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Abstract

Ribeiro Rodrigues,Ricardo; Simon da Rosa, Guilherme (Advisor);
Abrantes Penchel, Rafael (Co-Advisor). A study on the
electromagnetic characterization of anisotropic materials
in cylindrical measurement cells using the mode-matching
method. Rio de Janeiro, 2022. 209p. Dissertação de Mestrado
– Departamento de Engenharia Elétrica, Pontifícia Universidade
Católica do Rio de Janeiro.

Measurement cells (MCs) are widely used in microwave engineering for
the electromagnetic characterization of materials. In this work, we present
a mode-matching technique (MMT) formulation for the electromagnetic
characterization of MCs for uniaxial anisotropic materials. We present and
validate a technique for modeling MCs with one- and two-ports via generalized
scattering matrices (GSMs) extracted from the MMT. Since closed-form
solutions are used for computing the coupling integrals of the GSMs, the
present approach is a computationally-efficient alternative to modeling MCs
when compared to usual brutal-force techniques (such as finite-elements, finite-
volumes, and finite-difference solutions). An inverse algorithm is also presented
to retrieve the constitutive parameters of complex media (lossy and anisotropic
materials). Differently from the majority of the works using semi-analytical
methods, the novelty of the present method rely on considering overmoded
MCs. We present a series of numerical results that show that the inversion
technique presented herein can properly retrieve the constitutive parameters
of a sample material once the MC scattering parameters are known.

Keywords
Anisotropic media; measurement cell; mode-matching technique.
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Resumo

Ribeiro Rodrigues,Ricardo; Simon da Rosa, Guilherme; Abrantes
Penchel, Rafael. Um estudo sobre a caracterização
eletromagnética de materiais anisotrópicos em células
de medição cilíndricas usando o método de casamento
de modo. Rio de Janeiro, 2022. 209p. Dissertação de Mestrado
– Departamento de Engenharia Elétrica, Pontifícia Universidade
Católica do Rio de Janeiro.

Células de medição (MCs) são amplamente utilizadas na engenharia
de micro-ondas para a caracterização eletromagnética dos materiais. Neste
trabalho, apresentamos uma formulação baseada na técnica de casamento
de modos (MMT) para a caracterização eletromagnética de MCs para
materiais anisotrópicos uniaxiais. Apresentamos e validamos uma técnica
para modelagem de MCs com uma e duas portas por meio da de matrizes
de espalhamento generalizadas (GSMs) extraídas do MMT. Uma vez que
as soluções fechadas (isto é, não numéricas) são usadas para calcular as
integrais de acoplamento das GSMs, a presente abordagem é uma alternativa
computacionalmente eficiente para modelar MCs quando comparada às
técnicas usuais de força bruta numérica (tais como soluções baseadas em
elementos, volumes, ou diferenças finitas). Um algoritmo de inversão também
é apresentado para recuperar os parâmetros constitutivos de meios complexos
(materiais com perdas e anisotrópicos). Diferentemente da maioria dos
trabalhos que utilizam métodos semi-analíticos, a novidade do presente
método consiste em considerar MCs com seção transversal grande frente ao
comprimento de onda, em vários modos podem ser progagantes. Apresentamos
uma série de resultados numéricos que mostram que a técnica de inversão
apresentada neste estudo pode recuperar adequadamente os parâmetros
constitutivos de um material de amostra, uma vez que os parâmetros de
espalhamento da MC são conhecidos.

Palavras-chave
Meios anisotrópicos; célula de medição; técnica de casamento de modos.
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1
Introduction

1.1
General Introduction

The research on microwave measurement cells (MCs) for material char-
acterization have been extensively explored in the past decades. The works
in [1, 2] introduced the idea of two-port MCs using rectangular waveguides.
These methodologies are today known as the Nicholson-Ross-Weir method [3].
In parallel, research on one-port coaxial probes were introduced in [4] as an al-
ternative MC for determining the constitutive parameters of a sample material
that could not be placed inside a waveguide or cavity. Such pioneering works
in the decade of 1970 have inspired the research towards the electromagnetic
characterization of matter.

MCs that employ resonators and cavities have been widely used and
studied over the years, and although popular techniques, they present
frequency-range limitation [5]. Open-ended circular [6], rectangular [7–9] and
coaxial [10, 11] waveguides can be used as MCs to retrieve the properties
of material by only using reflection coefficient measurements. Two port MCs
with rectangular [12, 13], circular and coaxial [14] symmetries are typically
used to host a sample material, and the measurements of the scattering
(reflection and transmission) parameters are then used into inverse algorithms
for retrieving the material properties. Another option is based on free-space
measurements [15], and such approaches present large-frequency bandwidth
characteristic.

In the majority of the MCs mentioned above, the measurement of the
scattering parameters are used into simple formulas for obtaining the electric
permittivity or magnetic permeability of a given sample. In general, only
lossless isotropic materials are characterized, and the size of MC is limited
in order to only one propagating mode be present at the operating frequency
of interest. In this work, we explore further the capacities of the measurements
cells for the analysis of anisotropic and lossy media. In order to retrieve
the material properties, a two-step procedure is proposed. First we need an
accurate electromagnetic model for simulating the scattering parameters of a
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given MC on assuming the material permittivity and permeability are known.
This direct algorithm is then used into an iterative optimization process (the
inverse algorithm), in which a functional is minimized and then will provide the
material properties which best resemble the measured scattering parameters.

The direct algorithm needed for large (overmoded) MCs can employ a
numerical solution of the Maxwell’s equations. For example, this step can
properly be done via the finite-element method (FEM) [16, 17], finite-difference
time domain (FDTD) [18, 19], or integral equation-based methods [20, 21],
Such methods, however, demand a high computational effort. In contrast
to these brute-force methods, were Maxwell’s equations are discretized into
computational huge grids of cells or elements, some pseudo-analytical methods
can take advantage on the geometry of the MCs for improving the efficient
of the simulation model. Since the geometry of typical MCs are conforming
with simple rectangular and cylindrical waveguides, the mode-matching tech-
nique (MMT) excels as an efficient solution [22, 23].

In this work, we explore a semi-analytic formulation of the MMT
for analyzing the junctions between non-homogeneous-filled waveguides for
representing MCs that will be classified into three categories: two-port MCs,
one-port MCs, and one-port open-ended coaxial MCs. As a key differential,
our method can model materials that does not fill the entire waveguide cross-
section, rendering a versatile direct algorithm for solving the MC scattering
parameters. We introduce a novel formulation for handling multi-mode open-
ended MCs via an equivalent problem to mimic the radiation boundary
conditions via a virtual waveguide whose fields are the superposition of those
of a circular waveguide truncated with a perfect matched layer (PML) [24–
28] backed by a perfect electric conductor (PEC) and by a perfect magnetic
conductor (PMC).

1.2
Scientific Contributions

The scientific contributions of this work are listed bellow:

– The development of a direct process using MMT for two-port, one-port
and open-ended coaxial MCs.

– The development of a novel radiation boundary condition to be inte-
grated into the MMT for emulating the free-space via a sum of cylindrical
harmonics.

– The development of algorithms for the inverse process of extracting the
constitutive parameters of complex media via the scattering parameters
of the MC.
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– A study on global and local minima of the functionals used in the inverse
process and they relations with the MC and sample sizes.

1.3
Dissertation Organization

This dissertation is organized as follows. In Chapter 2, the electromag-
netic material characterization is reviewed in view of the constitutive relations
of matter. We also present a review on the electromagnetic methods typically
used in resonant and non-resonant MCs.

In Chapter 3, a derivation of fields inside homogeneous and inhomoge-
neous cylindrical waveguides are present, as well as a review of the MMT. In
addition, a review of PML to represent unbounded domains is presented.

In Chapter 4, the direct problem for two-port, one-port and open-ended
coaxial measurement cells is derived. In addition, some methodologies to solve
the inverse problem will be presented. A study on global and local minima of
the functionals is then presented.

Finally, in Chapter 5, simulation results of several inverse problems for
exploring the ability of the presented methodology (to retrieve the constitutive
parameters of a sample material inside a MC) are presented.
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2
Electromagnetic Characterization of Matter

2.1
Constitutive Relations

Matter can be characterized in the electromagnetic theory according to
its constitutive relations, that are usually classified as [29]:

– Linear or non linear;

– Bianisotropic, anisotropic, or Isotropic;

– Spatially and temporally homogeneous or spatially and temporally non
homogeneous;

– Dispersive or non dispersive.

These materials will be described in more details in the following sections.
For a linear, bianisotropic, spatially and temporally varying, and disper-

sive medium, we can relate electromagnetic fields and flux densities via [30, 31]:

D(r, t) =
∫

V

∫ t

−∞
¯̄ϵ(r, r′, t, t′) · E(r′, t′)dt′dv′ +

∫
V

∫ t

−∞

¯̄ξ(r, r′, t, t′) · H(r′, t′)dt′dv′

(2-1)

B(r, t) =
∫

V

∫ t

−∞

¯̄ζ(r, r′, t, t′) · E(r′, t′)dt′dv′ +
∫

V

∫ t

−∞
¯̄µ(r, r′, t, t′) · H(r′, t′)dt′dv′

(2-2)

where the constitutive parameters are given by the complex-valued tensors ¯̄ϵ
(electric permittivity) and ¯̄µ (magnetic permeability). The magneto-electric
coupling is expressed by the complex-valued tensors ¯̄ζ and ¯̄ξ [32]. The upper
limit for the time integrals is t and the spatial-integration is over the domain
V , such that |r − r′| ≤ c(t − t′) for causality [30]. From these equations, we
observe that the constitutive parameters act as dyadic Green’s functions. In
short, a) the integrals over the volume V represent the spatially dispersivity,
b) the time-integrals represent the temporally dispersivity, c) the tensors ¯̄ξ and
¯̄ζ represent the bianisotropic characteristic of the medium, d) r′ indicates the
spatial variation of the medium, and e) t′ indicates the temporally variation
of the medium.
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2.1.1
Linear Media

2.1.1.1
Isotropic, Bi-isotropic, Anisotropic and Bianisotropic Medium

Recent studies on the interaction between electromagnetic fields and
complex media suggest the creation of new devices can be possible by using
novel exotic materials [33]. They can be design to possess several unique elec-
tromagnetic properties and have numerous applications for photonics [34], op-
toelectronics [35], gigahertz devices [36], radar cross-section reduction [37, 38],
antenna reconfiguration [39], biosensors [1] and terahertz plasmonic filters [40].
These complex materials can be classified as isotropic, bi-isotropic, anisotropic
and bianisotropic due to their macroscopic electromagnetic properties [33, 41].

2.1.1.2
Isotropic Medium

These type of materials does not present constitutive parameters as a
function of the orientation of the applied field. In other words, they present
uniformity in all directions and have a high degree of spatial symmetry. The
electromagnetic response of fields applied to those materials are not affected
by rotations with respect to the field. Some examples of such materials are
unstressed plastic/glass, water, air and fluids at rest [33]. In this type of media,
we have ¯̄ξ = ¯̄ζ = ¯̄0, ¯̄ϵ = ϵ ¯̄I and ¯̄µ = µ ¯̄I, where ¯̄I is a 3 × 3 unity tensor [32].
From (2-1), (2-2), we can obtain [32]

D = ϵ ¯̄I · E (2-3)

B = µ ¯̄I · H (2-4)

where the permittivity is ϵ = ϵrϵ0, which ϵ0 ≈ 8, 85 × 10−12 F/m and the
permeability is µ = µrµ0, which µ0 = 4π × 10−7 H/m. Fig. 2.1 shows the
behavior of an electromagnetic field when passing by a linear isotropic media,
it is possible to observe that for this case, the field’s polarization does not get
affected by the media.

2.1.1.3
Bi-Isotropic Medium

Bi-isotropic materials have the an optical property that they can rotate
the polarization of light in either refraction or transmission. This twist effect
is caused by the chirality and non-reciprocity of the structure of the media,
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Figure 2.1: Behavior of the field in a linear isotropic media. Image obtained
in [30].

causing an unusual interaction between the electric and magnetic field of
an electromagnetic wave [29]. Recently, materials with chirality have been
considered for applications in microwave and infrared frequency ranges. Such
materials can be constructed by embedding chiral objects, such as wire helixes,
Möbius strips, or irregular tetrahedrons, in a nonchiral host isotropic medium,
as detailed in [42].

In bi-isotropic media, the electric and magnetic fields are coupled and
their constitutive relations are as follows [29, 43]:

D = ϵE + ξH (2-5)

B = µH + ζE (2-6)

where ξ and ζ can be related to the reciprocity χ and chirality κ via [29]

χ− iκ = ξ
√
ϵµ

(2-7)

χ+ iκ = ζ
√
ϵµ

(2-8)

The above give us the following constitutive relation for a bi-isotropic medium:

D = ϵE + (χ− iκ)√ϵµH (2-9)

B = µH + (χ+ iκ)√ϵµE (2-10)

2.1.1.4
Anisotropic Medium

Anisotropic materials have its constitutive parameters as a function of
the direction of the applied field, which means that they are sensitive to the
direction of the field.

For anisotropic media, we have ¯̄ξ = ¯̄ζ = ¯̄0 and the relations between

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 2. Electromagnetic Characterization of Matter 38

fields and flux densities become [32]

D = ¯̄ϵ · E (2-11)

B = ¯̄µ · H (2-12)

where ¯̄ϵ is the permittivity tensor and ¯̄µ is the permeability tensor. The electric
flux density D and electric field intensity E are not parallel to each other, as
well as the magnetic flux density B and the magnetic field intensity H are
not [32]. The field’s behavior in a non isotropic media is depicted in Fig. 2.2. It
is possible to observe that for this case, the eletromagnetic’s field polarization
is affected by the media and changing it’s direction.

In Cartesian coordinates, for instance, a biaxial anisotropic material has

¯̄ϵ =


ϵx 0 0
0 ϵy 0
0 0 ϵz

 and ¯̄µ =


µx 0 0
0 µy 0
0 0 µz

 (2-13)

with ϵx ̸= ϵy ̸= ϵz. For uniaxial anisotropy, we have [32]

¯̄ϵ =


ϵ 0 0
0 ϵ 0
0 0 ϵz

 and ¯̄µ =


µ 0 0
0 µ 0
0 0 µz

 (2-14)

The special case with ϵx = ϵy = ϵz and µx = µy = µz classifies the medium as
isotropic.

2.1.1.5
Bianisotropic Medium

Bianisotropic materials have a cross-coupling between the electric and
magnetic fields [32]. In the presence of an electric or a magnetic field, a

Figure 2.2: Behavior of the field in a linear non isotropic media. Image obtained
in [30].
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bianisotropic medium becomes polarized and magnetized simultaneously. The
relations between fields and flux densities become

D = ¯̄ϵ · E + ¯̄ξ · H (2-15)

B = ¯̄µ · H + ¯̄ζ · E (2-16)

where the electric and magnetic density flux depends both on E and H. As
four material parameter tensors are necessary, the most general case requires
36 complex-valued parameters. In many applications, however, symmetry rela-
tions apply for reciprocal media, for instance, and the number of independent
constitutive parameters is lesser.

A summary of the different types of material discussed in this section is
presented in Fig. 2.3.

2.1.2
Lossy and Lossless Media

In general, the response of a material to external fields depends on the
frequency. This is due the fact that material’s polarization does not change
instantaneously when the electric field is applied into it. Therefore, in the
frequency domain, the permittivity is complex-valued and can be written as
ϵ = ϵ′ − jϵ′′. Notice the time-harmonic factor ejωt is assumed. In general,
ϵ′ and ϵ′′ are frequency-dependent parameters. The imaginary parcel of the
permittivity can also be expressed in terms of the electrical conductivity σ

(that also may be a frequency-dependent parameters) via ϵ′′ = σ/ω [44, 45].

