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Abstract

Johnes Ricardo Gongalves; Simon da Rosa, Guilherme (Advisor);
Teixeira, Fernando Lisboa (Co-Advisor). Semi-Analytical
Methods for the Electromagnetic Propagation Analysis
of Inhomogeneous Anisotropic Waveguides of Arbitrary
Cross-Section by Using Cylindrical Harmonics. Rio de
Janeiro, 2022. 116p. Tese de Doutorado — Departamento de
Engenharia Elétrica, Pontificia Universidade Catélica do Rio de
Janeiro.

This thesis presents a study on semi-analytic methods for modeling
waveguides with complex-shaped boundaries. The electromagnetic fields inside
inhomogeneous and anisotropic media are solved via cylindrical harmonics as
a basis for other numerical approaches, including the regular perturbation
method (RPM), the cavity-material perturbation method (CMPM), and the
point-matching method (PMM). The novel semi-analytic solutions we have
explored here can be employed for the analysis of wireless communication along
tunnels and boreholes as well as for the modeling of realistic logging-while-
drilling (LWD) sensors and their environments at low-frequency geophysical
problems. We studied the potential of the RPM when combining it with
the transformation optics (TO) principles to analyze an eccentric coaxial
waveguide filled with anisotropic materials. Furthermore, we have extended
the classical CMPM proposed by Harrington to handling anisotropic media
for solving the cutoff wavenumbers of the modal fields in the same eccentric
coaxial waveguide in an approximated but numerically efficient manner.
Another perturbation solution is proposed here and combines the low-order
corrections from RPM into the CMPM for providing high-order corrections to
the cutoff wavenumbers of the modes supported in this guide. A mathematical
formulation of a semi-analytic point-matching method for solving more
complex anisotropic-filled waveguides with an arbitrary number of layers is also
presented. An improved version of this method is introduced for modeling non-
circular multi-layered cylindrical guided structures. Such point-matching-based
solutions represent good alternatives to brute-force approaches such as finite-
element and finite-difference methods and motivate further investigations. We
present a series of validation results showing the accuracy, efficiency, and

potential limitations of the explored methods.

Keywords
Anisotropic media; Conformal mapping; Cylindrical harmonics;

Perturbation techniques; Point-matching method.
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Resumo

Johnes Ricardo Gongalves; Simon da Rosa, Guilherme; Teixeira,
Fernando Lisboa. Métodos Semianaliticos para a Analise
da Propagacao Eletromagnética em Guias de Onda
Anisotrépicos e nao homogéneos com Secao Transversal
Arbitraria Usando Harmonicos Cilindricos. Rio de Janeiro,
2022. 116p. Tese de Doutorado — Departamento de Engenharia
Elétrica, Pontificia Universidade Catoélica do Rio de Janeiro.

Esta tese apresenta um estudo sobre métodos semianaliticos para
modelagem de guias de ondas com contornos complexos. Os campos
eletromagnéticos dentro de meios nao homogéneos e anisotropicos sao
resolvidos por meio de harmoénicos cilindricos como base para outras
abordagens numéricas, como o método de perturbagdo regular (RPM), o
método de perturbagdo de material em cavidade (CMPM) e o método de
casamento de pontos (PMM). As novas solugoes semianaliticas que exploramos
aqui podem ser empregadas para a analise de comunicacdo sem fio ao longo
de tuneis, bem como para a modelagem de sensores realistas de perfilagem
durante a perfuracao em problemas geofisicos de baixa frequéncia. Estudamos
o potencial do RPM ao combiné-lo com os principios da transformacao éptica
(TO) para analisar um guia de onda coaxial excéntrico preenchido com
materiais anisotropicos. Além disso, estendemos o CMPM classico proposto
por Harrington para lidar com meios anisotrépicos para resolver os ntimeros
de onda de corte dos campos modais no mesmo guia de onda de maneira
aproximada, mas numericamente eficiente. Outra solu¢do de perturbagao é
proposta combinando as corre¢oes de baixa ordem do RPM no CMPM para
fornecer corregoes de alta ordem para os nimeros de onda de corte dos
modos suportados pelo guia. Uma formulagdo matematica de um método
semianalitico baseado em PMM para resolver guias de onda preenchidos com
meios anisotropicos e com camadas arbitrarias também ¢é apresentada. Uma
versao melhorada deste método ¢ introduzida para modelar estruturas guiadas
cilindricas de multiplas camadas nao circulares. Essas solu¢oes baseadas em
casamento de pontos representam boas alternativas para abordagens de forca

bruta, como métodos de elementos finitos e de diferencas finitas.

Palavras-chave
Meios anisotrépicos; Mapeamento conformal; Harmonicos cilindricos;

Técnicas de perturbacao; Método de casamento pontual.
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1
Introduction

1.1
General Introduction

Numerical and analytical models for electromagnetic analysis of in-
homogeneous and anisotropic cylindrical guided structures have important
applications for several real-life scenarios such as the syntheses of waveguides,
filters, sensing probes, among other equipment in microwave and millimeter-
wave systems. Also, these structures can be employed for the analysis of
wireless communication along tunnels and boreholes as well as for the modeling
of realistic logging-while-drilling (LWD) sensors and their environments at low-
frequency geophysical problems.

Several computational electromagnetics (CEM) methods can be em-
ployed for solving the boundary-value problems associated with inhomogeneous
and anisotropic waveguides. Today, the finite difference, finite element, and
integral equation [1] based methods are prevalent techniques because their
numerical implementations are relatively simple and they have become quite
popular as most commercial CEM software include such solvers in their
simulation engines [2-4]. Such brute-force methods, however, require a lot of
computational resources, and even with the constant evolution of hardware and
computational power, the accurate modeling of inhomogeneous and anisotropic
media remains a challenging task.

Fig. 1.1 shows a typical waveguide cross-section filled with anisotropic
materials this work desires to explore. Notice the cross-section is inhomo-
geneous, and can be seen as a non-circular multilayer waveguide. We will
investigate some analytical and semi-analytical methods for solving Maxwell’s
equations, in an approximated manner, on the grounds of the cylindrical
harmonics that solve the vector Helmholtz equation in uniaxally anisotropic
media. The methods we have studied do not need the discretization of the
computational domain as in the brute-force alternatives, and were carefully
tailored for structures such as that shown in Fig. 1.1. In what follows, we
describe our basic methodology for modeling more simple-shaped problems, as

eccentric circular layers, and then, our introductory reasoning on the model for
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more complex-shaped problems. Several analytic and semi-analytic techniques
have been developed to determine the cutoff wavenumbers of the propagating
modes in eccentric waveguides. Among them, we can mention the work in [5],
where cylindrical harmonic functions were combined with the Graf’s addition
theorem for describing the effect of small eccentricities. In [6], specialized
formulas to small eccentricities were also obtained from an eigenfunction
expansion of cylindrical harmonics, but using a series of approximations to
satisfy boundary conditions of the problem based on trigonometric formulae
rather than the translational addition theorem. Very recently, the cutoff
wavenumbers of eccentric coaxial waveguides were analyzed using a bipolar
coordinate system and the corresponding Helmholtz equation solved via the
method of separation of variables with proper approximations made for small
eccentricities in [7,8].

In addition to the low-order approximated analytic solutions reported
above, several numerical techniques can be employed to solve the problem at
hand. In the pioneer work in [9], the point-matching method was used. In [10],
the finite difference method was applied to obtain the cutoff wavenumbers of
the high-order transverse magnetic (TM) and transverse electric (TE) modes
in an eccentric coaxial waveguide.

A more complex-shape guided structure has multiple layers, but in gen-
eral, no known analytical solutions are available. In some scattering problems,
where plane waves incident over cylindrical geometries with simple cross-
sections, such as circles and ellipses, closed-form are available [11] and [12] in
terms of special Bessel and Mathieu functions. The scattering of other complex
geometries, however, requires the employment of brute-force methods, such as
method of moments (MoM) [13], finite difference time domain (FDTD) [14,15]
or finite element method (FEM) [16]. In addition, some methods are in a
middle ground between analytical and brute-force approaches, where a series
expansion in terms of special functions are employed to match the boundary
conditions in cylinders with cross-sections that does not deviate a lot from
circles or ellipsis. These semi-analytical methods will be denote herein was
point-matching methods (PMMs)!, and have been used with success of the
years for the analysis of non-circular hollow waveguides [9,17, 18], scattering

by dielectric cylinders [19-21], and others wave-guided-devices [22,23].

!These methods are also known as field matching techniques or discrete mode-matching
methods.
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Figure 1.1: Geometry of a cylindrical waveguide with non-circular layers.

1.2
Major Research Contributions

In this Thesis we explore semi-analytical methods for modeling electro-
magnetic wave propagation in complex waveguided structures. The importance
of the present research is due its value both in technological as well as in
academic aspects for facilitating parametric studies for device and tool design
with techniques far more economical than brute-force numerical approaches.
Accordingly, the following topics of study correspond to our original scientific

contributions:

— The formulation of the regular perturbational method (RPM) for mod-

eling anisotropic coaxial waveguides with small eccentricities.

— A generalization version of the RPM is implemented to analyze cylindri-

cal waveguide filled with eccentric anisotropic rod.

— An extended and more general version of Harrington’s cavity-material
perturbation method (CMPM) for modeling anisotropic coaxial waveg-

uides with small eccentricities is implemented.

— The combination of two different perburbational approaches (RPM and
CMPM formulations) is applied for the analysis of eccentric coaxial

waveguides filled with anisotropic medium.
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— The formulation of point-matching-based methods for solving complex

anisotropic-filled non-circular multi-layered cylindrical guided structures.

— The formulation of a semi-analytical source expansion in terms of the
cylindrical harmonics is developed in complement of the PMM formula-

tion.

— An improved version of the PMM implementation, denoted IPMM, is

developed to analyze the electromagnetic propagation tunnels.

1.3
Thesis Organization

The rest of this Thesis is organized as follows. In Chapter 2, we present
a mathematical formalism for the calculation of electromagnetic fields in
cylindrical and anisotropic medium using Maxwell’s equations as a starting
point. Also, a method based on transformation optics principles is introduced
to map an eccentric coaxial waveguide into a concentric coaxial waveguide.
In Chapter 3, we present the RPM to solve the wave equations resulting
from the conformal mapping presented in Chapter 2. The methodology is
expanded to the analysis of anisotropic waveguides filled with anisotropic rods.
In Chapter 4, the effects of the eccentricity on the cutoff wavenumbers are
accounted for and investigated via the anisotropic-extended CMPM. We also
explore a high-order perturbation solution on combining the TO, RPM, and the
CMPM approaches. In Chapter 5, two formulations of the PMM are presented
for investigating waveguides filled with anisotropic medium and with arbitrary
cross-sections. A mathematical formalism for source expansion in terms of
cylindrical harmonics is also introduced and applied to the analysis of wireless
communication along the realistic tunnels. Finally, in Chapter 6, we summarize
the main contributions of the methods investigated in this research and also

suggest some activities for future work.
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2
Electromagnetic Fields in Anisotropic Cylindrical Structures

2.1
Introduction

This chapter presents a mathematical solution for the electromagnetic
fields in cylindrical coordinates for uniaxially anisotropic and homogeneous
media. We also present a mathematical formalism for the optical transforma-
tion theory [24,25] to map the eccentric coaxial guide to a conventional coaxial
guide in a new coordinate system. The field solution in terms of cylindrical
harmonics presented herein is the basis for the semi-analytical methods that

will be examined in the following chapters of this Thesis.

2.2
Electromagnetic Fields in Cylindrical Waveguides

In this section we adopt a notation similar to that in [26,27], where and
time-harmonic dependence in the form exp(—iwt) is assumed and omitted. The
objective here is to describe the electromagnetic fields in terms of cylindrical

coordinates. The Maxwell’s equations in differential forms are

V xE =iwji-H, (2-1a)
VxH=—iwe-E+17J, (2-1b)
V- (¢-E)=o, (2-1c)
V- (@-H) =0, (2-1d)

where E and H are the electric and magnetic fields, respectively, and J
and p are the impressed electric current and charge densities, respectively.
The medium considered here is homogeneous and uniaxially anisotropic, and
characterized by the electric permittivity € and magnetic permeability j

tensors represented by

e}

Ds

o O

with  p = {p,¢€}. (2-2)

]

I
]
w»

o O
o
S
W
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In the above, we assume the medium defined in terms of cylindrical coordinates
(p, ¢, z), such the subscripts z and s are used to describe axial (along z) and

transversal (to z) components, respectively.

2.2.1
Axial Fields

We can decompose the electromagnetic fields into axial and transversal

components as follows:
G =G+ 2G,, (2-3)

where G, = {E;,H,} and G, = {E,, H,}. In addition, we can write

0

V=V,+2—, 2-4
+ 2 3 (2-4)
where V, is a two-dimensional nabla operator given by
o ~10
Vi=p—+op——. 2-5
dp  pI¢ (&5)

By taking the curl on (2-1a) and projecting the result in 2, we obtain
£ [V x (VX E)| =iwz- [V x (5-H)|. (2-6)

The left-hand side of the above equation can be rewritten by using vector
identities
£ |[Vx(VXE)| =% |V(V-E)- (V- V)E|

= i(v -E) - V’E,, (2-7)

where V? is the scalar Laplacian operator in cylindrical coordinates given by

10 0 1 0 0?
2o — () 2.8
v pOp <p8p> " p? 0¢? i (2:8)
By exploring the Gauss equation (2-1c¢), we can obtain
- L0 .
V.(e-E)= <Vs + za> - (esE+ 2¢,E,)
z
— ESVS . ES + ez%
0z
€.\ OF,
—e,V-E—¢c(1-% — 0. p
&V €s < es> 5, =0 (2-9)
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Using the above result in (2-7) allows us to obtain

O*’E,
022

€z

2.[V><(V><E)]:(1—)

€s

— V*E,. (2-10)
By using the Ampere’s Law (2-1b) into the above, we can obtain

£ [V x (VX E)| =iwz- [V x (i-H)
= iwsz - (V x H)
= wiue. .. (2-11)

Finally, combining (2-10) and (2-11) sides, we have a wave equation for

E. given by
9 e.\ *E,
V‘E, — (1 — 6) 522 +wuse, B, =0
z 82-Ez
VI, + Z5 2 e B = 0, (2-12)

where V2 is the two-dimensional Laplacian operator transversal in cylindrical

coordinates:

vi_veo &

s 022’

(2-13)

Similarly, we can obtain a wave equation for H, dual to (2-12), i.e,

., O*H,
ViH, + 22
ste s 022

+w?p.e H, = 0. (2-14)

Equations (2-12) and (2-14) are Helmholtz differential equations in
cylindrical coordinates for the axial fields £, and H, in an uniaxial medium
described by the tensors (2-2). The variable separation method [26-28] will
now be used to seek the solutions. By assuming a z-variation in the form of

exp(tk,z), we can write (2-12) and (2-14) in a compact form as follows:
(vi n pk:) Glp.6.2) =0, (215)
Ps

where p = {p, e}, k? = w?pes, k:i = k? — k2, and k, is axial wavenumber.
We can write G = {FE,, H,} as the product of three functions that depend on
(p7 ¢7 Z)? name]‘Y?

G(p, ¢, 2) = Ba(B"p)®(n) Z(k.z2), (2-16)
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where ®(n¢) and Z(k.z) are harmonic functions and B,(8%"p) is a linear
combination of solutions to the Bessel differential equation of integer order
n=1{0,+1,4+2,...}, iel!

B, (8" p) = A"H, (5" p) + B" J,(8"p), (2-17)

where H,, and J,, are the first kind Hankel and Bessel functions of order n,
A" and B" are constants to be found by enforcing the boundary conditions,

Beh = a®"k,. We have also defined the anisotropy coefficients a®" given by

€z Hz
af=,/= and o= 22,

2-18
. ” (2-18)

The general solution for (2-15) can be written as

Z Z |:ATLH BP +Bn (Bp)]ein¢+ikz,npz7 (2_19>

p=1n=—o0

where exp(ik, n,2) indicates a wave propagating in the direction of positive z.
It is important to emphasize that the azimuthal sum covers both negative
and positive integers values of n. Another representation using sine and cosine
functions is also possible, and in this case, the summation over positive integer
values of n is preferable.

