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Abstract

Amaral, Gustavo Castro; Temporao, Guilherme Penello; von der
Weid, Jean Pierre. Linear-Optic Two-Photon Interference
with Coherent States. Rio de Janeiro, 2016. 134p. PhD Thesis
— Departamento de Engenharia Elétrica, Pontificia Universidade
Catolica do Rio de Janeiro.

Photon bunching is one of the most celebrated effects of two-photon
interference, related to the tendency of indistinguishable photons to take
the same path when there is a wave-packet overlapping in a symmetric
beam splitter. We explore the two-photon interference phenomena and
show that: the spectral characteristics of a light source can be determined
with a high resolution Few-Photon Fourier Transform Spectroscopy which
proves to be a useful asset for spectral characterization of faint optical
sources below the range covered by classical heterodyne beating techniques;
a sub-Poisson photon source, the Linear-Optic Heralded Photon Source,
can be constructed based only on linear optics and weak coherent states by
time-tuning a Hong-Ou-Mandel interferometer fed with frequency-displaced
coherent states and yields a second-order correlation function at zero
time below one; a modified version of the Hong-Ou-Mandel interferometer
produces a peak of coincidences instead of a dip when the wave-packets
are perfectly overlapped and the announcement of photons time-tuned to
this coincidence peak yields a photon stream with sub-Poisson photon
statistics. The mathematical description of each experiment is detailed and
an extensive review of the most important theoretical and practical tools

for understanding the results is presented.

Keywords

Quantum Optics; Two-Photon Interference; Single-Photon Sources;

Few-Photon Spectroscopy; Optical Coherent Effects.
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Resumo

Amaral, Gustavo Castro; Temporao, Guilherme Penello; von der
Weid, Jean Pierre. Interferéncia de Dois Fétons em Optica
Linear com Estados Coerentes. Rio de Janeiro, 2016. 134p. Tese
de Doutorado — Departamento de Engenharia Elétrica, Pontificia
Universidade Catoélica do Rio de Janeiro.

O bunching de fétons é um dos mais celebrados efeitos de interferéncia
de dois footons, associado a tendéncia de fétons indistinguiveis de tomarem
o mesmo caminho quando ha uma superposicao dos pacotes de onda em
um combinador de feixes 6ptico simétrico. Nos exploramos o fenémeno de
interferéncia de dois fétons e mostramos que: a caracteristica espectral de
uma fonte de luz pode ser determinar através da técnica de Espectroscopia
de Transformada de Fourier de Poucos Fétons de alta resolugdo que se
mostra como uma técnica util para a caracterizacao espectral de fontes
opticas débeis abaixo do limite coberto por técnicas classicas de batimento
heterédino; uma fonte de fétons com estatistica sub-Poisson, a Fonte de
Fétons Anunciadas com Optica Linear, pode ser construida baseada apenas
em Optica linear e estados coerentes atenuados uma vez que os anuncios
sejam sintonizados nos picos de coincidéncia de um interferograma de
Hong-Ou-Mandel quando o interferometro é alimentado com estados em
frequéncias diferentes; uma modificacao do interferémetro de Hong-Ou-
Mandel produz um aumento no nimero de coincidéncias, ao invés de sua
diminuicao, quando os pacotes de onda estao perfeitamente superpostos no
interferometro e o antncio de fétons sintonizados nesse pico gera um feixe
com distribui¢do sub-Poisson. A descricao matematica de cada experimento
¢ detalhada e uma revisdo extensa das ferramentas tedricas e praticas

necessarias para o entendimento dos resultados é apresentada.

Palavras-chave

Optica Quéntica; Inteferéncia de Dois Fétons; Fontes de Fétons

Unicos; Espectroscopia de Poucos Fétons; Efeitos Opticos Coerentes.
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A photon is what a photodetector detects.

Roy Glauber.
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Summary of notations
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kE Wave Number. Unity: rad/m.

to Vacuum Permeability. Unity: V - s/ (A - m).

€0 Vacuum Permittivity. Unity: F'/m.

g Electric Field Amplitude. Unity: V/m.

¢ (z,t) Spatio-Temporal Wave-Packet. Unity: V/m.
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1
Introduction

This work is a compilation of three main results associated to two-photon
interference with coherent states: a mathematical model and experimental con-
firmation of high-resolution heterodyne spectroscopy in the few-photon regime;
the possibility of generating a sub-Poisson stream of light taking advantage of
an interference peak in the Hong-Ou-Mandel interferometer fed with frequency-
displaced photonic wave-packets, the linear-optic heralded photon source; and
a further investigation of the sub-Poisson light stream generation using two
symmetric beam-splitters in a stable, more simple configuration. Two-photon
interference in a linear-optic context is associated to the Hong-Ou-Mandel
interferometer, the experimental apparatus whose characteristics were thor-
oughly exploited throughout the development of the results.

The document is divided in such a way (or at least meant to be so)
that the reader’s trail of thought is not compromised by the technicality of
the subject, especially in terms of its mathematical description. We begin
with a historical, sociological, and rather philosophical take on the subject
of the photon. Since, as the epigraph states, we need to detect the photon
in order to attest its existence, we follow the historical introduction with
a state-of-the-art description of single-photon detectors and specific photon
sources. Understanding of the theoretical and experimental results presented
in Chapters 3, 4, and 5 is a product of centuries of scientific developments so, in
Chapter 2, the basic theoretical ideas are laid out in an — hopefully — intuitive
manner. Still aiming at a pleasant reading, the mathematical developments and
proofs are delegated to Chapter 7, i.e., the Appendices. Each of the results is
delegated to its own chapter, which contain a brief introduction, the description

of theoretical and experimental details, and conclusions.

1.1
A Brief History of Light — The Wave-Particle Duality Retrospective

The photon is a twentieth-century concept® intimately tied to the birth

of quantum mechanics and quantum electrodynamics. In order to avoid later

!This Retrospective section is a compilation of bibliographic revision taken from [1-7]
and references therein.
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Chapter 1. Introduction 16

philosophical query, we start by introducing the photon in the words of Roy
Glauber:

“A photon is what a photodetector detects."

With no rest mass, the photon cannot be “stopped" except by an absorption
process that destroys it. Also associated with the absence of rest mass is the
lack of photon localizability: there is no probability density for the position of
the photon.

Even though the history behind the development of quantum optics and
of the “‘photon" concept is very rich and concerns a plethora of different
propositions, experiments and even sociological intrigue, it is surprising how
the question that still remains over the corpuscular-wave nature of the photon
had its roots long before the advent of quantum physics. The first notion of light
as a propagating wave was introduced by Descartes. He considered light to be a
longitudinal wave propagating in a perfectly elastic medium, the luminiferous
aether. The aether, as we will see, remained as a conceptual milestone for the
theory of light propagation until the early nineteen hundreds regardless of its
controversy. This perfectly elastic medium was thought to fill all space and, as
Descartes proposed, was responsible for the diversity of colours due to different
velocities of particles in this medium.

It was Hooke who first proposed that light consisted of rapid vibrations
propagated instantaneously, or with a very great speed, and that these vi-
brations would generate a steadily growing propagation sphere (in case of a
homogeneous medium of propagation). Huygens extended the idea that light
propagates as a wave and that each point of the wavefront forms a subsequent
wavefront. By that time, it was thought that the wavefronts were created due
to the interaction between the luminous disturbance and the aether. It was also
Huygens who came across the phenomena of polarization when studying light
diffraction. Newton interpreted that the polarization arose from the fact that
light rays have “sides" which imply a transversal condition for the propagating
light wave. Scientists at the time were only familiar with longitudinal waves
such as the sound vibrations so this, among other aspects of the wave theory,
especially the difficulty in reconciling the rectilinear propagation of light, led
Newton to completely negate the wave theory of light. He devoted himself to
the development of an emission (or corpuscular) theory according to which
light was emitted and propagated in the form of discrete particles.

The rejection from an eminent physicist such as Newton swept the wave
theory under the rug for almost a century. It was only in 1801 that Young

enunciated the principle of interference of light and once again enforced the
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view of light as a wave. Later, Fresnel synthesized Huygen’s Wavefront Prin-
ciple with Young’s Principle of Interference and showed that this was sufficient
to account for the rectilinear propagation of light as well as for the phenom-
ena of diffraction. Only when Fresnel, together with Arago, investigated the
interference of polarized light and discovered that two rays with perpendicu-
lar polarization could not interfere was that the transverse vibration of light
was considered. It was Young who reconciled the phenomena discovered by
Fresnel with the wave theory of light by the deconstruction of the longitudinal
propagation of light which was already taken for granted. This progress, how-
ever, did not convince the Laplacian school which firmly advocated in favor of
the emission theory proposed by Newton.

In the mean time, Fresnel, due to Young’s proposition, drew numerous
conclusions concerned with the nature of the aether. Since longitudinal waves
are only possible in a fluid, he stated that the aether should behave like a
solid body. At the time, however, a theory of elastic waves in solids had not
yet been formulated so Fresnel proceeded by inference over the experimental
observation. He managed to elucidate the laws of light propagation in crystals
and later reduced them to a few simple assumptions. Curiously, it was due to
the study of dynamical models for the aether vibration that Fresnel deduced
the laws that govern the intensity and polarization of light rays produced
by reflection and diffraction. An important experiment proposed by Arago
and later conducted by Foucault and others in 1850 was the one regarding
the measurement of light’s velocity in water and air. This was definite for
the acceptance of Fresnel’s and Huygen’s wave theory. According to the
proposition of the emission theory, refraction was caused by the attraction
of light corpuscles by the denser optical medium which would imply a greater
velocity in the denser medium. The wave theory, on the other hand, provides
that the inverse should happen, which was experimentally demonstrated.

Until the complete deconstruction of the luminiferous aether theory with
the Michelson-Morley experiment and, later, Special Relativity, many efforts
were directed to the development of the elastic aether theory to account for the
wave theory of light as soon as the propositions of Fresnel and Huygen were well
established. Although mechanical boundary conditions in the passage between
two contiguous elastic media always conflicted with the results of diffraction,
the corpuscular theory still found a way to resist to the experimental evidence
of the wave theory. Even though a number of optics related issues found their
solution during the last half of the nineteenth century, the foundations of optics
remained in an unsatisfactory state. In parallel, the development of electricity

and magnetism culminated in the discoveries of Faraday which led Maxwell


DBD
PUC-Rio - Certificação Digital Nº 1413510/CA


PUC-RiIo - Certificacéo Digital N° 1413510/CA

Chapter 1. Introduction 18

to sum up all the experimental evidence in a system of equations which not
only established the possibility of electromagnetic waves but that their velocity
could be calculated from the results of purely electrical measurements. Finally,
when the experiments were carried out, the velocity turned out to be that of
light. The electromagnetic theory of light was then proposed by Maxwell which,
until its experimental verification by Hertz in 1888, suffered much criticism and
many attacks. After its acceptance, though, it became clear that the theory
did not suffice to explain certain phenomena such as emission and absorption
of light by matter.

The late eighteen hundreds had brought about the spectrum analysis,
which was first motivated by an effect on the continuum spectrum of the
sun. The observed effect was that the spectrum is filtered exactly in the
absorption lines of certain gases that compose the sun’s atmosphere. Even
though spectroscopy often tells more about the structure of the emitting
particles rather than about the nature of the emitted light itself, it was, and
still is, essential for the elucidation of the interaction between matter and the
optical field. The problem of the spectrum of emission of black body radiation,
for instance, motivated Planck to develop the idea that an oscillating electric
system does not impart its energy to the electromagnetic field in a continuous
manner, but in finite amounts. Later, Einstein was responsible for reviving
the corpuscular theory of light by assuming that energy quanta existed as
real light-particles, the photons, which were not merely a representation of the
absorption and emission process as proposed by Planck. This re-introduced
the particulate nature of light, not as localization in space as Newton’s
corpuscles, but in discreteness of energy. Some phenomena inexplicable by
wave theory were successfully explained due to the transformation of light
into corpuscular energy, namely the photo-electric effect and photochemistry.
The interpretation of Einstein of the photo-electric effect, though, is not to be
mistaken with quantization of the radiation field.

At this point the validity of both wave and corpuscular theories of light
had to be recognized. It was only during the third decade of the twentieth
century, however, that the development of quantum mechanics led to a
partial elucidation of the wave-particle duality. Later, Quantum Optics had
its foundations laid when Dirac quantized the electromagnetic radiation field
reconciling the wave and particle theories. In the words of Fermi, in his 1932

Review of Modern Physics article [4]

“Until a few years ago it had been impossible to construct a theory
of radiation which could account satisfactorily both for interference

phenomena and the phenomena of emission and absorption of light
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by matter. The first set of phenomena was interpreted by the wave
theory, and the second set by the theory of light quanta. It was
not until in 1927 that Dirac succeeded in constructing a quantum
theory of radiation which could explain in an unified way both

types of phenomena.'

Energy quantization is the essence of the old quantum theory of the
atom proposed by Bohr. Planck’s hypothesis and Einstein’s interpretation of
the photoelectric effect follow from considerations of how energy is exchanged
between radiation and matter. This leads to forbidden energies of absorption
and emission. In the case of Bohr’s atom, this is reflected in the discrete
orbitals available for the electron and in the fact that the transition between
them is excited by a vibration of the right frequency which could be a
photon - a quantum of radiation - or a phonon - a quantum of vibration.
De Broglie’s analogy to standing waves in a cavity quantizes the wavelength
of the electron due to the restriction that a finite number of wavelengths
should fit the circular orbit’s radius. Following this development, Schrodinger
introduced the wave equation for matter waves. By this time, then, both light
and matter were neither wave nor particle, but an intermediate entity that
obeys the superposition principle. The equal validity of both perspectives in
Young’s two slit experiment, depending on the configuration, advocated for
such complementarity.

Even though the progress of Schrédinger, De Broglie, and others had laid
the foundations of quantum mechanics, the theory was still not completely
quantized. The semiclassical approach, as it is called, treats light classically —
although with discrete energies — while only matter is quantized: quantizing
the energy differs greatly from quantizing the electromagnetic field. The
semiclassical approach, even though remarkably accurate for a large class of
problems, is an attempt to equalize the treatments of light and matter in a self-
consistent wave theory: Maxwell equations deal with the wave theory of light;
and the Schrodinger Equation deals with the wave theory of matter. The self-
consistency of semiclassicality relies on the interpretation of the light-matter
interaction as a resonance phenomena. In case of light absorption, the ground
state is coupled to the excited state by means of the beat frequency between
these two permitted energy levels inside the atom. The beat frequency, or
energy, is conveyed by the photon. In the case of absorption and later emission
of a photon by an atom, for example, the interaction is interpreted such that
the electron cloud is polarized by the incident light field producing a dipole
moment which corresponds to excitation. This dipole eventually re-radiates a

classical — quantized — Maxwell field proportional to the beat frequency (or the
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dipole’s stored energy). The agreement between incident and radiated fields
indicates a self-consistent coupling of the Maxwell-Schrodinger equations.

To take a glimpse on the very profound difference between the quantiz-
ation of the energy, in a semiclassical approach, and the field quantization, in
the quantum optics approach, regard the photoelectric effect. It is observed, in
this experiment, that, at negligible times after light had been directed to the
metal plate, electrons are already being detected. Even though the detection
flux and the kinetic energy are consistent with energy quantization, it does
not account for how energy can be imparted from light to matter at seemingly
infinitesimal times. In terms of electromagnetic radiation, the energy conveyed
by the field is proportional to the field’s amplitude, the atom’s cross-section,
and time; for short enough times, the energy is just negligible compared to the
energy gap. Semiclassicaly, there is just no way of accounting for the “quantum
jump" for the field energy. The change in perspective gained from this subtle
effect is that not only the amount of energy that can be imparted from light to
matter is discrete, but the time that it takes for the radiation field to actually
transfer energy to matter is discrete. In other words, the discrete levels of en-
ergy also come in discrete packets in time and space! The quantized view of the
electromagnetic field which fully accounts for the probabilistic nature of light
and its inherent fluctuations was introduced by Dirac in 1927. For the first
time the photon concept was placed on a logical foundation and the quantum

theory of radiation was born. To quote Dirac [3] in the conclusion of his article

“(...) the theory enables one to understand how it comes about
that there is no violation of the law of the conservation of energy
when, say, a photo-electron is emitted from an atom under the
action of extremely weak incident radiation. (...) In particular, one
cannot say that the interaction energy tends to zero as the intensity
of the incident radiation tends to zero. There is thus always an
unspecifiable amount of interaction energy which can supply the

energy for the photo-electron."

The photon, although being an intrinsic conundrum of nature and to
the physical community, is one of the most interesting fundamental particles:
the theoretical field quantization performed by Dirac sets it as the most
important quantum electrodynamical entity as well as poses quantum optics
as a resourceful area of physics research since exclusively quantum effects such
as single-photon and two-photon interference are of paramount importance for
the investigation of the underlying nature of quantum physics. In this context,

to get a glimpse of the nature of the photon, one must, once again, turn back
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to Glauber’s words and, therefore, detect the photon. This is utterly important
not just for itself, but because being able to detect the photon is an absolutely
necessary step towards being able to generate it or, at least, being able to attest
it has been generated. In the next section, therefore, we review the basics of
single-photon detection culminating in the Single-Photon Avalanche Diode,
and generation with the very recent high-rate sub-Poissonian Heralded Single-
Photon Sources. We also brush on the basics of quantum communication,

maybe the most celebrated application of the single-photon in present days.

1.2
Single-Photon Detection and Single-Photon Generation

1.2.1
Single-Photon Detectors

The first experimental demonstration of the Photoelectric Effect was de-
veloped by Heinrich Hertz in 1887 [8]. The theory behind the Photoelectric
Effect, elaborated by Einstein [9], permitted the construction of an appar-
atus capable of detecting light with very low intensity, the Photoelectric Tube,
which dates from 1913 and whose inventors were Elster and Geiter [10]. Sub-
sequent developments gave birth to the Photomultiplier Tube (PMT), a device
which, despite the development of solid state photodetectors, is still used in
several fields of research such space research, archeology, medicine, geology,
biology, art, astronomy, metallurgy, chemistry, agriculture, high energy phys-
ics, and astroparticle physics [11]. Photodiodes are devices created with doped
semiconductor junctions and condensate, in a solid-state structure, the mech-
anism of light detection of the Photoelectric Tube: when a photon with suffi-
cient energy to excite an electron to the conduction band of the semiconductor
is directed to the photodiode, it creates an electron-hole pair; each carrier
then migrates in opposite directions under the influence of the electric field
across the Depletion Region [12]; the moving carriers, therefore, conduct cur-
rent proportional to the number of photons arriving at the junction along the
semiconductor.

Avalanche Photodiodes are solid-state Photomultipliers that undergo an
avalanche process whenever a photon reaches the absorption region and excites
an electron-hole pair that collects sufficient kinetic energy from the applied
electric field to start an impact ionization cascaded effect [13-15]. The basis of
this effect is an operation at the Breakdown Voltage so the avalanche may be
sustained. When it comes to the necessary number of photons for a detection,

however, APDs are within some more than 20, so single-photon detection is
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not possible [10]. Geiger-mode APDs (G-APDs) go further into the Breakdown
Region of a photodiode as to be able to detect single-photons [10]. When
biased above the Breakdown Voltage, electrons and holes are ionized faster
than they can be extracted from the semiconductor lattice so, eventually, the
junction becomes saturated [16, 17]. The effect of a photoexcited electron-
hole with enough energy to produce cascaded ionization is an exponential
growth in the population of holes and electrons in the Multiplication Region
and of the associated photocurrent. This goes on for as long as the electric
field in the device is not altered by the photocurrent growth, i.e., until the
space charge effect limits the photocurrent to a constant value leading the
circuit into a steady-state condition [16, 17]. In order to bring the device
back from the steady-state, it is necessary to discharge the device’s saturated
junction in a process called quenching, which can be active or passive [14,15].
A passive quenching circuit is simply a high impedance load connected in series
to the G-APD [15,18,19]. Even though the impedance of the semiconductor
junction is usually very high (above the range of M()) when the device is not
operative, once it undergoes an avalanche process, the impedance drops to a
few k2, so the inverse bias voltage appears over the high-impedance resistor
and the diode can recover from the avalanche. The recovery time, however,
may be very long in passive quenching [15,18]. Active quenching resorts on
a fast comparator device which detects the avalanche pulse and triggers a
quenching pulse to be superposed to the reverse bias voltage alleviating the
semiconductor junction [18,20]. Pulse shaping, filtering, and fast electronics are
all necessary for successful active quenching, but maybe the most important
factor is a tailored circuit which compensates the effects of its particular APD
characteristics since they vary abruptly from device to device [18,20,21].

The binary behaviour of G-APDs introduces two new parameters of
operation: Dead Time and Afterpulsing. Dead Time is the period between an
avalanche and the end of the quenching process during which the photodetector
is inoperative [10]. Since G-APDs become unresponsive during the Dead Time,
active quenching is more suited for fast detection applications [16, 17,20, 21].
Although already present in other photodetector devices, the Afterpulsing
effect is more critical in G-APDs. The Afterpulse effect may be characterized
by a higher probability of a Dark Count, i.e., a false avalanche, right after a
detection due to carrier trapping and delayed release inside the semiconductor
junction, which might last several microseconds [10,17]. In order to diminish
the probability of thermally generated avalanches, the temperature of the
photodetector is often decreased leading to longer delayed releases and, thus,

to longer periods of high Afterpulsing probability [10].
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The physical parameters and the design of the photodetector structure
has direct implication on the operation of the device. The doping concen-
tration of each layer and its thickness, for instance, affect the range of sens-
itive wavelengths and the operating voltage, respectively. Dark Counts and
Afterpulsing, on the other hand, can be reduced by controlling the impurit-
ies and crystal defects [10]. The application of G-APDs is vast: High Energy
Physics, Astroparticle Physics, and Medical Applications, in which a number
of such devices are used in an array [22]; and Quantum Optics, especially
Quantum Communication, where the G-APD is used to assemble a structure
called the Single Photon Avalanche Diode (SPAD). Gated operation is applic-
able to Quantum Communications since the arrival times of the photons is
usually synchronized by an external clock signal common to the communicat-
ing parties. The result is high detection efficiency during the operational gate
width and low dark count rate when the device is inoperative.

