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Abstract

Rendén Garcia, Fiorella Marfa; Sirakov, Boyan (Advisor). Global
boundary weak Harnack inequality for general uniformly
elliptic equations in divergence form and applications..
Rio de Janeiro, 2022. 84p. Tese de Doutorado — Departamento de
Matematica, Pontificia Universidade Catolica do Rio de Janeiro.

This thesis focuses on global extension of the interior weak Harnack
inequality for a general class of divergence-type elliptic equations, under
very weak regularity assumptions on the differential operator. In this way

we generalize and unify all previous results of this type.

As an application, we prove a priori estimates for a class of quasilinear
elliptic problems with quadratic growth on the gradient and we investigate,
under various assumptions, the multiplicity of the solutions obtained for

this problem.

Keywords
Harnack inequality;  Global estimates; Regularity theory; Existence

theory; Natural growth;
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Resumo

Rendén Garcia, Fiorella Maria; Sirakov, Boyan. Desigualdade de
Harnack global para operadores ellipticos gerais na forma
divergente com aplicagoes.. Rio de Janeiro, 2022. 84p. Tese de
Doutorado — Departamento de Matematica, Pontificia Universidade
Catolica do Rio de Janeiro.

Nesta tese estudamos a extensao da desigualdade fraca de Harnack
até o bordo para uma equagao de segunda ordem eliptica geral na forma
divergéncia, assumindo pouca regularidade sobre o operador diferencial.
Assim, generalizamos e unificamos todos os resultados precedentes deste
tipo.

Como aplicagdo, mostramos estimativas a priori para uma classe de pro-
blemas elipticos quasilineares com crescimento quadratico no gradiente e
investigamos, sob varias hipdteses, a multiplicidade das solucoes obtidas

para este problema.

Palavras-chave
Desigualdade de Harnack;  Estimativas globais;  Teoria de regulari-

dade; Existéncia; Crescimento natural;
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1
Introduction

This thesis proves global extensions of the interior Weak Harnack In-
equality and the Zaremba-Hopf-Oleinik boundary point principle for a general
divergence-type uniformly elliptic operator. We begin this introduction by re-
calling these two results, which have been fundamental in the development of
the theory of elliptic PDE.

Let us have a bounded domain 2 C R™ n > 2, in which is defined a

second-order uniformly elliptic operator in either a non-divergence form

Llu] = —tr(A(z)D*u) + b(z).Du + c(z)u, = € Q, (1.1)
or divergence form

Llu] = —div(A(x)Du) + b(x).Du + c(x)u, = € Q, (1.2)

where A is a uniformly positive bounded measurable matrix, ie. 9, <
(aij(x)) < 971, ¥ is a positive constant, and I,, is the identity matrix; and
the coefficients b, ¢ € LP()) for some p > n (in particular b, ¢ can be bounded
measurable), ||b|| s, [|c]|r» < 971 Fix also f € LP(Q).

The following basic result goes back to De Giorgi and Moser in the

divergence case, and to Krylov and Safonov for non-divergence form operators.

Theorem 1.1 (Interior Weak Harnack Inequality, IWHI) There exist
constants € > 0 depending only on n,p,9 and C > 0 depending only on
n,p, 9, R > 0 such that if Bor C ) then for each nonnegative solution of
Llu] > f or Llu] > f in Q we have

1/e
(f, v) " < (iptut I lmen)- (1.3

Hence, by a scaling and covering argument, for each compact K C €2

1/e
infuzC ([ w) = Cllfloe, (1.4)

where C' depends also on K and dist(K,0S).
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When f = 0 and infu = 0 this result reduces to the classical strong
maximum principle (SMP), which says a nonnegative supersolution cannot
vanish inside the domain unless it is trivial. Actually (1.3)-(1.4) for f = 0
can be seen as a quantitative extension of the SMP in the following sense: if
we know that u is positive somewhere, then u is positive everywhere with a
quantified lower bound; specifically, if © > a > 0 in some (unknown) w C Bg
then u > aC~'|w|'/% in Bg ("a growth lemma"). If u is not L-superharmonic,
there is a correction in this inequality with the LP-norm of the right hand side.

The discovery of the IWHI (in somewhat modified form for divergence
form operators with b = ¢ = 0) by E. De Giorgi in the 1960’s was the final and
decisive step in the resolution of the 19th Hilbert problem on the regularity
of minimizers of variational integrals. In its full form Theorem 1.1 was proved
by Moser and Trudinger for general divergence form operators a few years
later. Furthermore, the corresponding result in the non-divergence case was
reached in the early 1980s by Krylov and Safonov, and essentially opened up
the theory of non-divergence form operators. The importance of the IWHI lies
in particular in that it implies a Holder bound for the solutions of L[u] = f or

Llu] = f: there exists @ > 0 (depending on n,p,dJ) such that

lulleatsn < € (Ilull(@an + 1/l sam) - (1.5)

The latter is at the base of the reqularity theory in Holder spaces for solutions.
Classical results of this theory, more references, and a proof of Theorem 1.1
and (1.5) can be found in Chapters 6, 8 and 9 of [GT01].

Another fundamental result in the elliptic theory is the so-called "Hopf
lemma'!, to which we will refer as the boundary point principle (BPP). In its
classical form it says that if a nonnegative nontrivial supersolution vanishes at
a point of the (sufficiently smooth) boundary of €2, then its gradient does not
vanish at that point; specifically, if Llu] < 0, u > 0 in Q, and u(xy) = 0 for
some xg € 0f) such that there is an interior tangent ball to 02 at xg, then the
interior normal derivative %(azo) > 0. The optimal regularity of the boundary
for this result to hold is interior CHP" (we write CHP . see below and the next
section), and it is known that it may fail even for the Laplacian for a domain
with a C! boundary.

Set B, = Br(zo) N and d(z) = dist(x,02). Another way to write the
BPP is the following.

!This is the most often encountered name of the result, even though various particular
cases were known before the classical work of Hopf from 1954, starting with a paper by
Zaremba in 1910; Oleinik proved the same result simultaneously with Hopf, so in some
sources it is called Zaremba-Hopf-Oleinik lemma.
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Theorem 1.2 (BPP, Zaremba-Hopf-Oleinik lemma) For each nonnega-

tive solution u of L[u] > 0 in Byy we have

iél;fz > 0. (1.6)
The BPP has immediate consequences for the uniqueness of solutions of
Neumann and Robin (mixed-type) boundary value problems. Its quantitative
forms are at the base of the up-to-the-boundary (global) Holder regularity
theory for solutions of the Dirichlet problem for uniformly elliptic operators.
In relation to the BPP, a rather distinction appears between divergence
and non-divergence form operators. While no regularity assumptions on the
coefficients are needed in the non-divergence case, for general divergence form
with only bounded measurable coefficients the BPP fails. For its validity it
is necessary that leading coefficients a;; be at least Dini continuous (simple
continuity is not enough). We refer to [ADN16], [AN19], and the references

there for details.

At a first glance the IWHI and the BPP have little in common. The
main theoretical contribution of this thesis is a quantitative inequality which
extends both results, and bridges them into a single statement, for divergence-

form operators.

Theorem 1.3 (Boundary Weak Harnack Inequality, BWHI) In addi-
tion to the above hypotheses, assume that the boundary of Q is C*P-smooth,
and that a;; € COP(Q), |lajllcop < 971, 4,5 = 1,...,n. There eaxist
constants € > 0 depending only on n,p,9 and C' > 0 depending only on
n,p,Y, R > 0 and the CYP-representation of the boundary such that for each

nonnegative solution of Llu| > f in Q we have

e\ /¢
.o u u
wrizo(f(5)) -, (1.7)

R

and

et = (L(4))" - Ul 19

The possibility of proving such a result was only recently noticed by B.
Sirakov in [S17] where he proved the above theorem in the non-divergence
case (also for more general fully nonlinear operators). Here we prove the
same result for operators in divergence form. The hypotheses we make on the

coefficients and the domain are optimal for the result to hold. We shall observe
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that, as usual in the theory of elliptic PDE, the results for divergence and
non-divergence form operators is very similar, however, essential points and
techniques in the proofs are very different. In particular, in the non-divergence
case it is quite straightforward to find an "approximate barrier function" (in
terms of the distance to the boundary), and use it to deduce an up-to-the-
boundary growth lemma, which in turn leads to the BWHI. In our case such a
barrier function is not available, and we use an implicit construction, based on
solving a sequence of approximating boundary value problems in an annulus
around each point on the boundary, together with C'-regularity estimates.
The second part of this thesis is devoted to an application of the BWHI.
We will use this inequality as an important tool to prove an uniform a priori
bound for solutions of a class of quasilinear elliptic equations with quadratic
dependence in the gradient of the unknown function. Specifically, we study the

equation

(Py)

—div(A(z)Du) = cx(z)u+ (M(z)Du, Du) + h(z) in €,
u =0 on 0f);

where ¢t (z) and ¢ (x) are nonnegative functions such that cy(z) := Ae¢™ —¢™,
for a parameter A € R; ¢ (z),c (z),h(z) € LP(Q) with p > n. As before
Q) C R" is a bounded domain with boundary of class C**. The matrix M (z)

is a positive definite matrix such that
0<pl, < M(z) < pol, in

for some positive constants py and ps.

The main difference between this class of equations and linear equations
is that the second-order and the gradient terms in the equation (P)) have
the same scaling with respect to dilations (i.e. "zooms', changes of variable
x — x/r). Thus the first-order term does not disappear when a zoom is
performed around a fixed point, and this leads to quite different properties.

The point in writing the zero order coefficient ¢ = ¢, with dependence on
a parameter is that the solvability of the Dirichlet problem for (P,) changes
dramatically according to the sign of that coefficient. In a few words, solutions
are expected to be unique when that coefficient is negative, while phenomena
of multiplicity appear for nonnegative coefficients. Thus \ serves as a "measure"
of the positivity of ¢, and we study, the solutions as functions of .

The study of elliptic equations with gradient dependence up to the critical
growth |Dul? was essentially initiated by Boccardo, Murat and Puel in the

80’s, and has been a very active field of research ever since. Up to ten years


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


PUC-Rio- CertificagaoDigital N° 1721304/CA

Chapter 1. Introduction 13

ago all results concerned the "coercive" case, i.e. ¢ < 0, when uniqueness
holds. On the other hand, from 2014 many works started to uncover the much
more complex nature of noncoercive equations. We refer to [BMP1], [ACJT15],
[CJ17], [CFJ19], [N18], [NS18], and the large lists of references in these works.

In simple situations, such as M = const, the problem (P,) can be
studied by variational methods, after an exponential change of the unknown
function. More general equations have been studied by topological (fixed-point)
techniques. In the latter, it is essential to prove various a priori bounds in L*
for the solutions, with bounds that take into account the dependence in .
We will use here some insights from [NS18] in order to generalize the results
from [ACJT15] to operators in divergence form with maximal generality in the
coefficients as well as the domain.

To illustrate the type of results that we obtain, we include in this
introduction two theorems from Chapter 5, and visualize them on a chart
describing a value of the solutions at a fixed point in §2, as a function of the

parameter \.

Theorem 1.4 Suppose that (Fy) has a solution uy with ¢*(x)ug = 0. Then

(i) For all A <0, the problem (Py) has a unique solution uy and this solution
satisfies ug — ||uolloo < un < up.

(ii) There exists a continuum C C X such that the projection of C on the
A-azis is an unbounded interval (—oo, N for some A € (0,+o00) and C

bifurcates from infinity to the right of the axis A = 0.

(iii) There exists N\g € (0, | such that, for all X € (0, ), the problem (Py)

has at least two solutions with u; > ug fori =1, 2.

uo

Al Ao

>

\

Figure 1.1: Illustration of Theorem 1.4

Theorem 1.5 Suppose that (Fy) has a solution uy < 0 with ct(z)up < 0.
Then
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(i) For A < 0, the problem (Py) has a unique nonpositive solution uy and

this solution satisfies uy > ug;
(i) There exists a continuum C C X such that its projection of CT on the
A-azis is [0, +00);

(1ii) For X > 0, every non-positive solution of (P,) satisfies uy < wuy.
Furthermore (Py) has at least two non-trivial solutions uy,; for i = 1,2
with

unxg < up < ung, Uxi < Uy2, and maxuyz > 0.
Q

Moreover we have uy,1 < ux, 1 < ug if 0 < Ap < Ag.

Figure 1.2: Illustration of Theorem 1.5

For the above a priori estimates and multiplicity results for (Py), we
need to assume that the problem (Fp) has a solution ug. Conditions on the
coefficients of the operator which guarantees this are available, see [ACJT15],
[CJ17], [CFJ19]. In addition, having a sign information on the solution ug of
(Fy) allows us to give rather precise informations on the set of solutions of
(P

More results on the existence and multiplicity for (P) are given in
Chapter 5, also with weaker assumptions on the solution for A = 0. Their proofs
are based on a construction of a completely continuous operator and the study
of an auxiliary fixed point problem for that operator. Essential compactness
properties are inferred from a set of uniform a priori bounds for the solutions,
which in turn rely heavily on the BWHI.

This thesis is organized as follows. In Chapter 2 we present some known
results and introduce some preliminaries. In Chapter 3 we provide a version of
the Boundary Point Hopf Lemma for a divergence form operator, under our

general assumptions on the coefficients of the equation and the boundary of
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the domain. In Chapter 4 we prove the full Theorem 1.3. Then in Chapter 5
we state our existence and multiplicity results on the boundary value problem
(Py), and prove the essential a priori bounds for that problem. In the final
Chapter 6 we give the proofs of the existence and multiplicity results .

The contents of this thesis are the object of two articles in preparation.
The first, devoted to the boundary weak Harnack inequality (Chapters 3-4)
is a collaboration with B. Sirakov and M. Soares, while the second, on the

problem (P,) (Chapters 5-6) is a joint work with M. Soares.
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2
Preliminary Results

In this chapter we recall some notation, definitions and known results (at
least for specialists) that will be used throughout the thesis. We begin with

some definitions on Dini continuity.

Definition 2.1 Let o : [0,1] — Ry be a function. We say that o belongs to
the Dini class D if

— o is increasing and o(0) = 0;

- @ is decreasing and summable at zero.

It should be noted that the assumption about the decay of o(T)/T is not
restrictive (see Remark 1.2 in [ADN16] for more details).

Definition 2.2 Let a function o € D. We define the function J, as

Jy(s) := /Os U(T)dT.

T

Definition 2.3 We say that a function ¢ : Q0 — R belongs to the class
COP(Q), if there exists some o € D such that

(i) ¥ € C(Q);
(i) |Y(x) — ¥(y)| < o(lx —yl|), Yo,y € Q, and o belongs to the class D.

We suppose that 9Q € C*P which means that 0 is locally the graph of a
Cl-function F satisfying DF € C%P, where DF is the gradient of F. Actually,
for the boundary point principle it is sufficient that 9Q € CP only from the

inside, as in the following definition.

Definition 2.4 We say that 09 satisfies the interior C*P-paraboloid condition

if in a local coordinate system OS) is given by the equation x, = F(z'), where

(i) F is a C' function such that F(0) = 0;
(ii) The equation F(z') < |2'|o(|2'|) holds true in some neighborhood of the

origin, for a C'-function o € D.
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Remark 2.5 We observe that every Hoélder continuous function ¢ € C*(Q)
belongs to the class C%P(Q) for all o € (0,1). Indeed, it is sufficient to choose

o(r) = C|7|* for a suitable positive constante C' > 0.

Remark 2.6 Without loss of generality o € D can be assumed continuously
differentiable on (0,1] (see [AN19]).

Furthermore, when 0N satisfies the interior CYP-paraboloid condition,
in order to prove the BPP we may assume that locally OS2 is a paraboloid

z, = |2'|o(|2’]) for a smooth o € D;.

Remark 2.7 Note that all the assumptions on the coefficients of L are
invariant under CYP-reqular changes of variables. Hence, without loss of
generality, we may consider 0S) locally as the flat boundary {x, = 0}. We
may assume without restriction that BR NRY C € for some R > 0. For details
check Remark 1 and 2 in [AN19], and the end of Chapter 4 below.

We next recall the definition of a weak Sobolev solution of the equations

we study in this thesis, namely
L{u] = —div(A(z)Du) + b(x) - Du+ c¢(z)u = f(z), x € Q. (2.1)

Definition 2.8 We say that u is a weak (super,sub) solution of (2.1), if u

satisfies:

| A@DuDe + [ ba)elDul + [ claou=(2.2) [ fo
for each ¢ € C§°(Q), ¢ > 0.