Direction Independent Direction Dependent

Magneto-electric

coupling

No magneto-electric

coupling

Isotropic

Bi-isotropic

Anisotropic

Bi-anisotropic

𝐃 = ϵ ∙ 𝐄
𝐁 = μ ∙ 𝐇

𝐃 = ധϵ ∙ 𝐄
𝐁 = ധμ ∙ 𝐇

𝐃 = ϵ ∙ 𝐄 + ξ ∙ 𝐇
𝐁 = μ ∙ 𝐇 + ζ ∙ 𝐄

𝐃 = ധϵ ∙ 𝐄 + Ӗ𝜉 ∙ 𝐇

𝐁 = ധμ ∙ 𝐇 + Ӗζ ∙ 𝐄

Figure 2.3: Summary of the types of material discussed.
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The materials can be classified into four categories according to the ratio
of the imaginary and real parts of the permittivity: lossless, low-loss, lossy, and
high-loss medium according to Table 2.1.

Table 2.1: Classification of materials.
σ/(ωϵ′) Characteristics

0 perfect dielectric
lossless medium

≪ 1 good dielectric
low-loss medium

≈ 1 lossy propagation medium

≫ 1 poor dielectric
high-loss medium

2.2
Electromagnetic Characterization

In this section, we will present a review of some methods for material
characterization using MCs. There are many techniques that uses either time
domain (TD) [1, 46–49] or frequency domain (FD) [50–52] methodologies. The
following subsections will be focused on resonant and non resonant techniques
at microwave frequencies. Comprehensive details of other methods can be
found in [5, 53].

2.2.1
Resonant Methods

2.2.1.1
Cavity Resonator

This technique is used normally to characterize homogeneous dielectric
material due to its simplicity [54]. For this material characterization method, a
resonator is filled with a material under test as show in Fig. 2.4. The presence of
the sample will produce a broadening of the resonance curve and also a shift on
its frequency when compared to the resonator without any material. From this
measurements, the properties of the dielectric can be obtained. This technique
is a good choice when the sample is a low-loss material. Notice, however, this
MC only works well if the sample produces a small deviation on the resonating
frequency. Otherwise, additional (larger or smaller) MCs should be employed.
Table 2.2 lists some advantages and drawbacks of cavity-resonator MCs.
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Figure 2.4: Cavity filled with a sample under test [55].

Table 2.2: Advantages and drawbacks of the resonator cavity method. Image
obtained in [53].

Advantages Drawbacks

• Support for both solids and
liquids
• Most accurate method
• Suitable for low loss materials
• No repetitive calibration
procedures are required
• High temperature capability
• Best for low loss materials

• Measurements at only single or
at resonant frequency
• Suitable for small size
samples

2.2.2
Non Resonant Methods

2.2.2.1
Free Space

The so-called free-space measurement technique uses a horn antenna for
far-field sensing as depicted in Fig. 2.5 where we can observe two circular
horn setup placed in both sides of the sample and perpendicular to it’s plane.
Also, retangular horns in three different configurations: first, similar to circular,
however, with a dieletric bar on it’s center, second, two horns oblique to
sample’s plane with a metal plate behind the it and third, one horn placed
perpendicular to sample with a metal plate behind. Those are a non-contacting
and non-destructive methodology, and usually is employed at high-frequencies
when the sample is very large when compared to the working wavelength.
This technique could be used at low frequencies but with severe limitations
concerning the size of the sample material [56].

Since the antennas are not in contact with the material under test, free-
space characterizations methods excel in the measurement of high-temperature
samples [60] . The technique, however, is lacking in accuracy since precise
distance measurements are mandatory. Table 2.3 lists some advantages and
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Figure 2.5: Free-space measurement setup for dielectric characterization. Image
obtained in [55, 57–59].

drawbacks of this method.

Table 2.3: Advantages and drawbacks of the free space method [53].
Advantages Drawbacks

• Wide frequency range
• Non-contacting
• Easy sample preparation
• Moderate accuracy for high-loss
and low-loss
• Best for large flat and solid materials
• Useful for high temperature

• Diffraction problem
(from material edges)
• Low end limited by
practical sample size

2.2.2.2
Transmission and Reflection Measurement

Another class of non-resonant material characterization methodology
uses waveguides for hosting a sample under test. Transmission and reflection
(scattering) coefficient measurements are then used for retrieving the constitu-
tive parameters of the sample. Typical, waveguides with rectangular, circular
or coaxial cross-section are used, according to the geometry of the MC, it can
be categorized as one- or two-ports. In the following, the working mechanisms
of rectangular and coaxial MCs will be detailed. 1 A typical coaxial probe
used as MC consists of two concentric conductors with radius a and b, and
such dimensions imply that only the transverse electromagnetic (TEM) mode
is propagating. A typical MC using rectangular waveguides consists of metallic
pipe with width b and height a, and it is assumed that only the fundamental
TE10 mode is propagating.

One-port MCs (as depicted in Fig. 2.6) are the most frequently used into
the characterization of lossy materials at high frequencies [61]. The material
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characterization is done via measurement data of the reflected parameters S11

(with both phase and magnitude information) that will allow us to obtain
the material constitutive parameters. This is a simple method and has the
advantage of having a broad frequency range, covering from 0.5 GHz to
110 GHz [61]. It is well known that this method performs badly on low-
permittivity materials [54], and is only suitable for measuring the relative
permittivity ϵr. Table 2.4 lists some of the advantages and drawbacks that
rectangular MCs present.

Table 2.4: Advantages and drawbacks of the one-port MCs [53].
Advantages Drawbacks

• Broadband frequency
• Simple and convenient (nondestructive)
• Best for semi-solids or liquids
• Simple sample preparation
• Isotropic and homogeneous material
• High accuracy for high-loss materials

• Air gaps causes errors
• Repetitive calibrations
needed

Two-port MCs allow to retrieve the parameters ϵr and µr of a material via
measurements of reflection (S11) and transmission (S21) coefficients. A typical
setup of such MCs using rectangular and coaxial waveguides is depicted in
Fig. 2.7. Since the electromagnetic fields become confined into the waveguide,
these MCs typically allow higher accuracy on the material characterization
when compared with one-probe counterparts. The theory need to model such
devices are derived in the pioneering work of Nicholson and Ross [1]. The
main advantage of this characterization technique is that both ϵr and µr

Figure 2.6: Open-ended one-port MCs using coaxial probes in (a) and (b), and
using rectangular probes in (c) and (d). Image obtained in [55].
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can be retrieved simultaneously [1, 2]. Further details on the advantages and
drawbacks this MCs present are listed in Table 2.5.

Table 2.5: Advantages and drawbacks of two-port MCs [53].
Advantages Drawbacks

• High frequency operation
• Support for both solids and
liquids
• Anisotropic material
supported

• Cannot use below few GHz
due to practical sample length
limitation
• Sample preparation is difficult
(fills fixture cross section)

The math to extract the constitutive parameters of one- and two-ports
MCs will be explored in the following.

2.2.3
Material Parameters Extraction

The relation between ϵr of a sample and the measured parameter
S11asample

of a one-port coaxial MC – with a semi-infinite sample (Fig. 2.6(a))
or with a sample backed by a metal plate (Fig. 2.6(b)) – was obtained
via a transmission line model in the work in [62]. Table 2.6 reproduces the
main results. Further details on the parameters Y0, C, γ0, and the coefficients
a1, a2, a3 can be found in [62–64]. Please note that the reference is considering
the time-harmonic dependence in the form e+jωt.

Table 2.6: Relation between ϵr and S11 [55].
Sample cases Open-ended coaxial probe

Semi-infinite space sample
(Fig. 2.6(a)) ϵr = ( Y0

jωC
)(1−S11asample

1+S11asample
)

Thin sample backed by metal plate
(Fig. 2.6(b))

ϵr = ( Y0
jωC

)(1−S11asample

1+S11asample
)

×(a1 + a2e
−d/M + a3e

−2d/M)

Figure 2.7: Two-port MCs using (a) a rectangular waveguide, and (b) a coaxial
transmission line. Image obtained in [55].
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The procedure for extracting the ϵr of a sample placed inside a rectan-
gular MC is a bit more complicated. First, the measured reflection coefficient
is transferred to the normalized admittance Ya via equation Ỹasample

= (1 −
S11asample

)/(1+S11asample
). The value of ϵr is then obtained through minimizing

the difference between the measured normalized admittance Ỹasample
and the

simulated one Ỹ . In [63, 64], a quasi-static model provided the formulas to Ỹ
shown in Fig. 2.8.

Please note that again the references are using the the time-harmonic
dependence factor e+jωt.

In case of two-port MCs hosting a lossy sample with ϵr = ϵ′
r − jϵ′′

r and
µr = µ′

r −jµ′′
r , the measured scattering parameters can then fed the Nicholson-

Ross-Weird (NRW) process [1, 2].Pertinent formulas are presented in Fig. ??
for coaxial and rectangular waveguides MCs. For further details, please see [55].

The methods reported above are relatively easily to implement and
widely used today. They are, however, restricted to MCs with only one
propagation mode. Such mono-mode requirement has a downside effect on
the operational bandwidth of the MC. In the following chapter, we will
explore semi-analytical solutions for large (overmoded) MCs that remove
such constraints. In addition, the model supports lossy uniaxial anisotropic
materials, where the sample does not necessarily cover the entire MC cross-
section.

Figure 2.8: Integral admittance formulations for open-ended rectangular
waveguides. Image obtained in [55].
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Table 2.7: Nicholson-Ross-Weird relations.
Waveguide factors Explicit Equations

Coaxial: ζ = 1 ϵr = jζ
(

1−Γ
1+Γ

) (
c

2πfd

)
ln
(

1
T

)
Rectangular: ζ =

√
k2

0 −
(

π
b

)2
µr = j 1

ζ

(
1+Γ
1−Γ

) {
c

2πfd
ln
(

1
T

)}
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3
Electromagnetic Modeling of Cylindrical Waveguides

3.1
Electromagnetic Fields in Uniform Cylindrical Waveguides

In this chapter, we will derive the electromagnetic fields inside inhomoge-
neous anisotropic cylindrical waveguides, following the mathematical formal-
ism presented in [22, Ch. 3], [65, 66]. Closed-form field solutions are obtained to
model radially-layered circular waveguides in terms of cylindrical harmonics.
A mode-matching technique (MMT) formulation is used to modeling MCs for
uniaxial anisotropic materials. As in the rest of this work, differently from used
on chapter 2, we will consider the time-harmonic dependence in the form e−jωt.

3.1.1
Homogeneous Waveguide

Maxwell’s equation in an anisotropic and homogeneous medium can be
expressed in the frequency domain as

∇ × E = iω ¯̄µ · H, (3-1)

∇ × H = −iω¯̄ϵ · E + J, (3-2)

∇ · (¯̄ϵ · E) = ϱ, (3-3)

∇ · (¯̄µ · H) = 0, (3-4)

where the permeability and permittivity tensors expressed in cylindrical
coordinates (ρ, ϕ, z) are given by

¯̄ϵ =


ϵs 0 0
0 ϵs 0
0 0 ϵz

 and ¯̄µ =


µs 0 0
0 µs 0
0 0 µz

 . (3-5)

The subscript s indicates the coordinates transversal to z and

ϵ{s,z} = ϵ0ϵr{s,z} + i
σ{s,z}

ω
, (3-6)

µ{s,z} = µ0µr{s,z}, (3-7)
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where σ is the electrical conductivity of the medium and may be expressed as
the following tensor

¯̄σ =


σs 0 0
0 σs 0
0 0 σz

 . (3-8)

After some mathematical manipulations reported in [65, 66], we obtain the
following wave equations for the axial electric and magnetic fields(

∇2
s + ϵz

ϵs

∂2

∂z2 + ω2µsϵz

)
Ez = 0, (3-9)(

∇2
s + µz

µs

∂2

∂z2 + ω2µzϵs

)
Hz = 0, (3-10)

These equations can be rewritten in a more compact fashion via[
1
ρ

∂

∂ρ

(
ρ
∂

∂ρ

)
+ 1
ρ2

∂2

∂ϕ2 + pz

ps

∂2

∂z2 + ω2pzp̃s

]
ψ = 0, (3-11)

where ψ = {Ez, Hz}, p = {ϵ, µ} and p̃ = {µ, ϵ}. Using the separation of
variables method [67], we have that the solution is in the form

Rn

(√
pz

ps

kρρ

)
Φ (nϕ)Z (kzz) , (3-12)

in which Rn(·) is the solution for the Bessel differential equation of order n,
and Φ(nϕ) and Z(kzz) are harmonic functions. The values of n, kρ and kz are
determined by the boundary conditions enforcement.

The solution for ψ can then be written as a linear combination of the
elementary function in (3-12), i.e.,

ψ =
∑

n

∑
kz

Cn,kzRn

(√
pz

ps

kρρ

)
Φ (nϕ)Z (kzz) , (3-13)

where Cn,kz are constants to be determined and

Rn

(
ke,h

ρ ρ
)

= ae,hHn
(1)(ke,h

ρ ρ) + be,hJn(ke,h
ρ ρ), (3-14)

Φ(nϕ) = einϕ, for n = 0,±1,±2, . . . , (3-15)

Z(kzz) = eikzz, (3-16)

where Jn(·) and H(1)
n (·) are first kind Bessel and Hankel functions of integer

order n, ae,h and be,h are modal amplitudes, k2
s + k2

z = k2
ρ, and ke,h

ρ =
(pz/ps)1/2 kρ. The square-root branch-cut is selecting according to ℑm(ke,h

ρ ) ≥
0 and ℑm(kz) ≥ 0. The superscripts e, h indicate the correspondence for the
axial electric and magnetic fields, respectively.

Following the matrix notation from [22, 65], longitudinal fields can be
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written as  Ez

Hz

 =
∞∑

n=−∞

∞∑
p=1

 ez,np(ρ)
hz,np(ρ)

 einϕeikzz (3-17)

where p is related to the modal eigenvalues kz and kρ. The ρ-dependent parcel
of the fields are written as ez(ρ)

hz(ρ)

 = ¯̄H(1)
zn (kρρ)ā+ ¯̄Jzn(kρρ)b̄, (3-18)

where
¯̄Gzn(kρρ) =

 Gn(ke
ρρ) 0

0 Gn(kh
ρρ)

 , (3-19)

with Gn = {H(1)
n , Jn}, and the vectors ā and b̄ (that combine the modal

amplitudes) are arranged as

ā =
 ae

np

ah
np

 and b̄ =
 be

np

bh
np

 . (3-20)

Manipulating the Maxwell’s equation in a source-free regions, the
transversal fields can be written as [65, 66]:

Es = 1
k2

ρ

[ikz∇sEz + iωµs∇s × (ẑHz)] , (3-21)

Hs = 1
k2

ρ

[ikz∇sHz − iωϵs∇s × (ẑEz)] , (3-22)

where the ρ-dependent parcel is expressed as eϕ,np(ρ)
hϕ,np(ρ)

 = ¯̄H(1)
ϕn (kρρ)ā+ ¯̄Jϕn(kρρ)b̄, (3-23)

 eρ,np(ρ)
hρ,np(ρ)

 = ¯̄H(1)
ρn (kρρ)ā+ ¯̄Jρn(kρρ)b̄, (3-24)

where

¯̄Gϕn(kρρ) = 1
k2

ρρ

 −nkzGn

(
ke

ρρ
)

−iωµsk
h
ρρG

′
n(kh

ρρ)
iωϵsk

e
ρρG

′
n(ke

ρρ) −nkzGn

(
kh

ρρ
)  , (3-25)

¯̄Gρn(kρρ) = 1
k2

ρρ

ikzk
e
ρρG

′
n

(
ke

ρρ
)

−nωµsGn(kh
ρρ)

nωϵsGn(ke
ρρ) ikzk

h
ρρG

′
n

(
kh

ρρ
) . (3-26)

In the above, G′
n(·) is denoting the derivative of Gn(·) with respect to its

argument.
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3.1.2
Inhomogeneous Waveguide

Consider now a waveguide with N radial layers defined by the radii
{ρ0, ρ1, ..., ρN}. The ρ-dependent parcel of the fields in the layer j can by
written as  ejα(ρ)

hjα(ρ)

 = ¯̄H(1)
αn (kjρρ)āj + ¯̄Jαn(kjρρ)b̄j , (3-27)

where α = {ρ, ϕ, z} and j is the waveguide layer varying from 1 to N . Applying
the boundary conditions of continuity of z- and ϕ-field components at the
interfaces between layer j and its adjacency, we can obtain the determinantal
characteristic equation is [65, 66]

f(kz) = det
(

¯̄I − ˜̄̄
R

(ρ)
j,j+1

˜̄̄
R

(ρ)
j,j−1

)
= 0. (3-28)