The above solution for cylindrical waveguides will be used as a starting
point for the Regular Perturbation Method (RPM) and the Point-Matching
Method (PMM) which will be detailed in the next Chapters 3 and 5, respec-
tively. For the RPM, this solution is used entirely to solve the fields described
as zeroth-order, and for the PMM it is used to expand the fields as a series of
cylindrical harmonics and appropriately applied over a set of points to enforce

the boundary conditions of the complex geometry.

2.2.2
Transversal Fields

The transversal (to z) field components can be determined from the axial
ones (£, e H,) bt starting from the Faraday’s (2-1a) and Ampere’s (2-1b) Laws:

!Notice that the first-kind Hankel function is usually denoted by avY (). To shorten the
notation, we drop the superscript (1) here. Note that any linear combination of a pair of linear
independent solutions for the Bessel differential equation of integer order n could be used
in the solution of (2-17). In particular, the solution may be alternatively written as a linear
combination of a Bessel function and a Newman function, i.e., B,(-) = A"J,(-) + B"Y,(:),
or of a pair of first- and second-kind Hankel functions.
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V,x (ZE,) +ik,z2 x Ey = iwpsHyg, (2-20a)
Vs x (2H,) = iwp, H,, (2-20b)
Vs x (2H,) +ik,z2 x Hy = —iwe Es, (2-21a)
Vs x (Z2E,) = —iwe, F,. (2-21b)

By taking the 2x in both sides of (2-20a) and replacing (2-21a) in right-

hand side of the resulting equation, we can obtain

WWls

ik,

ZX Vyx (Z2E,) +ik,2 x 2x Eg = (=Vs x (2H,) —iwe E) . (2-22)

The left-hand side of the above is readily simplifies via the vector identity
AxBxC=B(A-C)-C(A:-B). (2-23)
After some mathematical manipulations, we can obtain the transverse electric

field

1

E, = kg[z’kZVsEz +iwp Vs x (2H)]. (2-24)

Similarly, a dual equation can be obtained for the transverse magnetic field:

1. . A
H, = ﬁ[zkzvs]{z — iwes Vg X (ZEZ)} (2-25)

p

2.3
Selected Case Studies (to be Solved)

The electromagnetic field described in terms of cylindrical harmonics will
be employed in this thesis for the analysis of the case studies listed below:
— Anisotropic coaxial waveguides with small eccentricities.
— Eccentric partially-filled circular waveguides.

— The electromagnetic propagation in non-circular invaded boreholes and

tunnels and boreholes.
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2.1(a):

Figure 2.1: (a) Geometry of an eccentric coaxial waveguide in the plane Z = 0.
(b) Geometry of the transformed waveguide in the plane z = 0. Perfect electric
conductors are indicated by the stripes.

2.3.1
Transformation Optics

In this section, we describe the transformation optics (TO) technique for
helping us modeling eccentric circular boundary-value problems. Consider the
cross-section of an eccentric coaxial waveguide (see Fig. 2.1(a)) located on a z-
plane, where the outer and inner radii are represented by 7; e 7o, respectively, d
represents the distance between the centers of each cylinder and the anisotropic
medium is characterized by electrical permittivity tensor ¢ = diag(és, €s, €)
and magnetic permeability tensor ,lEL = diag(fis, fis, fi). Fig. 2.1(b) shows the
cross-section of a conventional coaxial waveguide resulting from a conformal
mapping as applied to the guide in Fig. 2.1(a). The new waveguide located on
the z-plane has inner rg and outer r; radii and non-homogeneous anisotropic
medium characterized in polar coordinate by €(p, ¢) e fi(p, ¢).

The theory of transformation optics used in this work assumes that the

relation between planes tilde and non-tilde is given by [24]

T8 — T

§=Tg——, (2-26)
M S — T2
where 7 e Ty are the roots of the equations
T3y = T2
(2-27)

(i) — d) (&g — d) = 72,
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to give

Ty =a— (a2 —F)Y?, with a = (72 — 72 + d*)/(2d), (2-28)
By =77 /T (2-29)

The original eccentric electromagnetic problem depicted in Fig. 2.1(a) can
be transformed into the concentric geometry depicted in Fig. 2.1(b) by using
transformation optics principles [29-32]. As noted in [33], the electromagnetic
problem in the non-tilde coordinates (x,y,z) can be related to the one in

(Z,7, 2) through the mapping below

()
I
Sy

. @” (2-30)
j -1

JT (2-31)

i
i

=11
Il

where the electric and magnetic fields are represented by G = {E,H},
respectively, 1 and € are the permeability and permittivity tensors in the
transformed space represented by p = {ji, €}, and J is the associated Jacobian
transformation matrix. By assuming r; = 7y, we can express the transformed

constitutive tensors via [33]

ps O 0
p=10 ps 0 with p = {u, €} (2-32)
0 0 |J] 'p.
We can write j as
J = R(®) - Juy. - RY(), (2-33)

where jxyz is the Jacobian transformation tensor that transforms (z,7, 2) —
(x,y,z) and R is the matrix that transforms the components from Cartesian

to cylindrical, given by

or Odx Oz

B 0z 0y 03 - cosp sing 0

Toy: = |52 5 G| and R(¢)=|-sing cos¢ 0. (2-34)
0z 0Oz Oz
0z 9y 0z 0 0 1

It is important to emphasize that the mapping above satisfies the Cauchy-

Riemann conditions [32,34], i.e.,

dr 0Oy 8:):__@
0z oy oy  oF (2-35)

and can also show that
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0z 7 ox 9% 0z 0z
By combining (2-34), (2-35), and (2-36) in (2-33), after some mathematical

manipulations we can obtain

0. (2-36)

_ Ju Jiz 0
J=|-Jio Ju 0}, (2-37)
0 0 1
where
ox ~ or -
Ju = o= cos(¢ — @) — o sin(¢ — @), (2-38)
ox . -~ Oz ~
Jig = 9 sin(¢ — ¢) + % cos(¢ — @). (2-39)

The determinant of .J is readily given by

oz’ ox\’
(&) (&) A

Recovering that r; = 71, equation (2-26) provides

7

0% _ (3 — g2 — | — 281 = %) 2-41
o = [E 1) = 7] i (2-41)
8:70 i - [Z’Q(fl — 572)

— = 20(% — Ty 5 2-42
5 i( ) (G =27+ 7 (2-42)

The inverse of the Jacobian determinant |J: |~ can expressed in polar

coordinates in the s-plane [33,35]. From (2-26), we have

. ds Lf’z(fl — .I‘Q)

J = =2 e 2-43
A5 (5 — i) (2-43)
Since § = Zo(s — &1)/(s — T3), we have
ds _ (s — 1)
ds — To(Ty — 7))’
ds|  (2® +y* — 22%y + 73)?
ds| 73(Zg — )2 ’
_ = 2 /5212
‘J’ — (1 2pCOS (¢)/x2 +p /x2) ) (2_44>

(1 —21/29)?

Finally, we can obtain
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(1 — &1 /%s)?
(1—2pcos(¢)/Z2 + p?/73)*

I =

27

(2-45)


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

3
Regular Perturbation Method

3.1
Introduction

In this chapter, we present a perturbation solution for the Helmholtz
equation associated with the electromagnetic fields in an anisotropic and
inhomogeneous medium. Our method is parallel in some aspects to the
Rayleigh-Schrodinger Perturbation Theory [36, Ch. 15], but is strongly inspired
by the regular perturbation methods (RPMs) presented in [27,33,37, 38].

We can find in literature several works that have employed transfor-
mation optics principles [29, 39] to simplify the eccentric problem. In [40],
the eigenvalue problem of an eccentric coaxial waveguide was solved via a
conformal mapping combined with the finite-element method, while in [41]
the conformal mapping was combined with a finite-difference method. In [42],
the eccentric waveguide was analyzed by using a conformal transformation,
and approximated formulas were obtained for expressing the field solutions in
terms of cylindrical harmonics in the mapped (concentric) space. A similar
technique was applied to analyze the propagating and evanescent modes in
eccentric-core optical fibers in [43]. In [44], transformation optics was applied to
solve eccentric cylindrical problems. In [33], transformation optics was used in
conjunction with a perturbation series to analyze electromagnetic well-logging
sensors in eccentric boreholes.

In this chapter, we present an efficient alternative approach by employing
conformal transformation optics to map the original (eccentric) problem shown
in Fig. 2.1(a) into a concentric waveguide shown in Fig. 2.1(b). Then, we
solve the resulting wave equation in the transformed (concentric) domain by
employing the methodology for approximating non-conventional differential
equations described in [27,37,45]. A regular perturbation method (RPM)
is then established and the field solutions are obtained as a power series
with respect to the eccentricity parameter. We then solve three second-order
differential equations to compute the zeroth-, first-, and second-order correc-
tions for TM and TE modes of coaxial waveguides with small eccentricities.

In addiction, we also employed a generalization of RPM for the case where
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the inner conductor is replaced by an anisotropic rod. A key contribution
from this work is the description of how to properly enforce the boundary
and the orthogonality conditions to compute zeroth-, first-, and second-order
corrections for transverse magnetic (TM), transverse electric (TE), and hybrid
modes for such types of waveguides. Several scenarios are studied and validated
against works in literature and brute-force methods as finite-element method
(FEM) and finite-integration method (FIT).

3.2
Mathematical Formulation

Based on the conformal mapping theory described in Section 2.3.1, the
transformed problem (Fig. 2.1(b)) is non-homogeneous with dependence (p, ¢)
characterized by p = diag(ps, ps, p-(p, ®)). Since p.(p, ¢) is independent of z,
we can assume the exp(+ik,z) dependence for the fields propagating for z = 0,
where k, is the axial wavenumber.

The problem at hand can be solved by decomposing the electromagnetic
fields into a sum of transverse magnetic to z (TM) and transverse electric to
z (TE) modes [28, Sec. 3-12]. It is expedient to solve the axial F, and H,
field components and then compute the transverse components of the fields in
cylindrical coordinates. The wave equation for the axial electric and magnetic

fields of the concentric scenario depicted in Fig. 2.1(b) satisfies

(724 20252 00 =0, 1)
where V2 is the transversal (to z) Laplacian operator in polar coordinates,
2 _ 12 2 12 _ 2 _ _ :
ki = ki — ki, ki = w'uses, G = {E,, H.}, and p = {e,pu}. The radial
and azimuthal dependence of p, makes the above differential equation too
complicated to be solved in closed-form. However, in view of (2-28) and (2-29),
we can express the displacement d and the radii 7o and 7; as a function of Z»
as depicted in Fig. 3.1. Notice that in the limit d — 0, we have #; — 0 and
T9 — o0. In this way, a perturbation solution can be sought by expanding p,

as the power series

2p°
73

p2(0,®) = po.s 1+j;fcos<¢>+ (3eos(20) +2) + 09|, (32)

where pg. = p. (1 — & /&2)°. The solution for (3-1) can also be expressed as a
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A/

- 0.8

0.6

04

0.2

Figure 3.1: Relation between 7 /Z5 and geometric parameters d and 7y when
71 is kept fixed.

power series in terms of T ! by assuming
G(p, ¢, 2) = lGo(p, ) + > 7,7 Gi(p, ¢>)] e, (3-3)
j=1
k,z - k(2),z (1 + Z j‘Q_jO‘j> ) (3_4)
j=1

for z > 0. In the above, G, and ko, are the axial fields and axial wavenumber
associated with the zeroth-order problem, i.e, with #;' — 0. Higher-order

corrections are associated with the functions G; and the constants «;, with
j=11,2,3,... }.
By using (3-2), (3-3), and (3-4) into (3-1) and after some algebraic
simplifications, we obtain
(V2+agks,) Go =0, (3-5a)
(V? + agk§7p> Gy = o} (alkaz — 4pcos ((;S)kaP) Go, (3-5b)
(Vg + agkg’» Gy = ap [agk‘azGo + 4pcos (p)anky ,Go
—2p? (3cos (2¢) +2) kj ,Go
+ank? Gy — dpcos (gb)kapGl} , (3-5¢)
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by retaining correction terms up to &3, ', and 5 *, respectively. Notice we
have omitted the argument of G; to simplify the notation and have introduced
the constants ag = (po./ps)"/? and k¢ , = k2 —kj .. The computation of higher
order terms is possible but mathematically cumbersome. In order to obtain
the unknown functions G; and constants «;, we first solve Gy in (3-5a). Next,
(G1 can be obtained by solving (3-5b), where the enforcement of appropriate
boundary conditions allows us to obtain the constant a;. Similarly, we can

obtain G and oy in view of (3-5c¢).

3.3
Zeroth-Order Fields

The zeroth-order differential equation in (3-5a) has a well-known solution
in terms of cylindrical and azimuthal harmonics [28, Ch. 5]. The axial fields Gy
correspond to a concentric coaxial waveguide filled with an uniaxial anisotropic
media with constitutive tensors py = diag(ps, ps, po..) with p = {u,€}. The

elementary solution for (3-5a) can be written as [27]
Go = Ba(Bp)e™, (3-6)

where B, is a linear combination of Bessel functions of integer order n =
{0,£1,£2, ...} discussed earlier in the Section 2.2.1, given by

B, (Bp) = AyHn(Bp) + By Jn(Bp), (3-7)

where H,, and J, are the first kind Hankel and Bessel functions of order n,
B = gk, and Af and B{ are constants to be found by enforcing the boundary
conditions of the zeroth-order fields at p = ry and p = ry. In addition, the

zeroth-order axial wavenumber ko . satisfies k2 = kg ,+kg ., with Sm(kg ) > 0.

3.3.1
TM Fields

The boundary conditions F, =0 at p = rg and p = r; render
Ag = Ju(Br1), By = —Hu(Br1), (3-8)
with [ satisfying
Jn(Br1) Hn(Br0) — Hn(Br1)Jn(Br0) = 0, (3-9)

for n = {0,£1,42,...}.


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

Chapter 3. Regular Perturbation Method 32

3.3.2
TE Fields

The boundary conditions 0H,/0p = 0 at p = rg and p = r; render
Ay = Ju(Br1), By = —H,(Br), (3-10)
with [ satisfying

Jp(Bri)H,, (Bro) — H,,(Br1)J,(Bro) = 0, (3-11)

for n = {0,£1,4+2,...}.

3.3.3
TEM Fields

A transverse electromagnetic to z (TEM) mode is supported in the
concentric coaxial waveguide depicted in Fig. 2.1(b). In view of (3-1), we can
obtain the TEM field components in the limit £, — 0 of an axisymmetric TM
field, i.e., with n = 0. By assuming a current [y in the inner PEC conductor,
it follows that

— I3
AP = BY=0 3-12
0 4W€s ) 0 ) ( )
and
E. = lim A2 Ho(Bp)e™==. (3-13)
B—0

By using the above, we can obtain all other field components from Maxwell’s

equations. Finally, in the limit 3 — 0, we have k, = k, with

E,= —7—¢" 3-14
r €s 27rpe ’ ( )

Iy
Hy = —e"™* 3-15
6= gt (3-15)
supplemented by Fy = E, = 0 and H, = H, = 0. These are the usual TEM
fields of a coaxial waveguide, for z > 0 [46]. Since k, = 0, no high-order
corrections are expected for this field. Accordingly, in view of (3-3) and (3-4),
the TEM field is associated with G; = 0 and «o; = 0, for j > 0.
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34
First-Order Fields

By replacing (3-6) in (3-5b) and after some simplifications, we obtain

Po,z in
> ka <ﬁp)€ ¢

— 23%pB,(Bp) (€T 4 i 19) (3-16)

(Vi + 62) G1 = ] ——

S

The general solution for Gy is a combination of the homogeneous G% solution
and a particular G solution. The orthogonality of the azimuthal harmonic
functions present in the nonhomogeneous solution allows us to use the
ansatz [38, eq. (11)]

G = Rip) e + Ri™ ) 0 4 R p) 0%, (37)

where R*(p), for m = {n,n+1}, are p-dependent functions. Consequently, we

can show that the homogeneous solution satisfies

(Vi + 52) Gllz _ Lanfeiw + Ln+1G711+16i(n+1)¢
+ LG ten=D9, (3-18)

where we have introduced the Bessel differential operator

d> 1 d m?
L= + % - for m=n,n+1. (3-19)
dp? p dp ”
By noting the linear independence of the €™ terms, the solution of (3-18) can

be written as combination of cylindrical function of order m, i.e.
GT' = AT"H,u(Bp) + B Ju(Bp), (3-20)

where m = {n,n £+ 1}. Again, the constants A" and Bj" follow from the
boundary conditions.

