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Abstract

Gongalves de Oliveira, Leonardo; Griffiths, Simon (Advisor). Mo-
derate deviations of triangle counts in sparse random
graphs.. Rio de Janeiro, 2022. 122p. Tese de Doutorado — Depar-
tamento de Matematica, Pontificia Universidade Catdlica do Rio
de Janeiro.

In the first part of this thesis, we study the deviation of the number of
triangles with respect to its mean in both the random graph models G(n,m)
and G(n, p). We focus on the case where the random graph is sparse, in which
the edge density goes to zero as the number of vertices increases to infinity.
Also, our focus is in the case of moderate deviations, i.e., those of order in
between the standard deviation and the mean. In addition, we derive the same
kind of results for cherries (paths of length two). In the second part of this
thesis, we study Freedman’s inequality. This inequality gives bounds on the
probability of the deviation of a bounded martingale using its conditional
variance. In our work, we obtain a strengthening of Freedman’s inequality,
under additional symmetry conditions on the increments of the martingale

process.

Keywords
Moderate Deviations; Martingales; Random Graphs; Concentration Ine-

qualitie.
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Resumo

Gongalves de Oliveira, Leonardo; Griffiths, Simon. Desvios mo-
derados do nimero de tridngulos em grafos aleatérios es-
parsos.. Rio de Janeiro, 2022. 122p. Tese de Doutorado — Departa-
mento de Matematica, Pontificia Universidade Catolica do Rio de
Janeiro.

Na primeira parte dessa tese, estudamos o desvio no niimero de triangu-
los com respeito a média em ambos os modelos de grafos aleatérios G(n,m) e
G(n,p). Focamos no caso em que o grafo aleatério é esparso, no qual a den-
sidade de arestas vai para zero quando o nimero de vértices cresce para o
infinito. Nosso foco também reside no caso de desvios moderados, i.e., aqueles
cuja ordem estd entre o desvio padrao e a média. Além disso, também deriva-
mos o mesmo tipo de resultado para cerejas (caminhos de comprimento dois).
Na segunda parte dessa tese, estudamos a desigualdade de Freedman. Essa de-
sigualdade fornece limitantes para a probabilidade de desvio de um martingal
limitado usando sua variancia condicional. No nosso trabalho, obtemos uma
versao mais forte da desigualdade de Freedman, impondo condi¢oes adicionais

de simetria nos incrementos do processo martingal.

Palavras-chave
Desvios Moderados; Martingais; Grafos Aleatérios; Desigualdades de

Concentragao.
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How’s it going to end?
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1
Introduction

A basic problem in Probability Theory is the following: given a random
variable X, what is the probability that X deviates from its expectation, E [X],
by a value a > 0?7 Another popular way to define this question is to write the
deviation a = do where o is the standard deviation of X and ¢ is a positive
parameter. One of the simplest answers to this question is given by Chebyshev’s

inequality, which says that

P(IX —E[X]| > d0) < 512

Although Chebyshev’s inequality is best possible, it should not be surprising
that we could obtain better bounds under some additional restrictions on X.

In many applications, X may be a sum of n random variables X; with
n — oo and we would like to answer the deviation question asymptotically.
Note that in this setting X is actually a sequence that depends on n. Maybe the
most famous result about sequences of random variables is the Central Limit
Theorem which approximates the distribution of X by a normal distribution.

When talking about deviations, we shall split them into three categories:
we say that a deviation is small if it is of order of magnitude up to the order of
the standard deviation; deviations of order of magnitude between the standard
deviation and the mean are called moderate; deviations of order of magnitude
at least that of the mean are called large.

The inequalities that give bounds on deviations are called concentration

inequalities. We shall present some of the most famous in Chapter 2.

1.1
Some definitions and results on Probabilistic Combinatorics

We shall now present some general definitions and results from Graph
Theory. A graph G is composed of a set of vertices V(G) and a set of edges
E(G) where each edge e is a non-ordered pair of vertices. A graph G is bipartite
if there are two disjoint sets A, B C V(G) such that every edge e € E(G) has
an endpoint in A and another in B. We say that a graph is complete (or a

clique) on n vertices if it has all possible edges. We denote such a graph by
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K, and we also call it by In this work, we often refer to triangles (A) which is
another way to call a K3. We also frequently use cherries (A), which are graphs
with three vertices and exactly two edges.

We say that G” is a subgraph of G if V(G') C V(G) and E(G’) C E(G).
We also say that G’ is an induced subgraph of G if it contains all edges of G
with both endpoints in V(G’). We shall write G’ = G[V’] for this graph, where
VI =V(G).

Given a vertex v in a graph G, we define the neighbourhood of v, N(v),
as the set of vertices w such that vw € E(G). The size of N(v) is the degree
of v in G, which we denote by d,(G). Also, the codegree of a pair of vertices
v,w in G, denoted by d,,(G), is given by the size of N(v) N N(w).

Given an integer k, we write [k] = {1,2,...,k}. A k-colouring on the
vertices of a graph G is a map ¢ : V(G) — [k] and each label in [k] is called
a colour. Such a vertex colouring is proper if no two adjacent vertices share
the same color. The chromatic number of G, x(G) is the minimum number of
colours in a proper colouring of GG. By using a greedy colouring it is easy to
see that y(G) < A(G) + 1 where A(G) is the maximum degree of G.

In an analogous way, we define a k-colouring on the edges of G as a map
¢: E(G) — [k]. Also, an edge colouring is proper if no two edges which share
a vertex have the same colour. The edge chromatic number of G, x/'(G) is
the minimum number of colours in a proper edge colouring of G. Clearly, we
must have x'(G) > A(G) as all edges incindent to the same vertex must have
different colours.

An hypergraph H is composed of a set of vertices V(H) and a set of
hyper-edges E(H ) where each hyper-edge e is a subset of V (H). If every hyper-
edge has the same size k, H is said to be k-uniform. In particular, every graph
is a 2-uniform hypergraph.

Let us now introduce the concept of random graph. We use two models
in this work: G(n,p) and G(n,m). The random graph model G(n,p) is the
graph which has n vertices and in which each possible edge is chosen to be
in the graph independently with probability p € (0,1). Surprisingly, this is
not exactly a graph but a probability distribution on the set of all graphs of
n vertices. However, we may treat this as a graph without serious problems.
Now, in the model G(n,m) the graph is chosen uniformly among all graphs
with n vertices and m edges. Sometimes we may also consider the Erdos-Rényi
random process G;,7 = 0,1, ..., m. This process is generated by starting with
the empty graph and add edges eq,es, ..., e, one at a time uniformly among
all possible edges except the ones that have already been chosen. Another

way to generate the process G; is to consider a random uniform permutation
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{e1,...,en}of the edges of K, and then consider G; as the graph with edge
set {e1,...,e;}. It is easily verified that G; ~ G(n, 1) for all i < m.

In Probabilistic Combinatorics, it is relatively common to use martingales
and our work is heavily based on them. For example, suppose we have a
function f(G). Then we can define a martingale X; in which we expose the first
i vertices and their internal edges and take the conditional expectation of f(G)
with that partial information. This is called the vertex exposure martingale.
Shamir and Spencer [1] used this martingale together with Hoeffding-Azuma

concentration inequality to prove that
P (IX(G(n,p) = E[X(G(n,p)]| > Wn—1) < 2¢7/2

where x(G) is the chromatic number of G.

In our work, we also define a specific martingale related to the number of
triangles in a random graph. We then use Freedman’s concentration inequality
to obtain bounds on this variable.

A great reference for more on the extensive field of Probabilistic Combi-
natorics is The Probabilistic Method, by Alon and Spencer [2]. The discussion

about x(G(n,p)) above is based on this reference.

1.2
Deviations on triangle counts

In the first part of this thesis, we study moderate deviations on the
number of triangles in sparse random graphs.

We consider two models of random graphs: the model G(n, p), already
defined, and the model G(n, m) in which the graph is chosen uniformly among
all graphs with n vertices and m edges. We shall always consider n — oo and
the parameters p and m may depend on the value of n. Our focus is on sparse
graphs, i.e., when the edge density goes to 0 as n — co. Moreover, our results
apply mainly to moderate deviations, although some of them also apply to
large deviations.

Let Na(G) be the number of isomoprhic copies of triangles in the graph
G. In G,,, this variable has expected value p*(n)3 where (n), = n(n—1)...(n—
k + 1). We would like to understand the behaviour of

r(d,p,n) == —10gIP’<NA(Gp) > (1+5)p3(n)3) .

We note that this corresponds to large deviation when ¢ > 0 is a fixed constant.
The first bounds for r(6, p,n) were found in 2001 by Vu [3] and in 2005
by Kim and Vu [4] and by Janson, Oleszkiewvicz and Rucinski [5]. However,
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the upper and lower bounds were not of the same order. The correct order was
found independently in 2012, by Chatterjee [6] and by De Marco and Khan [7].
They proved that

c(d)p*n®log(1/p) < r(8,p,n) < C(8)p™n’log(1/p)

for some constants ¢(§), C(9).

The next natural problem is to determine the behaviour of r(d,p,n)
when n — oo and p = p(n) changes according to n. Since our work focus
on the sparse case (meaning that p < 1), we refer the reader to the survey of
Chatterjee [8] for other results on the dense case. Now, on the sparse case we

have
52 /3

r(d,p,n) = (1+0(1))min{ 6}p2n2 log(1/p)

272
if n71/?2 < p< 1 and

2/3
r(6.0m) = (1-+0(1))pn? log(1/p)

if n™t < p < n V2

The proof of the first identity above goes back to the work of Chatterjee
and Dembo [9] and Lubetzky and Zhao [10] who proved this identity for
p > n~Y*2logn. Then the regime where the first equality holds was gradually
extended to p > n~'/%(logn)? through the work of Eldan [11], Cook and
Dembo [12] and Augeri [13]. Finally, Harel, Mousset and Samotij [14] recently
completed the proof of both identities above. They also provided an expression
for the value of 7(d, p,n) when p*n — ¢ € R.

Up to this point, we have discussed only results related to large deviations
of the number of triangles in G(n, p). It is also worth to mention the existence
of central limit theorems for triangle counts. In 1988, Rucinski [15] proved that
subgraph counts of G,,, are normally distributed. In 1990, Janson [16] proved
a functional central limit theorem for subgraph counts both in G,,;, and G, .

As we previously mentioned, our focus is in the study of moderate
deviations, which have order between the standard deviation and the mean.
For the dense case again, the expression for the asymptotics of the deviation
probability was found by Féray, Méliot and Nikeghbali [17]. Their expression
works whenever p € (0,1) is constant and n~! < §,, < n~'/2. For the sparse
case, Doring and Eichelsbacher [18] proved in 2009 that

—52pn?

— 62 2

r(d,p,m)
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if p712n71 <6, < p.

It might be the case that having a certain structure in the random graph,
such as a star, hub or clique is the most likely way to achieve deviation on the
number of triangles. Whenever this happens, we say that there is localisation.
If this is not the case, the deviation is more likely caused by the presence of
extra edges in the random graph, with no specific structure.

In this thesis, we present two results for deviation on triangle counts on
G(n,p). The first one extends the result from Doéring and Eichelsbacher [18]

to the whole non-localised region.

Theorem 1.1. Let n=?logn < p < 1 and let §, be a sequence satisfying
p V7t <« 5, < p(logn)?t nm3(logn)?? + plog(1/p).

Then
62pn?
36

Our second result presents the order of magnitude of (9, p,n) for the

r(0n,p,n) = (14 0(1))

localised region.

Theorem 1.2. Let n=?logn < p < 1 and let 8, be a sequence satisfying
p3/4(logn)3/4, n’l/g(logn)Q/?’ + plog(1/p) < 6, < 1.
Then
(6,,p,n) = O(1) min{6¥*p*n?logn, 62 2pn*?logn + 6,p*n*log(1/p)}.

We also study triangle count deviations in G(n,m). In fact, the main
characteristic of our method is to prove results about deviations in G(n, m) and
then deduce results for the G(n, p) model. This is essentially the same approach
taken by Goldschmidt, Griffiths and Scott [19], although their results are best
possible only for dense graphs. We shall use their notation throughout this
thesis. In this context, we write N = (") and t = m/N. Note that ¢ represents

2
the edge density in G,, ~ G(n,m). In G,, we have

E[NaA(Gn)] = M '

As the value above is of order t3n3, we define the analogue of (8, p,n) for G,,

as
r(0,t,n) = —logP (Na(Gm) > (14 0)tn) .
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In the dense case, when ¢ € (0, 1) is constant, Goldschmidt, Griffiths and
Scott [19] proved that

—6%n3
1263(1 — 0)2(2t + 1)

r(0,t,n) = (14 o(1))

whenever n=3/2 <« 6, < n~'. Now, for the sparse case, they found that

52493

r(d,t,n) = (1+o0(1)) 2

whenever n=/?logn <t < 1 and t3/?n=3/2 < § < >n~".

Our goal here is to extend the last result above for n=?logn < t < 1
and t3/2n=%/2 < §, < t3/2. Note that at the smallest value of 8, we have
a deviation of order of magnitude of the standard deviation. Moreover, the
largest value of 6, gives the largest possible deivation, t3/2n?.

We shall state the results for G(n,m) in terms of the associated rate,
which means that we will ask how large a deviation has probability at most
e~? for some b. This is specially useful for the localised region, where one can
think about the type of deviation that can be produced for that “price” in
various different ways. In the rest of this thesis, we always consider b = b(n)
to be a sequence. We write ¢ := log(1/t). Our result states that there are four
causes of deviations on triangle counts in G(n,m), as we shall present now.

Normal: In this region, the most likely cause for deviation is just the
addition of new edges. We will consider a martingale with increments of order of
magnitude t*n?. This will imply, using Freedman’s inequalities that a deviation
of order

NORMAL(b, t) = b/2¢3/2p3/2

has probability e~°.

Star: Consider a star with degree d. One should expect that this
star is involved in ©(d?t) triangles and this should occur with probability
approximately t¢ = e~%. Therefore, this may cause a deviation of order

bt
STAR(b, t) = Elebgng

with probability e~®. Note that this only makes sense for d < n.

Hub: Suppose that there are k vertices with degree of order n. These
vertices will be involved in ©(ktn?) triangles and this should occur with
probability approximately t** = e=#"*. Therefore, this may cause a deviation
of order

bt
HUB(b, t) = Tnlbw
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with probability e°.

Clique: A clique of k vertices creates ©(k%) triangles and occurs with
probability approximately th* = =R, Therefore, this may cause a deviation
of order /2

CLIQUE(b, t) := Ve

with probability e~°.
We also define

M(b,t) := max{NORMAL(b,t), STAR(b, t), HUB(b, ), CLIQUE(b, t)} .

Our main theorem for G(n,m) shows that, up to a multiplicative con-
stant, M (b,t) is the triangle count deviation which has probability e~® across
a large range of t and b. We let DEV (b, t) to be the minimal value of a such
that

P(NA(G) > E[NA(GR)] 4+ a) < e,

Theorem 1.3. There exist absolute constants c¢,C such that the following
holds. For all t = Cn~"?(logn)/? and 3logn < b < tn?( we have

cM(b,t) < DEVA(b,t) < CM(b,t).

In particular, the previous theorem says that r(d,¢,n) = ©(—34%t*n?) in
the normal region, r(8,t,n) = O(6Y/%n*?2() in the star region, 7(d,t,n) =
O(0t?n%¢) in the hub region and 7(8,t,n) = ©(6%/3?n?() in the clique region.

Let us present a figure to summarize the different causes of triangle
deviation in each region. Consider t = n” and § = n’. For each v € (—1/2,0)
we obtain results for deviations between the order of magnitude of the standard
deviation, t3/?n3/2, and the order of magnitude of the largest possible deviation,
t3/2n3. Recalling that we consider deviations of size 6t°n®, our main result

consider values of 0 € (—3/2 — 3v/2, —3v/2).
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v
0 1

—0.1 1
—0.2 |
~0.3
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—-1.5 -1 —0.5 0 05 075 0

Figure 1.1: The grey regions corresponds to very small deviations, with order
of magnitude smaller than the order of the standard deviation. The purple line
corresponds to the traditional large deviation results. The other colours cover
the regions from our main result, with each representing a different “cause”
for the deviation. In the yellow region: Good luck without a structural cause.
In the light blue region: A star. In the dark blue region: A hub. In the red

regions: A clique.

Our method is also applied to cherry counts in random graphs. This is
simpler than the triangle case, as there are only three regimes: normal, star

and hub. The respective functions for cherry count deviations are:

NORMALy (b, t) := bY/2tn3/?

b2
STAR/\(b, t) = ﬁ1b<n€

and b
HUB/\(b, t) = 7”11)2”@.

As in the triangle case, we let
M (b,t) = max{NORMALA (b, t), STARA (D, t), HUB(b,t)}.
and define DEV 4 (b,t) as the minimal value of a such that
P (NA(b,t) > E[NA(b,t)] +a) < e®.

The next theorem shows that, up to a multiplicative constant, M, (b,t) is the
cherry count deviation in G(n,m) which has probability e™® across a large

range of ¢ and b.
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Theorem 1.4. There exist absolute constants c¢,C such that the following
holds. Suppose that 2n~'logn <t < 1/2 and that 3logn < b < tn?(. Then

cM,(b,t) < DEVA(b,t) < CM(b,1).

1.3
Freedman’s inequality

In the second part of this thesis, we obtain a strenghtening of the well-
known Freedman’s inequality. This is a concentration inequality for martin-
gales, i.e., an inequality about the probability of deviation of a martingale. Per-
haps the most famous of these types of inequalities is Hoeffding-Azuma [20,21],
which says the following: if (S;)", is a martingale with bounded increments

(X;), such that |X;| < ¢; for some real numbers ¢; then, for a > 0 we have

—a?
P(Sy, — Sy > a) < — .

Note that the bound given by this inequality depends on || X;||% . On the
other hand, Freedman [22] proved a inequality in which the bounds depend
on the conditional variance of the increments, E [X?|F;_;]. We assume that
|X;| < R for some constant R and let

T, = zn:E (X2 Fia] -

i=1
Then, for a,b > 0 we have

)
P (S, — So >aandTn<bforsomen)<exp< a )

2b+aR
The intuition behind Freedman’s inequality is that the sum of conditional
variances of the increments works as a way of measure the time necessary to
cross a certain height a > 0. In our result, which we state below, we impose

an additional symmetry condition on the increments X;.

Theorem 1.5. Let m € N. Let S; be a martingale with increments X; with
respect to a filtration F;. Suppose that there exists R € R so that | X;| < R
a.s. for all ©. Assume that, for each i, there are real numbers €; so that
|E[X2|Fii] | <& If 0 < a < 2b then

—a? £a? at

+

P (S, —So >aand T, < b for somen < m) < eXp( o 6RO T 2R

)
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where £ = 37" €.

Freedman [22] also proved a corresponding lower bound for his inequality,
but in a slightly different way. It says that, for all a,b > 0, we have

1 —(1 + 46)a®
P (S, — Sy = aand T, < bfor somen) > 5 &P <(—gb>a

where § > 0 is minimal such that b/a > 9R§ 2 and a?/b > 1662 log(6452).
We also obtain a strenghtening of the lower bound of Freedman’s inequal-

ity, imposing the same symmetry condition to get the upper bound.

Theorem 1.6. Let m € N. Let S; be a martingale with increments X; with
respect to a filtration F;. Suppose that | X;| < 1 a.s. for all i and that there are
g; so that |E[X3|F ]| <& If2<a<b/8, a/b< min{e;/3:1< i< 3m}
and 8b < a? then

1 <—(1—|—77)a2

P(S,—So =aand T, < b for somen < m) > —exp 5 )—]P’(Tm

2
where v = Y0™ ¢, and 0 < n < 1/16 ds minimal such that b*/a > 36yn~!,
b?/a? > 108n=% and a*/b > 180n~2log(90n~2).

Let us give an example that shows that our result is actually stronger
than the original inequality. Consider a martingale S; with increments X; with
respect to a filtration JF; such that E[X?|F;_1] = 0% and that E[X}|F;,_4] =0
for all 7. Also, suppose that |X;| < 1 for all i. Let b > 0 be a real number.
Applying our version of Freedman’s inequality with a = v*/* and m = ¢b for
positive constant ¢ gives

3/2 1
P(S,— Sy =aand 7T, < bfor somen < m) < eXp<2b+6b£3/4+12>

Choosing &; = 3a/b (as this condition is necessary for the lower bound), we

have ¢ = 3cb®* and so the upper bound above is at most
_b1/2
exp ( 5 + C)

for some C' > 0. On the other hand, the original Freedman’s inequality gives

_p3/2
P (S, — So > aand T, < b for some n) < exp (leb_lm))

)—IED(TOO <b).

<b).
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We note that the exponential above satisfy

_b3/2 _b1/2 b1/4 1
- > R

which is larger than the exponential given by Theorem 1.5.

1.4
Layout of the thesis

We now give a brief description of the content of each chapter in this
thesis. In Chapter 2, we introduce some basic notations. We also present
the definitions of conditional expectation and martingale along with some
results. We also recall some concentration inequalities, as Azuma-Hoeffding
and Freedman. We finish this chapter presenting another inequalities that will
be used later on in the thesis.

In Chapter 3, we give a brief summary of the different bounds on triangle
counts deviations that may be obtained through different methods. We also
show how to obtain two of these bounds using well-known concentration
inequalities.

In Chapter 4, we present a setup of our problem on cherry and triangle
counts deviations. We introduce the different notations that will be used
throughout this thesis. We also give a martingale representation for the
deviations. We conclude this chapter describing briefly our method.

In Chapter 5, we present results about degrees in G(n, m). We establish
bounds on the number of vertices of large degree. We also bound the sum of
squares of degress in G(n,m) and their deviations. We use these results to
bound the conditional variance of the martingale increments X (G;).

In Chapter 6, we present similar results about codegrees in G(n,m). In
particular, we bound the number of vertices with large codegree deviation in
G(n,m). We also bounds the sum of squares of codegree deviations in G(n, m).
We finish this chapter using these results to bound the conditional variance of
the martingale increments X (G}).

In Chapter 7, we prove the upper bound of Theorem 1.4 which is about
cherry counts deviations. This works as a warm-up for the triangle counts
deviations. Although similar ideas are used in both proofs, the proof for cherries
requires less work.

In Chapter 8, we prove the upper bound of Theorem 1.3 which is our
main result about triangle deviations in G(n, m). We truncate the martingale
increments and use Freedman’s inequality for the truncated part. Then we use

our results from Chapter 5 and 6 to bound the non-truncated part.
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In Chapter 9, we prove the lower bound of Theorem 1.4and Theorem 1.3.
In the normal regime, we use the converse Freedman’s inequality. In the other
regimes, we present an explicit construction that gives the required bound.

In Chapter 10, we prove Theorem 1.1 and Theorem 1.2 which is our
maing result about triangle deviations in G(n, p).

Finally, we prove both Theorem 1.5 and Theorem 1.6 in Chapter 11.
These are versions of Freedman’s inequalities with additional symmetry con-

ditions on the martingale increments.
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Preliminaries

In this chapter we present some basic definitions and results that will be

useful troughout this thesis.

2.1
Asymptotic notation

In this thesis, we often deal with sequences that depend on a parameter n
with n — oco. Let us establish some notations. Let f(n) and g(n) be functions.
We write f = o(g) or f < g if

immz
LWW !