Now we present a rescaled version of the generalized Maximum Principle

(Stampacchia inequality) for our problem which is going to be useful later.

Lemma 2.9 [Rescaled Version of the Weak Maximum Principle] Let u
be a weak subsolution (supersolution) of problem (2.1) where L is the uniformly
elliptic operator given in (2.1) with a;; € L=(), |b| € LP(Q), ¢ € LP2(Q),
f e LP(Q), for somep >mn and c >0 in Q. If Q is a domain with width § > 0,
there exists a constant C' > 0 independent of § such that

supu < supu + 823 f oo
Q oN

(SUP(_U) <supu + 52_%C||f”1:p/2(9))-
Q 09

Proof. We use Theorem 8.16 in [GT01], together with the remark on page 193
of [GT01]. We assume initially that |2] = 1, and we apply Theorem 8.16 in
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[GTO1]. The general case comes from a coordinate transformation: given § > 0,
if © has width § we have Q2| < ¢", and can change variables to transform (2
into a domain Qs with |Qs] = 1. In fact, we translate so that 0 € Q, and for
all z € Q we set y(z) = 2/|Q|"/" and y(Q) = Qs.

Moreover, since u is a subsolution of problem (2.1), setting a(y) := u(z)

we have that @ satisfies

i ACAWDI) + 16 Dil) + e)ity) < )

where @(y) = ¢(x), for ¢ = A, b, ¢, f. Hence applying Theorem 8.16 [GT01]
and using that || < 6", we obtain

supu = supii < sup it + C|Q07 || Fll 1oy
9] Qs 005

+ 2_1
=supu’ + C|Q» 7 || f|lzr ()
a0
< suput + C8 || £l oo
o0
as desired. [ |

The maximun principle for small domains or small ¢t is a consequence

of Lemma 2.9.

Lemma 2.10 Under the assumptions of Lemma 2.9, there exists 69 > 0, such
that if [Q < 6™ or ||cT||tr) < 0, 0 < 6o, then any weak subsolution u of

—div(A(z)Du) + b(x)Du+ c(x)u <0 in
u <0 ondfd

satisfies u < 0 in Q. Analogously, if v is a weak supersolution of

—div(A(z)Dv) + b(z)Dv +c(z)v >0 in
v >0 ondf2

then we have that v > 0 in Q.

Proof. We apply the previous lemma with ¢ replaced by —¢™ and f replaced
by —cTu, where ¢t ¢~ are the positive and negative part of ¢(z). [ |

For completeness, we also state the Comparison Principle.

Lemma 2.11 (Comparison Principle) Under the assumptions of Lemma
2.9, there exists &g > 0, such that if | < 6" or ||c||r) < 0, 6 < &, and
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u,v satisfy (in a weak sense)

then u < v in Q.

The next theorem, the Strong Maximum Principle (SMP) is extremely
important, it says that a nonnegative supersolution of an elliptic equation in

a domain cannot vanish inside the domain, unless it vanishes identically.

Theorem 2.12 (SMP) Let Q C R" be a domain. If u satisfies

in €2

u

Lu] >0 inQ
>0

then either u > 0 in Q or u =0 in €.

The SMP is an immediate consequence of the interior weak Harnack

inequality, Theorem 1.1.

Lemma 2.13 (Exponential change) Let u be a weak solution of problem
(2.1). For m > 0 we define

V= , W= —-
m m

Then we have Dv = (1 + mwv)Du, Dw = (1 — mw)Du,

—div(A(x)Dv)
1+ muv
—div(A(z)Dw)

1 —muw

—div(A(x)Du) — 9~ m|Dul? < < —div(A(x)Du) — 9m|Dul?,

— div(A(z) Du) + 9m|Dul* <

and {u =0} = {v =0} and {u >0} = {v > 0}.

Therefore if u is a weak supersolution of
—div(A(x)Du) > p1|Dul?® + ex(z)u + h(x) (2.2)

then v = L(e™ —1) for m = ¥, is a weak supersolution of

—div(A(x)Dv) > h(x)(1 4+ mv) + C’;Ej) (14 mv)In(1 + mv).

Proof. This follows from a computation, since div(fu) = fdiv(u) +uDf. W

< —div(A(z)Du) — 9~ m|Dul?,
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Lemma 2.14 (Lipschitz Bound) Under the assumptions of Lemma 2.11, if
Q is a bounded domain such that 0Q € C*P and Q has width less than &, then

C n _
u(z) < 5 (sup ut + 6% ||f”LP(Q)> d(x) in Q.
Q

Proof. First we consider {2 with width § = 1, and let ¢ be the weak solution
of the problem

Lo =f inQ
¢ =h on 0f)

where h = supu™t. By the Comparison Principle we have u < ¢ in 2, since u
I9)
is a subsolution of

Lu =f inQ
v < h on 0.

Then,

u(z) _ o(x) .=
d(x) < d(z) < CID9 @y < Cllllormy in €2

Furthermore, global C'-estimates are valid for the Dirichlet problem satisfied
by ¢ (see Chapter 8 in [GTO01]), so

léller < € (Illzm) + 1l re)

<C (Sup ut + HfHLP(Q)) ;
Q

where in the last inequality we used Lemma 2.9 with 6 = 1. Combining these

two equations, it follows that
u(z) < C (SUP ut + ||f||LP(Q)> d(z) in Q.
Q

Now if 2 is a domain with width ¢ > 0, repeating the argument above for the

rescaled problem we obtain

()
()

<

dx) =

= Q

<

= Q

D¢l e @y <

QU

(sup ut + 6% ||f||LP(Q)> in Q.
0
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3
Boundary Point Hopf Lemma

3.1
Hopf Lemma

This section is devoted to the proof of the Boundary Point Principle
for the operators we consider. As we noted in the introduction, this result
is somewhat delicate for operators in divergence form, as it requires some
smoothness of the leading coefficients, and since barriers close to the boundary
are not readily exhibited.

The first result for equations with divergence structure was proved by
R. Finn and D. Gilbarg [FG57]. They considered a two-dimensional bounded
domain with Ch®-regular boundary, Holder continuous entries of the matrix
A(z) and continuous lower order coefficients. After various generalizations,
as of today the most general result is due to Apushkinskaya and Nazarov
[AN19], whom prove the BPP for a divergence form operators with Dini
continuous leading coefficients, and integrable first-order coefficients. That
paper contains a historical review of results on the BPP for divergence form
operators. However, the result in [AN19] is valid for operators without zero
order terms.

The goal of this section is to generalize the result from [AN19] for the
full divergence-type operator L, with a LP-integrable zero order term. The
general idea of the proof is similar to that of [AN19], however, to deal with the
zero-order term we use here one more tool, a fixed-point theorem. The proof
we give and the result itself are also instrumental in the following sections, in
particular for the proof of the boundary weak Harnack inequality.

Thus, this section will be devoted to the proof of Theorem 1.2 under our
assumptions on L.

The proof below is based on the classical C! bounds of Gruter and Winter
[GW82], and we will also need the following Fixed Point Theorem of Schéefer.

Theorem 3.1 [Corollary 1.19, [CQ04]] Let F : X — X be compact, where X

is a Banach space. Then the following alternative holds:

(i) © —tF(x) =0 has a solution for everyt € [0, 1]

or
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(ii) S={x:3tel0,1]:x—tF(x) =0} is unbounded in X.

We will follow the argument from [AN19], by sketching the parts of the
proof that are taken from that paper, and giving more details when differences
appear and in order to consider ¢ # 0 it is necessary to work a little deeper.

As we explained above, we can assume that 0 € 02 and 0f2 is flat around
the origin. Consider for 0 < p < R/2 the point ¥ = (0,---,0,p) and the
annulus

A, ={z:p/2 < |z —2"| <p} CQ.

Let z* be an arbitrary point in A,, and define the auxiliary functions z and

.+ as the weak solutions for the Dirichlet problems

Loz =0 1in A, L =0 inA,
z =1 ondB,;(x’) , 0+ =1 on dB,p(x’) (3.1)
z =0 onJdB,(x) 0y, =0 ondB,(z"),

where the operators Ly and L are given by

E()Z = —DZ(CLW(I)D]Z)
,Cg*(px* = —DZ(CLU(I*>D](,0$*)
Lv = Lov+ b.Dv.

By repeating the proof of Lemma 2.2 in [AN19] we get the following C-

estimate for the function w® = z — P

Js(2p)
p

D2(3") — Dy (57| < Cy (3.2)
for all p < R/2, where z € C'(4,) and ¢,~ € C*(A,) are the unique weak
solutions for (3.1). In the same way, according to Lemma 3.2 [GW82], we get

[Dz(y)| < — (3-3)

for any y € A, and some N; > 0, where z is the solution of the Dirichlet
problem in (3.1).

We observe that it is well known, from the general elliptic theory (see for
instance Chapter 8 in [GTO01]), that given f € LP(A,) there exists a unique
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weak solution z; € C'(A,) for the Dirichlet problem

E[)Zf = f in Ap
zp =1 on 0B,ps(x’) (3.4)
zp =0 on 0B,(z").

Further, we introduce the barrier function v defined as the weak solution of
the Dirichlet problem

Ly =f inA,
vy =1 ondB,;(x") (3.5)
vy =0 on dB,(z").

Following the argument in Theorem 2.3 [AN19] we get the existence of a unique
weak solution v; € C'(A,) to problem (3.5) for each f € LP(A,), provided p
is sufficiently small. Let us briefly recall this proof, for completeness.

(2)
f

Consider in A, the auxiliary function w;” = vy — zy. We observe that it

vanishes on 0A,, and

Eowgez) = Lvy — f(z) — b(z).Dvy = —b(x)Dvy = —b(g:)(Dw;Q) + Dzy) in A,

(2)
!

Hence, w;” can be represented in A, via the corresponding Green function

Go,p(z,y) of the operator Ly as
(2) _ G Low'? _ G b D.w'? D.
wp' () = | Goplz,y)Lowy (y) [ Gopl,y)bi(y)(Diwy™(y) + Dizg(y)).

Differentiating this equality we obtain a fixed-point problem for the gradient
of w®, and it can be shown that this problem is governed by a contractible
operator, for sufficiently (but uniformly) small p.

We now turn to the treatment of operators with zero order terms. By

the existence result we just proved for £, since c(z) € LP(R), the following

operator is well defined and compact: F': C(A,) — C(A,) given by

LU, =—cg inA,
F(g) :=1,, where v, =1 on 0B,s(x,)
v, =0 on 0B,(x,).

Indeed, given g € C(A4,) we obviously have —cg € LP(A,), hence the solution
v, € C(A,), exists and is unique. Thus F(g) = L' (—cg) € C'(4,) is well
defined and due to the compact embedding C*(A4,) < C(4,), F is also

compact.
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We are going to show that the operator F' has a fixed point, that is, there
exists v € C(4,) such that F'v = v, which means that v € C'(4,) and solves

Lv=Lv+cv =0 inA,
U =1 on0B,;(z") (3.6)
v =0 ondB,(z").

To that end we will show that the set S defined in Theorem 3.1 is
bounded. We apply the Weak Maximum Principle (Theorem 2.9), to the

problem

LT = —tcv in A,
v =1 on 0B, s(x")
v =0 on 0B,(z")

obtaining

1Pllea,) <1+ tCPQ_E||CHLP(ZP)||@HC(Z,,)

which implies that given v € S we have |[v]|oz, < Co for some Cp > 0
and sufficiently small p, namely, for p>» < (1/2)C|¢| 1r(a,)- Therefore, by
Theorem 3.1 we ensure the existence of ¥ when ¢ = 1. From the Weak Maximum
Principle we conclude that 0 < v < 1, in particular, ¥ is nonnegative.

At this point we consider the function z = zy, which is the unique solution

of the problem (3.4) when f = 0.

Theorem 3.2 There exists py > 0 such that for all p < po the problem (3.6)

admits a unique solution v € C*(A,). Moreover, the inequality
(D — Dz)(x)| < Cop™» (3.7)

holds true for any x € A,. Here z € C*(A,) is defined in (3.4).

Proof. The existence of T was already proved. We define w® := v — 2z, so w®
vanishes on A, and

Low$) = L7~ b(z).Dv
= —c(2)(w® + 2) — b(x) - (DwW® + D2) in A,.

Hence, wch) can be represented in A, via the corresponding Green function
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GO,p(x7 y) as

w® (x) :/A Gop(z,y) Low® (y)
- _/A Go,o(2,9)bi(y) Di[w® (y) + z(y)]dy

— | oyl () + =)y
Differentiating with respect the z; gives

Dew(e) = = [ D1y Gyl D) + Dir(y)ldy

— | Do Golay)esy) () + 2()]dy.
Theorem 3.3 [GW82] provides the estimate
| DaGop(,y)] < Cmin{|z —y['", d(y, 04,)|z — y| 7"} (3-8)

for any z,y € A, where C' > 0 does not depend on p. Hence, we get

p—1

P

/A | Dy, Gop(, y)bi(y)|dy < C||b]| e (a,) (/A |z — y|(1—n)p/(p—1)dy>
< Cp" ¥ ||bl| zoa,)

n—1

for sufficiently small p = (pr |z — y|(1*")1°/(1”*1)dy)T > 0 and obtain

n

1Dw? |z < Cp' ™% [[blloa,) (I1Dw?1oe + 1Dzl ) + Collel|zo(a,)]
;||Dw3||mo < [1=Cp' "5 [1b]l oga,) | Dw?| o
< Cp' 7% [IbllLecap | D=l + Collellzoca,]
< Cp D2l [Iblloca,) + lellzeca,)] -

Using the estimate (3.3) for all x € A,, we get
|Dv(2) = Dz(z)| < || Dw’ = < Cap™ .

[
Proof of Boundary Point Hopf Lemma
It is well known that the Boundary Point Hopf Lemma holds true for the

operator £& with z* = 0 in the annulus A;, Theorem 1.2. Thus, rescaling A;
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into A, we get the estimate
C
Dyo(0) > =2 > 0.
p
Furthermore, the inequalities (3.2) and (3.7) imply for sufficiently small p
Dyv(0) = Dpipo(0) — [D2(0) — Dipo(0)] — | Dv(0) — Dz(0)]
Cs J-(2p) e

> — - —Czp—z—.
p p p 2p

Since u satisfies Lu > 0 we observe that
L(u —u(0)) > —cu(xg) > 0 in 2.

There exists a ball B such that . —u(0) > 0 in BN (by the strong maximum

principle). Hence given p > 0, we have for sufficiently small € > 0

L(u—u(0)—cv) >0 in A,
u—u(0) —ev >0 on 0A,.

By Lemma 2.9 the estimate u — u(0) > €7 holds true in A,. This gives

ou Cs
—(0)=-D < —eD,v(0) < —e—=
8n(O) au(0) < —eD,u(0) < 62,0 <0,

which completes the proof.
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4
Boundary Weak Harnack Inequality

In this chapter we prove our main theoretical result, the boundary weak
Harnack inequality -BWHI (Theorem 1.3).

4.1
The Growth Lemma and auxiliary results

The core of our argument is the following growth lemma. We define by

Q,(y) the cube of center y and side of length p, i.e.

Qoy) ={x eR": |z; —y;| <p/2fori=1,--- ,n}

In case the center of the cube is pe with e = (0,0, - -+, 1/2), we use the notation

Qp = Qp(pe).

Lemma 4.1 (The Growth Lemma) Let u be a nonnegative weak superso-
lution of L{u] > f, in Q under the assumptions of the BWHI (Theorem 1.3)
and f € LP(2) is non-positive in ). Given v > 0 there exist k,a > 0 depending
on v,n,p,v, 8 such that if

| fllzr) < a

and the following inequality holds
Hzr e Q:u(z)>d}nQl > v|Q|
then u > kd in €.

Proof. Take dy = dy(v,n,Q) for which the set Q5 := {z € Q : d(z) < 0} be
smooth and has measure such that |Qs| < v/2|Q|, for all 0 < § < d;. Then, for
Ss = Q\ Qs we have

{u = 8} 1S5| > [{u > d} 1 55| > 5|55,

Since v > 0 it follows that

/ widz > widr > [{u > 8} 0 S50° > 6° 2S5
JSs {u25}ﬂ55 2
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By the interior weak Harnack inequality (Theorem 1.1), there exist constants
C1,Cy > 0 such that

1/s
iSnfu > C) </ usdx> — || fll e
é 55

14

1/s
> 016 (2) 155V — Cha.

1/s
We define kf := C10 (%) / |Ss|'/* — Caa. Thus kj} > 0 if a is chosen sufficiently

small, and

/

u > diaf;j(Q)d in S5, for all 6 € (0,d4). (4.1)
It remains to prove that u > ksd in (s, for some ks > 0 and some fixed o > 0,
to be determined.