The particular solution GY in (3-17) is found on comparing
L, [R7(p)e™™?] with their counterparts in (3-16):

LRy = al@kS,ZBn(ﬁp), (3-21a)
Lo Ry = —=25%pB,(6p), (3-21b)
L, 1R = =28%pB,(6p). (3-21c)

The above equations can solved by using the results of the operator L,, over

pB,(Bp) available in [27,45], where B, is a linear combination of cylindrical
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function with integer order p, and m, p, and ¢ are parameters to be matched.

Then, after some simplifications, we obtain the general solution as

n n Doz,0 P ! ing
G,=|A'H, + BYJ, — ki . —B
1 [ 1 + by Qg D 0,2 23 n‘| €

+ [A?Hﬂnﬂ + B?+1Jn+1 + §p2Bn_11 cint+1)¢
+ [A’f—lHn_l + By g — gpQBnH] eln=1)9 (3-22)

where B! is the first derivative of (3-7) with respect to the argument and B4
is given by (3-7) but with cylindrical functions of order n + 1. To shorten the
notation, we drop the argument (Sp) of all cylindrical functions, restoring
it later as needed. As noted, the constants oy, A" and B]" are obtained by
enforcing the boundary conditions of the first-order fields at p = rg and p = r;.
The boundary conditions split up into three independent equations because of
the azimuthal orthogonality. For the fields with exp(in¢) factors, only the
trivial solution with oy = 0 and A} = B} = 0 is possible. As a consequence,
there is no first-order correction for the axial wavenumber k.. For the fields
with exp(i(n £ 1)) factors, we obtain non-zero A7*! and Bf*! by enforcing
E, =0 and 0H,/0p = 0 at p = rg and p = ry. Accordingly, the first-order

axial fields can be written in a compact form as

Gy = Grleitntlo 4 groleitn=1)¢. (3-23)
where
G (8p) = BA(59) % 2 7 Buss (30, (3-24)
with
By (Bp) = AT Hoi1 (Bp) + B Joxa (Bp). (3-25)

Note that the argument of cylindrical functions in (3-24) and (3-25) have been

restored for clarity.
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3.5
Second-Order Fields

By replacing (3-6) and (3-23) in (3-5¢), and after some simplifications,

we obtain
F: F. _
(Vi + 62) Gy = (Fan - ;G’f“ - ;G?*) (ind
F3 F2 n i(n
- <2Bn + 2G1+1> e (n+2)¢
F: F. 4
_ <3Bn + 2G§L1> 81(1172)¢>7 (3—26)
2 2
where
Fy = of (aakd . — 4p%K3,) (3-27)
Fy = ajdpks,, (3-28)
Fy = 0o’ ks, (3-29)

The general second-order solution can be written as a combination of homoge-
neous and particular solutions, that is, Gy = G¥+G5. Again, the orthogonality

in terms of ¢ in the nonhomogeneous parcel allows us to introduce the ansatz
Gh(p,§) = Ry e + Ry™2 /0200 4 =2 tnm202, (3-30)

where R5'(p), for m = {n,n=+2}, are p-dependent functions. The homogeneous

solution now satisfies

(V2 + 3%) G = LG3e™ + L, nGy 2629
+ Ly yGo~2ein=29 (3-31)

which can be solved by using
Gy = Ay Hy(Bp) + By Jn(Bp), (3-32)

with A%" and BY* determined from the boundary conditions. Next, by compar-
ing (3-26) with (3-30), we obtain

F j2
L.R} = F\B, — EZG?“ - ;a’;—l, (3-33a)
F F
Lo R = — (;Bn 4 ;G?“) , (3-33D)
F F
Ly oRy™2=— (;Bn + ;G?‘l) : (3-33c)


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

Chapter 3. Regular Perturbation Method 36

Again, using the results of the operator L,, over p?B,(3p) available in [27]
we obtain the general solution. In Appendix A the process for determining the

second-order solution is described in more detail. However, the general solution

is given by
Ga(p, ¢) = [AQHn + ByJ, — asF + p} ¢ind
[An 2H,po + BIT2 T,  + Q0122
+ {AS‘ZHM + B2, — Q_} ¢in=20 (3:30)
where
F(Bp) = ag oZQBB’ (Bp), (3-35)
P(fBp) = —ip4Bn(ﬁp)
* §p2 B 5(8) = Bala(6p)] (3-36)
Q:(Bp) = 6 p° By (Bp) + gpf”Bm(gp)
682 Brz2(Bp). (3-37)

Note that in (3-36), BL%, is given by (3-25) but with cylindrical functions of
order n + 2. In (3-37), B+ is given by (3-7) but with cylindrical functions of
order n + 2. Also, the argument of cylindrical functions in (3-35), (3-36) and
(3-37) have been restored for clarity.

The boundary conditions can be split up into three independent equa-
tions because of the azimuthal orthogonality, but the presence of the function P
makes the trivial solution ap = 0 and A} = B} = 0 impossible. Consequently,
the term associated with exp(in¢) in (3-34) will be present, and we have three
constants to be determined, namely, ay, A3 and BY. Two linearly independent
equations are obtained by enforcing the boundary conditions of the second-
order fields associated with exp(ing) at p = ry and p = r1. In addition,
we should enforce the orthogonality between G5 and Gg in the polar domain
ro < p<rpand 0 < ¢ < 27 to obtain an additional constraint equation. Note
that the orthogonality between functions GGy and (G is trivially satisfied when
examining their azimuthal dependencies.

For the fields in terms of exp(i(n #+ 2)¢), we can obtain non-zero A5*?
and By*? by enforcing E, = 0 and 0H,/0p =0 at p = ro and p = ry.
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3.5.1
Orthogonality Condition

Based on the cross-sectional inner product

27 r1
{f:9)ps = /0 / flp.¢) g*(p, @) pdpdo, (3-38)
0
the orthogonality between G5 and G requires

<G2 (pa ¢)7 GO(ﬂ? ¢)>p¢ =0 (3—39)

for all n = 0,£1,42,.... By substituting (3-6) and (3-34) in the above, after

solving the integral over ¢, we obtain

oy = ay AY + a3 By + o, (3-40)

where

H <B”7HN>P J <Bm‘]n>ﬂ P <Bn7P>p
= il g Mmenle (P A e 41
=B R, T BuR), T (B, o
with
1

(f.gh= [ F(0)g"(0) p . (3-42)

T0

Notice that (3-40) is supplemented by other two conditions at p = ¢ and

p = ri. In case of a TM? field, we have

ASH,(Bro) + By Ju(Bro) — asF(Bro) + P(Bro)
AL H,(Br1) + By J,(Pr1) — aoF(pry) + P(pry)

0, (3-43)
0 (3-44)

Then, we obtain oy, A and BjJ by solving the linear system of equations
(3-40), (3-43), and (3-44).

In case of a TE* field, we have

Ay H, (Bro) + By J,,(Bro) — aaF'(Bro) + P'(Bro)
A3 H), (Br1) + By J,(Br1) — aoF'(Br1) + P'(Br1)

) (3_45)

0
0, (3-46)

where the ’ represents derivative with respect to the argument. Finally, asy, A%
and BY are given by solving the linear system of equations (3-40), (3-45) and
(3-46).
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3.6
Numerical Results

In order to validate our method, we consider a waveguide with 7y = 5 mm,
7o = 0.057 and the eccentricity dy = 0.057, assuming the medium as
vacuum. This problem was considered before in [7] and is used to evaluate
the accuracy of the perturbation series obtained here. Table 3.1 shows the
cutoff wavenumbers k,. = (w?e,us — k2)'/? for the dominant TE,, and TM,,,
modes obtained by (a) the finite-element method (FEM) from CST Studio
Suite [2], (b) the regular perturbation method (RPM), and (c) reference [7].
Relative errors were computed using the FEM solution as a reference. Good
agreement is observed among the different methods. The RPM results have
relative error no larger than 0.020%, while the observed error in the technique
present in [7] varies in the range of 0.194% to 0.633%.

To further investigate the accuracy of the perturbation solutions pre-
sented here, we consider the same waveguide considered before, but now
with different eccentricity offsets d = {0.107, 0.157,0.207 }. This choice was
motivated because the perturbation parameter Z, is more sensitive to d, as
shown in Fig. 3.1. Fig. 3.2 shows the cutoff wavenumber of the principal
modes as a function of the normalized offsets d/71. The results obtained via the
perturbation solutions show good agreement with those from FEM when J/ T
is less than 2.6% but, as expected, gradually deteriorates as the eccentricity
distance increases. Still, the RPM provides good approximation in all the tested
cases. For example, the TM; results show a relative error of only 2.6% for
d/i = 20%.

The effect of the eccentricity d in the field distributions over the waveg-
uide cross-section can also be evaluated by the RPM. Fig. 3.3 shows the
normalized axial magnetic field patterns for the TE;; and TEs;; modes with
7o = 0.057; and d = 0.057,. Good agreement is observed versus the FEM
results. In addition, Fig. 3.4 compares the axial electric field of the TMy; mode
as d increases. Good agreement is again observed versus the FEM results, but
small deviations become apparent when d = 0.157; as a consequence of the
limited azimuth variations the second-order correction in (3-34) provides.

Finally, we consider waveguides filled with anisotropic materials, de-
scribed by €, = €gé,s, €, = €06, and fis = ji, = [ig, Where ¢y and pg are
the vacuum values. The geometry has 71 = 5 mm, 79 = 0.057;, and a large
eccentricity offset d = 0.27. Fig. 3.5 shows results for the cutoff wavenumbers
of the TMy; mode as a function of €., and €,,. As a reference solution, we use
the finite-integration technique (FIT) from [2] and the RPM solution.

The computational cost for solving the first 15 cutoff wavenumbers
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(including TEM, TM and TE modes) required by the presented perturbation
methods is compared with that of FIT in Table 3.2 for the anisotropic
waveguide with €.s = 5 and €., = 1 (case 1). In addition, Table 3.3 show
the CPU time and memory required for the problem with €., =1 and €., =5
(case 2). Our numerical results were obtained using a Matlab code running on a
PC with a 3.40-GHz Intel Core i7-4930K processor. In contrast, the FIT results
were obtained using a dedicated HP Z800 Workstation with a dual quad-core
2.40-GHz Intel Xeon E5620 processor. Notice we have computed only the port
modes by using the standard options in the FIT solver of CST [2].

Table 3.1: Cutoff wavenumbers obtained by the FEM from [2], results from [7],

and from RPM. The relative errors were computed using the FEM solution as

reference.
FEM RPM Work in [7]
Mode  kpe (m™%) kK, (m™')  Error (%) Kk, (m™')  Error (%)
TEq 366.156 366.230 0.020 367.226 0.292
TEs 610.692 610.796 0.017 612.837 0.351
TEs; 840.159 840.234 0.009 842.354 0.261
TMy, 610.692 610.674 -0.003 614.559 0.633
TMy, 775.540 775.698 0.020 774.038 -0.194
TMoy, 1027.331 1027.383 0.005 1029.802 0.241
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0057100 0.05 a 0.05 a
366 366.5 367 609 610 611 839 840 841
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3.2(a):
TMo; TMy TMy
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'
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0.1 D 0.1 D 0.1 D
0.05 o 0.05 =] 0.05 a
555 590 625 769 771 773 1025 1030 1035
Epe (m_l) Epe (mfl) Epe (mfl)
3.2(b):

Figure 3.2: Cutoff wavenumbers for (a) TE and (b) TM modes as a function
of the normalized eccentricity distance d/fy obtained by FEM (o) and by
RPM (00).


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificacaoDigital N° 1821119

Chapter 3. Regular Perturbation Method 41

N(S)rmalizgd |H.|, Our method l 5 Normalized |H.|, FEM

3.3(a):

Normalized |H.|, Our method Normalized |H.|, FEM
5 S 1 5 —

3.3(b):

Figure 3.3: Normalized axial magnetic field patterns for TE;; and TEy; modes
calculated by using the RPM (left) and by FEM [2] (right). (a) TE;; mode.
(b) TE21 mode.
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3.4(d):
Figure 3.4: Normalized axial electric field patterns for the TMy; mode calcu-
lated by using the RPM (left) and by FEM from [2] (right) for different values
of the eccentricities d. (a) d = 0.057,. (b) d = 0.107,. (¢) d = 0.157,. (d)

d = 0.207,.
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Figure 3.5: Cutoff wavenumbers for TMy; mode as a function of the anisotropic

permittivity ratio: (a) €.5/€.,, with €., = 1. (b) €.,/&.s, with €. = 1.

Table 3.2: Computational Cost for Case 1

CPU time Memory Peak
FIT 15 min, 44.00 s 4401.58 MB
RPM 16.72 s 25.12 MB
CMPM 2.07 s 1.05 MB

Table 3.3: Computational Cost for Case 2

CPU time Memory Peak

FIT 22 min, 27.10 s 3791.30 MB
RPM 21.60 s 25.13 MB
CMPM 243 s 2.12 MB
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3.7
Circular Waveguide Loaded with Eccentric Anisotropic Rods

Consider a circular waveguide bounded by a perfect electric conductor
(PEC) of radius 7 and loaded with an inner circular dielectric cylinder of
radius 7 offset by a distance d from the longitudinal axis, as shown in
Fig. 3.6(a). This is a two-region problem, and distinctions between inner and
outer media will be done via the symbols I and II, respectively. The inner rod
is an uniaxially anisotropic media defined by the complex-valued permeability
and permittivity tensors 51 = diag(pPs1, Ds1, P21), With p = {p, €}, represented
in cylindrical coordinates. Similarly, medium II is characterized by 511 =
diag(ps i1, Ps 11, P-11)- Remembering that we adopt the notation, where the time-
harmonics factor exp(—iwt) is assumed and suppressed. As discussed in [47],
the problem at hand can be transformed into a two-region concentric circular
waveguide problem filled with anisotropic and inhomogeneous materials, as
depicted in the non-tilted cylindrical coordinates (p, ¢, z) in Fig. 2.1(b). The
regions [ and II cover the domains 0 < p < rg and 7y < p < rq, respectively.
The associated wave equation for the axial electric and magnetic fields can
then be solved as a power series for small eccentricities via RPM. According
to [47, Egs. (10)—(11)], the axial field G = {E., H,} can be approximated by

G = [G()(p’ (b) + 'f.;l € (p7 (b) + j;Q GQ(pa gb)} eikzz7 (3_47>
2=k (142" a1+ 2, ), (3-48)

where Z;' is a small parameter that vanishes as d — 0. Go(p, ¢) and ko,
represent the axial fields and the wavenumber of the zeroth-order problem (i.e.,
with #53* — 0). First- and second-order field corrections are given by G (p, ¢)
and Gao(p, @), respectively. The factors a; and «s are first- and second-order
corrections to the axial wavenumber. The transverse field components can be
expressed as a combinations of the axial ones [28, Ch. 5|, [46, Ch. 9], and
we can express them as a series in terms of #;'. For instance, the azimuth

component of the electric and magnetic field can be written as

G¢ = [G0,¢(pa ¢) + 532_1 G1,¢(pa ¢) + 532_2 GQ,qﬁ(pa ¢)} eikzz’ (3‘49)

where G, = {E4, Hy} and G 4(p, ¢), for j = {0, 1,2}, represents the zeroth-,

first-, and second-order RPM contributions, respectively.
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Figure 3.6: (a) Geometry of a circular waveguide loaded with an eccentric
anisotropic dielectric cylinder in the plane Z = 0. (b) Transformed waveguide
in the plane z = 0. Perfect electric conductors are indicated by the stripes.