We also write f = O(g) if there exists a constant C' > 0 such that

|f(n)| < Clg(n)]

for n large enough. We write f = €(g) if there exists a constant ¢ > 0 such
that

[f(n)] = clg(n)].
for n large enough. Finally, we write f = O(g) if f = O(g) and f = Q(g)

simultaneously, i.e., if there are constants ¢, C' > 0 such that

cg(n) < f(n) < Cyg(n).

2.2
Martingales

Let us state the definition of conditional expectation.

Definition 2.1. Let (©2,G,P) be a probability space, F C G be a sigma-
algebra and X € G with E [|X|] < co. The conditional expectation of X given
F, denoted by E [X|F], is any F-measurable random variable Y such that

/XM:/YM
A A
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for all A € F.

Clearly, E[X|F] is integrable as E[|E[X]|F]|] < E[|X]|]. Moreover,
E [X|F] always exists and it is unique almost surely (the proof of this fact
can be found in [23]). Below we give additional properties of the conditional

expectation, which proofs can also be found in [23].

Theorem 2.2. Let (2,G,P) be a probability space and F C G be a sigma-
algebra. Also, let X € G and Y € G. The following holds.

(i) (Linearity) If a € R, E[|X|] < 00 and E[|Y]] < oo then E[aX + Y |F] =
aE [ X|F]+E[Y|F] a.s.

(ii) (Monotonicity) If E[|X]|] < oo, E[|Y]] < o0 and X < Y a.s. then
E[X|F] <E[Y|F] a.s.

(ii1) (Monotonous Convergence Theorem) If X, is a sequence such that

X, =20 and X, t X with E[X] < oo then E[X,|F] T E[X|F] a.s.

(v) (Jensen’s Inequality) If f is a convex function, E[|X]|] < oo and
E[|f(X)]] < oo then f(E[X|F]) <E[f(X)|F] a.s.

(v) If Fi and Fy are both sigma-algebras such that F; C Fy C G then
E [E[X|A]] =E[X|FA] =E[E[X|F]|F].

(vi) If X € F,E[]Y|] < 00 and E[|XY|] < 0o then E[XY|F]| = XE[Y|F].

We are now in position to define a martingale.

Definition 2.3. Let (2, F,P) be a probability space and F,, be a filtration,
i.e., a sequence of sigma-algebras contained in F such that F, C F,, . for all
n. A martingale with respect to F,, is a sequence of random variables X,, such
that

(i) E[[Xn]] < oo,
(i) X, € F, and
(ili) E[X,11|F.] = X, for all n.

Moreover, if we change condition (iii) to E [X,11|F,] < X, or E[X,41|F,] =

X, the sequence X, is called a supermartingale or submartingale, respectively.

The following result is a direct consequence of the definition above.

Theorem 2.4. Let (2, F,P) be a probability space and F,, be a filtration.
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(i) If X, is a supermartingale with respect to F, and n > m then
E [ X,|Fn] < X

(i7) If X, is a submartingale with respect to F,, and n > m then E [X,,|F,,] >
X

(ii1) If X, is a martingale with respect to F,, and n > m then E[X,|F,] =
X

A natural example of a martingale arises in the following situation. Let
(Q, F,P) be a probability space and consider a sequence of random variables
X,. A natural filtration is defined by F,, = o(Xy,...,X,,) with Xq = 0 and
Fo = {0,Q}. Suppose that E [X,,|F,—1] = 0 and define S,, = X1+ X+ -+ X,.
Then S, is a martingale, since E [S,|F,_1] = S,—1 + E[X,,|F._1]. Clearly if
we change the assumption to E [X,,|F,—1] < 0 or E[X,|F,—1] = 0 then S, is a
supermartingale or a submartingale, respectively.

Throughout the rest of this section, we always consider a filtration F,
on a probability space (€2, F,P). We say that a sequence of variables H,, is
predictable (with respect to F,,) if H, € F,_; for all n. We also write

(H-X), = zn: Hy (X — Xoo1)

m=1

Theorem 2.5. Let X,, be a supermartingale (or a submartingale) and H, be
a bounded predictable sequence with H, > 0 for all n. Then (H - X), is a

supermartingale (or a submartingale).

We say that a random variable N is a stopping time if {N = n} € F,
for all n. Using the theorem above with H,, = 1{y>n}, we obtain the following

result.

Theorem 2.6. If N is a stopping time and X, is a supermartingale (or a

submartingale), then Xynn s a supermartingale (or a submartingale).

We are now ready to present the martingale convergence theorem.

Theorem 2.7. If X,, is a submartingale with supE[X] < oo then X,

converges a.s. to a limit X as n — oo. Moreover, E[|X]|] < co.

Many times in this thesis we are more interested in the following special

case.

Theorem 2.8. If X,, > 0 is a supermartingale then X,, converges a.s. to a
limit X as n — 0o. Moreover, E[X]| < E[Xy].

Finally, the next property will also be useful in this thesis.
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Theorem 2.9. Let N be a stopping time with N < k a.s. for some k € R.
(i) If X, is a submartingale then E[Xo] < E[Xy] < E[Xy].

(ii) If X, is a supermartingale then E[Xo] > E [Xy] > E [X4].

2.3
Concentration inequalities

In this section we present some important concentration inequalities that
will be used later on in this thesis.
We begin with the following Chernoff bounds which are derived from [24].

Theorem 2.10. Let X be a binomial or hypergeometric random variable and
let = E[X]. Then, for all a > 0, we have

—q?
P(X > < _— 2-1
(X > pta) < exp (2“2@/3) (2-1)
and a2
P(X < p—a) < oxp (M) | 2:2)
For 8 > e we have
P(X > 0u) < exp(—0u(log(d) —1)). (2-3)

Consequently, for 7 = 3 and any v > p we have

IP’(X > 2ju) < exp(—j20 7). (2-4)

There are some useful concentration inequalities in the context of mar-
tingales. The following is called Hoeffding-Azuma inequality.
Theorem 2.11. Let (S;)I*, be a martingale with bounded increments (X;) ;.

Suppose that | X;| < ¢; for all i < m. Then, for all a > 0, we have

2
P (S, — Sy > a) < exp (22_”1:02> (2-5)
If the increments are not close to the supremum the bound above is not
as good as the following, which is called Freedman’s inequality. This appeared
first on [22].
Let S; be a sequence of random variables, F; be a filtration and X; :=
S; — S;_q for i > 1. f E[X,|F,_1] = 0 for each i > 1 then S; is a martingale
with increments X; with respect to the filtration F;. For such a martingale we
also define

T, = f:]E [ X2|Fica)

=1
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for n € NU {+o0}.

Theorem 2.12. Let S; be a martingale with increments X; with respect to a
filtration F;. Suppose that there exists R € R so that | X;| < R a.s. for all i.

For every a,b > 0, we have

2
P(S,— Sy =a and T, < b for somen) < exp <2b—|—aaR> )

Remark 2.13. It is possible to replicate the proof of Theorem 2.12 for the

case where S; is a supermartingale. We shall use this later on in this thesis.

There is also a lower bound provided by Freedman’s inequality. For this,
we let a > 0 and define 7, to be the minimum value of n so that S, — Sy > a

(with 7, = oo if this event does not happen). Then, let

Ta
Wo =T, = Y E[X2|F, ] .
n=1
We note that W, is the total conditional variance that the process requires to
cross over the value a, if it crosses. Otherwise, W, is just the total conditional
variance of the process. Therefore, the upper bound of Freedman’s inequality

implies that

]P)(Wa < b) < €xXp <2b-|—aR> .

Theorem 2.14. Let S; be a martingale with increments X; with respect to a
filtration F;. Suppose that there exists R € R so that | X;| < R a.s. for all i
and let W, be defined as above. For every a,b > 0, we have

2b

1 (=1 +48)a
P(W, < b) > Sexp <(+5)a> .

where & > 0 is minimal such that b/a > 9R6 2 and a®/b > 1662 log(646~2).

Note that the lower bound of Freedman’s inequality implies that

1 —(1 + 46)a?
P (S, — Sy > aand T, < b for somen) > 5 €XP <H2—[)c$)cz

)—IP’(Too <b).

We may frequently apply both Freedman’s inequalities to finite martin-
gales. To see that this is possible for a finite martingale (S;)™,, one may define
S; = .5, for all © > m.

We shall also use a corollary of Freedman’s inequality applied to the

G(n,m) setting. Let G,, ,, be the family of graphs with n vertices and m edges.
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We say that two graphs G, G’ are adjacent if there exists a pair e, e’ € E(K,)
so that G = G'\ {e} U {¢'}. Given a function ¢ : E(K,) — Rt we say that
a function f : G, ,, — R is -Lipschitz if for every adjacent pair of graphs
G,G' € G, we have

(G) = F(G)] < wle) + v(e)

where GAG' = {e, €'}
Theorem 2.15. Let G, ~ G(n,m) with t = m/N where N = n(n — 1)/2.
Given ¢ : E(K,) — R and a -Lipschitz function f : G, — R, we have

—a?
(G~ BUG)] > 0) < e (g g

for all a > 0, where ||[Y|]> = Yeepu,)¥(€)® and Ypmee = max.Y(e).
Furthermore, the same bound holds for P (f(G,,) —E[f(G,)] < —a).
Proof. We may assume that m < N/2, as we can see f as a function of the
complimentary graph G¢, ~ Gx_,, for m > N/2. Also, the "Furthermore'
statement follows by applying the inequality to —f.

Let eq,...,en be a uniform random ordering of the edges of K, and for
each i define G; to be the graph with edges {e1,...,e;}. This generates the

Erdés-Rényi random process. To prove our result, we consider the martingale
Zi = E[f(Gm)|Gi]
with 2 = 0,1, ..., m. We shall prove later that

i—l‘ X Z ¢ (2'6)

eEE(K )

This inequality gives

i—1 ‘ < meax

2 i -
(5 5 0) o

< 2E [¢(€i)2|Gz‘—1} + ]\8;2 ( > d(e)

and

E [(Zz — Zi71)2‘Gi71} < E

ecE(Kn)
Sy X O+ X Yl
eEEKn) eEE(Kn

= SIWIE.
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where the last inequality above follows from the definition of conditional

expectation. Summing the inequality above over i < m we obtain

m 12m
YE[(Zi - ZiaVIGina] < S IIB = 126081

i=1

We may now apply the upper bound of Freedman’s inequality (Theorem 2.12)
with 8 = 12t|[1||3 and R = 3t)yax to deduce that

P(f(Gm) - ]E[f(Gm)] > CL) = IPJ(Zm_ZO Z CL)

< ,
exp <24t|]¢||§ T 6a¢max>

as required.

We may now prove (2-6), i.e., that we have |Z; — Z;_1| < ¥(e;) +
2 cer(k,) ¥(e)/N for every sequence of edges (ei,...,e;). By definition, we
can write Z;_; and Z; as sums over the choices of the edges up to e,,. Indeed,

we have
1

Zi = W Z f(GiU{ei-H?"'vem})

M—1 €;y1,....m
and

1
(N —i+ 1)7”_”'1 fisfi

Zi1 = Yo HGiaU{fi, fisa, oo fm})

+17~'~7fm

where both sums above are over sequences of distinct edges of K, disjoint from
those already selected. We would like to pair up the terms in such a way that
the graphs G; U {ej11,...,en} and G;_1 U{fi, fix1,..., fm} are either equal
or adjacent. The obvious problem is that the sums do not even have the same
number of terms. We introduce a dummy edge g in the first sum, which may
be any edge of K, \ {e1,...,e;_1}. We have

1

Zi = ; Gz U i yoeo3Em .
(N —t+ 1)m—i+1 6¢+1;6m;9f( {e o ‘ }>

We may now pair up terms of the two summations on a one-to-one basis. Let S
be the sequences of edges allowed in the above summation and 7 the sequences

allowed in the summation for Z;_;. We define a bijection ¢ : S — 7T as follows:

(6i;ei+17---;em) 1fg:el
P(€it1;---sEmig) = (Cix1y--r€jo1, €5 €541, 6m) if g€ {eip1,. ., em}

(g,€it1,---,€m) if g {ei,...,em}
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Note that in all cases the graphs G;_1U{e;, ..., e} and G;_1Ud(€i11, ..., em; )
are either equal or adjacent (with symmetric difference {e;, g}). Now, by the

triangle inequality,

1
(N - 7’ + ]‘>m_i+1 €i+1

1
ST 6i+1;em;g¢(ei) +(g)

Zi — Zi—l’ <

1
<) + w—— D ¥l9)
N -t + 1 gEE(Kn)
2
< Yle) + N > U9
gEE(Kn)
This completes the proof. O

2.4
Another useful inequalities

In this section, we present some other inequalities that will be used later
on in this thesis.
The following is a basic lemma from Measure Theory called Fatou’s

lemma. Its proof can be found in [23].

Lemma 2.16. Let X,, be a sequence of non-negative random variables. Then

n—oo n—o0

E {nm inf Xn} < liminfE[X,] .

The next result compares probabilities of sum of Bernoulli random
variables (not necessarily independent) with binomial random variables. This

seems a fairly standard result that may be found in [25], for example.

Lemma 2.17. Let Xy,...,X,, be Bernoulli random variables such that for
each 1 < i < m we have P(X; = 1|Xy,..., X;1) < p;. Let Yi,....Y,, be
independent Bernoulli random variables such that P(Y; =1) = p; for all
1<i<m IfFX=Y" X, andY =7 Y, then P(X > k) <SP (Y > k) for
all k € {0,1,...,m}.

We also use the following inequality.

Proposition 2.18. Let d € N, let r > d'/? and let B > 1. Then,

Z exp (_6 ||l’||2) < (871')61/2676(717(11/2)2/2 _

x€Z%:||x||>r

> ’f(Gi—l U{ei...,em}) — f(Gici Ud(eir, .- -, em: 9))‘
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The proof of this proposition uses the following definition. We shall use

the euclidean norm in the rest of this section.

Definition 2.19. A function F : R? — R is radial if the value of F'(z) depends
only on ||z||. If F is radial, let F,.q : Rf — R be the function such that
Froa(r) = F(zx) for all z with ||z| = r.

Given a subset £ C Z? we say that £ has the non-zero property if all
coordinates x; of all x € £ are non-zero.

We prove the following auxiliary proposition.

Proposition 2.20. Letr € R and let F : R — R be a continuous, integrable,
radial function for which F,.q is non-increasing. Also, let L be a subset of Z°

with the non-zero property. Then,

> F(z) g/ F(u)du

_J1/2
zeL:||z||>r A(r—di/?)

where A(r) := R\ B(0,7).

Proof. We assume, without loss of generality, that ||z|| > r for all z € L. For
each x € L, we let x_ be the point obtained by reducing the absolute value of
each coordinate by 1.

Now, each x define an open cube C, such that y € C, if each coordinate
of y is between the corresponding coordinates in  and x_. By the definition
of x_ each cube has volume 1. Moreover, if z # x’ then the cubes C, and C,/
are disjoint. We also note that = is the point with largest norm in C,. Since

F.qq is non-increasing, we have that

S F@) =3 / F(u)lo, (u)du = / Fu)ly o, (u)du.

zeL zeL e
Since the diameter of a unit cube is d/? and ||z|| > r for all x € L, every
point in the union has norm at least 7 — d'/2. The required result follows by

monotonicity. ]

Before we prove Proposition 2.18 we need to deal with the fact that not all
L C 74 have the non-zero property. In this case, we partition the set depending
on the subset S C [d] = {1,2,...,d} of non-zero coordinates, obtaining the

following corollary.

Corollary 2.21. Let r € R and let F : R? — R* be a continuous, integrable,

radial function for which F,.q is non-increasing. Then

F(z) < 2 / Fo(u)d
S ) < 2 [ EGd

-
r€Z4%:|z|| > SCld]
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where Ag(r) := R%\ B(0,r) and Fs is the restriction of F to R®.

Proof of Proposition 2.18. We shall apply this result for the function
F(z) = exp(=p||z||*), for § > 1. Note that it is not difficult to bound
Ja exp(—0 ||ul|*)du. Indeed, we shall use that for v € R? with |jul| > r
we have |lul|®> > r2/2 + (u? + ... + u2)/2. Thus,

2 —pBr2/2 2 2
exp(—p ||u <e / exp(—f(uy + -+ +ujy)/2
J, (=B ) oy (=00 2/2)

< e P /Rd exp(—(u2 + - +u2)/2)du
d

< e_BTQ/QH/eXp(—u?)dui
i=1

= (ZW)d/ze*’B’”QQ.

Note that in the last two lines we used Fubini and the identity [ e~/ 2dy =

V2,

It is clear that the same calculation in an s-dimensional subspace would

give the upper bound (2%)3/26*5’"2/2. The required bound,

Z exp <_5 ||$”2) < (87T)d/2€7,6’(r7d1/2)2/2

z€Z4%:| || >r

now follows from these estimates and Corollary 2.21. This completes the proof
of Proposition 2.18. O
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3

Some bounds on triangle deviations

In this chapter, we present some bounds on triangle deviations that can
be found using famous concentration inequalities, such as Hoeffding-Azuma
and Kim-Vu. After comparing some different bounds, we shall see that the
bound given by our method is better. The proofs of all these inequalities are
found in [26].

We recall that

r(d,p,n) == —logP (Na(Gp) > (14 0)p*(n)s)
where G, ~ G(n, p).

3.1
Comparing different methods

Let us present a brief comparison of lower bounds for r(d,p,n) using
different concentration inequalities. We present the following table, which may
be found in [26]. An entry F' on this table means that there are constants ¢; > 0
and ¢y > 0 such that P (Na(Gp) > (14 0)p3(n)3) < O(n) exp (—coF).

Table 3.1: Lower bounds of (4, p,n) using different inequalities.

H Method H Lower bound H
Azuma-Hoeffding 5%pn?
Talagrand 52p°n?
Kim-Vu G 3ptiont/s
Vu 5%pn?

As we shall see in the next section, Hoeffding-Azuma inequality is
Theorem 2.11 [20,21]. We also have Talagrand inequality which also requires
a Lipschitz condition as well as other technical one. This can be found in [27].
In Section 3.3, we present Kim-Vu inequality which appeared in [28]. There
is another version of Kim-Vu inequality, more general and more technical,

presented in [28]. In the table, the entry corresponding to Vu comes from an
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inequality proved in [3], which is derived from this general Kim-vu inequality

together with an induction.

3.2
Using Hoeffding-Azuma inequality

Here we deduce a lower bound for r(d,p,n) using Hoeffding-Azuma
inequality (Theorem 2.11). We use a martingale known as the edge-exposure
martingale, which is obtained as follows: consider an ordering of all N pairs
in K, and for each 0 < i < N, let X; := E[Na(G,)|Y1, ..., Y] where each Y;
assumes value 1 if e; € G, and 0 otherwise; also, we note thar X, = E [Na(G))]
and Xy = Na(G,). Now, consider the filtration F; = o(Y3,...,Y;) with
Fo = {0,9Q}. Then (X;)¥, is a martingale with respect to this filtration.
Moreover, |X; — X;_1| < 6(n — 2), since it is at most the number of triangles
in the complete graph K, containing the edge e;. From Theorem 2.11 applied

to the martingale X,, we get

—52p5(n)? —5%pBn?
3 3
In particular, Hoeffding-Azuma gives us

8252
72

r(d,p,n) =

3.3
Using Kim-Vu inequality

In this section we present the Kim-Vu inequality [28] and then we use it
to deduce a lower bound for r(d,p, n).

Let H be a weighted hypergraph with V(H) = [N] for some natural N.
Each edge e has some weight w(e) and it has at most k vertices for some fixed
integer k > 2. We also have N numbers p; € [0, 1] and N independent random
variables ¢; that could be of two types: either ¢; is a Bernoulli variable with

expected value p; or t; is equal p; with probability 1. Consider a polynomial

Y = Y. wle)]]ts.
e€ E(H) s€e
t=1.
In our context of triangle counts in G(n,p), we can think of H as a 3-
uniform hypergraph in which V(H) = E(K,,) and a triple ey, es,e5 € E(K,,)

If e is empty, we let []

sce

is an edge of H if and only if it is a triangle in K,. In this case, every edge
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of H has weight w(e) = 1 and each variable ¢; is Bernoulli with expectation
p, representing whether or not the edge e; is in G(n,p). Under this setting,
Yy represents the number of triangles in G(n, p). Note that Yy does not differ
between isomorphic copies of the same triangle, thus Yy = Na(G,)/6.

In order to state Kim-Vu inequality, we need to define truncated subhy-
pergraphs. For each A C V(H), we define H4 as follows: V(H,) =V(H)\ A

E(H,) = {BCV(H,): BUA€ E(H)}
and w(B) = w(B U A) for B € E(H,). We then let

Y, = > w(e) I t:-

e,ACe ice\A

Now let E;(H) = maxacv(m),aj= £(Ynm,). This should be seen as the maxi-
mum effect that a group of ¢ variables can have in the value of Yy, in average.
Finally, we let E*(H) = max;>o E;(H) and E'(H) = max;>; E;(H). We now
state Kim-Vu inequality.

Theorem 3.1. Let H be an hypergraph under the setting defined above. Then,
for any A > 1,

P(|Yy —E[Ya]| > ax(E*(H)E'(H))"2\*) = Ofexp(=A+ (k — 1) logn))

where aj, = 8FKI/2,

Let us go back to the context of triangles in G(n,p). Let A C E(K,,). If
|A| = 3, the graph H, is empty and thus Yy, = 1. Therefore, E5(H) = 1. If
|A| = 2, say A = {uv,uw}, then H, contains only the edge vw. Since vw is
in G(n,p) with probability p, we have Ey(H) = p. If |A| = {uv} then Hy is
2-uniform with edges {vw,vw} for w € V(G). Thus, H4 has n — 2 hyper-edges
and the probability of both elements of each hyper-edge be in G(n,p) is p*.
Therefore, Ei(H) = p*(n — 2). Finally, Eq(H) = E[Yy] = p? (g) Assuming
that p > n~1/2 we get E*(H) = Eo(H) and E'(H) = Ey(H). Using Theorem
3.1 with £ = 3 and X = §'/3p/%n!/? we get

P (Na(Gy) > (1406)p°(n)s) = O(exp(—6"*p!/*n!/? + 2logn)).
This shows that

r(8,p,m) = Q(8'°p"/on!/?)

1/2

whenever § > 3(logn)*p~/?n.
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Later on, Kim and Vu [4] proved an extension of their original inequality.

This result applied to triangle counts gives
r(,p,n) = Q(p*n?)

whenever p > n~!logn and ¢ is constant.
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4
Setup of the deviations problem

In this thesis, we study triangle deviations in G(n,m) and then deduce
results for the model G(n, p). Given a graph G we let Ny (G) denote the number
of isomorphic copies of the graph H in the graph G. Given n € N, we let
N = <72‘) For m < N, the random graph G(n, m) may be obtained by choosing
a graph uniformly among all graphs with n vertices and m edges. Sometimes
we may also consider the Erdés-Rényi random process G;,i = 0,1,...,m. We
recall that this process is generated by starting with the empty graph and add
edges e, e, ..., €, one at a time uniformly among all possible edges except
the ones that have already been chosen. Another way to generate the process
G, is to consider a random uniform permutation {ej, ..., ey tof the edges of
K, and then consider G; as the graph with edge set {ej,...,e;}. It is easily
verified that G; ~ G(n,1) for all 1 < m.