Indium-Phosphide-based single-photon avalanche diodes, especially
Indium-Gallium-Arsenide / Indium-Phosphide (InGaAs/InP), are the elected
devices for quantum communications since they operate inside the infrared
1550 nm wavelength region of telecommunication at almost room temperature
[18,23-27]. Therefore, we focus a little bit more on the operation charac-
teristics of such devices. Nevertheless, Silicon-based single-photon avalanche
diodes, which operate in the visible region of the electromagnetic spectrum
from 400 to 1000 nm wavelength, attract a great deal of attention in free-space
optics especially due to their high efficiency on the order of 70% [15,20, 21].
In InGaAs/InP devices, the infrared photons are absorbed in the InGaAs
region forming an electron-hole pair which dissociates due to the intrinsic
field of the junction so that the photon-generated hole drifts to a high-filed
InP region where it can accelerate and initiate the avalanche process [18].
The efficiency of the absorption process for InGaAs devices revolves around
10% [28] although it can be made higher if one is willing to compromise
the system noise by raising the reverse bias voltage over the semiconductor
heterostructure. Even though sub-nanosecond jitter can be achieved in low
temperatures, the longer trap lifetimes is a serious issue in such devices since
the avalanche may fill trap states between the gaps of the InGaAs and InP
structures [18]. To avoid this phenomena, the only solution that does not
diminish the device’s efficiency, is to improve the active quenching method;
gigahertz clock rates at near room temperature have been reported using
approaches such as the very rapid gating [29,30]. Free-running operation at
210K with the same approach has also been reported [31,32]. Even with its

afterpulsing limitations, InGaAs/InP are outstanding candidates for practical
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single-photon detection in the infrared region and a number of studies have
already shown that the traps responsible for afterpulsing are related to the
InP layers of the device, so future improvements and research in the area are

supposed to yield reduced dark count rates [18,33,34].

1.2.2
Applications in Quantum Cryptography

Widely used in quantum cryptography, the single-photon avalanche di-
ode is the focus of the majority of the so-called quantum hacking schemes, in
which a third party is able to temper with the communication channel gain-
ing information without being noticed by the actual communicating parties.
In general lines, quantum cryptography and, more specifically, Quantum Key
Distribution (QKD) [35], benefits from the laws of quantum physics to provide
absolutely secure communication (at least from a theoretical point of view)
between two (or more) parties. The No-Cloning Theorem [36,37] states that
non-orthogonal quantum systems cannot be duplicated due to the intrinsic
loss of information during measurement, in which such loss refers to the Heis-
enberg’s view on measurements over quantum systems and Heisenberg’s Un-
certainty Principle [38]. Based on this theorem, various protocols [39-42] were
developed in which the presence of an eavesdropper can be detected based
on the results of exchanging single-photon states between the communicating
parties so the effective losses due to unexpected tempering during quantum
communication are accounted for. QKD also relies on a classical communica-
tion step so that the errors due to the losses along the quantum communication
channel (those expected such as fiber attenuation and those unexpected such
as an eavesdropper) can be computed and measured against a threshold from
which one can determine whether the system has been tempered with or if the
communication is secure [35]. Even though the performance of the devices em-
ployed in practical quantum cryptography, namely the single-photon detector
and the single-photon source, is still far from the idealized ones, several solu-
tions have been devised in order to overcome their limitations [35]. One of the
most severe imperfections is that of multi-photon pulse emission by the trans-
mitter which enables the photon-number splitting attack [35]. Even though a
deterministic single-photon source would be highly desirable in this context, it
is not yet available. Nevertheless, the single-photon source limitation of prac-
tical QKD is secured by strict mathematical proofs and counter measures such
as the decoy states method [43-46].

When it comes to the detector, several so-called loopholes — or imperfec-

tions — of the device can be exploited by the quantum hacker, usually referred
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to as Eve. Since measuring the quantum state in mid-flight will occasionally
result in its identification, the quantum hacker is forced to either cloak its act
of measurement or to alter the properties of the state without measuring it
and then use the result of the real measurement to gain information. Acting
on the system timing, Eve can implement the class of time-shift attacks based
on the non-uniformity of the detection efficiency inside the gating window so
it becomes possible to infer the results of the measurements [47-50]; forcing
the detectors to operate in linear regime instead of in the avalanche mode by
sending pulses of bright — classical — light is a means of controlling the results
of detection and, thus, cloak Eve’s own measurement [51-55]. Most of these at-
tacks have been demonstrated against real-life QKD systems [56-58] for which
specific counter-measures have been devised [47,59]. Nevertheless, perfectly
secure practical quantum key distribution is still a matter of research. Re-
cently, however, a protocol independent of the measuring apparatus has been
proposed [60] — the Measurement-Device Independent Quantum Key Distribu-
tion protocol — for which experimental implementation with different quantum
state encoding schemes have been reported [61-64] against which a successful
quantum hacking attack has not yet been devised. The advent of such protocol
not only promises a solution for practical QKD but somehow shifts the focus
from the imperfections of the detectors to the single-photon sources, which
are now expected to operate in higher and higher rates so that the secure key
generation rate raises to meet the demands of real-life applications such as

internet banking and mailing services.

1.2.3
Single-Photon Sources

Single-photon sources are a fundamental resource not only in Quantum
Cryptography and Quantum Computing, perhaps the most celebrated features
of Quantum Information, but in a broad range of applications as well [35,
65-67]. Practically, the photon number statistics of any pseudo-single-photon
source is always a concern, and the compromise between vacuum-, single-
and multi-photon emission probabilities directly impacts the source’s, as
well as the experiment’s, performance [68]. A practical and low-cost way to
probabilistically producing single photon pulses is to use a faint laser source
(FLS), whose output pulses approach coherent states [5,69]. Although the
light pulses emitted by the stabilized laser seem regular in amplitude, this is
a direct consequence of the extremely high number of photons that it contain
which render the quantum fluctuations negligible on a macroscopic scale [70].

Actually, each pulse is described as a superposition of number states — states
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of a well-defined number of photons n — following the Poisson distribution. If
one bounds the emitted power to extremely low levels by means of an optical
attenuator, for instance, the proportion of multi-photon to single-photon pulses
diminishes, but this leads to an increase in the probability of emitting vacuum-
pulses, i.e., pulses containing no photons at all [5,18]. This is a source of
concern in Quantum Cryptography since vacuum pulses cannot contribute
to secret key generation and often reduces the security of a system [68]. A
typical value for the average number of photons generated in a light pulse
by an attenuated light source for QKD applications is on the order of 0.1
[59, 61, 71-76] which results in an approximated chance of 5% to generate a
multi-photon pulse?. The eavesdropper Eve can, therefore, gain information
over the transmitted quantum states in approximately 5% of the transmitted
pulses without employing any kind of quantum hacking scheme, let alone her
resourceful plethora of attacks.

Consider, now, a single-atom system which can occupy two different
energy levels, the ground and excited states, separated by an energy gap.
This system would be ideal for single-photon generation in the wavelength
corresponding to the energy separation between the ground and excited states.
One is compelled to ask, therefore, why is it so hard to harness a system such
as a semiconductor junction — described by pretty much the same structure of
energies but, instead of ground and excited, one has the valence and conduction
bands [12] — for single-photon generation. For one thing, the interaction (either
absorption or emission) between the electromagnetic radiation and matter
scarcely occurs for a single frequency — or energy — but, rather, for a range
of frequencies — a band — around the natural oscillatory frequency of the
system. This is intimately related to the interaction cross-section of the atomic
structure, which is usually considered to be a lorentzian-shaped function
centred around the resonant frequency [69] and which defines the bandwidth
of emission. Ideally, the lorentzian-shaped function would collapse to a delta
distribution so only a single frequency is permitted to oscillate with the
radiation-matter system. This, however, is in disagreement with Heisenberg’s
Uncertainty Principle and is somewhat a dead-end in terms of single-photon
generation. Suppose, however, this last assumption could, indeed, be achieved:
one would still have the task to guarantee that only a single atom performs
the transition between energy states to either generate or absorb a single-
photon. In a crystal lattice with an unimaginable number of atoms, that task

turns out to be an extremely difficult one. The idea behind quantum-dot-based

2This result is straightforward when one substitutes the parameter of the Poisson
distribution with the value of the average number of photons per pulse.
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single-photon sources is exactly this last one: isolate a single-atom system in
a semiconductor lattice so that the emission may occur inside the bandwidth
defined by the interaction cross-section but so that only this single-atom system
participates in the process.

Strictly speaking, a quantum dot is a structure which confines electrons in
three dimensions, leading to a quantization of the available energy transitions
for carriers similar to that of a single atom, which is capable of single-photon
emission [77-79]. A disadvantage of quantum dots is that the artificial states
that populate the energy gap to form the dots depend on very low temperatures
not to deteriorate, so the devices usually operate below 20 K for which the rate
of single-photon generation excited electrically has been reported to achieve the
gigahertz range [80]. Experiments have been reported in which the distribution
of the number of photons per pulse generated by the quantum dots are shown
to be much closer to the single-photon than the states generated by attenuating
a conventional laser source [77-79]. In general, one attempts to measure the
rate between single-photon and multi-photon emission so that one’s proposed
source can be contrasted with the Poisson distribution of an attenuated laser;
this figure of merit is the second-order autocorrelation function at zero time,
obtained through the Hanburry-Brown and Twiss experiment. Both the figure
of merit and the experiment itself will be discussed in details in future sections.
For the present discussion, imagine that the output of the source (a series of
optical pulses containing any number of photons) is directed to a device which
splits the optical beam in two and detections from two single-photon detectors
are acquired after such device: qualitatively, if the number of coincident
detections is high, the rate of multi-photon is high; on the other hand, if
the coincident counts are low, the multi-photon emission is low since a single-
photon can only be detected by a single detector.

Alternatively to faint lasers and quantum dots, non-linear optical pro-
cesses can be explored to assemble a single-photon source with sub-Poisson
photon-number distribution, i.e., a source with a rate between single and multi-
photon pulses much higher than that of an attenuated laser. Let us first con-
sider a very profound limitation of the sources discussed so far but which was
not mentioned: the certainty of a single-photon emission. Even in the case
of quantum dots, which perform much more like an ideal single-photon source
than the attenuated laser, one is never sure about the single-photon emission up
to the point where the light pulse is detected. In quantum communications, for
instance, this presents a harsh limitation since the two communicating parties
should know when the photon is transmitted to synchronize their protocol and,

as we have seen, synchronization is a vital feature of quantum communication
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due to the single-photon detector limitations and so that the efficiency and
dark count can be raised and lowered, respectively. A unique feature of the
aforementioned non-linear optical processes is the generation of not only one
single-photon but, rather, a pair of single-photons which obey the law of con-
servation of energy and fit the purpose of single-photon generation on demand:
whenever one photon is generated, the other one must also be generated so
the detection of one photon can be used to announce, or herald, the pres-
ence of the other photon in the so-called heralded single-photon source [81-89).
Even though some of the heralded single-photon sources (HSPSs) are based
on Four-Wave Mixing (FWM) [88,89], the majority exploits the phenomenon
of Spontaneous Parametric Down Conversion (SPDC) [7,90,91].

Parametric Down-Conversion is the phenomenon in which an energetic
photon (short wavelength, high frequency) interacts with a non-linear medium
(usually a crystal which exhibits optical nonlinearity) and generates two less
energetic (longer wavelength, lower frequency) photons [69]. The non-linear
factor that rules the SPDC process is a second order susceptibility whereas the
one that rules the FWM process is a third order susceptibility for which two
photons must interact with the non-linear medium in order to generate the pair
of output photons [5]. By adjusting the phase-matching of the interaction, one
is able to generate photons with different wavelengths or both photons within a
specific wavelength range [87,92]: an intelligent design is to convert an energetic
photon into a photon in the infrared region proper for quantum communication
and another photon — the heralder photon — in the visible region of the
spectrum as to exploit the higher efficiency of the single-photon detectors in
this region to enhance the heralding probability [93,94]. Even though heralded
single-photon sources exhibit a reduction of the rate between multi- and single-
photon pulses by a factor of up to 500 when compared to Poissonian light,
there are a few drawbacks associated to employing such sources: the process
creates low-coherence photons [84] which renders the synchronization of QKD
systems critical — specially if it involves the joint measure of two single-photon
pulses from distinct remote sources (as in the case of the Measurement-Device
Independent Quantum Key Distribution [61, 95, 96]); the heralding rate is
proportional to the susceptibility factor of the non-linear crystal which is
usually very low so, in order to raise the rate, one must raise the optical input
power. Recently, an ultra-fast heralded single photon source with heralding
rates as high as 15 MHz has been reported using InGaAs/InP single-photon
avalanche diodes, telecommunication optical fibres, and a 1550 nm laser pump
with a repetition rate of 10 GHz [87]. In order to generate the pump photons

in a lower wavelength, the infrared photons from the high-repetition laser were
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up-converted in a non-linear crystal and then directed to the SPDC non-linear
crystal. This experiment is a breakthrough in terms of the compromise between
heralding rates and the ratio between multi- and single-photon pulse emission

representing the evolution of single-photon generation technology.

1.24
Highlights in Single-Photon Detection

It is easy to see that, parallel to the development of single-photon sources,
ideas for new technologies of single-photon detection also came forward: the
two processes are somewhat the inverse of each other so by inverting the
mechanism of single-photon generation, one could, in turn, be able to detect
a single-photon. For SPDC, the converse can be interpreted as the process of
up-conversion in which a photon is directed to a quadratic non-linear medium
along with a pump beam: due to energy conservation conditions, the energy
of the output must be the sum of the energies of the input photons so a
higher energy photon is generated [97, 98]. Up-conversion is often used in
order to shift the absorption region to a shorter wavelength so that higher
efficiency detectors can be employed with direct applications to the detection of
infrared telecom photons by silicon avalanche photo diodes which exhibit much
higher detection efficiency [99-101]. A successful application of up-conversion
in quantum cryptography has been reported where the 1550 nm photons proper
for long-distance fiber optical communications were directed into the non-
linear medium with a pump beam at 1320 nm to generate photons at 713
nm; the system made use of very fast silicon SPADs operating at 1 GHz clock
frequency and permitted secure key exchange in a distance of 100 km [101].
For quantum dots, the converse is quite straightforward: if a trapped electron
can decay producing a single-photon, it can also be excited by a single-photon.
Even though the study on the application of quantum dots to single-photon
detection attracts a great deal of attention, such devices are yet bound to
very low temperature operating range and low detection efficiencies [102—104].
A highlight can be made about the work reported in [105], where a detection
efficiency of ~ 68% has been achieved but, again, the wavelength of the photons
were far from the infrared telecom band and the detector had to operate at 4
K.

In order to complete our brief revision on single-photon detection and
generation, we mention the superconducting single-photon detector, a device
capable of offering very high detection efficiency (on the order of 88%), infrared
telecom compatibility, and very low dark count rates (on the order of 10 Hz)

[106]. Superconductivity is often associated simply to the complete vanishing of
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all electric resistance below a certain temperature (the transition temperature)
as so it seemed from the time of its discovery, in 1911, until the discovery of the
Meissner effect, in 1933 [107]: a superconductor exhibits perfect diamagnetism,
the magnetic flux inside the material is excluded from all but a thin penetra-
tion region near the surface [108]. Even though not much experimental progress
could be achieved in the first half of the twentieth century due to the poor tech-
niques for material growing, the area of superconductivity saw an uprise in re-
search attention in the late eighties when high transition temperature (in excess
of 77 K, above the boiling point of liquid nitrogen) superconductor materials
were discovered [109,110]. In the scope of single-photon detection, supercon-
ductor materials are employed as ultra-sensitive bolometers, devices capable
of detecting incident electromagnetic radiation by measuring the voltage drop
across a temperature-dependent electrical resistance. The idea behind the su-
perconducting single-photon detector (SSPD) is to use a superconductor with
a sharp transition edge between the superconducting and conducting temper-
atures so that the absorption of a single-photon is capable to take the device
out of its superconductor state and the voltage drop across the device can be
measured [18]. The change in current from the on/off superconducting states
of the device due to the absorption of a photon can be measured with a su-
perconducting quantum-interference device (SQUID) [111-113]. Single-photon
detector devices combining transition edge sensors and SQUIDs exhibit poor
timing characteristics besides the necessity of extremely low temperature of
around 100 mK, but offer high detection efficiency, low dark count rates and
photon number resolving capability [72]. This last feature is made possible
due to the change in temperature (and thus current) being proportional to the
absorbed photon’s energy and, since the SQUID is capable of differentiating
between these extremely low current levels, the number of photons in a pulse

of monochromatic light can be determined [106].
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2
Theoretical Background

2.1
Quantum Mechanics Basics, Annihilation and Creation Operators and
Fock States

According to the first postulate of quantum mechanics, associated to
any isolated physical system is a complex Hilbert space and the system is
completely described by its state vector, which is a unit vector in the system’s
Hilbert space [114]. A Hilbert space, in turn, is a complete vector space with
inner product [115]. A convenient notation for representing vectors in a Hilbert
space is Dirac’s notation, composed of bras and kets, (-| and |-), respectively:
kets represent column vector whereas bras represent the conjugate transposed
of a ket. While |z) is a point in the Hilbert space H, (x| is a point in HT, the
dual space of H, with |x)" = (x| [115,116]. One of the many usefulness of this
notation comes when one writes inner products between two vectors, say |¢)
and |¢), which assumes the form (¢|¢).

Maybe the most important property of Hilbert spaces is that any vector
of the space can be represented by a set of linearly independent vectors, which
are called a basis. Every basis for a given Hilbert space has the same size
n, which is said to be the dimension of the Hilbert space. As an example,
let {]|0),[1)} be a basis for a 2-dimensional Hilbert space H; an arbitrary
vector |z) of H is written as |x) = a|0) + 3 |1). According to Born’s postulate
[114,116], when dealing with quantum states, the normalization condition is
imposed so that |a]* + |3]* = 1 and |a?|, |3?| represent the probabilities of |x)
being measured as either |0) or |1). Examples of 2-dimensional Hilbert spaces
that represent quantum systems are the spin states of an electron, or the
polarization state of a photon, whereas infinite-dimensional Hilbert spaces can
be used to represent, for instance, the number of photons inside a cavity. We
can use one of the properties of inner products to summarize the normalization
condition as (¢[¢)) = 1 for every |¢) that represents a pure quantum state.

Evolution and transformations of quantum states, or normalized vectors
in the Hilbert space that describes the quantum system, are given by operators

[117]. In fact, one of the postulates of quantum mechanics states that the
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time evolution of any closed quantum system is given by an unitary operator
[5, 114, 116, 117]. By an operator, we simply mean a bounded linear — or
continuous — transformation of a Hilbert space into itself [115] !. Operators
that operate on H', the dual space of a Hilbert space H are denoted OT, where
Ot is said to be the adjoint operator of 0. [114,115,117]. A distinct feature of
Dirac’s notation is that an operator O can be represented in a simple form as
0= > i |i) (j], where a; ; represents the entry in the ith row and the jth
column of the matrix form of O. Finally, a projective measurement operator
on a state |1)) is represented by an outer product of the form |¢)) (¢)| and can
be used to condensate Born’s postulate in a simple but powerful statement:
S (0] s ) (| |¢) = 1 2. In finite-dimensional Hilbert spaces, operators take
on the very familiar form of matrices [116,117]. An example is the operator
associated to a polarization rotator, which alters the state of polarization of
a photon. Since the Hilbert space that describes the system is 2-dimensional
[116], this particular operator will be described by a 2 x 2 matrix. 2-dimensional
systems are very usual, especially in Quantum Cryptography [35]. Indeed, the
concept of qubit comes from the fact that, in a 2-dimensional Hilbert space,
every quantum state can be described by the linear combination of the two
eigenstates of the basis and, therefore, are said to be in a superposition of 2
states with its corresponding normalized probability amplitudes.

A very useful mathematical result of Hilbert space theory is the Fourier
Series Theorem. It states among other things, the following: let B = {eﬁ,}WGF
be an orthonormal set in a Hilbert space H with, possibly, infinite uncountable
dimension I'; then, if B is a basis, every x € H has a unique expansion on B,

namely

jz) = (wles) les) (2.1)

yel

which is referred to as the Fourier series expansion of |z) where the elements of
the family of scalars { <33|€7>}V or are the Fourier coefficients of = with respect to
B [115]. One should note that some vector spaces have elements (vectors) that
are not finite strings of numbers such as in RY but, instead, their elements
are the most varied of objects. For instance, L?, the space of quadratically
integrable functions, is not only a vector space but also a Hilbert space [115].

A more tangible result of the Fourier Series Theorem is that any function on

LA more general definition is that an operator is a bounded linear transformation of
a normed space into itself but the simplified version will suffice since Hilbert spaces are,
themselves, normed spaces.

2Projective measurement operators are Hermitian (they are equal to their conjugate
transposed) and idempotent (its square is equal to itself) [114,116].
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a finite interval can be written as a Fourier series [118]. For example, any real-

valued function f (x),z € (0,d) can be expanded in a series of exponentials,

f(x)= i ™ (2.2)
m=—oo
where the ¢, are the complex Fourier coefficients of f () [118]. This is usually
taken as the starting point when quantising the electromagnetic field inside
a perfect optical resonator or inside a dielectric slab or a so-called open
cavity [5, 119-130]. Usually, a finite quantisation volume is considered and
the electromagnetic field observables are written as Fourier series of discrete
sets of eigenfunctions. These eigenfunctions are the basic solutions of Maxwell’s
equations for the vector potential of the electromagnetic field in Coulomb gauge
[131]. We shall follow this same procedure but considering the single-mode case
instead of the multimode for simplicity. Extending the result, however, is quite
straightforward and we will do so, come the necessity.
Let us go back to the case of photons inside cavities and let |n) represent
a state of well-defined number of photons inside such cavity. Being able
to operate with number states is important since we will be interested in
determining the number of photons — or, at least, the expectation value of
the number of photons — present in different experimental situations. The
Hilbert space that describes this state is infinite-dimensional and, therefore,
the operators can be thought of as infinite-dimensional matrices. Operating
over such state with the Hamiltonian operator yields the state’s energy such
that H |n) = E, |n) [5]. One can show that the Hamiltonian operator for a
single-mode electromagnetic field inside a cavity has the form of a harmonic
oscillator:

H=(p+u¢), (2.3)

DN | —

where p and ¢ correspond to the linear momentum and position operators,
respectively, and w is the frequency mode of the field [5]. Defining operators a

and a' as

(2hw) "% (Wi + ip)
it = (2hw) ™ (wi — ip)

>
I

(2.4)

it is possible to re-write the Hamiltonian operator in a simplified expression

H = hw <a*a + %) , (2.5)
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where h is Planck’s constant and the product hw corresponds to the photon’s
energy. The operators & and a' obey the commutation relation [&, dq =13,
It is worth emphasizing that a' is the adjoint of a.