The zeroth-order field solutions are given by

G%) (/O> ¢) = A(T)L,Ijn (BIP) emd), (3—50&)
Gil(p, §) = Bu(Bup) €, (3-50D)

where B,(Bup) = AjuJn(Bup) + BynH,(fup). Jn and H, are Bessel and
Hankel functions of the first kind and integer order n, S,y = o 1,11y ko,p 1,11}
with kg,p,{l,n} = kz,{l,n} — kg 2» o quamy = (Pozqrany/Psn) " and p = {p, e}
See [47] for further details. The coupling of transverse magnetic and electric
fields should be considered while solving the problem depicted in Fig. 2.1(b).
The coefficients Af;, Agyy, and Bgyp for £, and H., fields comprise six unknowns
to be solved on forcing the boundary conditions at p = 7y (continuity of
tangential fields) and at p = r; (vanishing of the tangential electric field over

the PEC boundary in region II), given by,

El(ro, ¢,2) = El(ro, ¢, 2), (3-51a)
Ey(ro,¢,2) = Ej(ro, ¢, 2), (3-51b)
H(ro, ¢, 2) = H.'(ro, 6, 2), (3-51c)
H}(ro, ¢, 2) = H}(ro, ¢, 2), (3-51d)
El(r1,¢,2) =0, and (3-51e)
E(r1,¢,2) =0 (3-51f)

A characteristic equation in determinant form is then obtained, and the
discrete values of ko . (and corresponding coefficients Af;, Agyy, and Bpyy for

the axial fields) that contribute to our modal solution can be obtained using


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

Chapter 3. Regular Perturbation Method 46

well-known procedures for a two-dielectric problem described in [28, Ch. 5].
In general, the fields are hybrid', but under azimuthally-invariant (n = 0)
conditions, TM and TE fields become decoupled.

Once the zeroth-order field are solved, we can establish the first-order

axial fields via section 3.4

2
Gl(p.0) = | A" J1(p) - @’A&ﬂmwmﬂ eitn=1)0,

n+1 6Ip2 n i(n+1) <b
AT s (Bup) + 0 A a1 (Brp) (3-52a)
G(p. ) = [BEs(Bun) — 25 B (Gup) |
+ | Bpi (Bup) + 5211,0 a1 (Bup)| €Y (3-52b)

where By, (Bup) = A'T Jus1 (Bup)+ Bt Hus1 (Bup). The functions in (3-52a)
and (3-52b) are used to assemble the E, and H, field components in the RPM
first-order solution. The boundary conditions at p = g and p = ry for e (»~1?
terms yield a inhomogeneous 6 x 6 system of equations for A?El, Aﬁﬁl, and
Bfﬁl for £, and H, fields (six unknowns). Similarly, the boundary conditions
for €Y% terms yield all first-order unknowns. As noted in [47], a; = 0
and there is no first-order correction in the axial wavenumber because the
orthogonality between zeroth- and first-order fields.

Once the zeroth- and first-order fields are determined, the second-order

axial fields write as section 3.5

Gy(p, 0) [ 51 (Bip) — 042F1(51p) + Pl(ﬂlp)] "

+ {AZI Jn-2(Bip) — (BIP)] =20

+ AST Jns2(01p) + Qu(ﬁlp)} i(n2)9. (3-53a)
G (p. ) [B (Bup) — azFuu(Bup) + Pi(Bup)|e™

+ n Q(BHP) QH (ﬁﬂp)} i(n—2)¢
+ n+2(6Hp) + QH-F(BIIP)} ”+2)¢7 (3—53b)

Tn this work, we classify fields as hybrid electric (HE) and hybrid magnetic (EH)
according to the definitions in [46, Sec. 9.5]
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with
B (Bup) = A5y Ju(Bup) + By Ha(Bup), (3-54)
BZ%,(Bup) = A3t o (Bup) + Bit Hosa(Bup), (3-55)
Fi(fip) = aokoZQ’; A1 T, (B, (3-56)
Fir(Bup) = aoki.. = 2B (Bup). (3-57)
Ri(Bio) = 2 [ A5 o a(u0) — AL TG
- fjp‘*Aa‘,IanIp), (3-5%)
Pu(Bup) = %Hp? [Biig(ﬁnp) - Bib(ﬁnp)]
- @p“B (Bup), (3-59)
Qs (Brp) = 51 pPAYT T (Bip) + o 2P A5 Tn (Bip)
+ %p‘*AS,IJn:Fz(Bm), (3-60)
Qs (up) = "2 By () + 2L B (o)
’6;1 p*Buza(Bup), (3-61)

where the prime ’ represents the derivative of the cylindrical functions with
respect to their arguments. The functions in (3-53a) and (3-53b) are used to
assemble the E, and H, field components for the RPM second-order solution.
The boundary conditions at p = 79 and p = 7, for the e terms with
m = {n —2,n + 2} yield A7y, Ay, and By (six unknowns for each m).
For the ¢ terms, it is required to obtain A%, A%y, Byy, for E, and H.
(six unknowns), and ay. By enforcing the boundary conditions at p = rg
and p = r; we can obtain an inhomogeneous system of six equations. In
addition, we should enforce the orthogonality of the zero-order fields (denoted
compactly as Ey and Hy) and the second-order ones (E; and Hy) over the
waveguide cross-section to obtain an additional independent equation. The

reaction concept [48], [46, Ch. 7] is used for this purpose, i.e., we impose?
/ Ey x Hy - 2 pdpds = 0, (3-62)
S

where S is the cross-section of the waveguide. The resulting inhomogeneous

7 x 7 system of equations is then solved to obtain all the unknowns of

2It can be shown that the condition in (3-62) is equivalent to that used in [47, Eqs. (47)—
(48)] when the zeroth-order TM and TE fields are decoupled.
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Table 3.4: Cutoff frequencies f. (GHz) obtained by FEM [49], zeroth-order
RPM, and the method described in [49]. Relative errors are computed assuming
the FEM solution as reference.

FEM [49] Zeroth-order RPM Method in [49]
mode fe fe rel. error (%) fe rel. error (%)
HEq; 86.861 86.713 0.170 86.953 0.106
HE9 146.100 145.932 0.115 145.925 0.120
HE3; 200.574 200.637 0.031 200.772 0.099
TMo; 109.105 109.253 0.137 109.301 0.181
EHy; 183.011 182.866 0.079 182.834 0.097
EHs, 466.844  466.531 0.067 466.465 0.081

the second-order RPM. In Appendix C an additional detailed resolution on
obtaining the generic orthogonality condition based on the reaction concept
is presented, as well as the expansion of (3-62) considering the zeroth- and
second-order fields for the circular anisotropic waveguide filled with eccentric

anisotropic dielectric rod.

3.7.1
Numerical Results

We first consider an isotropic circular waveguide with 71 = 1 mm,
€n = €9, and iy = o, loaded with an eccentric dielectric rod having

ro = 0.174, d = 0.0371, € = 3.6¢p, and ji; = p, where ¢y and pg are the
free-space permittivity and permeability, respectively. This same geometry was
considered in [49] and is used here for validation. Table 3.4 shows the cutoff
frequencies (f, for ko, = 0) obtained by the FEM from [49], the zeroth-order
RPM, and the approximate method in [49]. Relative errors are computed using
the FEM solution as reference. Good agreement between all results is observed.
The zeroth-order RPM provides similar accuracy as [49]. In what follows, we
will extrapolate the eccentricity to geometries where the second-order RPM
fields become relevant.

Next, consider the same waveguide but with 71 = 5 mm and d =
{0.03,0.13,0.23}7,. Fig. 3.7 shows the axial wavenumbers k, = k. + ik for
the dominant modes computed at 25 GHz as a function of d/#, obtained by
(a) the FEM through the CST Studio Suite software [2] and (b) using the
zeroth- and second-order RPM. The results show good agreement for small
ci/ 71. The zeroth-order RPM diverges as the eccentricity distance increases,

as expected, but the second-order RPM provides good approximations in all
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Figure 3.7: Axial wavenumbers k, = k. + ik for the dominant modes as a
function of the normalized eccentricity distance d/7; obtained by FEM (OJ),
zeroth-order RPM (o), and second-order RPM (V).

tested scenarios. For example, in the worst case, the TMy; mode shows a
relative error of only 1.78% when d/7 = 23%. Fig. 3.8 shows the normalized
axial electric field patterns for the TMy; mode obtained when J/ = 23%.
Good agreement is observed versus FEM results.

Finally, we consider a similar geometry as before, with d = 0.237, but
now we have different anisotropy combinations for media I and II. Fig. 3.9 we
consider two scenarios for each graphic (a) and (b): Fig.(a) we consider that
region II is isotropic (vacuum) and the region I is a non-magnetic material
with permittivity given by a = ¢ diag(€és1, €51, €r21), in the first case for
HE;; mode we varying €.,1 from 1.6 to 5.6 for a fixed €..; = 3.6, and
second case for TMy; mode we interchange the values of €,.1 and €.,5. In
Fig. 3.9(b) we apply the same procedure, but we add to medium I a magnetic
permeability described by ,31 = po diag(5.6,5.6,1.6) and we also consider that
medium II is completely anisotropic characterized by ,lELH = o diag(1.6,1.6,5.6)
e gH = ¢pdiag(1.6,1.6,5.6), The second-order RPM result show again good
agreement with FIT results from [2] with average error of 0.11% and 0.10% for
HE;; and TMy; modes, respectively. Fig. 3.10 shows normalized axial electric
field patterns for the TMy; mode obtained for case when €,.; = 5.6. Good
agreement is observed versus FIT results.

As a benchmark for the RPM computational cost, the CPU time required
to calculate the first 15 modes for the waveguide of case B with €,,1 = 5.6 was
0.98 s in our Matlab code. In contrast, FIT results took 912 s to solve the same
problem using the standard options of CST [2] with a 2D grid of 301 x 301
meshcells. All the results were obtained using an HP Z800 Workstation with
a dual quad-core 2.40-GHz Intel Xeon E5620 processor.
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Figure 3.8: Normalized axial electric field TMy; mode patterns calculated using
RPM (left) and FEM [2] (right). Circle with a bold line delimits the inner rod,
i.e., region L.
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Figure 3.9: Axial wavenumbers of HE;; mode with €,,; = 3.6 fixed and

TMy; mode with €.,1 = 3.6 fixed. In upper graphic the region II is isotropic
material and for lower graphic we consider full anisotropic material with
firz it = 1.6\5.6, firsn = 5.6\1.6 and €., 11 = 5.6 and €. 11 = 1.6 obtained by
FIT (O) and by second-order RPM (V).
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Figure 3.10: Normalized axial electric field for TMgy; mode calculated using
RPM (left) and FIT (right). Circle with a bold line delimits the inner rod.
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4
Cavity-Material Perturbation Method

4.1
Introduction

In this chapter, we present an extended version of the Harrington’s
cavity-material perturbation method (CMPM) [28, Ch. 7] for accounting the
longitudinal wavenumber of lossy inhomogenous and anisotropic waveguides.
To the best of our knowledge, similar solutions are available in the literature,
but are restricted for lossless cavities [50, pp. 472-475] (i.e., perturbation
formulas for correcting the resonance frequency) and lossless waveguides [51,
Sec. 7.3.1]. We have employed our CMPM formula for modeling anisotropic
coaxial waveguides with small eccentricities. In addition, we introduce a
combined RPM and CMPM formulation for providing high-order corrections

in a simplified way.

4.2
Mathematical Formulation

As an alternative way to account for the effects of the inhomogeneous
media presented the concentric coaxial waveguide shown in Fig. 2.1(b), we
may consider the change in the propagating constant of a homogeneous-filled
waveguide as due to a material perturbation. The fields in the waveguide
filled with a homogeneous and uniaxially anisotropic medium described by

the constitutive tensor

ps 0 0
50 =10 Ds 0 with b= {:ua 6} (4_1)
0 0 Do,z

were already described in Section 3.3. In view of (2-32), by writing p = po+Ap,

the media is then perturbed by the inhomogeneous tensor

00 O
=10 0 0], (4-2)
0 0 Ap,

A

=11

where
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EB'J HB

[ig + Afip, €4 + Aép

(a) (b)

Figure 4.1: Perturbation of matter in a cavity. (a) Original cavity; (b) per-
turbed cavity.

2p?
3
Assume the two cavities shown in Fig. 4.1, both operating at the angular

Ap. = po.. ZCOS(QZ)) + (3cos(2¢) +2) + O(25%) ]| . (4-3)

frequency w. In Fig. 4.1(a) we have a cavity filled with a material characterized
by the permeability and permittivity tensors ji, and €4, respectively, and with
the electromagnetic fields E 4, and H 4. In the second case, shown in Fig. 4.1(b),
we have the same cavity but now the matter is described by fis + Ajip and
€4 + Aép, and here the fields are denoted as Ez and Hp. The Maxwell’s curls

equation in source-free regions can written as follows:

VXEA:iW[:LA'HA, (4—4&)
V X HA = —ing . EA, (4—4b)
V x EB = jw ([:LA—{—A/:AB) 'HB, (4—4C)
V x Hp = —iw (€4 + Aép) - Ep, (4-4d)
On dot multiplying Hp by (4-4a), and E,4 by (4-4d), we obtain
HB'VXEA:inB'[:I,A'HA, (4—5&)
By -V x Hp = —iwEy - (€4 + Aég) - Ep. (4-5b)

The sum of the preceding two equations gives

V - (Ba x Hp) = iwHp - jia- Ha + iwE, - (64 + Aép) - Ep, (4-6)
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(a)

Figure 4.2: Perturbation of the matter in a cylindrical waveguide. (a) Original
waveguide; (b) perturbed waveguide.

where combining the identity
V.- (AxB)=B-VxA—-A- -V xB, (4-7)

was employed. An analogous procedure using (4-4b) and (4-4c) allows us to

obtain
V (Ep x Hy) = iwBp - €4 - Ba+iwHy - (fia + Afip) - Hp. (4-8)

Subtracting (4-6) from (4-8), integrating the result in volume V', and the

subsequent application of the divergence theorem allows the following result:

é(EAxHB—EBxHA)-dS:w/ (Ea-Aés-Ep —Hy - Afip - Hg) dV.
Vv
(4-9)

Now, let us consider a perturbation problem in a waveguide instead of
in a cavity. Fig. 4.2(a) shows a waveguide positioned along the z-axis. The
matter of this anisotropic-filled waveguide was perturbed, and we assume this
perturbation is independent of z, as depicted in the geometry in Fig. 4.2. We
can assume EJ and H7 are the electric and magnetic fields traveling in the
direction of z > 0 associated with the axial wavenumber k . in the unperturbed
medium (described by the tensors ji4 and €4). Accordingly, let E-, H™ and
k., be the electric and magnetic fields and the axial wavenumber for fields
propagating in the direction of z < 0, associated with the perturbed medium
(described by the tensors jiq + Ajip and €4 + Aép). In with of the theory in
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Top face

Bottom face

Figure 4.3: Differential slice of a cylinder with a constant cross-section.
Chapter 2, we can write

By=Eger™  pa Ep=E e (4-10)
H, = H etiko== Hp = H e 2,
where the subscript 0 refers to unperturbed quantities.

We can explore some useful results from (4-9) by considering that our
waveguide volume can be reduced to a slice of thickness dz, as shown in
Fig. 4.3. Since the lateral walls of the waveguide are truncated by a perfect
electrical conductive (PEC), and assuming the unperturbed fields satisfy the
boundary conditions, we have Eg x Hy - 2 = Hy - (2 x Eg) = 0 and
Es xHp -2 = Hp - (2 x E4) = 0. Accordingly, some parts of the surface
integral in (4-9) vanish, and the remaining non-null contributions are over
the top and bottom cross-section areas of the slice. Furthermore, since the
thickness of the slice was taken a differential distance, we can symbolic write

the surface integral of (4-9) as

‘ 0 . |
/Stop + - dl,;r—EIO dz 82/5 =1 (kz - k(),z) dlzlg(] dZL . (4—11)

Sbottom

Then, (4-9) can alternatively written as

i (ks — ko,z)dlz@odzfs (Ea x Hy — Ep x Hy) - 2dS

- Zw/ (Ea-Aés - Ep —Ha- Ajip -Hg) dV. (4-12)
1%

Notice from the above that the volume integral of the slice can be a reduce to
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Jv — dz [q in the limit dz — 0, and hence reducing (4-12) to

—i(kz—ko,z)/g(EAxHB—EB x Hy) - 2dS

:iw/S (Ea-Afs-Ep — Ha- Afip - Hg) dS, (4-13)
or, alternatively,

koo — k. Js(Ba-Afs By —Hy - Ajig-Hp) dS i
w  Js(BaxHz—EgxHy)-2dS ]

The result above is an extended version of Harrington’s cavity-material
perturbation method (CMPM) [28, Ch. 7] for accounting the longitudinal
wavenumber of lossy inhomogenous and anisotropic waveguides.

