulting profile
of the local fidelity marker, as depicted in Figure 3.6, visually illustrates the
fidelity number’s distribution across the real-space lattice on the x direction.
This crucial data provides valuable insights into the system’s quantum geo-
metric properties. To ensure the robustness of the results and for comparative
purposes, the simulations were repeated six times, each time varying the pa-
rameters. The investigation involved exploring the system under different mass
terms, including M = −1 (red graphic), M = −2 (blue graphic), and M = −3
(green graphic), while also considering temperature conditions with KBT = 0
and KBT = 0.05. By studying the system’s behavior under diverse tempera-
ture settings, it was possible to observe the effect of temperature on the marker
values and assess the system’s stability and consistency.

It is important to note that the behavior of the marker’s profile presented
here is the same as the one shown for the SSH model in the last section.
Similarly, the marker exhibits a line of almost constant values in the center of
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the graph that increases as the mass term change M = −1 → M = −2 →
M = −3, and while approaching the edges, its values begin to increase until
diverging at the boundary sites. The observed divergence in both models may
appear to be a peculiar behavior, especially considering that the system has
periodic boundary conditions. One would expect constant values throughout
the graph, not just in the bulk region. However, this divergence occurs because
the most straightforward way of assigning the position operator matrix does
not respect the translational invariance of the system, a problem known for this
kind of theory since the very first work of the Chern marker [18]. Nevertheless,
the numerical results still reliable in the sense that for the region deep inside the
bulk, one obtains a fidelity marker consistent with the fidelity numer calculated
from the momentum integration of the quantum metric.

Since we are dealing with a 2D system, the marker can be obtained
for two possible directions. This means that we can calculate Gxx(r), Gyy(r),
and Gxy(r), as described in eq. 2-26 and eq. 2-69. However, in this work, we
have only considered the values for the xx and yy directions. The marker
parameterized in the xy direction does not offer as much useful information as
the other cases since it is merely a superposition of them. As a result, it was
not included in the analysis.
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Figure 3.7: The nonlocal fidelity marker for the Chern insulator. One sees that
the marker becomes more and more long ranged at the system approaches the
critical point M = 0.
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Continuing with the results obtained from the numerical calculations
for the 2D Chern insulator, Figure 3.7 illustrates the profile of the non-local
fidelity marker linked to this system. To obtain the non-local marker under zero
temperature conditions (KBT = 0), it was used the same mass term values
applied in the results of Figure 3.6. This calculation involved applying eq. 2-
33 to obtain the non-local marker profile. In practice, obtaining the profile of
the non-local fidelity marker involves utilizing only the off-diagonal terms of
the fidelity marker operator matrix corresponding to the arbitrarily selected
site, while considering the two available orbitals. Consequently, when plotting
a graph in the xx direction, one can observe the behavior of this marker for
a site chosen near the center of the lattice. This selection of a site close to
the middle of the lattice enables easy visualization and examination of the
marker’s properties.

It worth to mention that, through the Hamiltonian presented in eq. 3-
9 is possible to see the values of M that corresponds to the critical points
of the system. Then, these values of M were purposely chosen to enable the
visualization of the markers approaching the critical points at M = 0 and
M = −4. The result of the investigation shows that, the non local marker
becomes more long ranged as it approaches the phase transition at M = 0,
making possible to see how the correlation between the chosen site and its
neighbors behaves.

A curious aspect of the non-local fidelity marker becomes apparent when
the system approaches the critical point at M = −4. In the green graph
representing the results for M = −3, one can observe an oscillating behavior
that distinguishes it from the other cases. To understand this behavior, it
is necessary to examine the regions k = {kx, ky} in the model’s Brillouin
zone corresponding to each critical point. The generic feature as the system
approaches a TPT is that the quantum metric will peak and diverge at the
corresponding gap-closing momentum.The critical point at M = 0 corresponds
to a gap closing at k = {0, 0}. Similarly, the critical point at M = −4
corresponds to gap closings at k = {0, π} and k = {π, 0}. Thus, for the
M = −4 critical point, the quantum metric also peaks at these two points. As
a result, the non local fidelity marker as the Fourier transform of the quantum
metric will oscillate in real space because of the peaks at k = {0, π} and
k = {π, 0}, consistent with our results shown in Fig 3.7. Then, this offer
valuable insights into the system’s critical behavior near this critical point.