Where the generalized reflection matrices ˜̄̄
R

(ρ)
j,j+1 and ˜̄̄

R
(ρ)
j,j−1 are 2-by-2

matrix given by [22, 65]

˜̄̄
R

(ρ)
j,j±1 = ¯̄R(ρ)

j,j±1 + ¯̄T (ρ)
j±1,j

˜̄̄
R

(ρ)
j±1,j±2

(
¯̄I − ˜̄̄

R
(ρ)
j±1,j

˜̄̄
R

(ρ)
j±1,j±2

)−1 ¯̄T (ρ)
j,j+1 (3-29)

where ¯̄I is the identity matrix. The local transmission and reflection matrices
are defined according to

¯̄R(ρ)
j,j+1 = D̄−1

ja

[ ¯̄Hϕj+1,j
¯̄Hzj,j − ¯̄Hϕj+1,j

¯̄Hzj+1,j
¯̄H−1

ϕj+1,j
¯̄Hϕj,j

]
(3-30)

¯̄R(ρ)
j+1,j = D̄−1

jb

[ ¯̄Jϕj,j
¯̄Jzj,j

¯̄J−1
ϕj,j − ¯̄Jϕj,j

¯̄Jzj+1,j

]
(3-31)

¯̄T (ρ)
j,j+1 = D̄−1

jb

[ ¯̄Jϕj,j
¯̄Hzj,j − ¯̄Jϕj,j

¯̄Jzj,j
¯̄J−1
ϕj,j

¯̄Hϕj,j

]
(3-32)

¯̄T (ρ)
j+1,j = D̄−1

ja

[ ¯̄Hϕj+1,j
¯̄Hzj+1,j

¯̄Hϕj+1,j
¯̄Jϕj+1,j − ¯̄Hϕj+1,j

¯̄Jzj+1,j

]
(3-33)

D̄ja = ¯̄Hϕj+1,j
¯̄Hzj+1,j

¯̄H−1
ϕj+1,j

¯̄Jϕj,j − ¯̄Hϕj+1,j
¯̄Jzj,j (3-34)

D̄jb = ¯̄Jϕj,j
¯̄Hzj+1,j − ¯̄Jϕj,j

¯̄Jzj,j
¯̄J−1
ϕj,j

¯̄Hϕj+1,j (3-35)

And each value of kz that satisfy the above equation 3-28 is a modal
solution for the problem at hand. Once kz is known, we can obtain the modal
amplitudes āj and b̄j for each layer j. Further details can be found in [65].

3.2
Mode-Matching Technique

The mode-matching technique (MMT) is a semi-analytic method which
allows us to analyze the junction between two connected waveguides [22,
Ch. 6], [23], as depicted in Fig. 3.1. With this method we can obtain closed-
form solutions for relating the forward and backward propagating waves at the
z = z1 and then extract a generalized scattering matrix (GSM) representation
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of this junctions. Multi-region structures formed can be modeled by cascading
the GSM matrices of each junction. Here, we will follow the mathematical
procedures developed in [65, 66].

We start considering a homogeneous coaxial waveguide junction, as seen
in Fig. 3.1, where Sa is the common aperture between the two waveguides, S1

is the cross-section of region 1 and S2 of region 2. In addition, we have S1 = Sa,
S2 = Sa + Sw and Sw is the surface of an impedance wall. As we will consider
all walls as PECs, we have Z2w = 0. As in [66], we also assume that S1 ∈ S2.

From [65], we have that the transversal fields derived in the previous
section can be rewritten as

Ejs =
∞∑

n=−∞

∞∑
p=1

(
a+

j,npe
+ikjz,npz + a−

j,npe
−ikjz,npz

)
ejs,np(ρ)einϕ, and (3-36)

Hjs =
∞∑

n′=−∞

∞∑
p′=1

(
a+

j,n′p′e+ikjz,n′p′ z − a−
j,n′p′e−ikjz,n′p′ z

)
hjs,n′p′(ρ)einϕ (3-37)

which can be simplified to

Ejs =
∞∑
m

(
A+

j,m + A−
j,m

)
Ejs,m and (3-38)

Hjs =
∞∑
m′

(
A+

j,m′ − A−
j,m′

)
Hjs,m′ (3-39)

where A+
j,m and A−

j,m are the forward and backward modal amplitudes at the
interface in z = z1 expressed by A±

j,m = a±
j,me

±ikjz,mz1 and j represents the
region (1 or 2). Also, from [66], it can be shown that at the plane z = z1, the

Z

Region 1 Region 2

z = z1

Sw

Sa

Sw

A1
+

S1
S2

A1
-

A2
+

A2
-

Figure 3.1: Junction of two homogeneous coaxial waveguides. Image obtained
in [66].

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 3. Electromagnetic Modeling of Cylindrical Waveguides 52

following boundary conditions have to be satisfied:

ẑ × E2s = ẑ × E1s, in Sa (3-40)

ẑ × H2s = ẑ × H1s, in Sa. (3-41)

After some mathematical manipulations, we obtain the following GSM
for relating incident and reflected waves [65, 66]: Ā−

1

Ā+
2

 =
 ¯̄S11

¯̄S12
¯̄S21

¯̄S22

 Ā+
1

Ā−
2

 (3-42)

where the scattering sub-matrices are

¯̄S11 =
[

¯̄Q1 + ¯̄X t
12

( ¯̄Q2
)−1 ¯̄X12

]−1 [ ¯̄Q1 − ¯̄X t
12

( ¯̄Q2
)−1 ¯̄X12

]
, (3-43)

¯̄S12 = 2
[

¯̄Q1 + ¯̄X t
12

( ¯̄Q2
)−1 ¯̄X12

]−1 ¯̄X t
12, (3-44)

¯̄S21 = 2
[

¯̄Q2 + ¯̄X12
( ¯̄Q1

)−1 ¯̄X t
12

]−1 ¯̄X12, (3-45)

¯̄S22 = −
[

¯̄Q2 + ¯̄X12
( ¯̄Q1

)−1 ¯̄X t
12

]−1 [ ¯̄Q2 − ¯̄X12
( ¯̄Q1

)−1 ¯̄X t
12

]
. (3-46)

The expressions to determine the matrices ¯̄Q1,
¯̄Q2 and ¯̄X12 are obtained solving

Lommel integrals and can be found with details in [65, 66, 68]. In the case were
we have N1 layers in region 1 and N2 layers in region 2, some adjustments must
be done to calculate these integrals.

Considering the case were the structure have more than two waveguide
regions, as depicted in Fig. 3.2, the overall GSM can be calculated by cascading
the intermediate GSM of a) the junction from regions 1 to 2, b) the GSM of
the finite-length waveguide in region 2, and c) the junction from regions 2 to
3.

For a pair of subsequent GSMs denoted by ¯̄Sa and ¯̄Sb, the resultant
(cascaded) matrix ¯̄Sc is given by [23, 65, 66, 69]

¯̄Sc =
 ¯̄Sc

11
¯̄Sc

12
¯̄Sc

21
¯̄Sc

22

 , (3-47)

where

¯̄Sc
11 = ¯̄Sa

12

( ¯̄I − ¯̄Sb
11

¯̄Sa
22

)−1 ¯̄Sb
11

¯̄Sa
21 + ¯̄Sa

11, (3-48)
¯̄Sc

12 = ¯̄Sa
12

( ¯̄I − ¯̄Sb
11

¯̄Sa
22

)−1 ¯̄Sb
12, (3-49)

¯̄Sc
21 = ¯̄Sb

21

( ¯̄I − ¯̄Sa
22

¯̄Sb
11

)−1 ¯̄Sa
21, (3-50)

¯̄Sc
22 = ¯̄Sb

21

( ¯̄I − ¯̄Sa
22

¯̄Sb
11

)−1 ¯̄Sa
22

¯̄Sb
12 + ¯̄Sb

22, (3-51)
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Region 1 Region 2 Region 3

Z

�

Sa Sb

L

Figure 3.2: Structure with three regions. Image obtained in [66].

where the intermediary waveguide in region 2 has a scattering matrix associ-
ated to its length L and its eigenvalues kz via [68]

¯̄Sg =
 ¯̄0 ¯̄Sg

12
¯̄Sg

12
¯̄0

 , (3-52)

where ¯̄Sg
12 is a diagonal matrix that relates the axial propagation along the

length L, whose elements are given by ¯̄Sg
12|m,m = eik2z,mL. In addition, a

normalization was made in this GSM matrix to ensure an independence from
the field amplitudes according to [23, 70, 71]

ˆ̄̄
Sc

11 = abs
( ¯̄Q1

)1/2 ¯̄Sc
11 abs

( ¯̄Q1
)−1/2

(3-53)
ˆ̄̄
Sc

12 = abs
( ¯̄Q1

)1/2 ¯̄Sc
12 abs

( ¯̄Q2
)−1/2

(3-54)
ˆ̄̄
Sc

21 = abs
( ¯̄Q2

)1/2 ¯̄Sc
21 abs

( ¯̄Q1
)−1/2

(3-55)
ˆ̄̄
Sc

22 = abs
( ¯̄Q2

)1/2 ¯̄Sc
22 abs

( ¯̄Q2
)−1/2

. (3-56)
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3.2.1
PEC-Truncation Scattering Matrix

In what follows we will obtain the scattering matrix of a PEC plate
covering the waveguide cross-section for z > zPEC. If the conductor is placed
in region j + 1, the boundary conditions require the vanishing of transversal
electric fields of region j at z = zPEC, i.e., in view of (3-36)–(3-39), we must
enforce

Ejs|z=zPEC =
∞∑
m

(
a+

j,me
+ikjz,mzPEC + a−

j,me
−ikjz,mzPEC

)
Ejs,m (3-57)

= 0. (3-58)

Denoting A+PEC
j,m = a+

j,me
+ikjz,mzPEC and A−PEC

j,m = a−
j,me

−ikjz,mzPEC as the forward
and backward modal amplitudes at the PEC interface, respectively, the above
requires A−PEC

j,m = −A+PEC
j,m . We can now establish a GSM representation of the

PEC plate, similar to the canonical form in (3-42), given by Ā−PEC
j

Ā+PEC
j+1

 = ¯̄SPEC

 Ā+PEC
j

Ā−PEC
j+1

 , (3-59)

where
¯̄SPEC =

 − ¯̄I ¯̄0
¯̄0 ¯̄0

 . (3-60)

3.3
Perfectly Matched Layer for Representing Unbounded Domains

The ordinary MMT we have explored before in Sec. 3.2 cannot be used
for the analysis of an open-ended waveguide, as the one depicted in Fig. 3.3,
because region 2 is a radially-unbounded domain and requires a dense spectrum
of eigenvalue solutions. In short, the discrete sum of modal fields in (3-36)
and (3-37) do not converge. We can, however, truncate the region 2 using an
appropriated absorbing boundary condition at ρ = rN and then handling a
discrete set of modal fields into the MMT formulation. We will use a perfectly
matched layer (PML) [27, 28] to truncate our problem because the complex-
coordinate stretching formulation of the PML enable us to reuse the closed-
form eigenmode expressions and the MMT formulas already presented. The
radial domain can be mapped according to [65, 72]

ρ̃ =


ρ, for ρ < rPML

ρ+ i
αPML

ω

ρ− rPML

rN − rPML
, for rPML ≤ ρ ≤ rN

. (3-61)
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In the above, we consider the radial domain is truncated with a hard wall at
ρ = rN , and the PML spans over (the real-valued domain) rPML < ρ < rN . The
positive and real-valued parameter αPML is used here to confer an attenuation
to outgoing waves inside the PML layer. Notice also the imaginary parcel of ρ̃
is normalized by ω in order to force an effective absorbance over the frequency.

Since closed-form formulas are available for solving fields and coupling in
the MMT, the previously-derived equations can be reused under the analytical
continuation in (3-61) [65], where the outermost radius of the waveguide
becomes

rN → r̃N = r′
N + ir′′

N . (3-62)
The value of r′

N = rN must be large enough to guarantee the attenuation of
evanescent fields, while r′′

N = αPML/ω must guarantee the effective absorbance
of outgoing waves. Accordingly, the open-ended waveguide depicted in Fig. 3.3
can be mimicked by the equivalent structure shown in Fig. 3.4.

Region 1 Region 2

z

PEC
Dielectric

�

Reference plane

TEM

S11

Figure 3.3: Geometry of an open-ended coaxial waveguide.
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Region 1 Region 2

z

PEC
Dielectric
PML

�

Reference plane

rPML
rN
~

�PML

TEM

S11

Figure 3.4: Equivalent problem used to emulate the open-ended coaxial
waveguide.
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4
Determination of the Constitutive Parameters of Complex
Media

In this chapter, we will use the mode-matching solutions formulated in
Chapter 3 for analyzing the electromagnetic fields along cylindrical structures
formed by (a) the junction of sections of inhomogeneous-filled waveguides
that represents a two-port measurement cell (see Fig. 4.1), (b) one-port
measurement cells (see Fig. 4.4), and (c) open-ended coaxial measurement cells
(see Fig. 4.8). The time-harmonic factor e−iωt is again assumed and suppressed.

We consider the waveguides used in the measurement cells are, in general,
filled with non-magnetic anisotropic media characterized by the complex
permittivity tensor ¯̄ϵ = ϵ0 ¯̄ϵr + i¯̄σ/ω, where ϵ0 ≈ 8.85 × 10−12 F/m and
the relative permittivity and electrical conductivity represented in cylindrical
coordinates are

¯̄ϵr =


ϵrs 0 0
0 ϵrs 0
0 0 ϵrz

 , ¯̄σ =


σs 0 0
0 σs 0
0 0 σz

 , (4-1)

respectively. For convenience, subscripts s and z will be used to indicate
components transversal an parallel to the axis z, respectively.