By replacing the fields in (4-10) and the medium tensors in (4-2) into
(4-14), we can obtain [52]

Koo — ke Js (AE-E--Ef + Ajp-H™-HY) dS
w Js (B§ x H- + B~ x H{) - 2dS

(4-15)

The result in (4-15) is exact, but not practical because the fields in the
perturbed problem are unknowns. At this point, we can consider the medium
and the fields coming from the optical transformation. First, by assuming the
perturbation does not significantly modify the field patterns as long as the
eccentricity d is small (or Zy is large), we can approximate E- and H™ by
its analogous non-perturbed versions, i.e., the fields associated with the npth

(cylindrical) harmonic are

Ej = eq(p) em? E™ =e_,(p) e

. and : 4-16
Hy = h,,,(p) e'n? H™ = —h_,,(p) e, ( !
Please see [27] for further details. Also, the axial wavenumber can be expanded
as
aq &) ~_3
o~k (14— 4+ 2 , 4-17

where kg, is the axial wavenumber of the zeroth-order solution, and a; and
a are the correction factors of first- and second-order, respectively.
Next, by substituting (4-16) and (4-2) into the numerator in the right-
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hand side of (4-15), we obtain, after some simplifications,

/ Aé-E--EfdS = 87:202 / " s p(0) Exmplp) 7 dp, (4-18)
To
_ ST 1o

[0 B dS = == [ (o) help) 0 dp, (419)

where we have retaining correction terms up to #, 2. Notice that the above
equations do not have terms of order Z,'. As a consequence, there is no first-
order correction in (4-17), i.e., ay = 0. This is the same result obtained in
Section 3.4 for the RPM.

By substituting equations (4-17), (4-18) and (4-19) in (4-15), we obtain

Qg = /ftz ]1\(;:; (Irm + Itg) , (4-20)
where
N,y = /S (Ef xH +E x Hy)-2ds, (4-21)
I =0 [ eenplp) ecaulp) 0" dp, (+22)
It = — oz / O Bz (P) P (p) P dp. (4-23)

From the above, we observe that TM,,, and TE,, fields are decoupled. As a
final note, the above solution indicates that ay = 0 for a TEM field since (4-18)
and (4-19) become zero for k, — 0 and n = 0.

By considering that e, _,,(p) = (—1)"e.n,(p) we can reduce the (4-22)

to
Itm = €0,2(—1)" / ()2 P dp
_ WP "
— €0.(~1) [6 i Ba (50 ] K (4-24)
where
drv = (8p)* 4 2(n* — 1)Bp. (4-25)

Please see Appendix B for further details about the derivation of dry.
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Similarly, from (4-23) we can obtain

Itg = —po . (—1)" / hemn(p)? p* dp
0

=—u07z<—1>”[6(gp)3dTEB;<5p>2] B (4-26)

where
 —— 1 4 2n? — on? 1 4-27
e = 52| (80)" + (3)'m? = 20(n — 1)) (1-27)

Please see Appendix B for further details about the derivation of drg. Finally,

notice that NV, also admits closed-form solutions [27].

4.3
Improved Cavity-Material Perturbation Method

In this section, the perturbation method described in Chapters 3 is
combined with the above described perturbation method to determine the
cutoff wavenumber of the modes in the eccentric coaxial waveguide. We use the
low-order corrections from a regular perturbation method (RPM) into the Har-
rington’s cavity-material perturbation method (CMPM) for providing high-
order corrections to the cutoff wavenumbers of TM and TE modes supported
in a coaxial waveguides. The proposed methodology allows a perturbation
solution that is more simple and more computationally efficient than the RPM
approach, whereas more accurate than the ordinary CMPM.

In summary, a conformal transformation optics is used to map the origi-
nal (eccentric) problem shown in Fig. 2.1(a) into a concentric waveguide shown
in Fig. 2.1(b). Then, we solve the resulting wave equation in the transformed
(concentric) domain. The RPM is established and the field solutions are
obtained as a power series with respect to the eccentricity parameter. We then
solve three second-order differential equations to compute the zeroth-, first-,
and second-order corrections for TM and TE modes of coaxial waveguides with
small eccentricities. Further details are available in Section 3.4.

The mapped waveguide in Fig. 2.1(b) has its medium characterized
by the anisotropic and inhomogeneous electrical permittivity and magnetic
permeability tensors € = €+ A€, and i = Jig + Afi, respectively, and described
by (4-2).

The axial wavenumber can be expanded as

aq Qo Qg Qy ~_5§
k.~ ko.|1 o = —+—=+0 , 4-28
o ( * 24 * 213 * 213 * 214 + 0@ )> ( )
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where ko . is the axial wave number of the zero-order solution and a; 234 are
the first-, second-, third-, and fourth-order correction factors, respectively.

The RPM solution (up to first-order correction) can be written in a
compact form as

+
17

(~n+1)p i 1,(n—1)p7 with F = {E, H}, (4-29)
To T2

F

F* =Fg,, +
where the subscript (0, np) is related to the zeroth-order fields and the terms
with index (n+1)p are associated with the first-order perturbation corrections.
Based on CMPM presented before, the change in the axial wavenumber

due to the perturbation A€ and A is given by

koo — k. s (A€ ET-Ef +Ap-H™-HY) dS

(4-30)
w Js (B§ x H- + B~ x H) - 2dS
Ity + Itg
= M TR 4-31
N, (4-31)

By replacing (4-3) and (4-10) in (4-30), after some simplifications, we can

obtain

I _ 5 " 2 2 d
™ — ~92 pez,np + €znp \ €z,(n+1)p + €z,(n—1)p p-ap
x ro

27T€0yz

1 ) ) ,
7 /m |:8€Z,(n+1)pez,(n—1)p +3 (ez,(nﬂ)p + ez,(n—l)p):| p°dp, (4-32)

871',[,&072 1
[TE == jz / [phi,np + hz,np (hz,(n+1)p —+ hZ,(n—l)p> :| p2 dp
2 70
27T/*L0,z 1
T / {Shz’(”“)phz’(””p +3 (P sy T 12 1) } p’dp,
2 o

(4-33)
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and
+«H —E ><H+) 2dS

/ [Onpr— _E;_, xH?

0,np

0,—np 0,—np

1
+ —
T3 <E<n+1)p X H oy + By X Hi oy,

—E- x HF

— + A
(rtnp X Hnonp = B, H(n+1)p)] “Zpdp

- n " 0+ 0+
_ (—1) 4W/TO [emphpnpjuepnph(m

+ + +
+ j‘% <€¢ n+1)p h ,(n+1)p + ep,(n+1)ph¢7(n+1)p

+ +
€4 ol tn-1)p T 1)ph¢,(n—1>p)] pdp,
(4-34)

for n > 0 in all equations. The equations above do not present terms with
#,! and #,° as a consequence of the azimuth orthogonality in the numerator
n (4-30). In other words, the correction factors a; and ag in (4-28) vanish.
If the first-order fields are zero, the above equations reduce to the ordinary
CMPM presented in [52]. In what follows, the present method will be referred
to as improved CMPM (ICMPM).

4.4
Results

To validate the CMPM and ICMPM methods, we consider an eccentric
coaxial waveguide with 71 = 5 mm, 7y = 0.057; and eccentricity d = 0.057,
assuming the medium as vacuum. Table 4.1 shows the cutoff wavenumbers
koo = (w?pses—k2)Y/2 for the first TE,,, and TM,,, modes. The results obtained
by the ICMPM show good agreement with those obtained by (a) the finite-
element method (FEM) from CST Studio Suited [2], (b) the ordinary Har-
rington’s cavity-material perturbation method (CMPM), and (c) the regular
perturbation method (RPM). Relative errors were computed using the FEM
solution as a reference. As expected, we can observe that the ICMPM results
have a relative error of less than 0.2%, while the CMPM presented an error of
up to 0.6%.

In Fig. 4.4 we explore more scenarios, where we keep the same waveg-

uide considered before, but with different values of eccentricity in order to
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Table 4.1: Cutoff wavenumbers obtained by the FEM from [2], results from
RPM, from CMPM, and from ICMPM. The relative errors were computed
using the FEM solution as reference.

FEM ICMPM RPM CMPM

Mode kpe(m™) kye(m™) Error(%) kye(m™') Error(%) kp(m™') Error(%)

TE;; 366.156 366.874  0.196  366.230  0.020  367.789  0.446

TEe; 610.692 610.954 0.043  610.796  0.017  611.333  0.105

TEs; 840.159 841.705  0.184  840.234  0.009  843.861  0.441

TMy; 610.692 611.126  0.071  610.674 -0.003  614.109  0.559

TMy; 775540 774706 -0.107  775.698  0.020 774.695 -0.109

TMo; 1027.331 1028.426 0.106 1027.383  0.005 1028.743  0.137

investigate the capacity of these methods. With FEM as a reference, we
notice that all the tested perturbational methods gradually deteriorate as the
eccentricity factor increases. Also, we notice that the ICMPM performs better
than the CMPM in all the analyzed scenarios. The RPM outperforms the
CMPM in all cases, and the ICMPM except for the TMy; mode. Although the
computational resources demanded by the RPM are higher compared to the
other perturbation methods, the ICMPM can capture more appropriately the
characteristics of the TMg; mode. This is a consequence of the limited azimuth
variations the RPM [52] can provide.

The merits of the ICMPM are also evidenced in Fig. 4.5, which shows the
TMy; cutoff wavenumbers as a function of the anisotropic permittivity ratio.
We have assumed a waveguide filled with an anisotropic medium described by
fis = fi, = po and € = €€, €, = €06, (Where €y and o are the vacuum
parameters) and with an eccentricity d = 0.271. As before, we see that the
ICMPM outperforms the RPM when assuming the finite-integration technique

(FIT) results as a reference.
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Figure 4.4: Cutoff wavenumbers for (a) TE and (b) TM modes as a function
of the normalized eccentricity distance d/7; obtained by FEM (o), by RPM
from (OJ), by CMPM from (A\), and by the presented ICMPM (V).
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Figure 4.5: Cutoff wavenumbers for the TMy; mode as a function of the
anisotropic permittivity ratio. The results in (a) are for a fixed €., = 1, while
the results in (b) are for a fixed €, = 1.
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Point-Matching Method

5.1
Introduction

In this chapter, the so-called point-matching method (PMM) will be for-
mulated and discussed. In short, this method allows us to find an approximated
solution for two-dimensional Helmholtz equation subject to complex-shaped
boundary conditions by expanding the field solutions as a series of cylindrical
harmonics. The boundary conditions are then enforced at an appropriate set
of points over the domain boundaries. This method is also referred in the liter-
ature as straightforward point-matching method (SPMM), and was developed
in the seminal works [9,17,18]. This method has been used with success over
the years for the analysis of non-circular hollow waveguides [9,17,18], scattering
by dielectric cylinders [19-21], and other waveguided-devices [22,23]. However,
it is important to stress this method may fail when the cross-section of the
waveguide has a convex geometry from an external point of view. Another
deficiency this method can present in some complex geometries is the ill-
conditioning (linear dependence) in the associated system of equations that
can happen in some particular scenarios. This problem usually is alleviated by
a careful selection of points where the boundary conditions are enforced.

Another extension of the SPMM is obtained by using the addition
theorem for Bessel functions [53, Ch. 11]. This approach allows us to replicate
the SPMM in different coordinate systems, so that the chosen contour has
different points and is exactly the points of the geometry. In other words, we
can describe the geometry of the waveguide as a combination of circles. A
similar method was used in [54] for a scattering problem.

In this chapter, we explore point-matching-based methods for solving
complex anisotropic-filled non-circular multi-layered cylindrical guided struc-
tures. An improved PPM formulation based on the recent works in [19,22] is
also investigated for allowing us to obtain more degrees of freedom on choosing
the matching points and in the truncation of the azimuthal series used in the
solution. Furthermore, a source expansion in terms of cylindrical harmonics is

introduced on the grounds of the Lorentz reciprocity Theorem.
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yJ b
f
| o, Pm

(b)
Figure 5.1: Coaxial waveguide with arbitrary cross-section.

5.2
Straightforward Point-Matching Method for Hollow Waveguides

We consider here a waveguide with an inner perfect electric conductor
(PEC) enclosed by an outer PEC cylinder. This waveguide has an arbitrary
cross-section (with an exception for convex contours) that is invariant along
the z-axis, as depicted in the geometry in Fig. 5.1. The axial (to z) fields should

satisfy the Helmholtz equation in cylindrical coordinates

(V2+8%)G(p, 6, 2) =0, (5-1)

where G = {E,, H,}. We consider the waveguide is filled with an anisotropic
medium, defined by p = diag(ps, ps, p-) with p = {u, €}. The radial wavemum-
ber satisfy 32 = onsz), with a = (p./ps)"/? being the anisotropy factor defined
in Chapter 2. Also, we have k2 = k? — k2, k? = w?u,e,, where k, is the axial
wavenumber.
The solution for G can be written as [17] and [55, Ch. 10]
+N
Glp.6,2) = > [A"HD(Bp) + B T, (Bp)] e+, (5-2)

n=—N

Alternatively, if the cross-section is symmetrical with respect to the z-axis, we
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can write

=

Gelp,¢,2) = > [ALHO (Bp) + BLJu(Bp)| cos(ng)e™ >, (5-3)

3
Il
=)

Go(p, o, Z) =

M=

[ALH (Bp) + By Ju(Bp)] sin(ng)e™=, (54

n=1

where J,, and HV are first kind Bessel and Hankel functions, respectively, with
integer order n. The set of unknown constants A™ and B™ are to be determined
by the boundary conditions enforcement. The subscripts e and o are used in
(5-3) and (5-4) to represent even and odd modes, respectively, with respect to
the z-axis. Since the representation of F, and H, are now defined as a series

of cylindrical harmonics, the transversal fields can be determined using (2-24)
and (2-25).

5.2.1
TM modes

For solving the transversal magnetic (TM) fields, we have G = E,, and a
Dirichlet boundary condition must be satisfied on the outer and inner PEC that
truncate the waveguide under analysis. However, satisfying this condition is not
a simple task since the contour that delimits these conductors is now arbitrary.
The point-matching method allows us to find an approximate solution by
matching the boundary conditions over a set of m points described in polar

coordinates by (pm, ®m). On enforcing

S [A"Ho(Bpu) + B Ju(Bpu)| . (nn) = 0, (5-5)

n S1n

over a set of N+1 points per boundary, we obtain a homogeneous linear system
equations that allows us to solve the coefficients A™ and B™. Also, we obtain

a determinant characteristic equation for the eigenvalues .

5.2.2
TE modes

For solving the transversal electric (TE) fields, we have G = H,, and
a Neumann boundary condition 0H,/On|pgc = 0 must be satisfied on the
inner and outer PEC that truncate the waveguide under analysis, where n
is the normal direction in respect to waveguide contour (see Fig. 5.1). Since

0/0n = -V, (where 71 is an outward normal vector ), from (2-24), we need
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to enforce

5= {0 ) [A"H B + BT, Bp)] (061

p sin

} sin

F (0 b0 [ A" Ha(Bpm) + BT (Bpw)] - (n0) | =0, (50

cos
over a set of N 4+ 1 points per each conductor shown in Fig. 5.1. By defining
the angle «,,, and the unit vectors p,, and ngSm according to the geometry in

Fig. 5.1, we can simplify (5-6) by means of ft- f, = €08 i, and A+ Gy, = Sin .

5.3
Improved Point-Matching Method

The SPMM can be improved by matching the fields at the boundary
contours via a projection solution with a set of orthogonal basis functions [19,
22], similar to the procedure used in the method of moments [13]. This
approach is commonly known as field matching, and will be used here to obtain
more degrees of freedom on choosing points in the contours of the waveguide
because it mitigates linear dependency problems that happen in the ordinary
SPMM. As a drawback, a path integral is now required and it will impair the
computational cost of the method.