We are going to use an argument that proves this in a neighborhood
of each boundary point separately. Given a point zy € 92 and the exterior
normal unitary vector n to 0€) passing by xy, we can assume, after a change
of variables, that xg = 0 and n = —e,,. We are going to prove that u > ksd at
each point T = te,, 0 <t < ¢. Then the same inequality for all z € Qs follows
from repeating this argument for each zy € 0.

Consider the annulus A, (with © € A,) given by A, = B, \ B,/» where
B, = B,(pe,) and such that B, N Qs = 0. For the latter, we can choose

= 44 for instance. Since for T = te,, we have T closer to 0B, than to 0B,)s,

we have d(T) := dist(7,0A4,) = d(T), where d(T) := dist(T,00) = t.

N

/

Figure 4.1: Annulus A,

We introduce the auxiliary function wy = v — ¢, where v is the unique

weak solution of (3.6), and ¢ is defined in the previous section (or in Claim
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4.2 below). We obtain from (3.2) and (3.7) that

Cs /opn
< C||Dwy| () < ?3 (077 + T (20) .

’ Wy (T)
d(7)

where C'3 > 0 does not depend on p neither on Z. Then Claim 4.2 below yields

U(f) gOO(T) Cs 1_n 4 Cs 1_n 4
72 — — —\p p+\702p Zi_ip p+u702p 27
d(x) — dx) p ( 20)) p ( 20)) 2p
(4.2)
for sufficiently small ¢ such that p = 46 is small enough. Consider Ds = (25N A,,
46C,
and set ks = — >0, we have
Pk

U(z) < maxv < ksu(z)

for all x € 9Qs N ODs, which is possible since by (4.1) we have u > Csd > Csd
in S5. Moreover, u > 0 =7 on 0A, N JDs, since x € 0B,. Then

{ L —ksu) < —ksf in Ds(pen) (4.3)

v—ksu <0 on 0Ds(pey,).

We apply the rescaled version of the Weak Maximum Principle, Lemma 2.9

for a domain with width §, and we get
T — ksu < 0(52_%]€5HfHLp(D5).

By the Lipschitz Bound at €; , Lemma 2.14, applied to (4.3) in Q.

C _ _n
v — ksu < 5 (sup(v — ksu) + 0 pk(;HfHLp(D&)) d
Qs
< 03" v ksd|| f|| o (py) i Dsyo
Thus, by using (4.2), we see that

ksu(T) >0 — C8' v ksd(T)| fl| 1o(Dy)

v
Cl 1-z N .
Z % — 05 pk&”fHLP(D(;) d(x) m D5/2.

1_n
We now fix 9y small enough so that Cd, *ks,a < % < %. Thus,

Cy

u(T) > d(Z) in Ds,s.

o0
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Repeating this argument for all zo € 02, we obtain the same inequality for all
x € s.

k/
On the other hand, u(z) > Md(x) in Ss,/2 by (4.1). Setting

Koo Oy 50/2
k = min 2 = 2
diam(Q)" 4ks, diam(2)’

where dy is set to be smaller than diam(€2)/4, since

Kso/2 < 2C109 < Cy < & '
diam(Q) ~ ks, jodiam(Q) T 2ks, 0 ~ 4ks,

This ends the proof of the growth lemma, pending a proof of the following
claim. u

We need the following estimate for ¢.

Claim 4.2 Let pq be the unique solution of the problem

LYoo = —div(A(0)Dgo(x)) =0 in Ay(pey)
Yo = I on aBp/2(pen) (44>
wo =0 ondB,(pe,).

Then,
g ~
p

wo(z) > —d(x) for allz € A,

where Cy does not depend on p neither on T. In particular, o(T) > —d(Z).

1
Proof. We define the new variable y = —(z — pe,,), and the rescaled function

©o(y) = wo(x). Then ¢ is a weak solution of
. 1 . N
0= —div(A(0)Dgy(z)) = —? div(A(0)D@o(y))

and ) .
d(y) = dist(y,0B,) = —dist(x,0B,) = —d(z).
p p

Moreover, observe that

x € Ay(pey) if and only if y € B1(0)/B1/2(0)
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and so, that (4.4) is equivalent to

—div(A(0)D@o(y)) =0 in Bi(0)/B12(0)
$o =1 on dBy(0) (4.5)
o =0 on 0dB;(0).

Applying the BPPi we get %(yo) < 0, since @y attains its minimum at
Yo € 0B1(0), and %ﬂ)(yl) > 0, since @y attains its maximum at y; € 0By /2(0).

Now, let us define

_ v} @0 in Bi(0)/B1/2(0)
Poly) = { 1 in Bi(0).

Then @, solves in the viscosity sense

— div(A(0)DZo(y)) = — 3 ai5(0)Dyy@o(y) > 0 in By
ij=1
since the normal derivative of @y at 0B, is different from zero, and then no
smooth function can touch @y from below at a point on 0B /. That is, @y is

a weak supersolution in By, with

n

— > a;(0)Di;@o(y) >0 in By(0)

i.j=1

@0 =1in Bl/Q(O)

The latter equation is in non-divergence form, so we can apply the growth
lemma for such equations, already proved in [S17] (Theorem 4.2 in that paper,
with f =0, Q = By). Since

{y € Bi(0) : @0 = d(y)}| = [{y € B1/2(0) - Qo = d(y)}| = [Buja| = C|By].

we can find k& > 0 such that @o(y) > kd(y) for all y € By/B /2. Equivalently,
wo(x) > %d(a:) for all z € B,/B, ;. The Claim is proved. |
As a second ingredient, we introduce a technical result from measure

theory which is an equivalent version of Krylov’s famous propagating ink spot
Lemma (see Lemma 4.2, [S17]).

Lemma 4.3 Let A C B C @ be two open sets. Assume there exists a € (0, 1)
such that:

(1) [Al < (1= a)|@u].
(i) For any cube Q C Q1, |[QNA| > (1 — «a)|Q| implies Q C B.


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


PUC-Rio- CertificagaoDigital N° 1721304/CA

Chapter 4. Boundary Weak Harnack Inequality 32

Then, it follows that |A| < (1 — coat)| B| for some constant co = co(n) € (0,1).

The next lemma is the basis for the Calderon-Zigmund-Caffarelli type
iteration, which we will use to prove the boundary weak Harnack inequality.
Although our proof is based in the correspondent theorem present in [S17], in
[S17] such type of inequalities is established for a uniformly elliptic operator in
non-divergence form. We exhibit a self-contained proof under our assumptions,

simplifying the arguments employed there.

Lemma 4.4 Let u be a nonnegative weak supersolution of Llu] > f in Qs,
under the assumptions of the BWHI (Theorem 1.3), and f € LP(Q3) is non-
positive in (Qy. Assume

u(z)

inf
Q1 T,

<1

Then, there exist M > 1, u € (0,1) and o9 > 0 depending on n,p, ¥ such that
if [ flle@2) < o then

Hu/z, > MY N Q| < (1 —p), VjeN, (4.6)

1 /7IN\" 1 4
Proof. We choose v = 3 (4) and denote by M = max{k, CQl/p} > 1,
1
where C; the constant given by the interior Harnack inequality (see (4.13)
below), and k € (0,1) and a > 0 the constants given by the Growth Lemma

4.1 applied to our weak supersolution u, which is such that
L(ku) > kf > f in Qz/2. (4.7)

If u is a non-negative weak supersolution of L{u] > f, then u is a non-negative
weak supersolution of (4.7), since f < 0. We are going to show that (4.6) holds.
First of all, observe that

{r e Q:u(x)/z, > M} C{zxeQ:kulx)>x,}.

ku(x
Hence, since inf (z)
Q1 n

<k and || f||zr(@s) < @, Lemma 4.1 implies that

{2 € Qr:ula) /o > MY < [{z € Q1 : ku(z) > 2.}| < v < ; (4.8)

and, in particular, (4.6) holds for j = 1 and u < 1/2.
Now, for j > 1 we fix u = ¢y/2, where ¢y < 1 is given by the Lemma 4.3.
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We introduce the sets
A={ze€Q  :u(x)/z,>M}and B={z € Q : u(z)/x, > M}

Since M > 1 and j > 1, observe that (4.8) implies that

1
Al = {zx € Q1 : ku(z) > z,}| < 2 (4.9)
and the first assumption of Lemma 4.3 is satisfied for (1 — o) = 3. Thanks to

(4.9) and the Claim 4.5 below we can apply Lemma 4.3, and we obtain that

A= (1-2) 1B
ie., {z € Q1 :u(x)/z, > M} < (1 —pwl{z € Qy :ulx)/z, > MI7'}.

Iterating in j and using (4.8), the result follow with p € (0,1) depending only

on n, once the following Claim is proved. [ |

Claim 4.5 For every cube Q,(zo) C Q1 such that

1

AN Qy(a0)| 2 51Qu(a0)] = 57" (.10

we have Q,(zo) C B.

Proof. Let us denote zq = ((, o, ) with zf, € R""!. We define the new variable

/ /
¥ -z T,
=2, /) where p' = 2z,
P p

y= "y = <

and the rescaled function

1
v(y) = p, ZEU(p'y’vL:cg,p’yn)-

Then v is a non-negative supersolution of

/
Ty 2

—div(A(y) Do) + p'b(y) Do + (p')*e(y)v = o' f(y), n Quyp (—p,, p,) (4.11)
where ¢(y) := (), for ¢ = A, b, ¢, f. In fact, z € Q%, then

2>3/4> |2’ = |2" = xp + x| = |y'p' + g

3
S+Zoo
1+

3.3 5
A, |ynp — 2| = |z, — 2| < |z, — 2| + |2 =2 2
and, |ynp’ —2| = |x | < |z 4IH4 | < 1
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Moreover, observe that

€ ANQ,(xo) if and only if y € {y € Q,/y(e) : v(y)/ M7 > y,,}

and so, (4.10) is equivalent to

€ Q@) o)/ > )| > @il =3 (5) . a2

Observe also that the embedding Q,(zo) C @1 implies that p < p’ <2 —p and
20| < 520 € {1, -+ ,n—1}. In fact,

P

|zi| < |z — o] + |2o4] < 5

‘xO,i‘
then |zg;| < =2 similar with Z,, we obtain
) 2 9

P

2 -+ |$0’n —

20— 2| <| [+ Joon — 2] < |
Ty — =| <|zp — 2op| + |Tom — = =
2 % 0n 9 2

with p < 2z, <2 — p. In particular, we have Q% CQx ( — %é,), %) In fact,
P

1-— 5
|x'p/+x6|§p’|x’|+7p<2—zp<2,
30 13 =8
and ]xnp’—2]§f+|p4|:2.

Now, we consider three cases:
Case 1: p < p//4 . Then v/M’ is also a non-negative supersolution of (4.11)

and we apply the interior weak Harnack inequality, Theorem 1.1 (also see
Theorem 8.18 in [GT01] ) to obtain

inf v Z 01
Qp/pr ()

p _n/ p ’ p I 7
o G o I (©)- 413
(ﬂ) Q) ] @y 00 (4.13)

Since Q,(zo) C Q1 we have Qa,(x¢) C ()2 and

10" flle(@a,,(en) < ClFllLo@ey) < Cado

Now, let us introduce

G = {y € Qup(e) : vly)/MF > 1/4,
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and, as y, > 1/4 for all y € @,/ (e), observe that (4.10) implies that

612 1y € Qua(e) s o)/ >l = 3 (2]

Hence, we deduce that

inf v>0C,

— (%9
Qpypr(€)

() 4]

P M
> O (p) T|G|” — Cydp

p/

01
Pt o

4
Using M > 521/”, yn < 1in @Q,/y(e), increasing M and diminishing d, we
1

obtain
v>MITV2 1> M7y,

Thus, we conclude that u(z)/x, > M?™! in Q,(xo).
Case 2: p < p'/4 and p' < 1. Then Q2 C @3/, and

16/ Fllry < 16/ Fllzn@yyn = () 77 1 F o) < 60 < a.

Observe that v/M7 is a non-negative supersolution of

/

— div(A(y) D(v/M?) + p'b(y).D(v/ M) + p*e(y)o /M7 > ]\ij(y) > f

since M~! < 1 and f < 0. Moreover, as p < ¢/, (4.12) implies that
. , 1(p "
€ Qus o)/ > > 1 € Qo) o)/ >} = 3 (2] =

Hence by Lemma 4.1, we obtain v(y)/M? > ky, in Q1, and by the definition of
v(y)/yn > M77 in @,y (e). This implies that u(x)/z, > M7~ in Q,(x).
Case 3: p>p//4 and p' > 1. Then p > 1/4 and

1 1 /71\"
> >—p">=(-] =
ANQiI 2 14NQ = 3" = 5 (3) =7

Hence by Lemma 4.1, we obtain directly u(z)/M? > kx, in Q. This means
that Q,(z9) C B and so, the claim is proved. [
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4.2
Boundary Weak Harnack Inequality for cubes

We state and prove the version for cubes of our main result in this section.

Theorem 4.6 (Boundary Weak Harnack Inequality for cubes)
Assume that u is a nonnegative weak supersolution of problem L[u] > f
in Qq, where L is under the assumptions of Lemma 4.1, and f € LP(Q2) is
nonpositive function in QQs. Then, there exist constants € > 0 and C' > 0 such
that

U U e1l/e
w2 cf ()] - e
mi e[ (1 Il

Proof. Let us split the proof into three steps.

Step 1: Assume that icr?lf —— < land ||f]|zr(@s) < do. Then there exist € > 0
1 Tp
and C' > 0 such that for all ¢ > 0

Hx € Q1 :u(x)/z, >t} < Cmin{l, ¢t >}.
To prove this, let us define the real valued function

g9(t) = o € Q1 : u(z)/xn >t}
and let M and p be the constants obtained in Lemma 4.4. We define

1In(1 —p)

. _ 1 % —
Cr=max{(l—p)" ,M*}>1 and e: 2 In(M)

> 0.

If t € [0, M] we get
Hr € Qi :u(x)/z, >t} <1< CM ™% < Cmin{l,t *}.

Now, let us assume t > M > 1. Without loss of generality, we assume
t € [M7, M7*1] for some j € N, and it follows that

Int ) Int
—1<j< —.
In M In M

Since g is non-increasing and 1 — p € (0, 1), the above inequality and Lemma

4.4 imply

Int

g(t) < f(M7) < (1= p)! < (1= p)mr ™!
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Observe that,

In M In M
< —2¢lnt +1InC = In(Ct™*).

In ((1 —u)anth_1> = ( It _ 1) In(1—p) = Mlnt—lm(l — 1)

Finally, the conclusion of Step 1 follows from the two last equations and the
fact min{1,¢ 2} =t 2 for t > 1.

Step 2: Assume that inf
Q1 x
such that

< 1and || f|lr(@s) < do. Then there exist C' > 0

n

/1 (ux(f)>edx <C.

Hence, applying Lemma 9.7 [GT01] we obtain that

/Ql (W))edx < e/ooo t |z € Qur ulz)/zn > t}]dt

Tn

< Ce /oo ttmin{1,¢*}dt = C.
0

Step 3: Conclusion. Let us introduce the functions

u = f

. u _ .
inf () +B4+0 1||f||Lp(QQ) inf

yeEQL UYp YEQ1L Yp

. and f=
“U9) 154 57 flluvian

v(x
where S > 0 is an arbitrary constant. Hence v satisfies iélf (z) < 1 and
1 TIp

vaH < §g then applying Step 2, we obtain that

L) e

SO
€ 1/e
u(z) oou(y) 4
d < C inf 0, P(Q)-
(L[5 <esg 20wt
Therefore, we get the result by letting § — 0. [ |
4.3

Boundary Weak Harnack Inequality

Finally, we enunciate the general version of boundary weak Harnack
inequality. Namely, the statement for an arbitrary  C R® with CVP-regular
boundary.
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Theorem 4.7 (Boundary Weak Harnack Inequality) Let Q@ C R", for
n > 2, be a bounded domain. Assume that u is a nonnegative weak supersolution
of Llu] > f in Q, where Q and L are under our hypotheses and f € LP(Q) is
non-positive in ). Then for any xo € O there exist constants R > 0, € > 0

and C > 0 such that for all R € (0, R],

o ufx) @)\
w0 i) 2 € ( /B I <d(:¢)> dx) — Ol f - (4.14)

Proof. By the definition of a C%”-domain, at each point zqy € O there
is a neighborhood N of zy and a CYP-diffeomorphism ¢ that straightens
the boundary in N, such that Dyp(0) = I,. Let Bgr(zg) CC N and set
B' = Bg(zo) N Q, p(B") C @1, T = Bgr(zo) N 0N C 0B', and ¢(T) C
{z € Q;x, = 0} (¢(T) is a hiperplane portion of Q). Under the mapping
y =) = (pr(x), -, pn(2)), let Uy) = u(x), and Li(y) = Lu(x), where

Li = — div(A(y) Dii) + b(y) Dt + &(y)i = f(y),
and A(p(x)) = A(z)Dy(x), bp(x)) = De(x)b(z), &y) = c(x), f(y) = f(z).

