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2
Simple cycles: the (C,C) case

We consider a diffeomorphism f: M — M having heterodimensional
cycle of co-index two associated with a pair of saddles P and () of indices s+ 2
and s, respectively, that is central separated. Let s + 2 +u = d = dim(M),
where s,u > 1. This means that if ay,..., a4 are the eigenvalues of D f;(P)
ordered in increasing modulus then |o,| < |asiq|. Similarly, if 8y,..., 54 are
the eigenvalues of D fg(Q) ordered in increasing modulus then |Bg 2| < |Bstsl-

There are four possibilities according to the central eigenvalues of the
cycle: (A) all central eigenvalues of the cycle are non-real; (B) either the central
eigenvalues associated with P are real and the central eigenvalues associated
with () are non-real or vice-versa; (C) central eigenvalues of the cycle are real
and equal in modulus; and (D) all central eigenvalues of the cycle are real and
different in modulus.

We say that a diffeomorphism f has a (C, C)-cycle if it has a heterodi-
mensional cycle of co-index two associated with saddles P and ) which is
central separated, such that the central eigenvalues of () are equal in modu-
lus and the central eigenvalues of P are also equal in modulus (cases (A) and
(C)). Analogously we say that a diffeomorphism f has a (R, C)-cycle if it has
a heterodimensional cycle of co-index two associated with saddles P and @
which is central separated, such that the central eigenvalues of () are real and
different in modulus and the central eigenvalues of P are non-real (case (B)).
We will study (C, C)-cycles in this chapter and Chapter 3, and (R, C)-cycles
in Chapter 4.

Following closely [5], we prove that arbitrarily C'-close to these heterodi-
mensional cycles there are new cycles (associated with the same saddles) such
that the dynamics in a neighborhood of these cycles is “affine” and partially hy-
perbolic (with bidimensional central direction). This new cycle is called simple,
see Definition 2.1. The key point is that the dynamics of simple cycles can be
essentially reduced to the analysis of a bidimensional iterated function system,

where the details will be given in the next chapter.
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2.1
Partially hyperbolic dynamics

We start defining partial hyperbolicity. Given a diffeomorphism f €
Diff' (M) and an f-invariant set A, a D f-invariant splitting with two bundles
E®F of TM over A is dominated if there are constants m > 0 and k < 1 such
that

I Df el - | D™ |pll< k,  for every z € A,

where || - || is the metric of M.

An D f-invariant splitting with three bundles £ & F & G is dominated if
the bundles (E & F) & G and E & (F & G) are both dominated.

Assume that f has a heterodimensional cycle of co-index two associated
with the saddles P and @ of indices s 4 2 and s as above. We define £ and
E% asthe D f;(P)—invariant spaces corresponding to the eigenvalues (ay, . . ., ay)
and (a1, asp2), respectively. Since |ag| < |asi1| < |asiz| < 1 < |agys| these
spaces are well defined and contained in the stable bundle of P. For a point A in
the orbit Op of P we let £ and EY the corresponding iterates of 5’ and E%
by Df. Note that the stable bundle of A € Op is E = E° ® E. We proceed
similarly with the point () considering the D fg(Q)-invariant subespaces Eg" and
Eg of the unstable bundle £ corresponding to the eigenvalues (Bst241s -+ -5 Ba)
and (Bsi1, Bsy2) of D fg(Q). We also consider the D f-invariant extensions of
these bundles to the orbit of (). In this way we obtain a D f-invariant dominated
splitting defined over the orbits of P and (). For notational convenience we
write By = Ep if B € Og and EY* = EY if A € Op. Then the splitting

TAM = E5 & ES & B, if Ae OpUOq

is well defined and dominated. Since the directions £* and E** are uniformly
hyperbolic (contracting and expanding, respectively), we say that this splitting
is partially hyperbolic.

2.2
(C,C)-Simple cycles

Let us start with an informal discussion about simple cycles. We will
perform a series of perturbations of the initial cycle to get a new diffeomorphism
with a heterodimensional cycle associated with the same saddles and such that
the dynamics in the cycle is “affine”.

Fix heteroclinic points X € W?*(Op) N W*(Og) and Y € W*(Op) N
W#(Oq). After an arbitrarily small perturbation we can assume that X is a

transverse intersection and Y is a quasi-transverse one. We also can assume
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that there are small neighbourhoods Up and Uy of the orbits of P and @,
respectively, where f is linear. After replacing X by some backward iterate
and Y by some forward iterate, and after a new perturbation, we will see that
there are small neighbourhoods Ux C Uy of X and Uy C Up of Y and large
natural numbers n and m such that f"(Ux) C Up, f™(Uy) C Uy, and f™ and
f™ are affine maps (in local coordinates).