Consider the orthogonal set of functions w,, for p =0, ..., N, given by

1 127D
wy(c) = exp(c), 5-7

o) = e 57
where C' is the total length of the boundary and ¢ measures the contour length.
This basis function is simpler and more convenient than the basis function set
used if we were to use the Galerkin method because our characteristic equations
are composed of pairs of cylindrical functions, for example, HM(8p,,) +

Jn(Bpm). In what follow, we will employ the inner product

(90(0) wyf)) = [ gne)wyle)” de (5-9)

It is important to mention that we can recover the SPMM approach using
Dirac’s delta functions in w, as follows
where the index p (azimuthal order) was replaced by m (m'™ point on the

boundary) to clarify the understanding of the methods. In this way, the inner
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product is reduced to

(9n(p:9) s Win(p:8)) = Gu(Prms D) (5-10)

Notice that g, can assume the form of (5-5) and (5-6) functions, used in
SPMM to solve the problem of TM and TE modes, respectively. The above-
described approach will be denoted here as the improved point-matching
method (IPMM) just for the facility of notation.

5.3.1
TM mode

The IPMM solutions for TM modes is given by the projections of the
boundary condition (5-5) with w,, in view of (5-8), along the over the inner

and outer waveguide contours denoted he as ¢; and ¢y. As a result, we obtain

Wipler) Wiy(e) | [A7 _35 (5-11)
Wip(e2) Wi(e2)| | By
where
Wi(e) = (FulBo(e) . (no(e)) ., wy(c), (5-12)

with F,, = {J,,, H{V'} are first kind Bessel and Hankel functions of integer order

n.
5.3.2
TE mode

The IPMM for TE modes is given by projecting (5-6) with w,, in view

of (5-8). As a results, we obtain

eri(cl) ng(cl) AZ :6, (5_13>
Win(e2) Wi(e2)| | By
where
Wi(e) = ([ o0 (Bp(e) cos(a() " (n6(c)
FaF,Fp(e)sin(a(e) (o(e)] wy(@). (5-14)
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5.4
Point-Matching Methods for Layered Waveguides

Considering a coaxial waveguide filled with two radial layers, as depicted
in Fig. 5.2. Layers 1 and 2 are connected at the interface p = r;, for 0 < ¢ < 2.
Whereas the cross-section of this waveguide has a symmetry with respect to

the z-axis, we have

Gilp.0.2) = S [ATHP (Bip) + B T(Bp)]  (no)e™, (5-15)
1 cos ikzz
2p,6,2) =Y [AZHM (Bap) + By Jo(Bap)] i OV, (5-16)

n

where G = {H,, E.} in layers 1 and 2. The boundary conditions to be enforced

are given by:

ElL(p=r0,0,2) =0, (5-17a)
Etlg(p T07¢7 ) 7 (5—17b>
EZ(p=r1,0,2) =0, (5-17c)
Ep(p=r1,6,2) =0, (5-17d)
Eig(p:rl7¢72> :Egg(p_rh az)a (5-178)
Etlg(P =T, ¢7 Z) - Efg(ﬁ =T, ¢7 Z)a (5-17f>
Hzlg(p:rl7¢7z) - H,Zg(P Tla¢7 Z)a (5-17g>
Hi(p=r1,¢,2) = H.(p = 11,0, 2) (5-17h)

Equation (5-17a) requires

| (ndom) =0 (5-18)

B (ro, ¢, 2) = [A?eHr(Ll)(ﬁfTOm) + BieJu(Birom) sin

Equation (5-17b) requires

, cos

By (10, 60, 2) = (i~ fom) B rom | A7 H (B 7om) + Biy T, (Bl7om)] _(n6om)
~ 7 n h n h sin

F(i - dom)n [ ATy Ho(B170m) + Bl Jn(Birom)| (ndom) = 0.

COS
(5-19)
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Equation (5-17¢) requires

B2 (r1, 61, 2) = [Ag HO (B5r1) + BouJu(Bsri)| . (nim) = 0. (5-20)

Sin

Equation (5-17d) requires

A n n cos
B} (r1,61,2) = (it Fim) Bi7im | A5 HL (B3 71m) + By T (B571m) | . (01m)
~ 7 n h n h sin
:F(n ’ ¢1m)n|:A2th<52 7alm) + BQhJTL(BQ 7alm):| COS(n¢1m> = 0.
(5-21)
Equation (5-17e) requires
cos
ATHD (Birim) + Bl (Birim)| - (nm) =
cos
A5 HLD (3571m) + Bl Ju(Brim)] (). (5-22)
Equation (5-17h) requires
cos
[A?hHélxﬁ?ern) + B?th(ﬁ{an)} sin (n¢im) =

} COS

[ A0 (35 ri) + BB (n61). (5-23)
Equation (5-17f) requires

|Pfi1 AT, + PS5, BY. + Fjy AT, + FJ, By, =

PioAs, + P5o B3+ Flp A+ FipBg,| o (5-24)
where
ik, . o -y COS n sin
PG = = {sm mB5Gh, (@) £ cos apm—Gn (mblm)}, (5-25)
0j sin Tim  COS
W g . n sin CcoS
ng — l{;éu [:Fsmalm—Gn (nGrm) —i—cosalmBJhG; _ (n¢lm)]. (5-26)
0j Tim  COS sin
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Figure 5.2: Coaxial waveguide filled with two non-circular layers.

Notice we have omitted the arguments of Bessel functions for simplifying the

notation. Equation (5-17h) requires

| Py ATy + P}y By, + Fig AL + F5, BT, =

PlhoA + PlaBy + Fipp A3 + F5oBy| . (527)

Im»Plm

where P" and F* are similar the expressions in (5-25) and (5-26) but switching
e = hand h — e.

We can combine the above boundary conditions into a matrix:

EMpeyon =0 :[H{, J¢, 0 0 0 0 0o o0 |[Ap
Ellpergn =0 :| 0 0 Q¥ o o0 0 0 ||B
[E1 E2]p o ¢ | Hfp J5, 0 0 —H§, —Js. 0 0 ||A%
[ = ]p Tim - Pﬁ[,l le Fl}ﬁll,l Ffﬁ _Pfl,z _PjQ _Fﬁ,z _Fffl,z B, -0
H!=H,—,, | 0 0 H', J'\, 0 0 —Hy, —J3,.|| A5
[ HtQ]p Tim - Fﬁl,l F;,l Plg,l le _Ffl,z _sz _PI}}Q _P}2 B,
B, =0:] 0 0 O O Hs, J5, O 0 |[|Az,
Hlo=ry =0 :[ 0 0 0 0 0 0 Qpy Q),||Bs]
M| [An] =0,
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where
CcoSs
Hle,n = Hn(ﬁfrﬂm)sin(ngbOm)a (5—29&)
coSs
‘]f,n = Jn(/BfTOm)Sin(nqum)’ (5—29b)
Cos . sin
Q,}{,l = COs aOmB{LTOmH;L(B{ZTOm) . (n¢0m) + sin Oéoman(ﬁfTOm) (n%m);
sin Ccos
(5-29¢)
coSs ) sin
Q}},l = COS O‘Omﬁ{tTOery/L(ﬁ?TOm) . (n¢0m) + sin O‘Oann(ﬁ?TOm) (nqum)a
sin Ccos
(5—29d)
Cos
HS, = Hy(B571m) . (n¢1m), (5-29¢)
sin
Ccos
Iy 0 = Ju(B5m1m) . (nd1m), (5-29f)
sin
Ccos . sin
Q};{,z = COS almﬂgrlerlL (Bgrlm) . (n¢1m) q: S11 alman (Bgrlm) (n(blm)a
sin COSs
(5-29¢g)
cos ) sin
32 = COS almﬁgrlrrMﬂL(ﬁgrlm) . (nqblm) + sin alann(ﬁgrlm) (n¢1m)
sin Ccos
(5—29h)

The matrix ]\:4,”” is a submatrix of the characteristic equation of the PMM.
Futhermore, when we consider all points used in the problem boundary to

obtain a full matrix of system equation writen by

S o dh o dna] [
]\:4m1 ]an ]\?m,N A" :6 (5_3())
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5.5
Electromagnetic Sources

In order to include the effects of excitation antennas in our source-
free solutions, we can start from the Lorentz reciprocity theorem [56, Ch. 1]
considering two sets of sources J;, M; and Jo, My that produce the fields Eq,
H, and E,, H,, respectively. Inside a volume V' enclosed by the surface S, we

have
j{S(El x Hy — Ey le)-dS:/ (EQ-Jl—El-J2+H1-M2—H2-M1)dV,
1%
(5-31)

where dS is an outward-pointing vector, normal to the boundary S. As the
guide is radially limited by a PEC wall, we have that the fields tangent to the
surface are zero, that is, ExH-2 = H- (2 x E) = 0. Consequently, this reduces

the surface integral in (5-31) to be over the waveguide cross-section Sy, i.e.,
/ (B x Hy — By x H,) - 2dS =
So
/ (B2 3, —E,-Jo+ H - M, — Hy - M,) dV. (532)
1%

The forward-propagating electric and magnetic axial fields refereed at

the source plane z = zp can be written in terms of cylindrical harmonics by

using
E.(p, ¢, ANNCARE: T (5B ]
(p ¢ Z> = Z Z {Hzn(ﬁpp)Ap + Jzn(ﬁpp)Bp} eln¢+2kz’p(27ZT)7 (5_33>
Hz(pu ¢7 Z) n=—N p=1
and
- G.(Bp 0 |
Gon(Bpp) = ( 8 ) oy
Ae Be]
p = AZ and B, = BZ;‘ ; (5-34)
P P

where G,, = {H\, J,} and pe" = a*"k,,. The transversal (to z) fields are
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obtained through (2-24) and (2-25):

E, ikza% —iwuspa%

H, _ L iwespa% ik, aa¢> E, (5-35)
E,|  Ror|ikp2  iwpl | |H.

|H, | _—iwesa% ikzpa% |

The compact forms shown below are preferable:

N oo _ _ _ B . '
= 3 " [HonlBop) Ay + Jon(Bop) By e THer G0 (5-36)

=—Np=1

E N 00 = _ . .
o (P, @Z)] _ Z Z[ on(Bo) Ap + Jon(Bpp) By e Hherz21) - (5.37)

—N p=1
with
= 1| —nkGu(Bsp)  —iwpspBrGrL(Bp)
Gon(Bop) = 75— | Y A (5-38)
polP |iwepByGr(Bsp)  —nk.Gn(B,p)
= 1 |ikapBsGr(Bep)  —nwpsGn(Brp)
Gon(Bpp) = 13 ' 0 (5-39)

poP | nwe, G (B5p) ikzpﬂﬁG;(ﬁ[fp)

If the forward-propagating fields (z > zr) associate (+k.,, E,, H,, Es,
H,) are proper solutions for the Maxwell’s equations, the mirror mode [57,
Ch. 15.7], [27, Sec. 3.3.5] (—k.,, —E., H,, E;, —H,) is also a solution. Then,

we can write

E* =Y A [e;'fp(p, ) + 22, (p, qb)}eizkz,p(z—zﬂ

p=1
=Y A¥[el (p, ) % 2el,(p, ¢) et lemon), (5-40)
p=1
Z Ai[ _|_ Zhi ( ¢)} eiikz,p(Z*ZT)
= Z Ai[j: h+ gb) + éh::p(ﬂ, ¢)] eﬂ:z‘kz,p(z—zT)’ (5_41)

for z 2 zp. Notice in the above we adopted a compact notation where gctp(p7 )
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is the portion of the fields that depend on (p,¢), with gF = {ef,, h,},
a = {p,d,z}, given by (5-33), (5-36) and (5-37). It is important to note that
g;p also carries the azimuth sum over n. Since the modes are orthogonal over

the cross-section of the waveguide, we can derive the following conditions:
[gijH;%-zdsz/sngH;.zdszo, for p+#gp. (5-42)

For solving the source excitation amplitudes Ai let us go back to (5-32).

We assume first that J; = J and M; = M, and J, = 0 and M, = 0. For the

fields with subscript 1, we have E; = E* and H; = H* for » < zF. For fields

with the subscript 2, we chose the pth waveguide mode propagating in the
negative z-direction, i.e.,

E;=e,, (5-43)

H, —h;. (5-44)
Substituting the above in (5-32), we can obtain

| A (E) x b, —e, xH) - 2as

0

- SOA;(E;xhg—e;xH 2dS = [ (e I —h, -M)dV. (5-49)

We can readily notice that the second surface integral vanishes for any p, and

allows us to write

/S(T/ﬁ[ Sl (Cplity— oy hi)|dS = [ (e -3 =T, M) aV.

1%
(5-46)
Then, we can obtain A} via
g+
At =22 (5-47)
P N;—

(hp pP ;5_71)423 - hj—,pé) ’ M)] e =rZ Qv (5-48)


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

Chapter 5. Point-Matching Method 76

and

p pp P,p

Nf=-2 , (e o1y — €5 hit,) dS. (5-49)

In order to find A we can use an analogous procedure but with E; = e
and Hy = h;. Equation (5-32) now provides
+ (@t + _ ot +). 2
| A (E) <) —ef xH) - 2as
0

- SOA;(E;xh;—e;xH;)-zdS:/v(e;-J—h;-M)dv, (5-50)

and consequently, we can obtain A via

A=

=2 5-51
;= (551)

— (Bl + b6+ hiy2) - M) etz v, (5-52)

and
Ny =2 i (ef by — €l ,ht,) dS. (5-53)

In summary, the source coefficient associated with the pth mode in (5-40)
and (5-41) is given by

+
A = (5-54)

S:i:
N, ’

(e;pﬁ + e;;pgg + ej,p’%) -J

+ (hyyp+ S, 0 F hEL2) - M)] eFik=z JU. (5-55)
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Table 5.1: Axial wavenumber of HE;; and TMy; modes for different numbers
of points N.

N 1 2 3 4 ) CST RPM
TMy;  240.509 217.996 217.959 217.925 217.966 | 218.488 222.373
HE . 373.759 376.937 375.651 375.683 375.692
HE;, 370.071 370.890 375.189 375.518 375.618

376.244  376.747

5.5.1
Electric and Magnetic Coil Antenna Source

Consider the excitation of an electric and magnetic loop placed at z = zp

and defined by the surface current densities

J= jTJT, (5—56&)
M = mT(ST, (5—56b)

where jr = jopr and mr = mgpr are defined as the electric and magnetic

moments, respectively, of a coil with radius pr, and

; z—27)0. (5-57)

By replacing (5-56) in (5-55), we obtain

. 2
S = e [T jred (or,0) £ mrhi (pr.0)|do. (5-58)

5.6
Numerical Results and Discussions

In order to test and validate our method, a series of different structures

were simulated, analyzed and compared with results present in the literature.

5.6.1
Circular Anisotropic Waveguide Filled with Anisotropic Eccentric Rod

Consider the eccentric waveguide with r; = bmm, ry = 0.1r; and
d = 0.23ry, the regions I and II are characterized by tensors upy =
diag(ﬂml\naMrsJ\H,Mm,I\H)Mo and epnnn = diag(ers,I\H;Ers,I\Ha67‘271\11)60 the
waveguide operate in a frequency of 25GHz. The Table 5.1 shows the axial
wavenumber of the HEq{; and TMy; modes for different amounts of points,

for the case where de medium II is vacuum and medium I has anisotropic


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificacaoDigital N° 1821119

Chapter 5. Point-Matching Method 78

S SNormlalizgd |E.|, SPMM l S Normalized |E.|, RPM

-6.5 -45-225 0 225 45
Z (mm)

Figure 5.3: Normalized axial electric field of TMy; mode patterns calculated
using SPMM (left) and RPM (right). The points used in SPMM are marked
in red x and the circle with red bold line delimits the inner rod, i.e., region I.

characteristics described by prs1 = ptr21 = 1, 6.1 = 3.6 and €41 = 1.6, in
addition we also consider the values of k, obtained by software CST and RPM
methods.

In Fig. 5.3, the axial field pattern of the TMy mode for N = 3 is
illustrated, we also highlight the points used to apply the boundary conditions
of the method (observe the markers at x), we can see that the E, field satisfies
the boundary conditions on the outer conductor and mainly on the highlighted
points and also a good agreement with the results obtained with RPM.

In Fig. 5.4, we show k, for HE; and TMy; modes considering different
combinations of anisotropy, since in upper graph we have ji,snir = ez 1 =
1.0\1.0, €- i1 = 3.6\1.0 and €,sn\i1 = [1.6-- - 5.6]\1.0 for HE;; mode, and for
TMjp; mode we interchange the €,,1 and €, 1. In down graph we consider a case
where all media have anisotropic characteristic both in magnetic permeability
and electrical permittivity described by pi,s i = 5.6\1.6, . = 1.6\5.6
€21 = 3.6\5.6 and €,,pnip = [1.6---5.6]\1.6 for HE;; mode, and for TMy,
mode we interchange €51 by €,. 1. In both graphs we can see a good agreement
between the results obtained by our method, CST (based-FIT) and RPM.

