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Abstract

Mesquita, Leonardo Carvalho; Sotelino, Elisa Dominguez (Advisor).

Probabilistic method for uncertainties consideration in geomechanical

problems based on Green’s function approach and first-order second-

moment method. Rio de Janeiro, 2023. 169 p. Doctoral thesis - Department
do Civil and Environmental Engineering, Pontifical Catholic University of

Rio de Janeiro.

The present work proposes a computationally efficient stochastic statistical
method (called Green-FOSM) that considers uncertainties in geomechanical
problems, with the objective of improving the decision-making process related to
problems associated with the process of fluid injection or depletion. The novelty of
the method lies in the use of the Green’s function approach (GFA), which, together
with the first-order second-moment statistical method (FOSM), is used to propagate
uncertainties associated with the mechanical properties of material to the
displacement field of the geological formation. Furthermore, using the concepts of
stochastic grid and autocorrelation function, the proposed method allows the
consideration of the spatial variability of random variables that represent these
mechanical properties. The GFA uses the fundamental solutions of classical
mechanics (Kelvin fundamental solution, Melan fundamental solution, among
others) and the reciprocity theorem to calculate the displacement field of a
geological formation with irregular geometry, and different types of materials. The
great advantage of this method compared to the classical finite element method
(FEM) is that it does not require the imposition of boundary conditions and the
analysis of the problem can be performed considering only the reservoir or other
regions of interest. This modeling strategy decreases the degrees of freedom of the
model and the CPU time of the deterministic analysis. In this way, as the GFA
requires less computational effort, this approach becomes ideal for propagating the
uncertainties in geomechanical problems. Initially, an iterative version of the
Green-FOSM method was proposed, which presents statistical results similar to
those found through the classic Monte Carlo simulation (MCS). In this initial
version, the displacement field is calculated using an iterative numerical scheme,
which decreases the computational performance of the method and can generate

convergence problems. Such limitations would restrict the application of the



PUC-Rio - Certificag@o Digital N° 1912634/CA

original GFA and the iterative Green-FOSM method in real problems. Thus, the
present work also developed a new version of the GFA, which uses a non-iterative
numerical scheme. For the proposed validation problems, the non-iterative method
proved to be up to 17.5 times faster than the original version. This version is able
to expand the applicability of the GFA, since the convergence problems were
eliminated and the results obtained by this method, when analyzing a representative
geological profile of the Brazilian pre-salt, are similar to those found via FEM.
Finally, based on the non-iterative GFA, a non-iterative version of the Green-FOSM
method was proposed. This non-iterative version is capable of probabilistically
analyzing complex geological formations, such as the Brazilian pre-salt geological
formations. Using the same computational resources, the non-iterative Green-
FOSM method is at least 200 times faster than the iterative Green-FOSM method.
In general, the results found in the investigated analyzes (deterministic and
probabilistic) are close to the results obtained by the reference method (FEM and

MCS, respectively).

Keywords

Uncertainties consideration; Green’s function approach; First-order second-
moment (FOSM); Geomechanical problems; Probabilistic method; Reciprocity
theorem.
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Resumo

Mesquita, Leonardo Carvalho; Sotelino, Elisa Dominguez (Orientador).

Método probabilistico para consideracao de incertezas baseado no

método das func¢oes de Green e no método estatistico first-order second-

moment. Rio de Janeiro, 2023. 169 p. Tese de Doutorado — Departamento
de Engenharia Civil e Ambiental, Pontificia Universidade Catdlica do Rio
de Janeiro.

O presente trabalho propde um método estatistico computacionalmente
eficiente (chamado Green-FOSM) para consideracdo de incertezas em problemas
geomecanicos, com o objetivo de melhorar o processo de tomada de decisdo ao
analisar problemas associados com o processo de injecao ou deplecdo de fluidos. A
novidade do método proposto estd associada com a utilizagdo do método das
fungdes de Green (GFA), que, com o auxilio do método estatistico first-order
second-moment (FOSM), € utilizado para propagar as inerentes incertezas
associadas as propriedades mecanicas do material para o campo de deslocamento
da formagdo geoldgica. Além disso, através dos conceitos de grid estocastico e
funcdo de autocorrelacdo, o método proposto permite a consideracdo da
variabilidade espacial de varidveis aleatorias de entrada que representam essas
propriedades mecanicas. O GFA utiliza as solu¢des fundamentais da mecanica
classica (solucao fundamental de Kelvin, solu¢do fundamental de Melan, entre
outras) e o teorema da reciprocidade para determinar o campo de deslocamento de
uma formagdo geoldgica com geometria irregular e diferentes tipos de materiais. A
grande vantagem deste método em relagdo ao cldssico método dos elementos finitos
(MEF) € que ele nao requer a imposi¢ao de condi¢des de contorno e a andlise do
problema pode ser realizada considerando apenas o dominio do reservatorio ou
outras regides de interesse. Esta estratégia de modelagem diminui os graus de
liberdade do modelo e o tempo de processamento da anélise. Desta forma, como o
GFA requer menos esforco computacional, este método torna-se ideal para ser
utilizado na propagacdo de incertezas em problemas geomecanicos. Inicialmente,
baseado no método das func¢des de Green original proposto por Peres et al. (2021),
foi proposto uma versdo iterativa do método Green-FOSM, que apresenta
resultados estatisticos semelhantes aos encontrados através da cldssica simulagcdo

de Monte Carlo (SMC). Nesta versdo original, o campo de deslocamento &
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calculado usando um esquema numérico iterativo que diminui o desempenho
computacional do método e pode gerar problemas de convergéncia. Tais limitagcoes
tem dificultado a aplicagdo do GFA original e do método Green-FOSM iterativo
em problemas reais. Assim, o presente trabalho desenvolveu uma nova versao do
GFA que utiliza um esquema numérico ndo-iterativo. Para os problemas de
validacdo analisados, o método ndo-iterativo demonstra ser até 17.5 vezes mais
rapido do que a versdo original. Além disso, esta versdo demonstra ser capaz de
expandir a aplicabilidade do GFA, pois os problemas de convergéncia foram
eliminados e os resultados obtidos por este método, ao analisar um perfil geoldgico
representativo do pré-sal brasileiro, sdo semelhantes aos encontrados via MEF. Por
fim, a partir do GFA nao-iterativo foi proposta uma versao nao-iterativa do método
Green-FOSM. Esta versdao ndo-iterativa € capaz de analisar probabilisticamente
formacdes geoldgicas complexas, como € o caso das formagdes geoldgicas do pré-
sal brasileiro. Utilizando os mesmos recursos computacionais, 0 método Green-
FOSM néo-iterativo € no minimo 200 vezes mais rapido que o método iterativo. De
forma geral, os resultados encontrados nas andlises realizadas (deterministicas e
probabilisticas) sdo proximos dos resultados obtidos pelo método de referéncia

(MEF e SMC, respectivamente).

Palavras-chave

Consideracao de incertezas; Método das funcdes de Green; First-order
second-moment (FOSM); Problemas geomecanicos; Método probabilistico;
Teorema da reciprocidade.
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random variable representing the horizontal (a-d) and vertical
displacement (e-h) of the reference point 4 (RF4) showed Figure 4.3.

Figure C.5. Frequency histograms and probability density function of the
random variable representing the horizontal (a-d) and vertical
displacement (e-h) of the reference point 5 (RF5) showed Figure 4.3.

Figure C.6. Frequency histograms and probability density function of the
random variable representing the horizontal (a-b) and vertical
displacement (c-d) of the reference point 1 (RF1) showed Figure 4.10.

Figure C.7. Frequency histograms and probability density function of the
random variable representing the horizontal (a-b) and vertical
displacement (c-d) of the reference point 2 (RF2) showed Figure 4.10.

Figure C.8. Frequency histograms and probability density function of the
random variable representing the horizontal (a-b) and vertical
displacement (c-d) of the reference point 3 (RF3) showed Figure 4.10.

Figure C.9. Frequency histograms and probability density function of the
random variable representing the horizontal (a-b) and vertical
displacement (c-d) of the reference point 4 (RF4) showed Figure 4.10.

Figure C.10. Frequency histograms and probability density function of the
random variable representing the horizontal (a-b) and vertical
displacement (c-d) of the reference point 5 (RF5) showed Figure 4.10.
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“As far as the laws of mathematics refer to reality,
they are not certain, and as far as they are certain,
they do not refer to reality.”

Albert Einstein
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1
Introduction

The oil industry is one of the most important worldwide industries, since oil
and natural gas are the main commodities traded in the international market
(BAFFES; NAGLE, 2022). In Brazil, in recent decades, oil production has been
boosted by the discovery of pre-salt reservoirs. According to Petrobras!, the average
daily production of oil in the pre-salt layer increased from 41 thousand barrels in
2010 to 2.0 million barrels in 2020. Data from the bp Statistical Review of World
Energy 20227 reveal that Brazil produced around 3.0 million barrels of oil and
natural gas in 2022, being that more than 2/3 of Brazilian production comes from
pre-salt reservoirs. Oil extraction in pre-salt reservoirs, whose depth varies between
5 and 7 km, is a complex task that contains several uncertain factors. The present
work seeks to consider the influence of some of these factors on the geomechanical
response of a geological formation subjected to the process of fluid injection or
depletion.

1.1.
Motivation

The physical phenomena associated with the process of fluid injection or
depletion present different degrees of complexity and uncertainties. Historically,
most engineering problems have been analyzed using deterministic approaches.
Such approaches can generate low precision results, which do not represent all
possible answers to the problem (APOSTOLOPOULOU et al., 2019; PEREIRA et
al., 2014a; PEREIRA, 2015; WANG et al., 2016).

In its natural state, rocks are among the most variable engineering materials

(FENTON; GRIFFITHS, 2008). As shown in Figure 1.1, this natural variability is

Uhttps://petrobras.com.br/pt/nossas-atividades/areas-de-atuacao/exploracao-e-producao-de-
petroleo-e-gas/pre-sal/

2 https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-
economics/statistical-review/bp-stats-review-2022-full-report.pdf
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illustrated by the ranges of variation of mechanical properties (Young's modulus,

Figure 1.1.a, and Poisson's coefficient, Figure 1.1.b) of different rock types.
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Figure 1.1. Range of variation of the mechanical properties of rock (in (a) static Young'’s
modulus and in (b) Poisson’s ratio) (JOHNSON; DEGRAFF, 1988).

These and other uncertainties can be incorporated into the geomechanical
response using a probabilistic approach. For this, the input parameters and the
results obtained through the geomechanical analysis are admitted as random
variables (LI; SARMA; ZHANG, 2011). In this way, the process of interpreting the
results is not carried out based on the evaluation of a deterministic point result, but
on the statistical parameters (mean value, variance, probability density function and
others) of the random variable that represents the answer to the geomechanical
problem.

The present work aims to incorporate the uncertainties associated with the

spatial variability of the mechanical properties of rocks (Young’s modulus,
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Poisson’s ratio, and Biot coefficient) to the geomechanical results generated by the
fluid injection and/or extraction process. Through these results, it is possible to
probabilistically analyze different types of phenomena associated with pore
pressure variation, for example, swelling or compaction of the reservoir rock, the
subsidence of the free surface, and fault reactivation. From an environmental point
of view, these results can help reservoir engineers in the decision-making process
in terms of CO» storage in underground formations.

In this process, the uncertainties associated with the input random variables
(mechanical properties of materials) are propagated to the random variables that
represent the answer to the problem (displacement, strain, and stress fields) using
exact or approximate statistical methods. Exact methods use the concept of
functions of random variables, in which the probability density functions (p.d.f.) of
the output random variables are analytically calculated using a function ¥; = g()? i)
and the p.d.f. of the input ()? i) random variables (FENTON; GRIFFITHS, 2008).
For complex g()?i) functions, such as the functions that govern geomechanical
problems, the use of exact methods becomes unfeasible. In these situations, the
propagation of uncertainties can be performed through approximate statistical
methods such as the Monte Carlo simulation (MCS), Latin hypercube sampling
(LHS), and the first-order second-moment (FOSM) method.

Due to its simplicity and ease of implementation, the MCS has been the most
used statistical method in problems related to the propagation of uncertainties (LIU,
2004). However, this method requires a huge number of realizations (repetitions)
which, in general, requires a large computational effort. This makes it unfeasible
for the treatment of complex problems, as is the case of the problems treated in this
work. In this scenario, the FOSM method appears as an appropriate statistical
method, since it is computationally efficient and applicable to the variability range
of the input random variables.

Given this context, the present work proposes a new method for considering
uncertainties in geomechanical problems, which aims to improve the decision-
making process regarding the problems associated with the processes of recovery
and storage of fluids (water, oil, natural gas, or CO2) in underground reservoirs. The
novelty of the proposed method lies in the use of Green's function approach (GFA),

which uses the fundamental solutions of classical mechanics (Kelvin, Melan,
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Mindlin, or others) to propagate the uncertainties related to the mechanical
properties of materials to the displacement, strain, and stress fields of the geological
formation.

1.2.
Objectives

The main objective of this research is to develop a mathematical method for
considering the uncertainties associated with the mechanical properties of materials
(rocks) in geomechanical problems submitted to the process of fluid injection
and/or depletion in underground reservoirs.

The specific objectives are: (1) to extend the deterministic and iterative
GFA, originally proposed by Peres et al. (2021)®, to the statistical case in order to
consider the uncertainties associated with the heterogeneity and variability of the
mechanical properties of the rocks in the geomechanical response of the problem;
(2) to eliminate the iterative calculation process from the original deterministic
GFA in order to improve its computational performance and, at the same time,
eliminate the convergence problems observed in the original version; (3) to extend
the non-iterative GFA formulation to the statistical case; and (4) study the effect of
the spatial variability of the mechanical properties of rocks on the displacement,
strain and stress fields of a geological section based on the Brazilian pre-salt layer.

1.3.
Organization

The organizational structure of this thesis follows the manuscript format, in
which the standard thesis chapters are replaced by manuscripts that have been either
published or submitted for publication in peer-reviewed international journals. To
orient the reader, Chapter 2 provides a literature review on the consideration of
uncertainties in geotechnical and geomechanical problems. Chapter 3 presents the
fundamental statistical concepts related to the theoretical developments shown in
the other chapters of the document. Chapter 4 is the manuscript titled “Uncertainties
consideration in elastically heterogeneous fluid-saturated media using first-order

second moment stochastic method and Green’s function approach” that was

3 Original Green’s function approach proposed by Matheus L. Peres, Leonardo C. Mesquita,
Yves M. Leroy and Elisa D. Sotelino within the scope of the project “Modelagem Geomecanica do
Pré-Sal” developed by PUC-Rio in partnership with TotalEnergies.
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published in Applied Mathematical Modeling Journal. This chapter deals with the
extension of the original GFA (deterministic and iterative) to the statistical
approach. Chapter 5 consists of the manuscript entitled “Non-iterative Green’s
function approach for unbounded heterogeneous fluid-saturated media” which was
submitted to the International Journal for Numerical and Analytical Methods in
Geomechanics. This chapter proposes a new formulation to the original GFA,
which expands the applicability of the deterministic method and simultaneously
eliminates the original iterative calculation process, which greatly improved the
computational performance. Chapter 6 presents the manuscript “Evaluation of the
spatial variability of the mechanical properties of rocks in heterogeneous fluid-
saturated media using non-iterative Green's function approach and first-order
second moment stochastic method” which was submitted to Applied Mathematical
Modeling Journal. In this chapter, the non-iterative GFA is extended statistically
and the effect of spatial variability of the mechanical properties of rocks that make
up a geological formation of the Brazilian pre-salt is analyzed. Lastly, Chapter 7
summarizes the findings of this research and discusses directions for future work.
An extensive list of references is provided after Chapter 7. The computational
methods developed within the scope of this work were implemented using the

Python language.
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2
State-of-art-review of uncertainties in geomechanics

Consideration of uncertainties associated with a given process is an essential
part of any engineering project. An analysis that aims to provide data about the
behavior of a given problem must be able to offer an assessment of the uncertainties
associated with these data. Without this assessment, the actions taken based on this
data are questionable (PEREIRA, 2015).

Nowadays, works related to the quantification of uncertainties can be found
in several areas of knowledge, such as medical sciences (KOMPA; SNOEK;
BEAM, 2021; SHAN et al., 2020), environmental sciences (BESSAR; ANCTIL;
MATTE, 2021; MIRDAR HARIJANI; MANSOUR, 2022), economics (MEGLIN;
KYTZIA; HABERT, 2022), urban planning (PANDEY; DONGRE; GUPTA,
2020; TEBYANIAN et al., 2022), applied mathematics (WANG et al., 2021), and
nuclear engineering (FEDON et al., 2021). Most of these works are based on
concepts of classical probability theory (LOEVE, 1977). However, in the literature
there are other methodologies for the quantification of uncertainties, for example,
the theory of imprecise probabilities (ASLETT; COOLEN, 2020), the theory of
possibility (DUBOIS; PRADE, 1998a, 1998b; GEORGESCU, 2012), and the
theory of evidence (KOHLAS; MONNEY, 1994; SHAFER, 1976). The statistical
developments presented in the next sections are based on classical probability
theory.

2.1.
Uncertainties consideration in geotechnical applications

Soils and rocks in their natural state are among the most variable of all
engineering materials (FENTON; GRIFFITHS, 2008). A thorough literature review
on the subject revealed that, over the last few decades, several studies that deal with
the consideration of uncertainties in geotechnical applications have been developed.
Table 2.1 summarizes some of the most prominent research on the consideration of

uncertainties in geomechanical applications found in the literature.
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Table 2.1. Scientific studies on the consideration of uncertainties in geomechanical
problems

Author(s) Application(s)

consider the randomness related to the location of the interface
Brzakala and Pula (1996) | between the layers, the properties of materials, and the acting load

in the calculation of the settlement of shallow foundations

Griffiths and Fenton deal with the steady seepage through a three-dimensional soil

(1997) domain in which the permeability is randomly distributed in space

presents a study that quantifies uncertainties associated with the in-
Cai (2011) situ stress field, rock mass strength parameters, and deformation

modulus in tunnel and cavern design

Bungenstab and Bicalho | perform probabilistic evaluation to assess the variability of footing

(2016) settlements on sandy soil

propose a mathematical method to consider the uncertainties related
Yu et al. (2020) ) o ) ) o
to soil parameters in pile designs for landslide stabilization

consider uncertainties associated with geotechnical properties in the
Ahamed et al. (2021)
design of bridge foundations

Franke and Olson (2021) | incorporates uncertainties in predicting soil liquefaction risk

considers uncertainties associated with soil properties in dynamic
Pang et al. (2021) ]
slop analysis

analyze cohesion as a random field in the calculation of slope
Blondeel et al. (2022)
stability

Mazraehli et al. (2022) introduce uncertainties in the analysis of underground excavations

consider the uncertainties associated with the mechanical properties
Zarrin et al. (2022)
of the soil in the modeling of jacket offshore platforms

As can be seen, in these works the main geomechanical problems
(foundation settlement, seepage, stress and deformation in soils and rocks, slope
stability, and soil liquefaction risk) are analyzed probabilistically assuming some
degree of uncertainty. These works demonstrate that a probabilistic approach must
be employed when analyzing a geotechnical problem. Bungenstab and Bicalho
(2016) affirm that geotechnical analysis based on conventional deterministic
approaches, using safety factors, is highly dependent on available mathematical
models and information obtained in the field, which most often do not accurately
describe the characteristics of materials. According to Cai (2011), the variability of
soil and rock properties is intrinsic and subjective and has a considerable influence
on decision-making in geotechnical problems. In this study, the influence of

variability is highlighted when analyzing the radial displacements of a tunnel,
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which, due to uncertainties, can be up to 65% greater or less than the value found
using a deterministic approach. Even greater variation is found by Mazraehli et al.
(2022) when analyzing the stress field of an underground excavation, which can
assume values up to 80% higher than the values obtained deterministically. Pang et
al. (2021) say that traditional analysis methods, with a single factor of safety, cannot
consider the variations of the various facts involved in geotechnical problems and,
therefore, methods based on statistical concepts can provide a solid basis for the
decision-making. According to Yu et al. (2020), the mechanical properties of the
in-situ soil are highly variable, which makes it difficult to determine a single set of
optimal parameters to be used in deterministic analyses. As a result, statistical
methods that consider the uncertainties associated with these problems have been
widely used.

In addition to the aforementioned studies, there are several geotechnical
applications in the literature that deal with the spatial variability of the mechanical
properties of materials. The scientific studies in Table 2.2 are used as a reference
for the construction of the stochastic random field that defines the spatial variability
of the mechanical properties of rocks adopted in Chapters 4 and 6. This table
presents a brief description of these studies and the main conclusions found by the

authors.

Table 2.2. Scientific studies on the spatial variability of the mechanical properties of

materials in geotechnical applications

Author(s) Description(s) and main conclusion(s)

consider the effect of the spatial variability of the mechanical
properties of the soil in the bearing capacity analysis of a shallow

foundation resting on a clayey soil and in the analysis of stability
Srivastava and Babu

and deformation pattern of a cohesive-frictional soil slope; the
(2009)

results obtained demonstrate that the spatial variability of the
mechanical properties of the soil considerably influences the

performance of the evaluated geotechnical applications
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Table 2.2. Scientific studies on the spatial variability of the mechanical properties of

materials in geotechnical applications (continuation)

Author(s)

Description(s) and main conclusion(s)

Suchomel and Masin

(2010)

consider the spatial variability of cohesion and friction angle in
slope stability analyses using three statistical methods (classic
FOSM; modified FOSM; and probabilistic reference method based
on FEM); the spatial variability of the mechanical properties under
analysis are introduced using a modified FOSM method; the results
demonstrate that the probability of failure is satisfactorily
calculated by the modified FOSM when the standard deviation of
the input random variables decreases or when their correlation
lengths increase; these authors conclude that the modified FOSM
method may provide a good estimate of the probability of slope

failure

Cho (2012)

performs a probabilistic analysis of seepage through an
embankment on soil foundation to study the effects of uncertainty
due to spatial heterogeneity of hydraulic conductivity on the
seepage flow; the spatial variability of the hydraulic conductivity is
considered through a Gaussian random field described by an
exponential autocorrelation function (this function is presented in
Section 3.2.1 of this document); the results demonstrated that the
correlation distances of the autocorrelation function have a

significant influence on the seepage flow

Lietal. (2015)

propose a multiple-response surface method for slope reliability
analysis considering spatially varying soil properties; differences
between results obtained using five theoretical 2-D autocorrelation
functions are systematically compared (these functions are
presented in Section 3.2.1); these results demonstrate that the SQX
(squared exponential) and SMK (second-order Markov) type
autocorrelation functions can characterize the spatial correlation of

soil properties more realistically

Wang et al. (2020)

propose an effective method for identification of representative slip
surfaces of slopes with spatially varied soils within the framework
of limit equilibrium method, which utilizes an adaptive K-means
clustering approach; the spatial variability of soil mechanical
properties is incorporated into the problem using an exponential
autocorrelation function; the results obtained by the proposed
method are compatible with the results obtained via Monte Carlo

Simulation
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In general, all the works presented in this section exemplify the importance
of considering the different types of uncertainties in the analysis of geotechnical
problems. Furthermore, due to the heterogeneity and inherent spatial variability of
rock formations found in geomechanical problems, it is understood that these types
of problems must take into account the different sources of uncertainties, as is done

in geotechnical applications.