We fix the “neighbourhood of the cycle”

v:upuuQU< LnJ fi(UX)>U< O fi(uy))

i=—n i=—m

and study the dynamics of f in this neighborhood. Using that this dynamics
is affine and partially hyperbolic (with a partially hyperbolic splitting of the
form E*° & E° @ E"* where E° is bidimensional), considering the quotient by
the strong stable £** and strong unstable E“* directions we will reduce this
analysis to the study of a bidimensional iterated function system. We now go
to the details of these constructions.

Given a complex number 7 = §e27*¥_ we consider the matrix

C =5 (COS 2w  —sin 2wy

, 0>0,¢vel01).
sin 2m) COSQM/J) vell

We now define linear maps C,, Cjs: R? — R? whose eigenvalues are
(a = gy = pe’™'?, asyo) and (B = Beyr1 = 0€" ™', Bs+a), (2.1)

respectively, where 0 < p <1 < g and ¢, ¢ € [0,1).
We also define the linear reflection along the X-axis by Fx.

Definition 2.1 ((C,C)-Simple cycle). A diffeomorphism f has a (C,C)-
simple cycle of co-index two associated with P and () and this cycle is unfolded
in a simple way by the family (fi)ici—c.q2, fo = f, if the following conditions
hold:

i) There are local charts Up and Ug around P and Q
Up, Uy = [-1,1]° x [-1,1)* x [-1,1]",
where ftﬂ(P) “ A=A and ftﬂ(Q) & B, = B are linear maps of the form

A(z®, 2%, z") = (A°(2°), Ca(z9), A"(z"))  and
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iii)

iv)

where A®, B*: R®* — R® are contractions, corresponding to the contracting
eigenvalues (aq,...,a5) and (By,...,0s), and A*,B*: R* — R" are

expansions, corresponding to the expanding eigenvalues (csis,. .., qq)

and (58+37 e 75(1)'

There is a partially hyperbolic splitting E°° & E°® E"™, defined over the
orbits of P and Q, such that in these local charts they are of the form

B =R x{0°} x{0"}, E°={0°}xR*x{0“}, E" ={0°}x{0*} xR"

There are a quasi-transverse! heteroclinic point Yp € W*(Op)NW*(Og)
in the neighborhood Up, a natural number £ > 0, and a neighborhood Uy,

of Yp in Up, such that, in these local coordinates:

o Yp =(0°0%yp), where ypp € [-1,1]*;
o Yy = f{(Yp) € Uy and Yo = (5, 0%,0%), where y§ € [—1,1]°;
o ff (L[yp) C Ug and

f = Tpqg,¢ : Uy, — ff(uyp)
s an affine map of the form
Tpg,(z®, ¢ 2") = (T;Q(:Jcs) + Y0 TISQ(xC) +t, TﬁQ(a:“ — y%)),

where Tpo: R® — R® is a linear contraction (independent of t),
Tho: R* — R" is a linear expansion (which also does not depend
ont) and Tpy: R* — R? is either £1d or the reflection Ex.

There are a transverse heteroclinic point Xg € W*(Oq) h W*(Op) in
the neighborhood Ug, a natural number r > 0, and a neighborhood Ux,,
of Xq in Ug such that, in these local coordinates:

o Xo = (0°,25,0%), where zq € R?;
o Xp = f{(Xq) €Up and Xp = (0°,25,0"), where xp € R?;
. ftT(UXQ) C Up and

| = Top = Tor : Uxg — f{ (Uxg)

s an affine map of the form

TQP(xSv z°, mu) - (TCSQP(J:S)’ TCCQP(‘TC) - xCQ + LC%, T5P(xu))a

Ydim (Ty, W*(0q)) + dim (Ty, W"(Op)) = d — 2 = dim(M) — 2.
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where T5p: R® — R® is a linear contraction, THp: R* — R* is a
linear expansion and Tsp: R* — R? is either £1d or the reflection
FEx. Note that here the maps f; do not depend on t.

We say that A and B are the linear parts of the cycle, that X and Yp are the

heteroclinic points, and Top and Tpg, are the transitions of the cycle.

Figure 2.1: Transitions of the cycle

We have the next result about the approximation of cycles by simple

ones:

Proposition 2.2. Let f be a diffeomorphism with a heterodimensional cycle
of co-index two associated with saddles P and () which is central separated.