In order to prove deviation results, we consider the random variable
Dy (Gy,) := Ny(G,,) —E[Ng(Gy,)]. In this work, we consider the cases where
H is a cherry or a triangle. In the rest of this chapter, we will present the basic
notations and a martingale representation for this deviation, which will allow

us to use Freedman’s inequality.

4.1
Basic notations

The notations used here are mostly the same as in [19]. Consider the
Erdés-Rényi random process G;,i = 0,1,..., m defined above, where G; has
edge set {e1,...,e;}. We write t := m/N for the edge density of G,, and
s :=1/N for the edge density of G;.

Let H be a graph with v(H) vertices and e(H) edges. We claim that the
expected value of Ny (G,,) is

In the expression above, the term (n),z) comes from the number of choices
for the set of vertices of H among the n vertices of the random graph. The rest

of the expression is due to the probability of each edge of H being present in
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the random graph. Thus, we can write the deviation on the number of copies
of H in G,, as

For each graph F' we also let
AF(Gm) = NF(Gm) - NF(Gm—l)

to be the number of copies of F' created with the addition of the mth edge.
We also define

Xp(Gm) = Ap(Gm) = E[Ap(Gn)|Gm-] = Np(Gp) = E[Np(Gp)|Gm-] -

Note that the sequence Xp(G;) works as a sequence of martingales increments,

as E [Xp(G;)|Gi—1] =0 foreach i =1,...,m.
4.2
Martingale representation

The following theorem gives a martingale representation for the deviation

Dy (G,,), which was proved in [19].

Theorem 4.1. Let H be a graph with v vertices and e edges. Then

Z (N — m)E(F) (m — Z.)@*E(F) Xr(Gy),

Di(Gn) = 2. (N =),

i=1 FCE(H)
where the inner sum is taken over all 2¢ graphs F with V(F) = V(H) and
E(F)C E(H).

In this thesis, we are only interested in cherry deviations, DA (G,,), and
triangle deviations, Da(G,,). Note that Xp(G;) is 0 if F has 0 edges or 1 edge.
Thus,

D/\(Gm) = i_n; <(Jj\f_—7?)>22 X/\(Gz)
and
DA(G) = il B(N _(]7\7)_2(;;2 —9) XA(Gy) + (&:313 Xa(G))
4.3

Description of our method

Let us describe briefly the method used to solve our deviation problem

in G(n,m). We focus on the triangle case, as the cherry case requires only a
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simplified version of the same method.

Recall that we think the problem in terms of the associated rate e=*. To
prove the upper bound of Theorem 1.3 we need to show that there exists a
constant C' such that

P(DA(Gp) > CM(b,t)) < exp(—b)

for all t > Cn~'?(logn)'? and 3logn < b < tn?( where M(b,t) =
max{NORMAL(b, t), STAR(b, t), HUB(b, t), CLIQUE(b, t) }.

As we have just seen a martingale representation for Da(G,,) the best
idea would be to apply Freedman’s inequality to obtain the result above.
However, we shall not go on with this idea directly because the martingale
increments X, (G;) and Xa(G;) could be very large. To fix this, we will
introduce truncated versions of the increments, X (G;) and X\ (G;). Then

we let

W =m)s 1 (@

: (o (N —m)a(m —1) o,

_ 2)3
where D, (G;_1) represents the degree deviation of u in the graph G;_; and
Dy (G;—1) represents the codegree deviation of the pair uw in G;_;. We define
the value to truncate so that the increments of D/s (G,,) are at most M (b, t)/b.
Also, D\(G,,) is a supermartingale which allow us to apply Freedman’s

inequality. We also need to control the conditional variance of the increments.
We shall observe that

Epmmmm]gfzpmgnz

u

and -
E[XX(G)IGi] € 552 Duu(Gir)’

An extensive part of our work resides on studying these degree and codegree
deviations. After doing that, we may prove that the conditional variance of the
increments are also at most M (b, t)/b, except with probability at most exp(—b).
We then apply Freedman’s inequality to D', (G,,), obtaining the desired bound
for the truncated part.

We let Zn(G;) = XA(Gi) — X\ (G;) and Za(G;) = Xa(G;) — XA (G)), ie.,
the non-truncated part of the original martingale increments. We then need to

control the quantity

" o~ [ o (V= m)a(m — 1)
NL(Gn) = 3 |35 206 +

i=1 - Z>3
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Each parcel of the sum above has two parts, the first one being at most tZ,(G;)
and the second being at most Z(G;). We shall prove that each of them are
at most M (b,t) except with probability at most exp(—b). For this, we will
use again the results derived from our analysis of degrees and codegrees in
G(n,m). Indeed, bounding 3=, tZ,(G;) is equivalent to bounding the number
of triangles that are created by edges in which at least one vertex has large
degree. We shall see that this sum may be bounded by the sum of squared
degree deviations. Moreover, bounding 3=, ZA(G;) is equivalent to bounding
the number of triangles that are created by edges with large codegree. To
bound this sum, we divide the edges into two categories: the first one contains
edges for which its large codegree is caused by a large degree of one of its
vertices; the second one contains the other edges. For the first category of edges,
> ZA(G;) is bounded using the same tools that we use to bound Y, tZ,(G;).
For the second category of edges, we use the results obtained in our analysis

of codegrees.
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5
Degrees in G(n,m)

In this chapter, we present the results that we need about degrees in
G(n,m).
Let d,(G) be the degree of a vertex u in a graph G and note that the
expectation of d,(Gy,) is t(n — 1) = 2m/n. Then
2m

Dy (Gr) = du(Gp) — o

is the deviation of the degree of v in G,, from its mean.

Note that the expectation of d,(G,,) is t(n — 1), which is of order tn.
We will prove bounds related to the number of vertices of large degree (at
least 2/tn for each j > 5). We will also bound the maximum degree A(G,,) of
G- We then prove bounds related to the sum of squares of degree deviations
> Du(G)?. Finally, we present a bound on the conditional variance of the

increments X, (G;).

5.1
Maximum degree and the number of vertices of large degree

Let us introduce some notation that will be useful to state our bounds.
We set (), := log(b/etn). We also let V; be the set of vertices in G, ~ G(n, m)

with degree at least 2/tn.

Lemma 5.1. Suppose t > 2n~'logn and let b > 4tn. Then, except with

probability at most exp(—b), we have
(i) A(Gp) < 20/l and
(ii) |V;| < b/tnj27=% for all j = 5.

Proof. Fix t > 2n~'logn and b > 4tn. For the first item, let a = 2b/¢,. For
each vertex u the probability that d,(G,,) > a is at most

—2b
<n>t“ < exp (—alog(a/etn)) < exp (6
b

a

(6 — log m) < exp(=3b/2).
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Since b > 8logn the quantity above is at most exp(—b)/2n. Taking an union
bound over all u € V(G) we get

2b

P(A(Gm) > 2

) < el

Let us now prove the second part. Fix j > 5 and let a := b/(tnj277%).
We assume that a is an integer, increasing b if necessary. If the event |V;| > a
occurs then there is a set A of a vertices whose degrees sum to at least 2/atn.
As this sum is equal to 2e(G,[A]) + e(G[A, V' \ A]) we have either

(i) e(GnlA]) = 27 2atn, or
(i) e(Gn[A,V\ A]) > 2 atn

Note that both of the variables above are hypergeometric with mean p < atn.
Using the bound (2-4) from Theorem 2.10 with v = atn we have

P (X > 2 2atn) < exp(—(j —2)2"atn) < exp(—2b),

where X is either of the hypergeometric variables above. Taking an union

bound over all j > 5 completes the proof of (ii). O

5.2
Sum of squares of degrees and their deviations

We now study the sum of squares of degrees as well as the sum of squares

of degree deviations. Let k(b,t) be the function defined by

tn? 1<b<t?ne
k(b,t) == V)02 t2n0 <b<nl

bn/l nl <b<tn?l
and let
b2/2 1<b<nl
KT (b,t) = [t
bn/l nl <b<tn?l.

Proposition 5.2. There exists an absolute constant C' > 0 such that the
following holds. Suppose that t > 2n~*logn and that b > 32tn. Except with
probability at most exp(—b) we have

> Du(Gi)* < Cr(b,t)
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and

> dy(Gm)* < Cr™(b,t)

w:dy(Gm)=32tn

for all steps i < m.

We observe that for b = tn the function x(b,t) is of the same order
of magnitude, tn?, as the expected value of 3, D,(G,,)?, since degrees are
typically of order t'/2n'/2. On the other hand, as b approaches tn?¢ the function
k(b,t) approaches tn® which is a trivial upper bound for 3, D,(G,,)? <
Y | Du(Gr)| < nm < tn?.

In order to prove Proposition 5.2 we bound the contribution of vertices

with not too large degree separately in the following Lemma.

Lemma 5.3. There is an absolute constant C' > 0 such that the following
holds. Suppose that t > 2n~'logn and that b > n. Except with probability at

most exp(—b), we have

S DGy < Chin

w:dy (G4)<32tn

for all steps i < m.

Proof. Given a vector o € ZV() with entries which are all either 0 or £27 for
some j =0,..., L% logtn], we define E, to be the event that
S 0uD(Gi) = 160 t/*nt/2. (5-1)
uEV(GZ)

Let S be the set of such sequences o with ||o]|* > 16b. We make two claims:

Claim 1: The event that 3,4, (G, <32 Dia(Gs) > 2°°btn is contained in
the union Uyeg Es.

Claim 2: P (E,) < exp(— ||o|?) forall o € S.

Using both claims above together with an union bound we have that

P ( > DG;) > 2%tn for some i < m) <m> P(E,)

u:dy, (G;)<32tn oges

<m exp(—[lo]?).

ogeSs

A direct application of Proposition 2.18 with 8 = 1, d = n and r = 4b'/? gives

o 4b1/2 . n1/2 2
mzmmMM<wwmm%( 2 >>
oeS

< n?exp(2n — 9b/2)
< exp(—b).
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Therefore, the desired result follows from Claim 1 and Claim 2.

Proof of Claim 1: Suppose that the event 3,4 (q,)<som Da(Gi) >
229%tn occurs for some graph G;. We first note that this sum over all vertices
u so that |D,(G;)| < 32tn is at most 2'%n? < 2'%t¢n. Thus, defining U as the
set of vertices such that | D, (G;)| € [32tY/2n!/2, 32tn] we have

> Di(G;) > 2%btn. (5-2)
wel
Let us define a vector o € ZV(@ as follows. If v &€ U, let o, = 0. Also, for
J =0, let
2 2Rl D (Gy) < min{ 27641 /2n1 /2 32tn}
o =21 2212 D (Gy) < min{27¥541/2n1/2 32tn}

In order to prove Claim 1, it suffices to show that ||o||* > 16b and that E,
occurs. It follows from the definition of o that
2 2
DG _ , _ DulG)

212¢n ST s 210¢n,

for all uw € U. It follows that

1

16b < 2 <
lol® < o,

> Du(Gy)*.

uelU

Now, to show that E, occurs, we observe that o, D, (G;) > D, (G;)?/(2°t/2n!/?
for all uw € U. Thus,

1
ueVv(G;) 25020t/

> 16642010,

as we desired.
Proof of Claim 2: Fix o € S and define the function

fa(Gi> = Z O'UDU(GI)

uEV(Gl)

Then, we may write E, as the event that f,(G;) is at least 16t'/2n'/2||o||2. We
are now in the context of Theorem 2.15. The function f,(G;) is -Lipschitz
for the function ¥ (uw) = Y,cv(q,) 0uDu(Gi). We note that l]]> < 2n0]?

and Yoy < 20max < 2t12012. Also, E[f,(G;)] = 0, as E[D,(G;)] = 0 for all
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u € U. Applying Theorem 2.15 we obtain

P(E,) = B(f:(G:) > 16]o|"n'")

( —256 ||o||* tn )
< exp

48tn |jo||* + 192tn ||o|?

2
< exp(=lo")-

which completes the proof. n
We now proceed to prove Proposition 5.2.

Proof of Proposition 5.2. Fix t > 2n~1tlogn, and ¢ < m. Note that it suffices
to prove that the bounds fail with probability at most exp(—2b), as we can take
an union bound over ¢ < m to complete the proof. We begin with the second
statement, about the restricted sum >,. 4, (G,.)>32en du(G)?. We use a dyadic
argument, based on Lemma 5.1. Let us define J = J(b) as follows: if b < n/
then J is maximual such that 27tn < 2b/4;; if b > nl, we let J = log,(1/t). By
Lemma 5.1, except with probability at most exp(—2b), we have

(i) |V;] < b/tnj27=% for all j > 5, and
(ii) V; =0 for all j > J.

Assume that the event given by (i) and (i7) occurs. We now divide into
two ranges of values of b.
For the range 32tn < b < nt:

J
> du(Gr) <29V
w:dy (Gm)>32tn Jj=5
J 9j
<Py 2 étn
i=5 J
9J+10p1,
h J
9112

=~ 2
by

The last inequality above holds since, by definition,

19

J > log( ) = {, —log(ly) >

etnt
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For the range b > n/l: we observe that J = log,(1/t), and so [J| > ¢ and

2l71 < =1, The same argument from above gives

L]
Z du(Gm)2 < Z22j+2t2n2|‘/j‘
w:dy (Gm)>32tn Jj=5
2|_JJ+10btn
< -
[/]
210%n

<
14

From the analysis of the two ranges above, we may choose any C' > 2! to
complete the proof of the bound for the second sum of this Proposition.
Now, we prove the first bound on the unrestricted sum 3, D, (G;)*. We
note that if d,(G;) > 32tn then d,(G,,) > 32tn and we have D,(G;)? <
d.(G )% Thus, we may apply the above bound to control the sum over vertices
u such that d,(G;) > 32tn.
For the range t'/?nf < b < nf, the bound from above gives

212b2
> Di(Gy) < —
l
w:dy (Gi)=32tn b

except with probability at most exp(—3b). Moreover, Lemma 5.3 gives a
constant C] such that

> DG < Cimax{tn® btn}

widy (G)<32tn

except with probability at most exp(—3b).
We now observe that max{tn?, btn} < b?/¢* and b? /(7 < 4b*/* over the

range considered. Thus,
Y DX(G;) < (2" + Ch)k(b, ),

which gives the result in this range.
For the range nf << tn?(, the same argument from above shows that,
except with probability at most exp(—3b),
9122
Y DiG) < -
b

w:dy (Gi)=32tn

and
> DXG;) < Cibtn.

w:dy (G4)<32tn


DBD
PUC-Rio - Certificação Digital Nº 1812635/CA


PUC-RIo- CertificagaoDigital N° 1812635/CA

Chapter 5. Degrees in G(n, m) 49

Since k(b,t) = btn > b*/(?, we have
> Di(Gi) < (2" + Cr(d. 1),

which gives the result in this range.

Finally, we note that if b < t*/2nf then b?/¢* < tn? = k(b,t). As this
value does not depend on b, the result in this range follows by applying the
result that we already obtained for b = t'/?n/. O

5.3
The conditional variance of the increments X, (G;)

We now present a direct consequence of the results proved earlier in this
chapter. This is a bound on the conditional variance of the increments X, (G;)
given the graph G;_;, which will be useful later to apply Freedman’s inequality
to the martingale expressions Da(G,,) and Da(Gy,).

Lemma 5.4. There exists an absolute constant C' such that the following holds.
Suppose that 2n~'logn <t < 1/2, that b > 32tn and that i < m. Then, except
with probability at most exp(—b), we have

Cr(b,t)

n

E {XA<G1'>2‘G1'—1} <

Proof. Recall that X, (G;) is defined by X, (G;) := Ar(Gi) — E[AA(G))|Gi-4],
which is the difference between A, (G;), the number of (isomorphic copies of)
paths of lengths 2 created with the addition of the ith edge, and its expected
value given G;_1. Since E [X(G;)|G;-1] = 0, it follows that

E [XA(Gi)*|Gi-1| = Var(X\(G)|Gio1) = Var(Ax(Gi)|Gi).

The number of isomorphic copies of cherries created is Ax(G;) = 2d,(Gi—1) +
2d,,(G;—1) where e¢; = ww is the ith edge included in G;. Note that e; is
uniformly selected among all pairs from K, \ G;_; and that E [d,(G;-1] =
2(i —1)/n. Let us also recall that for any random variable X and any constant
¢ we have Var(X) < E[(X —¢)?]. Applying this with X = A,(G;) and
c=28(i—1)/n gives
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1 (i —1 2
E[XA(G:)?|Gi—1] < N_it1l > <2du(Gi1) + 2d,(Gi1) — (Zn )>
wwgGi_1
8 26i — 1)\ 2(i — 1)\?
< - - 4 ) _
h N—-i+l uw%zG:i—l <du<GZ1) i n ) " (dw(Gll) n
32
< =5 Y Du(Gio1)® + Dy(Gi)?
uwQGi_l

32
< o ZDu(GFl)Q-

Let C} be the constant given by Proposition 5.2. The required inequality now
follows by choosing C' = 32C}.
O
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Codegrees in G(n, m)

In this chapter, we present the results that we need about codegrees in
G(n,m).

Let dyw(G,,) be the codegree of vertices u and w in the graph G,,,
meaning the number of common neighbors of these vertices. We note that
the expectation of dy,(G,,) is (n — 2)(m)2/(N)a, as there are n — 2 possible

common neighbors for v and w. Then

m(m —1)(n — 2)
N(N —1)

Du(Gr) = duw(Gr) —

is the deviation of the codegree of the pair uw in G, from its mean.

Note that the expectation of d,,,(G,,) is of order of order of magnitude
tn?. As we have done in the section about degrees, we will bound the number
of vertices of large codegree deviation. Here, we will also include vertices
with codegree deviation between the order of the codegree standard deviation
and the codegree mean. We will also deduce a bound for the sum of square
of codegree deviations 3., Duw(Gm)?. Finally, we present a bound on the

conditional variance of the increments Xa(G;).

6.1
Number of vertices with large codegree deviations

As we mentioned above, we shall consider two ranges of codegree devia-

tions

(i) From ©(tn'/?) to O(t*n)
(ii) Larger than ©(t*n)

Corresponding to (i) and (ii) above,

(i) For k € K, := {10, ..., [log,(tn'/?) + 10]}, we define

F(G) = {uw : | Dy (G)] € [2"tn'2, 25! 2) | | D, (G)], [Du(G)] < 27!/}

and fi(G) := [Fi(G)].
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(ii) For k € Ky := {10,...,[2logy(1/t)]}, we define
Hy(G) = {uw : du(G) € [20,25n) , du(G), du(G) < 25 tn}

We note that K; and K, have been chosen so that all dyadic intervalos from
210n!/2 up to n are covered. In the definition of Hj(G), we choose to use
duw(G;) since it is easier to understand and we have | Dy, (G;)| < duw(G;) once
duw(G;) = 2tn.

The reason for the condition over the degree deviations in the definiton
of Fi(G) and the degrees in the definition of Hy(G) is that we would like
to count only pairs which have large codegree which are not explained by a
possible large degree of one of its vertices.

We prove the following result.

Proposition 6.1. There exists an absolute constant C' such that the following
holds. Suppose that t > Cn~'/?(logn)'/? and that b > n. Then, except with

probability at most exp(—b), we have
f(Gy) < —— forallk € Kyandi<m.

For b > 4tn, except with probability at most exp(—b), we have

Cv? ,
hi(G;) < Ta2hgis forallk € Kyandi <m.
The proof of the bounds above is a bit technical and also different from

each other.

6.2
Controlling h;(G;)
In this section, we prove the second part of Proposition 6.6 above.
First, we note that if k2% < b/(t?n?) then the bound follows trivially,
as hi(Gi) < n? < b?/(k*2%*t*n?). So we fix i < m and k € K, such that
k28 > b/ (t?n?).
Let us make a dyadic partition on H(G) depending on the degrees of

u, w in the pair uw. We define

Hio(G) = {uw : dyw(G) € [282n, 25 142n) , max{d,(G), du(G)} < 2"%tn}
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and hy o(G) := |Hgo(G)|. Also, for k/2 < j < min{k — 6,log,(1/t)}, we define

Hyi(G) = {uw 1 dyw(G) € [2%n, 25 4%n) | max{d,(G), d,(G)} € [27tn, 27 tn)}

and hy, ;(G) = |Hy ;(G)|.
Note that every pair in Hy(G) is in exactly one Hy ;(G) for some index
j € J where J ={0} U{j:k/2 <j<min{k — 6,log,(1/t)}}. In particular,
hie(G) = > hii(G). (6-1)
jed
We shall think of Hy ;j(G) and H(G) as auxiliary graphs of G. We now
prove bounds on the size of stars and matchings on these auxiliary graphs.
This result will be stated and proved in terms of G ~ G(n,p) for p € (0,t)
instead of G(n,m) only because it is easier to prove this way. As we will see

later, there is no loss in changing from G(n,m) to G(n,p) in this case.

Lemma 6.2. There exists an absolute constant C' such that the following
holds. Suppose that t > Cn~'/?(logn)'/?, that p € (0,t), that b > 4tn. Let
k/2 < j < min{k — 6,log,(1/t)} and let G ~ G(n,p). With probability at least
1 —exp(=b):

(i) Hyo(G) contains no star with degree Cb/k2t*n,
i) Hy :(G) contains no star with degree Cb/(k — §)2Ft*n,
7]
iii) Hio(G) contains no matching with Cb/k2Ft*n edges.
(i) Hyo( g 9

Let us show how to deduce the second part of Proposition 6.6 from
Lemma 6.2. We shall find a constant C' so that, except with probability at
most exp(—2b),

Ob?
MG S aamhping

The proof then follows by taking an union bound over k € Ky and ¢ < m.
We first bound Ay 0(G;). In order to apply Lemma 6.2 we need to choose
an appropriate value for p so that we can go from G(n,p) to G;. Choosing
p =s = 1/N, Lemma 6.2 gives a constant C such that there is probability
at most exp(—3b) that Hy o(G) contains a star or matching with Cb/(k2%¢%n)
edges where G ~ G(n, s). Now, the number of edges of G is given by a binomial
variable Bin(N, s). Since this variable has expectation sV, there is probability
at least n~2 that G has i = sN edges. Thus, there is at most n?exp(—3b)
probability that Hy(G;) has a star or matching with C1b/(k2%t?>n) edges. We

claim that, except with probability at most n? exp(—3b) we have

o2
hk,O(G") < k292kin2
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To see this, we use a result called Vizing’s Theorem that says that y'(G) <
A(G)+1. Take a proper edge colouring of G; which uses \'(G;) colours. As each
set of edges with the same colour is a matching, we deduce that the number of
edges using the same colour is at most C1b/(k2%t?n). Also, the same quantity
bounds the value of A(G), as this is the same as the maximum size of a star em
G;. Therefore, hy,o(G;) < X' (G)C1b/(k2%¢*n) which gives the inequality above.