Since Dy (0) = I, by choosing R small enough we can ensure that the new
equation has the same properties as the original one (by replacing, say, A
by A/2, and ¥ by 2¢). The assumptions of Theorem 4.6 are satisfied for the
equation Lii = f in ¢(B') with the hyperplane portion (7). We can therefore

assert

u(y) a(y)\* Ve 7
inf >C d — CIIf e
e (/Ql ( m ) y) | fllzr (@)

for any Q2 C ¢(B;). Returning to the original variable z, the latter inequality
implies (4.14), by diminishing R, if necessary.
[

4.4
Regularity Estimates

This section has expository character. For the reader’s convenience we
sketch how, using the original method of Safonov, Holder estimates can be

inferred from the weak Harnack inequality. We will use these estimates in later

sections.

Theorem 4.8 ( C* Regularity Estimates) Let Q@ C R” be a bounded do-

main. Assume L is under the assumptions of Lemma 5.1, f € LP(Q)), where
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p > n. Let u be a weak solution of
Llu) = f(z) in Q

with ||ul| @) + | fllzr@) < Co. Then, there exists a € (0,1) depending on
n, 0, Y, ||bl| ey, such that u € C.(Q) and for any subdomain Q' CC Q we

loc

have

Il oy < C {llullzm) + 1]l }

where C depends only n,p, 7V, [|b]| ey, ||c|| 1), dist(Y,0Q) and Cy. If, in
addition Q is Cl-smooth, then there exist some ag,py > 0 depending only
n, p, 9,971 ||bl| e, such that for each ball B, with radius p < po and center
in Q

osc u < Ci(p™ + osc u)
B,NQ B ,N00

where Cy depends on n,p, 9,971, ||bl| o). el ), @ and Co. Hence if ulsq €
CP(OB) then u € C*(Q) with o = min{ay, 3/2}.

Proof of Theorem 4.8

Note we can assume ¢ = 0 by replacing f by f — cu.

First, we give the proof of the interior estimate in the case f = 0. Recall we
have a solution u € C(§2) of —div(A(z)Du) + b(z).Du = f(x). Then for any
p such that By, C €2 the functions

uy ;= u — infu U :=SUpU — U
Bap Bap
satisfy the hypotheses of Growth Lemma (Lemma 4.1) . In addition, we define

w(2p) 1= oscu = uy + us.
Bs,

Note the following equivalences are satisfied,

v

(i) u>

(i) u <

(supp,, u + infp,, u) <= w

N[= N

1
2
(supg,, u +infp,, u) <= uy > sw(2p)

so at each point of Bs,, either u; or uy is greater or equal than %w(?p).

Case 1: Suppose that

1
{x € B,; ug > 2w(2,0)}‘ > 5’3”’
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Applying Lemma 4.1 to u; > 0 in B,, we have that for some k& > 0
u > kw(2p) in B,
which yields the following estimate:

ijIBlfu > ksup +(1 — k) inf w.

sz BQP

Case 2: Suppose that

1
,|B
2

ol

{x € B,; up > ;w(Qp)}' >
Similarly we obtain

uy > kw(2p) in B,
which yield the following estimate:

supu < ksup+(1 — k) inf u.

B, Bz, Bap
In both cases, we have w(p) < (1 —k)w(2p), for all p € (0, py). With the claim
4.9 below we have u € C*(B,). Next, we deal with f # 0. We argue in the

same way as in the case f = 0, but in the end we get

w(p) < (1 —=k)w(2p) + Cpl| fllLr(Ba,)-

Applying Lemma 8.23 of [GT01], for any v € (0, 1) there exists o depending
on v,n, 9,91 ||b||» such that

w(p) < Csup fulp®w(2p) + Cp || fl| o (5,,)-
)
The last case deals with the extension of the result to the boundary. We
use the idea of extending the function u as a constant outside the domain. Let

T € 0F) we want to show that for some kg < 1,

osc  u < kg
B

osc u+C +2 osc  u
By (20)N2 (20)N02 pllfllcr )

2p Bap(20)NOQ

which would imply, by Claim 4.9

w(p) < Cp* +w(p”),Vv < 1,¥p < po
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where o(p) = Cp||f||Lr(@) + 2 05CB,, (z0)no0 u. Note that if

osc u<2 osc u
Bp(xo)mﬂ ng(:ﬂo)ﬂaﬂ

we are done. Suppose then

osC u>2 o0sc u
By(x0)NQ Bap(20)NOQ

and we have two possibilities:

1
1 sup u— sup u<- o0sc u,
) ng(mo)ﬂﬂ sz(xo)ﬂaﬂ 4 BQP(Q;O)OQ
and
. ) 1
2 inf.f u— inf wu<- o0sc wu.
sz(xo)ﬁag ng(:to)ﬂﬂ 4 sz(xo)ﬂﬂ
For the case 2 we define us :=u — inf wu so that
sz(xo)ﬂﬂ
L[UQ] = f in BQP(SC0> N Q
U9 Z 0 in BQP(JI()) N Q
1
Uy > Zw(Qp) on By, (xg) N OLL.

In By,(z9) we define the function

1
min{us, gw(Qp)} in  Byy(xg) NQ
Ug =
1 :
éw(Zp) in  By,(xg) \ Q.

By Lemma 4.10 below we obtain that s is a supersolution, and we allow to

use Lemma 4.1 to conclude that
U9 Z k’oCL — CprHLp in Bp

where d = m = fw(2p) and by the definition of @, we obtain that

. e ko
ipfup 2 ipfu, > 5 020) = Cpll fllzre

which implies that

k
w(p) < (1 - go)w@p) + Cpl| fllr()-
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Claim 4.9 Suppose the hypotheses of Theorem /.8 are satisfied and for all
p € (0, pol, the inequality

w(p) < (1— k)w(2p)

holds, k > 0. Then for any p € (0, po), we have u is locally Hélder continuous

in 2 and for any ball B,, we have

. 10) ()

< C'sup |uf
z,y€B, |33 -

PO

where C' = C(a,n,p, po),« = ala,n,p, po) > 0 are positive constants.

Proof. Let us fix initialy some number p; < pg. Then for any p < p; we have
w(p) < (1= k)w(2p).
We now iterate this inequality to get, for any positive integer m,
w(27"p1) < (1 = k)"Mw(pr) < (1= k)" w(po). (4.15)
For any p < p;, we can choose m such that
27 Mp < p< 27
The inequality (4.15) can be written in the form of the Holder condition. Hence,
u(z) — u(y)| < w(p) < w2 p1) < (1— k)" w(po)

log; /9(1—k)
1 p 1/2
< — .
= (1 _ ]{I) <p1> ’LU(pO)

Now let p; = pp~*p® so that we have

(1-a) 1og1/2(17k)
(o) w0 = 2 (2) wlpn)

Indeed, let o > 0 be the number such that (1 — a)log; (1 — k) < «, then

C [0
u(z) — uly)| < L) sup |u| < Cp® sup Jul.
(1 - k) £0o 00 50
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Lemma 4.10 Suppose for some B C R™ and for f € LP(B),f < 0,u €

C(2),m > 0, we have

Llu] > f(x) in By, NQ
u >0 in By, N
u > 2m on By, N O,

Then for all By, C QU B, p < po and for any v,a > 0 it followa that
infw > ka = Cp||fllr@)

where k,C" depends on v,n,9,971,||b||zs,p > n and w € C(B) is defined by

_ min{u,m} in By, NQ
u =
m in By, \ .

Proof. We note that w satisfies the hypotheses of Growth Lemma 4.1 in the
ball B, since the minimum of two weak supersolution is a weak supersolution
and Llu] = L[m] =0 > f(z). |

Proof.[Proof of Theorem 4.8] Let us prove the interior estimate for
— div(A(z)Du) — | Duf? — b(x)| D] > |f ()| (4.16)

where u and —u are solutions of (4.16). Hence by Lemma 2.13, the functions

1 — e~™Mu1 1 — e—™mu2
wy = ) Wy =
m m

where u; = v — inf u and uy = sup u — u satisfy
Bap Bs,

—div(A(z) Dw;) — p| Dul* — b(x)| Du| > (1 — maw;)[|f ()| + Im| Dul’]
> (1 —muy)|f(2)] = f.

Since at each point x € By,

for some 7, say 7 = 1, reasoning as before and applying the Growth Lemma
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we get

1 e_mw@p)

wy > kT — O fllzr(Bop)

for p < po. Notice that for each ty there exits € = €(t, m) such that

1—e ™
>7

t > et for t € [0, to].

m
We apply this with to = w(2py)/2 and we get

1 — e ™ 1— e’mw €
w2 w2 b = Cpll i 2 5000k — Colf o

in B,, so again

w(p) < Cp*sup|u| + Cp"|| flr(Bsp)

PO

for p € (0, po). |
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5
A priori Bounds and Multiplicity results

In this chapter we obtain a priori bounds for solutions of a class of
indefinite quasilinear elliptic equations, assuming lower regularity on their
coefficients and on the boundary of 2 than in the previous works on the
subject. These a priori bounds are going to be used to establish existence
and multiplicity of solutions for these problems.

We consider the following class of boundary value problem

{—dW@M@Dm = ex(2)u + (M(x)Du, Du) + h(z) (P

u € HH(Q)UL®(Q)

where Q C R”, n > 3 is a bounded domain with boundary 99 of class C*P. It
is assumed that ¢, h € LP(Q2) for some p > n, where ¢™ and ¢~ are nonnegative
functions such that ¢y (z) := Ac¢™(x) —c™ (x) for a parameter A € R. Also A(z) is
a uniformly positive bounded measurable matrix, i.e. 91, < (a;;(x)) < 9711,
¥ is a positive constant, and I, is the identity matrix; and that M(z) is an

positive matrix such that
0<ml, <M(z) < psl, in (5.1)

for some positive constants py and ps.

The specificity of these problems, and what makes them delicate to study,
is the quadratic dependence in the gradient, which makes the gradient term of
the same order as the Laplacian with respect to dilations. We refer to [CFJ19],
[NS18] for a review of the large literature on this topic.

The study of the coercive case, i.e. ¢ < 0, was initiated by Boccardo,
Murat and Puel in the 80’s, and we refer to [ACJT14] for the uniqueness. On
the other hand, the noncoercive case remained unexplored until very recently.
We refer a particular case of Jeanjean and Sirakov, study a problem directly
connected to (Py).

As in [CFJ19] we assume the additional assumption

|Q+] >0, where Q.+ := supp(ch),
There exists € > 0 such that ¢ =0 in {x € Q:d(z,Qu+) < €}.
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This hypothesis means we are in the "hard" noncoercive case, when the
zero order coefficient is not negative, and uniqueness of solutions is expected
to fail. For a definition of supp(f) with f € LP(Q2), for some p > 1, we refer to
Proposition 4.17 [B11].

Definition 5.1 Let f € LP(Q2). Consider the family (w;)icr of all open sets on
Q such that for each i € I, f =0 a.e. on w;. Set w = Ujerw;.

Then f =0 a.e on w.

By definition, supp(f) is the complement of w in €.

We also observe that, under the above regularity assumptions, any solution of
(Py) belongs to C%7(Q2) for some 7 > 0. This can be deduced from ([LU68],
Theorem 1X-2,2).

As in [ACJT14], [ACJT15], [CFJ19], [NS18], we will obtain our results
by using a topological approach, which relies heavily on the derivation of a
priori bounds, and combines sub and supersolutions arguments together with
degree theory.

We now recall a few definitions. We will denote with v; > 0 the “first

eigenvalue" of the linear problem, which in our case means that the problem

—div(A(z)Dy1) =cy(x)pr  inQ
v >0 in 2 (Py)
p1 =0 on 0f)

has a solution. In that case when h(z) = 0 the problem (P,) has no solution u
with ¢*(x)u 2 0 when A = 7, and no nonnegative solutions when A > ;. See
Lemma 6.1,[ACJT15] for details.

Further, we define strict comparison between functions in the following

way.

Definition 5.2 Let u,v € C(Q). We say that u < v in case there exists
e > 0 such that, for all z € Q, v(z) — u(z) > epi(x), where p, is the first

eigenfunction of (P,, ). Recall that, for all x € Q, v1(x) > 0 and, for x € 09,

91

at(r) <0 where v denotes the exterior unit normal.

We make the convention, mainly when dealing with multiplicity results,
that a and § will always denote a pair of sub and supersolutions, in a sense
to be specified.

Many of our results are valid without assuming that h has a sign.
However, when we require h to have a sign, we will see that the set of solutions
differs completely for A < 0 and h 2 0.
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5.1
Main results

We now state our main multiplicity results which is going to be proved
next chapter. In what follows continuum means a closed and connected set
and the above assumptions on the coefficients of the equation are assumed to
hold.

More precisely, defining
Yi={(\u) € R x C(Q) : usolves (P)},

we will show that it is possible to obtain a description of the set X. In the next
two theorems, following the strategy of [CFJ19], we show the existence of a
continuum of solutions of (P,) when the coercive problem (Fy) with A = 0 has

a solution (conditions on the coefficients which ensure this can be found for
instance in [ACJT15], [CFJ19]).

Theorem 5.1 Suppose that (Fy) has a solution ug with ¢t (z)ug = 0. Then

(i) For all A <0, the problem (Py) has a unique solution uy and this solution

satisfies ug — ||uolloo < un < up.

(ii) There exists a continuum C C ¥ such that the projection of C on the
A-azis is an unbounded interval (—oo, N for some A € (0,+o00) and C
bifurcates from infinity to the right of the axis A = 0.

(iii) There exists Ao € (0, ] such that, for all X\ € (0, ), the problem (Py)

has at least two solutions with u; > ug for i =1,2.

>|
= |

Figure 5.1: Illustration of Theorem 5.1

Theorem 5.2 Suppose that (Fy) has a solution uy < 0 with ct(z)up < 0.
Then
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(i) For A < 0, the problem (Py) has a unique nonpositive solution uy and

this solution satisfies ug + ||ug|loo > ux > uo;

(ii) There exists a continuum C C ¥ such that its projection of C* on the

A-azxis s [0, +00);

(iii) For X > 0, every non-positive solution of (Py) satisfies uy < wuy.
Furthermore (Py) has at least two non-trivial solutions uy,; for i = 1,2
with

ung K ug <upg, Uy KUz, and maxuy > 0.
Q

Moreover we have uy,1 < ux, 1 < ug if 0 < Ay < Ao

Figure 5.2: Illustration of Theorem 5.2

Note that our Theorems 5.1 and 5.2 require (F) to have a solution and
thus we are in a situation where a branch of solutions starts from (0, ug). In
our next results we consider the situation when a (super)solution of (P,) exists

for some Ag > 0.
Theorem 5.3 Assume that

(a) (Py) does not have a solution uy < 0;

(b) there exist A\g > 0 and By a supersolution of (P,) with By < 0.
Then there exists 0 < A < Ay such that

(i) for every X\ € (A, 00), the problem (P\) has at least two solutions with

un1 < 0 and uyg < uyo. Moreover, if A\i < Ao, we have uy, 1 >> Uy, 1;
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(ii) the problem (Py) has a unique solution uy < 0;
(1ii) for X < A, the problem (Py) has no solution u < 0.
For every A < 0, the problem (P\) has at most one nonpositive solution wuy;

There exists an unbounded contiuum C , uy and A = 0 is a birfucation point

from infinity.

A

Y

U,,1

Figure 5.3: Illustration of Theorem 5.3

Open Problem Can we prove in Theorem 5.3 that the second solution changes
sign?

In the proof of Theorem 5.2 below (see page 68) we define the auxiliary
problem (P, ;), whose solutions are supersolutions of (P,). In particular, from
Theorem 5.1 and Lemma 6.7 below we can deduce the following corollary which
concerns the case h < 0, and in which we see the simultaneous realization of

two of the above theorems.