Assume that the central eigenvalues satisfy

|Oés+1| = |Oés+2’ and |Bs+l’ = ’/65+2|

Then any neighbourhood U of f contains diffeomorphisms having simple cycles

associated with P and QQ which are unfolded in a simple way.

Proof. We start with some preparations and fix some notation. For simplicity
let us assume that () and P are fixed points of f. By a small perturbation of
f we can assume that there are small neighbourhoods of P and @, say Up and
Ug, where f is linear.

Consider W"* (@) the strong unstable manifold of ¢ (the unique f-in-
variant manifold tangent to Eg"). Using local coordinates around () define the

following local manifolds of )

Wine(Q) = {(2%,0%0")} € W*(Q) N,
Wise(Q) = {(0°,2%,2")} € W*(Q) Ny,
Wise(@) = {(0°,2°,0Y)} € W"(Q) NUq, and
Wise(Q) = {(0°,0%, ")} € W"(Q) NUg.

Similarly, let W**(P) be the strong stable manifold of P (the unique f-invariant

manifold tangent to £%), using local coordinates we define the following local
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manifolds of P

(P)={(
(P)={(

We(P) = {(0°,2°,04)} € W*(P)NUp, and
(P) = {(

We now choose heteroclinic points of the cycle. Take heteroclinic points
X e WHQ)NWH(P) and Y € W*(Q) N W*(P). After an arbitrarily small
perturbation of f, we can assume that the first intersection is transverse and the
second one quasi-transverse. Moreover, we can also suppose that X ¢ W"*(Q)
and X ¢ W?*(P). Replacing X by some negative iterate we can assume
that X € Wp.(Q). Write X = (0°,2¢ 2%) and f~"(X) = (0%, 2, a¥). Since
X ¢ W(Q) we have z¢ # 0% and

lzall _ [Bsasl ™ [12"]]
[t I T MY B

As |Bsis| > |Bss+1| this implies that f~"(X) is much closer to W24(Q) than
to Wi (Q) for a sufficiently big n. Analogously, replacing X by some positive
iterate we can assume that X € W} (P) and since |o;| < |asi2| we have that
f™(X) is much closer to W.(P) than W (P) for a sufficiently big m. Thus
after arbitrarily small perturbations we can assume that there are backward
iterate X¢ of X that is in W%(Q), and forward iterate Xp of X that is in

loc

Wes (P). The points Xg and Xp are depicted in Figure 2.2.

loc

Figure 2.2: The heteroclinic points XQ and Xp

Now take a quasi-transverse heteroclinic point Y € W#(Q) N W"(P) and
we fix iterates (backward) Yp and (forward) Yg of it such that Yp € W/ (P)
and Yg € Wi .(Q).

Claim 2.3. After an arbitrarily small perturbation of f, we can assume that
there are large ro, €y > 0, negative iterates XQ of Xg and Yp of Yp, and small
neighborhoods UXQ of XQ and Uy, of Yp such that the restrictions of ™ to
UXQ and of f* to Uy, are linear maps preserving the splitting E*° & E°® E".
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Proof. In the neighborbood Uq of @ there are f-invariant foliations F, Fg",
6 Fo and F§ that are tangent to the bundles E** & E°, B, £, E** and
E° @ E* respectively. Using the linearizing coordinates of f in Ug ~ [—1, 1]

we consider the following locally f-invariant foliations:

e F4 the foliation by (u 4 2)-planes parallel to {0°} x [-1,1]* x [-1,1]*,

F* the foliation by u-planes parallel to {0°} x {0*} x [-1,1]*,
F§ the foliation by 2-planes parallel to {0°} x [—1,1]* x {0},

F¢ the foliation by s-planes parallel to [-1,1]* x {0?} x {0“},

F?§ the foliation by (s + 2)-planes parallel to [—1,1]* x [-1,1]* x {0"}.