We now bound hy ;(G;), for k/2 < j < min{k — 6,log,(1/t)}. The same
application of Lemma 6.2 from above gives that, except with probability at
most n? exp(—3b), the graph Hy ;(G;) has a star or matching with Cb/(k2%¢%n)
edges. Moreover, we defined Hy, ;(G;) so that every edge is incident to the set V},
defined in Lemma 5.1. This result shows that, except with probability at most
exp(—3b), we have |V;| < 2%0/(tnj27). It follows that, except with probability
at most (n? + 1) exp(—3b), we have

280 Cib 28C b3
hi(Gi) < |V A(H;(Gi)) < — : = - . - :
ki (G) Vil AlH;(G2) (tnj23> ((k—j)2kt2n> J(k — 5)2k+it3n?

Recall from (11-5) that hi(Gi) = Y ;e 5 hi;(G;). Using the bounds from
above and taking an union bound over j € J we get, except with probability
at most n?log,(1/t) exp(—3b),

2712 min{k—6,log,(1/t)} 8 2
hi(Gi) < 2021kb4 7 T Z . 2‘01:* 3,2 "
k222k¢4n, =T J(k — j)2k+it3n

We note that the last sum above is dominated by the geometric sum
with ratio 3/4. In particular, the sum is at most 4 times its first term.
Also, n?log,(1/t) exp(—3b) < exp(—2b). So, except with probability at most
exp(—2b), we have

C2h? 21007, b2
hi(Gy) < L + ! .
k222k¢An2 T | k/2][k/2] 23k 232

Finally, we are considering k < 2log,(1/t), so that t=* > 2¥/2. Thus, except
with probability at most exp(—2b), we have

2120212
hi(G;) < T203RyAp2

The proof now follows by choosing C' = 2'2C%.

We now prove Lemma 6.2

Proof of Lemma 6.2. We first prove (i). We fix j = k/2 and let C be a constant
that will be determined later.
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For each vertex u € V, each subset W C V\ {u} with |W| = Cb/(k2kt?n)
and each subset Ty C V' \ {u} with |Tg| < 27tn, we define F(u, W,Ty) as the
event in which Iy is the neighbourhood of w in G ~ G(n,p) and

e(W,To) = 25*n|W|.

Consider a star with the centre being u, Iy being the neighbourhood of u and
W being Cb/(28~1) neighbours of u in Hy(G). Clearly, the event described in
() fail only if F(u,W,T) occurs for some trio u, W,I'g. Therefore, we only

need to prove that

IP’( U Flu,W, F0)> < exp (—b) .

u,W.,I'g

Fix a choice of W and Ty and define v := 27t*n|W|. We have v >
E [e(W,T)]. Moreover, the event F(u, W,Ty) implies that e(W,Ty) > 2FJv.
Thus, (2-4) implies that

P (F(u,W,To) | T(u) = To) < 2exp (—(k — 5)257%)
= 2exp(—(k — j)2"2n| W)
< 2exp(—Cbh/16)

where the last line uses the definition of |W| and the fact that j = k/2. We

shall now take an union bound over choices of v and W. There are n choices

for the vertex v and at most

w Cblogn b
n exp < ETIEm ) < exp (/{:2’“0) < exp(b/2)

choices of W. Therefore,

P ( WL/JF F(u, W, Fo)) < %:r P ('(u) =To) P (F(u, W,To)[I'(u) = T)

< 2exp(—Cb/16) Y Y P (['(u) = Ty)

u,W To
2n exp(—3b/2)

<
< eXp(_b) )

where we used C' > 32 in the penultimate inequality.
The proof of (ii) follows the exact same argument. The only difference is
that now k/2 < j < min{k — 6,log,(1/t)} and the (k — j) term cancels with
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the equivalent term in |IV].

The proof of (iii) is a bit more complicated, as we need to consider
a matching wjwy,...,upw; with f := Cb/(k2*t*n) and a sequence of sets
I't,...,I's. We now define F(uy,...,us,wy,...,wg, 'y, ..., T'f) as the event in
which I'(uy) =Ty for all g =1,... f, and

!
> T(wy) NTy| = 2%*nf.
g=1

Now, the event described in (¢44) fails only if F(uy, ..., up,wy,...,wp, T, ..., Ty)
for some matching wywy, ..., upw; and some sets I'y,...,I'; of cardinality at
most 2F/?tn.

We write u to represent u,...,us, W to represent wy,...,wy; and I’
to represent I'y,...,I'y. We also write F(u,w,I') to abbreviate the event
F(uy,...,up,wy,...,wg,I'1,...,Tf) and I'(u) = T for the event that I'(u,) =
Iyforallg=1,...,f.

For each such choice, Z£=1 II'(wy) NIyl is a sum of indicator functions
representing whether certain edges are included in G. As edges may occur
twice, it might not necessarily be binomial, but can be written as a sum of two

binomials. And so, just as in the “star” case above, by (2-4) we have
P(F(u,w,I)|I'(u) =T) < 2exp(—Cb/16).

We conclude the proof by taking an union bound over all possible matchings.

There are at most n?/ < exp(b/2) choices for this matching, which implies

N

> U P((w) =) F(F(u,w.I)|0(u) = T)

u,w,I' u,w,I’

2exp(—Cb/16)> > P([(u) =T)

uw T

u,w,I’

IP’( U F(u,w,I‘))

N

< 2exp(—3b/2)
< eXp(_b)a

where we used C' > 32 in the penultimate inequality. O

6.3
Controlling f(G;)

In this section, we prove the second part of Proposition 6.6, relative to

Ju(GH).
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We may use the same argument from the previous section to control
fr(G;) for almost all k& € Kj. In this case, we control the size of stars and
matchings in Fi(G).

However, we need to use another approach for small values of k£ (more
precisely, when 2% < 28,/logn). The problem appears when considering large
matchings, as there are exp (() ©(flogn)) ways to choose a matching with f
edges and the probability bound for a fixed matching is exp(—©(2% f)).

We now state bounds on the size of stars and matchings on F(G), which
allow us to prove Proposition 6.6 for k such that 2 > 28,/logn. As in the

previous section, we state the result in G(n,p).

Lemma 6.3. There exists an absolute constant C' such that the following holds.
Suppose thatt > Cn~'2(logn)'/?, that p € (0,t), and that b > 4tn. Let k € K,
be such that 2% > 28/logn and let G ~ G(n,p). With probability at least
1 —exp(—b):

(i) Fp(G) contains no star with degree Cb/2%,
11) by, contains no matching wit edges.
(ii) Fr(G) ' hing with Cb/2?* edg

We omit the proof of the desired bound for fi(G;) for k such that
2F > 28, /logn, as it follows from Lemma 6.3 in the same way that the bound
of hy,(G;) follows from Lemma 6.2. Before we present the proof for the other

values of k, let us prove Lemma 6.3.

Proof of Lemma 6.3. We first prove (). Also, we let C' be a constant that will
be determined later.

For each vertex u € V, each subset W C V' \ {u} with |W| = Cb/2%+1
and each subset I'y C V'\ {u} with ||Tg| —pn| < 257*n'/2, we define E(u, W,T)
as the event in which I'y is the neighbourhood of u in G ~ G(n,p) and

le(W,T) —p2n\WH > thnl/ZIW] )

Consider a star with the centre being u, [y being the neighbourhood of u and
W being Cb/(22**1) neighbours of u in Hy(G) chosen so that D,,(G) has
the same sign for all w € W. Clearly, the event described in (i) fail only if
F(u,W,Ty) occurs for some trio u, W, I'g. Therefore, we only need to prove
that

P( U F(UaVV,Fo)> < exp (—b) .

u,W,I'o
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Fix a choice of W and I'y and define p := E[e(W,T)] = p|W||[[y|. By the
definition of I'y, we have
‘,u - p2n|W|‘ < 252w < 25 AW
Thus, the event E(u, W,Ty) implies that
(W, To) = | > 25 n! 2|1

Let us note that pu < 2p*n|W| < 2t2n|W| and 2¥tn'/? < 21%%n for all k € K.
From this and Theorem 2.10 we deduce that

_22k—2 2 2
P (E(u, W, To)|T(u) = Ty) < exp< 2n|W| )

42n|W| + 2ktnt/2|W |
< exp (—2%_13]W|) .

We now take an union bound over choices of 4 and W. The number of choices

for this pair u, W is bounded by
nWIH — exp (W] + 1)logn) < exp (2|W|logn) .

Therefore,

P ( U E<U’M/7PO)) < Y P(D(u) =To) P(E(u, W, To) | T(u) = To)

u,W.I'o u,W,I'o
< exp (= 27 BW]) 0N P(I(u) = T)
u,W To
< exp ((2 logn — 22k_13)|W|)
< exp ( _ 22k714|W|)
< exp ( — Cb/214> .

Note that we used the bound, 2¥ > 28,/logn, for the penultimate inequality.
This proves the required bound provided C' > 24,
We omit the proof of the matching argument, as it is very similar to the

matching argument in the proof of Lemma 6.2. O]

We now focus on bounding f;(G;) for k € K where K = {k € K :
2% < 28y/logn}. In this case, we consider a union of disjoint stars. For k € K,
the auxiliary graph Fi(G;) may be very dense. The upper bound that we want
to prove on fi(G;) is Cb?/2* which is at least b2/logn > n?/logn, if we

choose C' large enough. The following lemma states that in reasonably dense


DBD
PUC-Rio - Certificação Digital Nº 1812635/CA


PUC-RIo- CertificagaoDigital N° 1812635/CA

Chapter 6. Codegrees in G(n, m) 59

graphs we may find a small number of stars which cover a large number of

vertices.

Lemma 6.4. Let G be a graph on n vertices with at least n?/r* edges. Then

there are some r vertices vy, ...,v, of G such that

r

U N(v)

i=1

>

S 3

We also need the following bound on unions of stars in Fj(G).

Lemma 6.5. There exists an absolute constant C' such that the following holds.
Suppose that t > Cn~'/?(logn)'/?, that p € (0,t), and that b > n. Let k € K,
be such that 2% < 28/logn and let G ~ G(n,p). With probability at least
1 — exp(—b) we have that any union of r := 2% stars in F},(G) contains less
than Cb/2?* vertices.

Let us show how the two lemmas above show that, except with proba-

bility at most exp(—2b), )
@) < Sy

for all £k € K;. Then the first part of Proposition 6.6 follows by an union
bound over k € K.

We repeat the process used to bound hgo(G;) to go from G(n,p) to
G;. We choose p = s = i/N and note that Lemma 6.5 gives a constant
C} such that there is probability at most exp(—3b) there is an union of
r = 2% gtars in F}(G) with at least Cb/2%* vertices where G' ~ G(n, s). Since
n? exp(—3b) < exp(—2b), we have that union of r stars in F}(G;) contains less
than C1b/2% vertices. Now, suppose for contradiction that

C?p? C?n?(b/n)?
FlGY) > 214k _ G ng/ )’

It would then follow from Lemma 6.4 that Fj(G;) contains 7' := n2%/Cb
vertices whose neighbourhoods cover at least C1b/2%* vertices. This is a
contradiction, as r’ < 22,

We now prove Lemma 6.4.

Proof of Lemma 6.4. Clearly the result is trivial if some vertex has degree at
least n/r so we may assume all degrees are less than n/r.

Consider the digraph obtained from G by replacing each edge by two
oriented edges (one in each direction). It clearly suffices to find vy, ..., v, such

that the union of the out-neighbourhoods in D of these vertices has cardinality
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at least n/r. We note that all in and out degrees in D are at most n/r and
that e(D) = 2e(G) > 2n?/r%.

We may find vy,...,v, greedily. Let v; be a vertex of maximum out-
degree and let us write dy for this degree and S; for N*(v;). We now remove
from the digraph all edges into S;. In the remaining digraph we find a vertex of
maximum out-degree ve with out-degree dy, set Sy = S;UNT(vy), and remove
any other edges into S,. We continue.

At step i, we may assume the current set S; has cardinality at most n/r
(else we are already done) and so the total number of removed edges so far is
at most n?/r2. It follows that at least n?/r* edges remain and so d; > n/r%.

It is clear this process terminates in at most r steps, as |S;| = dy + -+ +
d; > in/r?. m

Let us now finish this section by proving Lemma 6.5.

Let us introduce some notation. Given two sequences of sets A =
(Ay,...,A,) and B = (By,...,B,), we define

Al =>4 and  A-B =) [4)[|B).
j=1 j=1

We recall that for two sets of vertices U, W, we let e(U W) count the
number of edges with multiplicity. We extend this definition to sequences of
vertex subsets. We define ANB := (A4 N By,..., A, N B,) and ¢(A,B) :=
>5—1 e(Aj, Bj). For example, in the random graph G ~ G(n, p), we have

Ele(A,B)] = pA-B — p[ANB[ = pA-B + O(p|A]).

Proof of Lemma 6.5. Let C be a constant that will be determined later.
In a similar way to the proof of Lemma 6.2 and Lemma 6.3 we define an
event F(u, W, T') that depends on

— a sequence of vertices u = (ug,...,u,),

— vertex subsets W = (W, ..., W,) such that |W| = Cb/2%!

— vertex subsets I' = (I'y,...,[,) with ‘|Fj| - pn‘ < 28412 for all
jg=1,...,7.

For each choice of the above, we set E(u, W, T') to be the event that I'; is the
neighbourhood of u; in G ~ G(n,p) for all j =1,...,r, and that

e(W,T) = p*n|W|| > 25!/ /W]
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Suppose that the event of the lemma fails. Then there are » = 2% stars in
F}.(G) which cover at least Cb/(22%) vertices. Then at least Cb/(2%7%1) of these
pairs have deviations of the same sign. We take u as the centres of these stars,
I" to be their neighbourhoods in G, and define W = (Wy,..., W,) by taking
the sets W to be disjoint and with W, chosen among the neighbours of u; in
Fi(G) with the favoured sign. Thus, E(u, W, T') must occur for such a trio.
We now bound the probability of the event E(u, W, T'). For a fixed choice
of Wand T’ let 4 = E [e(W,T')] = pW-T'+O(p|W|). By the triangle inequality,

and the bounds on the |I';|, we have
= pPnWI| < 28 73pn!2|W| < 283 !2 W
Furthermore, the event E(u, W, T') implies that
e(W,T) = | > 2" 1n!? W

We now bound the probability of E(u, W, T') using Theorem 2.10. Let us note
that u < 2p>n|W| < 2t>n|W|, and that we have 2¥tn'/?2 < 2'%2n for k € K.
Thus

_92k-22 1\ |2
P (B, W,T) | T(u) = T) < exp( W] )

42n|W| + 2ktnt/2|W |
< exp ( — 22k_13|W|) :

We now take an union bound over choices of u and W. There are at most
n” < exp((logn)?) ways to choose u, at most (“CL\,') < exp (\W| log(en/\W\))
ways to choose the elements of W and W ways to assign these elements to
the sets W7, ..., W,. The total number of choices of the pair u, W is therefore

at most

exp ((logn)2 + |W|log (F&Z)) < exp ((logn)2 + 4k|W|>
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Therefore,

IP’( U E(u,W,I‘)) <

u,W,I'

(]
5
=
£
I
3
~
g
E
=
3
=
Il
=2

N
[¢]
3

o
|
e
T
=
=

N—

g
N
=
=3
.
I
=2

u,W T

(logn)* + 4k[W| — 2213 |W)

/N
D
e
i)
A/~ /N —~ H

<expl — 22k_14|W|)

< exp(— Cb/214)
This proves the required bound provided we choose C' > 24, O
6.4

Sum of squares of codegree deviations

We now apply the results from the previous sections to bound the sum

of the squares of codegree deviations.

Proposition 6.6. There exists an absolute constant C' such that the following
holds. Suppose that t > Cn~'/?(logn)'/? and that b > n. Then, except with

probability at most exp(—b), we have
> Duu(Gy)? < Cmax{bt*n* b*}

for all i < m.

Proof. Let us fix ¢ < m. We consider four types of pairs that contribute to the
sum 3 Duw(Gi)2.

First, the sum over pairs uw such that |D,,(G;)| < 2%n'/? is at most
920423 < 920422

Second, we use our bound on the sum of squares of degree de-
viations to control the sum over pairs ww such that |D,,(G;)| <
64t max{|D,(G;)|, |Dw(G;)|}. Indeed, by Proposition 5.2, except with proba-

bility at most exp(—2b), the total contribution of these terms is at most

C’lthnQ
14

2%°n Y " D, (G:)* < Cit’nk(b,t) <

for some constant C}.
The other types of pairs are in Ueg, Fi(Gi) or Urer, Hi(G;). From

Proposition 6.6 we have a constant Cy so that, except with probability at
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most exp(—2b), we have

Oyb?
fe(Gh) < ik for all k € Ky, and
Cyb?
hie(G;) < for all k € K,

= L2902k 4412

Assume that we are on the event described by the bounds above.

If uw € Fy(G;) for some k € K; then | D, (G;)| < 2" 1n'/? and so we
may bound the total contribution of pairs in Fy(G;) by 22+22n f1.(G,).

We use two different bounds on fi(G;) depending on the value of k. Let
ko be the maximum value of k so that 2%¢ < b/n. If k < ko, we use that
fx(G;) < n? to bound the total contribution of pairs in F}(G;) by 2222n3.

If k& > ko, the bound on f;(G;) from above gives that the contribution of

pairs in Fi(G;) is at most

4Cngt2n
PR [(G) <
We thus have
ko < AC,H*tn
Z Z Duw(Gi)2 < Z 92k+242)3 Z o < 8ht*n?4+8C,bt*n? .
ke K, uweFk(Gi) k=10 k=ko+1

If ww € Hi(G;) for some k € K, then [Dy,(G;)| < duw(Gi) <
2F+142n. Thus, the total contribution of these pairs to the sum is at most
222402 hy (G) < 4Cob% /K2, where we used the bound for hy(G;) from above.

We have
4C5b?

k2

< Oy% .

o Y Dw(G)? <Y

keKo uwer(Gi) k=10

Putting together the bounds for the sums over the four types of edges

considered above we have, except with probability at most 2 exp(—2b),
> Duu(Gi)* < (2°° + C1 + 8 + 9Co) max{bt*n*, b} .

To finish the proof, we take an union bound over i < m and note that the

failure probability is at most 2m exp(—2b) < exp(—b). O

6.5
The conditional variance of the increments X, (G))

We now present a bound on the conditional variance of the increments

Xa(G;) given the graph G;_1, which will be useful later to apply Freedman’s
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inequality to the martingale expression Da(G,,).

Lemma 6.7. There is an absolute constant C' such that the following holds.
Suppose that Cn~2?(logn)V/? < t < 1/2, that b > n and that i < m. Then,

except with probability at most exp(—b), we have
b2
E [XA<G,L)2‘G1,1} < Cmax{btz, nQ} .

The proof follows the same lines of Lemma 5.4, using the codegree results

from this chapter.

Proof. Recall that XA (G;) is defined by Xa(G;) := Aa(Gi) —E[AA(G))|Gi-4],
which is the difference between Aa(G;), the number of (isomorphic copies of)
triangles created with the addition of the 7th edge, and its expected value given
Gi_1. Since E [ XA (G;)|Gi—1] = 0, it follows that

E[Xa(Gi)?|Gioa| = Var(Xa(Gi)|Gi1) = Var(Aa(Gy)|Gia) .

The number of isomorphic copies of cherries created is Ax(G;) = 6dy.,(Gi1)
where e; = uw is the ith edge included in G;. We recall that e; is uniformly
selected among all pairs from K, \ G;—1 and that E [dy.,(G;—1)] = (i — 1)(i —
2)(n —2)/(N(N —1)). Therefore,

1 6(i —1)(i —2)(n —2)\°
Var(Aa(G)|Gic1) € ———— Y. <6duw(Gi—1) -
N—i+1 b N(N —1)
36
< ———— Y, Duw(Gi)’
N—-i1+1 wwgE(Gi-1)
144
< 7 > Duw(Gi1)?.
wwgE(Gi—1)

Let ' be the constant given by Proposition 6.6. The required inequality now
follows by choosing C' = 144(}. O
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Cherry counts in GG(n,m) - upper bounds on deviations

In this chapter we prove the upper bound of our main result for deviations
on cherry counts. This result works as a gentle introduction to the proof of
triangle counts, as both proofs share the many techniques.

Let us recall some definitions and our main result about cherry counts.
We defined M, (b,t) := max{NORMALA(b,t), STARA(D,?), HUB,(b,t)} where
NORMALA (b, 1) = bY2tn%2 STARA(b,t) = b*lpepne/(? and HUB(b,t) :=

bnlysne/l . In particular, we note that

DR b < (2
Mn(b,t) = { b* /02 if 12730043 < b < nl
bn/l if nl <b.

We shall use some lower bounds on M, (b, t), which we present now. First,

we claim that

Mn(b,t) > btn (7-1)
for all b > 1. To verify this, observe that NORMALx (b, t) > btn if b < n. Also,
STARA (D, t) = btn if n < b < nl and HUBA(D,t) > btn if b > nl.

We also claim that
Mn(b,t)* > btnk(b,t) (7-2)

for all b > 1, where k(b, t) is as defined in Section 5.2. To verify this, note that
NORMALR (b, 1)? = bt?n® = btnrk(b,t) if b < t'/2nl. Also, MA(b,t) = k(b,t) for
all b > t'/?nf and so (7-1) implies (7-2) for this range.
Let us also note that
kT (b, t)
9

for all b > 4tn, where k1 (b,t) is as defined in Section 5.2. To verify this,
first note that Ma(b,t) = k*(b,t) whenever b > nl. Then observe that
NORMAL, (b, t) = bY/2tn3/2 > b2/0? whenever 4tn < b < t*3nl,’*. Moreover,
if max{4tn,t**nf}/*} < b < nl then b/(etn) > 1/t'/® which implies that
Oy > £/3. Thus, STARA (b, t) = b%/0* > b?/(9¢3) over this range, completing the
proof of (7-3).

M/\(b7 t)2 2

(7-3)
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Let us recall that DEV,(b,t) is the minimal value of a such that
P (Nx(b,t) > E[Nx(b,t)] +a) < e . We may now restate Theorem 1.4.

Theorem 1.4. There exist absolute constants c¢,C such that the following
holds. Suppose that 2n~'logn <t < 1/2 and that 3logn < b < tn?(. Then

cMn(b,t) < DEVA(b,t) < CMy(b,t).

As we mentioned, the proof of the upper bound follows the same lines
of the triangle counts deviations. In particular, we follow most of the steps
described in Chapter 4. Note that we need to find a constant C' so that

P(Dp(Gr,) = CMa(b,t)) < exp(—b).

Let us recall from Theorem 4.1 that the martingale expression for

D\ (G,y,) is given by

We introduce now a truncated version of X (G;), as Freedman’s inequal-

ity fails if an increment is too large. Let

X (G;) == Xa(Gi)lx,(ci<12stn
and
ZNG5) = XA(Gi)lx, (G)>128tn -

It follows that
D/\(Gm) - D;\(Gm) + NX(Gm)

where )
D), (Gp) = ZMX’A(GZ-) (7-4)
and m ),
NiGn) = 3 R G). 75

Thus, to prove the upper bound of Theorem 1.4 it suffices to prove that there
exist absolute constants C and C5 such that each of the events D/ (G,,) >
CiMA(b,t) and N} (G,,) = CyMa(b,t) has probability at most exp(—1.1b).
We may then take C' = C} + C5 and the required bound follows by the triangle

inequality.
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7.1
Bounding D/ (G,,)

Note that X (G;) < XA(G;) and X, (G;) are martingale increments.
Thus, the sequence D’ (G;),i = 1,...,m is a supermartingale. We shall use
Freedman’s inequality, Theorem 2.12, to bound the probability that D/, (G,,) >
C1Ma(b,t). Let us write

(N—m)(N—m-—1) _,

V=S =iz @)

for the increments of this supermartingale. Clearly, each coefficient above is at
most 1 so |Y/| < 128tn, by the definition of the truncation.

In order to apply Freedman’s inequality, we also need to bound the
quadratic variation of the process. Note that (Y/)? < (X4 (G:))? < XA(G))>.