Corollary 5.4 Assume that h < 0. For all X > 1 where v1 > 0 is the first
eigenvalue (Py,), there exists k > 0 such that, for all k € (0, k],

(i) there exists \y € (0,7v1) such that

(a) for all X\ € (0,)1), the problem (Pyy) has at least two positive

solutions;
(b) for A = Ay, the problem (P\j) has exactly one positive solution;

(c) for A > Ay, the problem (Pyy) has no non-negative solution;
(ii) for X =~ the problem (P\j) has no solution;

(iii) there exists Ay € (71, N such that
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(a) for X\ > Xy, the problem (P\x) has at least two solutions with

ux1 <K 0 and minuy o < 0;
(b) for A = Ay, the problem (Pyj) has a unique non-positive solution;

(c) N\ < Ay, the problem (Pyy) has no non-positive solution.

U,

A

Y

Figure 5.4: Illustration of Corollary 5.4

We conclude this section with a result on the particular but important
case h(z) = 0. Further considerations in case h(z) has a sign are given in
Remark 6.10 below.

Theorem 5.5 Assume h(x) = 0 and recall that vy > 0 denotes the first
eigenvalue (P,,). Then

(i) for all A € (0,71), the problem
— div(A(x)Du) = ex(z)u + (M (x) Du, Du) (Pr=0o)

has at least two solutions uy; =0 and uyz = 0;
(ii) for X =~ the problem (Py—o) has only the trivial solution;

(iii) for X > v, the problem (Pn=) has at least two solutions uy; = 0 and
uy2 < 0;

(iv) for all X <0 the problem (Py=o) has a unique solution uy = 0.

(v) There exists a continuum C C % such that the projection of C on the

A-azis is an unbounded interval (0,+00) and C bifurcates from infinity
to the right of the axis A = 0.
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A 4

Figure 5.5: Illustration of Theorem 5.5

5.2
A priori Bound

The following essential upper bound shows that any unbounded contin-
uum of solutions of (P,) for A > 0 in a bounded interval can only bifurcate to
the right of A = 0.

Theorem 5.6 (A priori Upper Bound) Under the stated assumptions of
problem (Py), including hypothesis (A), for any Ay > Ay > 0, there exists a
constant M > 0 such that, for each A € [Ay, N3], any solution of (Py) satisfies
supg u < M.

To prove this theorem we will first show, in Lemma 5.8, that it is sufficient
to control the behavior of the solutions on ,+. By compactness, it is equivalent
to study what happens around any fixed point # € €.+. We shall consider
separately the alternative cases 7 € Q.+ N and 7 € Q.+ N ON.

Remark 5.7 Let us point out that if A\ = 0 or ¢t = 0 de. Q| = 0 the
problem (Py) reduces to (Py) which is independent of X, and has a solution,
by [ACJT15],[CF18], where the authors give sufficient conditions to ensure the
existence of a solution of (Py). Such a solution is unique and so, automatically

we have an a priori bound.

For the general case, an a priori bound to solution of (P)) depends only

on controlling the solution on €2.+.
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Lemma 5.8 Assume the hypotheses of (Py), there exists a constant M > 0
such that, for any A € R, any solution u of the problem (Py) satisfies

—supu” — M <u<suput + M.
Qer Qe+
Proof. In case problem (P,) has no solution for any A € R, there is nothing to
prove. Hence, we assume the existence of A € R such that (P;) has a solution
u. We shall prove the result with M := 2||T||«. Let u be an arbitrary solution

of (Py). Setting D := Q\ Qc+ and v = u — supu™, we have
oD

—div(A(x)Dv) = —c (z)v+ (M(x)Dv, Dv) + h(z) — ¢ () sglpp ut

< —c¢ (xv)v+ (M(z)Dv, Dv) + h(z) in D.

Since v < 0 on 9D, the function v is a subsolution of (7). On the other hand,

setting ¥ = @ + ||@||o We obtain
—div(A(x)Dv) = —c (2)v+ (M(2)Dv, Dv) + h(z) + ¢ (2)]|]| 0
> —c (x)v+ (M(x)Dv, Dv) + h(z) in D
and thus, as © > 0 on 0D, the function v is a supersolution of (F). By
standard regularity results (see for instance Lemma 2.1, [ACJT14], which can
be applied under our hypotheses), we get u, % € H'(Q) N W.."(Q) N C(Q) and
hence, v, € HY(D) N W, (D) N C(D) and the right-hand sides of the above

inequalities are L™ functions. Therefore we are able to apply the Lemma 2.11

(Comparison Principle), and conclude that v < ¥ in D, namely that

u—supu’ < U+ ||t in D
oD

u < 0+ ||t +supu’ in D.
oD

Hence u < M + suput in €. For the other inequality, we now define v :=

Qe+
u+ supu~ and obtain v > 0 on 0D, as well as,
oD
—div(A(z)Dv) = —c (x)v+ (M(x)Dv,Dv) + h(z) + ¢ (x)supu~

oD
> —c (z)v+ (M(z)Dv, Dv) + h(z) in D.

Thus v is a supersolution of (F). Now defining v = @ — ||u||. again we have
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v <0 on 0D as well as

—div(A(z)Dv) = —c (2)0 + (M(x)Dv, Dv) + h(z) — ¢ (2) ||t o
< —c (x)v+ (M(z)Dv, Dv) + h(z) in D.

Thus v is a subsolution of (P,). As previously we have that v,0 € H}(D) N
VVlic"(D) NC(D), and applying again the Comparison Principle (Lemma 2.11)
we get v < v in D. Namely

u— ||tul|oc <u+supu” in D
aD
u > U — ||t]|oou —supu” in D.
oD

Therefore, it yields u > —supu™ — M in €, ending the proof. |
Qe+

Now, let w € H}(Q) N L>(Q) be a solution of (Py). We introduce the

exponential change of variable

1 1
wi(x) == — (/@ — 1) and gi(z) = —In(l+ws),i=1,2 (5.2)

V; v

where

vy =, and vy = [L27.9_1

for p11, pe given in (5.1) and ¥ given in the definition of the matrix A(z).
By Lemma 2.13 we have,

—div(A(z) Dw;) = —div(A(x) (1 + v;w;) Du)
= —(1 + vyw;)div(A(z) Du) — (A(z) Du, D(1 + vyw;))
= (14 vw;) {cxu@) + (A(z) Du, Du) + h(x)}
— (1 + vw;) (v;A(x) Du, Du).

Then,

— div(A(z) Dw;) = (1 + viw;) {C,\(I)gi(wi) + h(x) + <[M(x) — v;A(z)] Du, Du)} .
(5.3)

Note that the last term is negative for ¢ = 1 and positive for ¢ = 2.

Using (5.3) we shall obtain a uniform a priori upper bound on u in a
neighborhood of any fixed point # € Q,+. We consider the two cases ¥ € Q.+ N
and T € Q.+ N 0N separately.
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Lemma 5.9 Assume that (A) holds and that T € Q.+ N Q. For each Ay >
Ay > 0, there exist My > 0 and R > 0 such that, for any A € [A1, As], any

solution u of (Py) satisfies sup u < M.
Br(z)

Proof. Under the assumption (A) we can find a R > 0 such that M(z) >
pil, >0, ¢ =0in Byr(T) and ¢* 2 0 in Br(Z). Observe that (5.3), for

¢ = 1 turns into

—div(A(z)Dw1) = (1 + vywy) {c,\(x)gl(wl) + h(x) + ([M(a:) — 11 A(z)]Du, Du)}
> (14 vywy)[Act (2) g1 (wr) + R (2)] — A~ (z) — 1A~ (z)w,
+ (14 vyw) (1 — 9 )| Dul?.

Therefore in Byg(Z),

—div(A(z)Dwy) + vih™ (2)w; > (1 + viwy)[Met (x)gi(wy) + b (2)] — B ().

Define zg to be the solution of

— div(A(2) Do) + b ()20 = —A2c+(x)§, % € HY(Bur(3).  (5.5)

1

By classical regularity (Theorem III-14.1 [LUG68]), zo € C(B4r(Z)) and there
exists a constant C' > 0 depending on Z, vy, Ao, p, R, ||h || e(ar), 1€ || Lo (Bar)
such that zy > —C in Byg (see Lemma 2.9). Further, by the Weak Maximum
Principle (see Lemma 2.9) we know that zy < 0.

Observe that

6_1

(_riiigo)(l +v;8)gi(s) = — "

and define v; = wy — 29 + 711 Thus v, satisfies

—div(A@) Do) + b @ > (1 mw) et @)gawn) + B ()] + Aot (1)
= (1 +vmw) (A = Ao)[c™ (@) gy (wi)]
+(1+ Vlwl)Alc ()97 (w,)
> Alc;(:c) (1 4+ vywy) In(1 + vywy)
Alc+1(x)(vl + 20) In(v1 (v1 + 20)) := f(x,v1)

(5.6)
in Byr(7), where
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f:OxR — R

(z,8) — f(z,s):= Alc+<x)([3+zo][ln(1/1)+ln(s+z0(g;))]) (5.7)

is a superlinear function in the variable s. Since w; > —1/1v4 we have v; > 0 in

Byr(Z). On the other hand, for ¢ = 2, in view of (5.1) in Q and wy > —1/vs,

by (5.3) in a similar way we conclude that wy satisfies

—div(A(z)Dws) < [1 + vews](Act(2)ge(we) + A (x))
+ (1 —w)h™ (:L’)wf —h™(x) — rih™ (x)wy
—div(A(z) Dws) + ih™ (2)we < [1 4 vowy] (AQCV (z) In(1 4 vows) + h+(ac)>
=: g(z,w,)
(5.8)
in Byg(), where g : 2 x R — R satisfies
g(x,8) < ag[l + 5], foreach a > 0. (5.9)

In order to prove that (5.8) implies (5.9), let ¢, > 0 be a constant such that
In(1+2) < (14 x)*+c,, forall z>0.

Hence,

g(x,we) = [1 + vows) </:c+(x) In(1 + vewy) + h+(a:)>

< [1 4 vows] (i}jﬁ(m)(l + vwq)® + ca/:c+(x) + h+(a:)>

< (14 vpwy)*t? (jy\ijr(x)(l + co) + h*(x))

<1+ (rawz)* ag(x)

where ag(z) € LP(2), @ > 0. In addition, we note that

L

[1 + VQUJQ] vy — (6”2”)é = (6”1“) =1+ nmwy = [Ul + Zo].

This means that wy = &(vy +20), where £(s) := [(1/13)% —1]vy b is an increasing

function satisfying

S v s)2/vt 1 v L e
lim £6s) = lim ()™ = 1 = lim — 2 — T <o, (5.10)
§—00 g 5—00 V25V2/V1 $§—00 125} %)
for 6 = vy /1.

Thus we are in position to apply the following theorem, which under our
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assumptions is a rather straightforward generalization of Theorem 2 in [S20].

Theorem 5.10 Let 2 C R™, n > 2 be a bounded domain with boundary OS2
satisfying the interior CYP-paraboloid condition and L be a uniformly elliptic
operator under our standing assumptions. Assume that zg is a bounded function
and v > 0, and &(v + 29) where & satisfies (5.10) are functions in H'(2)
satisfying the following inequalities in the weak sense
—div(A(x)Dv) + b~ Hx)v > f(x,v)
—div(A(z) DE(v + 20)) + 1h™ (@)&(v + 20) < g(w, (v + 20)),

where [ satisfies (5.7) and g satisfies (5.9) for some r = o + 1 with

<n+1+ 1 1 2
r - — .
n—1 I5] n—1

Then for some C' depending on the concerned quantities we have

E(v(z) + 20) < Cd(x) in Q  and hence v(x) < C.

Proof. In view of Theorem 1.8 all Theorems 3, 4, 5 and 6 stated in [S20]
are valid under our assumptions on the domain and on the coefficients of L,
hence, it remains to observe that the other generalizations on the hypotheses
of Theorem 5.3 in comparison with Theorem 2, [S20] are natural, in view of
Remark 4, [S20] and due to the injective property of ¢ and the boundedness
of zp. Thus, taking into account these observations, the proof follows almost
verbatim the proof of Theorem 2, [S20], with minor changes. |

In view of (5.6) and (5.8) we are able to apply Theorem 5.10 for v = vy
and wy = £(v1+ 29) and conclude that v; and ws have upper bounds in Byg(7).
As a consequence of this, the same holds for w; and also for u as desired. W

It is important to observe that Theorem 1.8 is fundamental to prove
Theorem 5.10.

Lemma 5.11 Assume that (A) holds and that & € Q. N Q. For each
Ay > Ay > 0, there exist R > 0 and My > 0 such that, for any A € [Aq, As],
any solution u of (Py) satisfies sup u < Ma.
Br(@)NQ

Proof. The proof is very similar to the previous case, we only need to observe
that our assumptions permit us to find €, C Q with 9, of class C*"? such
that Bop(Z) NQ C Qy and M(z) > pyl, > 0, ¢ (z) =0 and ¢ (z) 2 0 in Q.
Hence, for i = 1 note that (5.3) turn into (5.4) in €, instead of Byg(Z). Then,
if zp is the solution of (5.5) in HJ(;) instead of H}(Byr(Z)), as in Lemma
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5.9, we get 29 € C(Q;) and C > 0 depending on the usual quantities such that
—C < % < 01in €. In addition, defining v; as in Lemma 5.9, we observe that
vy satisfies equation (5.6) in €; and v; > 0 on Q. Arguing exactly as Lemma
5.9 we deduce (5.6),(5.8) and then we are able to apply Theorem 5.10 getting
an upper bound to u in €2;. [ |
Proof of Theorem 5.6
Once the previous two lemmas are available, that is, we have the existence
of a uniform a priori upper bound on u in a neighborhood of any fixed point
T € Q.+ (see Lemma 5.9 and 5.11), then the proof of Theorem 5.6 follows
exactly as the proof of Theorem 1.1 in [CFJ19].

We will now see that solutions are bounded from below, even when A — 0,
A > 0.

Theorem 5.12 (A priori lower bound) Under the standing assumptions
on problem (P)), including hypothesis (A), let Ay > 0. Then every super-

solution u of (P\) satisfies
|u™||pee < C for all X € [0, Aq]
where C' depends only on n,p, v1,Q, g, ||c|| e, [|P7 || zr()-
Proof. First observe that both U; = —u and Us; = 0 are subsolutions of
—div(A(x)DU) < e U — (M (2)DU, DU) + h™ (z) in .

Then these functions are also subsolutions of

—div(A(z)DU) + w1 |Dul* < ce\U+h=(x) in
U <0 on 0f2

and so is U := u~ = max{Uy, Uy}, as the maximum of subsolutions. Moreover
U >0in Q and U = 0 on 0. We make the following exponential change of

variables
1 — 6—1/1U

151

From Lemma 2.13,

—div(A(z)Dw) < (1 — yw) [c)\(x)U + h_(x)}
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we know that w is a weak solution of

h(z) + 22 n(1 — nw)(l — nw) in Q

V1

{ —div(A(x)Dw) + v1h™ (x)w

w =0 on 0f).
(@x)
Note that the logarithm above is well defined, since
1_ - U
0<w= ¢ < —in{
1%} %%
Now set w; 1= =¢ " , where u; is some fixed supersolution of (Py), A > 0

2
(if there was not such supersolution, we have nothing to prove). Then, by the

above, wy € [0,1/11) is a solution of (@,). Define
w :=sup.A, where A := {w: w is a solution of (Q,); 0 <w < 1/vy in Q}.

First, observe that A # ) since w; € A, and w; < w < 1/14 in Q. Also, as a
supremum of subsolutions, W is a weak solution of (Q),), with @ = 0 on 5.
Then, the function

ex(x)

151

. _ 1 _
with [ o) < 0l + - (Aalletllzsa) + lle” llzvie) Co

f(z):=h"(z) +

|In(1 — 1nw)|(1 — nw) € LE(Q)

since A(w) = |In(1 — nyw)|(1 — ryw) < Cy. Therefore, by the Boundary
Lipschitz bound, Lemma 2.14,

W < C5 7P| || o (yd(x) — 0 as x — 99

and so W # 1/vy. Observe that the function @ can be equal to 1/v4 at some
interior points. In order to obtain a contradiction, assume that there is a
sequence of supersolutions uy of (Py) in © with unbounded negative parts,

then there would exist a subsequence such that
uy (1) = ||ug, ||no — +00, 5 € Q2 — 19 € QO k — 00

with xp € Q) for large k, since u;, > 0 on 0f). Then the respective sequence

1 — ey, (z1) 1
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i.e. for every € > 0, there exists some kg € N such that

1 1
e < wi(my) < W(w) < o

, for all & > k.