4.1
Direct Problem

In this section we present numerical results obtained from an imple-
mented algorithm of the theory described in Chapters 2 and 3. We assume the
measurement cells’ geometry and media (permittivity and permeability) are
known, and the scattering matrix are then be obtained. This direct algorithm
will then be used in Section 4.2 into an iterative optimization process (the
inverse algorithm) that finds the material parameters that best approach the
measured scattering parameters.
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4.1.1
Two-Port Measurement Cells

We first consider a two-port measurement cell as depicted in Fig. 4.1. To
validate this case, we will consider a geometry with the parameters shown in
Table 4.1

Table 4.1: Simulation parameters for the case depicted in Fig. 4.1.
ρ0 ρ1 ρ2 ϵrs ϵrz σs σz

Region (mm) (mm) (mm) – – (S/m) (S/m)
1 1.84 2.00 5.00 1.00 1.00 0.00 0.00
2 1.84 3.92 6.00 2.55 3.00 0.10 0.02
3 1.84 2.00 5.00 1.00 1.00 0.00 0.00

The scattering parameters of a two-port MC can be solved on progres-
sively cascading the GSMs that describe the longitudinal geometry. In case
of a tree-region MC as depicted in Fig. 4.1 and according to Table 4.1, the
overall resultant GSM relating the input and output regions can be symbolic
represented by

¯̄S2-ports = ¯̄S1→2 ⋆ ¯̄Sg2 ⋆ ¯̄S2→3, (4-2)

where the symbol ⋆ represents the cascading operation mathematically defined
in (3-47), the generalized scattering matrix (GSM) are written as ¯̄Sj→j+1 for
relating the junction between regions j and j + 1 and ¯̄Sg2 is scattering matrix
associated with an uniform waveguide of finite longitudinal length L2. In this
scenario, the sample material is partially filling region 2 and the reflection
and transmission coefficient for the fundamental mode calculated via the finite
integral technique (FIT) solver from [73] and via the MMT are compared in
Fig. 4.2 and Fig. 4.3 respectively. We can observe that our technique has a
good agreement towards the FIT.
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Region 1 Region 2 Region 3

L2 = 10 mm

z

PEC
Dielectric

�

Reference plane

A1
-

A1
+

S1  2 S2  3

Sg2

A3
+

Figure 4.1: Geometry of a cylindrical structure with tree waveguide regions.
The PEC is represented by the hatched areas. The sample material is the
dielectric partially filling region 2

0 11.25 22.5 33.75 45
Frequency (GHz)

-60

-45

-30

-15

0
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b
s(

S
11

)
(d

B
)

FIT
MMT

Figure 4.2: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the two-port measurement cell. The results
from the present algorithm are indicated by the solid line while FIT results
from [73] are the dashed-line.
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0 11.25 22.5 33.75 45
Frequency (GHz)

-20

-15
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0
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S
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(d

B
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FIT
MMT

Figure 4.3: Transmission coefficient in decibel for the fundamental mode in
region 1 as a function of the frequency for the two-port measurement cell. The
results from the present algorithm are indicated by the solid line while FIT
results from [73] are the dashed-line.
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4.1.2
One-Port Measurement Cells

We consider now a one-port MC, as depicted Fig. 4.4. A simplified model
setup, when compared to the two-port cell, is also possible when the output
port is short-circuited by a PEC. The GSM matrix representation of this cell
is constructed by first cascading the GSM of the PEC place ¯̄SPEC with ¯̄Sg3

defined as a scattering matrix associated with an uniform waveguide of finite
longitudinal length L3. According to the equations in (3-48), ¯̄SPEC becomes ¯̄Sb

and ¯̄Sg3 will be ¯̄Sa, yielding

¯̄Sc
11 = ¯̄Sg3

12
¯̄SPEC

11
¯̄Sg3

21 , (4-3)
¯̄Sc

12 = ¯̄0, (4-4)
¯̄Sc

21 = ¯̄0, (4-5)
¯̄Sc

22 = ¯̄0. (4-6)

Next, we cascade the resulting matrix with the GSM for two-port cell:

¯̄S1-port
11 = ¯̄Sa

12

( ¯̄I − ¯̄Sc
11

¯̄Sa
22

)−1 ¯̄Sc
11

¯̄Sa
21 + ¯̄Sa

11, (4-7)
¯̄S1-port

12 = ¯̄0, (4-8)
¯̄S1-port

21 = ¯̄0, (4-9)
¯̄S1-port

21 = ¯̄0, (4-10)
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Figure 4.4: Geometry of a cylindrical structure with tree waveguide regions,
where region 3 is terminated by a PEC plate.
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To validate the formulas above, we will consider a sample material inside
a one-port MC in three different scenarios. The parameters of first layer
(sample) of second region can be seen in Tables 4.2, 4.3 and 4.4, in all cases
the second layer is filled with vacuum and lossless and the length of the third
waveguide will vary in three different cases: first being L2 = 30 mm, second
45 mm and third 60 mm, while the lenght of first region is fixed at L1 = 10
The validation results are presented for first scenario in Fig. 4.5, for second
scenario in Fig. 4.6 and third scenario in Fig. 4.7. It is possible to observe that
the comparsion between MMT and FIT algorithms yels a good agreement
providing a satisfactory validation resuts.

We can observe that in Fig. 4.5 the reflection coefficient in decibel
becomes zero below 10 GHz because the transverse electromagnetic mode
(fundamental transmission-line mode) will be completed reflected by the PEC
place. In contrast, the second propagation mode (TM01) that becomes propa-
gating above 10 GHz will be transmitted along the sampling material, reflected
by the PEC place, but a standing wave will remains. Similar observations also
holds for results in Fig. 4.6 and in Fig. 4.7.

Table 4.2: Simulation parameters for the case depicted in Fig. 4.4.
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 10 6.3 13.6675 21.035 1.01 1 10−6 10−6

2 30 6.3 13.6675 21.035 2.55 2.55 10−6 10−6

3 30 6.3 13.6675 21.035 1.01 1 10−6 10−6

Table 4.3: Simulation parameters for the second case
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 10 6.3 13.6675 21.035 1.01 1 10−6 10−6

2 30 6.3 13.6675 21.035 2.55 2.55 10−6 10−6

3 45 6.3 13.6675 21.035 1.01 1 10−6 10−6

Table 4.4: Simulation parameters for the third case
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 10 6.3 13.6675 21.035 1.01 1.01 10−6 10−6

2 30 6.3 13.6675 21.035 2.55 2.55 10−6 10−6

3 60 6.3 13.6675 21.035 1.01 1.01 10−6 10−6
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Figure 4.5: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the first case. The results from the present
algorithm are indicated by the solid line while FIT results from [73] are the
dashed-line.
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Figure 4.6: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the second case. The results from the
present algorithm are indicated by the solid line while FIT results from [73]
are the dashed-line.
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Figure 4.7: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the third case. The results from the present
algorithm are indicated by the solid line while FIT results from [73] are the
dashed-line.
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4.1.3
Open-Ended Coaxial Measurement Cells

To emulate an open-ended probe, as depicted in Fig. 4.8, we will use a
PML layer in region 2 and the theory present in Section 3.3. In other words,
we will model the equivalent problem depicted in Fig. 4.9, in which region
2 is now a radially-bounded circular waveguide. The complex-valued radius
r̃N introduces some issues to the MMT as will be detained in the following
sections.

Region 1 Region 2

z

PEC
Dielectric

�

Reference plane

TEM

S11

Figure 4.8: Geometry of an open-ended coaxial waveguide.
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Figure 4.9: Geometry used to emulate the open-ended coaxial waveguide
depicted in Fig. 4.8.
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4.1.3.1
Relative Convergence Issues and Our Approach to Overcome Them

On computing the GSM at the junction between two regions, the MMT
require the use of different number of modes in each waveguide. Usually, the
number of modes is each region should be chosen proportional to the external
waveguide radius [74]. Otherwise, the convergence is not guaranteed. Since the
PML we are exploring confer a complex-valued radius for the waveguide in
region 2 (see Fig. 4.9), the radius-ratio criterion above is no longer useful.

To avoid the relative convergence issues, we will match the rate of the
longitudinal attenuation the modal fields present as the observation point
depart from the junction. It has been implemented under the following terms:

1. The eigenvalues k1z of region 1 are ordered by the ascendant of their
imaginary parts.

2. We then select the most relevant modes (the first ones of the ordered
list, taking care to include all the propagating modes in case of lossless
medium). The number of modes in region 1 are denoted here as N1. Now,
in order of importance, the first mode in region 1 is k1z(1), and the last
is k1z(N1).

3. A sorting procedure in the same terms of step 1 is done for region 2, and
we select all the eigenvalues k2z in which the imaginary part are less than
ℑm[k1z(N1)]. The number of selected modes in region 2 is denoted as N2.
Notice that these relevant N2 modes must include all the propagating
modes in case of lossless medium. If not so, N1 in step 2 should be
increased accordingly, and the present step should be rechecked.

In the numerical examples we will explore below, we consider operating
frequencies in the range of 1 GHz to 20 GHz, and all the three-step process
above is done for each operating frequency also the number of modes in first
region was fixed N1 = 9 and for second region, N2 = 50 modes were calculated
at first frequency to assure that the third step is successfully done.

Table 4.5: Parameter of the PML
Region α Polynomial order δP ML (mm)

2 0.5 1 10

Table 4.6: Simulation parameters used to emulate an open-ended coaxial probe
Region ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 6.3 10 18 1.01 1.01 10−6 10−6

2 0 54 - 2.55 2.55 10−6 10−6
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4.1.3.2
Solution for a PEC truncation

First we will consider a circular waveguide with radius r̃N truncated by
a perfect electric conductor (PEC) wall as depicted in Fig. 4.9. The boundary
conditions enforcement needs that the tangential electrical fields vanish at
ρ = r̃N , i.e., Ez = Eϕ = 0 at the PEC surface. As ρ = 0 is in the domain, the
non-singular field condition require the Hankel function in (3-18) and (3-23)
be removed. Accordingly, we obtain

ez(r̃N) = Jn(ke
ρr̃N)be

np = 0, (4-11)

eϕ(r̃N) = 1
k2

ρ r̃N

[
−nkzJn

(
ke

ρr̃N

)
be

np − iωµsk
h
ρρ1J

′
n

(
kh

ρ r̃N

)
bh

np

]
= 0. (4-12)

Observing equations (3-17),(3-18) and (3-20) we note that the amplitude
be

np is proportional to Ez and bh
np is proportional to Hz. As we have Hz = 0 for

TMz modes, the amplitude bh
np = 0. In the same way, Ez = 0 for TEz modes

and consequently be
np = 0. Using this into (4-11) and (4-12), we have obtain

the following characteristic equations:

Jn(ke
ρr̃N) = 0, for TMz, (4-13)

J ′
n(kh

ρ r̃N) = 0, for TEz. (4-14)

Feeding the above into the MMT formulas described in Chapter 3, we can
now analyze the structure shown in Fig. 4.9. We consider this equivalent open-
ended coaxial probe hosting a dielectric with the relative electric permittivity
ϵr in region 2. The parameters used in PML and first and second region
are displayed in Tables 4.5 and 4.6. The fundamental mode is exciting the
waveguide in region 1, and we consider three different materials in region 2,
with ϵr = 2.55, ϵr = 10, and ϵr = 1. Fig. 4.10 shows the computed longitudinal
wavenumbers kz at the first frequency (1 GHz) for regions 1 and 2 when a PML
is used with a PEC truncation. In this scenario at 1 GHz, we have 9 relevant
modes in region 1 and 23 in region 2 that meet the criterion ℑm(kz) < 1100.
Figs. 4.11, Fig. 4.12 and Fig. 4.13 show the computed reflection coefficient in
decibel for the fundamental mode in region 1 as a function of the frequency for
the open-ended coaxial measurement cell. We compare our solution versus the
FIT results, and some discrepancies can be noticed. Further investigation show
the convergence of the MMT used with a PML backed by a PEC can improved
by at the cost of increasing the number of modes in regions 1 and 2 following
the criteria described above in Section 4.1.3.1 as can be noticed in Fig. 4.14
where the black line has N1 = 9 and yellow line has N1 = 12, it is possible
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to observe that with higher number of modes in region 1 we obtain better
convergence. We will next investigate other PML-based boundary condition
for low computational cost.
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Figure 4.10: Longitudinal wavenumbers kz of regions 1 and 2 using the
parameters shown in Tables 4.5 and 4.6 at frequency of 1 GHz when a PML
is used with a PEC truncation.
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Figure 4.11: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
truncated by a PEC and ϵr = 2.55. The results from the present algorithm are
indicated by the solid line while FIT results from [73] are the dashed-line.

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 4. Determination of the Constitutive Parameters 69

0 5 10 15 20
Frequency (GHz)

-7

-6

-5

-4

-3

-2

-1

0

A
b
s(

S
11

)
(d

B
) FIT

MMT

Figure 4.12: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
truncated by a PEC and ϵr = 10. The results from the present algorithm are
indicated by the solid line while FIT results from [73] are the dashed-line.
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Figure 4.13: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
truncated by a PEC and ϵr = 1. The results from the present algorithm are
indicated by the solid line while FIT results from [73] are the dashed-line.
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Figure 4.14: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
truncated by a PEC and ϵr = 2.55. The results from the present algorithm are
indicated by the solid line, where the black line has N1 = 9 and yellow has N1
= 12, while FIT results from [73] are the dashed-line.
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4.1.3.3
Solution for a PMC truncation
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Figure 4.15: Equivalent problem used in algorithm to validate the real
situation.

Considering the same circular waveguide as before in Section 4.1.3.2, but
now radially truncated with a perfect magnetic conductor (PMC) wall as seen
in Fig. 4.15. At ρ = r̃N , we must enforce

hz(r̃N) = Jn(kh
ρ r̃N)bh

np = 0, (4-15)

hϕ(r̃N) = 1
k2

ρ r̃N

[
iωϵsk

e
ρr̃NJ

′
n(ke

ρr̃N)be
np − nkzJn(kh

ρ r̃N)bh
np

]
= 0. (4-16)

We can then obtain the following characteristic equations:

J ′
n(ke

ρr̃N) = 0, for TMz, (4-17)

Jn(kh
ρ r̃N) = 0, for TEz. (4-18)

We consider again the structure shown in Fig. 4.9 but region 2 now is
truncated by a PML backed by a PMC. The parameters of the PML and regions
1 and 2 are listed in Tables 4.5 and 4.6. The fundamental mode is exciting the
waveguide in region 1, and we consider three different materials in region 2,
with ϵr = 2.55, ϵr = 10, and ϵr = 1. Fig. 4.16 shows the computed longitudinal
wavenumbers kz at the first frequency (1 GHz) for regions 1 and 2. In this
scenario at 1 GHz, we have 9 relevant modes in region 1 and 22 in region 2 that
meet the criterion ℑm(kz) < 1100. Figs. 4.17, Fig. 4.18 and Fig. 4.19 show the
computed reflection coefficient in decibel for the fundamental mode in region
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1 as a function of the frequency for the open-ended coaxial measurement cell.
We compare our solution versus the FIT results, and a relative agreement for
the majority frequency range investigated is observed, but large discrepancies
can be noticed at 1 GHz.

Similarly to the MTT+PML+PEC approach, we can verify the conver-
gence of the MMT used with a PML backed by a PMC can improved by at the
cost of at the cost of increasing the number of modes in regions 1 and 2. We
will next investigate some features that PEC and PMC truncations present on
examining a novel PML-based absorbing boundary condition to be integrated
with the MMT.
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Figure 4.16: Longitudinal wavenumbers kz of regions 1 and 2 using the
parameters shown in Tables 4.5 and 4.6 at the frequency of 1 GHz when
a PML is used with a PMC truncation.
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Figure 4.17: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
truncated by a PMC and ϵr = 2.55. The results from the present algorithm
are indicated by the solid line while FIT results from [73] are the dashed-line.
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Figure 4.18: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
truncated by a PMC and ϵr = 10. The results from the present algorithm are
indicated by the solid line while FIT results from [73] are the dashed-line.
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Figure 4.19: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
truncated by a PMC and ϵr = 1. The results from the present algorithm are
indicated by the solid line while FIT results from [73] are the dashed-line.
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4.1.3.4
Solution for a combined PEC and PMC truncation

In order to improve the convergence of open-ended MCs and keeping
the number of modal fields small as possible, we now investigate a combined
boundary condition using booth PEC and PMC truncations. For the geometry
depicted in Fig. 4.9, we suppose the fields in region 2 assume the forms

E2 = EPEC + EPMC, (4-19)

H2 = HPEC + HPMC, (4-20)

where {EPEC, HPEC} and {EPMC, HPMC} are the fields corresponding to
simulation problems where the PML is truncated by a PEC and by a
PMC, respectively. In the perspective of the above (combined) fields, our
mode-matching equations of Chapter 3 should be modified accordingly the
conservation of reaction across the junction aperture plane. Since the self-
reaction in region 2 now is computed using a pair of fields (of the PEC and the
PMC truncations), we need to make ¯̄Q1 → 2 ¯̄Q1 in the original MMT equations.

To validate the above-described modified-MMT, we consider again the
open-ended waveguide with the parameters shown in Tables 4.5 and 4.6. As
before, we consider that the coaxial waveguide in region 1 (filled with vacuum)
is radiating into the equivalent region 2 (non-magnetic and lossless medium)
having the relative permittivities of ϵr = 2.55, ϵr = 10 and ϵr = 1.

Fig. 4.20 shows the computed longitudinal wavenumbers kz at the first
frequency (1 GHz) for regions 1 and 2. In this scenario at 1 GHz, we have
9 relevant modes in region 1 and 45 in region 2 that meet the criterion
ℑm(kz) < 1100. Since the same criterion defined in Section 4.1.3.1 was used
in this scenario, the number of mode in region 2 is the sum of the number of
modes of the PEC and PMC cases. Besides that, the number of mode in region
1 kept as before. Figs. 4.21, Fig. 4.22 and Fig. 4.23 show the computed reflection
coefficient in decibel for the fundamental mode in region 1 as a function of the
frequency for the open-ended coaxial measurement cell. We again compare our
solution versus the FIT results, and we observe the proposed modified-MMT
provides better convergence when compared with the conventional PML+PEC
and PML+PMC results presented before. Small discrepancies can be noticed,
but gain now in small intensity when compared with those of conventional
PMLs.