We now apply Lemma 5.4 to find a constant C'3 such that, for each ¢ < m,
E|[(Y))?|Gia| < Can'a(b,1)

except with probability at most exp(—2b) (Note that if b < 16tn we may deduce
the same result with failure probability equals to exp(—32tn) < exp(—20b)).

Taking an union bound over ¢ < m = tN gives

SE[(Y))?|Gia] < Cs(b,t)tn.
i=1
except with probability at most exp(—1.5b).
We may now apply Freedman’s inequality, Theorem 2.12, substituting
the value of “b” given there being C3k(b,t) and R = 128tn. We thus deduce
that

_Cle/\(bv t>2
203/'{(1)7 t) + 25601M/\(b, t)tn

P (D), (Gp) = C1MA(b, 1)) < exp( ) + exp(—1.5b)

< —Cib + exp(—1.5b)

<expl—0—"7F— xp(—1.
P\2cy + 2560, P

where the last inequality follows from (7-1) and (7-2). If we choose C; >

max{3Cj3,2°} the last probability above is at most 2 exp(—1.50) < exp(—1.1b),

as we desired.
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7.2
Bounding N} (G,,)

Let us recall that

XA(GH) < ANG) =2 dy(Gi

vee;

In particular, if X,(G;) > 128tn then the vertex of larger degree has degree at
least 32tn. Thus,

Zn(Gi) = XA(Gi)lx,Gos12stn < 4D du(Gm)la,(Go)>32tn

vEe;

where the last inequality also uses that d,(G;_1) < d,(G,,). By summing the

expression above over ¢ < m and using a double counting argument, we obtain

N* <4 Z d 1dv (Gm)>32tn Z Lyee
veV GGE(Gm)
= 4> dy(G) L4y (Gp)>32tn -
veV

If b < 32tn then, except with probability at most exp(—1.1b) we have
A(G,,) < 32tn by Lemma 5.1. In particular, the sum above is equal to 0,
except with probability at most exp(—1.1b).

If b > 32tn, we apply Proposition 5.2 to obtain a constant C4 such that,
except with probability at most exp(—1.1b), we have

N (G) < Car*(b,8) < 9C M (b, 1)

where the final inequality uses (7-3). Choosing Cy > 9C}, we finish the proof.
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Triangle counts in G(n, m) - upper bounds on deviations

In this chapter we prove the upper bound of our main result for deviations
on triangle counts.
We first recall that

M(b,t) = max{NORMAL(b, t), STAR(b, t), HUB(b, t), CLIQUE(b, t)}

where NORMAL(b, t) = bY/2t%/2n3/2 STAR(b,t) := b*t1ycne/l?, HUB(D,t) :=
btnlysne/¢ and CLIQUE(b,t) = b3/2/¢3/2,
We shall present some lower bounds on M (b, t) which will be useful later

on this chapter. First, we claim that
M(b,t) > bt*?n. (8-1)

for all b > 1. This is easily verified, as we have NORMAL(b, t) > bt3/?n for b < n,
STAR(b,t) = bt*/?n for n < b < nf and HUB(b,t) > bt3/?n for nl < b < tn?(.
In particular, (8-1) implies that

M(b,t) > bt’n (8-2)

for all t < 1.

We also claim that
M(b,t) > tr(b,t) (8-3)

for all b > 32tn, where k(b,t) is as defined in Section 5.2. To verify this, note
that NORMAL(b, t) = bY/2t3/2n3/2 > 1?n? = tk(b,t) whenever 32tn < b < t'/?nd.
Also, STAR(b, t) = tk(b,t) whenever t'/?nf < b < nf and HUB(b, t) = tx(b,t) if
nl < b < tn?l.

Let us recall that DEVa(b,t) is the minimal value of a such that
P (Na(b,t) > E[Na(b,t)] + a) < e®. We may now restate Theorem 1.3.

Theorem 1.3. There exist absolute constants c¢,C' such that the following
holds. For all t > Cn~'%(logn)'/? and 3logn < b < tn( we have

cM(b,t) < DEVA(D,t) < CM(b,t).

In order to prove the upper bound from above, we need to find a constant
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C' so that
P(DA(Gy) = CM(b,t)) < exp(—b).

Let us recall from Theorem 4.1 that the martingale expression for

Da(G,y,) is given by

| (N —=m)a(m — 1)
Dallm) = 2|3 (N —1)3

=1

XA(G;) +

As we explained in Section 4.3,we shall truncate the increments X, (G;)
and Xa(G;). The values at which we truncate these increments are
28V (b, t)

K/\ = K/\<b,t) = T and KA = KA(ZLt) =

2160 (b, t)
b

respectively. We set

X (Gs) = XA (Gi)lx,(Go<kn and XA(Gi) = XA(Gi)lx,c<kna -
We also set

ZNG;) = XA(Gi)lx,(GoysKkn and Zn(Gi) = Xa(Gi)lxaGyska -

Let us remark that both X/ (G;) and Z,(G;) are defined in a different way
than Chapter 7, as the truncation needed for the triangle deviation process is
different than the truncation needed for the cherry deviation process.

It follows that

DA(Gm) = D,A(Gm) + NZ(GW)

where
e = 35 PR =0 6+ B v6)] e
and

Let us observe that the two coefficients that multiplies X (G;) and Xa(G;)

are at most 3t and 1, respectively. In particular, we have

m

NA(Gr) < D [BtZA(Gs) + Za(Gy)] . (8-5)

=1

A main difference from the proof for cherry counts is that there are
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two types of non-truncated increments, Z,(G;) and Za(G;) and they are not
bounded in the same way, as we shall see later.

Thus, to prove the upper bound of Theorem 1.3 it suffices to prove that
there exist absolute constants 4, C/; and C3 such that each of the events
D\ (Gn) = CiMa(b,t), ST tZA(Gy) = CoMa(b,t) and Y, ZA(Gy) >
C3Mna(b,t) has probability at most exp(—1.1b). We may then take C' =
C1 + Cy + C5 and the required bound follows by the triangle inequality.

8.1
Bounding D/, (G,,)
We note that X (G;) and X\ (G;) are truncations of the martingale
increments, X,(G;) and Xa(G;) respectively, and only positive values are
truncated. Thus, the sequence D'\ (G;),7 = 1,...,m is a supermartingale. We
shall use Freedman’s inequality, Theorem 2.12; to bound the probability that
D)\ (Gy,) = C1M(b,t) Let us write
3(N —m)a(m — 1)

Xi = (N—i)g X/\(GZ) +

(N — m)3 /

e XA (G,
(N _ 2)3 A( )
for the increments of this supermartingale. Recall that the coefficients from
above are at most 3t and 1, respectively. By the truncation which occurs in
the definition of the X’ variables we have immediately that |X}| < 21" M (b, t)/b

deterministically. Moreover,
IXIP? < 1882 XA (Gh)? + 2XA(Gy)?. (8-6)

We now control the quadratic variation of the process. Combining
Lemma 5.4 and Lemma 6.7 together with the last inequality, we may find
a constant Cy so that, except with probability at most exp(—1.3b) and for all
1< m,

2
E [(X)2|Gio] < C‘*tza’t) + Cymax{bt?,b?/n?}

if b >n and
- Cyt?k (b, t)

E [(X;)2|G171} S T + C4t2n.
if 32tn < b < n.
Let us note that tk(b,t)/n < max{bt? b*/n?} if b > n and tk(b,t)/n <
t2n if 32tn < b < n. Thus, by taking an union bound over i < m, we have,
except with probability at most exp(—1.2b)

Y E {(X;)ZlGi,l] < 20y max{bt*n? bt}

i=1
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if b > n and
S E[(X)?Gioa| < 2Cut*n®.
i=1
if 32tn < b < n. We now observe that NORMAL(D,t)?/b = t3n3,

CLIQUE(D, £)*/b = b*/6*> > b* and M(b,t)?/b > bt*n® by (8-1). Therefore,
except with probability at most exp(—1.2b), we have
n 204, M (b, t)?
SE[X)(G] < 2AMEL
i=1 b
for all b > 32tn.

We may now apply Freedman’s inequality, Theorem 2.12, substituting the
value of “b” in its statement by 2C,;M(b,t)?/b and letting R = 2'7M (b, t)/b.
We thus deduce thats

—C2M (b, 1)%
40, M (b, )2 + 28C, M (b, 1)?

P (D/A(Gm) > C1M(b, t)) < exp ( ) +exp(—1.2b)
If we choose C; > max{5Cy,2'%} the last probability above is at most
2 exp(—1.2b) < exp(—1.1b), as we desired.

8.2
Bounding > | tZ,(G})
In this section, we need to find a constant Cy such that, except with

probability at most exp(—1.1b) we have
> tZA(Gi) < CyMa(b,t).
i=1

The proof here is essentially the same presented in Section 7.2. Let ¢ < m.
We recall that
XA(Gy) < ANG;) =2 Z dy(Gi-1) .

vee;
Thus, if XA(G;) > K, then there must be a vertex v € e; such that
dU<Gi_1) > K/\/4 So

ZN(Gi) = XA(Gi)lx,coysrn < 4D do(Gr)lay(Grysin/a- (8-7)

vee;

By summing the expression above over ¢ < m and using a double counting
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argument, we obtain

Z 4 Z d 1d (Gm)>K/\/4 Z ]-UEe
=1

veV e€EE(Gm)

=43 dy(Gm)?La,(Gm)>Kn/a -
vev

We note that (8-2) implies that K, = 28M(b,t)/(bt) > 28%n. In
particular, the last summation above is 0 if A(G,,) < 64tn. If b < 32tn,
Lemma 5.1 guarantees that this event occurs except with probability at most
exp(—1.1b)

If b > 32tn, we note that d,(Gn,) < 2D,(G,,) for all v such that
dy(Gp) = 32tn to deduce that

S tZA(Gy) <16t Y Dy(Gn)?.
i=1 VeV (Gm)
We now use Proposition 5.2 to find a constant C5 so that, except with

probability at most exp(—1.1b), we have
> tZA(G;) < Cotr(bt) < CoM(b, 1)

where the last inequality uses (8-3). This is the desired result.

8.3
Bounding >, ZA(G))
In this section, we need to find a constant C5 such that, except with

probability at most exp(—1.1b) we have

m

> ZA(Gi) < C3Ma(b,t).

=1

Let ¢ < m. We recall that

Thus, if XA (G;) > Ka then d,,(G;—1) > Ka/6. Summing over i < m, we get

m m

Y Za(Gi) < 6 dei(Gia)lga,, (@i 1)>Ka/6) (8-8)

i=1 i=1
We now have to deal with the sum of codegrees of edges which have large
codegree. As we mentioned in Chapter 6, we may divide these edges into two

categories: those who have its large codegree explained by a large degree of
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one of its vertices and those who have this large codegree explained by the
behaviour of the codegree itself. We call the first type good, as we may bound
their contribution to the sum by the sum of their degrees, just as we have
seen in the previous section. For each i < m, we say that e; = uv is good if
d.,(Gi—1) > Ka /6 and there exists a time i < j < m such that

de;(Gj-1) < 64t(dy(Gj-1) + do(Gj-1)) -

We also say that an edge e; is bad if e; is not good and d.,(G;_1) > Kx/6.

Clearly,
> ZA(Gi) € 6> de;(Gic1)le, is good + 6 Y de;(Giz1)1e; s bad - (8-9)
=1 i=1 i=1

The next two Lemmas provide bounds for the sum of codegrees of good

and bad edges.

Lemma 8.1. There exists an absolute constant C such that the following holds.
Suppose that t = Cn~'2(logn)'/? and 3logn < b < tn?(. Then, except with
probability at most exp(—1.2b),

m

Z dei (Gi—l)l{ei is good} < CM(b7 t) .

i=1
Lemma 8.2. There exists an absolute constant C' such that the following holds.
Suppose that t > Cn~?(logn)"/? and 3logn < b < tn*(. Then, except with
probability at most exp(—1.2b),

> de,(Gic1) e, is baay < CM(b,t).
i=1
Let us see how the rest of the proof goes from the two Lemmas above. Let
C" and C” be the constants obtained in Lemmas 8.1 and 8.2, respectively. It
follows from (8-9) that we have Y1, ZA(G;) < 6(C"+C")M (b, t), except with
probability at most 2 exp(—1.3b) < exp(—1.2b). The proof follows by choosing
C3=6(C"+C").

We shall now bound the sum of codegrees of good edges.

Proof of Lemma 8.1. Let i < m and suppose that e; is good. Then d., (G;_1) <
64t(d,(Gm)+dy(Gr)), as the degree and codegree are non-decreasing over time.
In particular, the largest degree in G, of the vertices in e; must be at least
K /2%. Therefore,

dei (Gi—l)l{ei is good} < 128t Z dv<Gm)1dU(Gm)>KA/29t .

vee;


DBD
PUC-Rio - Certificação Digital Nº 1812635/CA


PUC-RIo- CertificagaoDigital N° 1812635/CA

Chapter 8. Triangle counts in G(n,m) - upper bounds on deviations 75

By summing over ¢ < m and repeating the double counting argument used to
bound ¥, tZ,(G;) we get

m

Zde (Gz 1)1{61 is good} 128t Z d, (G )1(1 (Gm)>Ka /2% Z Lyee
i=1 vEV(Gm) e€E(Gm)
= ]‘28t Z dU(Gm>2]‘dv(Gm)>KA/29t'
UEV(Gm)

We note that (8-2) implies that K /2% = 2"M(b,t)/bt > 27Ttn. In
particular, the last summation above is automatically 0 if A(G,,) < 128¢tn. If
b < 32tn, Lemma 5.1 guarantees that this event occurs except with probability
at most exp(—1.3b).

If b > 32tn, we note that d,(G,,) < 2D,(G,,) for all v such that
dy(G,,) = 27tn. Therefore,

128 > do(Gr)’LayGrysia e < 2568 > Dy(Gm)?.
veV(Gm) vEV(Gm)

We now use Proposition 5.2 to find a constant C' so that, except with
probability at most exp(—1.3b), we have
m

Z dei (Gifl)l{ei is good} < Ct/f(by t) < CM<b> t)

i=1
where the last inequality uses (8-3). This completes the proof. ]
We shall now bound the sum of codegrees of bad edges.

Proof of Lemma 8.2. Recall that we want to find a constant C' so that for all
t > Cn~'?(logn)'/? and all 3logn < b < tn?( we have

m

> de(Gimi)lie, is vaay < CM(b,1). (8-10)

i=1
except with probability at most exp(—1.3b).

We shall use a dyadic decomposition on the sum given above. Let
J = [logy(6n/KA)] and set jo to be the minimum integer j so that 27 > ¢. We
shall find constants C5 and Cg so that we have

m jo—1

D de,(Gici)le, s baa Y La,,(Giv)el2ika /621t K 6) < CsM(D,t) (8-11)
=1 =0

and
m J

D de(Gioa)le isbad Y la, (Gioneika/o2tikase) < CeM(bt),  (8-12)

i=1 J=jo
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each of them occurring except with probability at most exp(—1.4b).

Letting C' = C5 + C we obtain from the two inequalities above together
that (8-10) occurs except with probability at most 2 exp(—1.4b) < exp(—1.3b),
as we desired.

Let us prove that (8-12) occurs except with probability at most

exp(—1.4b). Since the degree is non-decreasing over time, we have

m
Zdei< i— 1 el is bad Z 1de Gi—1)€E[29K A /6,201 K A /6)

i=1 J=Jjo
J 1
_ 9+ KA m
S Z 161 is badlde (Gm)>2TKA /6
J=jo =1
KA
Z 27 Z Le; is bad La., (Gom)>2i K o /6 -
3 Jj=jo =1

Recall from Section 6.1 that we defined the sets
Hiy(G) = {uw : dyw(G) € [2°¢*n, 2" %n) | d (), dw(G) < 25 °tn}

for k € Ky :={10,...,|2log,(1/t)]}.

Suppose e; = uw is a bad edge with d..(G,,) > 27K /6. By definition,
64t(d,(Gn) + dw(Gn)) < de,(Gy). In particular, if d. (G,,) < 2¥2n for
some k € Ky then both d,(G,,) and d,(G,,) are at most 2*~5tn. Moreover,
de.(Gr) > 2%t for some k > |j + logy(Ka /6t%n) ].

Therefore, the set of bad edges with d.,(G,,) > 2/ K /6 is contained in
the union of Hy(G,,) over k € {|j +logy(Ka/6t°n)], ..., [21log,(1/t)]}. Thus,

KA J -m KA J ) [2logy(1/1)]
3 DX 1 badld,,(Gn)>27 KA /6 < = > > hi(Gr)
J=jo =1 J=jo  k=[j+logy(Ka/6t%n)]

where hy(Gpn) = |Hi(Gn)|.

We note that Proposition 6.6 gives a constant C; so that hx(Gp) <
C7b?/(k*2%t'n?) except with probability at most exp(—1.5b). Since
2log,(1/t) < 4¢ and log(¢) < b we have, except with probability at most
exp(—1.4b),

K J ) [21og,(1/t)] C WK J ) [21ogy(1/t)] 1
EX LD VR CR A D DL D Dl
J=jo  k=[j+logy(Ka/6t°n)] j=jo  k=|j+logy(Ka/6t2n)]

Observe that sum of 1/(k?2%%) starting from some ko is bounded by 4kq/3.

Therefore, the expression on the right-hand-side of the inequality above is
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bounded by

CLb2K o 4t4n?2 | 205b?

3tn?  3K3 logs(Ka/6t2n) = 27 = 20 Kal?

Jj=Jjo

where we used (8-1) to deduce that log,(Ka/6t°n) > £ in the last inequality.
Recall that j, was defined so that 2 > (. Therefore, except with
probability at most exp(—1.4b),

m J )
2070>  C7M(b,t)
; dez‘ (Gifl)lei is bad Jgj:o 1dei (Gi_1)€[2K A /6,291 K 5 /6) < KA€3 — ois

where we used that M (b,t) > CLIQUE(b,t) = b%2/(3/? in the last inequality.
The proof of (8-12) follows by choosing Cs = C7/2'°.

Finally, we may prove that (8-11) occurs except with probability at most
exp(—1.4b).

We start bounding each codegree by its maximum value in the dyadic

interval, i.e., 277K A /6. After rearranging the terms, we get

m jo—1

‘231 de, (Gi—1)1e, is bad Zo La,,(Gi1)€[2i K a /6,241 K 5 /6)

1= ji=

KA Jo—1 -m

3 Z 2’ Z Le; is badla,, (G;_1)e2iK A /6,241 K A /6) - (8-13)

j=0 =1

<

Let j € {0,1,...,50 — 1} and suppose e¢; = uw is a bad edge with
de,(Gi1) € [2KA[6,22T KA /6). By definition, 64t(d,(G.,) + dw(Grn)) <
d.(G). In particular, if d,,(G;_1) < 2¥2n for some k € K, then both
dy(G;_1) and d,(G;_1) are at most 2¥=5tn. Moreover, 28t°n < d..(G;_1) <
282120 where k = |j + log, (KA /6t%n)].

Let H;(Gi—1) = Hi(Gi—1) U Hgy1(Gi—1) where k = |j + log, (K /6t%n) .
Then each bad edge e; with d.,(G;_1) > 27K /6 must be in H;(G;_1). In the

spirit of this observation, we define the random sets
Aj,m L= {61' € E(Gm) te; € Hj(Gifl)} .

We also set aj, := |Aj,|. For each j € {0,1,...,jp — 1}, we have
> 1o badld,, (Gi 1)>21KA/6 S Q-

i=1

Thus,
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KA Jo—1 m KA Jjo—1 )
= DX 1o badld,,(G; 1)>2 KA /6 S S5 > Yajm,. (8-14)
j7=0 =1 Jj=0

We recall that Proposition 6.6 gives a constant Cg so that hy(Gi—1) <
Cgb?/(K*2%t'n?) for all i < m and all k € Ky = {10,...,2log,(1/t)} except
with probability at most exp(—1.5b). Now, observe that log,(Ka/6t?n) — 1 >
¢/2 according to (8-1). Therefore, except with probability at most exp(—1.5b),
we have

hi(Giz1) < 36Csb”/((PK3R)
for all i« < m and all k > |log,(Ka/6t*n)]. Let us define E as the event that
[H(Gi1)| < 72050 /(P K%) (8-15)

for all 7 € {0,1,...,70 — 1} and all i < m. Since |H;(Gi-1)| < he(Gi-1) +
hiy1(Gi_1) with k = [j +logy (K /6t°n) |, we have P (E°) < exp(—1.5b). From
this together with (8-13) and (8-14), we deduce the following: in order to prove
that (8-11) happens except with probability at most exp(—1.4b), it suffices to
prove that

Kp 2
P (3A > 2ajlp > CsM(b, t)) < exp(—1.5D).
=0

Moreover, as K = 2'M (b, t)/b, we only need to prove that

Jo—1 Csb
P 2} 2ajmlp > i < exp(—1.50).
]:

Fix j € {0,1,...,j0 — 1} and suppose we are on the event E. We note
that a;,, may be seen as a sum of Bernoulli random variables X; = 1¢,c3, ;)
with i =1,2,...,m. We also observe that, by definition, the sets #;(G;_) are
completely determined by the first ¢ — 1 edges. Then

|H,(Gi—1)] 72C,b?
]P’(1eieﬂj(Gi71)|€1>---’ei—1> < N S NEK%

where the last inequality comes from the definition of the event E given on
(8-15).

We let p := (72Cgb%)/(N¢*K3%). Also, consider a random variable Y
which is the sum of m Bernoulli independent random variables Y; such that
P(Y; =1) =p. Then

7QCgb2m < 7208t192
NEK% — (K3

E[Y] = pm =
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An application of Theorem 2.10 ((2-3)) with 8 = C5b/2'°ul gives
Csb Csb Cs(K3%
v (Y - ”> S o <_215£10g (2(Jbt
o Csb 1 Cs
< exp (=57 % ()

where the last inequality above uses that ¢KZ%/(bt) > 1/t'/2. Then, choosing
Cs = max{2'0, 223Cg} we obtain

Csb
P(Y 21§£> < exp(—1.6b).

We now observe that Lemma 2.17 gives
Csb Csb

b
P(ajmlE > C5> < exp(—1.60) .

Therefore,

Recall that j, was chosen so that 270 < 2¢. Taking an union bound over
j=40,1,...,750 — 1}, we obtain

Jo—1 Csb Jo—1 Jo 1
P 2) 2jaj7m1E > ﬁ =P Z 2/ ajmlE > m Z 27 < GXp 15b)
]:

This concludes the proof. O
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Lower bounds on deviations in G(n, m)

In this chapter we prove the lower bound of our main result for deviations
on triangle counts. We also provide a lower bound for cherry counts.

Let us restate Theorem 1.3.

Theorem 1.3. There exist absolute constants c,C' such that the following
holds. For all t = Cn~"?(logn)'/? and 3logn < b < tn?( we have

cM(b,t) < DEVA(b,t) < CM(b,t).

We shall divide the proof of the lower bound into two parts. For the
normal regime, we may use the lower bound of Freedman’s inequality, Theorem
2.14. For the other three regimes (star, hub and clique) we provide an explicit
structure (graph) which is present in G(n, m) with probability at least exp(—b)

and is directly responsible for the triangle count deviation.