1
Thus, there exists lim w(z;) = — and also
k—o0 Vl

1
wlo) 2 Jim, law) = fim W) = 7

Hence, x¢ € Q, since w = 0 on 99, and w(xy) = Vil Finally, define z := 1 -4,

and observe that

div(A(x)Dz) = —ydiv(A(z)Dw)

ea(zx)

S 1/1(1 — V1W) y
1

| In(1 — yw)| + h™ (2)

=cy(z)|Inz|z + nh™ (2)z.

Then z is a supersolution of

—div(A(z)Dz) + rih~(x)z > —cy(z)|Inz|z  in
z 20 in Q
z(xg) =0.

But this contradicts the nonlinear version of the SMP, (Lemma 5.3, [NS18],
and its extension in [SS21]) which says that z =0 or z > 0 in €. |
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Proof of Multiplicity results

6.1
Preliminary observations

We first define strict sub and supersolutions. We observe that for the
purposes of this section, where degree arguments will be employed, it will
be sufficient to consider only supersolutions (resp. subsolutions) that are finite

minima (resp. maxima) of regular (in W?2?) supersolutions (resp. subsolutions).

Definition 6.1 A subsolution of (Py) is said to be strict if every solution u
of (Py) such that a < wu on ) satisfies « < u. In the same way a strict
supersolution of (Py) is a supersolution such that every solution u with u < (3
is such that u < 5.

The next result is important in degree arguments.

Lemma 6.2 Under assumption (A) for every A > 0, there exists a strict

subsolution vy of (Py) such that, every supersolution [3 of (Py) satisfies vy < .

Proof. Let C' > 0 be given by Theorem 5.12 and M be given by Theorem 5.6

such that, for every supersolution 3 of

—div(A(x)Du) = cx(z)u+ (M(x)Du, Du) — h=(z) =1 in Q
u =0 on 0,

we have § > —C'. Let k > C and consider oy, the solution of

—div(A(z)Dv) + ¢ (x)v = =XkcT(z) —h () —1 inQ
v =0 on Of).

As —Xket(x)—h~ (x)—1 < 0 we have oy, < 0 by the strong maximum principle
and the Hopf lemma.

Claim 1: Every supersolution 3 of (Py) satisfies 5 > «.

In fact, f = min{p;;1 < j <1} where /3y, -- , 5 are regular supersolutions of
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(Py). Setting w = f3; — ay, for some 1 < k <[ we have

—div(A(z)Dw) + ¢ (2)w > At (x)(B; + k) + m|DB;)> >0 inQ
w =0 on 0f).

By the maximum principle w > 0 i.e. 3; > aj. This proves the claim.

Consider the problem
—div(A(x)Dv) = cx(x)Ti(v) + (M (x)Dv, Dv) — h™ (z) — 1 (6.1)
where

—k, ifv<—k,
Ty (v) = {

v, ifv>—k.

We observe that [ is a supersolution of (6.1) with § = Tp(5) and
is a subsolution of (6.1) (note that —Akc™(x) = Act(2)Ti(ow), ¢ (2)k =
—c¢ (2)Tk(ag)); and hence by the standard method of sub- and super-solutions
(6.1) has a minimal solution vy, with oy < v, < .

Claim 2: Every supersolution [ of (Py) satisfies 5 > vy.

Observe that, by the construction of (6.1), every supersolution [ of (P,) is also
a supersolution of (6.1). As, by the Claim 1, we have 8 > aj, the minimality
of vy implies that v, < .

Claim 3: v, is a subsolution of (P).

Observe that v, > —C' > —k and v, satisfies

—div(A(z)Dvg) = ex(x)Ti(vg) + (M (x) Doy, Dug) —h™(z) — 1
< ex(z)vg + (M (z) Doy, Dug) + h(x).

This implies that vy is a subsolution of (P).
Claim 4: v, is strict subsolution of (P,).

Let u be a solution of (P)) with u > vi. Then w = u — vy, satisfies

—div(A(z) Dw) > ex(z)u + (M (x) Du, Du) + h(z)
— ex(x)v, — (M(z) Doy, Duy,) + h™ () + 1
= cx(z)w + (M (z)[Du + Dvi], Dw) + bt (z) + 1,

which means that

—div(A(xz)Dw) — (M (x)[Du + Duvg], Dw) > cx(x)w +hT(x)+1 inQ
w =0 on 2.
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By the maximum principle, we deduce that w > 0 i.e. u > v. [ |

Remark 6.3 Lemma 6.2 shows that, for (Py), having a supersolution is

equivalent to have a solution.

By adapting Lemma 5.1 from [CFJ19] to our setting we obtain the

following auxiliary result for proving Theorem 5.1.

Lemma 6.4 Under the assumptions of Theorem 5.1, assume that (Py) has a
solution ug such that ¢™(z)ug = 0, ¢~ (z) = 0. Then there exists A € (0,00)
such that, for X\ > A, the problem (Py) has no solution u with u > ug in ).

Proof. Let ¢1 > 0 the first eigenfunction of (P,,). If (P,) has a solution u with
u > ug, multiplying (P,) by ¢; and integrating we obtain
/c%(x)wpl = / A(z) Dy Du
Q

= / ex(z)uprde +/ x)Du, o1 Du) +/ Yrdz
and hence A > A > 7q, as u > ug, we have

0> ()\—71)/9 e )ugodx—i—,ul/ 1| Dul dx—i—/ x)prdz

> ()\—71)/ e )uogodx—i-,ul/ 1| Dul dx—i—/ x)prde

which gives a contradiction for A large enough. [ |

We also need a continuation theorem. Let C(€2) be a real Banach space
and T : R x C(Q) — C(Q) a completely continous map, i.e. it is a continuous
and maps bounded sets to relatively compact sets. For A € R, we consider the
problem of finding the zeroes of ®(\, u) :=u — T(\, u), i.e

ueCQ); d\u):=u—TN\u)=0, (@)

Let Ao € R arbitrary but fixed and we assume that u,, is an isolated solution
of ®(N\g,u), then the degree deg(®(Ag,.), B(uy,,r),0) is well defined and is

constant for » > 0 small enough. Thus it is possible to define the index

i(®(No, ), 1s,) = lim deg(@(Ny, ), B(ux,, 7)., 0).

Theorem 6.5 (Theorem 2.2 of [ACJT15]) If (Q,) has a unique solution
Upy, and i(P(No,.),uy,) # 0 then X possesses two unbounded components
Ct,C™ in [N, +00] x C(Q) and [—o0, \g] x C(Q) respectively which meet at
(Ao, Ung)-
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6.2
Proof of Theorem 5.1

Applying all previous results and adopting strategies presented in
[ACJT14],[JACJT15],[CFJ19] we give the proof of Theorem 5.1. We treat
separately the case A < 0 and A > 0.

(i): A <0.

This has been studied in previous works. We briefly recall the following
argument. If (FP) has a solution ug, then wy is a supersolution of (P))
and by using Lemma 5.8 and [ACJT15] we obtain the existence of a solu-
tion wuy of (Py) for any A < 0, and by Proposition 4.1 [ACJT15] we have
the uniqueness of solutions for A < 0. Observe that for A < 0, we have
ex(z) = Aet(z) — ¢ (x) < —c¢ () so by applying the comparison principle
(Lemma 2.11), we get uy < ug. Also by Lemma 5.8, setting v = ug — ||uo||oo
we see that vy a subsolution of (P,) for A < 0, so again by the Comparison

Principle we get ug — ||uol|co < wa.

(ii): A > 0.
With the aim of showing the existence of a continuum of solution of (P,), for

A > 0 we introduce the auxiliary problem
— div(A(z) Du)+u = [ex () +1[(u—uo) " +uo] + (M(x) Du, Du) +h(z). (Py)

As in the case of (Py), any solution of (P)) belongs to C%"(Q) for some 7 > 0.
Moreover observe that u is a solution of (P,) if and only if it is a fixed point
of the operator T defined by Ty : C(Q) — C(2) : v — u with u the solution
of

—div(A(x)Du) + u — (M(x)Du, Du) = [ea(z) + 1[(v — o)™ + o] + h(x).

Applying Lemma 5.2 of [ACJT15], we see that T is completely continuous.

Now, we denote
Y= {(\u) € R x C(Q),u solves (P))}

and we split the rest of the proof into three steps.

Step 1: If u is a solution of (P,) then u > uy and hence it is a solution of
(£2)-

Observe that (u—ug)* 4+ug—u > 0 and At (2)[(u—up) ™ +uo) > Aet(z)ug > 0.

Hence, we deduce that a solution u of (P,) is a supersolution of

— div(A(z) Du) = [ex(x) + 1)[(u — o) + uo] + (M (2) Du, Du) + h(z). (6.2)
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Since wug is a solution of (P,), it implies that ug solves (6.2). Then applying
again the comparison principle we get u > wuy.

Step 2: wug is the unique solution to (Py) as well as to the problem (F).
Furthermore (1 — Ty, ug) = 1.

For A = 0, if w is a solution of (6.2), then by Step 1, u > ug and u solves (Py).
From case 1 we conclude that u = wg. In order to prove that i(/ — To, up) = 1,

we consider the operator S; defined by

with w is the solution of

—div(A(z)Du) + u = (M(z) Du, Du) + th(x)
+t([—c (@) + fuo + (v = o) " = (v —ug — 1)*]).

First, note that the complete continuity of T’y follows from the fact that every
solution u of (P)) is C® up to the boundary, then there exists R > 0 such that

for all £ € [0,1] and all v € C(Q),
”StUHLOO < R.

Then I — S; does not vanish on 0Bg(0) and

deg(I — Ty, Br(0)) = deg(I — S1, Br(0)) = deg(I — Sy, Br(0)) = deg(I, Br(0)) = 1.

Therefore, Ty has a fixed point ug which is a solution of (Py). Hence, by the
property of the degree, for all € > 0 small enough, it follows that

deg(I — To, B.(0)) = deg(I —TO,BR(O)) = 1.
Thus, for € < 1, we conclude that
l(] — TQ,U()) = hI%deg(I — To, Be(O)) = 1.
e—

Step 3: Existence and behavior of the continuum.

We are able to apply Theorem 6.5 (see also Theorem 2.2 [ACJT15] and
Theorem 3.2 [R71]) to ensure the existence of a continuum C =CtUC~ C 2
such that

C* =Cn([0,00) x C(Q)) and ¢~ = C N ((—o0,0] x C())
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are unbounded in R* x C'(Q). By Step 1, we get that if u € C*, then u > u and
is a solution of (Py). Thus applying Lemma 6.4 we infer that the projection of
C* on A-axis is [0, A], a bounded interval. A consequence of (i) is that none of
A € (—00,0] is a bifurcation point from infinity of (P,), and then deduce that

the projection of C~ on A-axis is (—oo, 0]. Hence,
ProjgC = ProjgC~ U ProjpC* = (—o0, A]

for some A > 0.

Finally, by Theorem 5.6 for any 0 < A; < Aj there is a priori bound
for the solution of (P,), for all A € [A1, As]. Then by the C* global estimates
(Theorem 4.8), we have also a C* a priori bound for these solutions i.e. the

projection of C N ([A1, Ag] x C(R2)) on C(2) is bounded. Since the component

C* is unbounded in Rt x C(€), its projection on the C(2) axis must be

unbounded. By (i), the projection C~ on the C(€2) is bounded. Hence,
Projc(ﬁ)c = Projc(ﬁ)C_ U ProjC@)CJr = [0, +00).

Therefore, we deduce that C must emanate from infinity on the right of axis
A=0.

(iii): Multiplicity results.

Since C contains (0, ug), with uy being the unique solution of (Fp), from (ii)
we deduce that C also emanates from infinity on the right of axis A = 0. We
conclude that there exists Ao € (0, A) such that problems (P,) and (P)) have
at least two solutions satisfying u > ug for A € (0, A).

Next, the quantity
A = sup{u, VA € (0, 1), (Py) has at least two solutions}

is well defined.

We now prove that, for all A € (0, ), the problem (P,) has at least two
solutions with uy ; < uy .
Let us consider the strict subsolution a; given by Lemma 6.2. As a) < u
for all u solution of (P,), we can choose uy; as the minimal solution with
ux1 > «a. Hence we have uy; S w2, otherwise there exists a solution u with
a < u < min{uy;,uy2}, which contradicts the minimality of u, ;. Observe
that, the function § = %(u,\,l + uy2) is a supersolution of (P,) which is not

a solution. As in the proof of the Lemma 6.8 below, we use the convexity of
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0(&) = (M(x)§,€) for each £ € R™ in order to obtain

_ div(A(z)DB) —;dzv(A(x)DuA,l) _ ;dw(A(x)DuA,z)
— @B+ ;(M(x)DuM, Dusy) + ;(M(x)pum, Duys) + hi)
=c\(z)8 + ;go(DuM) + ;ga(Duw) + h(x)
2 e\(@)f + p( gt + T22) 4 ()
=c\(z)8+ (M(x)DB,DB) + h(x).

Let us prove that f is a strict supersolution of (P,). Consider a solution u of
(Py) with u < 8. Then v := 8 — u satisfies

—div(A(x)Dv) = ex(z)p + (M (x)Dp, DS) + h(z) — (M(x)Du, Du) — cxu — h(z)
= (M(z)[DS + Du], Dv) + cyv,

and hence
—div(A(z)Dv) — (M (2)Dj + Du, Dv) + ¢ (z)v = At (z)v > 0.

By Theorem 2.12 we deduce that either v > 0 or v =0. If v =0, then § =u
is solution, which contradicts the construction of 3. Then we have 7 > u.
As uy1 S B S uye we deduce that, uy; < S uys and hence we have

ux1 < uy2. We finish the proof with the following claim.
Claim 6.6 If A\ < oo, the solution us of (Px) is unique.

Proof. To prove that (P5) has at least one solution, let {\,} C (0,A) such
that A\, — X and by the regularity result (Lemma 2.1 [ACJT14]) {u,} C
H'Y(w)NW,2™M(Q)NC(Q) be a sequence of corresponding solutions. By Theorem
5.6, there exists M > 0 such that |lu,|/r~ < M for all n € N, and hence by
the C1< global estimates we get ||UanLa(§) < C. Hence, up to a subsequence,
u, — w in C3(Q). From this strong convergence we easily observe that u is a
solution of (Py). Now we proof the uniqueness of the solution of (Fy).

Let us assume by contradiction that we have two distinct solutions, u; and us
of (Py), we prove that 8 = %(u1 + ug) is a strict supersolution of (Py). Let us
consider the strict subsolution ay < f of (P) given by Lemma 6.2, and look
at the set,

S={ueC;Q);a<u<p, ullea < R}


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


PUC-Rio- CertificagaoDigital N° 1721304/CA

Chapter 6. Proof of Multiplicity results 67

for some R > C' > 0. Again, by the C1“ estimates,

|lu||c1.e < C for all u solution of (Py), A € [\, A+ 1] (6.3)

such that deg(I — T, S) = 1.

Now we prove the existence of ¢ > 0 such that
deg(I — Ty, \) =1, for all X € [\, A + ¢]. (6.4)

We will verify that there exists some ¢ € (0,1) such that there is no fixed
points of T on the boundary of S for all X in the preceding interval. Indeed, if
this was not the case, there would exists a sequence \;, — \ with the respective
solutions uy of (Py,) belonging to S. Say A, € [A\, A+ 1] for k > k. Then, since
a < up < fin Q, by (6.3) we must have u;, € 9S for k > ko, which means
that for each such k,

max(a — uy) = 0 or min(ux — ) = 0. (6.5)
Q Q

By (6.3) and the compact inclusion C*(2) C C(£2), up — u in Q for some
u € C(R), up to subsequence. From this, we observe that u is a solution of
(P5) and a < 8 in Q, by taking the limit as k& — +oo in the corresponding
inequalities for uy. Thus o < v < f in 2, since a and [ are strict. Passing
(6.5) to the limits, we obtain that u(x) = a(x) or u(x) = S(z) at a point z € Q,
which contradicts the definition of @ < u < . Hence for obtaining (6.4) it is
just necessary to apply the homotopy invariance in X in the interval [\, A + €.
Next, with (6.4) at hand, we repeat exactly the same argument done in (iii)
to obtain the existence of a second solution uy o of (Py), for all A € [A\, X + ¢].
But this, finally, contradicts the definition of . [ |

6.3
Proof of Theorem 5.2

We start by constructing an auxiliary problem (P ), for which we can
assume that there are no solutions for large k. This is a typical but essential
argument that allows us to find a second solution via degree theory, by
homotopy invariance in k. Fix Ay > 0. Recall that Theorem 5.12 gives us

an a priori lower uniform bound Cj such that

u > —Cy, for every weak supersolution u of (Py), for all A € [0, As].
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Consider, the problem

(Pak)

—div(A(z)Du) = ex(x)u + (M (xz)Du, Du) 4+ h(z) + ké(x) in Q
u=>0 on 0f2

for £ > 0, A € [0, As] and ¢ being defined as
&(z) 1= e, (x) = b (z) + AyCoct () + Mc™ () + Bet () (6.6)

with B = ~,/v1, where v, = 7 > 0 is the first eigenvalue with weight c,
associated to the eigenfunction ¢, € W*P(Q), given by (P,,). Note that every
solution of (P,y) is also a supersolution of (P) since ké(x) > 0. From this
and (6.6) we have for all £k > 1 that

ex(@)u+ h(z) + ké(z) > —AyCoct (2) — Me (2) — h™ () 4+ &(x) = Bt (z) = 0.