When comparing the cases for all scenarios, we can notice that the
combined PEC and PMC yels better results, lowering the discrepancy that
was obtained when we had PEC or PMC alone, this is due the fact that PEC
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and PMC combined requires about twice the number of modes in region 2 as
for PEC and PMC alone when fixing the number of modes for region 1. For
ϵr = 2.55 the problem on first frequency on PMC alone and the small error
around frequency of 15 GHz for PEC alone was fixed by using PEC and PMC.
As follows, for ϵr = 10 the same problem on first frequency and also small
discrepancy around the frequency of 5 GHz for both PEC and PMC alone,
was also fixed. For final, ϵr = 1, it is possible to noticed that around frequency
5 GHz to 10 GHz, the ressonances behaviour in PEC or PMC alone has been
mitigated when we combined PEC and PMC.
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Figure 4.20: Values of kz of region 1 and 2 for its matching, using the
parameters of Table 4.5 and 4.6 at the frequency of 1 GHz when using the
combined PML+PEC+PMC truncation.
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Figure 4.21: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
and ϵr = 2.55. The results from the present algorithm are indicated by the
solid line while FIT results from [73] are the dashed-line
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Figure 4.22: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
and ϵr = 10. The results from the present algorithm are indicated by the solid
line while FIT results from [73] are the dashed-line
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Figure 4.23: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the open-ended coaxial measurement cell
and er = 1. The results from the present algorithm are indicated by the solid
line while FIT results from [73] are the dashed-line
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4.2
Inverse Problem

In this section we will discuss two methodologies for determining the
constitutive parameters of a sample inside a MC. The first one is based on
direct graphical comparisons. The second employs optimization of functionals.

4.2.1
Graphical Comparisons

The graphic comparison method is considered a more simple process
used in cases that the material under test is isotropic and lossless. In short,
the reflection coefficient obtained from measurements using a vector network
analyzer (VNA) is compared with a set of reference curves obtained via
simulations. As an illustrative example of how this works, we assume here the
FIT results act as those from an actual measurement of a sample with ϵr = 2.55
placed inside a two-port MC with parameters described in table 4.7. Fig. 4.24
shows the corresponding S11 results as a function of the frequency. Then, we
plot the results obtained via the presented MMT for ϵr = {1.3, 2.55, 6.4}. We
notice the curve with ϵr = 2.55 is indeed the one that best fit, allowing us to
characterize the sample material. Our MMT solutions considered a two-port
MC with 10 modes in the first and third regions and 20 in the second region
as seen in Fig. 4.1.

In more general cases, where the sample is anisotropic or lossy, this
comparison procedure becomes prohibitively complex because of the huge
database we need for all combinations of ϵrs, ϵrz, σs, σz, µrs, and µrz (also as a
function of frequency!). For this reason, in next section we explore an inverse
algorithm that instead minimize a functional into an optimization process.

Table 4.7: Geometric and constitutive parameters used on direct problem
of a lossless isotropic sample placed in second waveguide of a two-port
heterogeneous coaxial waveguide for graphic comparison problem
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 1.84 2.00 6.00 2.55 2.55 10−6 10−6

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

4.2.2
Functional Optimizations

In this work, two different functionals were developed. They are denoted
as linear and decibel functional which will be described with more details in
following subsections.
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Figure 4.24: Reflection coefficient in decibel for the fundamental mode in region
1 as a function of the frequency for the two-port coaxial measurement cell. The
results from the present algorithm are indicated by the solid line while FIT
results from [73] by the dashed-line.

For both functionals, as a first step, we assume reflection and transmis-
sion parameters that represent the measurements of a given MC of interest are
denoted as S11, meas(ω) and S21, meas(ω), respectively. The permittivity tensor
¯̄ϵ = ϵ0¯̄ϵr + i¯̄σ/ω tensor of the sample material placed inside a two-port MC can
obtained via the minimization of the functional

f 2-ports(¯̄ϵr, ¯̄σ) =
N∑

n=1
[∆S11(ωn) + ∆S21(ωn)] (4-21)

where

∆S11(ω) = |S11, meas(ω) − S11, calc(ω)| (4-22)

∆S21(ω) = |S21, meas(ω) − S21, calc(ω)|. (4-23)

The complex-valued functions S11, calc(ω) and S21, calc(ω) are obtained via the
numerical implementation of the presented MMT.

As follows, we present the main difference of linear and decibel function-
als, the linear case, equations (4-22) and (4-23) are calculated for the real and
imaginary values of S11 and S12, then a sum of those values are done. The
decibel case, the same equations are calculated for amplitude and phase and
then a sum of those values are done, however, the phase calculation is more
complicated since the S-parameters measured and calculated must match. For
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this, we used the following equations for phase matching before the sum is
made.

θ11, calc = ∠(S11, calc) , θ21, calc = ∠(S21, calc) (4-24)

θ11, meas = ∠(S11, meas) , θ21, meas = ∠(S21, meas) (4-25)

θ11, calc = θ11, calc + |θ11, meas(ω1) − θ11, calc(ω1)| (4-26)

θ21, calc = θ21, calc + |θ21, meas(ω1) − θ21, calc(ω1)| (4-27)

Notice the functional in (4-21) uses a set of N frequency samples over the
range of interest for filtering purposes. In case of a lossless sample, the electric
conductivity tensor is zero.

For one-port and open-ended MCs, our functional is equal to (4-21) but
the ∆S21-terms are absent. The Matlab [75] function fmincon which will be
described with more detailed in next section was used in the optimization
process.

One of the major problems found in those algorithm was to proper choose
an initial guess in order to avoid improper convergence to local minima instead
of to the global one, and for this reason, the inverse process was divided into
two steps. First, a set of simulations for ϵrs, ϵrz, σs and σz is performed by using
a range of practical and reasonable values. We assume the relative permittivity
ranges from 1 to 10, and the electrical conductivity from 10−6 S/m to 10 S/m.
We then find the best initial guess for function fmincon. This approach have
showed excellent results on preventing the optimization algorithm to fall into
basis of attraction different from that of the global minimum.

4.2.2.1
fmincon and sqp algorithms

The fmincon algorithm finds a constrained minimum of a function with
several variables starting at an initial guess [76]. The syntax used in our work
follows the form x = fmincon(fun, x0, A, b, Aeq, beq, lb, ub, nonlcon, options),
where the algorithm starts at the initial guess vector x0 and attempts to find a
x that minimize the desired function fun, the linear inequalities constrains were
not used, i.e. A = b = Aeq = beq = nonlcon = [], the terms lb and ub stands
for lower and upper bond, respectively, such that lb < x < ub and the variable
options specify the optimization options as the minimization algorithm, the
Optimality Tolerance and the Step Tolerance. Some of these minimization
algorithms are listed in the Table 4.8. In our case, we will use the sequential
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qadratic programming (sqp).

Table 4.8: Algorithms used in function fmincon [77].
Algorithm Description

interior-point
Handles large, sparse and small dense problems.
The algorithm satisfies bounds at all iterations.
It is a large-scale algorithm

trust-region-reflective

Requires you to provide a gradient, and allows
only bounds or linear equality constraints.
Handles large sparse and small dense problems
efficiently.
It is a large-scale algorithm

sqp Satisfies bounds at all iterations.
It is not a large-scale algorithm

sqp-legacy Similar to sqp, but usually is slower and uses
more memory

active-set

Can take large steps adding speed.
Effective on some problems with non-smooth
constraints.
It is not a large-scale algorithm

The sqp methods represent the state of art in nonlinear programming
methods. At each iteration, an approximation is made of the Hessian of the
Lagrangian function using a quasi-Newton updating method, which is used to
generate a sub-problem whose solution indicates the search direction for a line
search procedure. The method can be seen with details in [78–81]. In general,
the problem is described by equation (4-28) and the sub-problem by (4-29)

min
s

{q(s), s ∈ N} , (4-28)

L(x, λ) = f(x) +
m∑

i=1
λi · gi(x), (4-29)

which is based on a quadratic approximation of the Lagrangian function.

4.3
Study of local and global minimum

In this section a study on local and global minimums of the functionals
will be presented. An example of local and global minimums of a function is
depicted in Fig. 4.25. The functional studied is the one described in (4-21),
using five frequencies equally spaced. This was made because one of the major
problems found in the optimization algorithm used in inverse problem was to
decide which was the best initial guess.

Some materials, with a given length, can present many local minimums.
For this reason, the initial guess for the optimization has a fundamental
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Figure 4.25: Example of local and global minimums of a function. Image
obtained in [82].

importance to avoid an improper convergence to basins of attraction that does
not correspond to the global minimum – which will be explained in next sub
section.

4.3.1
Basins of attraction

Assuming our functional is denoted by f(x(t)), with the input variables
x(t) = {¯̄ϵ(t), ¯̄µ(t)}, the direction where the functional decrease more abruptly
as the iteration t increases points to ∂x(t)/∂t. This steepest descent path allows
our functional to converge to a local minimum as t increases. In general, if
more than one initial guess is chosen and are near each other, they tend to
converge to the same minimum point. To illustrate, by considering a simplified
functional with only one parameter (x), Fig. 4.26 shows a scenario with two
minimums: one global and one local. The steepest descent paths, depicted as
arrows, will led to one of them, depending on the initial guess chosen.

4.3.2
A discussion on the number of local minima

The study of the sample’s parameters influence, such as length, height
and permittivity, on the number of local minimums will be presented. This
information is important since depending on those parameters our functional
value will have only one local (global) or several local minumums. As conse-
quence, we can design the sample for the less local minumums possible so our
initial guess search algorithm converge faster to initial point.
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Figure 4.26: The function minimum will be either (0, 0) or (11/4, 11/4), if the
initial guess is x < 2 or x > 2, respectively. Image obtained in [83].

It is important to notice that, this study has been made considering five
frequencies equally spaced over 1 GHz to 45 GHz, and on a two-port coaxial
probe, as show in Fig. 4.1, and following the same parameters as in Table 4.1.

The first case will have the height of the sample fixed at 0.16 mm.

0 2 4 6 8 10
0r

0

0.225

0.45

0.675

0.9

F
u
n
ct

io
n
al

V
al

u
e

Figure 4.27: Functional value considering ϵr = 2.55, length L = 10 mm for first
case.

By analyzing the Figs. 4.27, 4.28, 4.29 and 4.30 for first case, it is possible
to tell that in this particular situation, whenever the height is very small,
the length and the relative permittivity does not affect the numbers of local
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Figure 4.28: Functional value considering ϵr = 6, length L = 10 mm for first
case.
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Figure 4.29: Functional value considering ϵr = 2.55, length L = 30 mm for first
case.

minima in the functional value. It is possible to notice that only one minimum
is identified, meaning that, if any initial guess for ϵr is made in the 1 − 20
range, it will converge to the global minimum and yields the correct result.

The second case will be fixing the height of he sample at 1.56 mm From
analysing the Fig. 4.31, 4.32, 4.33 and 4.34 for second case , it is possible to
tell that in this particular situation, the number of minimum of the functional
does get affected by length difference and by the relative permittivity, as an

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 4. Determination of the Constitutive Parameters 86

0 5 10 15 20
0r

0

0.35

0.7

1.05

1.4

F
u
n
ct

io
n
al

V
al

u
e

Figure 4.30: Functional value considering er = 6, length L = 30 mm for first
case
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Figure 4.31: Functional value considering ϵr = 2.55, length L = 10 mm for
second case.

example, in Fig. 4.31 we have 3 minimums while Fig. 4.33 has 5. Also, when the
length its kept the same and we just differ the ϵr, as an example, in Fig. 4.31
we have 3 minimums while in Fig. 4.32 we have 5.

As conclusion of this study, it is possible to affirm that in this particular
situation where the 5 frequencies are equally spaced, the height samples affects
the number of minimums of the functional and also when it is fixed and the
length and relative permittivity varies, it also changes.

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 4. Determination of the Constitutive Parameters 87

0 2 4 6 8 10
0r

0

2.5

5

7.5

10

F
u
n
ct

io
n
al

V
al

u
e

Figure 4.32: Functional value considering ϵr = 6, length L = 10 mm for second
case.
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Figure 4.33: Functional value considering ϵr = 2.55, length L = 30 mm for
second case.

4.3.3
Mislead convergence due to wrong initial guess choice

In this section will be presented how important it is to choose a correct
initial guess doing the search for global algorithm used before the optimization.

It was used a two-port coaxial line in this case, same as in Fig. 4.1,
with an isotropic material with ϵr = 2.55. As shown, since the initial guess
was wrongly chosen, it converged to a mislead result, instead of ϵr = 2.55, it
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Figure 4.34: Functional value considering ϵr = 6, length L = 30 mm for second
case.

converged to ϵr = 5.66. We will enforce that the initial guess is ϵr = 5.51 and
the answer should converge to the local minimum around this value.
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Figure 4.35: Functional value showing global minimum at ϵr = 2.51 and others
local minimums on ϵr = 5.51 and ϵr = 8.51.
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Figure 4.36: Evolution of the optimization parameter as a function of the
number of iterations. Convergence was achieved after 14 iterations at ϵr = 5.66.
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5
Inverse Problem Results

In this chapter we will present simulation results of several inverse
problems for exploring the ability of the previously-presented formulations to
retrieve the constitutive parameters of a sample material inside a measurement
cell.

Our MMT results were obtained using a Matlab code running on a PC
with a 2.30-GHz Intel Core i7-10510U processor. In contrast, the FIT results
were obtained using a dedicated HP Z800 Workstation with a dual quad-core
2.40-GHz Intel Xeon E5620 processor. We have used the standard options in
the FIT solver of CST.

5.1
Two-Port Measurement Cells

For the inverse problem using two-port measurement cell it was consid-
ered that the material under test were categorized into following cases:

– lossless isotropic sample

– lossy isotropic sample

– lossless anisotropic sample

– anisotropic sample with isotropic loss

– anisotropic sample with anisotropic loss

Those cases were tested using heterogeneous coaxial waveguide, homoge-
neous circular waveguide and heterogeneous circular waveguide. The number
of modes in region 1 and 3 were defined as 5 which was the smallest number to
obtain convergence and in region 2, using the external waveguide ratio criteria
[74], the number of modes were defined as 6.

5.1.1
Heterogeneous Coaxial Waveguide

Will be considered that the material under test is occupying the first
layer, while second layer will be fulfilled with vacuum.
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5.1.1.1
Lossless isotropic sample

The first simulation uses a lossless isotropic material in the second region.
In this case, it was considered that the information about the maerial being
isotropic was considered unknown to test if the algorithm was able to identify
both ϵrs and ϵrz with the same values. The objective on this approach is to
ensure that in cases where this information is unknown, our method is able to
identify it nevertheless. The parameters used are in Table 5.1, for the linear
functional, results are in Fig. 5.1 and 5.2, for the ϵrs and ϵrz, respectively. As
the results were positives, for cases were the material is isotropic, we can work
with one less parameter making the algorithm smoother.

Also, Table 5.2 presents the initial guess used by the optimization
algorithm in the form [ϵrs0 ϵrz0 ], the time spent to find the results and the
number of iterations necessary. We observe that the convergence was achieved
after 14 iterations for a value near ϵrs = 2.55 and ϵrz = 2.55 which was the one
used in the simulation.

Table 5.1: Geometric and constitutive parameters used on direct problem
of a lossless isotropic sample placed in second waveguide of a two-port
heterogeneous coaxial waveguide.
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 1.84 3.92 6.00 2.55 2.55 10−6 10−6

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

Table 5.2: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.1 using linear functional.

x0 Time Iterations
[2.51 2.51] 33 min 49 seconds 14

For the decibel functional, the results are present in Fig. 5.3 and 5.4. The
information about the optimization algorithm are in Table 5.3. In this case, a
lower number of iterations were necessary, although the time to converge was
almost the same. We again observe that the convergence was achieved after
11 iterations for a value near ϵrs = 2.55 and ϵrz = 2.55 which was the one used
in the simulation.