2.2
Uncertainties consideration in geomechanical applications

As demonstrated in the previous item, several studies have been done on the
consideration of uncertainties in geotechnical applications over the last few
decades. However, in the geomechanical field, especially in the area of reservoirs,
the literature review revealed that this type of approach has been used scarcely. The
few studies encountered are described next.

Muller et al. (2009a) and Muller et al. (2009b) consider the influence of the
spatial variability of hydraulic and mechanical properties on the elastoplastic
behavior of the rock mass when analyzing the stability of oil producing wells. In
both works, statistical analyzes are performed using a finite element program
developed by these authors. To analyze this same type of problem, Batalha et al.
(2020) present a 2D stochastic geomechanical model based on the MCS, in which
a spatially correlated random field is used to consider the variability of the Young's
modulus of the rocks that make up the geological formation.

Pereira et al. (2014b) quantify the uncertainties associated with the
reactivation of geological faults using the non-probabilistic method of evidence
theory. Seithel et al. (2019) use MCS to consider geological uncertainties in fault
reactivation problems in the Bavarian Molasse Basin (Germany). Rossi et al. (2020)
present a study that quantifies uncertainties related to the effects of local fault
surface orientation, pore pressure fluctuations, and friction coefficient variability in
a fault reactivation problem in the Val d'Agri oil field (Italy). Using data obtained
from the reactivation of geological faults, Zoccarato et al. (2019) propose a
mathematical model to quantify and reduce the uncertainties associated with
seismic event modeling, which are generated by the injection or extraction process
of fluids in underground reservoirs. For this, these authors use the finite element

method (FEM) together with the MCS and the Polynomial Chaos expansion
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method. Bourne et al. (2015) also use MCS to probabilistically analyze the seismic
risk induced by the production of natural gas in a reservoir in the Groningen field
(Netherlands).

In the specific area of reservoir engineering there are few applications.
Pereira et al. (2016) use a non-probabilistic method based on the theory of evidence
to introduce the uncertainties associated with the mechanical properties of rocks in
subsidence and compaction problems. Bottazzi and Della Rossa (2017) use the
MCS to quantify the uncertainties associated with the geomechanical analysis of
underground reservoirs. Mahdi Rajabi et al. (2022) developed a study that aims to
minimize the risks associated with geological uncertainties in CO; storage problems
through an application that combines a multiphase numerical model, artificial
neural networks and MCS.

All these works highlight the importance of considering uncertainties in
different types of geomechanical problems. In the case of well problems, Muller et
al. (2009a) and Muller et al. (2009b) emphasize that the results obtained
deterministically can lead to evaluations that do not represent the real situation.
These studies demonstrate that the variability of the mechanical parameters of the
rocks has a great influence on the results obtained from three-dimensional analyzes
of wells. In addition, they also affirm that the variability of response variables
(stresses, strains, and displacements) increases as the variability of rock properties
increases. The examples analyzed by Batalha et al. (2020) demonstrate that, due to
the uncertainties associated with the Young's modulus, the mud pressure considered
safe for drilling a well calculated deterministically can be up to twice as high as the
pressure calculated statistically. Thus, this uncertainty has a great influence on the
stability of wells. Pereira et al. (2014b) point out that a reliable geomechanical
analysis (in this case, a fault reactivation analysis) must take into account the
inherent uncertainties associated with the rocks that make up the geological
formation. Using a hypothetical example, these authors demonstrate that the pore-
pressure variation that causes fault reactivation, obtained through a probabilistic
analysis, can be up to 27% smaller than the deterministic calculated variation.

As in the previous section, the works presented in this section demonstrate
the need to incorporate the uncertainties associated with the process of fluid
injection or depletion in the analysis of geomechanical problems. As can be seen,

in most of the studies found in the literature, the MCS is used to propagate the
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uncertainties of interest. However, in general, this method is computationally
expensive, which limits its application in complex geomechanical problems.
Therefore, the present work seeks to propose a computationally efficient
methodology that, at the same time, allows for the consideration of uncertainties

associated with the mechanical properties of rocks.



PUC-Rio - Certificag@o Digital N° 1912634/CA

37

3
Theoretical background

This chapter provides a review of the theoretical concepts related to the
developments that are presented in the next chapters of this document.

3.1.
Function of random variables

As previously mentioned, the developments presented in the next chapters
are formulated using the concepts of probability theory (LOEVE, 1977). Applying
these concepts, the mechanical properties of the rocks that form the geological
profile and the responses (displacement, strain, and stress fields) obtained through
geomechanical analysis can be treated as random variables.

Conceptually, random variables are used to represent a set of possible
events. According to Fenton and Griffiths (2008), X will be a random variable if it
is defined by a function that assigns a real number X(s) to each result s € S, where
S is the sample space formed by the set of results {s4, s, ... }.

Random variables can be discrete or continuous. Discrete random variables
are those that assume only discrete values {x;, x5, ... } and they are described by a
probability mass function (p.m.f.). Continuous random variables can assume an
infinite number of possible outcomes (i.e., usually X takes values from the real line
R) and they are defined by a probability density function (p.d.f.). In both cases, the
probability functions of the random variable X are mathematically represented by
fz(x). An additional description of the random variable is done through the

cumulative distribution function (c.d.f.), Fg(x), defined by

Fe() =PI <x] = ) fz(®) )
or _
Fz(x) =P[R <x] = f fx(®) dt, (3.2)

where f3(t) is a discrete or continuous random variable, respectively.
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As cited by Fenton and Griffiths (2008), one of the main reasons for using
random variables is the possibility of performing mathematical calculations that
implicitly consider the set of possible events. As shown in the following section,
the random variables resulting from these mathematical calculations can be
obtained exactly or approximately.

3.1.1.
Functions of a single variable

Problems containing a single random variable can be solved in an exactly
using the following methodology. Consider that the random variable ¥ (whose p.d.f.
is unknown) can be calculated in terms of the random variable X (whose p.d.f. is
known) using the function

v =g(X). (3.3)

When X takes a specific value, that is, when X = x, we can compute ¥ = y = g(x).

If we assume that g(x) is defined by the one-to-one function illustrated in
Figure 3.1, then the probability of ¥ = y will be exactly equal to the probability of
X = x. Since the two probabilities are equal, we can calculate the height of p.d.f. of
Y in the neighborhood of y;. Analyzing the same situation in the neighborhood of
X, it can be seen that the height of p.d.f. of ¥ close to y, depends not only on the
area A, (which is the probability that X is in the neighborhood of x,), but also on
the slope of g(x) at point x,. In this way, as the slope decreases, the height of f¢(y)

increases.

y =g

FO) Silx) "

Figure 3.1. Relation between the Random variables X and ¥ (FENTON; GRIFFITHS, 2008).
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Applying the concept of c.d.f. to two regions (such as the A, regions shown
in Figure 3.1) that have the same probabilities of occurrences results in the
following

x g™
Fr) = F ) = Fs(g™ ) = [ fedr= [ frCodx
- - (3.4)

= Z f2(g7t®) [%g‘l(y)] dy,

where x = g71(y). The p.d.f. can be calculated by differentiating the c.d.f. with
respect to y, which results in
0 =2 B0 =@ o0 = nwla as

Eq. (3.4) is obtained assuming that y always increases when x increases. However,
if y decreases when x increases, the probability of ¥ < y will be determined from
the probability of X > x. To consider these two cases (and since the probability
values are always positive), the absolute value of the term d[g~1(y)]/dy is used in
Eq. (3.5). Furthermore, this equation demonstrates that fy(y) increases when the
inverse of the slope (|dx/dy|) increases.

When g(x) is not a one-to-one function, the probabilities of all the X = x
values which lead to each y are added into the probability that ¥ = y. That is if the

values g(x,), g(x3), ..., g(x,) lead to the same value of y, the result is the following

dx,
dy
The number of terms n usually depends on Yy, so this computation over all y can be

quite difficult (FENTON; GRIFFITHS, 2008).

dx,

+ fz(x2) +o+ fr(xn) rm

fr(y) = fz(x1)

dx,
dy

. (3.6)

3.1.2.
Functions of two or more random variables

The joint probability distribution of random variables Y;, Y5, ..., ¥, in terms
of the joint distribution of X, X5, ..., X,, can also be calculated exactly using the

following methodology. Consider the functions
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fom g (f ko)) (Fa= (P, 7)

YZ = gZ(XllXZ' ey ~n) PR XZ = hZ(Yll YZ' e Yn) , (3 7)

Vo =gn(X1, X2, . X)) X, =h,(7, 7, ... 1)
where the h,, functions are obtained by inverting the (given) g, functions.

As shown in Eq. (3.5), the distribution of ¥ in terms of X is obtained by the
product of fg(x) and the derivative d[g=1(y)]/dy. This methodology can be
generalized to the case of several random variables. In this case, the joint probability
distribution of ¥y, Y,, ..., ¥, is given by

fo.,. 5.0 Y2 s Yn)

— {f)?l)?z...)?n(hli h2’ T hn) |]| for (}’1: Y2y .VTL) eT (38)
0 otherwise ’

where T is the region in Y space which corresponds to the possible values of x,

specifically
T =1{g.,82) -, 8n: (X1, X5, ..., X,) €S}, (3.9)
and J is the Jacobian of the transformation
roh; 0Jhy 0h;
dy; 0y, Oy
dh, 0dh, oh,
J = detiay, ay, Oy |- (3.10)
oh, oh,  oh,
9y, dy, Oy
3.1.3.

Statistical moments of functions

In many cases, the complete probability distribution calculated from a
function of random variables is difficult to be determined. In these situations, it may
be interesting to approximately obtain at least the mean value and the variance of
the output random variables resulting from these functions. According to Fenton
and Griffiths (2008), calculating only these statistical parameters is usually easier
than calculating the complete probability distribution. Furthermore, the central limit
theorem can often be invoked to suggest that the final distribution is normal or

lognormal.
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3.1.3.1.
Statistical parameters of functions of a single variable

If g is a function of random variables that allows calculating ¥ in terms of

X, the nth statistical moment of ¥ will be given by

E[Y"] = f g"(x)fz(x) dx . 3.11)

Depending on how it is formulated, there are different levels of approximation for
the calculation of these moments. To show this, consider the expansion of the
function g in terms of Taylor’s series centered on the mean value (ug) of the

random variable X

zd2

¥ =g(X) = glu) + (X — uz) g| +3 (~—#x) T Ga)

A first-order approximation is obtained by truncating Eq. (3.12) after the

first two terms, which results in

_ o dg
E[f] = E lg(,ug) + (X - ,u;?)a| l = g(ug) and (3.13)
157¢

- - d
Var[Y] = Var [g(,ug) + (X — ,ug) d—i| l Var[X <d | ) (3.14)
Uy Iy

where E[Y] and Var[Y] represent the mean value (first moment) and the variance
(second moment) of the random variable ¥, respectively. The second-order

approximation uses the first three terms of Taylor’s series expansion

o 1 _ [d?g

E[Y] = g(ug) + 5 Var(X] WW and (3.15)

dg 1 d*g :

Var[¥] = Var[X] ( ) (—Var[)?]— >

| 2 dx? iy
dg d’g
+E[(X - ix) ](dx & ) (3.16)
2
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The second-order approximation is more accurate. However, it requires
knowledge of the third and fourth statistical moments of X, which are difficult to

estimate.

3.1.3.2.
Statistical parameters of functions of two or more random variables

If ¥ is a function of the n random variables X;,X,,...,X,, then the

corresponding Taylor’s series expansion is defined by

n

- - 0

Y = g(ug,, 1z, .an) + Z(Xi - ﬂfi)a—f_
i=1 Ve

n
1 _ - d%g

where u is the vector of mean values. The first-order approximations of the mean

(3.17)

value and variance of Y are

E[Y] = g(p) and (3.18)
ek _ . .|og og
Var[Y] = ;;COV[XL-,XJ- ] [a—xl ' E J . (3.19)

The mean value of the second-order approximation is defined by

s v v o
E[Y] = g(u) + Ez Z Cov[X;, X/]

i=1j=1

d%g
axlax]

]' (3.20)
u

The variance obtained from the second-order approximation is difficult to express
mathematically because it involves quadruple summations and fourth-order
moments.

3.1.3.3.
Central limit theorem

According to the central limit theorem, the sum or product of a large number
of random variables, regardless of the type of distribution, tends to result in random
variables that follow a normal (Gaussian) or log-normal p.d.f., respectively (BECK,
2019). This theorem is often used to justify the choice of a particular type of

distribution, especially in cases where the p.d.f. cannot be defined exactly.
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3.1.4.
First-order second-moment method

The first-order second-moment (FOSM) method is based on the expansion
of the function g in terms of Taylor’s series centered on the mean values
(4%, Mgy s lig,,) Of the random variables X, X5, ..., X;,. In this method, Eq. (3.17)
is truncated after the linear term, hence the name "first-order". The truncated
equation is then used to determine the first two statistical moments of the output
random variables, hence the name “second-moment”. According to Benaroya and
Han (2005), the FOSM method is basically a formalized methodology based on a
first-order Taylor’s series expansion as defined by Eq. (3.13) and Eq. (3.14), for
functions with only one random variable, or Eq. (3.18) and Eq. (3.19), for functions
with two or more random variables.

In Eq. (3.19) and Eq. (3.20) the term Cov[X;, X;] refers to the covariance

between the random variables X ; and X i, which is defined by
Cov[X, Fj] =E [(Xi — ug,) (Xj - ﬂX,-)]

cor (3.21)
= j J('xl —ll)?i) (Xj —#Xj)f)?i)?j(xi;xj)dxidxj-

Cov[)? X j] can also be written as a function of the correlation coefficient (p %; g}.)
Cov[X,, YJ] = Px%;0%,0%;» (3.22)
where oz, and og, are the standard deviations of the variables X; and X s

respectively.

3.1.5.
Monte Carlo simulation

Monte Carlo simulation (MCS) is an approximate statistical method used to
solve problems involving randomness. In this method, the p.d.f. of the output
random variables are defined from the equations that govern the deterministic
problem. These equations are then solved several times using different input
parameters, which are randomly extracted from a given sample space.

In general, this method provides an answer that approaches the “exact
solution” when the number of realizations tends to infinity (BENAROYA et al.,,

2005). However, these methods are computationally expensive, and their use is
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indicated for validation and/or complementation of other statistical methods
(LOFMAN; KORKIALA-TANTTU, 2021; QI et al., 2022; WU et al., 2021).

3.2
Spatial variability of the mechanical properties of materials

The mechanical properties of soils and rocks can be analyzed as random
variables due to their inherent spatial variability (VANMARCKE, 2010). This
spatial variability can be understood considering the following situation: during the
characterization of the geological formation, samples are extracted at two different
points located within the same geological layer. If these two points are close, the
mechanical properties are expected to be similar and close to the mean value (small
fluctuation). If these points are distant, it is expected that these properties are more
dispersed in relation to the mean value (great fluctuation), due to the presence of
impurities, inhomogeneities generated during the formation process of the rock
layer, fragmentation, or other causes. This fluctuation is measured using a scale,
which describes the variability of these properties in space.

In this work, the spatial variability of the mechanical properties of the rocks
is incorporated into the geomechanical problems through Gaussian and stationary
stochastic random fields. Gaussian random fields are fully characterized by the
mean value and variance of the input random variables. In stationary random fields,
the marginal p.d.f. are constant at any point located in the problem domain, however
the joint p.d.f. vary and depend only on the relative positions between these points.
These considerations (Gaussian and stationary) make the mean value, variance, and
higher-order moments constant within the problem domain. Fenton and Griffiths
(2008) mention that the use of non-stationary correlation structures is uncommon
in geotechnical and geomechanical problems due to the prohibitive amounts of data
needed to estimate their parameters.

Gaussian and stationary random fields are characterized by three

parameters: the mean value pz , the variance 0)%71, and the fluctuation scale 8, which

defines how the random variables vary spatially. According to Vanmarcke (2010),
this last parameter is characterized by the second moment of the joint p.d.f. of the
random field variables, which can be considered by the covariance function, by the
spectral density function, or by the variance function. The first method is used in

the applications presented in this work.
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3.21.
Covariance function and correlation length

The second moments of a Gaussian random field can be considered using
the definition of covariance from Eq. (3.21). However, this approach does not
provide information about the degree of linear dependence between random
variables X;(t") and X;(¢*). In this situation, a more meaningful measure can be
obtained using the autocorrelation function
Cov[X;, X]

prx,(ToTy) = p——
9%,

(3.23)

where the parameters 7, and 7, represent the relative horizontal and vertical

distances between points t’ and t*, and the parameters oz, and o x; are the standard

deviations of the random variables X; and X i, respectively.

This linear dependence can also be interpreted using the concept of
correlation length 6, also called fluctuation scale. In general, this parameter
represents the distance at which the random variables X;(t') and )?j(t*) are
significantly correlated (VANMARCKE, 2010). When the autocorrelation function
assumes values close to zero, the mechanical properties of the materials vary
considerably around the mean value and, in this case, the random variables that
represent these properties are weakly correlated. On the other hand, when this
function assumes values close to one, the mechanical properties present low
variability, and they are strongly correlated. According to Li et al. (2015), it is
important to estimate the fluctuation scale accurately because it plays a key role in
characterizing the spatial variability of the mechanical properties of soils and rocks.
Although there are methods that propose ways to quantify this scale in the field
(LLORET-CABOT; FENTON; HICKS, 2014; UZIELLI; VANNUCCHI,;
PHOON, 2005), they are difficult to use because they require large amounts of data.
As a result, theoretical functions have been used to characterize the spatial
correlation of random variables in geotechnical problems. Table 3.1 and Figure 3.2

present some of these theoretical functions.
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Table 3.1. Common autocorrelation function for geostatistical analysis (LI et al., 2015).

Type

Function 2D

Single exponential (SNX)

_ (B I
p(T"‘Ty)_eXp[ 2(9h+91,>]

Squared exponential (SQX)

12 12
p(Tx,Ty) =exp|—m ﬁ-i_ﬁ
h v

Second-order Markov (SMK)

p(‘rx, Ty) = exp [—4

Ty Ty 4-Tx) < 4Ty)
(6h+6v)]( * On * 0,

Cosine exponential (CSX)

_ (= = I T_y>
e =oo] (o) )z

Binary noise (BIN)

(1 T")(1 Ty)f <0, andt, <8
p(rx,ry)zi 0, p,) 10T Tx = Onandty =6y

0 otherwise

PlTx, Ty}

0.8.

0.6.

0.4.

O T, Ty )

0.2.

o
(b) SQX

Figure 3.2. Common 2D autocorrelation functions for geostatistical analysis (normalized

to unit scales of fluctuation) (LI et al., 2015).
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0.8.

0.

Tx,

= [.4.

p

L ]

[ =]

5 '_2
(d) CSX

(Eg=]

(e) BIN
Figure 3.2. Common 2D autocorrelation functions for geostatistical analysis (normalized

to unit scales of fluctuation) (LI et al., 2015) (continuation).
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3.3.
Green’s function approach

The Green's function approach (GFA) was originally proposed by Matheus
L. Peres, Leonardo C. Mesquita, Yves M. Leroy, and Elisa D. Sotelino within the
scope of the project “Modelagem Geomecanica do Pré-Sal”, which was developed
by PUC-Rio in partnership with TotalEnergies. The initial version of this method
was published in 2021 by the International Journal for Numerical and Analytical
Methods in Geomechanics in the paper entitled “Stress evolution in elastically
heterogeneous and non-linear fluid-saturated media with a Green’s function
approach” (PERES et al., 2021)*.

This method uses the classic Green functions (Kelvin's fundamental
solution, Melan's fundamental solution, Mindlin's fundamental solution, or others)
as an auxiliary solution that together with the reciprocity theorem calculate the
variation of the displacement field of a geological formation subjected to fluid
injection and/or extraction processes. This approach has no limitations in terms of
geometry, number of layers, and heterogeneity of the geological profile and can be
applied to materials with linear or non-linear behavior. Compared to the classic
finite element method (FEM), the great advantage of the GFA is that it does not
require the imposition of boundary conditions, and the analysis of the problem can
be performed considering only the reservoir or other regions of interest.

In general, when analyzing a geomechanical model using FEM it is
necessary to discretize a large region around the domain of interest (here called the
semi-infinite medium) in order to represent the continuity of the geological profile
and reduce the effect of boundary conditions on this region of interest. This
increases the number of degrees of freedom of the problem and, consequently, the
CPU time of the analysis. Thus, to obtain the deterministic response of complex 3D
models, it may need a CPU time of the order of hours or days. In these situations,
it is certainly not computationally feasible to obtain the statistical answer to the
problem. When using the GFA, it is not necessary to perform the discretization of
the semi-infinite medium, which reduces the CPU time of the analysis. At the same
time, this makes the GFA a computationally viable method to consider the inherent

uncertainties contained in geomechanical problems. The GFA can also be classified

4 DOI: 10.1002/nag.3204
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as an analysis method for unbounded problems because the domain around
reservoir regions is treated as infinite or semi-infinite. The GFA formulation and its
extension to consider the uncertainties associated with the mechanical properties of

materials in geomechanical problems are detailed in the next chapters.
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4

“Uncertainties consideration in elastically heterogeneous
fluid-saturated media using the first-order second-moment
stochastic method and Green’s function approach”

Paper published by Leonardo C. Mesquita, Elisa D. Sotelino, and Matheus
L. Peres in the Applied Mathematical Modelling.

Abstract

The present work proposes a stochastic statistical method, called Green-
FOSM, to consider the uncertainties associated with the mechanical properties of
rocks that form geological profile. This method intended to help improve the
decision-making process associated with the production of oil and gas, the
extraction of water, and the storage of CO; or natural gas. The novelty of the method
lies in the use of Green’s function approach, which, together with the FOSM
method (first-order second-moment method), is used to propagate uncertainties
associated with the material to the displacement field of the geological formation.
Furthermore, using the concepts of stochastic grid and autocorrelation function, the
proposed method allows the consideration of the spatial variability of the random
variables that represent these mechanical properties. This method is applied to a 2D
model subject to two processes of pore pressure changes (depletion only and
depletion combined with injection) with different levels of correlation and
variability. The statistical results obtained by the proposed method agree well with
the results obtained using Monte Carlo simulation. In problems with more than
1500 random variables, the relationship between the CPU times demonstrates that

the proposed method is up to 30 times faster than the Monte Carlo simulation.