Lemma 6.7 Under assumption (A), assume that (Py) has a solution uy < 0
with ¢t (zx)ug S 0. Then for each fized Ay > 0 and X\ € [0,As], there exists
k > 0 such that

(i) For all k > 1, the problem (P, ) has no solutions;
(ii) For all k € (0,1), (Pyx) has at least two solutions uy1 < Uy 2;
(iii) For k=1, and h <0 the problem (P\x) has exactly one solution.

Proof. We proceed in several steps.

Step 1: For k& > 0 small, (P ;) admits a solution.

Let A > =, and gy > 0 be given by Lemma 6.11 corresponding to ¢ = ¢(z),
d = wh™(z), h = 1ié(z) + k™ (x), and choose

A\ —
5 n H Then the problem

Ao € (’Yl;mm {’71 +eo,m +

1
— div(A(z)Du) + vroh™ (x)u = cygu + vac(z) + Eygiﬁ(x)
has a solution u < 0. Also taking d > 0 small enough we have that
Aos > (1 + As)In(1 + As)

for all s € [—6,0]. Thus defining 3), = %u for k > 0 small enough, it follows
that 8 € [—0,0] and satisfies
k

. ~ ok 1
— div(A(z)DBk) = cxe Bk + szg(ll?) - VzXh* (x)u + Xy2h+(x), and hence

— div(A(2) D) + vah~ (2) s = o, () B + u2];5(a;) N iyz (@),
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Hence for 8, being defined by 8 = L+ In(1 4+ AB;), we have

: __iw_i D3 1
CWAEPI =S TG (A( D ’“’DLHA@)D

ke(x) + h*(z) — M~ (2) By
1+ )\Bk

(A(x) Dy, DB)

Z o) B +
)\2
+ VQ(l + )\Bk)2

> ox() By + ké(z) + ht(x) — h™(z) + v

| DB |i
(14 123)?
= o (@) By + ke(x) + h(x) + p2| DBi|*
> ex(z)Br + ké(x) + h(x) + (M () DBy, DBy).

We see that

—div(A(z)Dpr) > cx(x)pr + ké(x) + h(x) + (M (x)DB, DB) in Q
B =0 on 91

has a supersolution [ with f; < 0. Hence we conclude that (P, ;) has at least
one solution, by following the proof of Theorem 5.1.

Step 2: For k > 1 the problem (P, ;) has no solution.

First we observe that every solution of (Pyy), for A € [0, Ag], is positive in 2.

In fact, we observe that

—div(A(z)Du) > (M(x)Du, Du) + Bct(z) >0 in Q
u =0 on 0f)

and this implies that u > 0 in 2 by Lemma 2.10. Then v > 0 in Q by SMP. In
order to obtain a contradiction, assume that u is a solution of (Py ;) in . Let
¢ € C5°(Q2) such that ¢? > 0. Then using ¢? as test function, by Theorem
5.12 we obtain

/Iull|Dgo|2 > 2/((,0Du, Do) — / | Dul*¢?
> 2/((,0Du, Do) — /(M(x)D%‘PQDU)
= /ck(x)ucp2 + h(x)p* + ké(x)p?

Z—AQCO/ @—M/ go—/h g0+/kc

which is a contradiction for £ > 1 large enough.
Step 3: For k = 1 (Pyx) has a unique solution, and k € (0,1) the problem


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


PUC-Rio- CertificagaoDigital N° 1721304/CA

Chapter 6. Proof of Multiplicity results 70

(P, 1) has a strict supersolution.

By Step 1 and 2 we have
1 = sup{k > 0; (Py ;) has at least one solution}.

Let k € (0,1) and k € (k, 1) be such that (P, 7) has a solution 3. Then 3 = %B

is a supersolution of (P, ). In fact note that,

—div(A(z)DB) = e\ + (M(x)ZDﬁ, Dﬁ) + Zh(x) + ké(x)

> cxB+ (M(z)DB, DB) + h(z) + kc(x)

i.e. B is a supersolution of (P, ). Now, as in (iii) of the proof of Theorem 5.1
we can prove that ( is a strict supersolution of (P ).

Step 4: Conclusion.

The proof of the existence of the second solution uy o with uy ; < uy 2 is derived

exactly as (iii) of the proof of Theorem 5.2. |

Lemma 6.8 Under assumption (A), assume that (Py) has a solution ug < 0
with ¢t (z)u S 0. Then, for all X > 0, problem (Py) has at most one solution
u < 0.

Proof. The proof is divided in several steps.
Step 1: If u is a subsolution of (P,) with u < 0, then u < 0.
In fact, u is a subsolution of (Fy) and by Lemma 2.11, we have u < ug. In

addition for w = ug — u we have

—div(A(x) Dw) > —c™ (x)ug + (M (x)Dug, Dug) — cx(x)u — (M (x)Du, Du)
= (M(z)Du + Dw, Dw) — ¢ (z)w — At (z)u,

and hence, we get

—div(A(z)Dw) — (M(z)Du+ Dw, Dw) —c¢ (x)w Z 0 in Q
w =0 on dN.

This implies that w > 0 ie. u < ug < 0.

Step 2: If we have two solutions uy, us < 0 of (Py) then we have two ordered
solutions u; S s < ug.

By Step 1, we have uy,us < ug . In case u; and uy are not ordered, as ug is a
supersolution of (Py), applying Theorem 2.1 of [CJ17], there exists a solution
ug of (Py) with max{u;,us} < uz < ug. This proves Step 2 by choosing @ = u;

and ﬂg = us.
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Step 3: We prove the uniqueness of the nonpositive soluion of (Py).

Let us assume by contradiction that we have two ordered solutions, we can
suppose u; < us <K 0. As |ug| > 0 the set {e > 0,us — u; < €|ug|} is not
empty. Then defining

¢ := min{e > 0,uy — uy < €lus|}

and setting

1+ &)us —
'lUgI:( €)uz ul7

€

we can define for each £ € R” the function p(§) = (M(x)¢,€), and by

assumption (A), we have D?(p) > 0, therefore ¢ is convex. We can write

¢ N 1
Uy = w€ ~u ,
27 14¢ 1+¢ !
(M(2)Duz, Duz) = p(Dus) = o = Dwe + 15D
€ 1
< _
< 1+€90(Dwe)+ : ¢ (Duy)
1 .
= 14¢ {E(M<x>Dw€> DU)g) + (M<$)DU1, Dulﬂ’
and hence
1+4¢

1
(M(x)Dug, Dug) < (M (z) Dwe, Dwe) + —=(M () Duy, Duy).
€ €
Thus, we obtain

— div(A(z)Dws) = — - Cdiv(A(z) Dus) + idz’v(A(:c)Dul)

€
1+€

(c,\(x)ug + (M(x)Dusg, Dug) + h(ac))

| =M™

(CA(x)ul + (M(z)Duy, Duy) + h(a:))

—~

< ex(z)we + (M () Dwe, Dwe) + h(z).
Then, applying again the Comparison Principle Lemma 2.11, w; S us < 0.

Hence, we have a contradiction with the definition of €. [ |

Proof.[Proof of Theorem 5.2] We treat separately the case A < 0 and A > 0.
(i): A <0.

As in the proof of Theorem 5.1 we can use Theorem 1.2 [CFJ19] and its proof.
Moreover, observe that ug is a subsolution of (Py). Hence we conclude that
uy > ug applying the comparison principle. By Proposition 4.1 in [ACJT15]
the problem (P,) for A < 0 has at most one solution.
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By Lemma 5.8 the functions v = ug + |||/« is a supersolution of (P,) for
A < 0, and by the comparison principle, we get ug + ||ugl|co = wy -

(ii): A > 0.

With the aim of showing the existence of a continuum of solution of (P,), for

A > 0 we introduce the auxiliary problem
—div(A(z)Du) +u = [ex(z) +1][uo — (u—1up) " |+ (M (x) Du, Du)+h(z). (Py)

As in the case of (Py), any solution of (Py) belong to C%(Q) for some 7 > 0.
Moreover observe that u is a solution of (P,) if and only if it is a fixed point of
the operator T defined by T} : C (Q) — C(Q) : v — u, where u is the solution
of

— div(A(z)Du) +u — (M(x) D, Du) = [ex(w) + 1[ug — (v — ug) "] + h(a).

Applying the same argument to 7', as the one used in the proof of Theorem
5.1, we see that Ty is completely continuous, and we split the rest of the proof
into three steps.

Step 1: If u is a solution of (P,) then u < wy and hence it is a solution of
(P

Observe that ug —u — (u — ug)~ < 0. Moreover, we also have

At (2)[up — v — (u— )] < At (x)up < 0.
Hence we deduce that a solution u of (P)) is a subsolution of
—div(A(z)Du) = —c™ (z)[up — (u — up)~| + (M (x) Du, Du) + h(z). (6.7)

Since ug is a solution of (P,), it implies that wugy solves (6.7). Then applying
again the comparison principle we get u < uyg.

Step 2: ug is the unique solution to (/) as well as to the problem () and
i(I — Ty, ug) = 1.

For A = 0, if u is a solution to (6.7), then by Step 1, u < ug and u solves (Py).
From (i) we conclude that u = uo. In order to prove that i(I — Ty, ug) = 1, we

consider the operator S; defined by
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where « is the solution of

—div(A(z)Du) + u = (M (x)Du, Du) 4 th(x)
+t[—c (x) + Yug — (v —1up)” — (v —ug +1)7].

First, note that by the complete continuity of T (recall also that every solution
u of (Py) is C* up to the boundary), there exists R > 0 such that for all

t €0,1] and all v € C(Q),
”StUHCD‘ < R.
Then I — S; does not vanish on 0Bg(0) and

deg(I — Ty, Bg(0)) = deg(I — Sy, Br(0))
= deg(! — So, Br(0))
= deg(I, Br(0)) = 1.

Therefore, Ty has only a fixed point uo which is a solution of (Py). Hence, by
the property of the degree, for all € > 0 small enough, it follows that

deg(I — Ty, B.(0)) = deg(I — Tp, Br(0)) = 1.
Thus, for € < 1, we conclude that
i(I — Ty, up) = lim deg(/ — To, B(0)) = 1.
E—r

Step 3: Existence and behavior of the continuum.

Proceeding as the proof of Theorem 1.2 of [CJ17], we are able to apply Theorem
6.5 (see also Theorem 2.2 [ACJT15]) to ensure the existence of a continuum
C =C*UC™ C X such that

Ct=CnN([0,00) x C(Q)) and C~ =C N ((—o0,0] x C())

are unbounded in R* x C(Q). Since the component C* is unbounded in
Rt x C(9), its projection on the C(Q2) axis must be unbounded and a
consequence of (i) is that none of A € (—o0,0] is a bifurcation point from
infinity of (P, ), thus we deduce that the projection of C~ on A\-axis is (—oo, 0].
(iii): Multiplicity results.

We now prove that for A > 0, (P,) has at least two solutions, uy; and uy o
with uy 1 < uy2. By Step 1, we get the existence of a first solution uy 1 < uy.

To prove that ug is a strict supersolution of (P)), we argue as in Step 2 of
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the proof of Theorem 5.1, and by Lemma 6.2 (P,) has a strict subsolution «
with @ < ug. Then, by Theorem 2.1 of [CJ17], there exists R > 0 such that
ur1 € S, where § = {u € Gj(Q);a < u K ug in Q, [Jullc; < R}.

Fix A > 0 and set Ay = 2. Replace h by h + k¢ in the problem (P ),
then Theorem 5.6 gives us an L*> a priori bound for solutions of (P,y) for
every k € [0,1]. This provides, by the C** global estimatives, an a priori
bound for solutions in C} (), i.e. ||ul| ca@ < Ro for every solution u of (Pyk),
for all k& € [0,1] where Ry > R also depends on A. Hence, by the homotopy
invariance of the degree, and the fact that, for & > 1, (P, ) has no solution

we have
deg(I — Ty, Bg,(0)) = deg(I — Th.0, Br,(0)) = deg(I — T4, Bg,(0)) =0

where T, is the operator Ty in which we replace h(x) by h(z) + ké (of course
f,\,k is still completely continuous). But then, by the excision property of the

degree,
deg(I — T, Br, \ 8(0)) = deg(I — Ty, B, (0)) — deg(I — T, 5(0)) = —1

and the existence of a second solution uys € Bg, \ S is derived. By Lemma

6.8 we have uy o > 0.
Claim 6.9 For \; < A\, we have uy,1 < Uy, 1-

Proof. For fixed A\; < A3 note that
ex (T)un, 1 = M (@)un 1= (T)ung 1 Z Ao (2)un, 1 —¢ (2)un 1 = Er(T)ur, 1

since uy, ;1 < 0. Then wy, 1 is a strict supersolution of (P,,), which is not
a solution and, in particular uy,; # uy,1. As in the proof of Claim 6.16
[NS18], observe that wy,; is the minimal solution of (P),). In fact, recall
that & = ¢&,,, given by Lemma 6.2, is such that ¢ < w for every strict
supersolution of (Py,), and in particular £ < u,, ;. Remember also that w,,
is the minimal strict solution such that uy,; > £ in 2. Now, if there was a
zo € 2 such that wuy,1(xg) > uyr, 1(x0), by defining n := min{uy, 1,uxr, 1}, as
the minimum of strict supersolutions of (Py,) not less than &, we have £ <7
in . Thus, Theorem 2.1 of [CJ17] provides a solution u of (Py,) such that
€ <u<ns uy, in Q, which contradicts the minimality of uy, ;. [ |

This ends the proof of Theorem 5.2. [
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6.4
Proof of Theorem 5.3

(i): Multiplicity results.

First observe that if (P)) has a supersolution 5, < 0, then [, satisfies also
ct(z)Bx S 0, otherwise, it is also an supersolution of (P,), which contradicts
the assumption (a). (See Remark 6.3). Let us define

A =inf{\ > 0; (P,) has a supersolution 8y < 0 with ¢*(z)8\ < 0}.

Let A > A. By the definition of A there exists A € [A, A), such that (P5) has a
supersolution 5 < 0 with ¢*(2)f; = 0. Note that

65(@)B; = At (@) — ¢ (2)B; Z At (@)85 — ¢ (2)B; = exla),

Then, f5 is a supersolution of (Fy), which is not a solution and hence, as in
(iii) of the proof of Theorem 5.2, it is a strict supersolution of (Py). By Lemma
6.2, (Py) has a strict subsolution o < BX and o < wu for all solutions u of
(Py). As in Step 2 of the proof of Theorem 5.2, there exists R > 0 such that
deg(I — Ty, S) = 1 with

S={ueCiQ),a <u< b |luller <R},

and by the property of the degree, the existence of the first solution uy 1 < 0 is
derived. To obtain a second solution uy o satisfying uy; < uy2 and uy o > BX
we now repeat the argument of (iii) of the proof of the Theorem 5.2. By
Lemma 6.8 in this case we have uy o > uy. Again, Claim 6.9, we prove that if
A1 < Ay we have uy, 1 > uy, 1.
(ii): Uniqueness of the solution of (P).
To prove that (Py) has at least one solution with u <0, let {\,} C (A, 00) be
a decreasing sequence such that A\, — A. By the regularity result (Lemma 2.1
[ACIT14]) {u,} € H'(w) N WE™M(Q) N C(Q) be a sequence of corresponding
solutions with w, < w,.; < 0. As {u,} is increasing and bounded above,
by Theorem 5.6, there exists M > 0 such that ||u,||p~ < M for all n € N,
and hence by the C® global estimates, Theorem 4.8 we get ||u,|| cre@ < C.
Hence, up to a subsequence, u,, — w in C3(€2). From this strong convergence
we easily observe that u is a solution of (Py) with u < 0.