9.1
Normal regime

In this section we prove that there exists a constant ¢ > 0 such that
P (DA(Gm) > cb1/2t3/2n3/2) > exp(—b) (9-1)

for all pairs (b,t) in the normal regime. This gives the lower bound of
Theorem 1.3.

The first idea would be to use D\ (G,,), our truncated version of
the original martingale. However, we cannot apply Theorem 2.14 to this
sequence, as it is a supermartingale rather than a martingale. In order to
have a martingale again, let us define DA (G,,) := X", X! as the sum of the

rebalanced increments

3(N —m)a(m — 1)
(N —i)s

W = m)s XX (Gi),

X' = ~—
¢ (N — 2)3

XU(Gy) +

where X7(G;) and XX (G;), are defined by

XN(Gi) = X\(G) +E[Za(Gi)|Gim1] and X[(Gi) = XL (Gi) +E[ZA(Gi)|Gi-a] -
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Note that

E[XX(Gi)|Gia] = E[XL(G)|Gia] + E[Z5(Gi)|Gi-1]

The same reasoning shows that E [XZ(GZNG,-_J = 0. Therefore, Dx (G,,) is
the final value of a martingale with increments X/.
The next result gives the desired lower bound for the martingale DA (G,,).

We shall prove this using Freedman’s lower bound inequality, Theorem 2.14.

Proposition 9.1. There is an absolute constant ¢ > 0 such that the following
holds. Let n=*/?(logn)'/? <t < 1/2, and suppose that b > 3logn is such that
we are in the normal regime (i.e., M(b,t) = N(b,t)). Then

P (DZ(Gm) > cb1/2t3/2n3/2) > exp(—b).
Before we step into the proof of this proposition, we state and prove some

bounds on the quadratic variation of Zx(G;) and Za(G;).

Lemma 9.2. There is an absolute constant ¢ > 0 such that the following holds.
Let n=2(logn)/? <t < 1/2 and 3logn < b < n. Except with probability at

most exp(—b), we have

B2, G)PIG] <

for all 1 < i < m. Moreover, except with probability at most exp(—b),

ct?b?
ntl;

E [(Z5(Gi))*|Gia] <

forall1 <1< m.
Proof. Fix 1 < i < m. Using the inequality (8-7), we have

32
Nl Zd Gm)> K /4

e¢B(Gi_1) vEE

E {Z/\(Gi)2|Gi—1} <

where K, (b, t) = 28M(b,t)/(bt) > 2%tn. Now, each vertex appear in at most
n—1edgesand N —i+12>n(n— 1)/4. The last upper bound gives

E |:Z/\(Gz) } Z d 1dv Gm)>25tn - (9_2>
UGV

If b < 32tn the sum above is 0 except with probability exp(—1.3b) by
Lemma 5.1. If b > 32tn then Proposition 5.2 gives a constant ¢ > 0 such
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that, except with probability at most exp(—2b)

27 b?
nly -

E[Z0(Gi)*|Gia] < (9-3)

The proof of the first identity of the statement follows by an union bound over
i <m < exp(bh).
Let us prove the second identity. Using the inequality (8-8), we have

36

E |:ZA(G’i)2|Gi—1:| < me§§

> de(Gu) 1 d (Go)> K 6} (9-4)
B(Gys1)

where K = 2'M (b, t)/b.

The proof now uses a very similar reasoning to the one that we used to
bound >, Za(G;) in Section 8.3. In particular, we split the sum above into
two parts, depending on whether or not the codegree of an edge is bounded
by t times the degree of one of its vertices. More precisely, suppose that
d.(Gp) < 64t(dy(Gp) + dy(Gp) for e = wv. Then at least one of the vertices
has degree at least Ka/(2%) > 2%tn. Thus,

Ae(Gn)* 1K 5 J6<de(Grn) <64 (du(Gon)+do(Gm)t < 282D dy(Gin)?Lay (G >25tm -
vee
Note that the last sum above is the same sum from (9-2) multiplied by 25¢2.
We may use the same argument from the proof of (9-3) to deduce that, except
with probability at most exp(—2b),

36 2131212
_— d.(G,,)*1 < —.
N—ir1 > (Gm) LK 5 J6<de(Gm)<644(du (G )+l (G )} e

¢E i— 1)
(9-5)
Recall from Section 6.1 that we defined the sets

H(G) = {uw : du(G) € 20, 21n) , d,(G), du(G) < 2tn}

for k € Ky := {10,...,|2logy(1/t)]|}. Now, we use a dyadic argument to
bound the sum over edges e such that d.(G,,) > 64t(d,(Gn) + d,(G.)).
We note that such an edge must be in Hy for some ky < k < 2log,(1/%)
where ko = logy (K /t*n) > (. Let us also recall that Proposition 6.6 gives a
constant ¢y so that hy(G,,) < cob?/(k?2%1*n?) except with probability at most
exp(—2b). Therefore,

36
T > de(G) LK p J6<de (Gt L{64t(du (Gon)+do (G ) <o (Gr)} <
e¢E(Gi—1)
79 2log,(1/t) hisd o 0 2logy(1/t) 1
g; S 2PPenlh(G) < 2% Y yE (9-6)

k=ko k=ko
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except with probability at most exp(—2b). Since ko > ¢ and 2log,(1/t) <

the last expression above is at most 2''¢y/¢. From this together with (9—4),
(9-5) and (9-6) we deduce that, except with probability at most exp(—1.1b),
t20?

E [Za(Gi)?|Gia] < (2°%¢ + 2“00)”7% .

(9-7)

The proof of the second identity of the statement follows by an union bound

over i < m < exp(b). O

The main prerequisite to prove this proposition is a lower bound on the
quadratic variation of the process. For this, we need to give lower bounds on
the quadratic variation of both X, (G;) and Xx (G;). We now prove a series of

lemmas towards this goal.

Lemma 9.3. Let p € (0,1/2). For all § > 0 there exist a constant ¢ > 0 and
n € N such that the following holds. For all n’ > n and all intervals I C R of
length 2cpt/*n'/2, if X ~ Bin(n',p) then P(X € I) < 4.

Proof. Note that 2cp'/?n'/? is smaller than the standard deviation of X ~
Bin(n',p). As n increases, the central limit theorem implies that the maximum
over I C Rof P (X € I) converges to a limit that is at most P (Z € [—¢, ¢]) < 2¢
where Z ~ N(0,1). O

Lemma 9.4. There is a constant ¢ > 0 such that the following holds. Let

p € (0,1/2) and G ~ G(n,p). Then, except with probability at most exp(—3n),

{u € V(G) :pln— 1) — 02 < du(G) < pln— 1)+ ep 02} < 5.

Proof. Let ¢ be the constant given by Lemma 9.3 for § = ¢=¢ and let
I:=[pn—-1)- cp1/2n1/2 pln—1) + cpl/in/Q} '

Fix an enumeration of the vertices vy, vo, . .., v, and define, for all 1 < i < n/2,

the events
E, ={d,(G)el,... d,(G)el}.

We claim that P (E;) < e™® and
P(d,(G) € I|E;_y) < e® (9-8)
for all 2 < i < n/2. Clearly, the claim implies that

n/2

P(d, (G)elforalll < i< n/2) =P(E) H]P )€ I|E; 1) < e
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Taking an union bound over all choices for wvi,vs,...,v,/2 Wwe obtain
P(|I| <n/2) < 2"e ' L e3" as desired.

Let us now prove the claim. We begin with ¢ = 1. We know that d,, (G)
has distribution X ~ Bin(n — 1,p). Then, using our choice of ¢ and Lemma
9.3, we obtain that P(E;) = P(X €l) < e® Now, fix 2 < i < n/2.
Given a vertex v, we write N(v) for the neighbourhood of v in G and
Ni(v) := N(v) N {vy,...,v;}. We then have

P (d,,(G) € I|E;_y)
- Z P (dU2<G> € I’Nifl(vi) = N) P (Nz;l(Ui) = N|E¢,1) .

NC{vi,..v5-1}

Now, suppose that N;_1(v;) = N. Then d,,(G) is the sum of the number
of neighbours already observed (|N|) and a variable X such that X ~
Bin(n — i,p). Therefore,

P (dy,(G) € [|Ni-1(vy) = N) =P (X € T — |N])

where I — |N| represents the interval I translated N units to the left. Then,
by our choice of ¢, Lemma 9.3 implies that the probability above is at most
e~ 5. Thus,

P(d,(G)€eI|Ei1) <e® Y  P(Nii(vi) =N|Ei ) = e ®.

NC{v1,..,vi—1}
O

Lemma 9.5. For all ¢ > 0 there exists n > 0 such that the following holds.
Let n72n7t < p < 1/2 and G ~ G(n,p). We have, except with probability at

most exp(—3n),

> du(G) = |Alp(n = 1)| < ep'?n®? (9-9)

u€A

for every set A C V(G) with |A| < nn where n = ¢*/(8 + 8c).

Proof. We note that X = > ,c4d,(G) is a sum of two binomial random
variables, e(A) and e(A, A°) + e(A) where e(A) counts the number of edges
with both vertices in A and e(A, A°) counts the number of edges with one
vertex in A and other in A¢. In particular, E [X] = |A|p(n — 1). Tt follows from
Theorem 2.10 that the event given by (9-9) may fail with probability at most

9 —c*pn? <9 —c*n
ex < 2exp| —— | .
PL2(Alpn + cp2n3i2) Plani+o)
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Choosing 1 < ¢*/(8 + 8¢), the probability above is at most exp(—4n). Taking

an union bound over all subsets of size at most nn completes the proof. O

Corollary 9.6. Let 100n™! < p < 1/2 and G ~ G(n,p). Except with
probability at most exp(—2n), there are at most n/100 wvertices u so that
d,(G) < pn/2 and there are at most n/100 vertices so that d,,(G) > 2pn.

Proof. Suppose that there exist some sets A, B C V(G) such that |[A| = |B| =
n/100 and d,(G) < pn/2 for all u € A and d,,(G) > 2pn for all w € B. Then

> du(G) < [Alpn/2 < |Alp(n — 1) — p!/*n®?

u€A

and
> du(G) > |Blpn/2 > |Blp(n — 1) +p'*n*?

weB
Applying Lemma 9.5 with ¢ = 1, we deduce that the probability of both events

above occur is at most 2 exp(—3n) < exp(—2n). O

Lemma 9.7. Letp € (0,1/4] and G ~ G(n,p). There exists ¢ > 0 such that the
following holds. For eachu € V(G), let F, be the event that d,(G) € [pn/2,2pn)]

and
X, = w ¢ N(u) : du(G) < pdu(G) — cpn'?| < n/20 (9-10)
or
X =|w & N(u) : duw(G) > pdy(G) + epn'/?| < n/20. (9-11)
Then
P (uuev(g)Fu) < exp(—0.03n) .

Proof. Fix u € V(G). Let U be a set of vertices so that pn/2 < |U| < 2pn
and suppose that N(u) = U where N(u) is the neighbourhood of u in G).
For each w ¢ U, the codegree d,,,(Gp) has a binomial distribution Bin(|U], p).
Let ¢ > 0 be the constant given by Lemma 9.3 for § = 0.2. We note that
p2|U|V? = pn'/?/2. So, Lemma 9.3 gives

P(duw(Gp) < plU| = epn'?IN(u) = U) > 0.4
and
P(duw(Gp) > p|lU| + cpn'/?|N(u) = U) > 0.4

where ¢ = ¢//2. We now observe that for a fixed vertex u and assuming that
N(u) = U as above, the family of variables d,,,,(G},) with w ¢ U is independent.
Therefore, given that N(u) = U, both X, and X are binomial random
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variables, Bin(n — |U|, po), with n — |U| = 0.5n and 0.4 < py < 0.5. Thus, an
application of Theorem 2.10 to each of the variables X, and X shows that

IP’(X; < 2%) < exp (—0.045n)
and
JP(X; < 2%) < exp (—0.045n) .

Thus, P (F,|N(u) =U) < 2exp(—0.045n) < exp(—0.04n) for all choices of
U C V such that pn/2 < |U| < 2pn. Therefore,

P(F,) < max P(FuN(u) =U) < exp(—0.04n) .

UCV:pn/2<|U|<2pn

Taking an union bound over all v € V(G) we obtain
P(Uuev(g)Fu> < nexp(—0.04n) < exp(—0.03n).

]

Lemma 9.8. Let 100n~! < p < 1/4 and G ~ G(n,p). There exists ¢ > 0 such
that the following holds. Except with probability at most exp(—0.02n), there are
two sets A, B C E(K,,) \ E(G) so that |A] > 0.024n?, |B| > 0.024n? and

Ay (Gp) — duw(Gp) = 20pn1/2

for all pairs uw € A and v'w' € B.

Proof. Consider the random set of vertices
V' i={u e V(G) : d,(G) € [pn/2,2pn]} .

Let n’ = |V'|. We order the vertices of V' according to their degree in
G, i.e., we write V' = {uy, ug, ..., uy} with d,,(G) < dy,,,(G) for all i < n'.
Let u™ = u, /o). Also, let ¢ > 0 be the constant given by Lemma 9.7. For each
i < [n'/2], we define the following set:

A = {w & N(u;) : dy,o(G) < pdy+(G) — cpn*/?}
Also, for each |n'/2] < i < n/, we define
B i={w ¢ N(u) : dy,u(G) > pdy-(G) + cpn'/?}.

Let ¢ < |n//2]. Observing that d,,(G) < d,(G) and recalling the
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definition of X given in (9-10), we have X < |4;|. Analogously, if [n'/2] <
i < n’', we shall observe that d,«(G) < d,,(G) < 2pn and recall the definition
of X, given in (9-11) to deduce that X\ < |B;].

We finally define the sets

A= {(ujw) i < |n'/2] and w € A;}
and
B :={(uj,w) :i > |n'/2] and w € B;}.

Note that if (u,w) € A and (v, w’) € B, we have
dy (G) — o (G) = pdy+(G) + epn'/? — (pd(G) — cpnl/Q) = 2cpn'/?.

Now, Corollary 9.6 and Lemma 9.7 together show that, except with probability
at most 2exp(—0.03n) < exp(—0.02n), we have n’ > 0.98n vertices and both
X, and X, are larger than n/20 for all u € V’. Therefore, except with

u

probability at most exp(—0.01n), we have

!/

n’ n 5 n 9
4] = | 2|14 > 048 (20) 0.024n% and |B| = || |Bi| > 0.024

where we used that [A;| > X and |B;| > XF. O

We are now ready to prove a lower bound for the conditional variance of
the increments Xa (G;).

Lemma 9.9. There is an absolute constant ¢ > 0 such that the following holds.
Let n=1/2 <t < 1/32. Then, except with probability at most exp(—0.01n),

E [XA(G1)2|GZ_1:| } CtQTL.

for allm/2 < i< m.

Proof. Let m/2 < i < m and s = (i — 1)/N. We recall from the proof of
Lemma 6.7 that

E[Xa(Gi)*|Gioa| = Var(Aa(Gi)|Gi).

Now, let G; and G} be random graphs containing G;_; but with the i-th edge
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chosen independently. We may rewrite the expression above as

E [Xa(GIGi ] = JE [(48(G) — An(G)VIGi]
= ; (]V—lZ—i-l) Z 36 (de(Gifl) - de’<Gi71))2 :

e,e’¢E(G;—1)

We observe that Lemma 9.8 gives a constant ¢ > 0 such that the following
holds: if G ~ G(n,p) then, except with probability at most exp(—0.01n) there
are two sets A, B C E(G)¢ such that |A] > 0.024n?, |B| > 0.024n* and
d.(Gp) —du(Gp) = 2cpn'/? for all ¢’ € A and e € B. Once again, we take p = s
and note that there is probability at least n~2 that G has i — 1 = sV edges.
Thus, except with probability at most n? exp(—0.02n) < exp(—0.015n) there
are two sets A, B C F(G;_1)° as described above. In particular,

(de(Gi—l) - de/(Gi_l))z 2 462827L

for all e € B and ¢ € A. Therefore, except with probability at most
exp(—0.015n),

1 1 2
E [XA(Gi)2|G¢_1} = BY (.N—Z—i—l) EE]§6A 36 (de(Gi_l) — de’<Gi_1))2

36(0.024n2)?
>~ 00000 7

> e (4c*s*n) > 0.08¢%t°n

where we used that s > ¢/4 in the last inequality. Taking an union bound over
m/2 < i < m gives the desired result. O

Let us now give a lower bound for the conditional variance of the

increments X% (G;).

Lemma 9.10. There is an absolute constant ¢ > 0 such that the following
holds. Let n='/? <t < 1/32 and 3logn < b. Then, except with probability at
most exp(—0.001n),

E {Xg(Gi)zlGi,l} > ct’n.

for allm/2 < i< m.

Proof. Let m/2 < i < m. We recall that XA (G;) = XA (G;) + Za(G;) and, by
definition, X'\ (G;)ZA(G;) = 0. So,

E [Xa(Gi)?|Gin| = E|XA(G)*Gioa| + E[Za(Gi)?|Gima] . (9-12)

Moreover, X, (G;) = XA(Gi) — B[Za(Gi)|G;1] and E [XA(Gy)|Gia| = 0.
Thus,
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E[XA(G)*Gioa| = B [XA(Gi)?|Gia] + E[Za(G))|Gia] . (9-13)
From the two inequalities above, we obtain
E[XA(G:)*|Gia| = E[Xa(Gi)?|Gina] — 2 | Za(Gi)?|Giy ] -
Note that, by Lemma 9.2 there is a constant ¢ > 0 such that

dt*n

< t*n.
!/

E [ZA(Gi)Q‘Gi—l] <

except with probability at most exp(—0.01n). Furthermore, Lemma 9.9 gives

a constant ¢ > 0 so that
E [XA(G1)2|G1—1} > 20t2n

except with probability at most exp(—0.01n). From the three last inequalities,
we obtain

E {XZ(G1)2|G1—1} 2 cth.

except with probability at most exp(—0.01n). The proof follows by taking an

union bound over m/2 < i < m. O

Our bound on the quadratic variation of the process DA (G,,) comes from

the next result.

Lemma 9.11. There is an absolute constant ¢ > 0 such that the following
holds. Let n='/? <t < 1/2 and 3logn < b. Except with probability at most
exp(—cn), we have

E[(X})*|Gioa| > ctn
for allm/2 < i< m.
Proof. Let us define

3(N —m)a(m — 1)
(N — i)

(N — m)3
(N —1i)3

an(i) == and ana(i) =

Note that a, (i) < 6t and 1/32 < aa(i) < 1. Moreover,

(X7)? = an(i)?XN(Gi)? + 204 (1) an () X3 (G) XA (Gh) + an (i) XA (Gy)?
> 270X (Gy)? — 12t X (G) X (G . (9-14)

We shall prove that E {X 2 (G;)? |Gi_1} is the dominating term on the expansion
of E[(X})?Gi-1]-


DBD
PUC-Rio - Certificação Digital Nº 1812635/CA


PUC-RIo- CertificagaoDigital N° 1812635/CA

Chapter 9. Lower bounds on deviations in G(n,m) 90

Let us recall that Lemma 5.4 gives a constant C' such that, except with

probability at most exp(—n),

Ct*n

< t*n.
14

E [XA(Gi)?|Gi] <

We also observe that the same argument used to deduce (9-12) and (9-13) now
applied to X (G;) shows that

E[X{(Gi)’|Gia| = B |XA(Gi)*|Gioa| =B | ZA(Gi)*|Gioa| ~E[ZA(G)|Gi ) -
In particular,
PR [X(Gi)?|Gin] < PE[XA(G)?[Gin] < n

except with probability at most exp(—n). It follows from the inequality above

together with Holder’s inequality that
126E [|X[(G)XA(G)l|Gica| < 12tn!(E [ XA (G)?[Gia ) (9-15)

except with probability at most exp(—n).

Let ¢y be the constant given by Lemma 9.10 so that
E [(Xg)(Gi)Q\Gi_l} > cot?n, except with probability at most exp(—0.001n).
It follows from (9-14) and (9-15) that

E [(X;,)2|Gi—1} > (270 — 12¢y/%)t*n

except with probability at most exp(—0.001n). The proof now follows by taking

an union bound over m/2 < i < m and taking ¢ < min{cy — 1205/2, 1075}, O

After proving a lower bound on the conditional variance of the increments

of D’ (G,,) we are now ready to prove Proposition 9.1.

Proof of Proposition 9.1. We fix t such that n='/?(logn)'/? < t < 1/2 and
fix b such that we are in the normal regime, i.e., M(b,t) = NORMAL(b, ) (in
particular, 3logn < b < n). We shall prove that there is a constant ¢ > 0 such
that

P (DZ(Gm) > cb1/2t3/2n3/2) > exp(—b).

As we mentioned, we intend to use the converse Freedman’s inequality, given
in Theorem 2.14.

We recall that D% (G,,) = >, X! is a martingale. We observe that
Theorem 2.14 gives a lower bound on the probability that ™, X” for some

m’ < m. In order to get around this issue, we write o/ = cb'/*t3/2n3/2 (with ¢
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to be determined later) and note that it suffices to prove that

P (Z X! > o | Y X! > 2d for some m' < m) > 1/2 (9-16)

i=1 i=1

and m,
P (Z X! > 2a/ for some m' < m) > exp(—b/2). (9-17)
i=1
We shall use Theorem 2.12 to prove (9-16) and Theorem 2.14 to prove (9-17).

In order to use each of the theorems above, we need to bound the
maximum of the increments as well as their conditional variance. We note

that
XY < 6t(IXA(G)| + E[ZA(G)|Gia]) + [ XA(Gi)| + E[Za(G))|GiA] -

We claim that, except with probability at most exp(—0.01n),
8M(b,t)  8t3/2n??

b b1/2
for all ¢ < m. To see this, we note that 6t| X} (G;)| + |XA(G;)| < TM(b,t)/b by
the choice of the truncation used to define X (G;) and X\ (G;). Now, applying
Lemma 9.2 we obtain, except with probability at most exp(—0.01n),

RYIES (9-18)

} 1/2 ctnl/? 13/2p3/2

E [Z/\(Gz)|Gz71] < E [ZA(GZ‘)2‘Gi71 < / < b2

and

} 1/2 ctnl/? 13/23/2

tR [Za(G)|Gia] < 1B [Za(Gi)*Gia] T < <

Thus, (9-18) holds, except with probability at most exp(—0.01n).
We now claim that there are two constants cy, c; > 0 such that, except
with probability at most exp(—con),

m

Cot3n3 < ZE {(X;l)2|Gz_1} < cltgn?’. (9—19)
i=1

The lower bound is a direct consequence of Lemma 9.11. For the upper bound

we note that
E[(X))%|Gi1| < 72°E [XA(Gi)’|Gi1| + 2B [Xa(Gi)?|GiA

for all i« < m. Applying Lemma 5.4 and Lemma 6.7, we may find a constant
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¢o such that, except with probability at most exp(—cqn),

cot?n

€2

E[(X))%Gioa]| < N
The upper bound of (9-19) follows by summing the last expression over i < m
and taking ¢; = 2c¢s.
Let us now prove (9-16). Suppose that >/ | X! > 2a/ for some m’ < m.

We shall prove that after conditioning on this event, the probability that

T X7 < o is very small. Consider the process starting at m’ 4+ 1 with
increments —X{. Clearly, > X{ < o if and only if >3,  —X7 > o. To
bound this probability we shall use Theorem 2.12 with “a” = o/ = ¢b'/?t3/?n3/2,
“b” = c1t3n3 and R = 8t3/2n3/2 /b1/2. Then

Pl > —X'>d|) XI'>2d for somem <m| <
i=—m' 11 i—1

- —(0/)2

S P90 808 1 8a/t3/2n3/2 [b1/2

—c*bt3n?
< €exXp m + 2 €exXp (—COTL)

) + exp (—con) + exp (—0.01n)

—c’n
<exp| ——— | +2exp(—con) < 1/2.