>DOLI: 10.1016/j.apm.2022.11.012
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4.1.
Introduction

Human activities related to the process of fluid injection or depletion in
underground reservoirs, such as the production of oil and gas (MINKOFF;
KRIDLER, 2006; MORGAN; LEWIS; WHITE, 1980), the extraction of water
(TEATINTI et al., 2006), and the storage of CO; or natural gas (FERRONATO et
al., 2010; NAGELHOUT; ROEST, 1997; TEATINI et al., 2011), generate changes
in the displacement, strain, and stress fields in the geological formation. As a direct
consequence of these changes, there is the swelling or compaction of the reservoir
rock and, consequently, the subsidence of the free surface (BAU etal., 2015). These
changes can also generate secondary effects as, for example, wellbore collapse and
offshore platform failure (MINKOFF; KRIDLER, 2006), decreased production due
to reduced porosity and permeability of the geological formation (FERRONATO
et al.,, 2006), fault reactivation, and seismic events (BOURNE et al., 2014;
PAULLO MUNOZ; ROEHL, 2017; VERDON et al., 2016). In the last decades,
several examples of subsidence due to fluid depletion have been reported in various
places such as Wilmington field in the USA (COLAZAS; STREHLE, 1995),
Boscan field in Venezuela (FINOL; SANCEVIC, 1995), Ekofisk field in Norway
(HERMANSEN et al., 2000; KRISTIANSEN; PLISCHKE, 2010), Dan field in
Denmark (HATCHELL et al., 2007), Groningen field in Netherlands (VAN
THIENEN-VISSER; FOKKER, 2017), Lower Loathe Plain in China (SUN et al.,
2017). From an environmental point of view, changes in the displacement, strain,
and stress fields can modify the transport of solutes in underground aquifers.
According to Bonazzi et al. (2021), the water-level decline associated with
subsidence modifies hydrological fluxes and can lead to deterioration of water
quality, due to a greater probability of seawater or wastewater infiltration in the
aquifer. In addition, the fault reactivation process can increase the likelihood of
aquifer contamination. These events have motivated the development of analytical
and numerical methods to predict changes in the displacement, strain, and stress
fields.

Among the analytical methods proposed to date, one of the most renowned
is the method proposed by Geertsma (GEERTSMA, 1957, 1973a, 1973b), which is

based on the theory of poroelasticity and nucleus-of-strain concept (LEWIS;
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MORGAN; WHITE, 1983; MINDLIN; CHENG, 1950). Using this method, it is
possible to calculate the displacements and stresses in a homogeneous geological
formation assuming that the reservoir has a cylindrical shape and is subjected to a
uniform depletion. In order to make this method more comprehensive, over the last
few years, several researchers have expanded the equations originally proposed by
Geertsma (DU; OLSON, 2001; FOKKER; ORLIC, 2006; MEHRABIAN;
ABOUSLEIMAN, 2015; PAULLO MUNOZ; ROEHL, 2017; SEGALL, 1992;
TEMPONE; FIAZR; LANDR®, 2010; VAN OPSTAL, 1975). In general, analytical
methods have the advantage of being simple, however, they are limited in relation
to geometry, heterogeneity of the geological profile, and mechanical behavior of
materials. To overcome these limitations, numerical methods are used. These
methods, usually based on the finite element method (FEM) (BELAYNEH;
GEIGER; MATTHALI, 2006; HADDAD; EICHHUBL, 2020; LELE et al., 2016;
SETTARI; WALTERS, 2001; WATANABE et al., 2010), are able to consider the
particularities of each geological formation, however, in most situations, they
demand a high computational effort for the construction and processing of models.
Green’s function approach, proposed by Peres et al. (2021), is a hybrid method in
which analytical equations are numerically solved. As in the analytical methods,
this method is simple and computationally efficient, however, it does not have
limitations in relation to geometry, number of layers, and heterogeneity of the
geological profile and can be applied to linear and non-linear material behavior.
The great advantage of this method compared to the classic FEM is that it does not
require the imposition of boundary conditions and the analysis can be performed
considering only the reservoir or other regions of interest.

All methods discussed above deal with the effects of human activities
related to the fluid injection or depletion processes in a deterministic way, that is,
they do not consider the uncertainties associated with this process. However,
uncertainties can greatly affect the results obtained by these methods (BAU et al.,
2016) and lead to responses that do not faithfully represent in-situ observations
(MULLER et al., 2009a, 2009b). In geotechnical and geomechanical problems, the
main source of uncertainties is associated with the inherent spatial variability of the
mechanical properties of materials (DENG et al., 2017; GEDDES, 1977;
SUCHOMEL; MASIN, 2010).
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The aforementioned uncertainties have been included in the analytical or
numerical models through statistical simulation-based methods (YANG; CHING,
2019), among which Monte Carlo simulation (MCS) is the most commonly
adopted. In the geotechnical field, this statistical method has been used in slope
stability problems (DENG et al.,, 2017; EL-RAMLY; MORGENSTERN;
CRUDEN, 2002; SUCHOMEL; MASIN, 2010) and foundation settlement
(BRZAKALA; PULA, 1996; BUNGENSTAB; BICALHO, 2016). In the
hydrogeological field, applications are found in problems related to solute transport
in aquifers (FIORI et al., 2015), and groundwater flow (SOHN; SMALL;
PANTAZIDOU, 2000). In the geomechanical case, it has been used in wellbore
stability problems (BATALHA et al., 2020; MULLER et al., 2009b, 2009a;
UDEGBUNAM; AADN@Y; FIELDE, 2014), in inverse analyzes, to calibrate the
parameters of reservoir models using in-situ subsidence data (AICHI, 2020; BAU
et al., 2015, 2016; BOTTAZZI; DELLA ROSSA, 2017; GAZZOLA et al., 2020;
ZOCCARATO et al., 2020), and in problems with uncertainties related to the
hydraulic conductivity of materials (FRIAS; MURAD; PEREIRA, 2004). In MCS,
the statistical response is calculated through the deterministic equations of the
problem, which are solved repeatedly using several sets of parameters generated
randomly from the probability density function of the input variables (HWANG;
LANSEY; JUNG, 2018; MALLOR et al., 2020). Subsequently, the set of
deterministic results is analyzed in statistical terms in order to obtain the mean
value, the variance, and the probability density function of the output variables. As
MCS uses the deterministic equations of the problem, it can be performed with any
analytical or numerical method without the need for complex computational
implementations.

The MCS often demands great computational effort, as it may require
thousands or millions of repetitions before reaching satisfactory results, which
limits its application in complex problems, such as the problems related to the fluid
injection or depletion (WU et al., 2018). In these problems, statistical methods
approximated by Taylor series expansion can be used as an alternative to MCS,
since they are computationally more efficient (WENXIN; ZHENZHOU, 2018;
YANG; CHING, 2020). Among these approximate methods, the first-order second
moment (FOSM) method stands out. In this statistical method, the first and second

statistical moments (hence “second moment”) are approximated using the first
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terms of the Taylor series expansion (hence “first-order’”) about the mean value
(FENTON; GRIFFITHS, 2008). In the literature, there are applications of this
method for the treatment of different types of problems, such as uncertainties
quantification of creep in concrete (CRIEL et al., 2017) and seismic hazard
assessment (WANG; YUN; WU, 2013). In the geotechnical field, this method has
been applied in studies of tunnel stability (CHENG et al., 2019), slope stability
(DUNCAN, 2000; SUCHOMEL; MASIN, 2010), and foundation settlement
(BUNGENSTAB; BICALHO, 2016). In geomechanical problems, its applications
are limited to estimating reserves and forecasting production (MISHRA, 1998).

In view of this scenario, it is identified a gap in knowledge between the
deterministic methods used to predict the changes generated by the fluid injection
or depletion and the uncertainties related to the mechanical properties of rocks that
make up the geological formation. Thus, this paper aims to contribute to address
this gap. More specifically, it presents a computationally efficient stochastic
statistical method, based on Green’s function approach and the FOSM method,
which allows the prediction of changes in the displacement field generated by
variations in pore pressure and, at the same time, considers the spatial variability of
the mechanical properties of the rocks that form the geological profile.

4.2.
Green’s function approach

4.2.1
Stress, fluid pressure change, and mechanical equilibrium

During the fluid injection or depletion process, changes in the pore pressure
occur within the reservoir (subdomain (p). Such changes will modify the
displacement, strain, and stress fields of the entire problem domain ({);). Defining
Ag;j as the variation of the stress state Ao;; generated by a Ap change in pore
pressure, the mechanical equilibrium for the total stress (initial + change) is
enforced by

(03 + B0y ;) +fi=0 Vi €Q, 4.1)
at any material point indicated by the vector x; within the domain Q,. The term f;
represents an external field initially generated by body or surface forces.

In general, in geomechanical analyses, the displacements generated by a

change in pore pressure (Ap) are small when compared to the characteristic
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dimensions of the problem. Thus, it is assumed that the problem can be analyzed
considering small deformations and displacements. The first consequence is that

the linearized strain tensor can be used and is given by

1

&j =5 (uij +uj) - 4.2)
The second consequence is that in the absence of geometrical effects in Eq. (4.1),
the local equilibrium conditions for the stress changes are

Aoijj+fi=0 Vx; €L, (4.3)
where f; represents any field of interest, except for the fields considered initially,
since Eq. (4.1) is satisfied by the initial stress before any stress change. Therefore,
the problem to be solved is one in which the displacement and strain fields are
initially set to zero, and the changes in pore pressure (Ap) over the subdomain (z)
results in a displacement field (u;), a strain field according to Eq. (4.2), and a stress

change (AO’i j) that satisfies the equilibrium condition of Eq. (4.3).

4.2.2
Linear poroelasticity for heterogeneous problems

According to the theory of linear poroelasticity proposed by Biot (1941), the
variation of the stress state Ao;; generated by a Ap change in pore pressure can be
calculated as follows:

Aoy = (ijkz € — Ay Ap, (4.4)
where (ijk 1» €1, and A;; are the fourth-order stiffness tensor, the second-order strain
tensor, and the second-order Biot tensor, respectively. Eq. (4.4) is only applicable
to homogeneous problems. In the case of heterogeneous problems (heterogeneity
generated by the difference among the elastic properties of the rocks that make up
the geological formation), Peres et al. (2021) propose the inclusion of additional
tensor Ag;;(x) given by:

AGii(x) = | Tkl — Cijri ()] s 4.5)
which represents the difference between the elastic properties of the homogeneous
and heterogeneous problems. In this equation, Eq. (4.5), C;j; (x) is the fourth-order
stiffness tensor obtained from the mechanical properties of materials found in an x
position contained in the problem domain ({;). Thus, the equation for linear

poroelasticity applied to heterogeneous problems can be rewritten as:
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Agy; = Cijpy & — Aij Dp — AGy;(x). (4.6)

4.2.3
Reciprocity theorem extended to linear, heterogeneous porous media

During the fluid injection or depletion process, changes in the pore pressure
occur within the reservoir (subdomain (p). Such changes will modify the
displacement, strain, and stress fields of the entire problem domain (£2;). Using the
principle of virtual work, it is possible to establish the following relationship

between the displacement field and the strain and stress fields:

Qp a0, Qp

where 1; is any virtual displacement vector associated with the virtual strain tensor

&;j, AT ; represents the variation of surfaces forces caused by the fluid injection or

depletion processes and f; is the force vector that does not consider the surface
forces.

The reciprocity theorem is the basis of Green’s function approach (PERES
et al., 2021). Using this theorem, the displacement field of the geomechanical
problem (real problem) can be calculated with the aid of a fundamental solution
(auxiliary problem), whose analytical answers are known (Kelvin fundamental
solution, Melan fundamental solution, among others). For this, consider that the real
problem (index 1) and the auxiliary problem (index 2) have the same domain ({};)
and the same boundary conditions. Applying Eq. (4.7) to the real problem with the

virtual field corresponding to the auxiliary problem and vice versa, we have:

J AoV &P v = j AT 2P ds + j o av, 4.8)
Q¢ 6.Q.t Q
f Ao & dv = j AT® o ds + j P aav. (4.9)
Q¢ a.Q.t Q¢

Using Eq. (4.6), the left sides of Eq. (4.8) and Eq. (4.9) can be rewritten as

follows:
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f AcD &P dv
Q

f 2@ €8 ey AV — j Ay ap®W & dv (4.10)
Q Qg

j Aa(1>(x) <2> av,

= J 2D €8 82 dv — jA Ap@ &P dv @.11)
Qg Qg

- f AGD () & av.
Q¢

As the constitutive tensor Cfjy,; is symmetric, the first integrals on the right side of

the Eq. (4.10) and Eq. (4.11) are equal, resulting in:

f AT 4 ds + f £ a® v + f Ay bp® & av
EIo Q Qg

f AGH () & dv =

Q
(4.12)

j AT® M ds + J P aav + J Ay bp@ &P v
6Qt Qg

f AGE () & av.
Q

In the real problem (superscript 1), the unknown displacements are
generated only by the change in pore pressure Ap, therefore, the vectors ATgl) and

fi(l) can be suppressed. In the auxiliary problem (superscript 2), the unknown

displacements come from a unit point load applied in a position X of the domain

(Q¢) and, therefore, the vector ATEZ) and the pore pressure Ap®@ can be disregarded
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(LEHNER; KNOGLINGER; D, 2005). Furthermore, as the fundamental solution

used to solve the auxiliary problem consider homogeneous materials, the tensor

AJEJZ-)(x) is null. Removing the superscripts (1) and (2), Eq. (4.12) can be rewritten

as:

e (X)) = j () Dp(xe) Sy £ (Ko, ) AV

Qp
(4.13)

+ | AT i) Enmi i) a,
Q¢
where 1y, is the horizontal (k = 1) or vertical (k = 2) displacement in the position
X, a is the Biot coefficient, Ap is the pore pressure variation, §;; is the Kronecker
delta, &, are the strains in the x; position obtained from the fundamental solution
considering a unit point load (horizontal for the calculation of the horizontal
displacement or vertical, otherwise) applied in the X; position, and AG,, is the
tensor that corresponds to the stress variation generated by the differences between
the mechanical properties of the real problem and the auxiliary problem.

In Eq. (4.13) the first integral is applied to the subdomain (Qz), which
represent the reservoir region, that is, the region where the pore pressure change
will occur, and the second integral is applied to the domain (Q,), which is the real
problem domain. The numerical examples presented in this work use as a Green’s
function (auxiliary problem) the 2D Melan’s solution (MELAN, 1932), which
considers a point load applied in a semi-infinite domain (plane strain state). The
equations for calculating the &, strains were taken from Telles and Brebbia
(1981) and are presented in Appendix A. The Green’s function approach can be
extended to three-dimensional applications using a suitable Green’s function, for
example, the 3D Kelvin solution (infinite domain) or Mindlin’s solution (semi-
infinite domain).

4.2.4
Numerical scheme

There are two ways to solve Eq. (4.13), which is implicit in terms of the
displacement field. The first method consists of determining the strains &;, Eq.

(4.5), by directly calculating the strain gradient du; /dx; from the differentiation of
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Eq. (4.13). The second method, which is simpler, consists of discretizing the ),
domain in N; triangular regions, generating a mesh similar to those in the finite
element method. Using this mesh, the displacements are calculated at each node
through Eq. (4.13). In this work, linear interpolation is used to construct the
displacement field. As a result, the stress Ad,y,, is uniform in each element and the

displacement u; (X;) can be calculated by:

NQR

u,(X;) = z (X(Xi)(b) Ap(xi)(b) f Smn Emnix (X, x;) dV

b=1 (b)
Qg

(4.14)

Nﬂt

+ § Aamn(xi)(b) jS:nnk(Xi;xi) dV;
b=1 Q(b)
t

where Nq, is the number of elements in the reservoir region (subdomain () and
Ny, is the number of elements in the entire model (domain ;). The additional term
AG pmy and the deformations &y, are calculated from the displacements uy, (X;) and,
thus, Eq. (4.14) must be solved interactively. For this, Peres et al. (2021) propose
an iterative method, in which the displacement field of the step n is used to calculate
the strains &j; and the stresses AGy,,, in step n + 1. The initial displacement u (X;)
is calculated considering only the first summation of Eq. (4.14) and the convergence
of the method is based on the error measure du; calculated using the nodal

displacements in steps n + 1 and n, given by:

N
5 —12
uk—N.

i=1

where u, (X)) is the displacement at position X; calculated in step n + 1,

U (X)) ™D — 4 (X
ug (X;) ™

<t (4.15)

up (X i)(n) is the displacement at position X; calculated in step n, N is the number
of nodes in the problem, and ¢t is the tolerance used as a stopping criterion. The
convergence of this iterative method is widely discussed by Peres et al. (2021).
The two integrals of the right side of Eq. (4.14) are solved numerically using
the Gaussian quadrature, when the auxiliary problem is not singular, or the
Bartholomew quadrature (BARTHOLOMEW, 1959) associated with the Duffy
transformation (BONNET, 2017; MOUSAVI; SUKUMAR, 2010), when the
auxiliary problem is singular. As can be seen in Appendix A, the equations of the

2D Melan’s solution are proportional to the terms 1/ (2D Kelvin’s solution part)
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and 1/R (complementary part) which are singular when the position X; of the unit
point load applied approaches the evaluation point x;. Additional information on
the treatment of singularity points using Bartholomew quadrature and Duffy’s
transformation is presented in Appendix B.

4.3.
Uncertainties consideration using Green’s function approach

4.3.1.
FOSM based on Green’s function approach

Using Eq. (4.14), it is possible to calculate deterministically the changes in
the displacement field generated by the fluid injection or depletion process. To
consider the uncertainties inherent in the properties of materials, Green’s function
approach can be extended using statistical methods. In these methods, the
mechanical properties of materials are considered as random variables defined by
their statistical moments and probability density function f¢ (7). This extension is
done using statistical methods that can propagate uncertainties from random input
variables to random variables that represent the answer to the problem, which can
be exact or approximate.

According to Fenton e Griffiths (2008), exact methods use the concept of
random variables functions, in which the probability density functions of input (X;)
and output (¥;) random variables are calculated analytically through a function ¥; =
g()? i). For complex g()? L-) functions, as in the case of Eq. (4.14), the use of exact
methods become impracticable. In these situations, the propagation of uncertainties
can be performed using approximate methods, such as the MCS and the FOSM
method.

In MCS, Eq. (4.14) is solved K times and, in each of these times, the input
variables assume random values defined from their probability density functions

fz,(7). After the K realizations, the statistical moments and the probability density
functions fy,(7) that represent the output random variables (in this case, the nodal

displacements) are obtained. In the FOSM method, the statistical moments of the
output random variables are determined through the first terms of the Taylor series

expansion about the mean values (ug, ) of the N random variables (ANG; TANG,
2015) as shown in Eq. (4.16) and Eq. (4.17):
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E[f’()?l,)?z, ...,)?N)] ~ g(,ugl,ugz, ...,,ugN), and (4.16)
Var[V (X, X5, ..., Xy)]

N N
- z Z ag(.u)?luu)?z) ...,‘Ll)?N) ag(:u)?l) "'Hu)?N) o0 (417)
a)?m a)?n PmnOmOn-

m=1n=1

In these equations, Y, and o, are the mean value and standard deviation of the
random variable m, and p,,, is the linear correlation coefficient between the
random variables m and n. Differently of MCS, in the FOSM method is not
necessary to know the probability density function fg (7) of the input random
variables, because in this method the uncertainties are propagated using only the
first two statistical moments (mean value and variance) and the linear correlation
coefficient p,,,, (CRIEL et al., 2017). As mentioned before, the great advantage of
this method is related to CPU time, which is usually lower than the CPU time
consumed via MCS.

Associating the Green’s function approach, Eq. (4.14), with the FOSM
method, Eq. (4.16) and Eq. (4.17), the mean values and variances of the nodal
displacements (represented by the output random variable Uj) at X; position are
given by:

E[Uk(Xi,)?l,)?z, ...,)?N)] ~ uk(Xi,ugl,,ugz, ...,,uXN), and (4.18)

Var|[U, (X, Xy, .., Xy)]

Nag No; Nag
_ Z D@R®) | 2 D@oO®) Z D@ ®)
P p “ (4.19)
b b b
N,

QD) o I
+ z Dg C (pXM’GXp’ JXq) ’
b

where ]D)I(OQR)(”) is the vector of the partial derivatives of the displacements
generated by each triangular region of the subdomain () in relation to the N input
random variables, ]D;Qt)(b) is the vector of the partial derivatives of the

displacements generated by each triangular region of the domain (2, in relation to

the N input random variables, defined by:
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Qr)(b
(au]({ R )(Xi,ll)?l,ll)?z, ---,,U)?N)\

X,

DOR®) — ] :
P QR)(b
au](( R )(Xiuu)?luu)?zr "".L‘X'N)

0%, )
0 (4.20)
a—~ a(xi)(b)AP(Xi)(b) j Omn Emnk (X, x;) AV
1 Qg’)
= 1 : > and
0 (b) (b) *
ﬁ a(xi) Ap(xi) Smn <(:mnk(Xi:xi) dv
Q)b
au](c o) )(Xiuu)?y 'u)?z’ "'uu)?N)\
0X,
D@®) = : \
L Qo)(b
au](( 2 )(Xi;ll)?l, Uz, "'hu)?N)
\ 0Xy )
N
( d 4.21)
3T A5mn(xi)(b) J g;knnk(Xi;xi) dv
0x,
ol
= H >
0 ~ (b) *
Y Aamn(xi) Emnk (Xi:xi) dv
ax,
ol?

The C (pgpq, O')}p,O'gq) matrix considers the spatial variability of input random

variables that represent the mechanical properties of materials, as further discussed
in the next section.
4.3.2.

Random variables, stochastic grid, and spatial variability of
properties

The mechanical properties of soils and rocks can be considered random
variables due to their inherent spatial variability (VANMARCKE, 2010). This
spatial variability is exemplified considering two distinct points located within the
same geological layer. If these points are close, the mechanical properties are
similar and close to the mean value. Otherwise, these properties show a greater

fluctuation in relation to the mean value, due to the presence of impurities,
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inhomogeneities generated during the formation of the rock layer, fragmentation,
or other causes. This fluctuation is measured though a scale, which describes the
spatial variability of these properties, forming a random field. From a statistical
point of view, this spatial variability is introduced into the geomechanical problem
through a stochastic random field, here represented by the domain ({;) of the
problem. As proposed by Cho (2012) and Li et al. (2015), the domain €, is then
partitioned into several subdomains (); forming a stochastic grid, in which the input
random variables are significantly correlated and consequently there is no
fluctuation. This fluctuation is considered between two subdomains (); using an
autocorrelation parameter, which varies from O (properties fluctuates rapidly about
the mean values) to 1 (properties are significantly correlated).

According to Li et al. (2015), it is important to estimate the scale of
fluctuation accurately because it plays a key role in characterizing the spatial
variability of the mechanical properties of soils and rocks. Although there are
methods that propose the quantification of this fluctuation scale in the field
(LLORET-CABOT; FENTON; HICKS, 2014; UZIELLI; VANNUCCHI;
PHOON, 2005), these methods are difficult to apply because large amounts of data
are required. As a result, theoretical autocorrelation functions have been used to
characterize the spatial correlation of soil mechanical properties. This type of

approach has been widely used in geotechnical problems, however, in
geomechanical problems no reference was found. Assuming that p (Tqu, Typq) is
the autocorrelation function between the random variables X p and X ¢ that belong

to the subdomains (), and (,, respectively, the matrix C (pgpq, 0%, ogq) can be

defined by:

C (p’?pq‘ 9%y GJ?Q) -

0%,0%, p(Tx12’TY12) 0%,9%, P (TXW’Tyi‘I) 0%,9%4 (422)
T T O3 0% O3 0Ox - -
,0( X217 J’21) X272 X1 X27 X2 p(szq’Tqu) 0%,0%, )
p (Txpl,‘[ym) 0%,0%, P (‘L’xpz,‘l,'ypz) 0%,0%, = P (‘rqu,rypq) 0%,0%,

where 0%, and og, are the standard deviation of the random variables X p and X q-

When the function p (Tqu,’l'ypq) is equal to 1.0 for all random variables X p and
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X4, the mechanical properties (of the same nature) of all subdomains (); that belong

to the same region assume equal random values and, therefore, the properties are

homogeneous within the geological layer. On the other hand, when the function
p (Tqu, Typq) is different than 1.0, these properties assume different values in each

subdomain (); and, consequently, the properties are heterogeneous.