Returning to the photon number state inside the cavity, it is interesting
to observe the action of the operators @ and a' in terms of the energy of the

state:

H(aln)) = (B, — hw)a|n);

. 2.6
H (atn)) = (Bn + hw) atn) . (26)

The operator a, or annihilation operator, lowers the energy of the system in a
unit of hw, i.e., it subtracts, or annihilates, a photon from the system, hence
its name. The creation operator @', on the other hand, raises the energy of the
system in a unit of Aw therefore adding, or creating, a photon in the system.
Straightforward calculations lead to the following results: a|n) = \/n|n — 1);
and a' n) = v/n + 1|n + 1) *. The annihilation and creation operators can be
associated to the backward unilateral shift and the unilateral shift operators
of functional analysis, respectively [115].

Operating indefinitely over a state of well-defined number of photons with
the annihilation operator eventually extinguishes the energy of the system. By
definition, @|0) = 0. Conversely, operating n times over the |0) state with
the creation operator, except for a constant factor, yields the state |n). It is
interesting to note that the vacuum state |0) (a state with zero photons) has a

non-zero energy which can be calculated applying the Hamiltonian operator:

% 0). (2.7)

o (a*a 4 %) 0) =

States of well-defined number of photons are also called Fock states which are

extremely useful when one devises a simplified description of an experiment.

Furthermore, Fock states present two important properties: they form an

orthogonal and complete set®. Fock states can also be characterized as the
eigenstates of the photon number operator, # = a'a, so 7 |n) = n|n).

According to one of the postulates of quantum mechanics, the expecta-

tion value of an operator O when applied over a state |1) is given by (1| O |¢).

We express the time-dependent electric field operator in terms of the anni-

hilation and creation operators as E (t) = [& (0)+a (O)q, where the time

dependence of the annihilation and creation operators can be shown to be

3Refer to Appendix 7.1 for the complete mathematical development.

4Refer to Appendix 7.2 for the complete mathematical development.

5An orthogonal set stands for a set in which every element is orthogonal to any other
element except to itself whereas a complete set refers to a set which spans the whole space.
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a(t)=a(0)e “ and a' (t) = a' (0)e™* 7. Due to the orthogonality of Fock
states, we find that (n| E (t) |n) = 0, a result stating that, even though Fock
states are states of well-defined number of photons, they are not states of well-
defined electric field since the mean field is zero. The reasoning is simple: with
n different from zero, the system is composed by a non-zero number of photons
for which the electric field cannot be zero; nevertheless, the mean field is zero
and so it must oscillate around this value.

Calculating the expected value of the square of the electric field operator
yields (n| B2 (t)|n) = €2(2n+ 1)°, an important result due to two distinct
reasons. Firstly, we find field oscillations even when the number of photons
is zero, i.e., vacuum oscillations which are responsible for a number of effects
not relevant in the present moment, such as spontaneous emission. Secondly,
we note that the field fluctuations increase in intensity as the number of
photons increases, a result that is completely in contrast with what is observed
classically: as the number of photons in the field increases, it approaches a
classical field for which the uncertainty is negligible. If the classical field,
however, was described by Fock states, we would perceive a completely different
physical picture. This strange result, however, has its origin in good agreement
with Heisenberg’s Uncertainty Principle [5,38]: the photon number operator
and the electric field operator do not commute. Was the field surely known, the
number of photons would be completely uncertain. Interestingly, though, the
number state which yields the lower uncertainty for the electric field operator
is the vacuum state.

An interesting observation about annihilation and creation operators is
that they are not Hermitian. Observables, in quantum mechanics, i.e., operat-
ors associated to a quantifiable and measurable quantity, are represented by
Hermitian operators: these have orthogonal eigenstates and real eigenvalues V.
This implies that one cannot determine the expected value of the annihilation

or creation operators by a direct measurement [5].

2.2
Coherent States

We have seen that Fock states are states of uncertain electric field and are,

therefore, a poor model for describing classical fields. Even though subtle, the

SWe disregard the spatial dependence of the electric field operator for simplicity.

"Refer to Appendix 7.3 for the complete mathematical development.

8Refer to Appendix 7.4 for the complete mathematical development.

9Refer to Appendix 7.4 for the complete mathematical development.

10T his result comes directly from the fact that Hermitian operators are Normal operators
which obey NTN = NNT and that have a spectral decomposition according to the spectral
theorem [115,116].
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implications of this result are quite unsettling: say a laser source is turned on
with its full power which can be modeled by classical electrodynamics; suppose
an optical attenuator is placed after the laser source and that it is possible
to raise the attenuation value until very few photons arise from its output.
If Fock states were a good model for such few-photon states, somewhere in
the transition between the classical and quantum regime — as one raises the
attenuation level — the electromagnetic field characteristics would have to
change completely since its description also changes and is not compatible
with both regimes simultaneously. As it turns out, Fock states are infeasible in
practice for reasons which are still in connection with Heisenberg’s Uncertainty
Principle [5], so attenuating a laser source does not yield states of well-defined
number of photons. The question, however, remains: what is the description of
the quantized electromagnetic field that agrees with the classical description?

The so-called Coherent States are constructed as a superposition of Fock
states and arise mathematically when one seeks eigenstates of the annihilation

operator. Given the eigenvalue equation
ila) = ala), (2.8)

one is interested in determining which state |a), when operated by the annihil-
ation operator, yields the same state multiplied by a scalar, the eigenvalue. An
important property of Fock states which have already been mentioned, is that
they form a complete set which is the same as saying that they form a basis
for the Hilbert space describing the system so any other state can be written
as a linear combination (or superposition) of Fock states. The fact that Fock
states also form an orthogonal set and that they obey the normalization condi-
tion due to Born’s postulate means that they are an orthonormal base for the
Hilbert space. Writing |«) as a superposition of Fock states and substituting

in the eigenvalue equation yields
> cualn) =ala). (2.9)
n=0

Even though extensive, the calculation that leads to the final mathematical
expression of Coherent states is quite straightforward!!, and the result is as

follows:

la) =¢ 2‘5“'2 (2.10)

HRefer to Appendix 7.5 for complete mathematical development.
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The factor 1 = |a|* represents the mean number of photons of the
quantized electric field represented by the Coherent state. As the power of
the electric field rises, p rises, but the uncertainty does not rise: as the vacuum
state, Coherent states minimize the uncertainty of the electric field operator
[5] 2. This result is in accordance with the phenomenon observed classically,
i.e., the uncertainty on the electric field becomes irrelevant when the power
is raised and gains importance when the mean number of photons approaches
the quantum, or few-photon, regime.

Other testimony to the accordance between the classical and the quant-
ized description of Coherent states comes when one determines the probability
distribution of finding a specific Fock state within a wave-packet. One of the
postulates of quantum mechanics states that quantum measurements are de-
scribed by a collection of measurement operators which satisfy the complete-
ness equation, a fact that expresses the normalization condition, i.e., that the
probabilities must sum to one as required by Born’s postulate. To determine,
therefore, the desired probability, one projects the state |«) over the projective
measurement operator |k ){ k|, where |k) is an arbitrary state of well-defined

number of photons. The result is?

k
bt

Poz)(k)ze k|a

(2.11)
which corresponds to a Poissonian distribution, the same distribution expected
from the number of photons arising from the output of a laser source [5]. The
fact that the statistics of photons of coherent states is Poissonian indicates
that a source generating such states does so in a completely random process,
an important property of laser sources.

Note that the vacuum state is a state that minimizes the uncertainty of
the electric field operator such as coherent states. Also, regard that, through
the consecutive action of the creation operator, one can create Fock states
from the vacuum state. Coherent states can also be created from the vacuum
state but through a different operator, the displacement operator. Since both
coherent states and the vacuum state minimize the uncertainty of the electric
field operator, one can think of coherent states as the displaced vacuum, where
the displacement corresponds to pu, the average number of photons of the
coherent state. This view is closely related to the mechanism for generating
coherent states from classical currents such as in a laser source [5]. The

aat—a*a

displacement operator is defined as [132] D (a) = e and the coherent

12Refer to Appendix 7.6 for complete mathematical development.
3Refer to Appendix 7.7 for complete mathematical development.
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states are given by |a) = D (a) [0)™.

2.3
Coherence and Beam Splitters

It is particularly interesting to investigate the effect of beam splitters on
both Fock and coherent states: beam splitters offer an evidence to the existence
of photons. Suppose one directs a beam of light to a beam splitter and measures
the coincidences between detection events of two detectors placed at the beam
splitter’s output arms and then proceeds to mitigate the light intensity to the
point where at most only one photon goes through the device at a time. The
expectation is that no coincidence events will result since the photon can only
be detected by one detector. This, however, is not the case when one uses a
thermal source, such as a gas flame used by Taylor in 1909 [133], since it does
not produce photons one-at-a-time but, rather, produces photons in groups,
or bunches.

The now familiar phenomenon of photon bunching was discovered by
Hanburry Brown and Twiss in 1956 [134] and is associated to the tendency
of single-photons to group together, an effect owing to the bosonic nature
of photons [135]. In contrast, Grangier et al. [136], which the developed one
of the first antibunched photon sources'®, observed what was expected: no
coincidence events between detectors since photons were produced close to
the one-at-a-time limit. The same experiment was conducted by Rarity et al.
[138] with highly attenuated light produced by a laser source (coherent states).
The coincidence events, in this case, are more frequent than in the case of an
antibunched source, but less frequent than in the case on a bunched source,
a difference outlined by the diminished visibility'® of the interference curve
which falls from 100% in the case of antibunched sources, to 50% in the case of
a randomly distributed source [7,138]. The very distinction between classical
and non-classical states is outlined by this difference in visibility. The necessary
condition for having over 50% visibility in two-photon interference is that the
two interfering fields must be non-classical fields that violate the Schwartz
inequality relating their intensities as (I2) (I2) > (I;1,)*. Antibunched states
of the field are, in general, non-classical [137,139].

The tendency of photons being generated in bunches, one-at-a-time, or
in a random process, can be explained by the quantum theory of coherence

[5,7,69,134,140,141]. The quantum theory of coherence is imperative when

HRefer to Appendix 7.8 for complete mathematical development.

15The first ones to actually observe an antibunched photon stream were Kimble et al [137]

16T he visibility of an interferogram is commonly defined as (Vinaz — Vinin) / (Vinaz + Vinin)
[69].
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describing quantum interference phenomena and permits one to assess to what
degree a light source is monochromatic (through its temporal autocorrelation
function and spectral shape) as well as to determine the statistical properties of
light (through its second order temporal autocorrelation function). Classically,
the Interference Equation of two partially coherent waves is given by I =
I+ I, +2v/T1 I g12 () | cos ¢ [69], where I; and I, are the respective intensities
of each source, g;2 () is their temporal mutual coherence function, and ¢
is their relative phase difference. The temporal mutual coherence function
assumes values in the range 0 < |g;5(¢)| < 1 and dictates whether or not
interference will occur, the condition for the positive case being |g12 (¢) | > 0.
The limiting cases discern three types of coherence: complete coherence when
|g12 (t)| = 1; complete incoherence when |gi2 (t) | = 0. Partial coherence is
associated to all the other cases which are not the limiting ones. The temporal
coherence function is associated to the spectral shape of the light source, s (v),
through the Fourier Transform, .#{|g12(t)|} = s(v) which, as previously
commented, indicates the frequency modes that compose the light beam and,
thus, is a measure of how close, spectrally, it is to a monochromatic source.
Quantum mechanically, the quantum temporal coherence function is quite
similar to its classical counterpart in the sense that it measures the degree
of coherence of a light source, although defined using electrical field operators
and density matrices [5, 141]. Density matrices provide a convenient means
for describing quantum systems whose state is not completely known, i.e., in
a mizture or ensemble of pure states [114, 116]. For the present discussion,
however, it is not necessary to define such formalism.

The second order temporal correlation function involves the correlation
of intensities rather than of fields as in the case of the (first order) temporal
correlation function. In a way, it permits the generalization of field interference
to intensity interference, i.e., to quantum effects involving numbers of photons
instead of amplitudes of electric fields [6, 70, 140]. In the experiment of
Hanburry-Brown and Twiss [134], two detectors are placed at the output ports
of a beam splitter and the temporal delay between the detections is swept,
i.e., the setup measures a delayed coincidence rate where one of the detectors
registers a count at time ¢ and the other at ¢t 4+ 7, or the joint probability of
counting a photon at ¢t and another at ¢4 7. This probability is proportional to
the correlation function G (1) = (A (t) 7 (t + 7)), where 7 (¢) is the photon
number operator at time ¢ [139,141]. When 7 is within the mutual coherence
time of the photons (the condition for partial coherence and, therefore, for
interference), measured as the full-width at half maximum (FWHM) of the

temporal correlation function [114], the statistical properties of the wave-
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packets impinging on the beam splitter can be determined [5]. The second-
order degree of coherence, or second-order temporal correlation function, is
defined as [139]

B G (1)
@

The second-order temporal autocorrelation function indicates whether the

9@ (1) (2.12)

photons in the optical beam are bunched (¢ (0) > ¢@ (7)), antibunched
(g (0) < ¢g® (7)), or randomly distributed (¢g® (0) = ¢g® (7)) [139]. Also,
by inspecting the value of ¢(® (0), one is able to determine the ratio between
multi- and single-photon pulses in the beam: when the value drops below
1, the ratio surpasses that of a coherent field and the beam is said to be
sub-Poissonian [135, 139]. This result alone may also impart information
regarding the antibunched nature of the photons: ¢® (0) < 1 implies ¢g® (0) <
¢'® (1) and, therefore, antibunching [139]. The relation between sub-Poissonian
statistics and antibunching, however, is subtle, since one can have a field with
Poissonian, or even super-Poissonian, statistics which exhibits antibunching
even though the converse does not apply [139].

To asses the temporal correlation functions of a light beam, as done by
Hanburry-Brown and Twiss and others [134, 136], it is necessary to employ
the optical beam splitter. The quantum description of this device, however, is
delicate since at the level of single-photons, the classical approach produces
erroneous results. Nevertheless, for coherent and thermal beams the quantum
and classical treatments of beam splitters agree, which is only natural since
these are classical fields. Let us consider a classical light field with amplitude
£in incident upon a lossless beam splitter. €, and ¢, are the amplitudes of the
reflected and transmitted beams with ¢, = re;, and ; = tg;, where r and t are
the reflectance and transmittance of the device, respectively. For a symmetrical
beam splitter, |r| = |t| = 1/v/2 and, since it is lossless, |gin|> = |£,]? + |&/|?, a
relation that imposes, upon r and ¢, the relation |r|? + [¢t[* = 1. Quantum
mechanically, we replace the field amplitude by a set of annihilation and
creation operators for each of the beam splitter spatial modes: a;,, a,, and
a;. In analogy with the classical case, a, = ra;, and a; = ta;,.

Before we go any further, we must analyze the commutation relations of
this set of operators in light of the newly developed beam splitter relations.
We know that [&m,djn} = 1, which must also hold for a, and a,;. Also, the

commutator of operators associated to different spatial modes of the beam
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splitter should equal zero [5], i.e.,
(i, 0f| = [, af| = [ar, af| = 0. (2.13)

The results assuming the beam splitter spatial modes relations are

=

T
Jaf] = |t?

[ar, &I} = rt*

i, at] = |r[* |, al| = [ # 1
{Ainvd;rn} - |15|2 #1
(

. At A
inlin — Ginlin

—
Q>
o~

(2.14)
= 1t* (Gl — aimath, +1) =1t" # 1,

which indicate, therefore, that it does not provide the correct quantum
description of the device. A solution for this issue is indebted to the vacuum
state. The vacuum state, even though vacant of photons, is a state of the
quantized field which has been shown to present energy fluctuations, so it
must be taken into account in the description of the beam splitter. Since
the device is actually composed of four ports, one of which is usually left
unused, we must associate operators to this otherwise unused mode taking
it into consideration. Introducing ag, the operator associated to the unused
port of the beam splitter, with the redefined transmittance and reflectance
relations a, = ra;, + t'ag, and a;, = ta;, + r'ag, it is possible to satisfy
the commutation relations given |/| = |r|, [¢'| = |t|, |r|* + [t|* = 1, and
r*t’ + r't* = r*t + 't = 0. In order to correctly model the input state of a
two-input modes beam splitter, we make use of the tensor product formalism.
In synthesis, the tensor product is a singular means of representing two Hilbert
spaces which describe independent systems as a more general Hilbert space
that describes both systems together. As a matter of fact, this constitutes
one of the postulates of quantum mechanics, which states that if Hy is the
Hilbert space associated with the physical system sy, and Hy is the Hilbert space
associated to another physical system so, then the composite system s+ sq will
be associated with the tensor product of the two Hilbert spaces Hy& Hy [114,116].
The product state of, say, two well-defined photon number states |n,) and |m;)
incident on independent input spatial modes (a and b) of a beam splitter is
written |n,) ® |my), where it is usual to drop the ® notation and simply write
[Ta, M)

An important observation is related to the manufacturing of beam
splitters: if the beam splitter is constructed as a single dielectric layer, which
is the most common manufacturing process [69], the reflected and transmitted

beam will differ in phase by a factor of e*"/2 = +i [5]. Therefore, a symmetric
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beam splitter assumed to induce a 7/2 phase shift between beams has its
output and inputs modes related (since there is no preferred input or output
spatial mode, we change the notation to a simpler one) as:
(e = (Gq + iay)
(2.15)

aq = (taq + ayp) ,

SR

which also holds for creation operators. We recall that any state of well-defined
number of photons can be written as the consecutive operation of the creation
operator over the vacuum state. To construct the output states in case a Fock
state enters the beam splitter we can, therefore, use the previously defined
relations between spatial mode creation operators since input vacuum states
transform to output vacuum state (|04, 05) =2 [0., 04)) [5].

As an example, let us consider the single-photon input state written as
the product state |0,, 1) which can also be expressed as d; |0, 0,). The beam

splitter transformation defined by

1 .
V2 (2.16)

acts on the creation operator and the result reads:

ps, L

0} |04, 05) 22— (daf + a}) |0, 0a)

\? (2.17)
= (i|1,,04) + (0., 1)) .
75 (1116.00) + 100 1,)
This is a rather pictorial result: when a single-photon state enters a symmetric
beam splitter, the output state is in an equal superposition (the probability
amplitudes are equal) of the photon being in output arm a and the photon
being in output arm b. Therefore, the probability of detecting a photon on
each of the arms is one half which is the result found by Grangier in his 1986
experiment using a heralded photon source, a symmetric beam splitter and a

single-photon detector [136].

2.4
The Hong-Ou-Mandel Interferometer and Photon Bunching

Photon bunching is one of the most celebrated effects of two-photon inter-

ference, related to the tendency of indistinguishable photons to group together
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rather than staying apart from each other [5]. The bunching nature of photons
was first observed by Hanbury-Brown and Twiss in 1956 during stellar intens-
ity interference measurements [134]. Its explanation from a quantum mech-
anical perspective was due to Fano [142], but its experimental familiarization
only came when Hong, Ou and Mandel demonstrated that photons generated
from Spontaneous Parametric Down Conversion (SPDC) tend to bunch to-
gether when directed into a symmetric optical beam splitter given that there
is a wave-packet overlapping [143]. The Hong-Ou-Mandel (HOM) “dip", which
characterizes the two-photon bunching effect, is the drop in coincidence counts
between two detectors placed one at each output of the beam splitter when
the indistinguishability condition is satisfied. The destructive interference in-
volving two indistinguishable photons responsible for bunching is intimately
linked to the Bose nature of photons and its atomic analog has been observed
with bosonic atoms whereas the antibunching effect, intrinsically related to
Fermions, was also reported with fermionic atoms [135].

Photon antibunching is the counterpart of the photon bunching effect
and, in turn, reflects the tendency of photons to stay apart from each other.
In a two-photon interference context, it is related to photons taking different
output spatial modes of a symmetric beam splitter [7]. Even though quantum
optics is unable to present an experiment involving fermions due to the bosonic
nature of photons, Kimble et al. had already predicted that for quantum states
of the electromagnetic field that have no classical description, the probability
functional describing the interference may assume negative values yielding the
opposite of the bunching effect, with an increase in the coincidence counts
as the wave packets superpose in the beam splitter [137]. Indeed, photon
antibunching has been observed when the photon wave packets are made anti-
symmetric by means of polarization rotation and projection into a specific
measurement basis in an Hong-Ou-Mandel interferometer [144, 145]. The
frequency displacement of wave packets has been shown to yield anti-bunching
peaks, a result confirmed by the analysis of the second-order cross-correlation
function at zero time in a Hanbury-Brown and Twiss (HBT) experiment [68].

Let us consider the two input optical spatial modes a and b of a 50:50
beam splitter that carry annihilation and creation operators a,, a! and day,
aj fed with two identical photons described by the Fock States aia, [04,0,) =
|14, 15). The beam splitter output modes are labeled ¢ and d. The output state
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after the interaction between the input state and the beam splitter is

afa} 104, 00) 25 (iaf + al) (af +1dah) (0., 04)

(2.18)

NN

(iafal — afal + alal + iakal) 0., 0a)

The fact that the input photons are assumed to be indistinguishable is crucial
for this analysis since the two terms with opposite signs cancel each other. This
happens because, since they are indistinguishable, one can not differentiate
between the cases in which both photons are transmitted and in which both are
reflected. The absence of the so-called “which-way information" and, thus, of
differentiability between the wave-packets describing the two-photon ensemble
interacting with the beam splitter, creates an interference phenomena in such
a way that photons always exit the device together [5,82,135]. The resulting
state after re-normalization
i

V2

indicates a superposition between two photons in output mode ¢ and two

(|267 Od> + |067 2d>) (2.19)

photons in output mode d. States such as these, which are in superposition
between an N-photon state and vacuum, are usually called NOON states
and have recently attracted great interest, specially in the field of quantum
metrology [146].