5.6.2
Circular-Elliptical and Elliptical-Circular Waveguide

Let the guides in Fig. 5.5 are filled with vacuum and their walls are
composed of PEC, ry is the radius of the circle, r; is the longest length of
the ellipse in the direction of x and e = f/r; is the eccentricity with f being

the focus of the ellipse. In Table 5.2, we compare the axial wavenumbers of
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Figure 5.4: Axial wavenumbers of HE,; mode with ¢,,; = 3.6 fixed and

TMy; mode with €57 = 3.6 fixed. In upper graphic the region II is isotropic
material and for lower graphic we consider full anisotropic material with
porzvit = 1.6\5.6, pirs it = 5.6\1.6 and €,.11 = 5.6 and €, 11 = 1.6 obtained by
FIT (O), second-order RPM (o), SPMM even (V) and SPMM odd (A).

the first TE modes present for each waveguide. Fig. 5.6, shows the results
considering the IPMM, the magnetic field pattern of the TE;; even and odd
modes for circular-elliptic configuration considering h = 0.7, r1/rg = 2, N = 3

and P =7, in addition we also show the field pattern retrieved from [58].

Figure 5.5: Geometry of (a) an coaxial elliptical-circular waveguide and (b) a
circular-elliptical waveguide.
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Table 5.2: Comparison of the longitudinal wavenumbers obtained via our
implementations SPMM and IPMM with N = 3 with results from the
work [58]. Value parameter e = 0.2.

Elliptical-circular waveguide with ry/rq = 2/3
Mode SPMM IPMM 58]
N =1 N =6 P=5 pP=7
TEq1e 20.9545 20.9545 20.9545 20.9546 20.9567
TEo1e 20.9429 20.9431 20.9435 20.9432 20.9515
TEs1e 20.9240 20.9246 20.9238 20.9234 20.9429
TEq1, 20.9546 20.9547 20.9547 20.9548 20.9567
TEy, — 20.9429  20.9429  20.9429 209431  20.9515

TE31, 20.9236 20.9237 20.9239 20.9242 20.9429

Circular-elliptical waveguide with /g = 3/2
Mode SPMM IPMM 58]
N =4 N =6 P=5 P=7
TE11e 20.9545 20.9547 20.9547 20.9547 20.9567
TEy,. — 20.9426 20.9428  20.9427  20.9428  20.9515
TE31. 20.9229 20.9234 20.9234 20.9235 20.9428
TEq1, 20.9542 20.9544 20.9544 20.9544 20.9566
TEs, 20.9421 20.9428 20.9428 20.9429 20.9515

TEs1, 20.9197 20.9234 20.9238 20.9234 20.9428

5.6.3
Coaxial Waveguide with Arbitrary Cross-Section

In Fig. 5.7(a) we consider a waveguide composed initially by an outer
circular PEC of radius 7; = 5mm and filled with vacuum, an inner PEC of
radius rg = 0.17r; with eccentricity d = 0.2r1, both circumference are described
by points highlighted with x. Then we deform the two lateral points on the
left by reducing their radii (coordinate p) to p = {0,5,10,15,20}% as shown
In Fig. 5.7(a). The field pattern E. of the TMy; mode was obtained for each
deformed waveguide using formulation based in exponential presented in (5-2)
with N = 4, to facilitate the observation of the boundary conditions on the
guide walls we also highlight the points used by the method, we can see that

they are satisfied mainly over the points.
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Figure 5.6: Normalized axial field patterns calculated via the IPMM with
N =3 and P = 7. (a) TE;; even mode. (b) TE;; odd mode. (¢) TE;; even
(left) and odd (right) modes retired from [58].

5.6.4
Circular and Non-Circular Tunnel Propagation

Consider the scenario proposed in [59,60] where a tunnel with a circular
cross-section is excited by an electric loop antenna located in the center of
the tunnel, see Fig. 5.8(a). The system operates at a frequency of 1 GHz,
the tunnel has a radius vy = 2 m and is filled with vacuum, the external
medium is characterized by a non-magnetic medium with isotropic permittivity
€2 = €p€rg — 109/w, wheree,s = 12 and oy = 0.02 S/m. The looped source,
described by Jy has a radius rg = 0.1 m with electrical moment jg = Isr and
Is =1 Amp. In order to study the characteristics of tunnel propagation, we
implemented the algorithm according to the flowchart shown in Fig. 5.9, where
both the SPMM and IPMM formulations can be used and combined with the
source formulation described in Section 5.5.

For this scenario, we consider that medium 2 is unbounded, in order to
check the eigenvalue of this structure in Fig. 5.10 show the zeros (o) found by
SPMM, in addition, the eigenvalues found using reference [61] for n = 0 and

n = 1 highlighted by the symbols triangle (A) and square (), respectively. Tt
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is important to comment that at this point, it is not possible to distinguish,
in a simple way, which of these modes found by SPMM have n =0 and n =1,
for this type of classification, an individual analysis of the field pattern of each
mode would be necessary.

In Fig. 5.11 show the transversal electric F, field along the axial distance
z inside the tunnel. In this simulation, all 12 eigenvalues found in Fig. 5.10 were
considered N = 1 and P = 3. We can observe a good agreement, remembering
that the results obtained from [60] considered 16 TEq; modes with j =1, ..., 16
in the solution, while our approach considered only the first 6 modes of the
structure.

In addition, In Fig. 5.12 we compare the modes found by SPMM with
N = 4 with values obtained using the [60] approach. We can notice a good
agreement between the modes, except in the region where the higher order
modes begin to appear, it is also important to comment that the order of
magnitude of the search plan compared to the results of N = 1, as the functions
present in the matrix of determinants is periodic overflow problems begin to
become relevant. Fig. 5.13 shows the Ey field component along z considering
N = 4. As we expected, the result holds with good agreement, because the
new added modes are of high order, and as discussed in [59], the electric loop
source excites only TE modes with n = 0.

Fig. 5.14 illustrates the E, field pattern of the two main modes k, =
{20.8707 + 0.00127,20.6627 + 0.00417} excited by the antenna, these modes
can be classified as TEq; and TEgs, respectively, also considering a distance of
1 km in the tunnel and formulation with N = 4.

Fig. 5.15 shows the k, plane, as well as the modes found by IPMM
considering N = 1 and P = 9. These modes are used to calculate the E field
along z shown in Fig. 5.16 and in Fig. 5.17 shows the Ej field pattern in the
plane (p, ¢) situated at a distance z = 1 km.

In order to analyze the tunnel shown in Fig. 5.8(b), where the characteris-
tics of the medium is the same of the circular tunnel, except for the non-circular
geometry of the wall that was deformed symmetrically around the z axis, this
deformity aims to simulate a more realistic geometry for tunnels and also to
preserve the position (p = 0.6,¢ = 0) of reception at which the field will be
measured along the distance z of the tunnel.

Before analyzing the more realistic scenario, we will consider other cross-
sections with milder deformities and, also, use different numbers of points. In
Fig. 5.18(a) we have two scenarios where only the two points on the left side
were shifted 10% and 20% towards the origin, respectively.

Fig. 5.19(a) show the first eigenvalues (k,) considering N = 1 and
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Figure 5.8: Geometry of circular (a) with 71 = 2 m and non circular (b) tunnel
with electric loop antenna (.Js). The medium is described by €2 = €.2€0 +i02/w
where €, = 12, 05 = 0.02 S/m and operating at frequency of 1 GHz.

P = {9,30}. Notice the variation in the high order modes, as well as the
emergence of new modes compared to the eigenvalues of the circular tunnel,
the variation due to the number of points is also noticeable in high order
modes. In Fig. 5.19(b) show de eigenvalues for the second deformity (of 20%).
Fig. 5.20(a) compares the field E4 along z of the circular tunnel with the first
deformed case, we can see the presence of the fundamental propagating modes
in the far field region, similar to the circular tunnel. In Fig. 5.20(b) shows the
E, field along z referring to the second deformity, where all the eigenvalues
listed In Fig. 5.19(b) were considered.

Finally, In Fig. 5.21 are the results for the tunnel with the most realistic
cross-section, in this case, as the deformity is more severe, it is also expected
that there will be a difference between the results obtained using P={9,30}.
However, the fundamental modes (see Fig. 5.21(a)) show excellent agreement,
which can also be observed in the field pattern in the region far from the source
(far field) (see Fig. 5.21(b)). In Fig. 5.22 we see the E, field pattern in the
tunnel’s cross-section at a distance z = 1000 m considering P = 30, all the
points used in the integration applied in the continuity condition on the tunnel

wall are also highlighted.

5.6.5
Coaxial Waveguide Filled with 2 Dielectric Layers

Consider the coaxial waveguide along z and with cross-section is illus-
trated in Fig. 5.23. The guide is delimited by two PECs located at r; and

ry, and filled by two uniaxially anisotropic dielectric layers characterized by
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Figure 5.9: Flowchart for algorithm execution for tunnel analysis.

p; = diag(pjs, pjs: Pj,-) where p = {p, e} and j = {1,2} referring to the first
and second layers, respectively. Furthermore, the dielectric layers are delimited
by an arbitrary boundary r;.

In order to check the validity of the method for this scenario, we consider
that the boundary between the dielectrics is circular with r; = 15 mm, the two
dielectric layers are characterized by €; = 2¢g, €2 = €y and 112 = po, with the
radii 1 = 10 mm and r, = 20 mm. In Fig. 5.24, the dispersion curve of the
TMgyg, TMg1, TMge and TMy3 modes is illustrated, the results were obtained
considering the SPMM with N = 1 and the exponential formulation, we can
see a good agreement with the results obtained in [27,62].

The table 5.3 lists the eigenvalues obtained by SPMM and IPMM for the
guide of the previous example considering different anisotropy combinations,
where €1 .5 =4, €1,, = 2, €2, = 3 and when €;,, = {1,2, 3,4, 5}, the operating
frequency used is 1 GHz.

In Fig. 5.25 shows the dispersion curve, calculated by IPMM with N =1

and P = 7, for this results we consider that the boundary between the
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Figure 5.10: Plane k., = k. + ik”, the circles (o) are eigenvalues calculated by
SPMM for n = {0, 1}, and markers x and A are obtained using [61] for n =0
and n = 1, respectively.
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Figure 5.11: Electric field along the distance z calculated by our approach
(solid line). The dashed line and small dots are results obtained in [60].

dielectrics has an elliptical shape, where the longest length of the ellipse in
the direction x has a length of 15 mm and the eccentricity e = 0.4.

In Fig. 5.26 we can see the pattern of the fields of the mode k7 = 327.264
and k7 = 327.438 of the guide with elliptical boundary considering two different
eccentricity e = 0.4 and e = 0.5, respectively, we can observe the boundary
conditions were correctly enforced at the PECs as well as the continuity of the

tangential fields is satisfied at the boundary between each layer.
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Figure 5.12: Plane k, = k. + ik! the circles (o) are eigenvalues calculated by
SPMM for N = 4, the other markets (x, A, 57, O, +) are calculated via [61]
for n = {0, 1,2, 3,4}, respectively.
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Figure 5.13: Electric field along the distance z by considering n = 1 (solid line)
and n = 0 (dashed line).
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Figure 5.14: Transversal I field pattern at distance of 1 km in tunnel for TEg,;
and TEg modes in figures (a) and (b), respectively.
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IPMM using N = 1 and P = 9, whereas the eigenvalues illustrate by (x,A)
are obtained using [61] for n = 0 and n = 1, respectively.
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Figure 5.16: Electric field along the distance z calculated by IPMM with N =1
and P =9, and SPMM with N = 4.

|E,|, IPMM

0.9

0.8

PUC-Rio- CertificagcaoDigital N° 1821119

Figure 5.17: Transversal F field pattern at distance of 1 km in tunnel.
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Figure 5.18: Geometry of the two milder (a) deformities and one (b) more
severe, both scenarios considering P = 9 (x) and an interpolation with P = 30

(small dots) points.

Table 5.3: Axial wavenumber k” of coaxial waveguide with 2 anisotropic layers.

mode  method €2,z
1 2 3 4 5
™ SPMM 480.343 416.020 367.009 330.281 302.033
01
IPMM 480.343  416.020  367.009  330.282  302.033
mode  method €2rs
1 2 3 4 5
™ SPMM 265.793 320.187  367.009 399.909 428.879
01
IPMM 271.221 327.524 367.009 399.909 428.879



DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

Chapter 5. Point-Matching Method 91

o3 —mm

[ e A
0.025 | ° &y o
— 0.02F 40 ]
| [
g 0.015F B & B
. i P 1
4& F 4
0.01 | ]
'[ o IPMM P=9 Circular % Q}Q -
t| A IPMM P=9 Def. 1 E
0.005 | ¥ ]
| w IPMM P=30 Def. 1 -
0 L . . . . I . . . . I . . . . I . . . v‘ 1
19 19.5 20 20.5 21
kL (m™)
5.19(a):
0.3——m@m™mMm™ 7]
: ~ A TPMM P=9 Def. 2 | ]
[ A ]
0.025 F v IPMM P=30 Def. 2|
i v
— 0.02F VA ]
! i oy ]
£ 0015F X ]
S i )-8
=~ 001 ¥ % :
[ b4
0.005 | x % 2
19 19.5 20 20.5 21
k. (m™)
5.19(b):

Figure 5.19: First modes calculated via IPMM with N = 1 and P = {9,30}
for geometry with 10% (a) and 20% (b) of deformation.


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

Chapter 5. Point-Matching Method 92

-10 ———
IPMM P=9 Circular| ]
-20 B ——IPMM P=9 Def. 1 |
"»l, : - - - IPMM P=30 De. 1 | |
= ,‘a’u.,, ‘ |
—~ 40} | A ]
= 50 VV(/ AR\
~ ' | , ‘( \‘ ‘ WA \I\.\f
= ]
S '60 | L] 1 __
70 ]
_80 L L L | L L L | L L L | L L L | L L L :
0 200 400 600 800 1000
Axial distance z (m)
5.20(a):
-10 T T T T T T T T T T T T T T T T T
IPMM P=9 Def. 2 | |
-20 | - - = .IPMM P=30 Def. 2|7

|E¢>|/(Io770) (dB)

-80 . R . 1 . . R 1 . . . 1 . . . 1 R . . i
0 200 400 600 800 1000

Axial distance z (m)

5.20(b):

Figure 5.20: Transversal Ey field along the axial distance of 1 km in the first
deformed cross-section.
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Figure 5.21: Results of (a) eigenvalues and (b) field distribution along z, for
third deformation and more realistic geometry of tunnel.
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Figure 5.22: Transversal Ey field pattern for the first
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Figure 5.23: Geometry of coaxial waveguide filled with two elliptical dielectric
layers.
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Figure 5.24: Dispersion curve for TM modes of coaxial waveguide filled with
two layers, the modes of TMyy and TMy; were obtained of [62] and TMg, and
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Figure 5.25: Dispersion curve of the modes of coaxial waveguide filled with two
elliptical layers.
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Figure 5.26: Fields distribution of the coaxial waveguide filled with 2 elliptical
layers with eccentricity e = 0.4 (left) and e = 0.5 (right).


DBD
PUC-Rio - Certificação Digital Nº 1821119


PUC-Rio- CertificagcaoDigital N° 1821119

6

Conclusions and Future Work

Electromagnetic analysis of cylindrical structures with arbitrary cross-
sections is usually performed using computational software based on techniques
such as finite-differences (FD) or finite-elements (FE). This type of approach
is very attractive due to its easy implementation, on the other hand, it requires
high computational power processing. Analytical models are generally obtained
when the geometry of the structures conforms to the coordinate axes used in
the analysis. They are attractive from a computational point of view, however,
they can present great complexity in the implementation.

In this work, an analytical model, combining an optical transforma-
tion principle with a regular perturbation method (RPM) was developed in
chapter 3 for the analysis of an eccentric coaxial waveguide filled with an
anisotropic material. The model determines eigenvalues and fields of the modes
present in this type of structure. Furthermore, the method was expanded to the
case where the inner conductor is replaced by a dielectric rod. More general
boundary and orthogonality condition enforcement for the RPM needed to
solve the problem were developed.