In this work, the correlation between two subdomains (); from different
regions (i.e., different geological layers) and the cross-correlation between random
variables of different natures (random variables that represent different properties)
are equal to zero. For each subdomain QF of the reservoir region, three random
variables representing Young’s modulus, Poisson’s ratio, and the Biot coefficient
are considered. In the other subdomains Q! and in the auxiliary problem, the two
random variables considered are Young’s modulus and Poisson’s ratio. The total
number of random variables, which is equal to the number of partial derivatives in
Eq. (4.19), is given by 3Ngz + 2 (Nge +1).

These partial derivatives can also be calculated numerically by the finite
difference method (WANG; YUN; WU, 2013). However, this mathematical
approach is computationally unfeasible in problems that have many random
variables. For instance, when using the centered approximation method, it is
necessary to solve the deterministic problem twice to calculate each partial
derivative. Applying the proposed method (called Green-FOSM) this limitation is
overcome since all partial derivatives are calculated simultaneously at each
interaction of the Green’s function approach.

4.3.3.
Numerical scheme for Green-FOSM method

The calculation sequence of the Green-FOSM method can be divided into
two stages. The first stage is characterized by the geomechanical processing of the
problem, in which the mean values of the nodal displacements, Eq. (4.16), and the
partial derivatives of these displacements in relation to the random variables
(X1, X2, .. Xv), Eq. (4.20) and Eq. (4.21), are calculated. In the second stage, a
statistical post-processing is performed. In this post-processing, the variances of the
nodal displacements, Eq. (4.19), are calculated using the partial derivatives of the

first stage and the matrix Cpq, Eq. (4.22). The convergence in the first stage is
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evaluated using Eq. (4.15) and with the mean values of the nodal displacements. In
Figure 4.1 a representative scheme of the calculation process used in the Green-

FOSM method is presented.

Mean values of

mechanical properties
of materials
r-E=T====-="r=====-================= !
Geomechanical analysis

‘ First summation (Eq. 14) ’
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T
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(all domain)
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(autocorrelation
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Figure 4.1. Scheme of the calculation process used in the Green-FOSM method.

Another advantage of the Green-FOSM method in relation to MCS is
associated with the calculation of the nodal displacement variances. By keeping the
input parameters of the geomechanical analysis (stage 1) fixed, the displacement
fields of different degrees of correlation and variability can be calculated almost
instantaneously, since it is not necessary to recalculate the mean values and partial
derivatives.

4.4.
Numerical examples

In this Section, two numerical examples are presented to demonstrate the
validity of the proposed methodology. These examples use the 2D model (plane
strain condition) shown in Figure 4.2, which represents a geological formation
composed of four layers of rocks with different mechanical properties. The
reservoir is bounded by two straight faults that form a tilted block system. In the
first example, the reservoir is subjected to a uniform fluid depletion process, shown
in Figure 4.2.b, and in the second example, shown in Figure 4.2.c, the reservoir is

subjected to a combined fluid depletion and injection process.
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Reservoir

Substratum

Figure 4.2. (a) 2D model used to simulate geological formation, (b) reservoir under uniform
depletion, and (c) reservoir under depletion and injection.

In both examples, the uncertainties related to the mechanical properties of
the materials (Young’s modulus, Poisson’s ratio, and Biot coefficient) are
propagated to the nodal displacements using MCS and the Green-FOSM method.
Despite being computationally expensive, MCS is adopted to generate the reference
solutions used to validate the proposed method. As mentioned in Section 4.3.1, to

perform the MCS it is necessary to know the probability density function fg () of

the random variables X; that represent the mechanical properties of materials. Thus,
the random variables that represent the Young’s modulus and the Poisson’s ratio
are described using a normal distribution function, as in the works by Plua et al.
(2021a), Plaa et al. (2021b), and Jha et al. (2015). The random variables referring
to the Biot coefficient are represented by a uniform distribution function (PLUA et
al., 2021a, 2021b). The set of mechanical and numerical parameters used in this

section are presented in Table 4.1.

Table 4.1. Parameters for the tilted block reservoir problem presented in Section 4.4.

Mechanical Parameters

Young’s modulus [GPa] Poisson’s ratio Biot coefficient
Layer Mean Cv Mean Cv Mean Cv
Reservoir 10.0 10% - 20% 0.20 10% - 20% | 0.80 10%
Cap rock 8.0 10% - 20% 0.20 10% - 20% | - -
Overburden | 5.0 10% - 20% 0.20 10% - 20% | - -
Substratum | 15.0 10% - 20% 0.20 10% - 20% | - -
Inf. domain | 10.0 10% - 20% 0.20 10% - 20% | - -
Numerical Parameters
Definition Values
Tolerance in the displacement field 10
Gauss quadrature (non-singular point) 4x4
Bartholomew level for quadrature (singular point) 3
Gauss quadrature after Duffy’s transformation (singular point) 3x3
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4.41.
Reservoir under uniform depletion with fully correlated or fully
uncorrelated random variables

In this example, the problem domain is divided into 397 sub-regions, which
form the triangular element mesh for the geomechanical analysis and the stochastic
grid for the statistical analysis (Figure 4.3). This stochastic grid results in 876
random variables. The displacement fields are constructed by evaluating the

horizontal and vertical displacements obtained at 254 nodal points.

Line 1 5000 m
Overburden : '

Cap rock

2500 m

Reservoir

* -
RPS

Substratum

Figure 4.3. Mesh of triangular elements used in geomechanical analysis and stochastic

grid of statistical analysis of the example subjected to a uniform fluid depletion process.
In order to evaluate the effectiveness of the Green-FOSM method in relation

to the spatial variability of the mechanical properties of materials, the example

presented in this section is analyzed assuming two limit cases. In the first case,

random variables from different subdomains (; are fully correlated, p (Tqu, Typq)

equal to 1.0, and in the second, they are fully uncorrelated, p (Tqu, Typq) equal to

0.0. As discussed in Section 4.3.2, in the first case the mechanical properties are
homogeneous and in the second they are heterogeneous. For the fully correlated
and uncorrelated cases, two coefficients of variation (CV) for the Young’s modulus
and for the Poisson’s ratio are considered, 10% and 20%. For the Biot coefficient,
the CV is taken as 10% in all analyses, since coefficients of variation above 10%
can result in Biot coefficients greater than 1.0, which have no real physical meaning.

The results obtained through Green-FOSM method are compared to the results
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obtained using MCS. In the simulations performed with the MCS, the statistical
moments of the displacements are determined after 3000 repetitions of the
deterministic Green’s function approach. This number was defined after observing
that the average difference between the results obtained by two MCS, performed

for the same problem, is less than 3%, as can be seen in Figure 4.4.
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Figure 4.4. Average difference between the results obtained by two MCS.

4.4.1.1.
Moments and statistical response

Using the geological profile presented in Figure 4.2, the effect of the
uncertainties associated with the mechanical parameters of rocks on the
displacement field generated by a uniform depletion process is analyzed. In Figure
4.5 the frequency histograms constructed from the vertical displacements of the
reference point 1 (indicated in Figure 4.3) are presented. The curves in black
represent normal probability density functions calculated from mean values and
variances found via MCS. The curves in red describe the distribution functions

fitted using the statistical parameters obtained by the Green-FOSM method.
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Figure 4.5. Frequency histograms and probability density function of the random variable
representing the vertical displacement of the reference point 1.

These histograms show that the vertical displacement random variable
follows a bell shape and thus can be adequately represented by a normal distribution
function. The Kolmogorov-Smirnov normality test (“Kolmogorov—Smirnov Test”,
2008) is used to verify this quantitatively. Applying this test, it is observed that for
all evaluated reference points the p-value is not lower than the 5% limit (assuming
a confidence interval equal to 95%) and, therefore, the null hypothesis (the
probability distribution function follows the format of the normal distribution
function) should not be rejected. This format can be justified by the central limit
theorem, in which the statistical answer given by the sum of several individual
contributions follows a normal probability distribution. As shown in Eq. (4.14), the
statistical response of the nodal displacements (output random variables) is
obtained from the sum of several random variables that represent the individual
displacements calculated in each triangular element of the geomechanical mesh,
which justifies the bell shape of the histograms. In all cases, it is observed that the
probability distribution curves adjusted from the statistical moments (mean value
and variance) calculated using the Green-FOSM method are similar to the curves
obtained via the MCS. When analyzing the other nodes and horizontal
displacements (see other reference points in Appendix C), it is noted that the other

random variables have similar behavior.
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An overview of the results obtained through the proposed method and via
MCS is shown in Figure 4.6, which presents the relationships between the statistical
parameters calculated by the two methods for each node. In the analyses with CV
equal to 10%, the statistical parameters calculated by the proposed method are close
to the values found via MCS, with the greatest difference being equal to 4.4%. For
the CV equal to 20%, the statistical parameters present greater dispersion. In most
of the nodes analyzed, the mean values obtained via Green-FOSM are close to those
found using MCS. However, for some nodes (located between nodes 1 and 50), it
is noted that the average values of vertical displacements found by the proposed
method are between 10.6% and 13.7% higher than the values found using MCS.
This difference is justified by the magnitude of the vertical displacements in these
nodes, which are close to zero, and can be reduced by increasing the number of
repetitions in MCS. On the other hand, for the fully correlated situation, the
variances obtained by the proposed method are, on average, 6.2% (horizontal
displacement) and 7.2% (vertical displacement) smaller than the variances found
via MCS. For the totally uncorrelated situation these values are 1.1% (horizontal

displacement) and 1.3% (vertical displacement).
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Figure 4.6. Relationship between the statistical moments obtained by Green-FOSM
method and by MCS.

As mentioned by Bungenstab and Bicalho (2016), due to the truncation of
the Taylor series, the FOSM method tends to underestimate the values of the

variances when the CV of the input random variables increases. Despite this
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limitation, for the situations of variability and CV levels analyzed, the difference
between the values obtained by the proposed method and by MCS are small when
compared to the dimensions of the geomechanical problems. Therefore, it can be
said that for typical geomechanical problems, the Green-FOSM method is able to
provide results comparable to those found by MCS.

4.41.2.
Displacement fields considering the uncertainties

Figure 4.7 shows the vertical displacement fields found after the depletion
process for the fully correlated case with CV equal to 10%. These displacement
fields are created assuming that the output random variables are described by
normal probability density functions. The lower and upper limits are shown in
Figure 4.7.a and represent the extreme values of the interval with a confidence level

equal to 95%.
fz,
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Figure 4.7. Effect of uncertainties associated with the mechanical properties of materials
under the displacement field generated by a uniform depletion process. (a) Lower and

upper limits for 95% confidence interval, (b) Deterministic results (mean values), (c) Green-
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FOSM lower limit results, (d) MCS lower limit results, (e) Green-FOSM upper limit results,
and (f) MCS upper limit results.

These results demonstrate the importance of considering the effect of
uncertainties associated with the mechanical properties of materials in the
calculation of displacement generated by a change in pore pressure. In the
deterministic analysis (shown in Figure 4.7.b) the maximum free surface
subsidence is approximately 0.3 meters. However, due to uncertainties this
displacement can be up to 27% higher (Figure 4.7.c and Figure 4.7.d) or lower
(Figure 4.7.e and Figure 4.7.f). Comparing the vertical displacement fields found
by the Green-FOSM method and by the MCS, it can be observed that the two
methods found similar results.

The horizontal and vertical displacements found along Line 1 (shown in
Figure 4.3) considering all analyzed cases are presented in Figure 4.8.a and Figure
4.8.c present the results for the totally correlated case and Figure 4.8.b and Figure
4.8.d for the totally uncorrelated case. Regions between two curves of the same
color represent 95% confidence response intervals. The deterministic answer of the
problem calculated using the Green’s function approach and the FEM are described

by black solid and dashed curves, respectively.
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Figure 4.8. Horizontal and vertical displacements along Line 1 obtained after the uniform
depletion process. Graphs (a) and (c) present the results for the totally correlated case and

graphs (b) and (d) for the totally uncorrelated case.
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These results indicate that the effect of spatial variability of mechanical
properties is greater when the random variables that represent these properties are
totally correlated. On the other hand, when the random variables are totally
uncorrelated the statistical answer of the problem approaches the deterministic
answer. In this situation, each subdomain (); assumes different random values,
which fluctuate around their mean values. These values generate small parcels of
displacements, which also vary around the mean values. Thus, when performing
the sum of these parcels, the positive variations are canceled out by the negative
variations, and the final displacement approaches the mean displacement
(deterministic result). In the totally correlated case the subdomain (); assumes equal
random values and consequently, this does not occur. The maximum difference
among the results with CV=10% is equal to 2.25% and occurs between the curves
that represent the lower limit of the vertical displacement (Figure 4.8.c). The results
for CV=20% follow the same behavior, however, the difference between these
curves is 8.85%. In general, the difference between the results found by the two
methods increases when the CV of the mechanical properties increases. This
happens because the FOSM method tends to underestimate the values of the
variances when the CV of the input random variables increases, due to the
truncation of the Taylor series. Despite this, for the levels of correlation and
variability analyzed, the Green-FOSM method is able to obtain results close to those
achieved by MCS.

4.41.3.
CPU time comparison

Figure 4.9 shows the relationship between the CPU time of the MCS (with
3000 repetitions) and the CPU time taken by the Green-FOSM method as a function
of the number of random variables considered in the problem. Except for the model
that has 836 random variables (Figure 4.3) whose results are discussed in this
section, the CPU times of the MCS are estimated using the average time obtained
by a set of 50 samples. These CPU times are obtained using a workstation with an

Intel Core 19-10850K processor and 64 Gb of RAM.
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Figure 4.9. Relation between the CPU times needed to perform 3000 repetitions via MCS
and the CPU times of the Green-FOSM method.

The relationships between CPU times (Figure 4.9) vary with different
degrees of correlation and variability. This occurs because, the greater is the
variability of mechanical properties, the greater is the number of iterations
necessary for the convergence of the analyses via MCS. In the Green-FOSM
method, this variability does not affect the CPU time. As discussed in Section 4.3.3,
in this method the partial derivatives are calculated from the mean values in the
geomechanical analysis and the uncertainties are introduced after this in the post-
processing step, whose processing is almost instantaneous. As can be seen in Figure
4.9, the relationships between CPU times converge to a fixed value when the
number of random variables increases. In the most disadvantageous situation, the
Green-FOSM method is approximately seven times faster than the MCS.

For the proposed levels of correlation and variability, the results presented
in this section demonstrate that the Green-FOSM method can propagate the
uncertainties associated with the mechanical properties of materials to the
displacement field generated by a uniform fluid depletion process consuming less
computational effort than the MCS.

44.2.

Reservoir under non-uniform depletion with spatially correlated
random variables

In this section, the geological profile used in the previous example is

analyzed considering the fluid depletion and injection process presented in Figure
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4.2.c. In this example, the geomechanical mesh is decoupled from the stochastic
grid. Thus, the geomechanical problem domain (£);) is divided into 1812 sub-
regions and 960 nodes, which form the mesh of triangular elements shown in Figure
4.10.a. The stochastic grid is divided into 397 sub-regions (Figure 4.10.b), which

result in 876 random variables.
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Figure 4.10. (a) Mesh of triangular elements used in geomechanical analysis and (b)
stochastic grid of statistical analysis of the example subjected to a non-uniform fluid

process.

In order to evaluate the effectiveness of the proposed method relative to the
spatial variability of the mechanical properties of materials, this example is
analyzed assuming that the spatial variability of these properties is defined by the
exponential autocorrelation function (WANG et al., 2020; WU et al., 2021) shown

in the following
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Txpg _ %) , 4.23)

P (Tqu’Typq) — €XPp <_ I, L,

where Txpq and Ty,, are the absolute distances between the centroids of the
subdomains (), and (4 in the horizontal and vertical direction, respectively, and [,
and L, are the horizontal and vertical autocorrelation distances, respectively. For the
horizontal autocorrelation distance (I ) the value of 1000 meters is admitted and for
the vertical autocorrelation distance (1,,) the value of 200 meters is used.

As in the previous section, the results obtained via MCS are used as a
reference as the statistical response. Thus, when performing MCS, the random
values if the variables that represent the Young’s modulus and Poisson’s ratio,
which are defined by a normal probability distribution function, are generated using
the Cholesky decomposition technique, as performed by Li et al. (2015) and Yang
et al. (2022). The random values that represent the Biot coefficient, which are
defined by a uniform probability distribution function, are assumed to be fully
correlated. The CVs of the random variables that represent Young’s modulus and
Poisson’s ratio are simultaneously equal to 10% or 20%. For the Biot coefficient,
the CV is taken as 10% in all analyses.

4.4.2.1.
Moments and statistical response

In Figure 4.11 the frequency histograms constructed from the vertical
displacements of the reference point 1 (RF1 indicated in Figure 4.10.a) are
presented. The curves in black represent normal probability density functions
calculated from mean values and variances found via MCS. The curves in red
describe the distribution functions fitted using the mean value and standard
deviation obtained by the Green-FOSM method. As in the previous section, the
histograms show that the vertical displacement random variable follows a bell shape
curve and, therefore, it can be adequately represented by a normal distribution
function. This visual verification is confirmed quantitatively by the Kolmogorov-
Smirnov test (“Kolmogorov—Smirnov Test”, 2008), assuming a confidence level of
95%. When analyzing the other nodes and horizontal displacements (see other
reference points in Appendix C), it is noted that the other random variables present

similar behavior.
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Figure 4.11. Frequency histograms and probability density function of the random variable
representing the vertical displacement of the reference point 1.

Figure 4.12 present the relationship between the statistical parameters (mean
value and variance) calculated by the Green-FOSM method and by MCS. For the
two values of CV analyzed, it is observed that for some nodes the relationships
between the mean values of the vertical displacements vary by up to 20%. This
difference is justified by the magnitude of the vertical displacements in these nodes,
which are close to zero. It can be reduced by increasing the number of repetitions
in MCS. In general, the results obtained for CV=20% present a greater dispersion
when compared to the results of the analysis with CV=10%. In this case, the average
differences between the variances are 5.2% and 7.9% for the horizontal and vertical
displacements, respectively. Again, the main limitation of the proposed method is
that it tends to underestimate the variances when the CV of the input random

variables increases, as can be seen in this example.
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Figure 4.12. Relationship between the statistical moments obtained by Green-FOSM

method and by MCS.
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4.4.2.2.
Displacement fields considering the uncertainties

Figure 4.13 shows the vertical displacement fields found after this process
considering CV equal to 10%. These results are obtained considering that the output
random variables are described by normal distribution functions. The lower and
upper limits shown in Figure 4.13.a represent the extreme values of the interval
with a confidence level equal to 95%.

fx

95% confidence

interval

u—2c u U+2o
lower limit mean value upper limit

Vertical displacements [m]

Figure 4.13. Effect of the uncertainties associated with the mechanical properties of
materials under the displacement field generated by a fluid depletion and injection process.
(a) Lower and upper limits for 95% confidence interval, (b) Deterministic results (mean
values), (c) Green-FOSM lower limit results, (d) MCS lower limit results, (e) Green-FOSM
upper limit results, and (f) MCS upper limit results.

The obtained displacement fields show that non-uniform pore pressure
variations within the reservoir cause both swelling and compaction of the geological
formation. As a result, analyzing the lower limit (Figure 4.13.c and Figure 4.13.d)
it is observed the growth of the compacted and the decrease of the swollen region.

For the upper limit case (Figure 4.13.e and Figure 4.13.f) the inverse behavior is
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observed. These results reaffirm the importance of considering the effect of
uncertainties related to the mechanical properties of materials in the calculation of
displacements generated by changes in pore pressure. As in the previous example,
the vertical displacement fields obtained by the Green-FOSM method and by the
MCS are similar.

Figure 4.14 presents the horizontal and vertical displacements found along
the upper edge of the reservoir (Line 1 shown in Figure 4.10.a) considering all
analyzed cases. Regions between two curves of the same color represent 95%
confidence response intervals. The deterministic answer of the problem calculated
using the Green’s function approach and the FEM are described by black solid and

dashed curves, respectively.
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Figure 4.14. Horizontal and vertical displacements along the upper edge of the reservoir
(Line 1 shown in Figure 4.10.a) obtained after the fluid depletion and injection process.
Graphs (a) and (c) present the results for the totally correlated case and graphs (b) and the
totally uncorrelated case.

Again, the results show that the effect of spatial variability of mechanical
properties is greater when random variables are totally correlated. For the levels of
correlation and variability analyzed, the displacements found through the Green-
FOSM method and via MCS have similar behavior. Among these results, the
maximum difference found is 2.4%, given by the curves that represent the vertical
displacement (Figure 4.14.b). Therefore, for the proposed correlation and
variability levels, the results presented in this section demonstrate that the Green-
FOSM method can propagate the uncertainties associated with the mechanical
properties of materials to the displacement field generated by a combined fluid

depletion and injection process.
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4.5.
Conclusions and remarks

The present work proposes a computationally efficient stochastic statistical
method (Green-FOSM) that considers uncertainties in geomechanical problems,
with the objective of improving the decision-making process related to problems
associated with production of oil and gas, the extraction of water, and the storage
of CO2 or natural gas, such as swelling or compaction of the reservoir rock,
subsidence of the free surface, decreased production, fault reactivation, seismic
events, and others. The novelty of the method lies in the use of the Green’s function
approach (GFA), which, together with the FOSM method, is used to propagate
uncertainties associated with the mechanical properties of material to the
displacement field of the geological formation. Furthermore, using the concepts of
stochastic grid and autocorrelation function, the proposed method allows the
consideration of the spatial variability of random variables that represent these
mechanical properties.

The GFA uses the fundamental solutions of classical mechanics (Kelvin
fundamental solution, Melan fundamental solution, among others) and the
reciprocity theorem to calculate the displacement field of a geological formation
with irregular geometry, and different types of materials. The great advantage of
this method compared to the classical FEM is that it does not require the imposition
of boundary conditions and the problem analysis can be performed considering only
the reservoir or other regions of interest. In general, when analyzing a
geomechanical model using the FEM, it is necessary to discretize a large region
around the domain of interest (semi-infinite media) to represent the continuity of
the geological profile and, at the same time, reduce the effect of boundary condition
in this domain. This modeling strategy increases the degrees of freedom of the
model and the CPU time of the deterministic analysis. In GFA, the discretization of
the semi-infinite media is not necessary, consequently, the degrees of freedom of
the geomechanical model and the CPU time of the deterministic analyzes are
smaller.