The Hong-Ou-Mandel Dip is traced when two detectors are placed at
each output mode of the beam splitter and the coincidence detection events
are stored while the relative temporal delay between detections is swept.
Since the wave packets of the photons should overlap in order for them to
interfere, an important aspect of such interferometric experiment is the mutual
temporal correlation function of the wave-packets, gy 2 (7), which characterizes
the photons mutual coherence time 7. [69]. When the relative delay between
detectors matches the mutual coherence time of the photons, the post-selected
events correspond to indistinguishable photons impinging on the beam splitter.
The coincidental events will drop since the photons either go to one of the
detectors or to the other. When the relative delay is unmatched, however, the
post-selected events correspond to fully distinguishable photons which do not
interfere so any optical path taken by the photons is equally probable and the
coincidental events will resume to an average value which corresponds directly
to the number of photons per time interval entering the beam splitter. This

result is in accordance with the effect of a coherent state entering a symmetrical
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beam splitter!”.

2.5
Frequency-Displaced Two-Photon Interference

Two-Photon interference has been a much more familiar concept since
the late eighties, when Hong, Ou and Mandel demonstrated that photons
generated from Spontancous Parametric Down Conversion (SPDC) tend to
bunch together when directed into a symmetric optical beam splitter [143].
This experimental breakthrough deconstructed a strong view, advocated by
Dirac, by which photons would only interfere with themselves [147]. In this
context, the temporal correlation among photons is a major concern for multi-
photon interference since, in fact, the photons do not interfere with each other
but, rather, the wave packet that describes both photons interferes with itself
[7]. When the relative phase delay between the two wave packets is matched
within the photon’s mutual coherence in the HOM Interferometer [143], a
destructive quantum interference effect is seen in the form of a “dip" in the
coincidence counting rate, the so-called HOM dip. Even though it may seem,
due to the nature of the HOM experiment, that the interference is generated
owing to a somewhat local interaction between two single photons, this is not
exactly the case. Two-photon interference between photons arriving at the
beam splitter at much different times has been experimentally demonstrated,
for which the picture of interference between two individual photons is not
applicable [145].

After the first demonstration of the photon bunching effect [143], the
phenomenon was also observed for weak coherent states, the highly attenuated
light emerging from a conventional laser source [138,148]. The higher probab-
ility of multi-photon emission in this case, however, limits the visibility to 50%
while, for SPDC states, the visibility may reach almost 100% [7]. In recent
developments, it has been shown that frequency-displaced indistinguishable
photons generate a beat pattern that modulates the interference curve [149].
The resulting interferogram translates the spectral characteristics of the beat-
ing photons and, as it was shown in [148], spectroscopy on the few-photon
regime can be achieved. Even though mention is made to the possibility of
arbitrary laser characterization, it has not been experimentally demonstrated.
The reported proof-of-principle is constructed based on a self-heterodyne setup
in which two weak coherent states are mutually characterized.

In order to describe the phenomena of two-photon interference when

there is a frequency-displacement between the wave-packets, it is necessary to

ITRefer to Appendix 7.9 for complete mathematical development
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consider the spatial, frequency, and time characteristics of the wave-packets.
Unlike the case of the bunching effect, where the creation operators sufficed, the
creation operators of photonic modes are neither specified in space, frequency,
nor time, so quantitative results for photon wave-packets cannot be obtained
from this approach [149]. We must therefore consider the electric field operator
description of the photons taking into account the spatial, frequency and space
dependence of the wave-packet. As mentioned earlier, the extension from the
single-mode to the multi-mode case (necessary since we ought to consider non-
monochromatic wave-packets) is straightforward. The quantized electric field
inside the cavity is now considered to be expressed as a superposition of plane
waves indexed by their respective wave vector x. The Hamiltonian describing

the quantized field takes on the form

1

H=3) (P2 +w232) . (2.20)

K

The creation and annihilation operators are defined in the same manner,
but indexed by the wave-vector. Since all the previous commutation relations
are satisfied in the multi-mode case [5], the energy of the field becomes the

Hamiltonian operator
N A 1
H= Z hw | ala, + 3) (2.21)

Since the modes are each independent of the other (a result that comes directly
from the Fourier Series Theorem), each have an associated set of eigenvectors
[70)-

From the single-mode expression of the electric field operator'®, we can
extend to the multi-mode expression. We take the liberty of skipping a few
steps and writing the electric field operator as a function of the creation and
annihilation operators remembering that the temporal dependency of these
operators has already been derived'®. The multi-mode electric field operator

reads

1
. hw: \2 . A
E(r,t)=i | e (an ()€™ —al (t)e ). 2.22
e =i% () e (e o). @)
It is usual to write this operator as the sum of two parcels corresponding
to a collective annihilation and collective creation operator associated to the

positive and negative frequency parts of the electric field operator, respectively,

18Refer to Appendix 7.2.
9Refer to Appendix 7.3.
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A

E(r,t) = E® (r,t) + EC) (r,t) [5,150,151] where

1
A hw: \?2 )
EC (r,t)=4) (25 {/) e.dy (1) e
0

K

(2.23)
EC (r,) = (ED) (r,1))

We now wish to define the electric field operator as a function of the wave-
packet, i.e., a one-dimensional spatio-temporal mode function which creates or
annihilates photons in arbitrary modes. Let the wave-packet be described by
[149]

E(2.t) =€ (t — z/c) e 10nlt=2/0), (2.24)

where ¢, is an arbitrary phase evolution, €, (¢) is the amplitude envelope, and ¢
is the light speed in vacuum. Born’s postulate demands that the normalization
condition is applied to the wave-packet and, thus, [ dt|e, (¢) |* = 1. By placing
the beam splitter to which the beams are directed in z = 0, we can omit the
spatial coordinate and simplify the notation to write the collective creation

and annihilation operators as

EW () =76 (t)

) (2.25)
EO (1) = Y& (1) al.

This description permits one to calculate the probability of a photon to be
detected at a time ¢ in a detector placed in output spatial mode ¢ of the beam

splitter,
Pi(t) = (L B () B (8) [1) = Jex () 2 (2.26)

This result is rather intuitive since it states that the probability of a photon
being detected in a given detector is proportional to the wave-packet amplitude
at the detector’s spatio-temporal mode.

For the two input ports of the beam splitter, we only consider the
occupied modes which are described by the mode functions &, (¢) and &, (¢),
respectively. This restricts the Hilbert subspaces of the input ports to single
modes. Therefore the field collective creation operators that belong to the
two input ports can be written as E(7) (£) = & (¢)al and Eé_) (t) = & (t)a],
respectively. By combining the description of the field in terms of the wave-
packets to the beam splitter transformation, we can attribute the collective

creation operators to each of the output spatio-temporal modes of the beam
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splitter,

B () 25 & (& (1) al+ i€ (#) “%) ! (2.27)
d

It is interesting to note that, when all the wave-packets are identical, the
above expression is equivalent to the simple case where no spatio-temporal
dependency is enforced upon the creation operators. Also, from this expression,
it is straightforward to write the electric field operator on spatial modes ¢ and

d as a function of the input wave-packets of modes a and b:

EO () 25 1 (e (0 al +ig (1)a)).

2.28
B (1) 2 &5 (ig ) al + & (0 a).- )

Let us now examine the effect of two photons described by spatio-
temporal wave-packets entering a symmetrical beam splitter in the context of a
Hong-Ou-Mandel interferometer: we are interested in the coincidence detection
probability between two detectors placed at the output ports of the device.
Furthermore, since we are interested in the results from a Hong-Ou-Mandel
interferometer, we are interested in measuring the cross-correlation function of
the wave-packets at the output ports, so we must apply electric field operators
E&) (t) and E((li) (t+7) as to compute the coincidence probability of detecting
a photon at time t at output arm ¢ and a photon at time t+7 at output arm

d. The joint photon-detection probability reads [149]

Pjo'mt (t, 7_) = Jc,d (t, t+T) =

. O ) . (2.29)
(0 aatn B () By (t47) ESD (t47) B (H)ajal, 0)

When we substitute the expression for the electric field operators on modes ¢

and d as a function of the input wave-packets, the result yields*

Pjoint (t, T) = UGc,d (t7 t+7—) -

(2.30)
= 1lea (t+7) e (t) — & (t+T) 0 (2) 7.

One of the most interesting features of this result is that, no matter the shape
of the wave-packet (its mathematical expression), the joint photon-detection
probability vanishes at 7 = 0, i.e., the characteristic Hong-Ou-Mandel dip is
recovered albeit the spectral shape of the photons [149].

In Chapter 3, we show that the derived expression for the joint photon-

detection probability of two wave-packets entering a Hong-Ou-Mandel inter-

20Refer to Appendix 7.10 for complete mathematical development.
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ferometer carries the information regarding the spectral density function of
the photons. In other words, we develop the mathematical model which per-
mits one to associate the Fourier Transform of the interferogram of the two-
photon interference in a Hong-Ou-Mandel interferometer to the spectral shape
of the interfering wave-packets and experimentally demonstrate the feasibil-
ity of spectral characterization of an arbitrary laser source in the few-photon
regime. Furthermore, the limitations of the the few-photon spectral character-
ization and the region of operation in terms of the average number of photons
of the sources being characterized are discussed. Before that, however, we take
a step back to consider an utterly important aspect of the experimental veri-
fication of all results discussed in the following sections: the Time-Delay-Offset

Coincidence Station.

2.6
Postselection and the Time-Delay-Offset Coincidence Station

In probability theory, to postselect is to condition a probability space
upon the occurrence of a given event. Postselection is indispensable in ex-
perimentally assessing the effect of quantum interference phenomena: in the
Hong-Ou-Mandel intereferometer, we are not interested in all detection events
from the two detectors placed after the beam splitter but, rather, on the co-
incidence events so we condition the probability space upon the occurrence of
coincidence counts. Not only that, but, as we sweep the time delay between de-
tectors, we are interested in postselecting the coincidence events given that the
wave-packet describing the two-photons after the interaction with the beam
splitter are shifted by an arbitrary amount of time. As we have seen, when
the time delay between postselected detections matches the indistinguishable
condition, we see a drop in the coincident events characterizing the Hong-Ou-
Mandel dip. Conversely, when the coincidental events are postselected when
the wave-packet is such that the photons can be distinghished, no interference
phenomena is observed. Since the devices usually employed experimentally for
the detection of light pulses in the few-photon regime are gated avalanche pho-
todiodes, the most common means of postselecting the coincidental events in
a Hong-Ou-Mandel experiment, as we have already mentioned, is to trigger
one of the detectors, say detector b, only when the other detector, say a, has
already been triggered: this simple design offers the number of coincidences
directly as the number of counts in b (apart from dark count events which
are often considered negligible) since they are intrinsically conditioned to a
detection in a.

In principle, enabling the detections on b in case of a detection in a in
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the Hong-Ou-Mandel experiment, or any other postselection experiment, is
harmless. The probability of two light pulses, present at the output spatial
modes of the beam splitter, being detected by both a and b when b is enabled
by a is n® x n°, with n® and n’ as the detection efficiency of detectors a and b
respectively. Suppose, now, that there is some sort of electronic device capable
of imposing a time delay to a detection pulse from a and checking if the delayed
version is coincidental to a detection pulse from b. This is equivalent to the first
process with the difference that the detectors can be triggered independently
while the electronic structure is held responsible for sweeping the time delay
between detections and postselecting those coincidental events. In this second
experimental picture, the probability of two light pulses, present at the output
spatial modes of the beam splitter, being detected by both a and b is n® x n°,
the same as in the first case where a triggers b. Of course this is the case due to
our assumption that the efficiencies on a and b are not in anyway dependent on
the origin of the trigger pulse, whether it is generated by another detector, by
an external common pulse generator, or by the detectors own internal trigger
pulse generator. Consider, however, that the light intensity arriving at the
detectors is very low, as usual to experiments involving light pulses in the few-
photon regime: the detection rate would be low in comparison to the trigger
rate since, even considering perfect detection efficiencies, most of the time, no
photons impinge on the detectors.

In this context, there is a defining difference between the two methods of
postselection: in the second picture, the trigger rate of b is kept at its maximum
rate independently from a, which is also kept at its maximum rate; in the
first picture, the trigger rate on b is lowered to the rate of detections on a.
The issue related to the drop of triggering rate on a single-photon avalanche
photodiode is delicate and was first stumbled upon during the preparation
of the experimental setup for the Measurement-Device-Independent Quantum
Key Distribution proof-of-principle demonstation [61]?!. In this setup, four
SPADs are employed to construct a Bell-State Projection unit, a linear-optic
based structure which attempts to project two uncorrelated quantum states
onto the maximally entangled Bell states [61]. Initially, the setup consisted of
a master SPAD which, upon a detection, resumed to trigger the remaining
three slave SPADs, much like our first picture of experimental postselection.
The effects of this postselection method for this specific experiment is twofold
with its own implications detailed as follows. The coincidence events between

detectors in a Bell-State Projection are intimately linked to its application and

2LA brief revision on the No-Cloning Theorem, the BB84 Protocol, the possible attacks
on the protocol, and on the MDI-QKD can be found in Appendices 7.12, 7.13, 7.14, and
7.15
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all the possible coincidental events should be achievable for proper operation
(except for those which depend on photon-number resolving, a resource still
under development for single-photon detectors of the lineage of InGaAs-InP
G-APDs [152]). Triggering three slave SPADs conditioned to a master SPAD
eliminates the possibility of a coincidental detection between any of the slave
SPADs unless the master has been triggered, i.e., many successful Bell state
projections can be lost during the link operation due to this postselection
topology [61]. Observe that this limitation, which is ultimately crucial for
achieving a minimum secret-key generation rate, has no dependency on the
optical part of the experiment whatsoever but, rather, is associated to the
postselection (in this case, we should call it a willingly discard) of results
otherwise useful. Firstly addressed in [153], the second effect is the increase
of the dark count detection probability of the SPADs as the trigger rate is
diminished. The roots of this effect, even though still undetermined, were
empirically attributed to a defective over-voltage electronics control system
at the time of its discovery [153]. This permitted that a bypass to the problem
could be devised since it was preventing the experimental MDI-QKD link to
beat the minimum secret-key generation rate necessary for its secure operation
[154]. In Fig.2.1, we present the results of measuring the dark count probability
for the employed SPADs when the gate frequency is varied.
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Figure 2.1: Dark count probability of the Id201 SPAD model
for different values of the gate frequency. We see that, below
100 kHz, the dark count probability rises abruptly.
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The answer to both of the issues raised in the MDI-QKD experiment
by the naive method of postselection, or our first picture of experimental
postselection, is the Time-Delay-Offset Coincidence Station (TDO-CS), which
is in alignment with our second picture of experimental postselection. The
TDO-CS attempts to transfer all the responsibility of identifying coincidental
events to an electronic unit independent of the detectors while maximizing
the triggering rate even when the relative temporal delay between detectors is
required. The system is composed of a Digital Delay Generator (DDG) with
time resolution up to 50 picoseconds [155] and an FPGA-based postselection
hardware [153]. The goal is to create delayed versions of a common clock
signal by inputting it into the DDG #? and then compensate the different time
of arrivals of the detection pulses in the FPGA-based structure. When one
wishes to impose a relative temporal delay between two or more detectors, the
DDG delays the clock versions of such detectors and the FPGA compensates
the time of arrival by delaying the detection pulse of the detector which had
not been delayed. This way, the pulses are examined at the same time basis
and the coincidental events can be identified.

Working with the TDO-CS is quite straightforward once the system is
time-equalized; we will now discuss the steps of equalization and operation to
clarify the usage of the devised system. The first step, hereby referred to as
equalization step, aims on setting all the detection pulses on the same time basis
in the FPGA-based coincidence unit by compensating eventual differences
in the response time of the detectors and the time of flight in the electric
cables that connect the latter to the former. For that, one resets the delays
imposed by the FPGA structure and attempts to maximize the number of
coincidence detections by adjusting the high-resolution delays in the DDG?3.
When the coincidences between all the detectors are maximized, the system
is said to be equalized, meaning that all intrinsic time delays external to the
relative temporal delay sweep between detectors have been compensated. Let
us now suppose that the detection pulses pp1, ppo, and pps from three different
detectors Dy, Do, and D3, when fed by the same initially not equalized clock
signal p., have intrinsic temporal delays given, respectively, by 71, 7o, and 73

represented in the time diagram of Fig.2.2?*. The hypothetical resulting time

22The device’s structure available in our laboratory permits one to access up to 4 different
delayed versions of the same input signal.

23From an experimental point of view, it is straightforward to guarantee that the detectors
are operative and indeed detecting light pulses whilst the equalization process is running by
turning on the light sources.

24 As we will see in further sections, this particular setup with three detectors is important
when assessing the second order temporal autocorrelation function at zero time for linearly
heralded photons.
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diagram, after the equalization step is completed, is also presented in Fig.2.2.
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Figure 2.2: Hypothetical experimental setup where one is
interested in the coincidence events between three different
detectors. The intrinsic delay that results from the time-
of-flight of the electrical pulses inside the cables and the
response time of the detectors cause each pulse to arrive at
the Time-Delay-Offset Coincidence Station at different times.
This is represented by axes pp; (t), pp2 (t), and pps (t). The
equalization step attempts to offset each individual temporal
delay so that all detection pulses arrive simultaneously at the
coincidence station. This is represented by axes ppi_pq (%),

Pp2—Eq (1), and pps_g, (1).

With the TDO-CS equalized, the relative temporal delays can be swept
and the interferogram, acquired. For that, two simultaneously coordinated
processes assure the consistency of the interferogram time-basis acquisition:
the DDG imposes a delay on the pulse signal directed to the detector which one
wishes to sweep; the FPGA-based structure imposes an internal and identical
temporal delay to the detection pulse from the detector which is not being
swept so that both pulses can be analysed in the same time-basis. We present,
in Fig.2.3, the time diagram of a hypothetical interferogram acquisition run
for an equalized TDO-CS in which one is interested on the swept detections

between two detectors.
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Figure 2.3: Hypothetical experimental setup where one is
interested in sweeping the relative temporal delay between two
detectors and recording the coincidence events. The DDG is
responsible for delaying (At = T7) the trigger pulse that goes
to the detector which is swept and the FPGA compensates the
delay internally enforcing the very same delay on the detection
pulse.

The TDO-CS is completely automatic and offers an user-friendly dedic-
ated interface which can be connected to the FPGA and to the DDG. Fig.2.4
presents the interface of the TDO-CS: the detection pulses of all detectors are
connected to the FPGA unit which communicates via USB to the interface
routine developed in Python; the DDG is also connected to the interface, but
via GPIB; the interface displays the number of detections on each detector
and coincidences between detectors with an adjustable refresh time and plots

the results for each value of the relative temporal delay between detectors; all
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adjustable time configurations are accessible through the interface.
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Figure 2.4: The Time-Delay-Offset Coincidence Station Py-
thon interface.

In Fig.2.5, we present a photograph the real-life setup used for the
acquisition of experimental data presented throughout this document. The
photograph depicts: six single-photon detectors; the DDG responsible for
enforcing the time delays on the trigger pulses; the fiber-optic-based setup;
the interface of the TDO-CS.
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Figure 2.5: Photograph of the real-life experimental setup.
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3
Few-Photon Fourier Transform Spectroscopy

The basic experimental apparatus for the spectral characterization in the
few-photon — or weak — regime is shown in Fig. 3.1-a, where two independent
lasers, reference and test, and single-mode fibers are employed. The reference
laser is an external cavity laser diode frequency-stabilized at 1547.32 nm by
a high Q-factor gas cell. The attenuated signal from the reference laser is
directed to a HOM Interferometer along with the optical signal of the test
laser. The test source is composed of a tunable wavelength laser, a 90/10
splitter, a second gas-cell, and a PID system connected to the wavelength
tuning input of the laser. By controlling the region of the gas-cell’s absorption
line to which the PID system is locked, one can enforce the desired frequency-
displacement between reference and test sources. This way, we could assess
the validity of the Few-Photon FTS with a wide range of values for fyeq:, the
relative frequency displacement between coherent states. The input coherent
states are power-balanced by variable optical attenuators as to reach the few-
photon regime with the same average number of photons per pulse. Also,
the counts in InGaAs-based Single-Photon Avalanche Photodiodes (SPADs)
connected to a polarizing beam splitter are minimized so that the photons
reaching the interferometer are polarization-aligned. Fig. 3.1-b shows the drop
in the interferogram visibility as a function of the distinguishability of the
states, which is governed by their relative states of polarization and relative
intensities inside the time delay for which the temporal modes are overlapped
in the interferometer since we consider the single-mode case. The bunching
effect depends on the indistinguishability between wave-packets that describe
the interaction between two photons and the beam splitter so, if the photons
can be distinguished, the interference pattern is lost [143,148]. The HOM
Interferometer is completed by connecting the output spatial modes of the
50/50 beam splitter in two SPADs — D4 and Dp — operating in gated Geiger
mode. D4 triggers D whenever a photon-counting event occurs therefore each
count at Dpg corresponds to a coincidence event which, as a function of the
relative delay between detectors, compose the HOM interferometer’s visibility
curve. This process of postselection guarantees that only the mode-matched

photons contribute to the interferogram. An optical fiber loop is connected
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before Dp to optically compensate the electrical delay between the detectors.
Both detectors are set to 15% efficiency and 4 ns gate width which corresponds
to the best compromise between dark counts (on the order of 1075 per detection

gate) and efficiency.
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Figure 3.1: a) Experimental setup for the spectral characteriz-
ation of optical sources in the few-photon regime. VOA: vari-
able optical attenuator; PC: polarization controller; ¢-Mod:
phase modulator; PBS: polarization beam splitter; D,,: single-
photon detector. b) Dependence of the interference visibility
on the relative polarization and intensity ratio of the states:
red line visibility versus relative intensity ratio; blue line vis-
ibility versus relative polarization angle.