This analysis not only reveals the robustness of the fidelity marker
under varying temperature regimes but also helps to validate its effectiveness
in detecting and characterizing quantum phase transitions in the 2D Chern
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insulator. The numerical results provide compelling evidence of the marker’s
ability to capture the changes in quantized Hall conductance and open up
exciting possibilities for optical detection and experimental investigations of
topological and quantum geometrical phenomena in condensed matter systems.
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In this work, we introduce the notion of fidelity number Gµν , which is a
quantity that is derived from the momentum integration of the quantum metric
gµν of the fully antisymmetric valence-band state, and therefore quantifies the
average distance between neighboring valence-band states within the Brillouin
Zone torus. From the same formalism, we also introduce the nonlocal marker
Gµν(r+R, r) which demonstrates a decaying behavior with a correlation length
ξ that becomes infinite near TPTs. The critical exponent ν = 1 governing this
divergence is universal for linear Dirac models in any dimension and symmetry
class. Moreover, all quantities covered up to this point do not the effects of
temperature, so they are said to be valid at zero temperature regime.

Through the application of linear-response theory, the concept of the
fidelity number was extended to finite temperature, denoted as Gd

µν . It was
proposed that these quantities correspond to the optical absorption power
Wa when subjected to linearly polarized light, which is directly related to
the opacity O of 2D materials. The frequency dependence of this optical
absorption power is described by a spectral function Gd

µν(ω). Particularly in
two-dimensional systems, this spectral function can be directly obtained from
the frequency dependence of the opacity measured in units of the fine-structure
constant. Furthermore, it was demonstrated that the fidelity number can be
translated to real space as a local fidelity marker Gd

µν(r), defined on each
unit cell. The corresponding spectral function Gd

µν(r, ω) characterizes the local
heating rate, which can be measured using atomic scale thermal probes. This
measurement also provides insights into the gauge-invariant part of the spread
of Wannier functions.

We further use TIs to elaborate the behavior of the aforementioned
quantities, especially when they are approaching a critical point. It is found
that when TIs are approaching a TPT, the quantum metric gµν displays
singular behavior at the gap-closing HSPs. Consequently, this leads to a
divergence in the fidelity number Gd

µν at the critical point in one and two
dimensions. The corresponding spectral function Gd

µν(ω) associated with the
predicted fidelity number exhibits significant dependence on the system’s
dimension. Importantly, this behavior can be readily observed and measured
experimentally in practical TIs through optical absorption techniques.

To better understand the behavior of these markers near critical points
in realistic materials, prototype lattice models of TIs in one and two dimen-
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sions were employed, providing a more accurate description. Although this
study does not specifically cover calculations for a three-dimensional case, it
is entirely feasible to conduct such analyses, which could yield intriguing out-
comes. The results obtained from the research imply that these markers play
a crucial role in characterizing the quantum geometry and quantum criticality
across various topological materials, showcasing their wide-ranging significance
in this context.

These characteristics of the fidelity number and marker hold significant
implications for various applications. Firstly, the local nature of the marker
allows it to be utilized in the study of how real-space inhomogeneities, such as
impurities and grain boundaries, influence the material’s quantum geometry.
This provides valuable insights into the impact of local variations on the
system’s quantum properties. Secondly, the nonlocal fidelity marker, being
the Fourier transform of the quantum metric, holds potential for detecting
quantum phase transitions, as long as momentum remains a valid quantum
number. This hypothesis is based on the understanding that the quantum
metric gµν(k) essentially represents the fidelity susceptibility of the valence
band state with respect to momentum k. As a quantum phase transition
is approached, the quantum metric is expected to diverge, resulting in a
corresponding divergence in the decay length of the nonlocal marker. This
suggests that the nonlocal fidelity marker could serve as a sensitive indicator
of quantum phase transitions, even in cases where the transition is driven by
weak interactions. These intriguing questions call for further investigations
to shed light on the interplay between quantum geometry, quantum phase
transitions, and the fidelity marker. Such studies should have the potential to
offer new perspectives and a deeper understanding of fundamental quantum
phenomena, advancing our knowledge of condensed matter systems and paving
the way for innovative applications in quantum materials research, which await
to be explored.
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