Table 5.3: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters table 5.1 using decibel functional.

x0 Time Iterations
[2.51 2.51] 33 min 25 seconds 11
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Figure 5.1: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
14 iterations at ϵrs = 2.55.
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Figure 5.2: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
14 iterations at ϵrz = 2.55.
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Figure 5.3: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
11 iterations at ϵrs = 2.55.
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Figure 5.4: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
11 iterations at ϵrz = 2.55.
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5.1.1.2
Lossy isotropic sample

The second case uses an isotropic material, with isotropic loss. As
discussed in the previous case, as it was proved that our algorithm can find ϵrs

equal to ϵrz for isotropic media, here we will not calculate them separately. The
same observation is made to σ. Parameters are in Table 5.4. Results using the
linear functional are in Fig. 5.5 and 5.6 and Table 5.5. The initial guess now
has the format x0 = [ϵr σ]. We observe that the convergence was achieved
after 11 iterations for a value near ϵr = 2.55 and σ = 0.02 which was the one
used in the simulation.

Table 5.4: Geometric and constitutive parameters used on direct problem of a
lossy isotropic sample placed in second waveguide of a two-port heterogeneous
coaxial waveguide.

Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵr σ

1 - 1.84 2.00 5.00 1.01 10−6

2 10 1.84 3.92 6.00 2.55 2 × 10−2

3 - 1.84 2.00 5.00 1.01 10−6
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Figure 5.5: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
11 iterations at ϵr = 2.55.

Table 5.5: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.4 using linear functional.

x0 Time Iterations
[2.51 0.01] 49 min 41 seconds 11
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Figure 5.6: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
11 iterations at σ = 0.02.

For the decibel functions, results are in Fig. 5.7 and 5.8 and in Table 5.6.
We observe that the convergence was achieved after 10 iterations for a value
near ϵr = 2.55 and σ = 0.02 which was the one used in the simulation.
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Figure 5.7: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
10 iterations at ϵrs = 2.55.
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Figure 5.8: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
10 iterations at σ = 0.02.
Table 5.6: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.4 using decibel functional.

x0 Time Iterations
[2.51 0.01] 30 min 7 seconds 10

5.1.1.3
Lossless anisotropic sample

The third case presents an anisotropic sample without losses. The
parameters used are in Table 5.7 and results using the linear functional are in
Fig. 5.9 and 5.10 and in Table 5.8. The initial guess are in the same format
as in the lossless isotropic case. We observe that the convergence was achieved
after 15 iterations for a value near ϵrs = 2.55, ϵrz = 3 which was the one used
in the simulation.
Table 5.7: Geometric and constitutive parameters used on direct problem
of a lossless anisotropic sample placed in second waveguide of a two-port
heterogeneous coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 1.84 3.92 6.00 2.55 3.00 10−6 10−6

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

Results when using the decibel functional are in Fig. 5.11 and 5.12 and
Table 5.9. We observe that the convergence was achieved after 9 iterations for
a value near ϵrs = 2.55, ϵrz = 3 which was the one used in the simulation.
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Figure 5.9: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
15 iterations at ϵrs = 2.55.
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Figure 5.10: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
15 iterations at ϵrz = 3.

Table 5.8: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.7 using linear functional.

x0 Time Iterations
[2.51 3.01] 105 min 45 seconds 15
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Figure 5.11: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
9 iterations at ϵrs = 2.55.
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Figure 5.12: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
9 iterations at ϵrz = 3.

Table 5.9: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.7 using decibel functional

x0 Time Iterations
[2.51 3.01] 138 min 37 seconds 9
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5.1.1.4
Anisotropic sample with isotropic loss

In this simulation we used an anisotropic material with isotropic loss.
Parameters used are in Table 5.10. Results for the linear functional are in
Fig. 5.13, 5.14, 5.15 and 5.16. Informations about the optimization algorithm
are in Table 5.11. The initial guess has the format x0 = [ϵrs ϵrz σs σz]. We
observe that the convergence was achieved after 27 iterations for a value near
ϵrs = 2.55, ϵrz = 3, σs = 0.02 and σz = 0.02 which was the one used in the
simulation.

Table 5.10: Geometric and constitutive parameters used on direct problem of a
isotropic loss and anisotropic sample placed in second waveguide of a two-port
heterogeneous coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 1.84 3.92 6.00 2.55 3.00 2 × 10−2 2 × 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.13: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
27 iterations at ϵrs = 2.55.

Table 5.11: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.10 using linear functional.

x0 Time Iterations
[2.51 3.51 0.01 0.01] 153 min 2 seconds 27
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Figure 5.14: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
27 iterations at ϵrz = 3.
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Figure 5.15: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
27 iterations at σs = 0.02.

For the decibel functional, the results obtained are in Fig. 5.17, 5.18, 5.19
and 5.20 and in Table 5.12. We observe that the convergence was achieved after
4 iterations for a value near ϵrs = 2.57, ϵrz = 2.89, σs = 0.02 and σz = 0.02
with a small difference from the ones used in simulation.
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Figure 5.16: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
27 iterations at σz = 0.02.

1 1.5 2 2.5 3 3.5 4
Iterations

2.51

2.53

2.55

2.57

2.59

0 r
s

Figure 5.17: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵrs = 2.57.

Table 5.12: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.10 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 197 min 41 seconds 4
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Figure 5.18: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵrz = 2.89.
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Figure 5.19: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σs = 0.02.
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Figure 5.20: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σz = 0.02.
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5.1.1.5
Anisotropic sample with anisotropic loss

The last case using an heterogeneous coaxial waveguide simulates an
anisotropic material with anisotropic losses. Parameters are in Table 5.13.
Results for the linear functional can be seen in Fig. 5.21, 5.22, 5.23 and
5.24 and in Table 5.14. The initial guess x0 has the same format as the one
presented in the previous case. We observe that the convergence was achieved
after 21 iterations for a value near ϵrs = 2.55, ϵrz = 3, σs = 0.1 and σz = 0.02
which was the one used in the simulation.

Table 5.13: Geometric and constitutive parameters used on direct problem of
a anisotropic lossy and anisotropic sample placed in second waveguide of a
two-port heterogeneous coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 1.84 3.92 6.00 2.55 3.00 10−1 2 × 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.21: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at ϵrs = 2.55.

Table 5.14: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.13 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 135 min 25 seconds 23
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Figure 5.22: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at ϵrz = 3.
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Figure 5.23: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at σs = 0.1.

Results using the decibel funtional are in Fig. 5.25, 5.26, 5.27 and 5.28 and
in Table 5.15. We observe that the convergence was achieved after 7 iterations
for a value near ϵrs = 2.56, ϵrz = 2.97, σs = 0.1 and σz = 0.02 with a small
difference from the ones used in simulation.
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Figure 5.24: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at σz = 0.02.
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Figure 5.25: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at ϵrs = 2.56.

Table 5.15: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.13 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 204 min 41 seconds 7
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Figure 5.26: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at ϵrz = 3.
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Figure 5.27: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at σs = 0.1.
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Figure 5.28: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at σz = 0.02.
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5.1.2
Homogeneous Circular Waveguide

Now, it will be considered that the material under test is ocuppying the
entire waveguide in the second region.

5.1.2.1
Lossless isotropic sample

This first simulation used the parameters listed in Table 5.16. Results can
be seen in Fig. 5.29 and in Table 5.17 for the linear functional while for the
decibel one are in Fig. 5.30 and Table 5.18. We observe that the convergence
was achieved after 7 iterations for linear functional and 4 iterations for decibel
functional for a value near ϵr = 2.56 for both with a small difference from the
one used in simulation.

Table 5.16: Geometric and constitutive parameters used on direct problem of a
lossless isotropic sample placed in second waveguide of a two-port homogeneous
circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 6 - 2.55 2.55 10−6 10−6

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.29: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
7 iterations at ϵr = 2.55.
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Table 5.17: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.16 using linear functional.

x0 Time Iterations
2.51 8 min 28 seconds 7

1 1.5 2 2.5 3 3.5 4
Iterations
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Figure 5.30: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵr = 2.55.

Table 5.18: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.16 using decibel functional.

x0 Time Iterations
2.51 9 min 36 seconds 4

5.1.2.2
Lossy isotropic sample

For the lossy isotropic material, parameters can be observed in Table 5.19
and results for linear funtional are in Fig. 5.31 and 5.32 and in Table 5.20. The
decibel functional has its results on Fig. 5.33 and 5.34 and in Table 5.21.
We observe that the convergence was achieved after 18 iterations for linear
functional and 6 iterations for decibel functional for a value near ϵr = 2.55
and σ = 0.02 for linear functional with a good convergence and ϵr = 2.55 and
σ = 0.015 for decibel functional with a small difference from the ones used in
simulation.
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Table 5.19: Geometric and constitutive parameters used on direct problem of a
lossy isotropic sample placed in second waveguide of a two-port homogeneous
circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 6 - 2.55 2.55 2 × 10−2 2 × 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.31: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
18 iterations at ϵr = 2.55.

Table 5.20: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.19 using linear functional.

x0 Time Iterations
[2.51 0.01] 34 min 12 seconds 18

Table 5.21: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.19 using decibel functional.

x0 Time Iterations
[2.51 0.01] 32 min 53 seconds 6

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 112

0 5 10 15 20
Iterations

0

0.02

0.04

0.06

0.08
<
(S

=m
)

Figure 5.32: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
18 iterations at σ = 0.02.
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Figure 5.33: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
18 iterations at ϵr = 2.55.
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Figure 5.34: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
18 iterations at σ = 0.015.
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5.1.2.3
Lossless anisotropic sample

For this case, parameters can be seen in Table 5.22. Results for the
linear functional are in Fig. 5.35 and 5.36 and in Table 5.23. For decibel
functional they are in Fig. 5.37 and 5.38 and in Table 5.24. We observe
that the convergence was achieved after 9 iterations for linear functional and
3 iterations for decibel functional for a value near ϵrs = 2.53 and ϵrz = 3.33 for
linear functional with a small difference from the ones used in simulation and
ϵrs = 7.38 and ϵrz = 5.42 for decibel functional with a large difference from
the ones used in simulation

Table 5.22: Geometric and constitutive parameters used on direct problem
of a lossless anisotropic sample placed in second waveguide of a two-port
homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 6 - 2.55 3 10−6 10−6

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.35: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
9 iterations at ϵrs = 2.53.
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Figure 5.36: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
9 iterations at ϵrz = 3.33.

Table 5.23: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.22 using linear functional.

x0 Time Iterations
[2.51 3.51] 122 min 15 seconds 9
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Iterations
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Figure 5.37: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrs = 7.38.
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Figure 5.38: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrz = 5.42.

Table 5.24: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.22 using decibel functional.

x0 Time Iterations
[7.51 5.51] 116 min 34 seconds 3

5.1.2.4
Anisotropic sample with isotropic loss

The parameters used to simulate the measurement cell filled with an
anisotropic medium with isotropic loss are in Table 5.25. For the linear
functional, results are in Fig. 5.39, 5.40, 5.41 and 5.42 and in Table 5.26. For
the decibel functional, they can be seen in Fig. 5.43, 5.44, 5.45 and 5.46 and in
Table 5.27. We observe that the convergence was achieved after 19 iterations
for linear functional and 5 iterations for decibel functional for a value near
ϵrs = 2.55, ϵrz = 3, σs = 0.01 and σz = 0.01 for linear functional with a
good convergence from the ones used in simulation and ϵrs = 2.55, ϵrz = 2.95,
σs = 0.008 and σz = 0.008 for decibel functional with a small difference from
the ones used in simulation
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Table 5.25: Geometric and constitutive parameters used on direct problem of
a isotropric lossy and anisotropic sample placed in second waveguide of a two-
port homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 6 - 2.55 3 10−2 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.39: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
19 iterations at ϵrs = 2.55.

Table 5.26: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.25 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 121 min 9 seconds 19

Table 5.27: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.25 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 93 min 7 seconds 5
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Figure 5.40: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
19 iterations at ϵrz = 3.
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Figure 5.41: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
19 iterations at σs = 0.01.
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Figure 5.42: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
19 iterations at σz = 0.01.
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Figure 5.43: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
5 iterations at ϵrs = 2.55.
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Figure 5.44: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
5 iterations at ϵrz = 2.95.
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Figure 5.45: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
5 iterations at σs = 0.008.
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Figure 5.46: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
5 iterations at σz = 0.008.

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 122

5.1.2.5
Anisotropic sample with anisotropic loss

Finally, for the last case, parameters are in Table 5.28 and results for
linear functional are in Fig. 5.47, 5.48, 5.49 and 5.50 and in Table 5.29. The
decibel functional has results presented in Fig. 5.51, 5.52, 5.53 and 5.54 and in
Table 5.30. We observe that the convergence was achieved after 23 iterations
for linear functional and 8 iterations for decibel functional for a value near
ϵrs = 2.55, ϵrz = 3, σs = 0.01 and σz = 0.02 for linear functional with a
good convergence from the ones used in simulation and ϵrs = 2.54, ϵrz = 3.01,
σs = 0.011 and σz = 0.015 for decibel functional with a small difference from
the ones used in simulation

Table 5.28: Geometric and constitutive parameters used on direct problem of
a anisotropric lossy and anisotropic sample placed in second waveguide of a
two-port homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 6 - 2.55 3 10−2 2 × 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.47: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at ϵrs = 2.55.
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Figure 5.48: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at ϵrz = 3.
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Figure 5.49: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at σs = 0.01.

Table 5.29: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.28 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 143 min 55 seconds 23
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Figure 5.50: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at σz = 0.02.
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Figure 5.51: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
8 iterations at ϵrs = 2.54.

Table 5.30: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.28 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 101 min 44 seconds 8

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 125

1 2 3 4 5 6 7 8
Iterations

2.96

2.9825

3.005

3.0275

3.05
0 r

z

Figure 5.52: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
8 iterations at ϵrz = 3.01.
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Figure 5.53: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
8 iterations at σs = 0.011.
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Figure 5.54: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
8 iterations at σz = 0.015.
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5.1.3
Heterogeneous Circular Waveguide

Now, the second region is a circular waveguide, where the material is in
the first layer and second layer is filled with vacuum, 10 modes were used in
this case.

5.1.3.1
Lossless isotropic sample

This simulation used the parameters in Table 5.31. Results can be seen
in Fig. 5.55 and in Table 5.32. We observe that the convergence was achieved
after 9 iterations for linear functional and 8 iterations for decibel functional
for a value near ϵr = 2.55 for linear functional with a good convergence from
the ones used in simulation

Table 5.31: Geometric and constitutive parameters used on direct problem
of a lossless isotropic sample placed in second waveguide of a two-port
heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 3 6 2.55 2.55 10−6 10−6

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 4 6 8
Iterations
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Figure 5.55: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
9 iterations at ϵr = 2.55.
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Table 5.32: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.31 using linear functional.

x0 Time Iterations
2.51 18 min 47 seconds 9

5.1.3.2
Lossy isotropic sample

For this case, parameters can be seen in Table 5.33 and results for linear
funtional are in Fig. 5.56 and 5.57 and in Table 5.34. The decibel functional
has its results on Fig. 5.58 and 5.59 and in Table 5.35. We observe that
the convergence was achieved after 10 iterations for linear functional and
4 iterations for decibel functional for a value near ϵr = 2.55 and σ = 0.02
for linear functional with a good convergence from the ones used in simulation
and ϵr = 2.55 and σ = 0.036 for decibel functional with a small difference from
the ones used in simulation
Table 5.33: Geometric and constitutive parameters used on direct problem of a
lossy isotropic sample placed in second waveguide of a two-port heterogeneous
circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 3 6 2.55 2.55 2 × 10−2 2 × 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.56: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at ϵr = 2.55.
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Figure 5.57: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at σ = 0.02.
Table 5.34: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.33 using linear functional.

x0 Time Iterations
[2.51 0.01] 70 min 26 seconds 10
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Iterations
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Figure 5.58: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
10 iterations at ϵr = 2.55.
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Figure 5.59: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
10 iterations at σ = 0.036.
Table 5.35: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.33 using decibel functional.

x0 Time Iterations
[2.51 0.01] 197 min 41 seconds 4

5.1.3.3
Lossless anisotropic sample

For the lossless anisotropic material case, parameters are in Table 5.36.
Results for the linear functional are in Fig. 5.60 and 5.61 and in Table 5.37. For
decibel functional they are in Fig. 5.62 and 5.63 and in Table 5.38. We observe
that the convergence was achieved after 10 iterations for linear functional and
3 iterations for decibel functional for a value near ϵrs = 2.55 and ϵrz = 3 for
linear functional with a good convergence from the ones used in simulation
and ϵrs = 2.56 and ϵrz = 2.99 for decibel functional with a small difference
from the ones used in simulation

Table 5.36: Geometric and constitutive parameters used on direct problem
of a lossless anisotropic sample placed in second waveguide of a two-port
heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 3 6 2.55 3 10−6 10−6

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 131

0 2 4 6 8 10
Iterations

2.51

2.525

2.54

2.555

2.57

0 r
s

Figure 5.60: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at ϵrs = 2.55.
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Figure 5.61: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at ϵrz = 3.