Comparative classical heterodyne spectroscopic measurement can be
performed by slightly modifying the setup of Fig. 3.1-a to overlap bright (non-
attenuated) versions of test and reference lasers in a pin photodiode. The
frequency beat is visualized in an Electrical Spectrum Analyzer (ESA). The
results of Fig. 3.1-b show that the visibility drop due to misalignment in the

interferometer, even though a concern, is not extremely severe. Deviations of
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20% in both polarization alignment and intensity ratio can still be tolerated
and fall well inside the SPAD’s sensitivity. The fitting model for the relative
intensity ratio is the visibility equation: V = 2R/(1+R)* [138], where R is
the average number of photons per gate ratio between the two sources and
V' is the visibility. In the case of the relative state of polarization (SOP)
alignment, the fitting model is obtained using Malus’s Law [69] applied to
the the visibility equation. We consider the projection on the measurement
basis to write R=cos*@,)/[L+sin?(,), where 0, is the relative polarization angle
between the interfering beams. The maximum value of the visibility in the case
presented in Fig. 3.1-b is V,,,.. = 0.5 due to the limitation associated to coherent
states. The method is therefore robust regarding polarization, intensity and
spatial-temporal mode-matching conditions.

Classically, the Interference Equation of two partially coherent waves has
the form I = I+ I, +2/T, 5|g12|cos ¢ [69], where I} and I, are the respective
intensities of each source, g5 is their mutual coherence, and ¢ is their relative
phase difference. Writing the Interference Equation in terms of the wave’s
power spectral density, S (v), yields I(r) =2 [5°S W) [l 4 cos@mr)dv if one assumes
I, = I, and where 7 is the relative temporal delay between the two optical
wave-packets. From this result, it is possible to determine the spectrogram
of the beat of two light sources by taking the inverse-Fourier transform of the
respective interferogram in a process known as Fourier-transform Spectroscopy
[69]. The proposed Few-Photon Spectroscopy is an application of the Fourier-
transform spectroscopy to light with low average photon flux taking advantage
of two-photon interference in a Hong-Ou-Mandel Interferometer.

In the quantum mechanical context, the mutual coherence of the wave-
packets (g4 p) defines the joint detection probability between detectors D 4 and
Dpg and has the following mathematical expression dependent on the temporal
wave-packets describing reference and test states, fi() and fy(f) respectively
149, 156]: ,

94,80, )= 1{f1Co+7) fot0) = f1 (0 f2lto+7)
One can manipulate Eq. 3.1 to find that

(3.1)
ga,Blto, 7)= ﬂfl(to)ﬂfz(to+7')’2+ Vl (t0+7)’2‘f2(t0)‘2

—[f1to) f2lto+7) f1 to+7) f5 (o) (3.2)
+f1lto+7) f2lto) f1 t0) f5 to+7)

2

2
LsO=|10]
and f1(¢)f5¢) = z@). To obtain the probability of detecting two photons in

detectors D4 and Dg with a time difference of 7 (P.(7)), one integrates over all

where * denotes the complex conjugate. Now we define () = Vl )
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possible values of ty, the arrival time of the photons, obtaining the curve that
corresponds to the interferogram as a function of 7. Upon integration over tg,

we find that P, has the following expression

P.(7) :i [/oo r(to)s(to+7)dt0+/_O:Or(to+7')s(t0)dto

e o (3.3)
_ </_Ooz(t0)z* (to+7)dto +./_Ooz* (to)z(to+7)dto>]
Taking the Fourier Transform of Eq. 3.3 yields
FIO=HROSO +ROSW o

A TR A VAT

Using properties of the Fourier Transform, and setting . {f; (t)} = ¢; (w), a
somewhat extensive but straightforward calculation allows one to rewrite Eq.
3.4 as':

FAP0)} = 5101 0) % 61() 62 () D2 )

: (3.5)
— 1 W *P5W) - P1 W) *Pa W)

where the operator * stands for the convolution. Upon close examination of
Eq. 3.5, one distinguishes that the first term corresponds to the DC component
of both f; () and f5 (t), and also to a component centered at twice the central
frequency of the optical carriers. This high-frequency component is filtered out
since the detectors are not sufficiently broad-band to account for its detection
whereas the DC component can be neglected since it doesn’t contain any
spectral information — it is associated to the average number of coincidence
events. The second term, however, corresponds to the spectral component
centered at the beat frequency between the optical carrier frequencies shaped as
the modulus squared of the convolution of the spectral shapes of the temporal
wave-packets. This component is the frequency beat that can be visualized in
the Electrical Spectrum Analyzer from which classical spectral characterization
can be performed.

We find, therefore, that the spectral characterization of optical sources
in the few-photon regime is performed by taking the Fourier Transform of the
two-photon interferogram which yields the convoluted spectral shapes of the
individual states centered at the beat frequency between the optical carriers, a
result condensed by Eq. 3.6 which defines the Few-Photon Fourier Transform
Spectroscopy (Few-Photon FTS).

'Refer to Appendix XIII-11 for the complete mathematical development.
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o1@)x 02 @) [ = F{ [~ gan (to7) dto] (3.6)

Even though the final result is in a convolution form, the process of deconvolu-
tion in order to determine the spectrum of test source is straightforward since
the spectral characteristics of the reference source are known a priori [157]. It
is worth noting that the test source’s intensity is related to the average num-
ber of photons impinging on the detector during a temporal gate window and,
therefore, can be easily determined.

A typical interferogram curve is presented in Fig. 3.2 for a frequency of 40
MHz. The time delay span was chosen taking into account mutual temporal
coherence of the wave-packets as to cover the whole region of overlapping
temporal modes. The polarization states are aligned up to the detector’s
sensitivity level and the average number of photons per detection gate is set
to = 0.2. The interferogram presented in Fig. 3.2 was acquired by sweeping
the relative delay between the detectors in the HOM interferometer in steps
of 500 ps respecting the two-photon interference conditions described in Fig.

3.1-b and the discussion thereupon.

0.5

-160 -éO 0 50 160
Relative Temporal Delay (1) [ns]

Normalized Coincidences

Figure 3.2: Interferogram of the two-photon HOM interference
between test and reference weak-coherent states frequency-
displaced by 40 MHz with p = 0.2.

Figure 3.3 superposes the resulting spectral shapes of the Few-Photon
FTS and those measured in the ESA for different values of fy..:, ranging from
10 MHz to 200 MHz, with good agreement. Slight relative shifts are due to the
instability of the gas-cell that locks the frequency of the test source. We also
enforced non-gaussian spectra on the test laser by means of a phase modulator
at its output driven by an Arbitrary Waveform Generator (AWG) (refer to Fig.

3.1). By selecting the modulation parameters, the spectrum can be widened,
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which reflects on the temporal narrowing of the HOM interferogram due to the
inverse relation between the mutual temporal coherence (7.) and the spectral
linewidth (Av) [69]. Such spectral widening is restored from the interferogram
when we employ the Fourier Transform and is presented in Fig. 7?7 where,
once again, we compare the results of the Few-Photon FT'S and of the classical

heterodyne beat.
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Figure 3.3: a) Comparison between the two spectral char-
acterization techniques: Few-Photon FTS (dashed lines) and
classical heterodyne beat (solid lines). The results show good
agreement for a wide range of frequencies. b) The electro-optic
phase modulator is switched on and off for a constant beat fre-
quency of the lasers. The enlargement of the spectrum with
respect to freqr 1S accurately described by the Few-Photon
FTS.

Note that, due to the relative nature of the method and the folding nature

of the FFT spectrum, there is an ambiguity in determining the test source’s
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center frequency which can lie on fe¢= feqr- Running the method twice while
displacing the reference frequency by an amount smaller than fy..; eliminates
this ambiguity. Considering the deconvolution process, it is also worth noting
that a proper choice of the reference frequency must result in an unfolded
frequency spectrum, so that fy..; should be larger than the width of the test
source spectrum [157].

Since both techniques are shown to be equivalent both by the mathem-
atical model and by the experimental results, a distinction has to be made
between them. This is translated in the region of effectiveness of each method,
the Few-Photon FTS figuring as a better candidate as soon as the average num-
ber of photons per pulse falls below a certain value. Fig. 3.4 displays the region
of effectiveness of the classical heterodyne beat and the Few-Photon FTS as
a function of the average number of photons per gate of the test source. The
employed criterion of effectiveness for the Few-Photon FTS is the Visibility
of the interferogram curve since no spectral analysis can be performed once
this value goes to zero. In the case of the classical heterodyne beat, the data
acquired in the ESA was approximated to a simple model when one assumes
gaussian wave-packets for the interfering beams, i.e., a gaussian-shaped spec-
tral curve centered at the beat frequency. The R? (R-squared) parameter of
the approximation, which translates the likelihood between the model and the

acquired data, was used as a criterion for the technique’s effectiveness.


DBD
PUC-Rio - Certificação Digital Nº 1413510/CA


PUC-RiIo - Certificacéo Digital N° 1413510/CA

Chapter 3. Few-Photon Fourier Transform Spectroscopy 65

LELELRRLLL | TorTTTTIT LR | LELELRRLLL | LELELLRRLL | T LA LLLL
10F o N\ W e 110
> 08} 408
% Few-Photon FTS:
S 06} = Measurement los
o —Fit
N o
© 04 Classical heterodyne beat: 4 0.4
E ® Measurement
8 — Fit
0.2+ —40.2
00L v suinul FTITY IR T S, VT BT BT TTTH e B N ) )
10° 10" 10° 10 10° 10°  10° 10°
Average Number of Photons per Gate (n)

Figure 3.4: Range of application of the Few-Photon FTS
and classical spectroscopy methods in terms of the average
number of photons per pulse, p, of the test source. The R?
parameter of the approximated model and the visibility of the
HOM interferometer are set as parameters of the accuracy
and, therefore, the validity of each technique. The data sets
were fit to evidence the dependency of the effectiveness on pu.
Maximum P,y is +13dBm.

Throughout all measurements, the relative intensity level and polariz-
ation angle was kept at the optimal value to guarantee maximum visibility
in the interference pattern, i.e., ftyef = ftrest. Even so, the visibility does not
match the expected 50% value as can be observed from Fig. 3.4, an effect we
attribute to experimental misalignment up to the detector’s sensitivity and
polarization fluctuations inside the fiber link which, once again, are in accord-
ance with the results of Fig. 3.1-b. We experimentally extended the average
number of photons per time interval to the limit of the SPAD (u ~ 10 for
w, = 4 ns, the detector’s gate width) and observed that, even though the
visibility starts to decay abruptly, the interference pattern is still reproduced
in the interferometer. The results of Fig. 3.4 therefore show that the upper
limitation of the Few-Photon FTS can be extended beyond the model of [148]
at the cost of loss in visibility.

At the same time, a high power local oscillator allows the classical
technique to read optical signals down to tens of photons per nanosecond on
the nano-watt level. The heterodyne beat between optical signals results in an

oscillatory term with electrical power directly proportional to the product of
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the optical signals, P2 oc P }P,ff:t, This means that low-power test signals

can, in principle, be read with a sufficiently high-power reference laser. The
power range of the classical technique is therefore upper- and lower-limited
by the saturation of the detector and the noise floor of the detection system,
respectively. The Relative Intensity Noise is also a concern and can limit the
SNR of the classical technique [158].

The Few-Photon F'TS technique allows for the characterization of states
with average number of photons per time interval down to the limit imposed
by the dark count probability of the SPADs. The average number of photons
per time interval in this case corresponds to —118 dBm in the Telecom C-band
— computed as P = phc/ (Mw,), where P is the optical power, h is Planck’s
constant, ¢ is the speed of light in vacuum, and X is the wavelength in vacuum.
The Few-Photon FTS is therefore capable of stretching the achievable region
of spectral characterization of optical sources, from the nano-watt level of the
classical technique, down to the femto-watt level.

Recall from Fig. 3.2 that, to some values of 7, the visibility curve
of the frequency-displaced two-photon interference raises above the baseline
that corresponds to distinguishable photons. Since we deal, throughout the
experiment, with weak-coherent states, the baseline indicates the probability
of randomly distributed number of photons to impinge simultaneously on both
detectors since, as we have already claimed, when an incoherent mixture of
coherent states interact with the beam splitter, the output is an incoherent
mixture of coherent states. The Hong-Ou-Mandel dip, characterized by the
drop of the coincidence counts (the minimum of the visibility curve at 7 = 0),
reflects the bunching effect. We are therefore compelled to argue that the
increase in the coincidence counts, or the maximum of the visibility curve,
indicates that the local detection of a photon in one of the interferometer’s
output modes could be used to announce a single-photon pulse at the other
output mode with a higher probability than a regular faint laser source. In
the next section, we present the Linear-Optic Heralded Photon Source, a sub-
Poissonian photon source that harness the characteristics of the coincidence

peaks when frequency-displaced photons are directed to a beam splitter [68].
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Linear-Optic Heralded Photon Source

In order to create the optical beat note and explore its coincidence peaks,
two frequency-displaced independent WCSs were generated through an all-
fibered self-heterodyne setup [148] as depicted in Fig.4.1. The self-heterodyne
approach avoids stability issues regarding both optical power and relative
frequency drift and makes use of only one laser source. Two frequency-locked
lasers, however, could also be employed in generating the optical beat note as

demonstrated in the Few-Photon Fourier Transform Spectroscopy section.

A2a =404 MHz

MNormalized power

Figure 4.1: Preparation of frequency displaced WCSs with
a self-heterodyne setup. Inset: Classical beat spectrum meas-
ured with bright versions of the WCSs. AWG: arbitrary wave-
form generator; FM: frequency modulation; TLS: tunable
laser source; VOA: variable optical attenuator; DG: delay
generator; PC: polarization controller; AM: amplitude modu-
lator.

The attenuated CW signal of an external cavity laser diode is frequency
modulated with modulation depth A and period 7" and sent into a balanced
Mach-Zehnder Interferometer (MZI). An optical switch at one of the MZI’s
arms selects the photons with constant frequency offset (A/ (27) = 2A7/T =
40 MHz) relative to the other arm. This is verified by measuring the bright-
light version of the optical beat note with a p-i-n photodiode and an electrical
spectrum analyzer at the output of the MZI (Fig.4.1b). The output of the
MZI is converted into an HOM interferometer to build up the Linear-Optic
HPS. The HOM interferometer can be time-tuned so the local detection at the
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heralder mode enables the source’s optical output which is announced by the
heralding signal. In order to determine the operational point of the Linear-
Optic HPS, the interference pattern is measured with a Photon Statistics
Analyzer (PSA) connected to the Linear-Optic HPS, as depicted in Fig.4.2a.
The PSA is composed of a remote detector triggered by a delayed version of the
heralding signal. All detectors are InGaAs APD-based single-photon detectors
(SPD) operating in gated-Geiger mode with 2.5 ns temporal gate width, 15%

detection efficiency and 10 us deadtime.
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Figure 4.2: (a) HOM interferometer with overlapping WCSs
and PSA. (b) Interference pattern measured with the PSA for
the 40MHz-displaced WCSs with optical switch fixed at the
operational point (blue circles) and synchronously swept with
the detector (black squares). The theoretical model is fit to
data (red line).
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The beat pattern, obtained by scanning the relative delay of the HOM
interferometer (depicted in the inset of Fig.4.2), is characterized by the mutual
coherence time of the sources and by A [148,149]. The theoretical prediction

for the normalized coincidence counts [148]

1 2
C.= 5 (2 — e 277 Cos (TA)) (4.1)

is fit to data. The operational point is obtained when the spatio-temporal
modes are matched with 7 = 7 /A, the coincidence peak.

The operational point of the Linear-Optic HPS is defined as the selected
time interval in which photons are most likely to exit the interferometer from
different spatial modes, the coincidence peak. Operation in this mode is assured
by the electro-optical modulator at the source’s output which is triggered by
a delayed version of the heralding signal. In this configuration, the system is
expected to exhibit sub-poissonian photon statistics if one of the photons is
used to announce the presence of the other. The setup, however, offers time
tunability so the source can behave as an FLS — if the selected time interval
corresponds to the interference of distinguishable photons — or even at the
HOM dip, where it is expected to exhibit super-poissonian photon statistics
since the photons are most likely to exit the interferometer from the same
spatial mode. Fig.4.3 illustrates the selection of the operational point through

time tunability.
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Figure 4.3: Three distinct possible operational points for
the source. The Linear-Optic HPS is characterized by the
operational point at the coincidence peak.

The frequency-displaced WCSs are implemented through a self-
heterodyne setup in order to avoid experimental drawbacks such as identical
values of p and parallel states of polarization (SOP). On the other hand,
however, this setup shows a crucial dependency on the synchronism of the
devices. In Fig.4.4, a simplified overview of the self-heterodyne setup is depic-
ted detailing the Mach-Zender Interferometer responsible for generating the
frequency-displaced photons and the synchronism signals necessary for setting

the source at its operational point.
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Figure 4.4: Detailed synchronization signals of the Linear-
Optic HPS.

In order to guarantee that the optical switch is activated at the correct
moment, the trigger signal of the triangular wave that sweeps the Laser’s
optical frequency is delayed by d; and sent to the electro-optical amplitude
modulator of the MZI's upper arm — see Fig.4.4. This is to enforce the frequency
displacement between photons in different arms. The values of the triangular
wave’'s amplitude (A = 2.04V), its period (7' = 322.6ms) and the delay
necessary to compensate the fiber delay (L = 8.5km) and to enable the optical
switch at the right moment (d; = 44us), as well as the maximum duration of
the enabling pulse (w = 30us), were experimentally determined by adjusting
a 40-MHz beat spectrum between bright versions of the frequency displaced
WCSs with the p-i-n + ESA setup (not shown in Fig.4.4). The effect of the
variation of the modulation parameters and the importance of synchronization
to yield the right frequency displacement between the states is clarified in
Fig.4.5.
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Figure 4.5: Arrival of frequency modulated light pulses at
the HOM Interferometer. Depending on the amplitude of the
modulating triangular wave, its period, and the fiber delay,
the frequency displacement at the HOM Interferometer will
vary.

Since the operation period of the optical switch (30 ws)is higher than
that of the detector’s dead time, a train of gates can be used to trigger the
detector every time the optical switch is operational for maximal detection
rate. In order to generate the train of gates, a function generator is triggered
by a delayed version of the enabling pulse. The result of the synchronization of
the gate burst and the photon wave packet arriving at the SPD is displayed in
Fig.4.6 where two operation modes of the photodetector, with respect to dead
time, were scanned: DT = 0 and DT = 10us. The operation mode during
the experiment is set to DT = 10us to avoid the afterpulse effect and to
diminish dark count events. However, as it becomes clear in Fig.4.6, a finer

synchronization is performed with DT = 0.
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Figure 4.6: Gate delay synchronization. (black) Experimental
curve of the number of detections in SPD; using a 10us dead
time. (red) Equivalent curve with the dead time set to 0.

An interesting feature of this setup is that most of the synchronization
was performed empirically. However, was the laser’s FM response known a
priori, this wouldn’t have to be the case. Knowing the length of the fiber used
to decorrelate the MZI arms, the amplitude of the triangular function that
modulates the laser, its period, and the laser’s (unknown) FM transfer function
[Hz/V], both the delay d; — to the optical switch — and the beat note frequency
between the arms could have been determined. Once the system is empirically
set, the reversed experiment can be performed to determine the FM transfer
function. Plotting the beat note frequency versus the modulation amplitude
yields a line with slope proportional to the transfer function, the length of the
fiber delay and the light speed inside the fiber depicted in Fig.4.7. The slope
found for the Af vs A, curve was a = 20.155 [MHz/V] which represents the

laser’s FM transfer function.
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Figure 4.7: Af vs A, curve of the self-heterodyne experiment.
The red curve is the linear fit of the experimental points.

Even though the beat frequency shows a linear correspondence to the
amplitude of the modulating FM triangular wave, the linewidth of the beat
tone broadens as the amplitude is raised. This reflects the non-linearity of the
FM response which imposes a limitation to the region of constant frequency
displacement selected by the electro-optical switch. The relative delay ot
between the photon wave packets was empirically determined to be of 41.6us.
Since the period of the triangular wave is 322.6us, the expected interval of
constant frequency displacement is 281 ps. In order to achieve a narrow (3MHz)
beat tone, however, the region was considerably reduced to 30us.

Let us now model the output photon statistics of our proposed source.
Consider a symmetric beam splitter with input spatial modes a and b and
output spatial modes ¢ and d. As we have discussed thoroughly in Section
2.5, a quantum beat pattern is expected when the photons impinging on the
device have different frequencies and the effect can be observed in temporal
modes if their coherence time is high enough [149, 159]. The optical beat
note corresponds to the frequency displacement between the photons even
if independent WCSs are used [148]. We wish to model the output states from
a heralded source time-tuned to the coincidence peaks of the interferometer so,

considering that the input states are generated by two independent continuous-
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wave (CW) optical sources emitting spatial-mode matched parallel-polarized
photons with identical average number of photons per time interval, we
decompose the input frequency-mismatched WCSs into pairs of Fock states
with m and n photons, |mg, ny). The error associated to the simplification of
bounding M + N < 3 is estimated from the Poisson cumulative distribution
function, 323 _ 523 _  pmFme2/ (mIn!) [5], as being lower than 1% for p <
0.67, a value which is in accordance with the experimental conditions necessary
for visibility close to 50%.

The case of interest is the one where two frequency-displaced single
photons enter the Hong-Ou-Mandel interferometer, one in each of the input
modes. This main result is then used to compose the other non-trivial cases
of one- and two-photon states entering each input mode |1,,2;) and |2,, 1;).
The case in which any number of photons enter the interferometer through
one of the input modes, with vacuum at the other, |m,,0y) or |0,,n;), has
a straightforward solution: a random distribution of photons between the
two output spatial modes. After all input states up to M + N < 3 are
considered, the possible outcomes of the interferometer are then combined and
weighted by the probability of occurrence of the correspondent input states.
This information consists on the source’s output statistics once the probability
of a heralding event is considered. As we have already mentioned, the input
state can be written in terms of creation operators applied to the vacuum
state, |14, 1) = ala;|0). From now on, we shall adopt the notation Py for
the conditional probability of finding r and s photons at output modes ¢ and
d, respectively, given that we had m and n photons at the input modes a and
b, respectively. The joint photon-detection probability has already been derived
for wave-packets described by one-dimensional spatio-temporal functions in a
Hong-Ou-Mandel interferometer, and we shall re-write it adopting our new

notation for clarity
1
Pll,’ll (t,7) = Zl|5a (t+7) ey (t) — e (t+7) ea (1) ]2 (4.2)

The coincidence probability of finding a photon at output port d at time
t + 7 given a photon is detected in output port ¢ at time ¢ can be found
when one integrates over all possible values of ¢, a procedure much like the one
performed in the Few-Photon Fourier Spectroscopy [160]. Right now, however,
we are not interested in how this expression relates to the spectral density
function of the wave-packets but, rather, with an analytic expression for this
probability calculated for different 7s so the photon statistics of the source

can be determined. For an arbitrary wave-packet, it is not an easy task to
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determine the coincidence probability from Eq. 4.2. Fortunately, it can be
solved analytically when one considers gaussian-shaped wave-packets [149], an
assumption not very far from the usual (which is to assume Lorentzian-shaped
wave-packets [69]). We also assume gaussians with identical half-width at 1/e,
o, and well-defined angular frequency modes w, and w, (W = w,/2 + wy/2).
The frequency difference A = w, — w, is fixed and the wave-packets can be

expressed as

Ea(t) = \/1_e—<t—5T/2>2/<202>e—j<w—A/2)t
v 2
viyea
4.3)
1 2 2 . (
&g (t) = e (HOT/D/(20%) g (Wt A/
Vo2

where 07 is the relative delay between the wave-packets. Integration from —oo
to 0o over ¢ (as we are only interested in the effective time delay 7 between the
wave packets) and over 47 (to take into account the CW nature of the optical
sources) yields [148]
1 _
Py = 3 (1 — e 2% cos (TA)) : (4.4)
To simplify the terms that follow, we set § = 6_% cos (TA).