We now prove (9-17). We may apply Theorem 2.14 with “a” = 2o/ =
2cb' 21320312 “b” = cotn® and R = 8t3/2n3/2 /b1/2. We obtain

m 1 —(1 + 46)a?
P (Z X! > 2a/ for some m' < m) > 5 &XP (W
i1

) — 2exp (—con)
where § > 0 satisfy c¢o/(2¢) > 672 and 4¢?b/cy > 1652 1og(646~2). We may
choose ¢ < ¢/2 so that § = 1. Then

2

26

P (Z X! > 2a’ for some m' < m) > exp ( — 1) — 2exp (—con)
i1

> oxp (—eob/50) — exp (—con/2) > exp (~b)

where we have assumed that ¢ < ¢5/100 in the last inequality. O

We complete this section by showing how Proposition 9.1 implies that

there exists a constant ¢ > 0 such that

IP’(DA(Gm) > cb1/2t3/2n3/2) > exp (—b)
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for all pairs (b, ) in the normal regime.

Fix n=1/2(logn)"/? <t < 1/32 and let 3logn < b < n. Let ¢ be the
constant given by Proposition 9.1 such that P (Dg(Gm) > 2cb' 243203/ 2) >
exp (—b/2). Then

P (DA(Gm) > cb1/2t3/2n3/2)+IP’ (DZ(Gm) — Da(Gr) 2 cb1/2t3/2n3/2> > exp(—b/2).
Therefore, it suffices to prove that
P (DA(Gm) = Da(Gm) > cb'*1¥2n%2) < exp (—b) .

Let us note that

NE

D} (Gy) — Da(Gr) <) 6HXJ(G) — XA(Gh)) + XA(Gi) — Xa(G)

1

<.
Il

NE

<

~

6tE [Z0(G2)|Gin] + E [ZA(G)|G1] .

1

<.
Il

Now, Lemma 9.2 implies that, except with probability at most exp(—2b),

< < bU/2323/2

= 77,1/2&7

1/2 th
E(Z(G)|Gi) < E[ZA(G1)|Gi] :

for all i < m. Moreover, the same holds for tE [Z,(G;)|G;i-1]. Taking an union

bound over 7 < m we deduce that
P (Z 6tE [Z/\(Gl)’Gl_l] + E [ZA(GZ)‘Gz—l] 2 cb1/2t3/2n3/2> < exXp (—b) .
i=1

This completes the proof of (9-1) in the normal regime.

9.2
The other regimes
In this section we complete the proof of the lower bound of Theorem 1.3

by proving that there exists a constant ¢ > 0 such that
P(Da(Gw) = M(b,t)) > exp(—b)

for all pairs (b, t) such that t > n="/2(logn)"/? and 3logn < b < tn?/.
We may assume that the pair (b,t) is not in the normal regime, as the
result has already been proved for such pairs in the previous section. For each

of the three remaining regimes (star, hub and clique) we shall provide a graph
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G containing at most b/(10¢) edges and such that
E [Na(Gmobjioe UGL)| > E[Na(Go)] + 2¢M (b, 1)

with ¢ to be determined later. Let us see that this is sufficient to prove the

lower bound. We first observe that the last inequality is equivalent to
E[NaA(Gm)|Em] > E[NA(G)] + 2¢M (b, ).

where F,, is the event that G, C G,,. We also observe that, since G, contains
at most b/(10¢) edges, we have

<m>b/105 (t)b/lof b
P(En) > > |5 > —.
(Em) (N)b/100 2 =P

Moreover,
E [NA(Gn)|En] < E[NA(GR)] + cM(b,t) + 0P (Da(Gyn) > cM(b,t)|Eyy) -
Therefore,
P (Da(Gy) > cM(b,t)|Ey) = cM(b,t)n™ > n™3
and so
P (DA(Gh) > cM(b,t)) = n 3 exp(—b/2) > exp(—b) .

Let us now give the three structures that give the required lower bound
in each of the three remaining regimes.

The star regime: We may take G, to be a star of degree b/(10¢). This
adds at least tb*/(100£%) to the expected number of triangles in G,,.

The hub regime: We may take G, to be a hub which consists of b/(10n/)
vertices of degree n — 1. This adds at least btn/(80¢) to the expected number
of triangles in G,,.

The clique regime: We may take G, to be a clique with b/2/(4¢/?)
vertices. This adds at least (b/4€)3/? to the expected number of triangles in
Gm.

9.3
Lower bounds on cherry deviations

We now prove the lower bound of our main theorem about cherry

deviations. We shall restate this theorem now.
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Theorem 1.4. There exist absolute constants c¢,C such that the following
holds. Suppose that 2n~'logn <t < 1/2 and that 3logn < b < tn?(. Then

cM,(b,t) < DEVA(b,t) < CM(b,1).

The proof is analogue to the proof for triangle deviations. We start with
the normal regime for cherry counts. We shall prove that there exists a constant
¢ > 0 such that

P (DA(Gr) = b'*tn/?) > exp(-b) (9-20)

for all pairs (b,t) in the normal regime of cherry deviation, i.e., for ¢ >
n~'2(logn)"/? and 3logn < b < t¥/3nf*/3.

Repeating the ideas from triangle deviations, we define the martingale
D} (Gy,) = >, Y/ where

y" — (N_m)Q

i mX/\(Gz)

and
XN(Gi) = X\(Gi) + E[ZA(G)|Gi] -

The following result gives the lower bound for D} (G,,).

Proposition 9.12. There is an absolute constant ¢ > 0 such that the following
holds. Let n=*/?(logn)'/? <t < 1/2, and suppose that 3logn < b < t¥/3nl4/3,
Then

P(D’A’(Gm) > cbl/Qtn3/2) > exp(—b).

Again we shall use the converse Freedman’s inequality, Theorem 2.14 to
prove this proposition. In order to use this method, we need to give a lower
bound for the conditional variance of the increments Y;”. We start proving a
lower bound for E [X?2(G,;)|G;_1].

Lemma 9.13. There is an absolute constant ¢ > 0 such that the following
holds. Let n='/2 <t < 1/32. Then, except with probability at most exp(—2n),

E [XA(Gi)zlGi,l} > ctn

for allm/2 <i<m.

Proof. Let m/2 < i < m and let p = s = (i — 1)/N. Let us recall that
An(G;) = 2dy(Gi—1) + 2d,(Gi-1) where e; = uv is the i-th edge added in the
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process G;. We then have

2
E[AAN(Gi)|Gic] = Z du(Gi—1) + dw(Gi-1)
N—z—|—1uw¢E( i)

- 11— dy(Gi
N_H'lue; )d (n du(Gi-1))
4(i—1)(n—1) 2 9

= — d, (G
N—i+1 N—z’—l—luE;(G) (Gin)

where the last equality uses the fact that the sum of degrees over all vertices
of a graph is twice the number of its edges.

Recall that we defined the degree deviation as D,(G;_1) = d,(G;—1) —
s(n —1). We also note that N —i+ 1= N(1 —s). Thus,

2sn(n — 1) 2s’n(n —1)? 2

e (T RO ue;@D“(G"‘l)Z
=4s(n—1) — N(l ue%%@D

We also recall that X,(G;) = A\(G;) — E [AA(Gi)|Gi_1] and so

Gi) =2 dy(Gi1) —4s(n—1) + N(1 3 > Du(Gish)®  (9-21)

uce; ueV(G)

We now observe that Lemma 9.4 gives a constant ¢ > 0 such that the
following holds: if G ~ G(n, p) then, except with probability at most exp(—3n),
cither there is a set F' C V of size at least n/4 with d,(G) > p(n—1)+4cp'/?n'/?
for all w € F or there is a set F' C V of size at least n/4 with d,(G) <
p(n — 1) — cp/?n'/? for all u € F. We take p = s and assume that the first
case holds, as the proof if only the latter holds is completely analogous. Now,
since the number of edges of G(n, s) is given by a binomial variable Bin(N, s),
there is probability at least n=2 that G has i — 1 = sN edges. Thus, except
with probability at most n? exp(—3n) < exp(—2.5n), the graph G;_; has a set
F' as described above.

Suppose that the edge e; = uww is contained in the set F. From (9-21)

and the definition of F' we have

2
X/\(Gi>1ei€E(F) } 4031/2n1/2 + m Z Du(Gifl)z-

Moreover, since F' has at least n/4 vertices, the number of edges e € E(K,,) \
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E(G,-1) that are completely contained in F' is at least

n/4 , n?
— 1> —.
(2) 2w

where we used that s < 1/32. Therefore, except with probability at most

eXp(_Qn)v
1
EXAGPIG] = g 2 X6l
N—i1+1 T
1
2 T — Z X/\(Gi)Ql{ei:uw}
N =i+l enrnbG )
S, _n dest/2pl/2 4 S Du( 2
~ 64N (1 — s) N(l - %) o
> 8c?sn.

We note that since 1 > m/2 we have s > ¢/4 and thus E [X(G;)*|Gi_1] > 2¢%tn
except with probability at most exp(—2.5n). Taking an union bound over

m/2 < i < m gives the desired result. O

We are now ready to bound the quadratic variation of the process
D3 (Gm).

Lemma 9.14. There is an absolute constant ¢ > 0 such that the following
holds. Let n='/?(logn)'/? <t < 1/2 and 3logn < b < t?/3*nl*3. Except with
probability at most exp(—2b), we have

E [(Yi”)2|GZ—_1} > ctn
for allm/2 < i< m.
Proof. We note that Y;” > 273X//(G,;) and thus
E[(V/)?|Gioa| = 27°E [X](G:)?|Gi]
We recall from the proof of Lemma 9.11 that
E [X/A/(Gi)QlGifl} > E {X/\<Gi)2‘Gi*1} —E [ZA(Gi)ZlGi—l] —E [ZA(G)|GiA]?

Now, Lemma 9.2 shows that, except with probability at most exp(—3b) we

have )

E[(Z7(G:)?IGi] < CZQ < tn.
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Let ¢ be the constant given by Lemma 9.13 such that, except with probability

at most exp(—2n), we have

E {XA(GZ-)2|GZ-_1} > din.
Therefore, we have

E [XX(Gz)ﬂszl} = c’tn/?

except with probability at most exp(—2n) + exp(—3b) < exp(—b). The proof
follows by choosing ¢ = /2. ]

Let us now prove Proposition 9.12, which is analogue to the proof of

Proposition 9.1.

Proof of Proposition 9.12. We fix t such that n='/?(logn)"/? < ¢t < 1/2 and
fix b such that 3logn < b < t/3nf*3. We shall find a constant ¢ > 0 such that

]P’(DX(GM) > cbl/ztng/Q) > exp(—b).

We recall that D} (G,,) = >, Y/ is a martingale. Repeating the proof

of Proposition 9.1, we set o’ = ¢b'/*tn?/? and note that it suffices to prove
that
P (Z Y > o | ZY;” > 20/ for some m’ < m) > 1/2 (9-22)
=1 i=1
and !
P (Z Y > 2a/ for some m' < m) > exp(—b/2). (9-23)

In order to bound the maximum of the increments, we note that |V/| <
| X\ (G))| + E[ZA(G;)|Gi-1]. By the definition of X/ (G;) we have | X/ (G;)| <
27tn. Moreover, Lemma 9.2 shows that E [(Z,(G;))|Gi_1] < tn, except with
probability at most exp(—2b). Thus,

¥/ < 2

except with probability at most exp(—2b).
Moreover, there are constants ¢y, c; > 0 such that, except with probabil-
ity at most exp(—2b),
m

cot’n® < Y E [ (Y/)?|Gy 1} < et?n®.

=1
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The lower bound is given by Lemma 9.14 and the upper bound follows from
Lemma 5.4 together with the fact that E [(Y/)?|G;_1] < 2E [XA(G;)?|G;_4] for
all 7 <m.
Let us now prove (9-22). As in the proof of (9-16) we assume that
™ Y/ > 20/ for some m/ < m and consider the process starting at m/ + 1.
We then apply Theorem 2.12 with “a” = o/ = cb?*tn®?, “b” = ¢;t*n® and
R = 28tn to deduce that

m m’
P( Z Y;”>o/|ZY;’}QO/forsomemlgm) <
- i=1

—(O/)Z
< exp <201t2n3  artn + exp (—2b) + exp (—2b)

_ 2
< exp (2013—28> +2exp (—con) < 1/2.

We now prove (9-23). We may apply Theorem 2.14 with “a” = 2o/ =
2cb' 2032, “b” = ¢ot?n® and R = 28tn. We obtain

1 (—(1 + 48)a?
2

P (Z Y > 2a/ for some m’ < m) > —exp 25 ) — 2exp (—2b)
i—1

where § > 0 satisfy cy/(2¢) > 672 and 4¢*b/cy > 165 21og(6462). We may
choose ¢ < ¢y/2 so that 6 = 1. Then

—5a?

20
> exp (—cob/50) — exp (—2b) > exp (—b)

P (Z Y > 2a’ for some m' < m) > exp ( = 1) — 2exp (—2b)
i=1

where we have assumed that ¢ < ¢y/100 in the last inequality. O

For the other regimes, we mimic the proof given for triangles in Sec-
tion 9.2. Recall that we only need to give a graph G, containing at most
b/(10¢) edges and such that

E [NA(G)|E] > E [Na(G)] + 2¢M (b, 1)

where F,, is the event that G, C G,,. Note that for cherry deviations, there
are only two remaining regimes (star and hub). Let us give the structures that
give the lower bound in each of them.

The star regime: We may take G, to be a star of degree b/(10¢), which
adds at least b?/(100¢?) to the expected number of cherries in G,,.


DBD
PUC-Rio - Certificação Digital Nº 1812635/CA


PUC-RIo- CertificagaoDigital N° 1812635/CA

Chapter 9. Lower bounds on deviations in G(n,m) 100

The hub regime: We may take G, to be a hub with b/(10nf) vertices
of degree n— 1. This adds at least bn/(80¢) to the expected number of cherries

in G,,.
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10
Triangle deviations in G(n,p)

In this chapter we prove our results for triangle deviations in G(n,p),
Theorem 1.1 and Theorem 1.2.

10.1
Some binomial estimates

As we shall use our results from G(n, m) to prove our results in G(n,p)

it will be useful to have estimates for
b,(m) = P(Bin(n,p) = m)

and
B,(m) := P(Bin(n,p) > m) .

where ¢ = 1 — p. They are valid for p € (0, 1) a constant or p = py a function.

We also define the expression

i P4 (1))
(i + 1) (i + 2)pH/2qi/2 N2’

=1

We write F(z, N, J) for the partial sum up to ¢ = J. The next result was
stated in [19] and it follows from Bahadur [30], Theorem 2.

Theorem 10.1. Suppose that (xy) is a sequence such that 1 < zny < /Npq.
Then

2

b (LN + vy Nal) = (14 0(1)) e (—?—E(xw,m)

and

1 x2
N(PN 4+ zny/Npq) = (1 +0(1 mN\/ﬂexp (—QN—E($N,N)> )
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Furthermore, if 1 < znx < (pgN)Y2(pgN)~VU+3) then the infinite sum
E(xy, N) may be replaced by the finite sum E(xy, N,J) in both expressions.

10.2
Proof of Theorem 1.1

In this section, we prove Theorem 1.1 which gives the asymptotic value

of 7(8,,p,n) for a certain range of the parameters 9, p. Let us recall that

r(0n,p,m) == —logP (Na(G,) > (148,)p*(n)s) -
We now restate Theorem 1.1.

Theorem 1.1. Let n™?logn < p < 1 and let 5, be a sequence satisfying
p V7t <« 5, < ptlogn)*t, nmV3(logn)¥? 4 plog(1/p).

Then
62pn?
36

We shall use the following identity to go from G(n,m) to G(n,p):

7(0n,p,n) = (14 0(1))

P (NA<GP) > (1+ 5n)p3(n)3) = Z—o by (m)P (NA(Gm) > (1+ 5n)p3(n)3)

(10-1)
Let us define

m. = pN(1+6,)"3.

This is approximately the value of m so that the expected number of triangles
in G, is (1 + 8,)p*(n)s. In particular, we do not require deviation in G,,, in

order to have Na(G,,) > (1 + 8,)p*(n)3. We also let
Ty 1= X (m)_im*—p]\f

We also define
M(6,p) == CM(8*pn?, 2p)

where M (b,t) is as defined in Chapter 1, before the statement of Theorem 1.3
and C' is the constant obtained from the upper bound of the same theorem. In

particular, it follows from Theorem 1.3 that
P (Na(Gr) > E[NA(Gw)] + M(3,,p)) < exp(—0*pn?) (10-2)

for all m < 2pN.

We now state a more precise version of Theorem 1.1
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—-1/2

Proposition 10.2. Letn logn < p < 1 and let §,, be a sequence satisfying

p VPt < 6, < plogn)®t, nm 3 (logn)?? + plog(1/p).

Then

: 8, M (5,
r(0n,p,n) = % + E(z.,N) + logz,. + O <p<2np)> +0(1).

Let us see how this proposition implies Theorem 1.1.

Proof of Theorem 1.1. We first observe that

r, = [(143,) - I]W

From the expansion of (1 + 6,)/? we get

1) 52 pN
L= =42 53 il
x <3+9+O<n)>”q

5np1/2N1/2 < )

n 3
S |1 3> +0(83n).

Since N = n(n — 1)/2 we obtain from the last expression that

Sap'?n
. = 14+ 0(1)).
ro = 21 4 o(1)
Thus,
Ty 52pn?
== P4 0(1)).
= B o))

2

*°

Moreover, x, > 1 for this range of values of ¢, and thus logz, < =z
Furthermore, we have E(x,, N) < 22 and M (6,,p) < 6,p*n® over the specified
region of values of 8,. Indeed, using (10-2) we may note that M (J,,p) was
chosen so that the contribution to the deviation made by G(n,m) is small,
as the probability of having a deviation of at least M (0, p) is bounded by
exp(—dapn®) < exp(—a3). O

Let us now prove Proposition 10.2. We recall that m, = pN(1 + 6,)"/3

and define

m_ = m, —2p 20" "M (6, p) .
We also define
m_ — pN

r_ = ay(m_) = N
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Proof of Proposition 10.2. We start with the proof of the lower bound on
P (Na(G,) > (1+6,)p*(n)s), which gives the upper bound on r(d,, p, n). Note
that (10-1) and monotonicity gives

P(NA(G,) > (14 6,)p°(n)s) = Bx(m)P (Na(Gm.) > (14 6,)p°(n)s)
Now, the expected number of triangles in G,,, is

(m.)3(n)s

which is of order (1 + d,)p*(n)s by the definition of m,. Thus,
P (NA(G.) > (14 6,)p*(n)s3) converges to 1/2 + o(1) by the central limit
theorem. Then it follows from Theorem 10.1 that

IP(NA(GP) > (1+5n)p3(n)3) > exp <_2x’2‘ — E(xy,N) — logz, + O(l)) :

We now prove an upper bound on P (Na(G,) > (1 + 4,)p*(n)s), which
gives a lower bound on r(d,,p,n). We may again use (10-1), splitting the
sum into two parts: considering only the contribution above m_ and only the
contribution below m_. Using Theorem 10.1 we note that the contribution

from above m_ is at most

2
By(m_-) < exp( ;7 — E(x_,N) — logz_ + O(l)) :
Let us note that
2p~*n"" M (64, p)
T_ = Ty —

Vi
a0 (M)

pp/2n2

Thus,

—x? x M(5,,p
By(m_) < exp( 5 + O <p5/(2n2)

2 Y
< eXp( L0 <5nM(5n,p)
2 p3n

) — E(xzy,N) — logz, + O(l))

) — E(z,,N) — logz, + O(l))

where we used that z, = ©(62pn?) in the last inequality.

We now bound the contribution from m < m_. We claim that

P (wam_) > (14 6,)5" (g)) < ep(-2pN).  (103)
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In order to prove this, let us bound E {N A(Gm_)}. We have

B [Na(Gn )] < () (s

Therefore,

P (NA(Gm_) > (1+ 5n)p3(

By monotonocity, we have

N
> by (m)P (Na(Gr) > (14 06,)p*(n)s) < m_exp (—d2pN) + By(m_).
m=0

Since By (m_) has the exact desired upper bound and 62pN is much smaller

than the desired bound, the proof is complete. O

10.3
Proof of Theorem 1.2

In this section, we prove Theorem 1.2 which gives the asymptotic value
of r(0,,p,n) for the localised region.

Let us restate Theorem 1.2.

Theorem 1.2. Let n=?logn < p < 1 and let §, be a sequence satisfying
p**(logn)**, n™'*(logn)** + plog(1/p) < &, < 1.
Then
r(6,,p,n) = O(1) min{6¥*p*n?logn, 62 2pn®?logn + 8,p*n*log(1/p)} .

As this is the localised region, the proof of the lower bound on
P(Na(G,) > (1 +0)p*(n)3) goes by showing that G, has a certain structure
(hub, star or clique) with probability 7(d,,p,n) and that this structure causes
the required deviation.

For the upper bound, we show that the probability of having deviation
without any structure is small. We let mg = pN + 6,pn?/10 and note that by
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Theorem 2.10 we have

—82pn?
Bn(mgp) < exp( 2’6% ) . (10-4)

Proof of Theorem 1.2. We have three regimes for ¢,: hub, star and clique. The

hub region corresponds to
log(1/p), — < 6, < 1
~ n .

In this region, the minimum value in the required bound is ©(d,p*n?log(1/p)).

Moreover, as ¢, > plog(1/p), we have from (10-4) that
P (e(Gp) > mo) = Bx(mo) < exp (—Q(d,p*n* log(1/p))) -

We now give a lower bound on P (Na(G,) > (1 + §)p®(n)3) in this region.
We note that the probability of having a hub of size ©(d,p*n) vertices, each
of them with degree n — 1, is exp(—O(d,,p*n?log(1/p))). This structure adds
an extra 0,p°n® triangles to the expectation, as required. For the upper bound

we have
P (Na(Gy) > (1+8,)p*(n)s)

P (e(Gy) > mo) + P (Na(Gy) = (14 6,)p*(n)s | e(Gy) < mo)
< exp(—Q(6,p*n? log(1/p)) + P (Na(Gumy) = (14 6,)p(n)s) -

/N

We now observe that as 9,, < 1, we have
mo)3(n 99,,
BN (Gonll = P08 < (1450 o,
Thus,

P (Na(Gmo) = (14+6,)p°(n)3) < P (Da(Gmy) = 6(8,0°n°))
< exp (—Qp*n* log(1/p)))

where we used Theorem 1.3 to deduce the last inequality. This completes the
proof for the hub region.