In Chapter 4, the cavity-material perturbation method (CMPM) was
expanded to waveguides filled with anisotropic material. We also propose an
approach where a low order solution extracted from RPM was combined with
CMPM, rendering a precise and low computational method if compared to the
original CMPM.

In Chapter 5, two semi-analytical approaches based on the point match-
ing method (PMM) for waveguides with arbitrary cross-sections and a double-
layer anisotropic medium were studied. A mathematical formalism for source
expansion in terms of cylindrical harmonics was described and applied for
propagation scenarios in tunnels with realistic cross-sections.

As an extension for the PMM theory, we can list some research problems
for the continuity of this work. The first is on further investigations on stable
representation for fields in scenarios with extreme conductive conditions, where
under- and over-flow issues in computing cylindrical functions are critical to an
ordinary PMM. The second point suggested for study is related to the choice of

points. For SPMM, a simple variation in point density for more critical regions
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in the geometry can be tested. However, for IPMM, a study of non-uniform
parameterization of the contour integrals can be explored for different regions
of the contour. The third point is the use of Mathieu functions instead of
cylindrical functions to expand the fields, in order to obtain a fast convergence
for geometries that approximate an ellipse. The fourth point suggested to be
explored involves the application of the PMM for modeling curved waveguides
and tunnels, based on an initial formulation applied to the electromagnetic
solution of toroidal guides. The direct application of this model is to the study
of electromagnetic propagation along realistic tunnels with curvature along the
longitudinal direction with non-circular cross-sections. In addition, the PMM
methodology can also be extended to consider media with the presence of an

absorbing boundary conditions such as a perfectly matched layer (PML).
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A
Second-Order Solution of the RMP

In order to determine the particular second-order solution using the
ansatz of [27,45], we can consider the set of equations based in operator L,

over p?B,(Bp) as follows
L, {qup(ﬁp)} = (0* + " —m®) o B, (Bp) + 248p" " B(Bp) (A-la)
— |0 = 0 = 2|02 B,(89) + 20507 Bya(Bp) (A1)

— |0+ 0 = ¥ 012 B,(80) 20807 By (Bp), (A-lo)

where B, is a linear combination of cylindrical functions with integer order p.

First, we can rewrite equations (3-33a) as follows

LoRy = Zs— (24 + 25 ) — 2y (A-2)
where
Zy = 4p*3°Bu(8p) + 2p°3° B, (8p), (A-3a)
Zy =73 + Zy = 2pB° B, (Bp) + 2p5° By, (Bp), (A-3b)
Zy = asagky . Ba(Bp). (A-3c)

By using the combination of p =n, ¢ =4, m = n in (Aa) we obtain
Ly {p‘*Bn(ﬁp)} = 16p° B (8p) + 80’ B,,(8p)

Lo B0 = 21 ()

and by using the combination of p =n+2, ¢ =2, m = n in (Ab) we obtain
Ly [ 23,112(5,))} = 4BpB, 11 (Bp)

Lo |50 Bita(o0)| = 24, (A5
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and by using the combination of p =n — 2, ¢ = 2, m = n in (Ac) we obtain
Ly, [pQBiz(ﬂp)} = —4ppB,~,(8p)
B _ _
Ly |- Bton)| = 25 (A6

and using combinations analogous we can obtain a equation for Z3 expressed

by
Ln[ ZBB/ (5/))1 B,.(8p)
L |-axodi. 23060 | = 24 (A7)

We can summarizing all Z’s equations to obtain the solution of the term of

RY, given by

L,R? = L, | —asalk? B/ —p2Bl+ + pQBl_ —2p4B
nily = Sn 0%0,2955n = 9P Fni2 T g o
R = —agetiz. Lpr — B g P (Bl — BY%). (A-8)
2 0 022ﬁ 4 2 n—2 n+2

note that argument (8p) of cylindrical functions has been omitted only by
visual notation.

Similarly, we repeat this routine to find a solution of R5*?, that is

2
Lni2R3i2 = iLni2 [gpQBéi] + LniQ [§p33n$1] + Lni2 [58p48n$2]
2
Ry = igfﬂBé* + §p33n¢1 + f; p'Buza. (A-9)
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B
Solving the Integral of the CMPM

In what follows, B,,(p) denotes a linear combination of solutions for the
Bessel differential equation of integer order n. After some simplifications on

the Lommel integrals [63, p. 484], we obtained

I= /Bn(ﬂp)2p3 dp
- 6';3{5/) [2n(n — 1) + 8°0°| Bu(8p)?
—2(n = 1)[2n(n + 1) + 8%6*| Ba(8p) Bus1(Bp)

+Bp[2(n* — 1) + 52/)2}Bn+1(ﬁp)2}- (B-1)

By defining = 8p and omitting the the argument of the cylindrical functions,

we can write

4
_r 2] p2 )
= 61’3{36{2”(”_ Dtz }B" —2(n - 1)[2n(n—|— )+z ]Ban+1

+ x[Q(nQ —1)+ xﬂBﬁH}. (B-2)

Alternatively, we can write

4
I— 6’;3){@195 + 0B, Byt + chLH}. (B-3)

The expression above can be further simplified on using the property |[28,

Appendix D]
,on
By = —B. + "B, (B-4)
x
that allows us to obtain
ot n n_\2
I— {aBg 4B, <—le + Bn> p (—B; + Bn> } (B-5)
623 T T

From the boundary conditions associated to TM and TE fields, we should
enforce B,, = 0 and B;, = 0 at the PEC, respectively. As a consequence of the

decoupling between TM and TE fields in a coaxial waveguide, we always have
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B, B!, = 0 on the integration limits p = {rg,r1}. Then, (B-5) becomes

1 2
I:p{ <a+bn+0n2> B,%—l—ch}. (B-6)
T T x

In a simplifies form, the above can be written as

I= éo;{dTMBi + dTEBf}, (B-7)

where
dry = i{x‘i + 2%n? — 2n*(n — 1)}, (B-8a)
drg = 7° +2(n* — 1)z (B-8b)

Recovering that * = fp and B,(z)B,(z) = 0 at the limits of the
integration, (B-7) can be written as a contribution for TM and TE modes

according to

I = Ivu + Ire, (B-9)
where
Itn = [ﬁldTMBn(ﬁp)ﬂ i g (B-10)
6(8p)* -
because B, (8p) =0 at p = {ro,r1}, and
Irg = [ﬁldTEB;(ﬁﬂ)Q] i 7 (B-11)
6(8p)? p=ro

because B!, (8p) =0 at p = {ro,r1}.
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C
Properties of Orthogonality Condition

This appendix is based on book [64, Ch. 5] and adapted for the waveg-
uides studied in this thesis. Consider a cylindrical waveguide with perfectly
conductive walls and filled with a uniaxially anisotropic material, illustrated in
Fig. C.1. Also consider that G, and G, are scalar functions of the solutions
for npth and n/p'th modes of E, or H, with their respective axial wavenumbers
k. np and k, ,,1,y. Multiplying the Helmholtz equation satisfied by Gy, by Gy,
we have to

Gy V3G + v(k2 = k2,,) GGy = 0, (C-1)
where v = p,/ps with p = {u, e} and k? = w?u,e,. Similarly, multiplying and

equation of Gy by G, we have

Crp VG + 7 (k2 = k2 1) Gy G = 0. (C-2)

Z,n/p/

Subtracting the two previous equations and integrating the all area of the

cross-section of the waveguide, we obtain

V(R =820 / /S Gy Gy S = / /S (Gp V3G — Gy V3G ) dS. (C-3)

Analyzing the right side of the equality one, we can use the second identity of
Green

J[(ConV Gy = Gy V2Gy) dS = §, (anag;'p’ - Gn,p,ag;”) dl, (C-4)
where C' is the contour that denote the guide boundary. For TM modes we
have that F.,, and E,,, are zeros on the boundary and for TE modes
O0H, np/0p and OH, v,y /Op are null on the boundary. So the boundary integral

is disappeared and since k2, # k2 ., we can reduce (C-3) to

/ /S CopCovry S = 0, 1p # 'y (C-5)

The above equation is equivalent to the equation used in the 3.5 section for
hollow waveguides with perfectly conductive walls.

Futhermore, it is possible to establish a more general principle of or-
thogonality, which can be used for more complex waveguides. This more
general property is obtained from the Lorentz principle of reciprocity. Consider

two independent sets of fields E;, H; and E,;, Hy and satisfying Maxwell’s
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Figure C.1: Coaxial waveguide.

equations for a source-free medium, we can write

V x E; =iwji - Hy, (C-6a)
V x Ey = iwji - Ha, (C-6b)
V x H; = —iwe - Ey, (C-6¢)
V x Hy = —iwe - Eo, (C-6d)

scalar multiplying (C-6a) by Hy and (C-6b) by Hy, and then subtracting the

two, we have

HQ'VXEl—Hl'VXEQZO. (C—?)

Repeating the same procedure for (C-6¢) and (C-6d), but multiplying by

E, and E;, respectively , we have
EQ‘VXHl—El'VXHQIO. (C-S)

By adding (C-7) and (C-8) we can find
V- (E; x Hy — By x Hy) =0, (C-9)
since the identity
V. (AxB)=B-VxA—A-VxB, (C-10)

is employed.
Since that the z dependency of E;, H; is like exp(—ik ,2) and E,, Hy
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like exp(—iks .2), in this case representing a field propagating in the direction
z < 0, we can expand (C-9) to
V- (E;xHy —E; x Hy) = V.- (B, x Hy - B, x H))
0
+2§(E1 XHQ—EQ XHl)
:VS' (E1 XHQ—EQXHl)
- 7;(l{;l,z + k2,z)2 : (El,s X H2,s - E2,s X Hl,s);
(C-11)

by rewriting (C-9) we have

V. (B x Hy— By x Hy) =ik . + ko )2+ (Bro x Ha — Ea o x Hy ).
(C-12)

Integrating in all area (C-9) and using the divergence theorem in the two-

dimensional form on the left side of equality, we obtain the following relation

feé‘(Elxﬂg—EQXHOdl

= i(/ﬁ,z + k2,z) //S (El,s X Hy g — By, X Hl,s) - £2dS,
(C-13)

It is important to remember that as the guide walls are perfect electrical
conductors we have 2 x E = 0, therefore 2- ExH = H- (£ x E) = 0,
and then (C-13) reduces to

(krz + ko) / /S (Bro x Hyy — Eo, x Hy) - 2dS = 0. (C-14)

It is appropriate to write the format of the transversal (to z) field functions, so
that if we consider a cylindrical waveguide along z with circular cross-section

Fig. C.1, we can write the following functions for the fields

ELS(/), ¢, Z) = 6175 (p) Gin¢+ik1’zz and EQ,S(pa Cb, 2) = eZ,s(p) 67in¢+ik27zz
Hl,s (P7 gb’ Z) - hl,s(ﬁ) ein(b-i—ilﬁ,zz HQ,S (p7 Qb, Z) - h2,s<,0) 6—in¢+ik212z7
(C-15)

where e and h are cylindrical vector functions transverse to z, so we have that

the equation (C-14) can be summarized to

(ke has) [ " (e1s x Dy —esy x hy) -2 pdp = 0. (C-16)

To
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However, we can also assume that the set of fields E; and Hy is
propagating in the opposite direction of z, thus, based on the symmetry with

respect to z we can write

E1:(p, ¢, 2) = e14(p) emotihn=z B (p, ¢, 2) = ey(p) e o k22

ing+iky .z and —ing—ik z
Hl,s(ﬂ? ¢7 Z) = hl,S(p>e bz H2,S(p7 ¢7 Z) = _hQ,S(p € 22
(C—17)
substituting in the equation (C-14), we obtain
T1
(lﬁ,z - k?2,z) / (el,s X hy s +eg X h1,s> -Zpdp = 0. (C-18)

T0

Finally, by adding and subtracting (C-16) and (C-18) we can write the

orthogonality relation between the fields of a waveguide, such as

/ “ess x hiy - 2pdp =0, (C-19a)

To

/ “e1sx ho, - 2pdp =0, (C-19h)

]

the above equations are equivalent to the equations described in [64, Ch. 5].

C.1
Orthogonality Condition Using RPM Fields

The solution of the regular perturbation method requires an extra
condition necessary to determine the unknown «s. This condition is obtained
using the orthogonality relation described in the previous section. However,
we will use the zeroth- and second-order fields described by Eqs and Ha,,

respectively. The equation of (C-19) can be written

| BooxHa - 2pdp = [ (EoyHao — Eootta, )odp
T0
= /O {Eo,p(ﬁlﬂ)%w(ﬁlﬂ) - Eo,¢(51P)H2,p(5IP)}PdP
+/T |:E0,p<6IIP)H2,¢<6Hp) - Eo,¢(ﬁHP)H2,p(5H,0)],OdP,
(C-20)

the equation above has the same boundaries as Fig. C.1, however the inner
conductor is replaced by a dielectric. Thus, the problem is divided into two
regions, where the region delimited by 0 > p > r( is denoted by index I and
the region of rq > p > ry is described by index II. The equation (C-20) can be
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expanded to
e,n e,J h,n ~h,J e, F h,F e,P h,P
Ayp Q" + A1 @ _042( Y )"‘( Y )
en ~e,J emn e, H h,n ~h,J h,n ~h,H
+ AgnQn + Bon@Qri + AynQy” + BynQy

—aa(Q" + Qi) + (@i + Q") =0,

(C-21)
where for the region I we have
. twesPf [To L e wesn  [To .
V= /0 Eo p(B1p) T (85 p)pdp — = /O Eo.¢(B1p)Jn(Bi p)dp,
Py p
(C-22a)
k.n [ro ikzﬁh o 1
Pl = 3 /O Eo p(B1p) Jn(B1'6)dp — =5 /0 Eoo(B1p)J,, (51 p) pdp,
3 p
(C-22b)
. twesPf o L e Wesn [0 .
Q== /O Eo,(6ip) F'(Bip)pdp = =5 /0 Eo(Bip)E' (Bt p)dp,
P 4
(C-22¢)
k‘zn ro ikzﬁh o /
- - /D Eo,(Bip)F(Bl)dp — k; /0 Eoo(Bip) F' (B p)pdp,
P P
(C-22d)
e iwesﬁe ro e wesn (70 e
ef — 12 L /0 By o(B1p) P'(B{ p)pdp — L2 /0 Eoo(Bro)P(Bip)dp,
P 4
(C-22¢)
kzn ro ikzﬁh o /
L e /D Eo,(Bip)F(BReo)dp — k; /0 Eoo(Bip) F' (51 p) pdp,
P P

(C-22f)
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and for region II we have

e iwesﬁe 1 e wesn (M e
I{] = T2 H/ Eo,o(Bup)J5(Biip)pdp — L2 / Eo.4(Bup)Jn(Bip)dp,
P o po 7o
(C-23a)
e iCUEsﬁe 1 e wegn (M e
e 2 H/ Eo.(Bup)H,, (Bip) pdp — L2 / Eo.o(Bup)Ha(Birp)dp,
p "o poro
(C-23b)
k:zn 1 Zkzﬁh "
b = =2 [ Bop(Bup)Jn(Bho)dp — S [ Eo o(Bup) i (Bhp)edp,
p “T0 po oo
(C-23c¢)
kﬁzn 1 Zk;z Lo
Q?fH = —ﬁ/ Eo,p(ﬁnp)Hn(ﬁIhI@dP - kfn / EO,¢<6HP)H;L<BI}ZIP)pdp7
p "0 p 70
(C-23d)
. WeB [ . wegn (M e
IiF =2 H/ Eoo(Bup) F' (Biip) pdp — L2 / Eo s (Bup) F(Brp)dp,
P ro poro
(C-23e)
k.n [ Zkzﬁh "
87 = < 1 B B F(So)d — P [ By y(Gup) B,
p 770 p 770
(C-23f)
e iWGsBC 1 e wegn (M e
IiP = 2 H/ Eo.p(Bup) P’ (Biip) pdp — L2 / Eo (o) P(Bip)de,
p 70 p ro
(C-23g)
ik B}

k,n [m
i = = [ B (ue)F(3ho)de -

0 0

[ Euo(Bup) F'(Blip)pd.

K2

(C-23h)
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