As GFA demands less computational effort, this approach becomes ideal for
propagating the uncertainties associated with production of oil and gas, the

extraction of water, and the storage of CO; or natural gas. In this work, the GFA is
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formulated to be used with the FOSM statistical method. This statistical method is
adopted because it is applicable to the range of variability of the mechanical
properties of the rocks that form geological profiles and because it is capable of
quickly obtaining the statistical answer to the problem. In addition, using GFA it is
possible to directly calculate the partial derivatives used in FOSM, Eq. (4.17). These
partial derivatives can also be calculated numerically by the finite difference
method. However, this mathematical approach is computationally unfeasible in
problems that have many random variables. For instance, when using the centered
approximation method, it is necessary to solve the deterministic problem twice to
calculate each random variable.

The validity of the Green-FOSM method is analyzed by comparing the
statistical parameters (mean values and variances) obtained by the proposed method
with the statistical parameters found via MCS. For this, two numerical examples
are presented. In the first example, the mesh of elements of the geomechanical
analysis and the stochastic grid are the same, the reservoir region is subjected to a
uniform depletion process, and the random variables that represent the mechanical
properties are considered fully correlated or fully non-correlated. In the second
example, the mesh of the geomechanical problem and the stochastic grid are
decoupled, the reservoir region is subjected to a non-uniform depletion process and
the random variables that represent the mechanical properties are spatially
correlated using an exponential autocorrelation function. In both example, two
coefficients of variation (CV) for the Young’s modulus and for the Poisson’s ratio
are considered, 10% and 20%. For the Biot coefficient, the CV is taken as 10% in
all examples. The results obtained show that, in both examples, the first two
statistical moments obtained using Green-FOSM method and by MCS are similar.
The largest differences between the mean values are found when CV is equal to
20%. For the variances, it is observed that, due to the truncation of the Taylor series,
the FOSM method tends to underestimate the values of the variances when the CV
of the input random variables increases. Despite this limitation, for the situations of
variability and CV levels analyzed, the difference between the values obtained by
the proposed method and by MCS are small when compared to the dimensions of
the geomechanical problems.

In general, the displacement fields found by the Green-FOSM method agree

well with the statistical results obtained via Monte Carlo simulation, which
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confirms the validity of the proposed method. Comparing the displacement fields
obtained through statistical analysis with the displacement fields calculated
deterministically, it is possible to observe a large difference between them, which
highlights the importance of considering the effect of uncertainties associated with
the spatial variability of the mechanical properties of rocks in the calculation of
displacement generated by variations in the pore pressure of the reservoir rock. The
relationships between the CPU times show that the proposed method is
computationally significantly more efficient than Monte Carlo simulation
(considering 1500 random variables it can be 30 times faster). The different levels
of correlation and variability show that the effect of spatial variability of mechanical
properties is greater when the random variables that represent these properties are
totally correlated. On the other hand, when these variables are totally uncorrelated,
the statistical response approaches the deterministic response. Therefore, the Green-
FOSM method achieves all the proposed objectives, since because its simplicity
and efficiency it is capable of assisting reservoir engineers in decision-making
process when evaluating problems related to the injection or depletion of fluids in

underground reservoirs.
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5
“Non-iterative Green’s function approach for unbounded
heterogeneous fluid-saturated media”

Paper submitted by Leonardo C. Mesquita, Elisa D. Sotelino, Matheus L.
Peres, and Yves M. Leroy in the International Journal for Numerical and Analytical

Methods in Geomechanics (under review).

Abstract

The Green’s function approach (GFA) developed in previous work uses the
classical Green’s function for point load (Kelvin’s fundamental solution, Melan’s
fundamental solution, and others) and the reciprocity theorem to capture changes in
the displacement, strain, and stress fields of a geological formation subjected to the
processes of extraction or injection of fluids. The great advantage of this method
compared to the classical FEM is that it does not require the imposition of boundary
conditions and the problem analysis can be performed considering only the
reservoir or other regions of interest. In the original version of the GFA, the
displacement field is calculated using an iterative numerical scheme, which
decreases the computational performance of the method and may present
convergence problems. Such limitations have made it difficult to use the GFA in
real problems. The present work proposes a non-iterative numerical scheme capable
of expanding the applicability of GFA and, simultaneously, improving its
computational performance. The results presented in this work demonstrate that
using this numerical scheme, the GFA consumes up to 17,5 times less CPU time
compared to iterative scheme and this relationship can be even greater if the
heterogeneity of the material increases. Using a geological profile constructed from
seismic images of the Brazilian pre-salt (Tupi field located in the Santos basin), it
is shown that the non-iterative GFA allows the analysis of complex geological

formations.
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5.1.
Introduction

The activities associated with the processes of fluid injection or extraction
in underground reservoirs, such as the production and storage of oil and gas (YANG
et al., 2015), the extraction of water (GALLOWAY; BURBEY, 2011; SHEN; XU,
2011), and the sequestration of CO> (BACHU, 2008; KALAM et al., 2020),
generate variations in the displacement, strain, and stress fields of the geological
profile. As a direct consequence of these activities, the swelling or compaction of
the geological formation occurs, which can lead to the subsidence or uplift of the
free surface (BAU et al., 2015), wellbore collapse (MINKOFF; KRIDLER, 2006),
fault reactivation (BUIJZE et al., 2017), seismic events (BOURNE et al., 2014;
VERDON et al., 2016), and a decrease in production (XIONG et al., 2018). These
problems have motivated the development of analytical and numerical methods that
allow predicting the impact of these activities on the rock mass state.

Among the analytical methods, one of the most used for these applications
is the method proposed by Geertsma (GEERTSMA, 1957, 1973b, 1973c¢), which is
based on the nucleus-of-strain principle introduced by Mindlin and Cheng (1950).
Through this method, it is possible to predict the subsidence generated by the
uniform depletion of a cylindrical-shaped reservoir embedded in a semi-infinite
homogeneous elastic medium. In order to make this method more comprehensive,
over the last few years, several researchers have incorporated new concepts into
Geertsma’s method. Van Opstal (1975) introduced the concept of the rigid base in
the calculation of subsidence. Tampone et al. (2010) improved Van Opstal’s
method to obtain the displacement and strain fields of the geological profile. Segall
(1992) developed a formulation to analyze strains and stresses in axisymmetric
reservoirs. In general, the analytical methods have the advantage of being simple,
however, they are limited in terms of the geometry and heterogeneity of the
geological formation and the mechanical behavior of the materials that they can
consider.

Numerical methods are more comprehensive, as they can consider the
particularities of each geological formation. In addition, they allow the coupling of
flow analysis to geomechanical simulation (DEAN et al., 2006; RUTQVIST, 2011).

The majority of numerical analyzes are performed using the finite element method
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(FEM), which is capable of considering different types of nonlinearity, such as
plasticity (KOSLOFF; SCOTT; SCRANTON, 1980; NIU; LI; WEI, 2017),
viscosity (CHANG; MAILMAN; ZOBACK, 2014; VOYIADIJIS; ZHOU, 2018),
fracturing (WANGEN, 2013), and fault reactivation (HADDAD; EICHHUBL,
2020; LESUEUR; POULET; VEVEAKIS, 2020). Despite these qualities, in most
cases, the simulations demand a high computational effort for the construction and
processing of models. Furthermore, in the FEM, it is difficult to represent the
boundary conditions of the semi-infinite environment in which the geological
formation is embedded.

The Green’s function approach (GFA) proposed by Peres et al. (2021), uses
the classical Green’s functions for point load as an auxiliary solution that together
with the reciprocity theorem to capture the variation in the stress state of a
geological formation subjected to processes of injection or extraction of fluids. This
approach has no limitations in terms of geometry, number of layers, and
heterogeneity of the geological profile and can be applied to materials with linear
or non-linear behavior. Compared to the classical FEM, the great advantage of the
GFA is that it does not require the imposition of boundary conditions and the
problem analysis can be performed considering only the reservoir or other regions
of interest. In general, when analyzing a geomechanical model using the FEM, it is
necessary to discretize a large region around the domain of interest (semi-infinite
media) to represent the continuity of the geological profile and, at the same time,
reduce the effect of boundary condition in this domain.

The GFA can also be classified as an analysis method for unbounded
problems, as the domain surrounding the reservoir regions is treated as infinite or
semi-infinite. Chen et al. (1997) present several strategies to analyze unbounded
electromagnetic problems. Some of these strategies are also applied to mechanical
problems, such as FEM with simple truncation of the outer boundaries (LEUNG et
al., 2004), FEM using infinite elements (BEER, 1983; LEUNG et al., 2004;
MEDINA; TAYLOR, 1983) and hybrid methods that couple FEM to other methods
like boundary element method (BEM) or Green’s function methods (BEER, 1983;
LEUNG et al., 2004; MOLINA-VILLEGAS; BALLESTEROS ORTEGA; RUIZ
CARDONA, 2022; YUAN; YIN, 2011; ZIENKIEWICZ; KELLY; BETTESS,
1977). Hybrid methods are widely used to solve unbounded electromagnetic

problems (CHEN; KONRAD, 1997; LOBRY, 2021; ORIKASA et al., 1983;
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QIUSHI CHEN; KONRAD; BIRINGER, 1994; SILVESTER; HSIEH, 1971;
SILVESTER et al., 1977). In the field of mechanical problems, these unbounded
hybrid methods are treated in the works of Zienkiewicz et al. (1977) and Beer
(1983), who perform a coupling between FEM and BEM, Leung et al. (2004),
where the fractal FEM is extended to the analysis of static unbounded axisymmetric
problems, Yuan and Yin (2011), who use Green's functions to consider an unlimited
elastic domain when analyzing functionally graded materials, and Molina-Villegas
et al. (2022), who use the Green’s Function Stiffness Method (GFSM) to calculate
the response of beams supported on elastic Winkler foundation.

In the original version of the GFA, the displacement field generated by a
pore-pressure change is calculated using an iterative numerical scheme, which
limits the computational performance of the method. In addition, the validation
study presented by Peres et al. (2021) shows that the convergence rate of the
iterative scheme decreases when the ratio among the mechanical properties of the
rocks increases, reaching a point of no convergence when the ratio is greater than
100%. These limitations have prevented the application of the GFA in real
problems. To overcome this limitation, this work presents a non-iterative numerical
scheme capable of expanding the applicability of the GFA and, simultaneously,
improving its computational performance. Analogously to the FEM, in the
proposed method the domain of interest is discretized using finite elements, whose
displacement, strain and stress fields are interpolated using polynomial shape
functions. However, the nodal displacements are determined without the need to
truncate the mesh or use elements with special formulations (infinite elements,
interface elements or others) as show in previous studies (BEER, 1983; LEUNG et
al., 2004; MEDINA; TAYLOR, 1983). The integral equation of the geomechanical
problem is solved from the inversion of a full matrix, as in BEM. In the proposed
method, the contact interface between the region of interest and the infinite domain
is solved without using specific formulations or additional discretization, as done
by Chen et al. (1994) and Lobry (2021), respectively.

5.2.
Theoretical background

The Green’s function approach (GFA) is formulated using the reciprocity

theorem, from which the displacement field of the geomechanical problem is
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calculated with the aid of a classical fundamental solution (Kelvin’s fundamental
solution, Melan’s fundamental solution, among others) as shown in the following.

5.2.1.
Linear poroelasticity for heterogeneous problems

According to the theory of linear poroelasticity (BIOT, 1941), the
poroelastic response of a porous material is defined through the linear relationship
formed by the stress change [Acg], the strain [€], and the pore-pressure variation
Aps, as shown in the following

[Ag] = C° : [¢] — [A] Apt, (5.D
where C¢ and [A] are the fourth-order stiffness tensor and the second-order Biot
tensor, respectively. Eq. (5.1) is only applicable to homogeneous problems. In the
case of heterogeneous problems, Peres et al. (2021) propose the inclusion of

complementary tensor:

[a0(x)] = (€ - €(2)) : [¢] (5.2)
that represents the difference between the mechanical properties of the auxiliary
(homogeneous) and geomechanical (heterogeneous) problems. In this equation,
(C(g) is the fourth-order constitutive tensor obtained from the mechanical properties
found at a position x contained in the geomechanical problem domain. Considering

this complementary tensor, Eq. (5.1) can be rewritten as

[Ac] = €°: [€] — [A] Ap; — [Ac.(x)] - (5.3)

5.2.2.
Reciprocity theorem applied to linear and heterogeneous porous
media

The oil and gas recovery processes generate changes in the pressure of the
fluids contained in the pores of the reservoir rock that cause changes in the
displacement, strain, and stress fields of the geological formations. As demonstrated
by Peres et al. (2021), using the principle of virtual works it is possible to establish

the following relationship between displacement, strain, and stress

f [Ac]: [£] AV = j (@)7 - (AT} dS + j @ {Frav, (5.4)

Q 00 Q¢
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where {11} is the virtual displacement vector associated with the virtual strain tensor
[€], {AT} is the vector with the variation of surface forces generated during the fluid
recovery process and {f} is the body forces vector.

Using the reciprocity theorem, the displacement field of the geomechanical
problem (the real problem) can be determined with the aid of a classical
fundamental solution (auxiliary problem) whose analytical answer is known. To
demonstrate this application, consider that the real problem (index 1) and the
auxiliary problem (index 2) are represented by the same semi-infinite domain ();.
In the real problem, this domain is divided into n subdomains, which represent the
layers that make up the geological formation. As shown in Figure 5.1.a, one of these
subdomains defines the reservoir region ({)z). For the auxiliary problem, Melan’s

fundamental solution, in which a point force is applied in a semi-infinite elastic

medium, is admitted (Figure 5.1.b).

. X FE (b,
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. =

Figure 5.1. Geomechanical problem (real problem) (a) and auxiliary problem (b) domains.

Applying Eq. (5.4) to the real problem with the virtual field corresponding
to the auxiliary problem and vice versa, and substituting Eq. (5.3), where the

stiffness tensor C® is symmetric, results in the following relationship

j (@@)" - {(AT®) ds + j @@} (F®)av + j apP[A] : [6] av
a0, Q o

+ f 40| : [6@] av
Q¢

(5.5)
= f{a(l)}T . {AT(Z)} ds + f{ﬁ(l)}T . {f(z)}dv

+ f ApP[A] : [6W] av + f [80]: [e®]av.
Qr Q¢
In the real problem (Figure 5.1.a) the unknown displacements are generated only

by the pore-pressure variation Apy, so the vectors {AT(D} and {f (1)} are both null.

In the auxiliary problem (Figure 5.1.b) the unknown displacements come from the
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unit point load { f (2)} applied at a position X of the domain (£);) and, consequently,

the vector {AT®} and the variation Ap® can be disregarded (LEHNER;

KNOGLINGER; D, 2005). The tensor [Aoc(z)] is also null, since (C(g) is equal to

C® for any position x of the auxiliary problem domain. For the case of isotropic
materials, the Biot tensor [A] is equal to the product of the Biot coefficient & by the
identity tensor [I]. Thus, eliminating the indices (1) and (2), the displacement in

position X can be calculated by

X)) {ep)

B f Apy(x) a(x) 05(x, X) dv

I (5.6)

+ [t [ - @) @) av

where f is a subscript referring to the auxiliary problem, {u ()_( )} is the displacement
vector at position X, {eﬁ} is the direction vector of the unit point load applied in the
auxiliary problem, Og (g, X ) and {eﬁ (g, X )} are, respectively, the volumetric strain
variation and the strain vector at position x obtained from the auxiliary problem
considering the unit point load applied at position X, and {e(g)} is the strain vector
calculated at position x of the real problem.

5.2.3.
Numerical scheme proposed by Peres et al. (2021)

5.2.3.1.
Mathematical formulation

Peres et al. (2021) present two ways of solving Eq. (5.6), which is implicit
in terms of the displacement field for heterogeneous problems. The first method
consists in determining the strain field {e(g)} directly by calculating the gradient
Odu/0X from the differentiation of the right side of Eq. (5.6). The second method,
which is simpler and was used by the authors, consists of discretizing the problem
domain into N triangular regions, generating an element mesh like those used in the
FEM. As the strain field {e(g)} is defined by au(g ) /08X, it is possible to use the
discrete collocation method (ATKINSON; FLORES, 1993) to calculate the
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displacements at all nodes of the discretized domain. As a result, Eq. (5.6) can be

rewritten as

NQR
(uC0) (ep) = D atopf [ O x) av
No, 5.7)

£ [t 0y e - e @) ) v,

where Ng, is the number of elements in the reservoir region (subdomain {1g) and

Ng, is the number of elements in the domain ;. In this equation, the pore-pressure

variation (Ap}') and the Biot coefficient (ai) are assumed to be constant in each
element. This consideration is coherent since the pore-pressure variation is provided
by flow models, which are solved using discrete numerical methods.

An iterative fixed-point scheme is used to Eq. (5.7). In this scheme, the
displacement field of iteration n is used to calculate the strains {sj } in iteration n +
1. The displacement field of the initial iteration is obtained using only the first
summation of Eq. (5.7). The convergence of this numerical scheme is based on the
norm of the displacement field (square root of the sum of the squared nodal
displacement components) over the discretized domain.

5.2.3.2.
Limitations

The iterative numerical scheme proposed by Peres et al. (2021) presents
limitations related to the convergence rate and the CPU time required for the
analysis. The results presented by them show that the numerical scheme tends to
present convergence problems when the ratio between Young’s modulus of the
various rocks that compose the geological profile is greater than two. As the
geological profile of an oil field is predominantly composed of siliciclastic rocks,
carbonate rocks, and evaporites, whose ratios between Young’s modules are greater
than two, the use of GFA with iterative scheme to real problems becomes restrict.
These results also demonstrate that the number of iterations increases with the
growth of this ratio, which increases the CPU time of the analyses.

Another limitation related to the numerical scheme presented by Peres et al.

(2021), which was not discussed in the article by the authors, is associated with the
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Poisson’s coefficient. Due to the lithostatic stress state, when analyzing an o1l field
formed by salt rocks (evaporitic rocks), such as the Brazilian pre-salt fields, it is
common to admit that this type of rock behaves like an almost incompressible fluid
(HUDEC; JACKSON, 2007; JACKSON; HUDEC, 2021; OUELLET et al., 2011).
To simulate this behavior, some authors (OUELLET et al., 2011; WILLSON;
FOSSUM; FREDRICH, 2002) suggest adopting a Poisson coefficient close to 0.5.
For these Poisson coefficient values, the iterative scheme does not converge.

Due to these limitations, in the next section, a new numerical scheme is
proposed with the aim of expanding the applicability of the GFA and,
simultaneously, increasing its computational performance.

5.3.
Proposed numerical scheme

The proposed numerical scheme consists of rewriting the strain vector {sf }

of Eq. (5.7) in order to explicitly determine the nodal displacements {u ()_( )}T{eﬁ}

and, consequently, eliminate the iterative process. For this, the matrix [Bj (g)] that

correlates the nodal displacements {u({ )}T{eﬁ} with the strains {ej } is used. This
matrix is formed by the derivatives of shape functions, as is classically found in the
finite-element literature.

If the domain (), is discretized into N triangular regions, as proposed by
Peres et al., the displacement at each position X (nodes) can be calculated by Eq.
(5.7). The first summation of this equation corresponds to the energy {Eg}
generated by the volumetric strain of the elements contained in the subdomain (g,
that is represented by the vector with dimension 2n X 1 shown in the following

equation
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(5.8)

where 7 is the number of nodes in the mesh of triangular elements, and (E)[i; (g, X n)

is the volumetric strain variation of the triangular element i generated by a

horizontal unit point load (f equal to the horizontal force F,) or vertical unit point

load (B equal to the vertical force F,) applied at position X .

The second summation represents the complementary elastic energy {E.}

produced by the difference between the mechanical properties of the real and

auxiliary problems. At the element level, this energy results in the vector with

dimension 2n X 1 as

(Na. )

> {f (0} )

=1
Nﬂt

> {r, (50} )

j=1

NQt

> £ )} )

Jj=1
Nq,

> {1, () ()

J=1

with the vector {fcjﬁ (Kn)} defined by

(@) = [Ex)) e o) p@]w,

j
o

(5.9)

(5.10)
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where ['Bj (g)] is the matrix of the derivatives of the shape functions. Considering
the connectivity of the elements used to discretize the domain £}, and assuming that

the nodal displacements are written in terms of the global vector

({u(x2)} {er))
) fo)

(u(x,)) {er)

(X)) {er,})

Eq. (5.9) can be rewritten in global terms as
{Ec} =[] {U}, (5.12)

being [F.] a matrix with dimension 2n X 2n. Using the vectors {U} and {Eg} and

{U} =« " (5.11)

the definition of the vector {E.}, the nodal displacements can be obtained by
{U} = (1] - [ED"{E6}, (5.13)
where [I] is the identity matrix of order 2n.

The integrals of Eq. (5.8) and (5.10) are calculated using the quadrature rules
indicated by Peres et al. (2021). As discussed in Appendix A, Kelvin’s fundamental
solution and Melan’s fundamental solution are proportional to the terms 1/r or 1/r
and 1/R, respectively. In this way, if the point load is not at one of the nodes of the
triangular element in which the quadrature is estimated, the quadrature rule
proposed by Bartholomew (1959) is used directly. The presence of a point load at
one of the nodes of the triangular element in which the quadrature is estimated
makes the numerical scheme imprecise, due to the singularity in the terms 1/ or
1/R. In this situation, the Duffy’s transformation (BONNET, 2017, MOUSAVI,
SUKUMAR, 2010) is performed, where the triangular element is transformed into
a rectangle over which the function to be estimated is not singular.

The numerical system to be solved in Eq. (5.13) is formed by a full
symmetric system of order 2n X 2n, which under similar conditions requires a
higher processing time than the band system classically used in FEM. According to
Golub and Van Loan (2013), to solve a full symmetric system using LU
decomposition (method used by Python's NumPy library) (64/3)n> flops (floating
point operations) are required and for the band system 4nk? + 16n° flops are
required, where k is the band size. When the dimensions of the two systems are

equal and n tends to infinity, the ratio between the flops needed to solve the two
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systems is equal to 4/3. However, when comparing the flops of the two processes,
it must be considered that the geomechanical analysis via GFA requires the
discretization of a small region of interest. On the other hand, when using the FEM,
a large region surrounding the domain of interest must be discretized in order to
simulate the infinite media and avoid the effects generated by the boundary
conditions. In this way, the number of nodes in the geomechanical model used by
the GFA (ngpa) is typically much smaller than the number of nodes in the model
used in the FEM (nggy) (for the application problem shown in Section 5.5, the
relationship ngpa/nppm 1S equal 364). Since ngpa < npgm, the number of
operations to solve the full system of Eq. (5.13) will be less than the number of
operations needed to solve the FEM band system.

5.4.
Validation

The problem of a cylinder with two layers embedded in an infinite medium
shown in Figure 5.2 is used to validate the proposed numerical scheme. This
problem is selected because de analytical solution is available. The core of this
cylinder corresponds to a reservoir of internal radius R, composed of an elastic-
linear porous material with bulk modulus Kp, shear modulus Gg, and Biot
coefficient . The outer layer corresponds to the cap rock of external radius € and
is formed by an elastic-linear material with incompressibility K. and shear modulus
G¢. These two layers are embedded in an infinite space composed of a linear-elastic
material characterized by the modules K, and G,. The core of this cylinder is
subjected to a depletion process, in which the pressure of the fluids undergoes a
variation Aps. During this variation, the pore-pressure in the other layers remains

constant.