It is now clear, from inspection of Eq. 4.4, that two distinct values of the
relative temporal delay, 7, are of importance in modeling the source: 7 greater
than the mutual coherence time of the wave-packets (7.,) and 7 = 7/ (24A),
when the temporal modes are matched and the wave-packets, superposed in
the interferometer. In the first case, the oscillatory pattern of the interference
vanishes since the states are fully distinguishable, so each photon sent into the
HOM interferometer takes a random output. Any attempt to herald such states
will fall into the same statistics of an equally-bright non-heralded attenuated
laser source. This condition is further used as reference for evaluating the
second order correlation function of the Linear-Optic Heralded Photon Source.
In the second case, however, coincident counts increase up to 50% in relation
to the distinguishable case [148].

Due to normalization and symmetry arguments, the probability of finding

two photons in one output spatial mode and vacuum in the other is found to

be 1,1 11 1

Py =Fop =7 (1+5). (4.5)
The solutions for all cases up to 3 photons entering the Hong-Ou-Mandel
interferometer is derived based on this result. The solution considering a single
photon entering one of the input ports of the beam splitter with vacuum

entering the other, |1,,0p) and |04, 1), is straightforward,
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Py =Py =Py =Py =1/2. (4.6)

The same analysis applies to the case in which either two (Eq.4.7) or three

photons (Eq.4.8) enter the same input port and vacuum enters the other

1
(4.7)
1 .

(4.8)

The cases |24, 1) and |1,, 2,) are modeled as a superposition of a pair of single
photons, one at each input port, and an independent photon in either one of

the input ports,
(4.9)

The probabilities of finding one of the above output states in modes
¢ and d are obtained by grouping the conditional probabilities of this one

output state weighted by the probabilities of occurrence of each input state.

The former are given by the Poisson distribution P (m,n|u),, = %E_Q”
since the states impinging on the beam splitter are coherent states [5]. The
general form of the probability of occurrence of the output state |r., s;) when
the beam splitter is fed by frequency-displaced weak-coherence states when we

fix max (m +n) =3 is

P r,s,mmn €N
Pog=3 > Pl"Pun,§ r+s<3 (4.10)
m=0n=0 m+n S 3

The output states of the Linear-Optic HPS are characterized by a
heralding event to which, disregarding dark counts, are associated to the
presence of a photon — or more than one — at spatial mode ¢, hereby addressed
to as the heralder arm (or spatial mode). As we are only interested in those such
cases for computing the statistics of the source’s output, the total probability,
used for normalization, is

3 2
N
- { ne e (4.11)

r+s<3
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Therefore, the probabilities of the three distinct events of heralding vacuum
P,, single- P or multi-photon P, pulses at spatial mode d (disregarding the
dark count probability) are given by

Py = (mPro+nePap +13Ps0) [ Pr, (4.12)
P, = 771P1,2/PT7 (4-13)
Py = (mPi1+n2P) /Pr, (4.14)

respectively. Here, the p-photon detection efficiency at the heralder arm,
np =1—(1—n,)? P, was considered. This parameter depends on the detector
efficiency n,. With o = exp (—2pu), the normalized heralding probabilities of
vaccum, multi-photon, and single-photon pulses for the Linear-Optic Heralded

Photon Source (7 = +x/A), as a function of p and the heralder SPD efficiency
(mn), are:

841 (4=2n) + 1> (1 —nn +n7/3)

v R (16— 20m) + 12 (16 — 67 + 172/3) (4.15)
P - oI : (4.16)

"84 (16 — 2np) + p2 (16 — 6n, + 13 /3)”
124 + p® (10 — 5mp,) (4.17)

P, = :
8+ 11 (16 — 2n) + 2 (16 — 61y, +17/3)

In Table 4.1, we present the normalized heralding probabilities of vaccum,
multi-photon and single-photon pulses for the Linear-Optic Heralded Photon
Source at the operational point and considering ;4 << 1 and 7, = 1, compared
to the probability of finding similar pulses at the outputs of a conventional
Poisson statistics source such as an attenuated laser. Even though the multi-
photon emission probability is slightly higher for the Linear-Optic HPS, the
emission of vacuum is relatively suppressed, and the single-photon pulses occur
with higher probability. This characterizes the narrowing of the photon-number

distribution of the squeezed WCS at the output of the source.

Table 4.1: Normalized Probabilities (1 << 1,9, = 1)

Pulse Linear-Optic HPS FLS Ratio
Vacuum 1=3p+ 20> 1—p+5° 1—3p
Multi-Photon 202 S 5 STLy,
Single-Photon S —2p? [— p? 3t

The second-order temporal correlation function at zero time is experi-
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mentally determined via the Hanburry-Brown and Twiss experiment as’

P, 2
Dpe = ZF’G + (UF,G - —TZZG> P, (4.18)

Given our previous suppositions drawn throughout the theoretical modeling,
coincident detections are triggered by half the multi-photon probability events,

resulting in e

Pn/2
The g? (0) parameter is then re-written as a function of the photon statistics

FG (4.19)

of the Linear-Optic HPS and the detection efficiency values as

2 Pm
g (O) - 2 2 Y
alps +&2Pm+a3P5Pm

(4.20)

where a; = 1/2, aa = (2—np/4—nc/4+1rc/8), and a3 =
(2 —np/4 —ne/4). From the modeled single and multi-photon probabil-
ities, we find that ¢*(0) is 0.56 at the coincidence peak and 1 for the
distinguishable case. Figure 4.8 presents the predicted values for ¢g* (0) and
the experimental values. The inset exhibits the predicted values for g¢*(7)
considering p = 0.1 and the detectors efficiency 7y pe = 0.15. The agreement

between experimental and theoretical results validates the model.
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Figure 4.8: Theoretical values and experimental results for
g*(0) for the Linear-Optic HPS at the operational point
(shown in the inset over the g* (7) function).

'Refer to Appendix 7.16. Note that we replaced modes a and b by modes f and g for
notation consistency.
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The states produced at the Linear-Optic HPS output are squeezed WCSs
for which the photon-number distribution is narrower than the coherent state
but with wider bandwidth, obeying Heisenberg’s Uncertainty Principle [5,139].
The frequency-broadening with respect to the original linewidth is due to the
frequency modulation of the optical signal. The frequency-modulation input at
the TLS is excited by a triangular wave with frequency 3.1 kHz corresponding
to a period of 322.6 microseconds. The optical switch at one of the MZI’s arm
selects photons with a fixed frequency displacement during a 30 microsecond
period — 9.3 % of the triangular wave period — which yields a 40 MHz tone as
observed in the Electrical Spectrum Analyzer and shown in Fig. 4.1. Therefore,
the total frequency sweep that characterizes the Linear-Optic HPS output
linewidth is given by Av = 40 x (0.093)_1 = 430 MHz. By connecting a high-
resolution Optical Spectrum Analyzer (OSA) to the source’s output, one can

measure the output linewidth of the states, which is displayed in Fig. 4.9.
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Figure 4.9: Overall output linewidth of the Linear-Optic HPS.
The curve was acquired during a 2 hour period using a high-
resolution OSA.

The expected linewidth of the squeezed WCS heralded by the Linear-
Optic HPS agrees well with the 447 MHz linewidth. The correspondent
coherence time of 2.2 ns is more than 7 times greater than for highly filtered
asynchronous SPDC-HSPS [84]. Even though the overall output of the Linear-
Optic HPS shows a broad linewidth, it is important to note that, in a single-
photon interference context, the linewidth is actually that of the original optical
source, around 600 kHz. The resulting coherence time would be as high as
530 ns, several orders of magnitude higher than SPDC-based HSPS. This is
important, for instance, in the time-bin-based prepare and measure schemes
[35], where the emitted photons interfere with themselves. The Linear-Optic
HPS can, then, be made as coherent as a faint-laser source with improved

photon emission statistics.
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4.1
Quantum Key Distribution Link Employing the Linear-Optic HPS

The performance of a QKD system is directly dependent on the photon
statistics of the optical source. We therefore analyze the secret key generation
probability and the maximum achievable link distance for the Linear-Optic
HPS, for a FLS, and for an SPDC-HSPS, following the GLLP [161] and the
decoy states analysis [46]. The parameters Py, P; and P, are the probability of
Alice sending vacuum, single- or multi-photon pulses for each kind of source
considered. The yield is the conditional probability of detection for Bob, given
that Alice has sent an 7-photon pulse. This is given by Y; ~ P; + n;, where
Py is the detector dark count probability and n7; = 1 — (1 — n)i. The overall
transmittance 7 includes the detection efficiency (nspp), the transmittance of
Bob’s devices (1p,5) and is proportional to the link loss (7 ~ 10~*//10) — where
« is the attenuation coefficient (dB/km) of the fiber with length L (km) at the
operation wavelength. The gain of the i-photon state is given by Q; = Y},
and the overall gain is obtained by summing over the contribution of all states
Qu =220 Q-

The error probability of the é-photon state is given by e =
(€Yo + eopeni) /Yi, where eg = 1/2 is the probability of a dark count occur-
rence at the wrong detector and e,,, corresponds to the optical misalignment
of Bob’s apparatus. The overall error is given by £, = Q%L Y2y ei@;. The secret

key generation probability is computed as

R>q{Q:[1 - Hy(e1)] — QuH> (E,) f(EL)}, (4.21)

where H, () is the Shannon binary entropy, f(x) is the inefficiency of the
error correction (1.16 here), and ¢ = 1/2 appears due to the bases matching
probability. Considering the GLLP security analysis [161], the gain of single-

photon pulses is lower bounded by
QlZQu_ZPi%Qu_Pm(:u)' (422)
i=2

This assumption is the pessimistic one where all multi-photon pulses sent by

Alice are eavesdropped. In this analysis, the single-photon error is given by

e1 = (BuQu)/ Q1. (4.23)

When using the decoy states method, the values of (J; and e; can
be estimated without the pessimistic assumption. This is possible due to
the random choice of intensities sent by Alice. The 7-photon yield does not
depend on Alice’s choice, so Eve cannot predict nor fake the output of

Alice’s source. Furthermore, due to these tighter bounds, Alice can usually


DBD
PUC-Rio - Certificação Digital Nº 1413510/CA


PUC-RiIo - Certificacéo Digital N° 1413510/CA

Chapter 4. Linear-Optic Heralded Photon Source 82

use higher intensity values without jeopardizing the system security. The
simulation parameters were extracted from [74]: a=0.21 dB/km; 1p,,=0.045;
P;=0.85x107%; €,,,=0.033. The value of ;1 was optimized at each link distance
for the faint laser source and Linear-Optic HPS. The efficiency of the heralder
detector of the Linear-Optic HPS is 15%. The probabilities for the SPDC-based
HPS were obtained from [86]: P;=0.42 and ¢* (0)=0.018, with P, = ¢* (0) P?/2
[83]. The results for the secret key generation probability obtained as a function

of the link length for different sources are shown in Fig. 4.10.
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Figure 4.10: Simulation of the secret key generation probab-
ility for a BB84-based QKD system considering: GLLP ana-
lysis with (a) faint laser source, (b) SPDC-based HPS, and (c)
Linear-Optic HPS; decoy states method with (d) faint laser
source, (e) SPDC-based HPS, and (f) Linear-Optic HPS; and
(g) a true single-photon source.

The reported Linear-Optic HPS [68], when conditioned to the temporal
selection of pulses at the operational point, exhibits improved statistics when
compared to that of coherent states. The output states may be regarded as
squeezed photon-number distribution weak coherent states since the second-
order correlation function at zero time is less than one [5,139]. The present
QKD link simulation reveals that, under GLLP analysis, the proposed source
increases the maximum achievable distance of a QKD link with a factor of
1.15 when compared to both the faint laser source and SPDC-based HPS.

Considering short links, the secret key generation probability of the source
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is (at least 1.86 times) greater than for the faint laser source, while largely
overcome by the SPDC-based HPS (with a factor 16). Considering the decoy
states approach, we found that the proposed source outperforms the faint laser
source in secret key generation probability and in distance. Its performance
is also highly competitive with state-of-the-art SPDC-based HPS concerning
both parameters. The maximum achievable distance is slightly shorter (4 km,
corresponding to a length reduction of 2.5%) and the secret key generation
probability presents a small penalty on the simulation. Parameters taken from

[87] were also tested with qualitatively similar results not shown in the figure.
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5
Sub-Poisson Statistic Photon Stream Heralded at a Hong-
Ou-Mandel Interference Peak

As we show throughout this chapter, the HOM dip counterpart, the
HOM peak, can be observed in a modified version of the Hong-Ou-Mandel
interferometer fed with weak coherent states. The peak is characterized by an
increase in the coincidence events between detectors placed at the output of the
interferometer when the wave-packets overlap. Even though this phenomenon
is purely classical as it involves the interference of classical weak coherent states
in a beam splitter, the higher coincidence rate indicates that, by time tuning
the interferometer, it is possible to post-select states which are more likely to
take on different output paths after the interaction. Following the findings of
Ferreira da Silva et al. [68], we attempted to herald the presence of a photon in
one of the output arms of the interferometer given a detection on the opposite
output arm.

Let us consider the modified Hong-Ou-Mandel interferometer fed with
weak coherent states, as depicted in Fig. 5.1, in which a second beam splitter
is connected to spatial mode ¢ and Single-Photon Avalanche Diodes (SPADs)
operating in gated-mode are connected to spatial modes f and ¢g. An electronic
unit is responsible for sweeping the relative temporal delay between detections
and also accumulating the coincidence events. A polarizing beam splitter (PBS)
and an additional SPAD are used to guarantee that the polarization of the
photons is matched: the counts in the auxiliary SPAD connected to the PBS
are minimized down to the detector’s noise floor. This condition is a sufficient

one for the visualization of the two-photon interference effect [160].
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Figure 5.1: Modified HOM interferometer. An additional
beam splitter is connected to output spatial mode ¢ of the
first beam splitter and the SPADs are connected to its out-
puts. An electronic unit is responsible for sweeping the relative
temporal delay between detections and storing the coincidence
events. VOA: Variable Optical Attenuator, PBS: Polarization
Beam Splitter, Dqg;: polarization alignment SPAD, D,,: SPAD
at spatial mode n, PC: Mechanical Polarization Controller.

The case of interest is [1hi,) = |14. 1,) = alaj |0) representing two photons
entering the interferometer from input spatial modes a and b respectively. In
the Heisenberg picture [162], the beam splitter transformation acts on the

creation operators as

(af +ial) ag%i(mzmj,). (5.1)

1
—>E NG

Two-photon interference in the Hong-Ou-Mandel interferometer depends

At
a’a

on the indistinguishability between the wave packets that describe the inter-
action. By enforcing a long-enough relative delay between the detections on
spatial modes g and f, one can establish the condition of distinguishability.
Therefore, we analyze the two cases, that of distinguishable and that of in-
distinguishable photons, separately. For the first case, the state that describes

the system after the interaction on the first beam splitter, |¢per1iar), reads

Lo s At A At
[Vpartial) = 5 (zaial +afal, — alal + zafiaji) |0) . (5.2)

We note that the middle terms are not canceled out since the states are
distinguishable and ala) # alal. The second beam splitter transforms the
creation operators in the same fashion as the first with notation changing

accordingly due to the different spatial modes label. The final output state
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reads

5.3
+ —(za;aha}a}a%}-m%@%zagag] 0). (5.3)
From this result, we can calculate the probability of a photon impinging
on the detector placed at output spatial mode g. We associate a detection to
the presence of at least one photon in this spatial mode. Since the maximum
number of photons per spatial mode, in our case, is 2, the upper bound of
the summation can be restricted and we find the probability of a detection
recorded on D, to be
2 7
P;et = Z <1/’out|ig> <ig|l/’out> = 16

1=1

(5.4)

We associate the probability of a coincidence count event between detectors
g and f to the probability of one or more photons to be present in mode f
conditioned to one or more photons being present in mode g. The result is
Peoine = P - Pt = 7/16 - 2/7 = 2/16. In the second case, namely the one
in which the photons are indistinguishable, we note that the middle term in
Eq. 5.3 cancels out since one cannot distinguish between &}62 and d;d} or &ng
and &E&;. After re-normalization, the output state in the indistinguishable case

reads

o) = LL\@ (a}al—afa) + - a}a;+%agag 10) . (5.5)
We can calculate the same probabilities as before and find that a detection
on output spatial mode g occurs, now, with probability 6/16. Coincidence
count events, on the other hand, occur with probability P.,. = Pgd . Pj?f; =
6/16 -4/6 = 4/16.

The effect on the coincidence count events between detectors g and f, as
one sweeps the time delay between the detections in the analyzed conditions, is
an increase by a factor of two due to the photons becoming indistinguishable,
i.e., the photons are more likely to take on different output paths within the
condition of overlapping wave packets, in contrast with the effect observed in
the traditional Hong-Ou-Mandel interferometer. The expected interferogram
is a coincidence peak in contrast with the coincidence dip of usual HOM

experiments.
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5.1
Simulation Results with the Spatio-Temporal Wave-Packet Description

The spatio-temporal wave-packet formalism developed in Section 2.5 per-
mits one to associate the probability of a coincidence photon detection to the
wave-packet of the input states. Furthermore, from the expression of the joint
photon-detection probability, we have mathematically extracted the spectral
information of the states directed to the Hong-Ou-Mandel interferometer. A
distinct feature that have been highlighted in the end of the theoretical devel-
opment of Section 2.5 is that, independently from the wave-packet format, the
joint photon-detection probability expression recovers the vanishing character
of the Hong-Ou-Mandel dip in 7 = 0. When we employ the same formalism to
the case of the modified Hong-Ou-Mandel interferometer, the results should
hold their consistency.

Let us first present, in Fig.5.2, the numerical simulation results when
gaussian wave-packets are considered for the input frequency-displaced states
entering a Hong-Ou-Mandel interferometer. The frequency displacement is set
to 20MHz. As expected, the probability of a coincidence event is zero at 7 = 0

and raises to a maximum at 7 = pi/A = 0.16us.

-5';:'16—_'1'I'I‘I'I'I'I'I‘I'__
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Relative Temporal Delay (t) [us]

Figure 5.2: Numerical Simulation results when a gaussian
wave-packet is assumed for the input states of a conventional
Hong-Ou-Mandel interferometer. The probability is normal-
ized to 1.

In the case of the modified Hong-Ou-Mandel interferometer, we are
interested in the coincidence event probability of detectors Dy and D, placed
at the output of the second symmetric beam splitter. We must, therefore,
attempt to write the electric field operators for modes f and g as a function of

the input spatio-temporal wave-packets of modes a and b. We recall that the
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electric field operators of modes ¢ and d may be written as:

ED) () = 5 (ES) (1) +iE7 (1))

B0 =F5 (ED (0 + B (). o

The electric field operators of modes g and f, in turn, can be written as
a function of the electric field operators of modes ¢ and e, where we named
mode e the disconnected input mode of the second beam splitter of the modified

Hong-Ou-Mandel interferometer:

57 (1) = &5 (GEO () + BO) (1) -
() = L5 (B (1) +4E0) (1)
Combining these equations, we find that
50 =5 (BD 0 +iB7 () + 55E0 () )
57 () =5 (B 0 +iB7 (1) + HEO (1),

Once again, we are interested in the joint photon-detection probability at
modes f and ¢ given that two single-photons are directed each to a different
input port of the modified Hong-Ou-Mandel interferometer. The expression
is quite similar to the one for the usual Hong-Ou-Mandel interferometer, but

with a slight change of notation due to the fact that the modes are different:

Pjoint (ta 7—) = 0f,g (ta t+7) -

)= 9 - A (5.9)
(0]t B () B (t47) BV (447) B (1)afal 0)

When we substitute the expression for the electric field operators on modes f

and ¢ as a function of the input wave-packets, the result yields*

Pjoint (tv T) =0ty (ta t+7—) -

(5.10)
= Flea (t+7) 20 (8) + 2 (t47) 20 (8) [

One of the most interesting features of this result is that, no matter the shape
of the wave-packet (its mathematical expression), the joint photon-detection
probability is at its maximum value at 7 = 0, characterizing the Hong-Ou-
Mandel dip and showing that the results of the wave-packet formalism are
consistent with the Fock states analysis. The numerical simulation of the new
expression for the joint photon-detection probabilty have been performed with

the same parameters of Fig.5.2 and are depicted in Fig.5.3. The probability

'Refer to Appendix 7.17 for complete mathematical development.
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approaches its peak value as 7 goes to zero and goes to zero when 7 = 7/A.
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Figure 5.3: Numerical Simulation results when a gaussian
wave-packet is assumed for the input states of a modified
Hong-Ou-Mandel interferometer. The probability is normal-
ized to 1.