Now we prove the uniqueness of the nonpositive solution of (Py). Let us
assume by contradiction that we have two distincts solutions, u; and us of (Py),
then as in the Step 3 of the proof of Theorem 5.2, we prove that g = %(ul +us)

is a strict super solution of (P,). Let us consider the strict subsolution a@ < 3
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of (P,) given by Lemma 6.2, and define the set,
5= {ue i@ a<u<Billulgy < R}
for some R > C' > 0. Again, by the C1“ estimates,
|u||cra < C for all wsol. of (Py), A € [A —1, )] (6.8)

such that deg(I —Ty,S) = 1.

Now we prove the existence of € > 0 such that
deg(I —Ty,\) =1, forall A € [A — ¢, Al (6.9)

We will verify that there exists some ¢ € (0,1) such that there is no fixed
points of T on the boundary of S for all ) in the preceding interval. Indeed, if
this was not the case, there would exists a sequence A\, — A with the respective
solutions uy of (Py,) belonging to S. Say A\x € [A—1, ] for k > kqy. Then, since
a < up < fin Q, by (6.8) we must have u;, € 9S for k > ko, which means
that for each such k,

max(a — ug) = 0 or min(u, — 8) =0. (6.10)
Q Q

By (6.8) and the compact inclusion C*(2) C C(Q), up — w in Q for some
u € €, up to subsequence. From this, we observe that u is a solution of
(Py); and o < 8 in , by taking the limit as k& — +oo in the corresponding
inequalities for u;. Thus o < u < [ in €2, since a and 3 are strict. Passing
(6.10) to the limit and we obtain that u(z) = a(x) or u(z) = B(x) at a point
x € ), which contradicts the definition of o < u < /3. Hence for obtaining
(6.9) it is sufficient to apply the homotopy invariance in A in the interval
[A — e, A]. Next, with (6.9) at hand, we repeat exactly the same argument
done in (i) to obtain the existence of a second solution uy s of (P,), for all
A € [A — ¢, A]. But this, finally, contradicts the definition of \.

(iii): By the definition of A and since ( is a strict supersolution of (P)) we
infer that the problem (P,) has no solution u < 0.

(iv): Behaviour of the solutions for A — 0~.

In Theorem 5.12 we proved that [Juxlloee > —2[[uz]lee for all X < A < 0. In
particular, if Cy := liminfy ,o- —||ua|jcc > —00, then there exists a sequence
N\, — 0~ such that Cy = lim,, .., —[Juzlloc > —00. Hence, for every sequence
An, — 07 we deduce by the above inequality that liminf, . [|uy, |l = —2Ch,

which implies that liminfy ,o- —||uy,||cc > —o00. Therefore, we have either
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limy 0~ —|[urllec = —00 or limy - —||uxr|lec > —00. By hypothesis we have

that (Fp) does not have a solution ug, then we have the first case.

6.5
Proof of Corollary 5.4

First observe that (P, ;) has no solution. If we assume by contradiction
that u is a solution of (P,;) and using ¢y > 0 the first eigenfunction of (FP,,)

as test function in (P, ), we have

/c71 (x)up; = /A(a:)DuDgol

= [ext@ugr + [ ¢1(M(2)Du, Du) + [ (h(z) + ke(@)er

and
(n =) [ e @upr < = [ r(@)ler <0

which is a contradiction for A = 7. Hence also, for all A > 0 (P,) has no
solution with ¢*(z)u = 0 as otherwise u is a solution of (P,) for every A € R
which contradicts the nonexistence of a solution for A = ~,. By Step 3 of the
proof of Lemma 6.7 there exists k& > 0 such that, for all k € (0, %], the problem
(Pyx) has a strict super solution fy with 8 < 0. The existence of Ay > 7 as
in (iii) can then be deduced from Theorem 5.3. By Theorem 1.1 [ACJT15],
decreasing k if necessary, we know that for all k£ € (0, %], the problem (Fp )
has a solution ug > 0. Hence the existence of A; as in (i) can be deduced from
Theorem 5.1.

6.6
Proof of Theorem 5.5

Let us begin with a preliminary remark.

Remark 6.10 Particular cases of Theorem 5.1 and 5.2 are given when h(zx) =
0 and h(xz) < 0. Indeed, if h = 0 holds, then ug is a supersolution of

—div(A(x)Dug) > ex(x)ug + (M(x)Dug, Dug) + h(xz) Z 0 in Q
uyg =0 on 02

and this implies that ug > 0 in Q by Lemma 2.10. Then applying the SMP
SMP gives us ug > 0 in Q. Furthermore, by Hopf, ug > 0 in Q. On the other

hand , if h < 0, then ug is a subsolution of

—div(A(z)Dug) < ex(z)up + (M (x)Dug, Dug) + h(x) S (M(z)Dug, Dug)
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and so vy = }2(6”2“0 — 1) is a subsolution of

—div(A(x)Dvg) < [1 + vp][— div(A(z)Dug) — pz| Duol?]
< [1 + vpu][(M (2) Dug, Dug) — pia| Dug|?]
S0in Q2

by Lemma 2.10 with vy = 0 on 0. Again by SMP we get vy < 0 in  (then
vy < 0 in Q by Hopf) and so does uy < 0 (with uy < 0).

In order to consider the situation where (P),) has a supersolution, we need
the following formulation of the anti-maximum principle. Under slightly more
smooth data this result was established in [H81] but the proof given in [H81]

directly extend under our regularity assumptions.

Lemma 6.11 Let ¢,h,d € LP(Q) with p > n and assume h Z 0. We denote
by 7, > 0 the first eigenvalue of

— div(A(z)Du) + d(z)u = &5, (x)u, u € Hy(S).
Then there exists €9 > 0 such that, for all X € (7,,7, + €0), the solution v of
—div(A(z)Dv) + d(x)v = ex(z)v + h(x), v € Hy(Q).
satisfies v < 0.

Proof.[Proof of Theorem 5.5] Note that, for all A € R, u = 0 is a solution of
(Pr=0)-

(i): We proceed in several steps.

Step 1: We prove that for all A\ € (0,7,) the problem (F,=) has a second
solution uy o = 0.

Let us prove that the problem (P,=¢) has a supersolution 5 > 0. Define A < v,
and ¢ > 0 such that, for all v € [0, ¢],

(1 4+ vv) In(1 4 vov)
9]

A

< mw.

Consider then the function § = ep; where ; denotes the first eigenfunction
of (P,,) with [|¢1||r~ =1 and

— diV(A(x)DB) - CV(LE)B > e)(x) (1+ VQB)};l(l + 1/25)7 00

g =0 on 0f2.
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Hence for 8 being defined by 5 = W, we have

| _ _dwA@D5) _(yopap[ L
—div(A(z)Dp) = (1+V2/§) (A( )DB, D [(1 +V2§)]>

Z an(z)8 + W(A(x)DB, DB)

oae
(1+ 1/25)2
= C,\(ZL")ﬂ + ,U2|D5|2

> ex(x)B + (M(x)Dg, Df)

Vo

> cx(x)f + v

and hence

A(2)8 + (M(z) DB, D) in Q)

—div(A(z)Dp) c
153 0 on 0f).

1\

This implies, by Lemma 2.11 that § > 0 is a strict supersolution of (Py—o).
Then by Remark 6.10 we know that, every solution u of the problem (FP,=o)
satisfies u > 0, and by Lemma 6.2, (P,=¢) has a strict subsolution o < 0.
Hence we conclude that (P,—¢) has at least two solutions following the proof
of Theorem 5.1 with the solution uy; being v = 0.

(ii): Uniqueness of the solution.

Let w # 0 be another solution of (FP,—p), and using ¢; > 0 the first

eigenfunction of (P,,), as test function in (=), we have
[ ewtayupn = [ A@DuDg: = [er(@ugs + [(M(z)Du, Dujey
(1 =N [ @ = [(M()Du, Duyer = ju [ |Du*er >0,

which is a contradiction for A = ~;. Hence (P,=() has only the trivial solution.
(iii): Multiplicity results.

For A > =1, the problem (P,=;) has a second solution uys < 0. Let A >
and Ao € (71, A] such that, by Lemma 6.11, the problem

—div(A(z)Du) = ¢y, (x)u + 1,

has a solution v < 0. This implies that for € > 0 small enough, the function
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Bo = eu satisfies

—div(A(x)Dpy) = ex (x)eu + ¢
> ¢, (2)Bo + 2o | Dul?
> ¢ () Bo + (M(2) Dy, Do)

and the problem (P,=¢) has a supersolution 5y with Sy < 0 and ¢*(z)5y < 0.
The result follows by Theorem 5.3 with uy o = 0.

(v): Continuum of solution of (Py=).
With the aim of showing the existence of a continuum of solution of (P=),

we use the operator

T)\? if A S T,
T\ = .
Ty, if A > Y-

where Ty for A < 7; is defined in (ii) of the proof of Theorem 5.1 and the
operator Ty for A > ~; is defined in (ii) of the proof of Theorem 5.2 in both
cases with h = 0. We proceed in several steps.

Step 1: For A € (—o0, 7.

This can be proved as in (ii) of the proof of Theorem 5.1. Then, if u is a
solution of (P)) then u > u,, and hence it is a solution of (Pj=).

Step 2: For X € [y, +00).

The proof follows the lines of (ii) of the proof of Theorem 5.2. Then, if u is a
solution of (P,) then u < u.,, and hence it is a solution of (P,=).

Step 3: We have u,, = 0 is the unique solution of the problem (P,=) for
A=m and i(l — T, u,) = 1.

Step 4: Existence and behavior of the continuum.

To establish the existence of a continuum of solutions of (P,=) we use Theorem
6.5 (see also Theorem 2.2 [ACJT15]) with 71 > 0, to ensure the existence of a
continuum C = C* UC~ C ¥ such that

Ct =N ([, +00) x C(Q)) and ¢~ = C N ((—o0, 11] x C(Q))

are unbounded in R* x C'(Q). By Step 1, we get that if u € C~, then u > u.,
and is a solution of (P,=o). Thus by (iv) we infer that the projection of C~ on
A-axis is (0, 1], a bounded interval, and then deduce that the projection of C*

on \-axis is [y, +00). Hence,

ProjpC = ProjC~ U ProjpC* = (0, +00).
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Finally, by Theorem 5.6 for any 0 < A; < Ay < v there is a priori bound for
the solution of (P,=), for all A\ € [A1, Ag]. Then by the C* global estimates

(Theorem 4.8), we have also a C* a priori bound for these solutions i.e. the

projection of C N ([A1, Ag] x C(R2)) on C(2) is bounded. Since the component

C~ is unbounded in R~ x C(f), its projection on the C(£2) axis must be
unbounded. Therefore, we deduce that C must emanate from infinity on the
right of axis A = 0. |


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


PUC-Rio- CertificagaoDigital N° 1721304/CA

Bibliography

[ACJT14] ARCOYA, D.; DE COSTER, C.; JEANJEAN, L. ; TANAKA, K.. Re-
marks on the uniqueness for quasilinear elliptic equations with
quadratic growth conditions. Journal of Mathematical Analysis and
Applications, 420(1):772-780, 2014.

[ACJT15] ARCOYA, D.; DE COSTER, C.; JEANJEAN, L. ; TANAKA, K.. Con-
tinuum of solutions for an elliptic problem with critical growth
in the gradient. Journal of Functional Analysis, 268(8):2298-2335, 2015.

[ADN16] APUSHKINSKAYA, D. E.; NAZAROV, A. |.. A counterexample to
the Hopf-Oleinik lemma (elliptic case). Anal. PDE, 9(2):439-458,
2016.

, D. E.; ,A. l.. On the boundar oint

[AN19] APUSHKINSKAYA, D. E.; NAZAROV, A. I.. On the b dary poi
principle for divergence-type equations. Atti Accad. Naz. Lincei Rend.
Lincei Mat. Appl., 30(4):677-699, 2019.

[B11] BREZIS, H.. Functional analysis, Sobolev spaces and partial
differential equations. Universitext. Springer, New York, 2011.

[BMP1] BOCCARDO, L.; MURAT, F. ; PUEL, J. P.. Résultats d’existence
pour certains probléemes elliptiques quasilinéaires. Annali Della
Scuola Normale Superiore Di Pisa-Classe Di Scienze, 11(2):213-235, 1984.

[CF18] DE COSTER, C; FERNANDEZ, A. J.. Existence and multiplicity
for elliptic p-Laplacian problems with critical growth in the
gradient. Calc. Var. Partial Differential Equations, 57(3):Paper No. 89,
42, 2018.

[CFJ19] DE COSTER, C.; FERNANDEZ, A. J. ; JEANJEAN, L.. A priori
bounds and multiplicity of solutions for an indefinite elliptic
problem with critical growth in the gradient. J. Math. Pures Appl.
(9), 132:308-333, 2019.

[CJ17] DE COSTER, C.; JEANJEAN, L.. Multiplicity results in the non-
coercive case for an elliptic problem with critical growth in the
gradient. J. Differential Equations, 262(10):5231-5270, 2017.


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


PUC-Rio- CertificagaoDigital N° 1721304/CA

Bibliography 83

[CJ17] DE COSTER, C.; JEANJEAN, L.. Multiplicity results in the non-
coercive case for an elliptic problem with critical growth in the
gradient. Journal of Differential Equations, 262(10):5231-5270, 2017.

[CQ04] MICHEL CHIPOT, P. Q.. Handbook of differential equations. Sta-
tionary partial differential equations, volumen Volume 1 de Hand-
book of Differential Equations Series. North Holland, 2004.

[FG57] FINN, R.; GILBARG, D.. Asymptotic behavior and uniquenes of
plane subsonic flows. Comm. Pure Appl. Math., 10:23-63, 1957.

[GTO1] GILBARG, D.; TRUDINGER, N. S.. Elliptic partial differential

equations of second order. Springer, 2nd ed, 2001.

[GW82] GRUTER, M.; WIDMAN, K.-O.. The Green function for uniformly
elliptic equations. Manuscripta Math., 37(3):303-342, 1982.

[H81] HESS, P.. An anti-maximum principle for linear elliptic equa-
tions with an indefinite weight function. J. Differential Equations,
41(3):369-374, 1981.

[LU68] LADYZHENSKAYA, O. A.; URAL'TSEVA, N. N.. Linear and quasilin-
ear elliptic equations. Academic Press, New York-London, 1968. Trans-
lated from the Russian by Scripta Technica, Inc, Translation editor: Leon

Ehrenpreis.

[N18] NORNBERG, G.. Methods of the Regularity Theory in the Study
of Partial Differential Equations with Natural Growth in the
Gradient. Tese de doutorado, PUC-Rio, 2018.

[NS18] NORNBERG, G.; SIRAKOV, B.. A priori bounds and multiplic-
ity for fully nonlinear equations with quadratic growth in the
gradient. J. Funct. Anal., 276(6):1806-1852, 2019.

[R71] RABINOWITZ, P. H.. A global theorem for nonlinear eigen-
value problems and applicatons. In: CONTRIBUTIONS TO NONLIN-
EAR FUNCTIONAL ANALYSIS (PROC. SYMPOS., MATH. RES. CENTER,
UNIV. WISCONSIN, MADISON, WIS., 1971), p. 11-36, 1971.

[S17] SIRAKQV, B.. Boundary Harnack estimates and quantitative
strong maximum principles for uniformly elliptic pde. International
Mathematics Research Notices, p. 1-26, 2017.

[S20] SIRAKOV, B.. A new method of proving a priori bounds for
superlinear elliptic PDE. J. Math. Pures Appl. (9), 141:184-194, 2020.


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


PUC-Rio- CertificagaoDigital N° 1721304/CA

Bibliography 84

[SS21] SIRAKQV, B.; SOUPLET, P.. The Vazquez maximum principle
and the Landis conjecture for elliptic PDE with unbounded
coefficients. Adv. Math., 387:Paper No. 107838, 27, 2021.


DBD
PUC-Rio - Certificação Digital Nº 1721304/CA


	Global boundary weak Harnack inequality for general uniformly elliptic equations in divergence form and applications.
	Resumo
	Table of contents
	Introduction
	Preliminary Results
	Boundary Point Hopf Lemma
	Hopf Lemma 

	Boundary Weak Harnack Inequality
	The Growth Lemma and auxiliary results
	Boundary Weak Harnack Inequality for cubes
	Boundary Weak Harnack Inequality
	Regularity Estimates

	A priori Bounds and Multiplicity results
	Main results
	A priori Bound

	Proof of Multiplicity results 
	Preliminary observations
	Proof of Theorem 5.1
	Proof of Theorem 5.2
	Proof of Theorem 5.3
	Proof of Corollary 5.4
	Proof of Theorem 5.5

	Bibliography