1
3

Figure 5.2. Layered cylinder geometry used for the numerical scheme validation study.
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The results obtained via numerical simulation are compared with the results
calculated from the analytical solution presented in Peres et al. (2021). The
parameters selected for the numerical solutions are given in Table 5.1. The meshes
of triangular elements are created using the Delaunay triangulation algorithm
implemented in the Triangle software (SHEWCHUK, 1996) and are shown in
Figure 5.3. Circular interfaces between layers are approximated using 200 line

segments. The 2D Kelvin’s solution is used as the auxiliary problem.

Table 5.1. Material, geometrical, and numerical data for the layered cylinder problem

used for validation.

Notation | Definition Value/Range Unit
C/R Ratio cap rock to Reserv. radius | 1.5 -
Ep Young’s modulus, reservoir 10.0 GPa
Vg Poisson’s ratio, reservoir 0.200 -
g Biot coefficient, reservoir 0.800 -
Apg Fluid pressure change, reservoir | -5.0 MPa
E. Young’s modulus, cap rock 5.049/10.0/15.0/20.0/50.0 GPa
Ve Poisson’s ratio, cap rock 0.20%/0.40/0.45/0.49/0.495/0.499 | -
Ey Young’s modulus, infinite space | 10.0 GPa
Ve Poisson’s ratio, infinite space 0.200 -
Numerical scheme
Bartholomew level for quadr. 3
Gauss quadr. Dufty’s transf. 3x3
Iterative scheme tol. %) Gixst) 106
Max. number of iterations *#% | 50

) Default value used in the analyses, except for the analyzes where the other values are evaluated.
&%) Tolerance used to calculate the relative CPU times shown in Section 5.4.2.

k%) Parameters for iterative scheme used by Peres et al. (2021).

Figure 5.3. Meshes used in the validation study. The maximum normalized sizes of the
elements are (a) 0.0010, (b) 0.0025, (c) 0.0050, (d) 0.0075, (e) 0.0100, (f) 0.0150, (g)
0.0200 e (h) 0.0500.
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Figure 5.3. Meshes used in the validation study. The maximum normalized sizes of the
elements are (a) 0.0010, (b) 0.0025, (c) 0.0050, (d) 0.0075, (e) 0.0100, (f) 0.0150, (g)
0.0200 e (h) 0.0500 (continuation).

5.4.1.
h-convergence and material properties variation

The h-convergence analysis aims to verify if the numerical solution
approaches the analytical solution when the size of the elements decreases. The
error introduced by the spatial discretization of the layered cylinder domain ;. is

estimated through the displacement field norm

1
7 J ol .14

where V. is the volume (area in 2D) of the layered cylinder. Figure 5.4 presents
the relative error, defined by the difference between the norm of the numerical
solution and the norm of the analytical solution and normalized by the latter, as a
function of the average size of elements. This average size corresponds to the
average area of the elements divided by the area of the layered cylinder. The results
obtained show that the relative error decreases when the average size of the
elements tends to zero. For an average size of less than 0.0002, it is observed that
the relative error is less than 0.2%, an acceptable value for geomechanical

problems.
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Figure 5.4. The relative error in displacement norm as a function of the average element
size.

To illustrate h-convergence, the radial displacements of different models are
plotted in Figure 5.5. The mechanical parameters (Young’s modulus and Poisson’s
coefficient) of the rocks that form these models were defined to demonstrate that
the proposed numerical scheme can be used when the ratio between Young’s
modulus of the rocks that make up the geological profile is greater than two or when
the Poisson’s coefficient of cap rock assumes values close to 0.5. The solid curves
describe the results obtained via GFA and the circular points represent the analytical

results. In all cases analyzed, the difference between these results is not perceptible.
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Reservoir Cap rock
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£
g
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=
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Figure 5.5. Comparison between the radial displacement results calculated by GFA (solid
line) and via the analytical solution (circle symbols). In (a) different values of Young’s
modulus for the cap rock are analyzed, in (b) different values of Poisson’s coefficient are

verified, and in (c) the radial displacements of (b) are shown in detail.
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Figure 5.5. Comparison between the radial displacement results calculated by GFA (solid
line) and via the analytical solution (circle symbols). In (a) different values of Young'’s
modulus for the cap rock are analyzed, in (b) different values of Poisson’s coefficient are

verified, and in (c) the radial displacements of (b) are shown in detail (continuation).

5.4.2.
CPU time comparison

The computational performance of the proposed numerical scheme is also
an important parameter to be analyzed. For this, it is used the relative CPU time
calculated by the relation between the CPU time obtained with the numerical
scheme proposed by Peres et al. (2021) and with the current numerical scheme.

The results of Figure 5.6.a show that the proposed scheme is between 5.5

and 8.0 times faster than the iterative scheme when the mechanical properties are
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kept constant, and the element sizes are changed. Figure 5.6.b shows that the
relative CPU time increases when the ratio between Young’s modulus of cap rock
and reservoir rock (elasticity contrast) increases. When the elasticity contrast is
close to 1%, the CPU times of both numerical schemes are approximately equal.
On the other hand, when the elasticity contrast is 90% the CPU time of the proposed
scheme is between 12.5 (more refined mesh) and 17.5 (less refined mesh) times less

than the CPU time of the iterative scheme.
10

Relative CPU Time
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Figure 5.6. (a) relative CPU time as a function of the average size of the elements and (b)
relative CPU time as a function of the elasticity contrast between cap rock and reservoir

rock.
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5.5.
Application

In this Section, a geological profile formed by four distinct layers (Figure
5.7) 1s analyzed using Green’s function approach with the proposed non-iterative
numerical scheme. This profile represents a typical section of the Brazilian pre-salt
and was inspired by a seismic image of the Tupi field (Santos Basin, Brazil) found
in Mohriak et al. (2012). The mechanical properties of the rocks that form the
geological profile are shown in Figure 5.7. The salt rock is simulated as an almost
incompressible fluid (Poisson’s coefficient equal to 0.495) to adequately represent
the lithostatic stress state of the geological formation. The reservoir is divided into
two regions whose pore-pressure variations are -50 MPa, in the production
(depletion) region, and 20 MPa, in the injection region. Melan’s fundamental
solution (MELAN, 1932) is used as an auxiliary problem. The mechanical

properties of semi-infinite media are the same as those of the under-burden layer.

Apy = —50.0MPa Apy, = 20.0 MPa
Production B A Injection
well X By well

Reservoir
N\

Eyes =487 GBa
N vall= 0.300

\ pes = 0.800

Figure 5.7. Representative 2D model of a geological section of the Brazilian pre-salt.

The analysis using GFA is performed considering the Bartholomew
quadrature with level 3 and the Gauss quadrature, applied after the Duffy
transformation, with 9 integration points. The results obtained with the GFA are
compared with the results found in five FEM models developed using the
commercial software Abaqus (DASSAULT SYSTEMES, 2017). In these models,
the semi-infinite media is modeled considering the simple truncation of the outer

boundary. For this, an extra layer with a length L;,¢ (showed in Figure 5.7), which
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varies between 0 (model without semi-infinite media), 2Lg, 5Ly, 10Lgy, and 20L,
with L equal to 6.0 km, is used. In the analysis via non-iterative GFA the domain
of interest (domain ;) is discretized using triangular elements with three nodes and
linear shape functions. In the analyzes carried out with the FEM, quadrilateral
elements with four nodes and linear shape functions are used. In all cases, elements
with a maximum dimension equal to 100 meters are used (this value was defined
after carrying out mesh convergence studies). Due to the values of the mechanical
properties of the materials, the solution to this problem is not achieved using the
numerical scheme proposed by Peres et al. (2021), because the iterative process
does not converge.

Figure 5.8 presents the horizontal and vertical displacement along the dotted
segment defined in Figure 5.7. These curves show that the results obtained by GFA
are close to the results found using FEM when L;,s increases. Furthermore, the
results obtained via FEM by the models with Lj,¢ equal to 10L, and 20L, are the
closest to the results obtained using the proposed method. For these two values, the
greatest divergences are observed at the ends of the horizontal displacement curve
(Figure 5.8.a), where the values calculated by the GFA are 0.87% (10Ly) and 0.84%
(20Lg) higher than those found by the FEM. In the case of vertical displacement
(Figure 5.8.b), in both methods, the maximum value occurred close to the position
of 3900 meters, where the value obtained by the GFA is 2.4% and 0.5% higher than
the values found using FEM with 10L, and 20L,, respectively.
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o
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Figure 5.8. (a) horizontal and (b) vertical displacement along the dotted segment defined
in Figure 5.7.
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Figure 5.8. (a) horizontal and (b) vertical displacement along the dotted segment defined
in Figure 5.7 (continuation).

Figure 5.9 presents the displacement fields obtained from GFA (Figure
5.9.a) and FEM model with L, = 20Ly (Figure 5.9.b). Visually analyzing these
results, it is noted that the displacement fields are almost identical at all points in

the problem domain.

(b)
Horizontal Displacement [m]
-4.7e-01 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 3.8e-01

et D e

Figure 5.9. Vertical and horizontal displacement fields calculated from the GFA (top) and
FEM (bottom) after the injection and production process indicated in Figure 5.7.
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Figure 5.9. Vertical and horizontal displacement fields calculated from the GFA (top) and
FEM (bottom) after the injection and production process indicated in Figure 5.7
(continuation).

Comparing the strain fields found by both methods (Figure 5.10), it is
observed an agreement between the results, being possible to identify the same
regions of maximum swelling and compaction. In both cases, the maximum
horizontal swelling (Figure 5.10.a and Figure 5.10.b) occurs within the production
region and in part of the salt rock layer. The maximum vertical swelling (Figure
5.10.c and Figure 5.10.d) happens in the injection region and the salt rock layer
above the reservoir. The maximum vertical compaction (Figure 5.10.c and Figure
5.10.d) is located in the production region, the same region where shear strains

(Figure 5.10.e and Figure 5.10.f) are visible.
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Figure 5.10. Strain fields calculated from the GFA (top) and FEM (bottom) after the

injection and production process indicated in Figure 5.7.
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Figure 5.10. Strain fields calculated from the GFA (top) and FEM (bottom) after the

injection and production process indicated in Figure 5.7 (continuation).

It is important to note that in the present work, the non-iterative GFA
method was implemented using Python and it was not parallelized. On the other
hand, the FEM results were obtained using Abaqus software, which is implemented
in FORTRAN, which is widely recognized to be a much more efficient language
than Python. Furthermore, Abaqus is a commercial software that has been
parallelized and optimized. Thus, comparing CPU times between the two
simulations would not be very meaningful. A fairer way of comparing the efficiency
of the two methods would be to count the number of floating-point operations
(flops) performed in each method. The number of degrees of freedom (DOF) of the
model used in the GFA is 364 smaller than the DOF of the model analyzed through
the FEM (20Lgy). Using the concept of flops discussed in Section 5.3, it takes
approximately 1.33 x 102 flops to solve the full system ([I] — [F,]) of the GFA
shown in Eq. (5.13) and 3.83 X 102° flops to solve the band system classically used
in FEM, a value that is 2.88 X 10® times large. This demonstrates that the
application of the proposed method for the analysis of real geomechanical problems

is feasible and computationally attractive.
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5.6.
Conclusion

The present work proposes a non-iterative numerical scheme for the GFA.
Through this scheme, the GFA can be used for the analysis of geological formations
with mechanical properties like those found in the field. Using the iterative
numerical scheme proposed by Peres et al. (2021), this type of analysis does not
converge, due to the ratios of Young’s modulus of elasticity between rock layers.
Furthermore, when compared to the iterative scheme, the validation and
performance tests demonstrate that the proposed scheme is more efficient. In the
layered cylinder problem, the non-iterative scheme is between 5.5 and 8.0 times
faster than the iterative scheme when the mechanical properties are kept constant,
and the element sizes are modified. In the analysis where the elasticity contrasts are
changed this relation reaches 17.5. The validation tests also show that the GFA
using the proposed numerical scheme presents satisfactory results when the
Poisson’s coefficient of one of the layers is closer to 0.5, unlike the iterative scheme.

The applicability of this Green’s function with the non-iterative scheme is
demonstrated using a geological profile constructed from a seismic image of the
Tupi field located in the Brazilian pre-salt. In this analysis, the salt rock is simulated
as a nearly incompressible fluid with Young’s modulus of 6 GPa and Poisson’s
coefficient of 0.495. The displacement and strain fields found from the GFA are
compared to the fields obtained through the FEM using the commercial software
Abaqus (DASSAULT SYSTEMES, 2017). However, to obtain similar accuracy,
in the FEM model it is necessary to discretize a region much larger than the one
necessary to carry out the analysis via GFA. Consequently, the GFA has 364 times
fewer degrees of freedom (considering the model 20Ly) than the FEM and,
therefore, less computational effort is required to perform the analysis. This is
highlighted using the metric of floating-point operations (flops) discussed in
Section 5.3. According to this metric, it takes approximately 1.33 x 102 flops to
solve invert the complete system ([I] — [F.]) of the GFA shown in Eq. (5.13) and
3.83 x 102° flops to solve the band system classically used in FEM, a value that is
2.88 x 108 times larger.

The non-iterative numerical scheme is able to expand the applicability of

the GFA and to reduce the CPU time of the analysis. In this way, it can be concluded
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that the objectives of the research are achieved. Future developments include the
extension of the method for the analysis of 3D problems and the implementation of
viscoelastic and plastic constitutive models that allow an adequate representation

of the mechanical behavior of rocks.
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“Evaluation of the spatial variability of the mechanical
properties of rocks in heterogeneous fluid-saturated media
using non-iterative Green's function approach and first-
order second-moment stochastic method”

Paper submitted by Leonardo C. Mesquita, Elisa D. Sotelino, and Matheus
L. Peres in the Computer Methods in Applied Mechanics and Engineering (under

review).

Abstract

The present work proposes a new version of the Green-FOSM method,
which eliminates the iterative calculation process of the original version and,
simultaneously, solves the convergence problems related to the mechanical
properties of rocks that form the geological formation. Considering the same
computational resources, this non-iterative version of the Green-FOSM method is
up to 200 times faster than the original iterative process. In addition, it allows
analyzing problems with more than 10,000 random variables, value that in the
original method is less than 3,000. To demonstrate its validity, the proposed method
is applied to a hypothetical 2D model submitted to a fluid depletion process. For all
the different levels of correlation and spatial variability, the statistical results
obtained by the proposed methods agree well with the results obtained via Monte
Carlo Simulation (MSC). The relationship between CPU times demonstrates that
the proposed method is at least 50 times faster than MCS. In the end, the non-
iterative Green-FOSM method is used to obtain the displacement, strain and stress
fields of a geological section constructed from a seismic image of Brazilian pre-salt
oil region. The results found show that, depending on the levels of spatial
variability, the analyzed fields can assume values up to 30.6% higher or lower than

the values obtained deterministically.
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6.1.
Introduction

The injection or extraction of fluids in underground reservoir produces
alterations in pore pressure of the reservoir rock, which impacts the mechanical
behavior of the entire geological formation. These alterations, generated during the
processes of hydrocarbon production (MINKOFF; KRIDLER, 2006), water
extraction (TEATINI et al., 2006), transport of solutes in aquifers (BONAZZI;
JHA; DE BARROS, 2021), or CO; or natural gas storage (FERRONATO et al.,
2010; LU, 2010; PAN et al., 2016; RUTQVIST et al., 2016; SIRIWARDANE et
al., 2016; TEATINI et al., 2011; VILARRASA et al.,, 2019), modify the
displacement, strain and stress fields of the rock massif. As a direct consequence of
these alteration, the rock reservoir undergoes a volumetric variation, which can
affect its permeability and reduce the rate of fluid extraction (GAMAGE et al.,
2011; OSTENSEN, 1986). At the same time, subsidence or uplifting of the free
surface can occur, and this affects the functionality and stability of the structures
present in the reservoir region (FIGUEROA-MIRANDA et al., 2018). These
alterations can also generate secondary problems, such as wellbore collapse,
failures in offshore platforms, fault reactivation, and seismic events (BOURNE et
al., 2014; MINKOFF; KRIDLER, 2006; PAULLO MUNOZ; ROEHL, 2017,
VERDON et al., 2016). In addition, during the fluid recovery process, the
monitoring of the geological profile is done using seismic measurements, which are
affected by alterations in the strain field (BARKVED; KRISTIANSEN; FJZAR,
2005; HATCHELL et al., 2007, HERWANGER; HORNE, 2009; TEMPONE;
LANDR®; FIAR, 2012). These examples have motivated the development of
deterministic analytical and numerical methods that allow the prediction of the
impact of injection or extraction of fluids on the geological formation.

In general, the analytical methods have the advantage of being simple.
However, they are limited in terms of the geometry and heterogeneity of the
geological profile and the mechanical behavior of the materials that they can
consider. Among these methods, the most used is the method proposed by Geertsma
(GEERTSMA, 1957, 1973a, 1973b), which is based on the nucleus-of-strain
principle introduced by Mindlin and Cheng (1950). The restrictions of analytical

methods are overcome using numerical methods, which are commonly based on the
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finite element method (FEM) (HADDAD; EICHHUBL, 2020; LELE et al., 2016;
WATANABE et al.,, 2010). These methods are capable of considering the
particularities of each geological formation. However, in most situations, the
construction of the models is labor intensive and require large amounts of storage,
and model processing demands a high computational effort.

The Green’s function approach (GFA) (PERES et al., 2021), uses classical
Green’s function as an auxiliary solution to obtain the variation of the displacement
field of a geological massif subjected to a fluid injection and/or extraction process.
The great advantage of this method compared to the classic FEM is that it does not
require the imposition of boundary conditions and the analysis can be performed
considering only the reservoir or other regions of interest. As the analytical
methods, o GFA is simple and computationally efficient. Furthermore, it does not
present limitations in terms of geometry, number of layers, and heterogeneity of the
geological profile, and it can be applied to materials with linear and non-linear
behavior.

The analytical and numerical methods presented above deal with the effects
of fluid extraction or injection process deterministically, as they do not consider the
uncertainties associated with the process. However, these uncertainties can affect
the results (BAU et al., 2016) and lead to responses that do not agree with in-situ
observations (MULLER et al., 2009b, 2009a). In order to consider these
uncertainties, Mesquita et al. (2023) developed a stochastic statistical method,
called Green-FOSM, based on GFA and the first-order second-moment method
(FOSM). Using this method, it is possible to predict changes in the displacement
field generated by variation in pore pressure and, at the same time, consider the
spatial variability of the mechanical properties of the rock that form the geological
profile.

As in the original version of the GFA, the original Green-FOSM method
uses an iterative calculation scheme, which presents convergence problems when
the relationship between the Young’s modulus of the rocks that make up the
geological profile increases (not converging when this relationship is greater than
100%), or when Poisson’s ratio is close to 0.5 (Chapter 5). These limitations prevent
the application of the Green-FOSM method in real problems. Additionally, the
iterative scheme jeopardizes the computational performance of the method. Due to

these limitations, the present work proposes a new version of the Green-FOSM
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method. This version eliminates the iterative calculation process of the original
version and, simultaneously, solves the convergence problems related to the
mechanical properties of rocks. Furthermore, by eliminating the iterative process,
the computation performance of the Green-FOSM method is improved.

6.2.
Deterministic formulation of the Green’s function approach

The GFA is formulated from the principle of virtual work and the theorem
of reciprocity (PERES et al., 2021). Using these concepts, the displacement field of
the analyzed geomechanical problem is calculated with the aid of a classic
fundamental solution such as Kelvin’s fundamental solution (THOMSON, 2015)
and Melan’s fundamental solution (MELAN, 1932), among others as is presented
in the following sections.

6.2.1.
Linear poroelasticity applied to heterogeneous problems

The linear poroelasticity theory proposed by (BIOT, 1941) establishes that
the poroelastic response of a porous material is given by the linear relationship
between stress variation [Ad], strain [¢], and pore pressure variation Apg, as shown
in Eq. (6.1)

[Ag] = C° : [e] — [A] Apt, (6.1)
where C¢ and [A] are the fourth-order constitutive tensor and the second-order Biot
tensor, respectively. Eq. (6.1) is valid for homogeneous problems. For
heterogeneous problems, Peres et al. (2021) propose the addition of the
complementary tensor, which considers the difference between the mechanical
properties of the homogeneous problem, represented by the classical fundamental
solution, and the heterogeneous problem, defined as a real geomechanical problem.
This is shown in Eq. (6.2), in which the term (C(g) corresponds to the fourth-order
constitutive tensor calculated from the mechanical properties of the material located

in position x contained in the domain of the real geomechanical problem.

[A0.(x)] = (€2 = C(x)) : [e] 6.2)

Using this tensor, the poroelastic response of the heterogeneous geomechanical

problem is given by
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[Ac] = C°: [e] — [A] Aps — [Aa,(x)]- (6.3)

6.2.2.
Reciprocity theorem extended to linear and heterogeneous porous
media

From the principle of virtual work, it is possible to establish the following

relationship amongst displacement, strain, and stress

f [Ao]:[é]dV = f{ﬁ}T -{AT}dS + f{ﬁ}T {f}dv, (6.4)
00, Q¢

Q¢
with {@i} being the virtual displacement vector, [€] the virtual strain tensor, {AT}
the vector that contains the variation of surfaces forces generated by the fluid
injection or depletion processes, and {f} the force vector that does not consider the
surface forces. Applying the theorem of reciprocity, the displacement field of the
geomechanical problem (real problem) can be determined with the aid of a classic
fundamental solution (auxiliary problem) whose analytical response is known. To
demonstrate this application, admit that the real problem (index 1) and the auxiliary
problem (index 2) have the same semi-infinite domain £);. In the real problem, this
domain is divided into n subdomains €1,,, which define the layers of geological
formation. As shown in Figure 6.1.a, one of these subdomains represents the
reservoir region (subdomain (g ), which is subjected to pore pressure variation Aps.
As the auxiliary problem Melan’s fundamental solution (MELAN, 1932) is
adopted, where a concentrated force is applied in a homogeneous elastic semi-

infinite domain (Figure 6.1.b).
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Figure 6.1. (a) real problem domain with reservoir region (subdomain £25) and (b) auxiliary
problem domain.