5.2
Experimental Results

To perform the experimental verification of the above theoretical pre-
dictions, the optical output of a frequency-locked CW semiconductor laser
centered at 1551.7 nm was directed to one of the input ports of the first
symmetric beam splitter through a polarization controller and a variable op-
tical attenuator. The remaining input port of the beam splitter was connected
to another frequency-locked CW semiconductor laser centered at the same
wavelength as the first. Frequency stabilization is possible by locking the laser
wavelength to the absorption line of a high-Q factor gas-cell through a PID con-
trol loop. Polarization and intensity control was also enforced onto the second
laser to guarantee the indistinguishable and few-photon conditions necessary
for observation of the two-photon interference phenomenon with weak-coherent
states [160]. The result of the experiment is presented in Fig. 5.4, where the red
curve corresponds to the normalized HOM dip acquired by placing detectors
at spatial modes ¢ and d, and the black curve corresponds to the HOM peak
when the detectors are placed at spatial modes f and g (refer to Fig. 5.1). Both
detectors are set to 15% efficiency and 4-ns wide gates which corresponds to
the best compromise between dark counts (on the order of 107 per detection

gate) and efficiency.
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Figure 5.4: HOM dip (red) and HOM peak (black) interfero-
gram. The HOM dip is acquired by placing detectors at spatial
modes ¢ and d, whereas the HOM peak is acquired by placing
the detectors at spatial modes f and g.

In order to guarantee that the relative temporal delay for both experi-
ments was identical as observed in Fig. 5.4, the same optical fibre loop was
employed to impose an optical delay between the output of the second beam
splitter and the input of the SPAD, which corresponds to ~ 343 ns. We see that
the intrinsic multi-photon limitation associated to employing weak-coherent
states in two-photon interference experiments [7] also affects the HOM peak,
the visibility does not reach 100% and is limited by 50% [138]. In Fig. 5.5,
the interferogram for both the HOM dip and the HOM peak are presented
when the frequency displacement condition is enforced. We used the model
developed in [148] for data-fitting the interferogram with good correspond-
ence. We also assumed gaussian wave packets and assured that the average
number of photons per gate u was kept smaller than the 0.2 limitation of the
theoretical model [148].
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Figure 5.5: Beat pattern modulating the HOM dip (red) and
the HOM peak (black) interferogram curves in the case of
frequency-displaced wave packets.

The slight difference in the beat frequency between both experiments is
due to a small drift in the frequency-locking system which, however undesired,
does not overshadows the result which is the beat pattern modulating the
HOM peak as expected. We used the model developed in [148] for data-fitting
the interferogram with good correspondence. We also assumed gaussian wave
packets and assured that the average number of photons per gate u was kept
smaller than the 0.2 limitation of the theoretical model [148].

The experimental results clearly advocate that, from a heralded source
point of view, one is able to time tune the heralding event to match the Hong-
Ou-Mandel peak or any other region of the interferogram. Conversely, one
could also herald a state at the Hong-Ou-Mandel dip. This is important in
order to compare the results of g (0) for each case in the light of quantum
coherence theory. To conduct the HBT experiment and, thus, experimentally
determine the value of ¢g® (0), we consider the detector D, as a heralder for
the presence of a photon in spatial mode f: we are interested in determining
the multi- to single-photon ratio in this beam conditioned to a detection in
D,.

To perform the Hanburry-Brown and Twiss experiment?, two SPADs (A

2Refer to Appendix 7.16.
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and B) are placed at both spatial output modes of another symmetric beam
splitter. The input ports of this beam splitter are arranged so that one of them
is connected to spatial mode f and the other is left unconnected. The exper-
imental setup is clarified in Fig. 5.6. To eliminate experimental complications
due to the frequency-locking loop, we introduce a self-homodyne setup with a
single laser source [68]: both frequency-locked lasers are substituted by a single
semiconductor CW laser; the output is divided by an optical beam splitter and
the coherent states in each arm are uncorrelated by an optical delay line ap-
proximately 8-kilometers long to account for the temporal coherence of the
source; the independent states are then directed to the modified HOM inter-
ferometer which, after the modifications, acts as a heralded source connected
to a HBT experiment. The complete setup is depicted in Fig. 5.6. This new
setup has the advantages of employing a single laser source and the absence of
frequency-locking control which greatly simplifies the experimental apparatus.
Other than the fact that the new laser source employed is spectrally narrower
when compared to the former frequency-locked lasers, no fundamental changes

are made to the experiment.

Optical - \sc source
Delay

TDOCS

Figure 5.6: Simplified experimental apparatus employing a
single laser source in a self-homodyne configuration. The weak
coherent states are uncorrelated. The connections necessary
for the HBT experiment are depicted: the connection of an
additional beam splitter at spatial mode f; and two SPADs
(D4 and Dp) at its outputs.

In Fig. 5.7, the results of the HBT experiment are depicted. The value
of g (0)? was calculated for different time-tuned heralding instants covering
the whole region of overlapping wave-packets and also outside this region. The
experiment was performed for the HOM dip (Fig. 5.7-a) and for the HOM
peak(Fig. 5.7-a). For clarity, we plot, for each value of the experimentally

determined ¢ (0), the respective accumulated counts on both D, and Djp

3Refer to Appendix 7.16.
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conditioned to a delayed detection in g. Note that these counts represent the
HOM interferogram between D, and D 4, and between D, and Dp, respectively.
Upon close inspection of the experimental apparatus depicted in Fig.5.6 for the
HBT experiment and in Fig.5.1, one can identify that, apart from the intrinsic
optical loss induced by the symmetric beam splitter, the setup is also capable

of tracing the HOM interferogram.
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Figure 5.7: Experimentally determined values of ¢ (0) (blue
squares) for different time-tuned heralding temporal delays in
the HBT. The values are calculated for both the HOM dip
(a) and the HOM peak (b), as indicated by the coincidences
between D, and D, (black triangles) and between D, and Dp
(red circles).

The results clearly indicate a difference in the nature of the states
heralded at three distinct regions: the HOM dip; the HOM peak; and the
region of distinguishable state in which the wave-packets are not overlapped.
As expected, when the states are distinguishable, no variation of g® (0) is
observed and it is tied to the value of 1 corresponding to states with Poisson
photon statistics such as the coherent states. An incoherent mix of coherent

states at the input of a beam splitter produce an incoherent mix of coherent
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states at the output so ¢g® (0) = 1 [5]. When the heralding instant matches
the HOM dip, on the other hand, we see that the higher probability of states
to take on the same path cause the photon statistic of the heralded states
to follow a super-Poisson distribution, a result confirmed by ¢ (0) greater
than 1. Conversely, in the HOM peak, the states are more likely to take on
different output paths so a herald event is likely to announce a light pulse
containing at least one photon and, with the condition of weak coherent states
satisfied, unlikely to announce a multi-photon pulse. The photon statistics of
the heralded states in this case follow a sub-Poisson distribution with ¢ (0)
less than 1.
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6
Conclusions

Even though we do not attempt to answer the ill-posed question which is
rascally dodged right at the beginning of the document (“What is, after all, a
photon?"), we attempt to, once again, back the statements which were drawn:
quantum optics is a rich and surprising field which allows one to asses purely
quantum effects in straightforward linear-optic setups. Linear-optic two-photon
interference is capable of putting us closer to the answer — or to an answer —
to the question we all wish to address.

The spectrum of a photonic wave-packet can be perceived from the
analysis of the coincidence events in a Hong-Ou-Mandel interferometer. The
so-called Few-Photon Fourier-Transform Spectroscopy offers the means to
analysing unknown faint light pulses with high-resolution. Its mathematical
modelling is in close correspondence with the experimental results and figures
as a simple and resourceful spectral characterization technique [160].

Squeezed states of light which follow a sub-Poisson distribution are
especially interesting since they approximate the single-photon condition. The
fact that such states can be produced with a simple linear optic setup and
a conditioned heralding detection is exciting since it eliminates the need of
complicated setups involving non-linear effects with high-energy pump sources.
Our claim that the heralding event time-tuned to a coincidence peak after
the two-photon interference of classical states at an optical beam splitter can
indeed yield states with non-classical photon distribution, such as sub-Poisson,
is grounded by the results of ¢® (0) = 0.78 for the HOM peak, ¢ (0) = 1.25
for the HOM dip, and ¢ (0) = 1 when no quantum interference takes place
[163].

The Linear-Optic Heralded Photon Source broadens the plethora of
resources for quantum communication posing as an alternative low-cost and
experimentally-simple source. The all-fiber telecom-compatible design, its sub-
poissonian character, and the rather simple setup make it a proper choice for
long-distance quantum communication. The performance of the Linear-Optic
HPS, evaluated in a simulation of a BB84-like QKD section, reveals that the
proposed source outperforms the faint laser source and is highly competitive
with the SPDC-based HPS [68].
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6.1
Future Works

A distinct feature of sub-poisson states is that, when they are directed
to a Hong-Ou-Mandel interferometer, the visibility of the coincidence dip is
higher than 50%. This is related to the higher rate of single-photon to multi-
photon pulses when contrasted with classical poisson states which are limited
to a 50% visibility. When we mention the fact that sub-poisson states have
been heralded in a time-tuned modified Hong-Ou-Mandel interferometer, one
of the most immediate concerns is how would the HOM interferogram of such
states look like. We know that the visibility is as close to 100% as the sub-
Poisson state is close to the ideal single-photon and would expect the linear-
optic heralded states to be in between 50% and 100% visibility. Since this is the
most exciting prognosis from the results related to the Linear-Optic Heralded
Photon source and hereby reported, we leave it as a future work. Not only the
HOM interference between two linear-optic heralded states — which requires
the development of two linear-optic heralded source — ;| but also between a
linear-optic heralded state and a classical weak coherent state and from states
heralded in an SPDC-based source. From the Few-Photon Fourier Transform
Spectroscopy point of view, we believe that, once it has been demonstrated that
weak coherent state sources can be spectrally characterized, we would wish to
spectrally characterize single-photon sources such as SPDC-based Heralded
Photon Sources, and quantum dot sources, so we also leave it as a future point

of investigation.
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7
Appendices

7.1
Electric Field Quantization, Annihilation and Creation Operators and the
Quantized Harmonic Oscillator Hamiltonian

The single-mode expression of the electric and magnetic fields, oscillating

along the = and y axis inside the cavity, respectively, are given by [5,140]

By (z,t) = (i%) ¢ (t)sin (k2), (7.1)

2w?

B, (zt) = (%) (60—9> p(t) cos (k).

The classical field energy, or Hamiltonian, of a single-mode field contained in

a cavity which is assumed to have volume (2 is

_ o\B) +(B)
H=Q o (7.2)
which, using the relation (sin (-))* = (cos (-))* = 1/2, yields
H= E (p2 + w2q2) : (7.3)
2

The variables p and ¢ that represent linear momentum and position, respect-
ively, are canonically conjugate and, therefore, using the correspondence rule,
one replaces them by their equivalent p and ¢ operators [5]. Operators p and ¢
are Hermitian and obey the commutation relation [§, p] = éhl. The Hamilto-
nian, after the replacements, reads

gl (5 + @) (7.4)

5 : .

Writing the commutation relation of annihilation and creation operators

in terms of the linear momentum and position operators, for which the


DBD
PUC-Rio - Certificação Digital Nº 1413510/CA


PUC-RiIo - Certificacéo Digital N° 1413510/CA

Chapter 7. Appendices 98

commutation relation is known, yields

a,a'] = [(2hw) 2 (wi + ip) . (2hw) ™ (G — ip)
(2hw) ™" (—iwdp + iwpd + —iwdh + iwpq)

Now, we express the operators p and ¢ in terms of the annihilation and

creation operators:

1
: (7.6)
2

DN |

which is the final simplified form of the quantized electric field Hamiltonian
operator expressed with annihilation and creation operators. Usually, the

identity operator is dropped and one writes Aw (&T& + %)
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7.2
Effects of the Annihilation and Creation Operators on the Harmonic
Oscillator Hamiltonian, Zero-Point Energy, and the Effects of Applying
the Annihilation and Creation Operators on Fock States

The commutation relation between the annihilation and creation operat-
ors can be used to reduce the number of steps in this particular mathematical
development: {d,&q =1 — afa = aa’ — 1. Let us, then, apply the creation

operator to the Hamiltonian of the state of well-define number of photons:

1
o (hw (eﬁ& n 5) \n>> — "B, |n)
. N N .
Fuw ((aaT — 1) at + §aT> In) = E,a' |n)

1

(7.9)
h (aia + 5) at ) = (B + hw)al |n)

H (atn)) = (En + hw) (a' ).

The exact same procedure yield the corresponding result when one applies the
annihilation operator with the exception that we use the inverse of the above

relation derived from the commutator a and a', i.e., aa’ = a'a + 1:

0 (hw (a*a + %) |n)> _ aE, n)

o ((a*a +1)a+ %a) In) = Ené |n) -~
h<afa+
H (a|n)) = (E, — hw) (a|n)).

aln) = (Ep — hw)a|n)

The zero-point energy, or vacuum energy, is the eigenvalue associated to

the vacuum state when operated by the Hamiltonian:

1
H{0) = hw (a*a n 5) 10)

hw

= hwa'a|0) + — |0)

ha (7.11)

— hwa! x 0+ o 0)
hiw

where we have used the defined relation a |0) = 0. Starting from Ey = hw/2 and
knowing that £, 1 = E,+ hw, we find that FE, = hw (n + 1/2)Vn € N°. Going

back to the Hamiltonian, we determine the form of the number of photons
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operator, n:

Hin) = E, |n)
hew (a*a + %) ) = hw (” + %) n) (7.12)
a'a|n) =n|n)

The number of photons operator is very useful in determining the result
of operating the annihilation or creation operator over a state of well-defined
number of photons. We know that a' |n) = ¢, |n+ 1) and a|n) = d,|n — 1).
Taking the inner product of a |n) with itself yields

(n|ata|n) = (n|n|n) = n. (7.13)
At the same time, however,
((nla') (aln)) = (n — 1] dydy [n — 1) = |dy|? (7.14)
so we find d,, = y/n. We now take the inner product of a' |n) with itself
(n|aa’|n) = (n|a'a+1|n) = (n|a+1n) =n+1 (7.15)
to find that ¢, = v/n + 1.

7.3
Time Dependency of the Annihilation and Creation Operators

In the Heisenberg picture, operators evolve in time while the states
are time-independent which is in contrast with Schrodinger’s interpretation,
where the operators are independent of time and the states evolve in time
[38, 162, 164]. Therefore, the time-dependence of annihilation and creation
operators can be determined by examining Heisenberg’s equation for an

arbitrary operator A [5],

= |H,A]. (7.16)


DBD
PUC-Rio - Certificação Digital Nº 1413510/CA


PUC-RiIo - Certificacéo Digital N° 1413510/CA

Chapter 7. Appendices 101

Inputting the annihilation operator into Heisenberg’s equation yields

a
= iw (a*aa . (1 + a*a) a) (7.17)
a

7.4
Expected Value and Uncertainty of the Electric Field Operator for Fock
States

Using the second postulate of quantum mechanics, we can calculate the

expected value of the electric field of a state of well-defined number of photons

A

(n| E, () [n) = & ((nl @[n) + (n]afn)) , (7.18)

where the time-dependence of the annihilation and creation is left implied.
Since a' [n) = /n+1|n+1) and a|n) = y/n|n — 1), and due to the ortho-
gonality of Fock states, we find that (n| E, (t)|n) = 0. In the case of the

expected value of the square of the field, we have

(n| B2 (t) |n) = €2 (n] a'a’ + afa + aa’ + aa |n)
=2 (nla'a’ + aa + 2a'a + 1 |n) (7.19)
=2 (2n+1),

where once again we used the relation aa' = a'a + 1 and the orthogonality
of Fock states. The uncertainty is calculated as the standard deviation of the

observable,

) =\l B2 (1) n) — (40 £, (1))

=0 ( 2n+1)

(7.20)
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7.5
Coherent States Mathematical Expression

The defined relation a|0) = 0 permits one to rewrite the eigenvalue

equation with a change in the summation limits:

= i:ocn& |n)
= i cav/n|n —1) (7.21)

n=1

o0
= aZcﬂn),
n=0

where we used the fact that a|n) = /n|n —1). Equaling term by term of
the summation, we notice that a generic term can be written, without loss of

~1/2¢, 1. The coefficient ¢, can, therefore, be written as

generality: ¢, = a/n
a function of ¢g, for which n steps are necessary, so ¢, = a" (n!)_l/ % ¢o. The

expression for the coherent states reads:

Z CO\/— n) . (7.22)

We enforce the normalization condition over the above expression of the

coherent states in order to determine the value of coefficient cg:
(ala) =1

(m|n)

= Il Zo >
_ leof? Z |a|2” (7.23)

= |co|26‘a|2.

1 2
= ¢g = e 2lF,

7.6
Expected Value and Uncertainty of the Electric Field Operator for Coher-
ent States

To calculate the uncertainty over the electric field of coherent states, we
employ the same expressions presented in Appendix D but, instead of using

the Fock state |n), we use the coherent state |a). We remember that coherent

states are eigenstates of the creation and annihilation operators associated to
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eigenvalues a* and «, respectively. The calculation follows:

((al B (1)) = (ol =0 (a + a*) )"

— 63 ( a| il |a>)2 (7.24)
=g (" )
=) (a*2 + a® + 2| )
(o] B2 (1) |o) = (o] 2 (a +aT) Ja)

= e (ala'a’ +a'a + aa’ + aa|a) (7.25)

=2 (ala'a’ +aa 4 2a'a + 1|a)

= (a?+a” + 20 +1)

AL (1) =\ lal B2 (1)) — (tal £ (0)]a)’ -

7.7
Coherent States Photon Distribution

To calculate the probability of finding &£ photons in a coherent state,
it is necessary to project the state |a) over the operator |k ){ k[: Py (k) =
(a|k)(k|a) [115]. This is equivalent to taking the modulus squared of the inner
product between (k| and |a). Using the expression of the linear combination

of Fock states to compose the coherent state ), we write
2 lapyn @
(ko) | =e ;me. (7.27)

Note that the terms of the summation are all equal to zero except when n = k

due to the orthogonality property of the Fock state basis. Therefore,

a2
Pa> (k‘) =€ | |2? (728)
Setting pu = |a|?, yields
Lk
Py (k) =e "= (7.29)
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which corresponds to a Poisson distribution of parameter u, the average

number of photons occupying the state.

7.8
The Displacement Operator

The Baker-Hausdorfl Formula [165, 166] states that when two operators
A and B satisfy both [fl, 3} # (0 and Vl? {Aﬁ” = {3 VL é}] = 0, then the
following relation holds:

eA—I—B _ €A€B

e~2[48], (7.30)
In the case of annihilation and creation operators, we have {&,&T} =1, so
the first condition is satisfied. As for the second, {&, I } =al —Ia =0 and
{&T,IA} =afl — Ial = 0, so it is also satisfied. Therefore, the Displacement
Operator [132,167] reads D (o) = ¢*4'~e"a — c=3lal* et o=a"a The effect of

this operator over the vacuum state is:

1

0) = —tlaf? aat 5~ (=@ a)’ 0
)y =ezller® Y 0)

\a|2€o¢€ﬁ6—a*d

e 2
per 4
_ e—%|u\26u€ﬁ |0>
12 00 o An
— ¢zl Zm(aﬁ) 0) (7.31)
n=0
12 o) am
— 3l 3 '|n>
n=0 T:

7.9
Coherent States and Beam Splitters

A coherent state can be thought of as a displaced vacuum state in
which case the displacement operator plays a fundamental role such that
D ()|0) = |a). When the state |a) enters a symmetrical beam splitter, we
can employ the Heisenberg picture such that the operators are transformed
according to the beam splitter transformation and the states are preserved. We
recall that the beam splitter transformation works on the creation operators

of each beam splitter input and output mode as

1
al =% NG (af +dal)
ss 1 (7.32)
AT N
a, — NG (zac + ad) ;
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with similar effect on the annihilation operators. We also recall the expression
of the displacement operator which displaces the vacuum state on spatial mode
a of a beam splitter to create a coherent state: D, () =€~ 3lal’ gadl g—a"da The

effect of the beam splitter over a coherent state is, thus, described by:

|O~/a;0b
D, ()04, 0

1 2 AT s
e 5lal %00 =0 la |0a70b>

)
)

[

(&)

e~3le e\/i(alﬂaT)e i (ac+ita) |0c, 04)

(7.33)
o~ 3ol o Tt Ty e - Flal? o S0 |0 0,)
Dc ( ) Dd ( ) |007 0d>

‘75(:’ 7§d>'

A coherent state entering a symmetrical beam splitter produces coherent states
at both output spatial modes with field intensity obeying the transmissivity

and reflectivity of the mirrors such as classical light.

7.10
Joint Photon-Detection Probability

The joint photon-detection probability is the probability of registering
a coincidence event from detectors placed at the output of a symmetric
beam splitter fed with two single-photons described by their spatio-temporal
mode functions or spatio-temporal wave-packets. By taking the joint photon-
detection probability expression and the relation between operators E*) ()

and E[(ii) (t) with the wave-packets of the input photons, one gets

Pjoint (t,7) =
(0l dadiy | J5 (5 (1) al+ig; (1) a))|
5 (i€ (t+7) al+& (t+7)a))] (7.34)
I (& (t+7) Ga+i&, (t+7) )]
| (i€, (1) Go+& () )] aal J0)


DBD
PUC-Rio - Certificação Digital Nº 1413510/CA


PUC-RiIo - Certificacéo Digital N° 1413510/CA

Chapter 7. Appendices 106

The above expression can be further simplified to:

]omt( ) ) -
(0] dq
(L& *f (t+7) al+385 () alé (t+7) o]
—% ()Abs (t+7) af+3& (1) aje (t+7) ap) (7.35)
(§6a (t4+7) afia () af + 380 (t+7) al& (t) ]
—5& (t+7) apéa (t )AT“‘lfb t+7) G (¢ )
abaT 0) .

Using the previously defined relation (0| a" = a |0) = 0, the expression reduces

to

Pioint (t,7) = (0138, (1) & (t+7) — 56 (t+7) & (1)

(7.36)
L6, (t47) & (t) — 16, (£) & (t+7) |0)

and, finally, we arrive at the final expression for the joint photon-detection

probability:

Pioint (8, 7) = 31& (t+7) & (£) =& (8) & (t+7) . (7.37)

7.11
Joint Photon-Detection Proability in the Frequency Domain

We wish to relate the Fourier Transform of the joint photon-detection
probability to the spectrum of each light pulse that interacts with the Hong-
Ou-Mandel interferometer. The main assumption here is that the spectrum of
the input spatio-temporal wave-packets is given by ¢;w) =.Z{f:()}. Following

up from the following equation

FAL0} =1 RWSW+RWSW

(7.38)
-FWZ W+ 2" wWZw)

we must employ a few Fourier Transform properties, specially the ones in-
volving convolution. The first property states the following: % {Vz(t)f} =
H(w)* H ). This permits us to re-write the first part of the above equation if
we remember that R() is the Fourier Transform of vl (t)‘ and that S) is the
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Fourier Transform of ‘ fo (t)’ Its new form will be, thus,

TP} =1 (010)%10) d2() % A2 ) + 61 (W) #61 () o) # 2 ()

(7.39)
~CWZ W+ 2" WZW).