Let us now prove the result for the star region, which corresponds to

1
p*(logn)*”

. 1
n~3(logn)*? < 6, < —= -
p*n

The proof follows in a very similar way to the hub region. In the star region,
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the minimum value in the required bound is ©(5/?pn3/?logn). Moreover, as
60 = n"3(logn)?3, we have from (10-4) that

P (e(Gp) > mo) = Bn(mo) < exp (—9(571/217713/2 logn)) :

The lower bound on P (Na(G,) > (1 + §)p*(n)3) in this region follows
by asking that there is a vertex of degree at least d'/2pn3/2. This increases the
expectation of the number of triangles in §,p>n?, as required. Furthermore, the
probability that such a structure happens is exp(—O(é}/ 2pn3/%logn)), as logn
and log(1/p) are equivalent in this regime. For the upper bound, we proceed

exactly as in the hub regime, with the difference being that Theorem 1.3 gives

P (Na(Gmg) = (1+8,)9°(n)3) < P(Da(Gmo) = O(6up*n’))

<
< exp (—9(5}/2]9713/2 log n))

as required.

We finally move to the clique region, which corresponds to

1

3/4(1 M <5 L —
P (logn)™ < & < p3(logn)3

In this region, the minimum value in the required bound is ©(62/3p?n?logn).
Moreover, as 6, > p*/*(logn)3/* we have from (10-4) that

P (e(Gp) > mo) = Bn(mo) < exp (—9(52/31?2712 logn)) :

The lower bound on P (Na(G,) > (1 + §)p*(n)3) in this region follows by
asking for a clique on ©(5Y3pn) vertices. This adds an extra §,p°n® triangles
to the expectation and has probability exp(—O(6%?p*n?logn)). For the upper
bound, we repeat the same proof from the previous regimes, with the difference

being that Theorem 1.3 gives

P (Na(Gug) = (14 6,)0°(n)s) < P(Da(Gruy) > O(6.5°0%))
< exp (—Q((SZ/?’pgn logn)>

as required. O
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A version of Freedman’s inequality

In this chapter we prove new versions of Freedman’s inequalities - both
the upper and lower bound. Our version includes some additional symmetric

conditions on the martingale increments.

111
Upper bound

In this section, we shall prove Theorem 1.5. This is related to the upper
bound of Freedman’s inequality, Theorem 2.12.

Recall that, given a martingale S; with increments X; with respect to
the filtration F;, we defined

T, = Y B [X|Fia] .
=1
with n € NU {+o00}.

We now restate Theorem 1.5.

Theorem 1.5. Let m € N. Let S; be a martingale with increments X; with
respect to a filtration F;. Suppose that there exists R € R so that |X;| < R
a.s. for all ©. Assume that, for each i, there are real numbers €; so that
|E (X2 Fii] | <& If 0 < a < 2b then

—a? £a? at

P(S,— Sy =aand T, < b for somen < m) < exp( 5% +6R3b3 + R

where £ = Y €.

The proof of this result is very similar to the proof of Theorem 2.12,
given in [22].

The main idea of this proof goes through the definition of a certain
supermartingale. Before we go through this, let us fix A > 0 and define the
number e(\) = e* — 1 — X\ — (A3/6). The proof of the next Lemma follows the

same lines of the proof of Freedman’s inequality given in [31].

)


DBD
PUC-Rio - Certificação Digital Nº 1812635/CA


PUC-RIo- CertificagaoDigital N° 1812635/CA

Chapter 11. A version of Freedman's inequality 109

Lemma 11.1. Let A > 0, ¢ > 0 and X be a random variable such that | X| <
E[X] =0 and |E[X?]| < e. Then,

E [exp(AX)] < exp ( (VE [X?] + 5?)

for any A > 0.

Proof. This follows from

oo Vkyk o N | XF
E [exp(AX)) :ELZ)\];( ] = k['}
— k! —~ k!
< 1+<§+§ﬁ>E[X2}+§E[X3}

= 1+e(ME [X?] + =
g N
< exp (6()\)E {X } + ) :

O

We observe that Lemma 11.1 also applies to conditional expectations.

For A > 0, let us define the sequence

Y, (A) := exp <)\Sn )\3 i@) )

Corollary 11.2. Let S; be a martingale with increments X; with respect to a
filtration F;. For each i, suppose that there are €; so that |E[X}|Fi1]| < &
and that | X;| < 1. For any A > 0, the sequence Y;(\) is a supermartingale with
respect to the filtration JF;.

Proof. Fix A > 0 and ¢ € N. Then,

exp ()\S —e(A 263) 11]

Ei>\3
= Y 1E |exp | AX; —e(N)V; — 6 | Fic1

EY;| Fiei] = E

where V; = E [ X2|F;_4].
Now, apply Lemma 11.1 to the variable X; and its conditional expectation

on the sigma-algebra F;_;. This shows that

8@')\3
E [exp (AX;) | Fie1] < exp [e(N)V; — 5
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and the result follows immediately. m

Given any martingale (or supermartingale) S; and a number a > 0, we
define the stopping time 7, as the first time ¢ such that S; — Sy > a with

T, = o0 if this never occurs. We then define the sequence of stopping times

a

ol := min{n,7,} for n € N. We write 0, = o2 if a is clearly given by the
context.

We now have all the tools to prove Theorem 1.5.

Proof of Theorem 1.5. We assume, without loss of generality, that | X;| < 1 for
all 7. The proof for the general case given in the statement goes by considering
X! = X;/R. We also note that S/ = S; — Sy is a martingale with S} = 0 and
the same increments as S;. Thus, we may assume that Sy = 0

Note that Y; is a supermartingale and each o, is a bounded stop-
ping time, so 1 = E[Y;] > E[Y,,]. In addition, Y, 1{;, <} converges to
Y. lir.<o0} as n goes to infinity. Now, Fatou’s Lemma, Lemma 2.16, implies
that E V7, 1{r,<cep| < 1.

Fix m € N and define the event A,, = {S,, > a and T,, < b for some n <

m}. On this event, we have 7, < m, S;, > a and T, < b. Therefore,
A3
1 > E[Y,14,] 2P(A,)exp ()\a —e(A)b— r Z£z>
i=1

for any A\ > 0. Also, e(\) < A?/2 4+ A\1/12 for A\ < 1/2. Choosing \ = a/b, we
get

)\2 )\4 )\3 m
< _ A Z ,
P(Am)\exp< /\a+b<2 —|—12>+ 6;8‘)

. a’> &a®  at
S P\ o e T )

11.2
Lower bound

In this section, we shall prove Theorem 1.6. This is related to the lower
bound of Freedman’s inequality, Theorem 2.14.

Let us restate Theorem 1.6.

Theorem 1.6. Let m € N. Let S; be a martingale with increments X; with

respect to a filtration F;. Suppose that | X;| < 1 a.s. for all i and that there are
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g; so that |E[XP|Fiq]| <& If2<a<b/8 a/b<min{g;/3:1<1i<3m}
and 8b < a® then

P(S,— Sy =aand T, < b for somen < m) > —exp

; (—(1 +n)a?

)—P(Tm<b) :

where v = 3™ g; and 0 < n < 1/16 is minimal such that b*/a > 36yn~!,
v?/a* > 108072 and a®/b > 180n~21og(90n~2).

The proof of this result depends on a series of results that we state and
prove in this section. We first fix m € N and define a process S} with increments
X} as follows: let X¥ = X; ifi <mand P(X/=1) =P(X/=-1) =1/2
if © > m. Clearly, S; is an “extended” version of our original process .S; after
time m since Sf = S; for all i < m. We note that | X}| =1 = E[(X})?|F;_1]
and E[(X})3|F;_1] = 0 for all i > m. Thus, the process S} satisfies all the
assumptions from Theorem 1.6.

We also define, for a > 0, the stopping time 7,7 := min{i : S} — Sy > a}.
Also, let Wg = T7.. This variable is essential for the proof of Theorem 1.6.
Clearly, if W < b then either T}, < b or S; reaches a before time m and 7; < b.
Thus, our result follows if we prove that

P(Wr <b) > ;exp <—;Z (1 +77)> . (11-1)

As we shall see later, we need to also prove an upper bound on P (W} < x)
for some values of x. This part of the proof is essentially the same presented

in the previous section. We first define, for A > 0, the sequence

nAm
Y (N) := exp ()\S: —eNT; =N > 6i> :
i=1

We note that all processes defined in this section depend on the value of m.
For convenience, we omit this dependence. We also observe that ¥,* =Y, for

n < m. Indeed, Y * is also a supermartingale.

Corollary 11.3. Let S; be a martingale with increments X; with respect to a
filtration F;. For each i, suppose that there are &; so that |E[X2|F;_1]| < & and
that | X;| < 1. Let m € N and S} be a process with increments X with respect
to the filtration F;, where X; = X; for 1 <i<m and X} ~ Unif{-1,1} for
i >m. For any A > 0, the sequence Y;*(\) is a supermartingale with respect to
the filtration F;.

Proof. For i < m, we just observe that ¥;* =Y, and Y; is a supermartingale
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by Corollary 11.2. For ¢ > m we note that Lemma 11.1 gives
Elexp (AX7) | Fioa] < exp (e(W)V7)

for ¢+ > m, completing the proof. O

We now present an upper bound on P (W} < z) which is the same bound

given in Theorem 1.5.

Theorem 11.4. Let m € N, a > 0 and x > 2a. Then

—CL2 §a3 CL4
P(Wr < _—
(We <o) eXp<2x +6x3+12x3

where £ =Y €.

Proof. Let A > 0. Since Y;*(\) is a supermartingale, we have 1 = E[Y] >

(2

ExYh 1 coo}- Also, S;*;l{T;@o} > a. Thus,

3Nm

1> Aa —
exp(a 5

) e (=02 15

Moreover, T = oo which implies that exp (—e(A)W;) L{rs—oy = 0 almost

surely. Therefore,

E [exp (—e(A\)W)] < exp <—)\a + 5?) .

Now, an application of Markov inequality gives

B(W; <) = B(exp(—e(A)W}) > exp (—e(N)z))
< exp (e(N)2) E [exp (—e(\) W)

N

exp (—/\a +e(N)z + gf) :

The proof follows by choosing A = a/x and recalling that e(\) < A\?/2+ \*/12
for A < 1/2. O

We now define, for any A > 0, f(\) = e — 1+ X + A\3/6. Also, for
A < 3m, define
Zn(A)" = exp ()\S;; — fNT,; + sn)\?’n)

We shall see next that Z,(A\)* is a finite submartingale.
The proof of the next lemma also follows the lines of the proof of

Freedman’s inequality given in [31].
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Lemma 11.5. Lete € (0,1) and let X be a random variable such that | X| < 1,
E(X) =0 and |E(X?)| < e. Then,

E [exp(AX)] > exp (f()\)]E [XQ} — 5)\3)

forany 0 < X\ < ¢g/3.

Proof. We recall that f(\) = e™*—1+A+A3/6 and so f'(A) = —e A +1+1?/2
and f”(\) = e + X\. We note that f(0) = 0 = f(0). From the expansion of

e~ we have \2 A2\
— < < —+—. 11-2

Moreover, we have 23
A <A (11-3)

and )2
1 < "\ < 1—1-?. (11-4)

Let 02 = E[X?] and define g(\) = E[exp(AX)] — exp (f(N\)o? —e)?).
We shall prove that g(A) > 0 if 0 < A < ¢/3. Differentiating g(\) twice with

respect to A\, we get
g\ = E[X exp(AX)] = (f'(No® = 3eN?) exp (f(A)o? — eX?)

and
J'"(\) = E [X2 exp()\X)] + h(\) exp (f()\)02 _ 8/\3)

where
B = 66X — " (N)o® — (f/(N)o? —3eA?) .
Since f(0) =0 = f’(0) we also have g(0) = 0 = ¢/(0). Thus, it suffices to prove
that ¢”(\) > 0 for 0 < A < /3.
We split the rest of the proof in two cases, depending on the sign of A(\).
First, we assume that h(\) > 0. We observe that the inequality e*® > 1+ Az

implies that
E[X?exp(AX)] > 0? — AE [X?]

and so
9'(N) = 0> = AE [X?] + h(N) exp (F(N)o? — eA?) .

If A(A) > 0 then

" 2 3 20
g'(N) = o* =B X >

where we used that |X| < 1 and A < 1/3 in the last inequality.
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We may now assume that h(A) < 0. Using (11-3) and (11-4), we obtain

B = 62X — ' (N)o® — (f'(N)o? - 3en?)’
/\2
> 6e) — (1 + 2) 02 — 4N20? + 6eX30% — 920!

/\2
> de) — (1 + 2) o? (11-5)

where we used that A < £/3 in both inequalities above. In particular, we have
A < 0?/(2¢) which, together with (11-2), imply that

> 3.

et > X

Using (11-5) and the fact e* < 1+ 2z if 0 < 2 < 1, we deduce that
R(A) exp(f(N)o? —eX?) = (4ed —20H)(1 + 2f(\)o? — 2e)?).
Now, observing that E[X?] > —¢ and using (11-2) we get
g'(N\) = 0% — e+ (de)d — 20%)(1 + 20207 — 2e)3)

Expanding the term on the right of the last inequality and using that A < £/3

and o2 < 1, we obtain
g'(\) = 2eA =3\ > 0.

This concludes the proof. O

We observe that Lemma 11.5 also applies to conditional expectations.

Thus we can mimic the proof of 11.3 to obtain the following result.

Corollary 11.6. Let S; be a martingale with increments X; with respect
to a filtration JF;. For each i, suppose that there are ¢; € (0,1) so that
|E[X2|Fi_1]| < & and that |X;| < 1. Let m € N and S} be a process with
increments X with respect to the filtration F;, where X = X; for 1 <i<m
and X} ~ Unif{—1,1} fori>m. For any 0 < A < min{g;/3: 1 <i < 3m},

the sequence Z;(\)* is a supermartingale with respect to the filtration JF;.
Proof. Fix A <min{1/2,¢; : 1 <i < 3m} and i < 3m. Then

E [Zn | Fn—l} =E lexp ()\Sn — f()\)Tn + )g) i 51’) | Fn_1]

=1

= Zn B |exp (AXo = F)Vi — 2,A%) | Foa .


DBD
PUC-Rio - Certificação Digital Nº 1812635/CA


PUC-RIo- CertificagaoDigital N° 1812635/CA

Chapter 11. A version of Freedman's inequality 115

Now, an application of Lemma 11.5 to X; and its conditional expectation on
Fi 1 gives
E [exp (AX,) | Fao1] = exp (f()\)Vn + sn)\?’) :

and the result follows immediately. O]

Let us now define, for a > 0, the variable R}, = W1, <3my +T13,1{7,>3m}-
In words, R} measures the total quadratic variation necessary for the process
to reach the value a, if this happens before 3m steps; otherwise, R} is just the

quadratic variation up to this point. We have the following result.
Lemma 11.7. Let m € N, a > 0 and the processes S; and S} defined as before.
Also, define v = 33" &;. Then

E [exp (— f(\)R;)] exp (vA*) > exp (=A(a+1)).

for all 0 < A < min{g;/3: 1< i< 3m}.

Proof. Recall that we defined o}, = min {n, 7;}. Note that S,» < a+1 and

o4, < 3m. Since Z,(\)* is a submartingale, we have
3m
1=B (2] < E[Zs,] < o (Mot 1)+ 230 B o (-0,
i=1
The proof follows by observing that T);, > R;. O]
We now establish a relation between the variables R} and W .

Lemma 11.8. Let m € N and positive real numbers a,b,x such that b < m
and x < 2b. Then, P(R: < z) =P (W} < x).

Proof. We first note that 75, > 2m > 2b > x. This implies that R} < x
if and only if W) < z and 77 < 3m. Also, in case that 7, > 3m, we have
Wy > Ty, > x. Therefore,

PR <z) ==P(W)<z,7, <3m)=P(W; <x).

a ’a a

]

Our last step before proving Theorem 1.6 is the following technical

lemma.
Lemma 11.9. If ¢ > 0 and x > 2logc, then e* > cx.

Proof. Note that g(c) = ¢—log ¢ has a minimum at ¢ = 2 and is positive there,
so it is positive everywhere. Thus, h(x) = e” — cx is positive at x = 2loge.

Since h/(z) = e — c is positive for all > 2log ¢, the result follows. O
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We are now ready to prove Theorem 1.6.

Proof of Theorem 1.6. We assume, without loss of generality, that | X;| < 1 for
all i. Now, since |T,,| < m, the result holds trivially if b > m. We thus assume
that b < m. Let us recall that it suffices to prove (11-1) to complete the proof.
From Lemma 11.8 we see that it suffices to prove

P(R: <b) > ;exp (—gz (1+ 77)) . (11-6)

where 7 is fixed as in the statement of this theorem.
Let us note that f(\) < A?/2, and so Lemma 11.7 implies that
exp(—A(a + 1)) < Elexp(—A?R}/2)] exp(yA?). Integrating by parts, we get

exp(y)\?’)); /OOOIP (R < z)exp (—)\;x> dr > exp(—A(a+1)). (11-7)

We let p = n/3 and fix A = (1 + p)a/b. Note that A < 1/2 and A < ¢;
for all i« < 3m, so the inequality above holds for this choice of A. Now,
we divide the interval (0,+00) in five subintervals, as follows: Iy = [0,b/5),
I, = [b/5,(1 —2p)b), I3 = [b,2b), Iy = [2b,4+00) and I5 = [(1 — 2p)b,b). For

each of these intervals, let

A2 A
d; = exp(7/\3)—/ P(R; <xz)exp|——=x].
2 Ji 2
We claim that 0; < exp(—A(a+1)—4) for j =1,2,3,4. Let us now show

how (11-6) follows from this claim. First, note that

(55 } exp(—)\(a + 1)) — 51 — (52 — 53 — (54
9

> 0 exp(—A(a +1)).

On the other hand,

00 )\2 )\2
ds < P(R: <b) exp(w)\?’)/ —exp | ——x | dx
(1-2p)b 2 2
A2(1— 2p)b>

= P(R; <b)exp (7)\3 - 5
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Thus,
P(R; <b) > 1906Xp <—)\(a+ 1) — A% + >‘2(1;2p)b>
> 190exp (—(1 +bp)a2 _a 2/))& it ng)ga:” L a +p)2(21b— 2p)a2>
> ﬁ)eXp (—gz <2+2p—1+3p2+2p3+ 3;a> _ (1:p)a> '

Since a/b < 1/5, p < 1/40 and va/b* < p*/4, we deduce that

PR <B) > Texp(—S (1430)) = Lexp (=% (14 )
a Z 9P\ Ty P =P T T

It is now left for us to prove that 6; < exp(—A(a+1)) for 1 < j < 4. We
start with d;. Recall that I; = [0,b/5) and p < 1/16, so

o (b e N A2
9 < exp(YN)P (R < - / —exp | ——=x | dz
5/)Jo 2 2

b
< 3 * .
S eXp(V/\ )P (Ra < 4(1 +p)>

Since a < b/8, we can apply Lemmas 11.1 and 11.8 to deduce from the
inequality above that

AN -

1+p)Pa®  4(1+p)a®  64v(1+p)*a®  64(1 + p)°a’
51<exp<7( +p)’a? A+ p)a®  Gh(L+p)Pa (+p)a>

b3 2b 603 1663
B (1+p)a®>  (1+p)a®>  (1+p)a®  T0v(1+p)3a®  4(1+ p)ia’
- o ( b 2b S B ‘

Note that, for simplicity, we changed ¢ in the bound given by Lemma 11.1 by
~. Now, observe that the first term inside the exponential above is exactly Aa.
Also, a?/2b > a/b implies that the second term is bounded by —A\. Using that
va/b* < p?/12 and a*/b? < p*/12 we deduce that

a*> (1 p  5p*(1+p)°
< — — — [ ——= — = - 7
51\exp< Aa /\—i-b( 5 2+ 2

Since p < 1/40 and a?/2b > 4, the inequality above shows that §; <
exp (—Aa+1) —4).

Let us now prove that the same upper bound holds for d5. Recalling that
I, = [b/5, (1—2p)b], we shall apply Lemmas 11.1 and 11.8 to bound P (R} < x)
for every x € I,. We get
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L A2 1-200)
Jy < exp(yA )2// exp(—0(z))dx (11-8)
b/5
where 2 2 3 4
T YA S L (11-9)

2 2¢  6a% 1673
We shall prove that —f(x) is increasing over I. Note that, for every = > 0,

2 2 2
9”(1’) — ag<1_7a_3a>>0
xT

So, #'(x) is increasing over [0, +00) where

X a? ye® 3a?
Ola) = > - L 00 .
() = 3~ 0@ T2 T 1o

In particular, if x € Iy, we have

(14 p)2a? a’ va? 3a*

0'(z) < 0'(1—2p)b) =

N

a’ ((1+p)? (1+2p)° p* p°
0 ( > 2 87w
2

a
< ﬁ(—Qp —2p%) <0

which proves that 6 is decreasing over I. Thus, —0(z) < —0((1 — 2p)b) for
every x € I. This implies that

1 2 1—2 2 2 3 4
o) < _(A+p)P(A—=2p)a®  a L N a
2b 2(1—2p)b ' 6(1—2p)33 ' 16(1 — 2p)%6?
- @’ (242042 +6p°  p° P
b 2 24 192
(L+pa* @ (p* p* P
< -0 S (E_£_F 11-10
b b \2 24 192 (11-10)

where we used that 1/(1 — 2p) > 1+ 2p + 4p* + 8p3. Observe that the first

term on the right-hand side of the last inequality is equal to Aa. We also note

that v v(1 + p)ia _ 3p%a2
A A T
Then, it follows from (11-8), (11-10) and (11-11) together that

2 2 2 2 2 2 2
5 < b;exp<_<1+ﬂ>a_a<ﬂ_p_p_?w>>

(11-11)

~

2 2,2
< exp (log <ab> —\a — pfiZ)

where we also used that bA?/2 < a?/b. Now, by assumption, a?/b >

22 2(1—2p)%% | 2(1—2p)"t | 16(1—2p)1b"
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(20/p?)1og(10/p*). Thus, a direct application of Lemma 11.9 with z = p*a*/10b
and ¢ = 10/p? shows that log(a®/b) < n?a®/10b. This observation, together
with the last inequality, proves that d, < exp(—Xa — (p*a?/15b)). A di-
rect computation shows that p?a?/15b > 5 > (4 + ((1 + p)a/b)) and thus
dy < exp(—Aa — A —4).
We may now bound 43 in a similar way. We begin again by applying
Lemmas 11.1 and 11.8 to deduce that
A2 r2b
d3 < exp(v)\g)?/b exp(—0(z))dx (11-12)

with 6(x) as defined in (11-9). Note that if x € I3, then b < x < 2b, so

2.2 2 3 4
(1+p)%a a va 3a >0

/
> I e T
@) > —5 202 " ot 160 T

Thus, §(z) is increasing over I3 which implies that

(1492 o ~d a

—0(z) < —0(b) < — _T 4t _ 2
(z) (0) 2 % 6B 160
_a (242049 P2 P
) 2 24 192
(L+pa® a®(p* p* P
P o . R A 11-1
b b \2 24 192 (11-13)

Note that this is the exact same bound that we obtained in equation (11-10)
for the function #(x) with x € I,. Now, using (11-12),(11-11) and (11-13)
and applying the same argument used to bound ds, we conclude that d3 <
exp(—Aa — A —4).

Finally, we bound 4. Note that

g [N P 5 o
dy = exp(yA )/Zb e |- dr = exp(v/\ - A b).

Now, it follows from equation(11-11) and the equality above that

(14922  pla?
< _
04 < exp( ) + 1

1+ p)a®> a? 3p?
)

/A

We recall from the proof of the upper bound for d; that a direct computation
shows that pa?/b > p?a®/15b > (4 + ((1 + p)a/b)). Together with the last
inequality above, this shows that §; < exp (—Aa — A —4). ]
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