Applying the Eq. (6.4) to the real problem (index 1) with the virtual field of
the auxiliary problem (index 2) and vice versa, and substituting in Eq. (6.3), in
which the fourth order constitutive tensor C® is symmetric, it is possible to reach

the following relationship
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f (@@ (AT} ds + f @@’ [y + f ApV[A] : [6®] dv
00, Q o

+ f [Aac(l)] : [é(z)] dv
Q

(6.5)

29, Qe

+ f ApP[A] : [ED] v + f [80]: [¢®]av.
Or Q
In the real problem (index 1) the unknown displacements are generated only
by pore pressure variation Apy, so the vectors {AT(l)} and { f (1)} are both nulls. In
the auxiliary problem (index 2) the displacements come from the unit concentrated

force {f (2)} applied to a position X of the domain (£);) and, therefore, the vector

{AT(Z)} and the variation Ap(z) can be disregarded (LEHNER; KNOGLINGER; D,

2005). The tensor [AO’C(Z)] is also null, because (C(g) is equal to C® for any position

x within the domain of the auxiliary problem. For the case of isotropic materials,
the second-order Biot tensor [A] is equal to the product of the Biot coefficient a by
the second order identity tensor [I]. Thus, eliminating the indexes (1) and (2), the

horizontal or vertical displacement in position X can be obtained by

{u(X)} {es)

B f Apy(x) a(x) 0(x, X) dv

I (6.6)

+ [ (e 0 [0 - €] (e} av.

Q
where £ is a subscript referring to the auxiliary problem, {u ()_( )} is the displacement
vector at position X, {eﬁ} is the direction vector of the unit point load applied in the
auxiliary problem, Og (g, X ) and {eﬁ (g, X )} are, respectively, the volumetric strain
variation and the strain vector at position x obtained from the auxiliary problem
considering the unit point load applied at position X, and {S(J_c)} is the strain vector

calculated at position x of the real problem.
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6.3.
Uncertainties evaluation using the non-iterative Green’s function
approach

Due to the heterogeneity of the real problem, in Eq. (6.6) the displacement
vector {u(& )} is implicitly calculated from the strains {e(g)} Peres et al. (2021)
present two ways to solve this equation. The first way consists in determining the
strains {8(5)} directly, calculating the gradient du/dX from the differentiation of
the right side of Eq. (6.6). The second way, which is used by Peres et al. (2021),
consists of discretizing the (), domain into N triangular regions forming an
element mesh like those used in the FEM. From the direct colocation method
(ATKINSON; FLORES, 1993), the displacements are calculated at each node of
the discretized domain (1;. Considering this discretization, Eq. (6.6) can be

rewritten as

NQR
(WCOY fes} = )« o [ O x) av
i=1 ab,
No, (6.7)

+> [l e - @] @) v,
j=1 ‘Qi
where Ng, is the number of elements in the reservoir region (subdomain {1z) and

Ny, is the number of elements in the entire model (domain (1;). In this equation, the

terms referring to the pore pressure variation (Ap}') and Biot coefficient (Oci) are
constants within each element.

Peres et al. (2021) solve Eq. (6.7) using an iterative fixed-point method, in
which the displacement field of iteration { is used to calculate the strains {sf } of
iteration ¢ + 1. The displacement field of the initial iteration is determined
considering only the summation in the subdomain €}, and the convergence of the
method is based square root of the sum of the squared nodal displacement
components over the domain ;. As demonstrated in Chapter 5, this iterative
method has limitations related to convergence, values of the mechanical properties
of the materials, and computational performance. As a result, the authors proposed
a non-iterative numerical scheme capable of expanding the applicability and

improving the computational performance of the GFA.
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An iterative fixed-point method, similar to that proposed by Peres et al.
(2021), is used in the original version of the Green-FOSM method by Mesquita et
al. (2023). However, despite the original method being up to 30 times faster
(problem with 1,500 random variables) than the MCS, the iterative Green-FOSM
method also has the same limitations mentioned in Chapter 5. Furthermore, it is
computationally infeasible when the problem to be analyzed has more than 3,000
random variables (considering the following computing resources: workstation
with an Intel Core 19-10850K processor and 64 Gb of RAM). Due to this, a non-
iterative version of the Green-FOSM method is proposed. This new version aims to
expand the applicability of the Green-FOSM method (application to problems with
more than 10,000 random variables) and, at the same time, to improve its CPU time.

6.3.1.
FOSM based on non-iterative Green’s function approach

Using the Eq. (6.7) it is possible to deterministically calculate the
displacements produced by pore pressure variations. As presented by Mesquita et
al. (2023), the GFA can be statistically extended in order to incorporate the
uncertainties related to the mechanical properties of the rocks that make up the
geological formation. This extension is done using statistical methods that are able
to propagate the uncertainty of the random input variables (in this case, the
mechanical properties of the rocks) to the random variables that represent the
answer to the problem (displacement, strain, and stress fields).

According to Fenton and Griffiths (2008), statistical methods of uncertainty
propagation can be exact or approximate. When the relationship between input and
output random variables is represented by a complex mathematical function, such
as Eq. (6.7), the exact method becomes unfeasible. In this case, approximate
methods such as Monte Carlo Simulation (MCS) and FOSM method can be used.
Mesquita et al. (2023) use the FOSM method to statistically expand GFA.

In the FOSM method, the mean values E[V (Xy )] and variances Var[V (Xy)]
of the response random variables (?N) are determined through the first terms of the
Taylor series expansion centered on the mean values (,ugN) of the N random input

variables (X N) as shown in the following

E[Y(X, X2 ... Xv)] = e(us, 1z, - 1zy),  and (6.8)
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Var[P (%1, %50 o) K]

~ i i 6g(,ugl,,ugz, "'HuXN) 6g(yg1, "'uu)?N) -
a)?m a)?n PmnOmOn-

m=1n=1

(6.9)

Where p; is the mean value of random variable i, o; is the standard deviation of
random variable i, and p;; is the correlation coefficient between random variables

i and j (ANG; TANG, 2015). Compared to MCS, the great advantage of the FOSM
method is associated with the CPU time required to obtain the statistical answer to

the problem.

Ig-i::é:-:l;oment using non-iterative Green’s function approach

As shown in Eq. (6.8), in the FOSM method the mean values of the output
random variables (YN) are determined from the function g(ugN) and the mean
values of the input random variables ()? N). By extending the GFA to the statistical
case, the function g(,ugN) is defined by Eq. (6.7). In this way, the mean values of
the variables (YN) can be obtained directly using the non-iterative numerical
scheme proposed in Chapter 5. In this scheme, the strain vector {ej } is rewritten

using a matrix [Bj (5)], formed by the derivatives of shape functions, which

correlate the nodal displacements {u(&)}T{eﬁ} with this strain vector, as it is
classically done in the finite-element literature.

The first summation shown in Eq. (6.7) corresponds to the energy {Eg}
generated by the volumetric deformation of the elements contained in the reservoir
region, which is statistically represented by the 2n X 1 dimension vector shown

below
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(Nor )
z u& Apg f OF, (X, X 1, gy, p ) AV
NQR

ug Apt J OF, (% X 1, gy My,) AV
{EG(‘Ma’ ‘uEinf’ Mvinf)} = >’ (610)

NQR

.“éc Apfi f G);.?x (Er&n: Mg e luvinf) dv

i=1 Q;'?

NQR

z ‘U.% AP; f G);J'y (&; K?’LI tu'E'ian #’ﬁinf) dav
\ =1 ak J

where n is the number of nodes in the element mesh, N is the number of random
variables in the problem, G);; is the volumetric deformation do the triangular element
i generated by a concentrated horizontal (f equal to the horizontal force F,) or

vertical (B equal to the vertical force F,) force applied at position X ;,, and ,u»fi, Ug

inf
and py, . are the mean values of the random variables that represents the Biot
coctficient, Young’s modulus, and Poisson’s ratio in triangular eclement i,
respectively.

The second summation of Eq. (6.7) represents the portion of complementary
energy {E.} generated by the difference between the mean values of the input random
variables of the real problem and the random variables of the auxiliary problem. At the

element level, this energy portion can be written using the 2n X 1 follows

NQt

. . . T 3
Z { C]b’ (Kn' HEine Miner MJ{? ﬂé)} {“EL}}

j=1
NQt

, . . AT )
D s Xt o i)} ()

_ j=1
{Ec(pzy o bizy)} =3 : > . (6.11)

NQt

i . . AT )
> i E sy b0 kD)) {7}

j=1
NQt

. B i T .
Z { Cjﬁ (Kn' HEine Kinger ,ué, ﬂé)} {ﬁ]}

The vector {fC]ﬁ (X bz, o o, o ul, ,ué)} is defined by
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. . NT
] J ]
{ cp\ X UEipr Moo B By }

B f (e X 5 )} [C (i ) (612)
o
t
— O (xup )] [B(2)] aV,
where [Bj (g)] is the matrix formed by the derivatives of shape functions and py,,

are the mean values of input random variables that make up the matrix [C/], that is,
Young’s modulus £ and Poisson’s coefficient ¥ of each triangular element j.
Considering the connectivity of the triangular elements used to discretize the
domain (), and assuming that the output random variables that represent the nodal

displacements are written in terms of global vector

(@(X 1 1z, o i2)} Ler,)

{ﬁ({l, Uz, v .“X’N)}T {er}

{U(ugy o tizy)} = 4 3 (6.13)

(@(X iz, o i2,,)} fer,)
{2 (Xn 12,0 o5} {er}J
the Eq. (6.11) can be rewritten as

(Eclis, oo titg)) = [ty o)) (Ot i)}, (610

where [E;(/,LXI, ...,ugN)] is a matrix with dimension 2n X 2n.

Using the vectors {U(,u;(l, . ugN)} and {E@ (,ua, U, o ,Llyinf)}, and the
definition of {EC (,ug 1 I/‘X'N)}, the mean values of the nodal displacements can be

approximated by
E[T(%y %0, )] ~ {T(ug,, . i5,))

= (1] — [Fe(ngys - 12 )]) ™ {Bo (et 5y 1)}

where [I] is the second order identity matrix.

(6.15)

6.3.1.2.
Second moment using non-iterative Green’s function approach

As shown in Eq. (6.9), in the FOSM method the variances of the output
random variables (YN) are determined from the partial derivatives of function

g(,ugN) in relation to the input random variables (X' N). As previously mentioned,
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the function g(,ugN) is defined by Eq. (6.7). In this way, the derivatives with respect

to N input random variables ()? N) can be calculated as

{6U(u;(1, ---'M)?N)}

3(%y, - )

= (1] — [F(pgyr o 12)]) <{6E§((§f )}g”)} (6.16)

) laFc(lin» ...,uym)l (Uus, ...,uxN)}> -

3(Zer o X)

The terms ([]I] — [Fc(,ugl, ...,,u)?N)])_1 and {U(,ugl, ...,,ugN)} are obtained during
the calculation process of the mean values shown in Eq. (6.15). Using the partial

derivatives of the nodal displacements with respect to the input random variables
()? N), the variance of the horizontal (xk = 1) or vertical (x = 1) displacements at
position X ,, is given by

Var[UK()_(n' Xl,)?z, . XN)]
= {ID),(C”) (g, ---,.U;?N)}T[S(P)?N' UXN)]{D;(cn) (kz,, ”XN)}

where {]D),(C") (,ug ey ugN)} is a vector of dimension N X 1 that contain the partial

(6.17)

derivatives,
aﬁk()_(w |25 Py ,U)?N)
0T, (X iz, - iz,
(D (g, s i)} = 4 0%, ., and  (6.18)

0T, (X iz 15y
\ X, J

S(pgN, O'XN) is the matrix that considers the spatial variability of input random
variables that represent the mechanical properties of materials, as discussed in the
next section.
6.3.2.
Random variables, stochastic grid, and spatial variability of
properties

Due to their inherent spatial variability, the mechanical properties of the

rocks that make up the geological formation can be treated as random variables
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(VANMARCKE, 2010). This variability is incorporated into the geomechanical
problem through a stochastic random field, which is delimited by the domain ().
As proposed by Cho (2012) and Li et al. (2015), the domain (), is discretized into
several subdomains (); forming a stochastic grid in which the input random
variables ()? N) are considered statistically stationary, that is, the mean values and
variances remain constant within the same geological layer, and an autocorrelation
function defines the degree of correlation between random variables of any two
subdomains {);, regardless of their absolute coordinates. In this work, the
correlation between random variables of subdomains (); contained in different

geological layers and the cross correlation between random variables that represents
different mechanical properties are assumed equal to zero. Defining p (Tqu, ‘L'ypq)
as the autocorrelation function between the random variables of the subdomains (,,

and ,, respectively, the matrix S(p T O'XN) is defined by

S(pfzw O-)?N)
& & 5 > T T Og 0%
0%,0%, p(Tx12’TY12) 0%,0%, p( X1q’ y“l) X17Xq (6 19)
p(TXz1’T3’21) 0%,0%, 0%,0%, P (Tx2q’TJ/2q) O'gzo'gq )
p(Txpl’TZYpl) O‘ng‘gl p(Tpo’TYpZ) O'ng'gz p(Tqu’TZqu) O'ng'gq

where 0%, and og, are the standard deviations of the random variables X p and X q-
The autocorrelation function varies between 0.0 and 1.0 (LI et al., 2015). When
p (Tqu,’[ypq) is equal to 1.0, the random variables of the domains (), and

assume equal values. Otherwise, these variables assume different values. The
mechanical properties of materials are considered homogeneous when all the
relationships between the 0, and Q, subdomains of the same geological layer are
equal to 1.0. On the other hand, when this ratio is different from 1.0, the materials
are considered heterogeneous. In general, to define the autocorrelation function
between the random variables of a geological layer, a large dataset is needed, which
are not always available. As a result, the theoretical equations presented by Li et al.
(2015) are commonly used in statistical analysis of geotechnical problems.

In the applications presented in the following sections, the mesh of
triangular elements used to discretize the domain (), in the geomechanical analysis

is used to define the subdomains (; of the stochastic grid. For each triangular
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element, three random variables are admitted, which represent Young’s modulus,
Poisson’s ratio, and the Biot coefficient. In addition to these random variables, three
more random variables are considered to represent the mechanical properties of the
infinite medium. Therefore, the total number of random variables N is equal to
3(Ng, +1).

6.4.
Validation study: Reservoir under uniform depletion

The non-iterative Green-FOSM method is validated using the geological
profile shown in Figure 6.2. This section is composed of three rock layers
(overburden, reservoir, and underburden) with different mechanical properties. The
uncertainties associated with the mechanical parameters of the rock (Young’s
modulus, Poisson’s ratio, and Biot coefficient) are propagated to the output random
variables (nodal displacements) using the non-iterative Green-FOSM method and
the MCS. The MCS is adopted to generate the “reference” solutions used to validate
the proposed methodology, as has been done in other works (LOFMAN;
KORKIALA-TANTTU, 2021; QI et al., 2022; WU et al., 2021).

In this application, the problem domain (£1;) is divided into 608 sub-regions,
which form the mesh of triangular elements of the geomechanical analysis and the
stochastic grid of the statistical analysis. This number of divisions was defined
through a sensitivity analysis and represents the maximum number of sub-regions
for which the MCS is computationally feasible considering the computational
resources available (workstation with an Intel Core 19-10850K processor and 64 Gb
of RAM). The reservoir region (subdomain )3) is subjected to a uniform fluid

extraction process in which the pore pressure variation (Apy) is equal to -20 MPa.
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Figure 6.2. 2D model (plane strain state) used to represent the geological formation.

In the MCS, the statistical moments of the nodal displacements are
determined after 3000 repetitions, performed using the deterministic and non-
iterative GFA presented in Chapter 5. In addition, it is also necessary to know the
probability density function that describes the input random variables. In this work,
the random variables that represent Young’s modulus and Poisson’s ratio are
described using a normal distribution function (JHA et al., 2015; PLUA et al.,
2021a, 2021b). The random variables that represent the Biot coefficient are defined
by a uniform distribution function (PLIjA et al., 2021a, 2021b).

In all analyses, the integrals of Eq. (6.10) and Eq. (6.12) are numerically
solved using Gauss quadrature (4x4 points), Bartholomew quadrature (level 3), and
Duffy transformation, similarly to Peres et al. (2021), and Mesquita et al. (2023).
6.4.1.

Validation regarding the spatial variability of the mechanical
parameters of the rocks

In order to evaluate the effectiveness of the non-iterative Green-FOSM
method with respect to the spatial variability of the input random variables, the
example presented in this section is analyzed assuming three situations. In the first
situation, the input random variables (with the same nature and belonging to the
same geological layer) of the subdomains (2, and (, are admitted as fully
correlated. In the second situation, these random variables are assumed to be totally
uncorrelated. In the last situation, these input random variables are correlated

through the exponential autocorrelation function in Eq. (6.20), which equation is
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used in geotechnical problem by Cho (2012), Wang et al. (2020), and Wu et al.
(2021).

Txpq _ Tqu)

I, L, (6.20)

P (Tqu’Tqu) = Xp <_
The parameters Tapg and Ty,, are the absolute distances between the centroids of
the subdomains (2, € £, in the horizontal and vertical directions, respectively. The

parameters [, and [, are the horizontal and vertical correlation lengths, respectively.
In this example, the horizontal correlation length is equal to 1,000 meters and the
vertical correlation length is equal to 200 meters. In this last situation, to obtain the
reference responses via MCS, the random variables that represent Young’s modulus
and Poisson’s ratio (input random variables defined by a normal density function)
are generated using the Cholesky decomposition technique (LI et al., 2015; YANG;
WANG; BRANDENBERG, 2022) and the random values representing the Biot
coefficient (values generated from a uniform density function) are assumed to be
fully correlated.

In the three situations described above, two coefficients of variation (CV)
for the Young’s modulus and for the Poisson’s ratio are considered, 10% and 20%.
For the Biot coefficient, the CV is taken 10% in all analysis, since CV’s above 10%
can result in Biot coefficients greater than 1.0, which have no real physical meaning.
The set of all mechanical parameters used in this application are shown in Table

6.1.

Table 6.1. Mechanical parameters of the rock that form the geological profile used in this

application.

Material Parameters
Young’s modulus [GPa] | Poisson’s ratio Biot coefficient

Layer Mean Cv Mean Ccv Mean Cv
Reservoir 15.0 10% - 20% | 0.30 10% - 20% | 0.80 10%
Overburden 6.0 10% - 20% | 0.20 10% - 20% | - -
Underburden 20.0 10% - 20% | 0.25 10% - 20% | - -
Infinite domain | 20.0 10% - 20% | 0.25 10% - 20% | - -

In Figure 6.3 the relationships between the statistical moments of horizontal
and vertical nodal displacements calculated using the non-iterative Green-FOSM
method and MCS are presented, considering the CV equal to 10% and the three

situations of spatial variability proposed. As can be seen, in general, the values
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obtained by the proposed method are close to the values found through MCS. In
some nodes, it is observed that the mean value of the vertical displacement
calculated by proposed method is up to 20% higher than the mean value found via
MCS. This difference is justified by the magnitude of the vertical displacements in
these nodes, which are close to zero, and can be reduced by increasing the number

of repetitions in MCS.
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Figure 6.3. Relationships between the statistical moments obtained by the non-iterative
Green-FOSM method and by MCS considering the CV equal to 10%. In (a) the random
variables are fully correlated, in (b) the random variables are fully uncorrelated, and in (c)
the random variables are correlated following the exponential function described in Eq.
(6.20).

In Figure 6.4 the relationships between the results obtained via non-iterative
Green-FOSM method and MCS with CV equal to 20% are presented. For this
situation, the variances of the horizontal and vertical displacements present a

greater dispersion compared to the case with CV equal to 10%. In the three cases
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of spatial variability analyzed, the mean values obtained by non-iterative Green-
FOSM method are close to those found through MCS. On the other hand, the
variances obtained by the proposed method are, on average, 5.5% (horizontal
displacement) and 6.9% (vertical displacement) lower that the variances found via
MCS for the fully correlated situation (Figure 6.4.a). For the totally uncorrelated
situation (Figure 6.4.b) these values are 6.9% (horizontal displacement) and 9.7%
(vertical displacement). For the situation whose random variables follow the
exponential autocorrelation function (Figure 6.4.c) these values are 2.7%
(horizontal displacement) and 2.8% (vertical displacement). Also, except for three
nodes shown in Figure 6.4.c, the relationships between the variances found via

Green-FOSM method and MCS are less 0.8.
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Figure 6.4. Relationships between the statistical moments obtained by the non-iterative
Green-FOSM method and by MCS considering the CV equal to 20%. In (a) the random
variables are fully correlated, in (b) the random variables are fully uncorrelated, and in (c)
the random variables are correlated following the exponential function described in Eq.
(6.20).
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As verified by Bungenstab and Bicalho (2016), due to the truncation of the
Taylor series, when increasing the CV of the input random variables, the FOSM
method tends to underestimate the variances of the output random variables.
Despite this, as already discussed by Mesquita et al. (2023), for the variability
situations and the analyzed CV levels, the difference between the values obtained
through the proposed method and by SMC are small in relation to the dimensions
of the geomechanical problems. Thus, it can be concluded that for the analyzed
situations, the non-iterative Green-FOSM method is able to obtain results
compatible with those found by the MCS.

6.4.2.
CPU time comparison

The computational performance of the proposed method is evaluated using
a relative CPU time parameter calculated by the relation of the CPU times obtained
by iterative Green-FOSM method or MCS and the proposed method. As shown in
Figure 6.5, the relative CPU times are evaluated considering different meshes and,
consequently, different numbers of random variables. In the case of the iterative
Green-FOSM method, the maximum number of input random variables is 2,388,
since the available computational resources (workstation with an Intel Core 19-
10850K processor and 64 Gb of RAM) do not allow the analysis the problems with

more random variables.
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Figure 6.5. Relative CPU times as a function of the number of random variables in the

model.
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The results obtained show that the non-iterative Green-FOSM method is
between 100 and 200 times faster than the iterative Green-FOSM method.
Comparing the CPU times of the MCS and the proposed method, it is observed that
the proposed method is at least 50 times faster than the MCS. Furthermore, using
the same computational resources, with the proposed method it is possible to
analyze problems with more than 10,000 random variables.

Despite sharing the same theoretical formulation, Eq. (6.7), in the iterative
Green-FOSM method (MESQUITA et al., 2023) the mean values and partial
derivatives are calculated N + 1 times in each interaction, where N is the number
of random variables. In the non-iterative method, the partial derivatives are
calculated from the mean values of the nodal displacements and the inverse matrix
shown in Eq. (6.15), which is previously determined. As a result, in addition to
eliminating iterations, the proposed method presents an additional performance
gain, since it is not necessary to perform any additional matrix inversion.

6.5.

Application: Uncertainties consideration in a Brazilian pre-salt
reservoir

In order to demonstrate the applicability of the proposed method to real
problems, the uncertainties related to the mechanical properties of materials are
incorporated into the geomechanical analysis of the geological profile shown in
Figure 6.6. This geological profile represents a typical section of the Brazilian pre-
salt and is inspired by a seismic image of the Tupi field (Santos Basin, Brazil) found
in Mohriak et al. (2012). The mean values of the mechanical properties of the rocks
that make up the geological profile are presented in Figure 6.6. The problem domain
(¢ domain) is divided into 3,642 sub-regions, which form the mesh of triangular
elements of the geomechanical analysis and the stochastic grid of the statistical
analysis, totaling 10,929 random variables. The reservoir region (subdomain {1p) is
divided into two regions whose pore pressure variation are -80 MPa (depletion
region) and 30 MPa (injection region). Melan’s fundamental solution (MELAN,
1932) is used as an auxiliary problem. The mechanical properties of the infinite
domain are the same as the underburden layer. The integrals in Eq. (6.10) and Eq.