Table 5.37: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.36 using linear functional.

x0 Time Iterations
[2.51 3.01] 166 min 5 seconds 10
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Figure 5.62: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrs = 2.56.
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Figure 5.63: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrz = 2.99.

Table 5.38: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.36 using decibel functional.

x0 Time Iterations
[2.51 3.01] 152 min 33 seconds 3
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5.1.3.4
Anisotropic sample with isotropic loss

In this simulation parameters used are in Table 5.39. Results for the
linear functional are in Fig. 5.64, 5.65, 5.66 and 5.67 and Table 5.40. For
the decibel one, results are in Fig. 5.68, 5.69, 5.70 and 5.71 and Table 5.41.
We observe that the convergence was achieved after 21 iterations for linear
functional and 3 iterations for decibel functional for a value near ϵrs = 2.55,
ϵrz = 3, σs = 0.018 and σz = 0.02 for linear functional with a small difference
from the ones used in simulation and ϵrs = 2.56, ϵrz = 2.99, σs = 0.01 and
σz = 0.01 for decibel functional with a small difference from the ones used in
simulation

Table 5.39: Geometric and constitutive parameters used on direct problem of
a isotropic lossy and anisotropic sample placed in second waveguide of a two-
port heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 3 6 2.55 3 2 × 10−2 2 × 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.64: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at ϵrs = 2.55.
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Figure 5.65: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at ϵrz = 3.

0 5 10 15 20 25
Iterations

0

0.0088

0.0175

0.0263

0.035

<
s
(S

=m
)

Figure 5.66: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at σs = 0.018.

Table 5.40: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.39 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 230 min 30 seconds 21
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Figure 5.67: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at σz = 0.02.
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Figure 5.68: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrs = 2.56.

Table 5.41: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.39 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 166 min 46 seconds 3
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Figure 5.69: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrz = 2.99.
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Figure 5.70: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σs = 0.01.
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Figure 5.71: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σz = 0.01.
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5.1.3.5
Anisotropic sample with anisotropic loss

The last case, with an lossy anisotropic material, parameters are in
Table 5.42 and results for linear functional are in Fig. 5.72, 5.73, 5.74 and 5.75
and in Table 5.43. The decibel functional has results presented in Fig. 5.76,
5.77, 5.78 and 5.79 and in Table 5.44. We observe that the convergence was
achieved after 22 iterations for linear functional and 3 iterations for decibel
functional for a value near ϵrs = 2.55, ϵrz = 3, σs = 0.01 and σz = 0.02 for
linear functional with a good convergence from the ones used in simulation
and ϵrs = 2.56, ϵrz = 2.99, σs = 0.01 and σz = 0.01 for decibel functional with
a small difference from the ones used in simulation

Table 5.42: Geometric and constitutive parameters used on direct problem of
an anisotropic lossy and anisotropic sample placed in second waveguide of a
two-port heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6

2 10 0 3 6 2.55 2.55 10−2 2 × 10−2

3 - 1.84 2.00 5.00 1.01 1.01 10−6 10−6
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Figure 5.72: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
22 iterations at ϵrs = 2.55.
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Figure 5.73: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
22 iterations at ϵrz = 3.
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Figure 5.74: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
22 iterations at σs = 0.01.

Table 5.43: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.42 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 229 min 31 seconds 22

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 140

0 5 10 15 20 25
Iterations

0.01

0.0145

0.019

0.0235

0.028

<
z
(S

=m
)

Figure 5.75: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
22 iterations at σz = 0.02.
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Figure 5.76: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrs = 2.56.

Table 5.44: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.42 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 160 min 51 seconds 3
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Figure 5.77: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrz = 2.99.
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Figure 5.78: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σs = 0.01.
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Figure 5.79: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σz = 0.01.
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5.2
One-Port Measurement Cells

For the inverse problem using one-port measurement cell it was consid-
ered that the sample was categorized into the same cases as in the previous
section. They were tested using the same three types of measurement cells as
in the ones used in the two-ports scenarios.

5.2.1
Heterogeneous Coaxial Waveguide

The sample fills the first layer, while the second one is fullfiled with
vacuum.

5.2.1.1
Lossless isotropic sample

This first simulation used the parameters listed in Table 5.45. Results
can be seen in Fig. 5.80 and in Table 5.46 for the linear functional while
for the decibel one they are in Fig. 5.81 and Table 5.47. We observe that the
convergence was achieved after 9 iterations for linear functional and 4 iterations
for decibel functional for a value near ϵr = 2.55 for linear functional with a
good convergence from the ones used in simulation and ϵr = 2.55 for decibel
functional with a good convergence from the ones used in simulation.

Table 5.45: Geometric and constitutive parameters used on direct problem
of a lossless isotropic sample placed in second waveguide of a one-port
heterogeneous coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 6.3 12.6 19 2.55 2.55 10−6 10−6

3 30 6.3 10 18 1.01 1.01 10−6 10−6

Table 5.46: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.45 using linear functional.

x0 Time Iterations
2.51 27 min 54 seconds 9

Table 5.47: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.45 using decibel functional.

x0 Time Iterations
2.51 20 min 55 seconds 4
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Figure 5.80: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
9 iterations at ϵr = 2.55.
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Figure 5.81: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵr = 2.55.

5.2.1.2
Lossy isotropic sample

For this case, parameters can be seen in Table 5.48 and results for linear
funtional are in Fig. 5.82 and 5.83 and in Table 5.49. The decibel functional
has its results on Fig. 5.84 and 5.85 and in Table 5.50. We observe that
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the convergence was achieved after 16 iterations for linear functional and
3 iterations for decibel functional for a value near ϵr = 2.55 and σ = 0.01
for linear functional with a good convergence from the ones used in simulation
and ϵr = 2.58 and σ = 0.011 for decibel functional with a small difference from
the ones used in simulation

Table 5.48: Geometric and constitutive parameters used on direct problem of a
lossy isotropic sample placed in second waveguide of a one-port heterogeneous
coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 6.3 12.6 19 2.55 2.55 10−2 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6

0 5 10 15
Iterations

2.51

2.53

2.55

2.57

2.59

0 r

Figure 5.82: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
16 iterations at ϵr = 2.55.

Table 5.49: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.48 using linear functional.

x0 Time Iterations
[2.51 0.01] 89 min 21 seconds 16

Table 5.50: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.48 using decibel functional.

x0 Time Iterations
[2.51 0.01] 53 min 27 seconds 3
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Figure 5.83: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
16 iterations at σ = 0.01.
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Figure 5.84: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵr = 2.58.
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Figure 5.85: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σ = 0.011.
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5.2.1.3
Lossless anisotropic sample

For the lossless anisotropic material case, parameters are in Table 5.51.
Results for the linear functional are in Fig. 5.86 and 5.87 and in Table 5.52. For
decibel functional they are in Fig. 5.88 and 5.89 and in Table 5.53. We observe
that the convergence was achieved after 14 iterations for linear functional and
7 iterations for decibel functional for a value near ϵrs = 2.55 and ϵrz = 3 for
linear functional with a good convergence from the ones used in simulation
and ϵrs = 2.55 and ϵrz = 3 for decibel functional with a good convergence from
the ones used in simulation

Table 5.51: Geometric and constitutive parameters used on direct problem
of a lossless anisotropic sample placed in second waveguide of a one-port
heterogeneous coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 6.3 12.6 19 2.55 3 10−6 10−6

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.86: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
14 iterations at ϵrs = 2.55.
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Figure 5.87: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
14 iterations at ϵrz = 3.

Table 5.52: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.51 using linear functional.

x0 Time Iterations
[2.51 3.01] 243 min 18 seconds 14
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Figure 5.88: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at ϵrs = 2.55.

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 150

1 2 3 4 5 6 7
Iterations

2.9

2.935

2.97

3.005

3.04

0 r
z

Figure 5.89: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at ϵrz = 3.

Table 5.53: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.51 using decibel functional.

x0 Time Iterations
[2.51 3.01] 213 min 3 seconds 7

5.2.1.4
Anisotropic sample with isotropic loss

In this simulation parameters used are in Table 5.54. Results for the
linear functional are in Fig. 5.90, 5.91, 5.92 and 5.93 and Table 5.55. For the
decibel one, results are in Fig. 5.94, 5.95, 5.96 and 5.97 and in Table 5.56.
We observe that the convergence was achieved after 24 iterations for linear
functional and 2 iterations for decibel functional for a value near ϵrs = 2.55,
ϵrz = 3, σs = 0.02 and σz = 0.02 for linear functional with a good convergence
from the ones used in simulation and ϵrs = 2.51, ϵrz = 3.01, σs = 0.01 and
σz = 0.01 for decibel functional with a small difference from the ones used in
simulation

Table 5.54: Geometric and constitutive parameters used on direct problem of
a isotropic lossy and anisotropic sample placed in second waveguide of a one-
port heterogeneous coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 6.3 12.6 19 2.55 3 2 × 10−2 2 × 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.90: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at ϵrs = 2.55.
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Figure 5.91: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at ϵrz = 2.99.
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Figure 5.92: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at σs = 0.02.
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Figure 5.93: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at σz = 0.02.

Table 5.55: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.54 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 230 min 53 seconds 24
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Figure 5.94: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at ϵrs = 2.51.
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Figure 5.95: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at ϵrz = 3.01.

Table 5.56: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.54 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 156 min 33 seconds 2
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Figure 5.96: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at σs = 0.01.
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Figure 5.97: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at σz = 0.01.

5.2.1.5
Anisotropic sample with anisotropic loss

The last case, with an lossy anisotropic material, parameters are in
Table 5.57 and results for linear functional are in Fig. 5.98, 5.99, 5.100
and 5.101 and in Table 5.58. The decibel functional has results presented
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in Fig. 5.102, 5.103, 5.104 and 5.105 and in Table 5.59. We observe that
the convergence was achieved after 21 iterations for linear functional and
4 iterations for decibel functional for a value near ϵrs = 2.55, ϵrz = 3, σs = 0.01
and σz = 0.02 for linear functional with a good convergence from the ones used
in simulation and ϵrs = 2.57, ϵrz = 2.98, σs = 0.012 and σz = 0.013 for decibel
functional with a small difference from the ones used in simulation

Table 5.57: Geometric and constitutive parameters used on direct problem of
a anisotropic lossy and anisotropic sample placed in second waveguide of a
one-port heterogeneous coaxial waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 6.3 12.6 19 2.55 3 10−2 2 × 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.98: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at ϵrs = 2.55.

Table 5.58: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.57 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 217 min 14 seconds 21
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Figure 5.99: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at ϵrz = 3.
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Figure 5.100: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at σs = 0.01.

Table 5.59: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.57 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 180 min 24 seconds 4
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Figure 5.101: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at σz = 0.02.
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Figure 5.102: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵrs = 2.57.
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Figure 5.103: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵrz = 2.98.

1 1.5 2 2.5 3 3.5 4
Iterations

0.0095

0.01025

0.011

0.01175

0.0125

<
s
(S

=m
)

Figure 5.104: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σs = 0.012.
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Figure 5.105: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σz = 0.013.
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5.2.2
Homogeneous Circular Waveguide

As in the previous section, the material is ocuppying the entire waveguide
in the second region.

5.2.2.1
Lossless isotropic sample

This first simulation used the parameters listed in Table 5.60. Results
can be seen in Fig. 5.106 and in Table 5.61 for the linear functional while
for the decibel one are in Fig. 5.107 and Table 5.62. We observe that the
convergence was achieved after 9 iterations for linear functional and 3 iterations
for decibel functional for a value near ϵr = 2.55 for linear functional with a
good convergence from the ones used in simulation and ϵr = 2.54 for decibel
functional with a good convergence from the ones used in simulation

Table 5.60: Geometric and constitutive parameters used on direct problem of a
lossless isotropic sample placed in second waveguide of a one-port homogeneous
circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 19 - 2.55 2.55 10−6 10−6

3 30 6.3 10 18 1.01 1.01 10−6 10−6

2 4 6 8
Iterations

2.51

2.53

2.55

2.57

2.59

0 r

Figure 5.106: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
9 iterations at ϵr = 2.55.
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Table 5.61: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.60 using linear functional.

x0 Time Iterations
2.51 25 min 16 seconds 9

1 1.5 2 2.5 3
Iterations

2.51
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2.53

2.54

2.55

0 r

Figure 5.107: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵr = 2.54.

Table 5.62: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.60 using decibel functional.

x0 Time Iterations
2.51 21 min 52 seconds 3

5.2.2.2
Lossy isotropic sample

For this case, parameters can be seen in Table 5.63 and results for linear
funtional are in Fig. 5.108 and 5.109 and in Table 5.64. The decibel functional
has its results on Fig. 5.110 and 5.111 and in Table 5.65. We observe that
the convergence was achieved after 12 iterations for linear functional and
3 iterations for decibel functional for a value near ϵr = 2.55 and σ = 0.01
for linear functional with a good convergence from the ones used in simulation
and ϵr = 2.58 and σ = 0.011 for decibel functional with a small difference from
the ones used in simulation.
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Table 5.63: Geometric and constitutive parameters used on direct problem of a
lossy isotropic sample placed in second waveguide of a one-port homogeneous
circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 19 - 2.55 2.55 10−2 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Iterations
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Figure 5.108: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
12 iterations at ϵr = 2.55.

Table 5.64: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.63 using linear functional.

x0 Time Iterations
[2.51 0.01] 67 min 8 seconds 12

Table 5.65: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.63 using decibel functional.

x0 Time Iterations
[2.51 0.01] 47 min 56 seconds 3
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Figure 5.109: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
12 iterations at σ = 0.01.
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Figure 5.110: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵr = 2.58.
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Figure 5.111: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σ = 0.01.
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5.2.2.3
Lossless anisotropic sample

For the lossless anisotropic material case, parameters are in Table 5.66.
Results for the linear functional are in Fig. 5.112 and 5.113 and in Table 5.67.
For decibel functional they are in Fig. 5.114 and 5.115 and in Table 5.68.
We observe that the convergence was achieved after 10 iterations for linear
functional and 3 iterations for decibel functional for a value near ϵrs = 2.55
and ϵrz = 2.99 for linear functional with a small difference from the ones used
in simulation and ϵrs = 2.56 and ϵrz = 2.99 for decibel functional with a small
difference from the ones used in simulation

Table 5.66: Geometric and constitutive parameters used on direct problem
of a lossless anisotropic sample placed in second waveguide of a one-port
homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 19 - 2.55 3 10−6 10−6

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.112: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at ϵrs = 2.55.
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Figure 5.113: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at ϵrz = 2.99.

Table 5.67: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters table 5.66 of Fig. 5.112 and Fig. 5.113
using linear functional

x0 Time Iterations
[2.51 3.01] 195 min 12 seconds 10

1 1.5 2 2.5 3
Iterations
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Figure 5.114: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrs = 2.56.
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Figure 5.115: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrz = 2.99.

Table 5.68: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.66 using decibel functional.

x0 Time Iterations
[2.51 3.01] 178 min 11 seconds 3

5.2.2.4
Anisotropic sample with isotropic loss

In this simulation parameters used are in Table 5.69. Results for the
linear functional are in Fig. 5.116, 5.117, 5.118 and 5.119 and Table 5.70. For
the decibel one, results are in Fig. 5.120, 5.121, 5.122 and 5.123 and Table 5.71.
We observe that the convergence was achieved after 26 iterations for linear
functional and 3 iterations for decibel functional for a value near ϵrs = 2.55,
ϵrz = 3, σs = 0.01 and σz = 0.01 for linear functional with a good convergence
from the ones used in simulation and ϵrs = 2.61, ϵrz = 3.05, σs = 0.002 and
σz = 0.002 for decibel functional with a relative difference from the ones used
in simulation

Table 5.69: Geometric and constitutive parameters used on direct problem of
a isotropic lossy and anisotropic sample placed in second waveguide of a one-
port homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 19 - 2.55 3 10−2 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.116: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
26 iterations at ϵrs = 2.55.
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Figure 5.117: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
26 iterations at ϵrz = 3.
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Figure 5.118: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
26 iterations at σs = 0.01.
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Figure 5.119: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
26 iterations at σz = 0.01.