The second and last property we wish to employ states the following:
F{hiOhs0)} = Hy (W) * Hy (). We can now re-write the second part of the equa-
tion if we remember that Z(w) is the Fourier Transform of f;({f)f; (), to find:

FAP(1)} = 10) *61() - d20) % P2() + 61 () % h1 (W) D20 % B2 )

(7.40)
— (010 *d3 W) - 91 W) * P2 (W) + T (W) % P2 (W) - 1 (W) * D5 W) -
We arrange the final equation in a simpler form which yields
FPAO}= 415616 02 2620 _

— 1) x5 ) PTW)*da )]

7.12
No-Cloning Theorem

The No-Cloning Theorem [36,37] states that no non-orthogonal quantum
system can be duplicated due to the intrinsic loss of information during a
measurement. Take the normalized states |H) and |45°), for instance, which are
non-orthogonal, i.e., (H]45°) # 0, and a supposedly quantum cloning machine

which operates as follows

|H) |blanck) |machine) — |H) |H) |machineq)

(7.42)
|45%) [blanck) |machine) — |45°) |45°) |machiney)

where blanck is an initial state of a particle which, after the machine’s opera-
tion, becomes the cloned state. This operation must be unitary and should pre-
serve the inner product, or (H|[45°) = (H|45°) (H|45°) (machineg|machine;)
which is only possible when (H|[45°) = 0 (the two states are orthogonal) or
when (H|45°) = 1 (the two states are indistinguishable) [168]. Both condi-
tions, however, lead to contradictions. The first one contradicts the very first
assumption of non-orthogonality between the two states. The second renders
this system useless for communication since, with indistinguishable states, no
information can be transmitted. Making use of non-orthogonal states and the
unavoidable modification of the original quantum state after measurements,
it is possible to devise Quantum Cryptography protocols that, instead of de-

pending on computation hardness, base their security on the laws of physics.
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7.13
The BB84 Quantum Key Distribution Protocol

The first protocol for Quantum Cryptography, or Quantum Key Dis-
tribution, was proposed in 1984 by Bennet and Brassard [39]. The protocol
involves two parties, Alice and Bob, who wish to communicate privately over
an untrusted channel. If Alice and Bob previously shared a random binary key
which had never been used, they could use it to encrypt and decrypt the mes-
sage with mathematically proved security. The One-Time Pad protocol [169],
to which we are referring, is secure given that the above mentioned conditions
are respected, namely: the key is perfectly random; and the key is only used
once. The goal of the BB84 protocol is to allow for Bob and Alice to simultan-
eously create a shared binary key whenever the need for secure communication
arises. Instead of transmitting the message itself through a quantum channel,
it aims on establishing a new key for classical perfectly secure communication.
For their distinct characteristics, protocols of such ilk are called Quantum Key
Distribution protocols.

The feature of QKD protocols that causes it to surpass classical crypto-
graphy protocols such as the RSA [170] is that the key distribution protocol
is grounded on the No-Cloning Theorem and allows for the communicating
parties to identify possible eavesdroppers which intend to gain information
of the key by measuring the quantum states that are being transmitted. For
that, a two-step protocol has been devised where quantum states are transmit-
ted and measured (quantum step) and the results of such measurements are
communicated by classical means (classical step). After the results are com-
pared by the two parties either one of two possible outcomes is reached: the
quantum key distribution has been successful and Alice and Bob can employ
their mutual key to communicate securely using the One-Time Pad; or an
eavesdropper has been identified and the quantum channel is compromised,
therefore the mutual key is to be discarded and re-generated.

The protocol initializes with Alice sending bits encoded on quantum
states to Bob which measures the states; this is step 1, the quantum step.
For long-haul quantum key distribution, the quantum channel is usually
chosen as an optical fiber and the transmitted quantum state as a physical
property of a photon such as polarization, phase, or time-bin, since photons
experience low loss inside an optical fiber. Alice prepares each qubit in a single-
photon state, according to a random choice between four states that form two
pairs of orthogonal states in canonically conjugated bases in a bi-dimensional
Hilbert space. Considering polarization states encoding, the bases may be

sorted from the rectilinear basis (composed by horizontal and vertical states of
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polarization) or the diagonal basis (composed by diagonal and anti-diagonal
states of polarization). Bob randomly chooses the measurement basis for each
incoming qubit and has a deterministic or probabilistic result according to the
overlap between his own and Alice’s chosen bases.

Bob’s typical detection apparatus for polarization qubits includes a HWP
to change the measurement basis, a polarizing beams plitter (PBS) and two
G-APDs. To choose between measuring on the rectilinear or diagonal bases
Bob sets the HWP to 0° or 22.5%, respectively. If Alice’s and Bob’s bases
match, the photon is routed to a deterministic spatial mode and is delivered
to the G-APD corresponding to the transmitted qubit. Otherwise, it becomes a
superposition of the PBSs eigenstates and the photon randomly emerges at one
output spatial mode, which can then be detected with an G-APD. During the
basis reconciliation in the post-processing round, Alice and Bob communicate
though an authenticated channel and select only the time-slots when their
bases have agreed. The conjunction of both Alice’s and Bob’s random decisions
produces the key, so neither parties can decide which key will result from
the protocol. It is worth noting that only the time slots corresponding to a
measurement result are considered, as in practice neither all pulses sent by
Alice contain photons — due to imperfect photon sources — nor all received
pulses can be detected by Bob — due to imperfect detectors, and channel and
component loss.

How the No-Cloning Theorem assures the security of the protocol be-
comes clear when we introduce a third party, Eve, which wishes to spy on
the transmission between Alice and Bob. A straightforward approach for Eve,
is to mimic Bob’s own performance, from the point of view of Alice, and to
mimic Alice’s own performance, from the point of view of Bob; this is called
the intercept-resend strategy: Eve measures the states sent by Alice in one of
the two possible basis like Bob would and resends a state corresponding to her
measurement result. With this strategy, Eve will get the right basis in about
half of the cases and the re-transmission to Bob will be successful. However,
the intervention can be noticed on the other half of the cases where Bob and
Alice get uncorrelated results and here is where step 2, the classical step, steps
up. After removing the cases in which Alice and Bob used incompatible basis,
they perform an error assessment by sacrificing some of the bits in their string.
If the error rate is higher than the expected when taking into account the com-
municating link’s characteristics (attenuation, dispersion), it means the states
have been tempered with. In that case, the whole compromised key is dis-
carded and the protocol initializes once again. Evidently, the key distribution

will only be successful if no eavesdropper is detected and, until then, no rel-
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evant data is transmitted. Assuming that no eavesdropper was detected, Alice
and Bob share a common binary key which can be used in order to communic-
ate secretly using the One-Time Pad Protocol. All subsequent transmissions
must be preceded by another QKD run since the binary key should only be

used once.

7.14
Attacks on the BB84

Quantum key distribution [35] benefits from the laws of quantum physics
to provide absolutely secure communication [171] between two communicating
parties (Alice and Bob), even if imperfect devices are used [161,172,173]. Im-
perfections on the equipment used in a QKD system can be related to sources
that emit multi-photon pulses which enable the photon-number splitting attack
[35]. Clever solutions based on fundamental principles were used to overcome
such imperfections, as in the decoy states method [44], which enable a more ef-
ficient use of imperfect photon sources — more specifically weak coherent states
with moderate multi-photon probability — for QKD. Recently a critical point
was recognized: back-doors may be open in some physical devices comprising
the QKD system, specially the single-photon detector (SPD). The flaws may
be explored by an eavesdropper for side-channel attacks [48,50,50-58,174-176],
which can jeopardize the security of the protocol.

These quantum hacking attacks are interventions caused by Eve from
the outside of Bob’s station by high-jacking the detection apparatus — whose
response can be predicted in some degree or even manipulated. In all cases,
the attacks make it possible for an eavesdropper to gain information without
being noticed, i.e., achieving a critically high mutual information with Alice
and Bob without exceeding the upper threshold of the quantum bit error rate
(QBER). The hacking schemes basically aim on two key points: exploring the
imperfect nature of the SPD — efficiency mismatched-based attacks [48,50,55] —
or externally forcing a deterministic result on the detection equipment — bright-
light based attacks [51-54,56,174]. Different countermeasures to avoid detector-
aimed quantum hacking attacks have been presented [47,48,50,50-58,174—178]
however, despite being effective for the proposed specific end, i.e., closing a
specific back-door, the solutions have no guarantees of being final, in the sense
that the vulnerabilities depend on the physical implementation of the devices
and the deployment of the systems. The counter-measures give, in the best
case, ad-hoc protection over some class of attacks.

The traditional single-photon detector (SPD) used in QKD systems
is composed of a cooled InGaAs avalanche photodiode (APD) operated in
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gated Geiger mode and an avalanche quenching circuit [15,35,179,180]. When
reversely polarized above the breakdown threshold — during short time windows
— the device becomes single-photon sensitive, so impinging weak light may
trigger a self-sustained avalanche. With the end of the gate, the over-voltage
bias is reduced and the macroscopic burst current is quenched to reset the
single-photon sensitivity. A discriminator circuit creates a formatted voltage
pulse that indicates the occurrence of a photon count. APD-based single-
photon detectors are usually not photon number resolving, i.e., they cannot
discriminate between a single-photon or multi-photon optical pulse and emit
an identical formatted voltage pulse in both cases. Apart the traditional
commercial devices, different gating and quenching schemes can also be used
with APDs to construct enhanced devices [181,182] and even photon number
resolving detectors [152].

The Geiger mode makes the SPD sensitive to a single photon during the
gate time due to the high electronic gain provided by the operational point
above the breakdown voltage. However, when biased with lower voltage, the
APD works in linear mode, as is usual in telecommunication applications.
Therefore, if the bias voltage is brought below the breakdown, the device no
longer detects single-photons. This behaviour can be explored by Eve to disable
Bob’s detectors. Of course, this strategy alone gives no information to Eve, but
can be combined with other ruses, as to manipulate Bob’s results as we will
see. During this blinding attack, the eavesdropper sends strong light to enforce
a current flow, which can alter the threshold breakdown value [54,177,178].
The excess voltage applied to the APD to enable Geiger mode is no longer
sufficient and the detector becomes blind to single-photon detection. Even
when operating with low bias voltage (in the case of free-running operation or
outside a detection window in gated mode), the SPD may trigger an avalanche
when under attack if a sufficiently strong pulse is received [57,58]. Assuming
an interception-resend strategy, Eve measures each qubit sent by Alice in a
random basis and prepares a faked state to send to Bob according to the
result obtained. If Bob’s basis choice matches Eve’s, the strong pulse is routed
to the corresponding detector, forcing an avalanche with unity probability, and
Eve knows that their results are correlated. However, if their bases disagree,
the pulse is split and half the power is delivered to each of Bob’s detectors.
As this half-power pulse is not sufficient to trigger an avalanche, no detection
event takes place. The ruse renders all valid results obtained by Bob correlated
to Eve’s, who then acquires high knowledge of the key. This strategy may be
used standalone as in the aftergate attack [53], or combined to the blinding

scheme, causing no critical quantum bit error rate (QBER) increase [57, 58],
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as Bob’s SPDs never click in the absence of a faked state.

Each SPD operating in gated mode has its own time-dependent efficiency
curve. This means that the device is usually more efficient in one temporal
position relative to the other, due to asymmetries or to temporal mismatch.
Eve can explore a mismatch between the two efficiency curves to launch an
attack by manipulating, for example, the time of arrival of the qubits relative to
the gate windows. A faked states strategy may be employed [53,55,57,58,174],
which makes the detection events of Bob more probable to occur at a certain
detector according to the delay imposed by Eve. Another example is the time-
shift attack [50], in which there is no interception at all by Eve, but only a
bi-stable random (but known by Eve) delay change in the qubit’s time-of-
flight. By manipulating the optical path, Eve can position the optical pulse
in a region of the gate window that increases the probability of a detection
occurring in one or other SPD, allowing the eavesdropper to infer (part of)
the key without even increasing the QBER. The drawback of this strategy is
the reduction of the net detection efficiency of Bob’s apparatus that must be
compensated by Eve. It is assumed, however, that Eve can replace the link by
a more transparent one, or can teleport the states from Alice’s output to Bob’s

entrance.

7.15
The Ekert Protocol and The Measurement-Device Independent QKD
Protocol

EPR sources, or entangled state sources, take their name after Einstein’s
acclaimed article in which the completeness of quantum mechanics is contested:
the scarcely well interpreted phenomenon of entanglement is directed into a
trail of thought that leads to either abandoning the notions of physical reality
or concluding that an underlying model must govern quantum mechanics
[183]. An entangled system, which mathematically takes on a relatively simple
definition “a state which is not separable and, therefore, cannot be written as
a tensor product", has been the source of a physical conundrum since John
Bell showed how one could experimentally demonstrate, in 1964, that indeed
quantum mechanics is complete and it is our view of the physical reality that
must be seen from another perspective (which usually involves giving up the
notion of locality) [184]. Among other aspects of Bell’s proof, there is the
mathematical demonstration that entangled states violate a special kind of
inequality, the Bell-CHSH Inequality [185]. The violation of this inequality
can, in principle, be experimentally verified and. since it depends on the

entanglement of a bi-partite system, the verification fails whenever the states
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are tempered with: entanglement is a delicate and subtle condition and the
fact that the violation has been violated is proof that the entanglement has
been preserved.

In 1991, Arthur Ekert proposed a means of employing EPR sources
in quantum cryptography [40]. Suppose that, instead of sending states one
to another such as in the BB84 protocol, Alice and Bob receive, each, a
part of a bi-partite entangled state and attempt to verify the violation of
the Bell-CHSH Inequality: they would be sure no eavesdropper assessed the
transmitting quantum state; not only that but they would be sure that the
entangled source itself is truly entangled. The verification step must be, as
in the BB84, a completely classical step and, throughout this step, Alice and
Bob keep the information regarding the states for which the inequality was
violated; attributing bit values to the basis information is straightforward and
results in a shared key between the two parties.

Only recently, however, the violation of the Bell-CHSH Inequality has
been truly verified, since it involves closing experimental loopholes intrinsic to
usual measurement apparatuses [186]. Violating the inequality, however, is still
a matter of concern from an practical point of view and its implementation on
large scale quantum key distribution is far from secured. The Measurement-
Device Independent Quantum Key Distribution, on the other hand, is immedi-
ately applicable and eliminates the concern over the fact that the measurement
apparatus is far from the idealized in theoretical QKD [60]. The protocol can
be thought of as a time-reversed Ekert Protocol where, instead of measuring
entangled states sent from an intermediate EPR source, Alice and Bob send
states which are measured in an intermediate facility. Usually, the middle-man
is called Charlie and its duty is to realized a projection measurement with the
states sent from Alice and Bob, a Bell-State Projection in a Bell-state analyzer
(BSA). The BSA is used to project two-photon states (each half of which is
sent by Alice and Bob) onto maximally entangled bi-partite states (usually
denominated Bell States) [60,61]. The idea behind a Bell-State Projection is
to determine which Bell state would have given origin to the two previously
uncorrelated photon pulses sent by Alice and Bob. Upon a positive projection,
Charlie announces the result through a classical channel to the communicat-
ing parties which, with knowledge of their state, can deduce which state had
been prepared by the other party so that the specific projection occurred. The
important part is that, with the information from the projection alone, one is
not possible to determine neither of the states sent either by Alice and Bob.
Note also, that nothing protects Alice and Bob from a cold truth: Eve could be

mimicking Charlie. That, however, is completely acceptable since, either way,
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Eve will not be able to assess the key shared by Alice and Bob. Since, there-
fore, the measurement apparatus is completely free to be hacked and could, in

principle, be Eve’s, the protocol is called Measurement-Device Independent.

7.16
The Hanburry-Brown and Twiss Experiment and the Second-Order Tem-
poral Correlation Function at Zero Time

As we have seen before, quantum interference phenomena are explained
in the light o the quantum theory of coherence. In particular, a light source’s
statistical properties can be analyzed [140, 141]. Throughout this document,
the light source can either relate to the output of the Linear-Optic Heralded
Photon Source (Chapter 4) or to the heralded states time tuned to the HOM
peak (Chapter 5). In the experiment of Hanburry Brown and Twiss [134], two
detectors are placed at the output ports of a beam splitter and the coincidences

are taken as a function of the delay between the temporal modes as depicted
in Fig. 7.1.

Delayed ....vuusssins
Heralding ===s==s===
Signals -

Heralded
photons => BS

()
TDOCS

Figure 7.1: Experimental setup for the Hanbury-Brown and
Twiss Analyzer. TDOCS: Time-Delay-Offset Coincidence Sta-
tion.

In a heralded source context, as is our own, the detectors are gated
whenever a heralding event occurs, i.e., the detections from the heralder
detector trigger both detectors (say A and B) and the coincidence events
are recorded. The value of ¢g® (0), the second-order temporal autocorrelation
function at zero time, can be experimentally calculated from the rates of
detections in each detector (D4 and Dp), and the rate of coincidence events

DAB as [68,83] DAB

" DDy’

() (7.43)
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For negligible dark count probability and assuming the single-photon detection
probability of detectors A and B are given by n4 and npg, a detection event
can be triggered by a single- or multi-photon pulse, so we can write

P, 7
Dap= ZA,B " (nA,B _ %) P, (7.44)

The second-order temporal autocorrelation function indicates whether
the photons in an optical beam are bunched (¢ (0) > ¢® (7)), antibunched
(g® (0) < ¢g® (7)), or randomly distributed (¢® (0) = ¢® (7)) [139]. Also,
by inspecting the value of ¢ (0) calculated from Eq. 7.43, one is able to
determine the ratio between multi- and single-photon pulses in the beam: when
the value drops below 1, the ratio surpasses that of a coherent field and the
beam is said to be follow sub-Poisson statistics [135,139]. This result alone
may also impart information regarding the antibunched nature of the photons:
g® (0) < 1 implies ¢® (0) < ¢g® () and, therefore, antibunching [139]. The
relation between sub-Poisson statistics and antibunching, however, is subtle,
since one can have a field with Poisson, or even super-Poisson, statistics which

exhibits antibunching even though the converse does not apply [139].

7.17
Joint Photon-Detection Probability — Modified Hong-Ou-Mandel Inter-
ferometer

The joint photon-detection probability for the modified Hong-Ou-Mandel

interferometer can be calculated through the following expression:

Pjoint <t7 T) =Jdfg (t7 t+7—> -

o ) ) (7.45)
(0l dadin B (#) B (t47) B (t47) ESY (1)afad [0)

We use Eq.5.8 which relates the electric field operators at modes f and ¢ to

the electric field operators at modes a and b to write

50 (t+7) (7.46)

It is now a matter of substituting the electric field expression in terms of the
input spatio-temporal wave-packets. Since we are now dealing with an extra

input mode represented by the letter e, we also introduce a spatio-temporal
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wave-packet for this mode such that E() (£) = € (t) ai. The expression after

the mentioned substitutions reads:
Pjomt (t7 T) -
(0] aqap
(ﬁf:; (t)akes (t+7)al— € () alg (t+r) aj
+olsa (t) ales (trr)al—3& () a; (t+)al
—3& (1) ayg (t+7) af— svate (1) @& (t+7) al
+ouée (b ales (t+7) al+ 52560 () ale; (t+7) &)
+3E0 (1) alel (t+) ai) (%éa (t+7) ajéa (1) al
— 16 (t47) al& () al+ 3256, (t+7) ale. (t) al

— 16 (t+7) ajg, (t) al, léb (t+7)aj& (¢)
—75&7 (t+7) aje, (t) al+ ffe (t+7)ale, (t)al

bt () Al (1) a2 () Al (1 az)

(7.47)

Using the previously defined relation (0| a" = @ |0) = 0, the expression reduces

to

Pjoint (£,7) = (01(—1€5 (1) & (t+7) =36 (t+7) & (1))

7.48
(a0t matn)o,

and, finally, we arrive at the final expression for the joint photon-detection

probability in the modified Hong-Ou-Mandel interferometer:

Pjoint (t.7) = 35160 (t+7) & (8) + 3€a (t) & (t+7) | (7.49)

7.18
Publications

In this appendix, the published, submitted and accepted (in case of
conference) papers related to this work are listed.

One paper was published in Journal of Optical Society of America - B in
2015. This is: Spectral Characterization of Weak Coherent State Sources Based
on Two-Photon Interference [148]. It is a first approach to the Few-Photon

Fourier Transform Spectroscopy method and makes use of a self-homodyne
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setup instead of two independent laser sources.

One paper was published in Journal of Selected Topics of Quantum
Electronics in 2015. This is: Safequarding Quantum Key Distribution Through
Detection Randomization [59]. It addresses the main classes of attacks on the
BB84 and proposes an elegant counter-measure to both simultaneously.

One paper was published in Physical Review A in 2015. This is Linear-
Optic Heralded Photon Source [68]. In this paper, we present the contents of
Chapter 4.

One paper has been accepted and is about to be published in Optics
Letters in 2016. This is Few-Photon Heterodyne Spectroscopy [160]. The Few-
Photon Fourier Transform Spectroscopy is presented in this paper.

The three first papers have also been submitted to conferences in a short
form and have been presented in QCrypt2014-Paris [148] and in QCrypt2015-
Tokyo [59, 68].

The paper Sub-Poisson States Heralded at a Hong-Ou-Mandel Peak [163],
which reports the results of Chapter 5, was first conceived with a different
name (Photon Antibunching and Hong-Ou-Mandel Peak) which evoked a few
controversies and, thus, was rejected by Physical Review Letters. After its
revision, it finally got its present name and has been submitted to Optics
Letters and is currently under review.

Short versions of [160] and [163] have been submitted to the Interna-
tional Conference on Quantum Communication, Measurement and Computing
(QCMC2016) and are currently under review.
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