(6.12) are numerically solved using Gauss quadrature (4x4 points), Bartholomew
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quadrature (level 3), and Duffy transformation, as was done in Peres et al. (2021),

and Mesquita et al. (2023).

Apry = —80.0MPa  App, = 30.0 MPa

Post-salt

Reservoir

Depth (km)

Pre-salt

0.00 4.72
Horizontal position (km)

Production Injection
well well

Figure 6.6. Representative 2D model of geological section of the Brazilian pre-salt field.

The random variables of the (1, and (1, subdomains, contained in the same

geological layer, are correlated through the exponential autocorrelation function

defined in Eq. (6.20), assuming the horizontal and vertical correlation lengths

shown in Figure 6.7. Although Figure 6.7 uses as a reference a subdomain located

in the salt rock layer, the correlation lengths shown in this figure are considered in

the other geological layers. The CVs of the random variables that represent Young’s

modulus and Poisson’s ratio are equal to 20%. For the Biot coefficient, a CV equal

to 10% is used.

(a)
ly=1000 m
L, =200m-_

0.0e+00 0.2 0.4 0.6 0.8..1.0e+00

Figure 6.7. Correlation variation between a reference point Q,, (located in the center of

the layer) and the other subdomains Q, of the salt rock layer as a function of horizontal

and vertical correlation lengths.
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Figure 6.7. Correlation variation between a reference point Q,, (located in the center of
the layer) and the other subdomains Q, of the salt rock layer as a function of horizontal

and vertical correlation lengths (continuation).

The obtained vertical displacement fields are presented next. These fields
are obtained assuming that the output random variables are represented by a normal
probability density function, as proposed by Mesquita et al. (2023). Figure 6.8.a
shows the displacement field obtained by a deterministic process. Figure 6.8.b and
Figure 6.8.c show the lower and upper limits of the interval with a confidence level
of 95%, respectively, obtained through the analysis with the correlation lengths
indicated in Figure 6.7.d.
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(c) Upper limit results
Figure 6.8. Vertical displacement fields obtained after the injection and depletion process
shown in Figure 6.6. In (a) the deterministic results are shown, in (b) the displacements
referring to the lower limit of the 95% confidence interval are shown, and in (c) the

displacements referring to the upper limit of the 95% confidence interval are shown.

Analyzing these displacements fields, it is observed that the deterministic
and statistical responses can be significantly different. The maximum vertical

displacement obtained by the deterministic analysis is 1.20 meters. Considering the
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uncertainties and correlation lengths shown in Figure 6.7.a, this parameter can vary
between 0.97 and 1.42 meters, which corresponds to +18.5% of the deterministic
value. Increasing the correlation lengths this percentage increases, being equal to
+24.0% for the lengths shown in Figure 6.7.b, £28.1% for the lengths shown in
Figure 6.7.c, and £30.6% for the lengths shown in Figure 6.7.d.

Using seismic measurement results and geomechanical analysis it is
possible to predict future events associated with the fluid injection or extraction
process (HERWANGER; HORNE, 2009). This prediction is performed through the
R-factor, which relates the vertical strains estimated by the geomechanical model
with seismic velocity variations measured in the field (HATCHELL; BOURNE,
2005; RASTE; STOVAS; LANDR®@, 2006). As shown in Figure 6.9, the statistical
vertical strain fields differ from the deterministic strain field. This demonstrate that
the uncertainties associated with the mechanical properties of rock must be
considered when predicting future events associated with the fluid injection or

extraction process.

(a) Deterministic results (mean values)

Figure 6.9. Vertical strain fields obtained after the injection and depletion process shown
in Figure 6.6. In (a) the deterministic results are shown, in (b) the displacements referring
to the lower limit of the 95% confidence interval are shown, and in (c) the displacements
referring to the upper limit of the 95% confidence interval are shown.
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(c) Upper limit results
Figure 6.9. Vertical strain fields obtained after the injection and depletion process shown
in Figure 6.6. In (a) the deterministic results are shown, in (b) the displacements referring
to the lower limit of the 95% confidence interval are shown, and in (c) the displacements
referring to the upper limit of the 95% confidence interval are shown (continuation).

In all analyzed situations, the maximum vertical compaction happens in the
depletion reservoir region and the maximum vertical elongation occurs in the salt
rock layer located above the reservoir. The maximum vertical compaction obtained
from the deterministic analysis is equal to 2.02%.. However, depending on the
uncertainties and correlation lengths shown in Figure 6.7 this strain can be 12.8%,
17.1%, 19.6%, or 20.7% greater or smaller than the deterministic value,
respectively. For vertical elongation, the maximum deterministic value is equal to
1.21%0. However, due to uncertainties and correlation lengths shown in Figure 6.7
this value can be 19.4%, 23.1%, 26.3%, or 28.5% greater or smaller than the

deterministic value.
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Figure 6.10 shows the stress fields (maximum principal stresses) found from
the deterministic analysis and statistical analysis considering the correlation lengths
shown in Figure 6.7.d. Again, it is possible to verify that the statistical answer of
the problem may differ from the deterministic answer. Through deterministic
analysis, the maximum principal stress at the center of the depleted reservoir is
equal to -30.7 MPa. However, depending on the uncertainties and correlation

lengths this value can be up to 25.2% greater or smaller.

-3.5e+01
e

~ Max. Principal S_fg__tes’g[l\/[Pa]
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(b) Lower limit results
Figure 6.10. Stress field variations obtained after the injection and depletion process
shown in Figure 6.6. In (a) the deterministic results are shown, in (b) the displacements
referring to the lower limit of the 95% confidence interval are shown, and in (c) the

displacements referring to the upper limit of the 95% confidence interval are shown.
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(c) Upper limit results
Figure 6.10. Stress field variations obtained after the injection and depletion process
shown in Figure 6.6. In (a) the deterministic results are shown, in (b) the displacements
referring to the lower limit of the 95% confidence interval are shown, and in (c) the
displacements referring to the upper limit of the 95% confidence interval are shown.
(continuation).

As demonstrated by other authors (JEANNE et al., 2016; PEREIRA et al.,
2014a, 2014b; ZOCCARATO et al., 2019), the uncertainties associated with the
fluid extraction or injection process produce variation in the stress state of
geological faults, which are relevant for fault reactivation studies. Although these
studies demonstrate the importance of considering uncertainties in fault reactivation
analyses, they do not consider the spatial variability of input random variables. As
demonstrated, the ranges of variation of the displacement, strain and stress fields
are altered when the correlation lengths of the input random variables are modified,
and this must be considered in the decision-making process in problems involving
fluid extraction or injection process.

6.6.
Conclusions and remarks

The Green-FOMS method (MESQUITA et al.,, 2023) is a stochastic
statistical method capable of considering the uncertainties associated with the
mechanical properties of materials in geomechanical problems. The novelty of the
method lies in the use of the GFA, which, together with the FOSM method, is used
to propagate these uncertainties to the displacement, strain, and stress fields of the
geological formation. Furthermore, using the concepts of stochastic grid and
autocorrelation function, the proposed method allows for the consideration of

spatial variability of the random variables that represent these mechanical
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properties. Despite the fact that the original method presents satisfactory results
when applied to hypothetical problems, when applied to real problems it has
limitations. By using an iterative calculation scheme, the original Green-FOSM
method presents a convergence problem when the relationship between the
Young’s modulus of the rocks that make up the geological profile is greater than
100% or when the Poisson's ratio approaches 0.5. In addition, this iterative scheme
jeopardizes the computational efficiency of the method and requires the storage of
a large volume of data, which impede the analysis of problems with more than 3000
random variables (for the available computing resources, workstation with an Intel
Core 19-10850K processor and 64 Gb of RAM).

The present work proposes a new version of the Green-FOSM method,
which eliminates the iterative process and, simultaneously, solves the convergence
problems related to the mechanical properties of the materials that make up the
geological formation. As shown in Section 6.4.1, the present method is up to 200
times faster than the original method and, with the computational resources
mentioned above, allows analyzing problems with more than 10,000 random
variables.

The validity of the non-iterative Green-FOSM method is analyzed by
comparing the statistical moments of the output random variables (horizontal and
vertical displacements) obtained through this method with the results found via
MCS (reference method). For this, a 2D model that represents a hypothetical
geological formation with three layers of rocks with different mechanical properties
is used. The spatial variability of the mechanical properties is incorporated into the
geomechanical model using the exponential autocorrelation function shown in Eq.
(6.20). In all evaluated situations, the results obtained by the proposed method
present good agreement with the results found by the MCS. The CPU times of the
geomechanical analyses performed using the proposed method demonstrate that, in
the most unfavorable situation, this method is about 50 times faster than the MCS.

The applicability of the non-iterative Green-FOSM method and the
importance of considering the uncertainties associated with the mechanical
properties of materials in the geomechanical analysis are discussed using a
geological section constructed from a seismic image inspired in the Tupi field,
located in the Brazilian pre-salt. For the considered confidence level, the results

obtained demonstrate that, due to these uncertainties, the displacement,
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deformation, and stress fields can assume values that differ considerably from the
values found deterministically. Furthermore, it is demonstrated that, depending on
the correlation lengths, the variation intervals of these fields can be up to 30.6%
greater or smaller than the deterministic results. Despite the large amounts of data
required, it is important to estimate correlation lengths accurately. For this, the
studies of Uzielli et al. (2005) and Lloret-Cabot et al. (2014) developed in the
geotechnical field can be used as references.

In general, the non-iterative Green-FOSM method achieves all the proposed
objectives, since because its simplicity and efficiency it is capable of assisting
reservoir engineers in decision-making process when evaluating problems related

to the injection or depletion of fluids in underground reservoirs.
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7
Summary, conclusions, and future work

This chapter provides an overview of the present work. The first section of
this chapter presents a summary of the developed methodology, highlighting the
advances obtained from the iterative version of the Green-FOSM method to the
non-iterative version. Also in this section, the importance of considering
uncertainties in geomechanical problems is emphasized and the main limitations of
the proposed approach are presented. The second section of this chapter presents
directions for future research.

7.1.
Summary and general conclusions

The present work proposes a computationally efficient statistical method,
called the Green-FOSM method, to consider the inherent uncertainties associated
with the mechanical properties of rocks in geomechanical analyses. Through this
method it is possible to improve decision-making processes by analyzing the
geomechanical problems generated by the production of oil and natural gas, water
extraction or COz storage. The main novelty of this method is the use of the Green's
function approach, which together with the first-order second-moment statistical
method, is used to propagate the uncertainties of the input random variables to the
displacement, strain, and stress fields of the geological formation. Furthermore,
using the concepts of stochastic grid and autocorrelation function, the proposed
method allows the consideration of the spatial variability of random variables that
represent these mechanical properties.

The first version of the Green-FOSM method uses the GFA formulation
proposed by Peres et al. (2021). In this version the displacement field and the partial
derivatives of the displacements with respect to the input random variables are
calculated using an iterative calculation scheme (Figure 4.1). However, due to this
iterative process, this version presents convergence problems when the relationship

between the Young's modulus of the rocks that form the geological profile is greater
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than two or when the Poisson’s ratio of one of the rocks is close to 0.5. Despite
being computationally efficient, when compared to the traditional Monte Carlo
simulation, this iterative calculation process compromises the CPU time of the
statistical analysis.

The above limitations are eliminated using the non-iterative calculation
process shown in Chapter 5. In this process, the iterative calculation scheme is
replaced by the resolution of the system described in Eq. (5.13). The CPU times
obtained from the validation examples (Section 5.4.2) demonstrate that, in
deterministic applications, the non-iterative GFA is between 2.5 and 17.5 times
faster than the iterative GFA (Figure 5.6). In the statistical case (Figure 6.5), the
non-iterative Green-FOSM method is more than 200 times (model shown in Figure
6.2) faster than the iterative Green-FOSM method. Furthermore, using the non-
iterative version it is possible to analyze problems with more than 10,000 random
variables. Considering the same computational resources (workstation with an Intel
Core 19-10850K processor and 64 Gb of RAM), in the iterative version these
analyses are limited to a maximum of 3000 random variables.

In Chapter 6 the non-iterative Green-FOSM method is used to analyze a
geological profile constructed from a seismic image of the Brazilian pre-salt Tupi
field, located in the Santos basin. The obtained results demonstrate the capability
of the non-iterative Green-FOSM method and highlight the importance of
considering the inherent uncertainties associated with the mechanical properties of
materials in geomechanical problems. For the confidence level considered, the
results obtained demonstrate that, due to these uncertainties, the displacement,
strain, and stress fields can assume values that differ considerably from the values
found deterministically. Furthermore, it is demonstrated that, depending on the
correlation lengths, the ranges of variation of these fields can be up to 30.6% larger
or smaller than the deterministic results.

In general, it can be concluded that the methodology proposed in this work
fulfills all the objectives presented in Chapter 1. Thus, the proposed method is able
to assist reservoir engineers in decision making when evaluating problems related

to the injection or depletion of fluids in underground reservoirs.
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7.2.
Future research

The set of future research proposed from the developments presented in the
present work can be divided into two groups, the first related to the deterministic
Green’s function approach (GFA) and the second related to the probabilistic
analysis of geomechanical problems using the Green-FOSM method.

Regarding the deterministic GFA, the following study ideas are proposed:
(1) to develop and to implement the GFA for the treatment of 3D geomechanical
problems, using Mindlin's fundamental solution as an auxiliary solution; (2) to use
parallel computing techniques to improve the computational performance of the
GFA in 2D and 3D problems; (3) to implement constitutive models (non-linear
elastic, plastic, viscoelastic or viscoplastic) that allow simulating the non-linear
behavior of materials; (4) to perform the fluid-mechanical coupling using the GFA;
and (5) to modify the GFA to be applied in geotechnical problems that involve the
consideration of stresses in the soil, emphasizing the calculation of initial stresses
in-situ.

Regarding the probabilistic analysis of geomechanical problems, the
following points are proposed: (1) to analyze the possibility of extending the GFA
to the statistical case using other uncertainty propagation methods (for example, the
second-order second-moment method) in order to obtain the statistical response of
the analysis when the coefficients of variation of the input random variables are
greater than 20%; (2) to analyze the feasibility of using an exact statistical method
(such as the method presented in Section 3.1.2) to obtain the p.d.f. of the output
random variables; (3) to extend the Green-FOSM method to analyze reliability
problems such as fault reactivation; (4) to verify the possibility of using other
methods to consider the spatial variability of the mechanical properties of materials
(for example, methods based on the spectral density function or variance function);
and (5) to propose a methodology to obtain the statistical parameters of random
input variables (mean value, variance, and spatial variability) using data from field

measurements.
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Appendix A
Melan fundamental solution as an auxiliary solution

According to Telles and Brebbia (1981), Melan’s solution can be
decomposed into the sum of two parts, the first referring to the 2D Kelvin’s solution,

represented by ( )*, and the second formed by complementary terms, represented

by ( )°.

A.1.
2D Kelvin’s fundamental solution

Using the Cartesian coordinate system shown in Figure A.1, the strains at
position x; generated by a horizontal unit point load applied at point X; are given

by:

Ay
............. | oX
semi-infinite
domain
Figure A.1. The coordinate system for Melan’s fundamental solution.
Asin
o = P 21— sin? ) + (4v - 3, (A1)
Asinf
() 2
= 1-2 , d A2
&y - ( cos? ) an (A.2)
A cos
s,(cl;) = Tﬁ{Zv —1—2sin?B}. (A.3)
Where:
A= . A4
8nG(1—v) (A4)

The strains at position x; generated by a vertical unit point load applied at point X;

are given by:
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o A C:Sﬁ (1-2sin?pB), (A.5)
ey = A Cosﬁ ——{2(1 —cos?B)+ (4v—3)}, and (A.6)
,(CI;) = A sm[i’ ——{2v—1—2cos?B}. (A7)

A2
Complementary part

The complementary strains at position x; generated by a horizontal unit

point load applied at point X; are given by:

sin 6
fcfc) =4 {—8(1 —1)?2+ (3 —4v)(3 —2sin?%0)
A.8
_4ch (A.3)
— @3- 4 sin? 9)}
£© sin @ 4c cos O
&y = A1~ 1 -2)A -v) - —
21, cos O 4ch
+(3—-4v) (1 — yR ) (1 —4cos 9)} (A-9)
and
AcosO ([2c+ (3 —4v)r
(C) — y 9 ain2
xy 2R {( Ry ) (1 2 sin 9)
(A.10)

ch ) )
+F(4sm29—1)—2(3—4v)51n29 —1}.

The strains at position x; generated by a vertical unit point load applied at point X;

are given by:
AcosB 3—4v)r.
,(Cfc) =———1-41-v)(1 -2v) - Q
R R,
(A.11)
2(3 —4v)r,cosB 4ch
— (4 cos 29 -3)¢t,
R
Acosf 2c  4c 3h
O — 2
= —4y) —8(1 — R -
) = {[3(3 V=80 - -t g (coso +=)
(A.12)

16¢
- [2(3 —4) +

RZ

h
] cos? 9} , and
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Appendix B
Numerical strategies for the treatment of singular points

To solve the auxiliary problem, when it is singular, the use of the
Bartholomew quadrature (BARTHOLOMEW, 1959) with the Duffy
transformation (BONNET, 2017; MOUSAVI; SUKUMAR, 2010) is proposed.

B.1.
Bartholomew quadrature

The numerical integration using the Bartholomew quadrature
(BARTHOLOMEW, 1959) is performed using the mapping from the physical

domain (£;) to the computational domain (Qg) shown in Figure B.1.

&
A
C [ o | S—— c
A +1
—_— > &

A b

Figure B.1. Mapping from the physical domain () to the computational domain ().

This mapping is mathematically expressed by

xi = Fy&; + 2@, (B.1)

i

with

1
Fij = E(xi(C) + xl.(B) — in(A))ej if i=jor
(B.2)

1 o
Fj = E(xi(C) - xi(B))e]- if i#j,
where e; and §; are the orthonormal bases of the physical () and computational
(Qg) domains, respectively.

Bartholomew quadrature can be used considering different levels of

integration, as shown in Figure B.2. Level n corresponds to 2"~ divisions on each

side of the triangular reference element (domain ()¢ in Figure B.1), which results in
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4"~1 sub-triangles of the same area. The integration points are in the middle
positions of the sides of the sub-triangles and have weights equal to 1/3 - 1/4™" 1,
when the integration point is on the boundary of the reference triangle, or 2/3 -

1/4™1, when the integration point is inside the triangular reference element.

Figure B.2. Position of integration points in the computational domain for three levels of

integration.

B.2.
Duffy’s transformation

Duffy’s transformation maps the triangular element to a quadrilateral
element in which the function to be calculated is not singular (BONNET, 2017;
MOUSAVI; SUKUMAR, 2010). For this mapping, consider the unit point load
applied at node A and the first sub-triangle defined by Bartholomew quadrature
with level n, as shown in Figure B.3. Applying Duffy’s transformation, this sub-
triangle is transformed into a quadrilateral element (with sides equal to two) using
the following equations

2" —1=mn4, and

(B.3)
$2 =811z,

where the Jacobian of the transformation is &; /2™.

& N2
A A
T C'
2! +1 c
A
2" -1 +1
»&  — >
(I ., ! -1 B'
-2 B

Figure B.3. Duffy’s transformation applied to the first sub-triangle of the Bartholomew

quadrature with integration level n.
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As discussed in Appendix A, the Melan solution can be decomposed into
two parts, the first referring to the 2D Kevin’s solution and the second formed by
complementary terms. The first part will be singular when the distance 7 tends to
zero, which can occur in any position of the semi-infinite domain €),. The second
part will be singular when R tends to zero, which will only occur when the unit
point load and the evaluated point are on the surface of the semi-infinite domain.
Regardless of the situation, singularities can be treated in isolation using Duffy’s
transformation. In this way, the integral of the strains found from the auxiliary
problem in the physical domain (£2;) can be written as

f(a)
dy

av,, (B.4)

Q¢
this integral is transformed into the computational domain (Qg)

f(a)
dg

J1dVy (B.5)
Qs

using the mapping Eq. (B.1) and the Jacobian J;. Eq. (B.5) becomes singular When

the unit point load is applied to one of the nodes of the triangular elements (Figure

B.1). Assuming that this force is applied at node A, the first sub-triangle of the

Bartholomew quadrature (Figure B.3) can be transformed into a quadrilateral

element through Eq.(B.3). Thus, Eq. (B.5) is rewritten as

f(a) h
| sy Bo

eliminating the singularity problem in the integrand, where Cgz = F;;Fj;. In this

work, the integral Eq. (B.6) is calculated using the Gaussian quadrature.
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Frequency histograms and probability density function for

other reference points

This appendix presents the frequency histograms and p.d.f. of the random

variables that represent the horizontal and vertical displacements of the reference

points shown in Figure 4.3 and Figure 4.10.a.

C.1.

Random variables representing the horizontal and vertical
displacements of the problem with uniform depletion (Section 4.4.1)

60 - CV =10%
p(T"ua’ TYFQ) =0.0

p-value = 0.1548
40 A

20 4

Horizontal displacement [m]
(a)
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Figure C.1. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 1

(RF1) showed Figure 4.3.
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Figure C.1. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 1

(RF1) showed Figure 4.3 (continuation).
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Figure C.2. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 2

(RF2) showed Figure 4.3.
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Figure C.2. Frequency histograms and probability density function of the random variable
representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 2

(RF2) showed Figure 4.3 (continuation).
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Figure C.3. Frequency histograms and probability density function of the random variable
representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 3
(RF3) showed Figure 4.3.
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Figure C.3. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 3

(RF3) showed Figure 4.3 (continuation).
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Figure C.4. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 4

(RF4) showed Figure 4.3.
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Figure C.4. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 4

(RF4) showed Figure 4.3 (continuation).
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Figure C.5. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 5
(RF5) showed Figure 4.3.
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Figure C.5. Frequency histograms and probability density function of the random variable

representing the horizontal (a-d) and vertical displacement (e-h) of the reference point 5

(RF5) showed Figure 4.3 (continuation).

C.2.
Random variables representing the horizontal and vertical

displacements of the problem with non-uniform depletion (Section
4.4.2)
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Figure C.6. Frequency histograms and probability density function of the random variable

representing the horizontal (a-b) and vertical displacement (c-d) of the reference point 1
(RF1) showed Figure 4.10.
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Figure C.6. Frequency histograms and probability density function of the random variable

representing the horizontal (a-b) and vertical displacement (c-d) of the reference point 1

(RF1) showed Figure 4.10 (continuation).
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Figure C.7. Frequency histograms and probability density function of the random variable

representing the horizontal (a-b) and vertical displacement (c-d) of the reference point 2
(RF2) showed Figure 4.10.
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Figure C.8. Frequency histograms and probability density function of the random variable

representing the horizontal (a-b) and vertical displacement (c-d) of the reference point 3
(RF3) showed Figure 4.10.
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Figure C.9. Frequency histograms and probability density function of the random variable

representing the horizontal (a-b) and vertical displacement (c-d) of the reference point 4
(RF4) showed Figure 4.10.
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Figure C.10. Frequency histograms and probability density function of the random

variable representing the horizontal (a-b) and vertical displacement (c-d) of the reference

point 5 (RF5) showed Figure 4.10.