Table 5.70: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.69 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 197 min 36 seconds 26
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Figure 5.120: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrs = 2.61.
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Figure 5.121: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrz = 3.05.

Table 5.71: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.69 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 156 min 33 seconds 3
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Figure 5.122: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σs = 0.002.
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Figure 5.123: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σz = 0.002.

5.2.2.5
Anisotropic sample with anisotropic loss

The last case, with an lossy anisotropic material, parameters are in
Table 5.72 and results for linear functional are in Fig. 5.124, 5.125, 5.126
and 5.127 and in Table 5.73. The decibel functional has results presented
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in Fig. 5.128, 5.129, 5.130 and 5.131 and in Table 5.74. We observe that
the convergence was achieved after 23 iterations for linear functional and
4 iterations for decibel functional for a value near ϵrs = 2.55, ϵrz = 3, σs = 0.01
and σz = 0.02 for linear functional with a good convergence from the ones used
in simulation and ϵrs = 2.57, ϵrz = 2.98, σs = 0.012 and σz = 0.012 for decibel
functional with a small difference from the ones used in simulation

Table 5.72: Geometric and constitutive parameters used on direct problem of
a anisotropic lossy and anisotropic sample placed in second waveguide of a
one-port homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 19 - 2.55 3 10−2 2 × 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.124: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at ϵrs = 2.55.

Table 5.73: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.72 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 200 min 41 seconds 23
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Figure 5.125: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at ϵrz = 3.
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Figure 5.126: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at σs = 0.01.

Table 5.74: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.72 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 180 min 24 seconds 4
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Figure 5.127: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
23 iterations at σz = 0.02.
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Figure 5.128: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵrs = 2.57.
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Figure 5.129: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵrz = 2.98.
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Figure 5.130: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σs = 0.01.
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Figure 5.131: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σz = 0.01.
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5.2.3
Heterogeneous Circular Waveguide

The second region is a circular waveguide, where the material is in the
first layer and second layer is filled with vacuum.

5.2.3.1
Lossless isotropic sample

This first simulation used the parameters listed in Table 5.75. Results
can be seen in Fig. 5.132 and in Table 5.76 for the linear functional while
for the decibel one are in Fig. 5.133 and Table 5.77. We observe that the
convergence was achieved after 8 iterations for linear functional and 4 iterations
for decibel functional for a value near ϵr = 2.55 for linear functional with a
good convergence from the ones used in simulation and ϵr = 2.55 for decibel
functional with a good convergence from the ones used in simulation.

Table 5.75: Geometric and constitutive parameters used on direct problem
of a lossless isotropic sample placed in second waveguide of a one-port
heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 12.6 19 2.55 2.55 10−6 10−6

3 30 6.3 10 18 1.01 1.01 10−6 10−6

1 2 3 4 5 6 7 8
Iterations

2.51
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0 r

Figure 5.132: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
8 iterations at ϵr = 2.55.

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 178

Table 5.76: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.75 using linear functional.

x0 Time Iterations
2.51 43 min 25 seconds 8

1 1.5 2 2.5 3 3.5 4
Iterations
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2.59
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Figure 5.133: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵr = 2.55.

Table 5.77: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters table 5.75 of Fig. 5.133 using decibel
functional

x0 Time Iterations
2.51 40 min 21 seconds 4

5.2.3.2
Lossy isotropic sample

For this case, parameters can be seen in Table 5.78 and results for
linear funtional are in Fig. 5.134 and 5.135 and in Table 5.79. The decibel
functional has its results on Fig. 5.136 and 5.137 and in Table 5.80. We observe
that the convergence was achieved after 5 iterations for linear functional and
3 iterations for decibel functional for a value near ϵr = 2.53 and σ = 0.015 for
linear functional with a small difference from the ones used in simulation and
ϵr = 2.58 and σ = 0.01 for decibel functional with a small difference from the
ones used in simulation.
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Table 5.78: Geometric and constitutive parameters used on direct problem of a
lossy isotropic sample placed in second waveguide of a one-port heterogeneous
circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 12.6 19 2.55 2.55 10−2 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6

1 2 3 4 5
Iterations
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2.59

0 r

Figure 5.134: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
5 iterations at ϵr = 2.53.

Table 5.79: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.78 using linear functional.

x0 Time Iterations
[2.51 0.01] 119 min 13 seconds 5

Table 5.80: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.78 using decibel functional.

x0 Time Iterations
[2.51 0.01] 98 min 55 seconds 3
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Figure 5.135: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
5 iterations at σ = 0.015.
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Figure 5.136: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵr = 2.58.
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Figure 5.137: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at σ = 0.01.
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5.2.3.3
Lossless anisotropic sample

For the lossless anisotropic material case, parameters are in Table 5.81.
Results for the linear functional are in Fig. 5.138 and 5.139 and in Table 5.82.
For decibel functional they are in Fig. 5.140 and 5.141 and in Table 5.83.
We observe that the convergence was achieved after 3 iterations for linear
functional and 7 iterations for decibel functional for a value near ϵrs = 2.72
and ϵrz = 3.2 for linear functional with a relatively difference from the ones
used in simulation and ϵrs = 2.55 and ϵrz = 3 for decibel functional with a
small difference from the ones used in simulation

Table 5.81: Geometric and constitutive parameters used on direct problem
of a lossless anisotropic sample placed in second waveguide of a one-port
heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 12.6 19 2.55 3 10−6 10−6

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Iterations
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Figure 5.138: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
14 iterations at ϵrs = 2.72.
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Figure 5.139: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
14 iterations at ϵrz = 3.2.

Table 5.82: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.81 using linear functional.

x0 Time Iterations
[2.51 3.01] 243 min 18 seconds 3

1 2 3 4 5 6 7
Iterations

2.51
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2.55
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0 r
s

Figure 5.140: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at ϵrs = 2.55.
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Figure 5.141: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
7 iterations at ϵrz = 3.

Table 5.83: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.81 using decibel functional.

x0 Time Iterations
[2.51 3.01] 213 min 3 seconds 7

5.2.3.4
Anisotropic sample with isotropic loss

In this simulation parameters used are in Table 5.84. Results for the
linear functional are in Fig. 5.142, 5.143, 5.144 and 5.145 and Table 5.85. For
the decibel one, results are in Fig. 5.146, 5.147, 5.148 and 5.149 and Table 5.86.
We observe that the convergence was achieved after 24 iterations for linear
functional and 2 iterations for decibel functional for a value near ϵrs = 2.55,
ϵrz = 3, σs = 0.02 and σz = 0.02 for linear functional with a good convergence
from the ones used in simulation and ϵrs = 2.51, ϵrz = 3.01, σs = 0.01 and
σz = 0.01 for decibel functional with a small difference from the ones used in
simulation

Table 5.84: Geometric and constitutive parameters used on direct problem of
a isotropic lossy and anisotropic sample placed in second waveguide of a one-
port heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 12.6 19 2.55 3 2 × 10−2 2 × 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.142: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at ϵrs = 2.55.
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Figure 5.143: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at ϵrz = 2.99.
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Figure 5.144: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at σs = 0.02.
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Figure 5.145: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
24 iterations at σz = 0.02.

Table 5.85: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.84 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 230 min 53 seconds 24
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Figure 5.146: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at ϵrs = 2.51.
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Figure 5.147: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at ϵrz = 3.01.

Table 5.86: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.84 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 156 min 36 seconds 2
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Figure 5.148: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at σs = 0.01.
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Figure 5.149: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at σz = 0.01.

5.2.3.5
Anisotropic sample with anisotropic loss

The last case, with an lossy anisotropic material, parameters are in
Table 5.87 and results for linear functional are in Fig. 5.150, 5.151, 5.152
and 5.153 and in Table 5.88. The decibel functional has results presented
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in Fig. 5.154, 5.155, 5.156 and 5.157 and in Table 5.89. We observe that
the convergence was achieved after 21 iterations for linear functional and
4 iterations for decibel functional for a value near ϵrs = 2.55, ϵrz = 3, σs = 0.01
and σz = 0.02 for linear functional with a good convergence from the ones used
in simulation and ϵrs = 2.57, ϵrz = 2.98, σs = 0.012 and σz = 0.013 for decibel
functional with a small difference from the ones used in simulation

Table 5.87: Geometric and constitutive parameters used on direct problem of
a anisotropic lossy and anisotropic sample placed in second waveguide of a
one-port heterogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 - 6.3 10 18 1.01 1.01 10−6 10−6

2 30 0 12.6 19 2.55 3 10−2 2 × 10−2

3 30 6.3 10 18 1.01 1.01 10−6 10−6
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Figure 5.150: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at ϵrs = 2.55.

Table 5.88: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.87 using linear functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 217 min 14 seconds 21
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Figure 5.151: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at ϵrz = 3.00.
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Figure 5.152: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at σs = 0.01.

Table 5.89: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.87 using decibel functional.

x0 Time Iterations
[2.51 3.01 0.01 0.01] 180 min 24 seconds 4
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Figure 5.153: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
21 iterations at σz = 0.02.
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Figure 5.154: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
2 iterations at ϵrs = 2.57.
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Figure 5.155: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵrz = 2.98.
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Figure 5.156: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σs = 0.012.
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Figure 5.157: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at σz = 0.013.
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5.3
Open-ended Coaxial Measurement Cells

For the inverse problem using open-ended coaxial measurement cells it
was used the following cases:

– lossless isotropic sample

– lossless anisotropic sample

All of them were tested using an homogeneous circular waveguide.

5.3.1
Homogeneous Circular Waveguide

The material has a circular shape, and is not inside an waveguide, as in
the previous case.

5.3.1.1
Lossless isotropic sample

This first simulation used the parameters listed in Table 5.90. Results
can be seen in Fig. 5.158 and in Table 5.91 for the linear functional while
for the decibel one are in Fig. 5.159 and Table 5.92. We observe that the
convergence was achieved after 6 iterations for linear functional and 4 iterations
for decibel functional for a value near ϵr = 2.55 for linear functional with a
good convergence from the ones used in simulation and ϵr = 2.55 for decibel
functional with a good convergence from the ones used in simulation.

Table 5.90: Geometric and constitutive parameters used on direct problem
of a lossless isotropic sample placed in second waveguide of a one-ended
homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 0 6.3 10 18 1.01 1.01 10−6 10−6

2 ∞ 0 54 - 2.55 2.55 10−6 10−6

Table 5.91: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.90 using linear functional.

x0 Time Iterations
2.51 18 min 13 seconds 6
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Figure 5.158: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
6 iterations at ϵr = 2.55.
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Figure 5.159: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
4 iterations at ϵr = 2.55.

Table 5.92: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.90 using decibel functional.

x0 Time Iterations
2.51 16 min 31 seconds 4
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5.3.1.2
Lossless anisotropic sample

For the lossless anisotropic material case, parameters are in Table 5.93.
Results for the linear functional are in Fig. 5.160 and 5.161 and in Table 5.94.
For decibel functional they are in Fig. 5.162 and 5.163 and in Table 5.95.
We observe that the convergence was achieved after 10 iterations for linear
functional and 3 iterations for decibel functional for a value near ϵrs = 2.55
and ϵrz = 3 for linear functional with a good convergence from the ones used
in simulation and ϵrs = 2.58 and ϵrz = 2.99 for decibel functional with a small
difference from the ones used in simulation.

Table 5.93: Geometric and constitutive parameters used on direct problem
of a lossless anisotropic sample placed in second waveguide of a one-ended
homogeneous circular waveguide
Region L(mm) ρ0 (mm) ρ1 (mm) ρ2 (mm) ϵrs1 ϵrz1 σs1 σz1

1 0 6.3 10 18 1.01 1.01 10−6 10−6

2 ∞ 0 54 - 2.55 3.00 10−6 10−6
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Figure 5.160: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at ϵrs = 2.55.

Table 5.94: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.93 using linear functional.

x0 Time Iterations
[2.51 3.01] 125 min 52 seconds 10
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Figure 5.161: Evolution of the optimization parameter as a function of the
number of iterations using linear functional. Convergence was achieved after
10 iterations at ϵrz = 3.
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Figure 5.162: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrs = 2.58.

Table 5.95: Initial guess, CPU time, and the number of iterations to achieve
convergence by using the parameters Table 5.93 using decibel functional.

x0 Time Iterations
[2.51 3.01] 106 min 34 seconds 3

DBD
PUC-Rio - Certificação Digital Nº 2012321/CA



Chapter 5. Inverse Problem Results 198

1 1.5 2 2.5 3
Iterations

2.99

2.995

3

3.005

3.01

0 r
z

Figure 5.163: Evolution of the optimization parameter as a function of the
number of iterations using decibel functional. Convergence was achieved after
3 iterations at ϵrz = 2.99.

As conclusion for this chapter, it is possible to notice that the linear
functional has a better convergence when compared to decibel functional this
was due the fact of a scale problem when the numerical difference on amplitude
was small, also due to matching phase difficulty which was presented on chapter
4.

This problem was also the reason why was also possible to observe that
the decibel functional converged to an answer with a much smaller number of
iterations in fmincon optimization than linear functional.

Since the coaxial waveguide has TEM propagation mode, it covers a
larger frequency range when compared to circular waveguide, for this reason,
for future workers, i advice to use the coaxial waveguide measurement cell for
electromagnetic characterization purposes.
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6
Conclusion

In this final chapter, a review and a resume about the subjects presented
in this work will be addressed, followed by comments on the results and
proposal of future works.

On Chapter 1, we discussed the importance and the evolution until
nowadays of researches using microwave measurement cells for material char-
acterization. The techniques presented still are highly used by researchers to
find the constitutive parameters of samples. Some electromagnetic models are
popular in applications as structural monitoring of components [84], under-
water electromagnetic communication [85], nondestructive testing [86, 87] and
design and evaluation of well-logging sensors in the oil and gas industry [88–
91]. However, in the present days, more computationally efficient algorithms
must be developed to faster converge to an answer. In this sense, we proposed
the MMT, with a small sight of direct and inverse problem. Also, we presented
a new technique using PML and the virtual combination of PEC + PMC
boundary in order to converge to a better and faster solution.

Methods for material characterization were reviewed on Chapter 2, from
resonant methods, such as resonator cavity, to non resonant methods, as free
space and scatter parameters measurements. The advantages and drawbacks
for each of them were presented. On further sections, techniques to extract the
material parameters for one and two probes were analyzed.

In Chapter 3 the electromagnetic fields and its characteristic equations
was presented, as well as the expressions for radially layered waveguides. The
MMT was also explained and the reaction integrals were derived. Additionally,
the particular case for PEC truncation which was used later to validate the
one port measurement cell confined was shown.

On Chapter 4, the direct problem using MMT and the developed
algorithm was validated when compared to CST, for two-port, one-port and
open-ended with PML and truncated by PEC, PMC and PEC and PMC
together. Then, the inverse problem functionals used to obtain the constitutive
parameters were presented, and a review of global and local minimum was
studied to avoid convergence errors.

On Chapter 5, the results for the linear and decibel functionals were
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presented. The linear functional demonstrated to be more efficient and more
accurate than decibel one, since there were some results in decibel that pre-
sented convergence problem. This was due some scale problem presented when
the functional were working with small numerical difference on amplitude,
also, the difficulty on matching the phase difference on the direct problem and
the phase obtained through the iterative optimization functional may have
influenced on this problem. Also, our new technique using combined PEC and
PMC truncations on circular waveguide with PML presented very good results
to mimic an open space radiation boundaries. This approach proved to be more
efficient than PEC or PMC alone, since it converged better when compared to
the CST simulation.

For future works, we suggest the investigation of more reliable decibel
functionals for mitigating the convergence errors we have observed in this
work. In special on the phase comparison which is a hard thing to work
on. Additionaly, we propose that our inverse algorithm is tested with real
samples where the S parameters are extracted using VNA and the constutive
parameters of this material is obtained.
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