U

Analogously, in the neighborbood Up of P there are foliations Fp, Fp¥,
%, Fp and Fp that are tangent to the bundles E** & E¢, E*, E°¢, E* and
E¢ @ E*°, respectively. As these foliations have the same local expression,
for simplicity, let us omit the subscript P and @ and consider the foliations
Fu, Fue, Fe, F* and F* defined on Uy UUp and denote by F7(X) the leaf of
F? containing X, for 0 = u, uu, c, ss, s.
By construction there is 7; > 0 such that f(Xg) = Xp. Let us consider
images of these foliations by f"'. After an arbitrarily small perturbation of f

we can assume that the following transversality conditions hold:
f(FU(Xq)) M, B

Given a set A and a point X € A denote by C(A, X)) the connected component
of A containing X. By domination the images of the leaves of F* are close
to the leaves in F* in Up. Replacing Xp by some forward iterate of it,
say fritm2(Xg) = fm2(Xp), we can assume that after an arbitrarily small

perturbation we have
C(f 1 (F (X)) NUp, f*(Xp)) = F'(f*(Xp)),

then we have the invariance of the foliation F*. Consider now negative iterates
of the foliations in Up by ™72, Since the foliation F* is ™ 2-invariant, we

have the following transversality:
frO(FR (7 (Xp)) iy, B

By domination the backward iterates of the leaves of F*° are close to the leaves

in F** in Ug. Then replacing X by some backward iterate of it, say f~"*(Xo),


DBD
PUC-Rio - Certificação Digital Nº 0721240/CA


PUC-RIo - Certificacdo Digital N° 0721240/CA

Chapter 2. Simple cycles: the (C,C) case 30

we can assume that after an arbitrarily small perturbation we have
C(f- It (F(f72(Xp)) NUg, [7(Xq)) = F*(f7*(Xq)),

then we have the invariance of the foliations F*° and F*. Similarly, now we
consider the image of the foliations in Up by f172173 After an arbitrarily

small perturbation we can assume that:
FrTn (FUF (X)) s, B

By domination the images of the leaves of F"* are close to the leaves in F** in
Up. Replacing f2(Xp) by some forward iterate of it, say f27™4(Xp), we can

assume that after an arbitrarily small perturbation we have
C(frtrrmtm(F(f7 (X)) NUp, [ (Xp)) = F (™ (Xp)),

then we have the invariance of the foliations F* F* and F“*. Following
analogously we have that there are r5,7¢ > 0 such that for f™, where
ro =11+ -+ 16, we get the invariance of all foliations.

Consider the Xo = f~(3%75)(X,) and Xp = frit72474+76(Xp). This
implies that (after a new arbitrarily small perturbation if necessary) there are
small neighborhoods Uy, of X o and Ux, of Xp such that f7 (or some positive

iterate of it) preserves the foliations
fUFUZ) NUxg) = F2(f(2)) C Uxp,

for 0 = u,uu, ¢, ss, s, and the restriction of f™ to Ux,, is linear.
Arguing analogously, we get £, Yp and an small neighborhood of Yp such
that f% (?p) = Y/Q, the local foliations are f% invariant, and the restriction of

f% to Uy, is linear. This completes the proof of the claim. Ol

In the local coordinates in Uy and Up, write

Xo = (0%,15,0") € Uy, Xp = fr(Xg) = (0°,7%,0%) € Up,
Y/P = (Os’oc?g}é) € Z/{Pv YQ = féo(f/P) = (g(sga Ocvou) € UQ

By the previous claim, in the local coordinates (around @ and P) the

restriction of f™ to the neighborhood U)‘(Q is of the form
fro(at at + 85, 2") = (Top(a*), ¥ + Top(a©), Tp(a")),

o S . . . ~u . . ot c .
where T3 p is a linear contraction, 7¢)p a linear expansion, and 75 p linear.
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Similarly, the restriction of f% to the neighborhood Uy, is of the form
Flolas,aat + gp) = (Tpg(a®) + G, Tpo(a9), Tpg(x")),

where ngQ is a linear contraction, TﬁQ a linear expansion, and T]%Q linear.

It remains to prove that (after a new perturbation and after replacing X¢
and ffp by some backward iterates and X p and )7@ by some forward iterates)
we have identities or reflections in the central coordinates.

We fix k; and ks > 0 (the choice of these numbers is explained below) and
replace X¢ and Xp, by Xo = f1(Xg) = (0°,25,0%) and Xp = f*(Xp) =
(0%, 2%,0%). Let r = k1 + 1o + ko, then the restriction of the map f* to a small
neighborhood of Xq is of the form f"(2°, 2¢ + 2§, 2") = (z°,2¢,7"), where

7 = (A%) 0 Ty o (B (a°),
= 15+ (Ca)?? 0 TS p o (C)™ (29), (2.2)
7' = (A")*2 o Tgp o (B*)M (2").

Clearly, the action of this map in the s-coordinate is a linear contraction

and its action in the u-coordinate is a linear expansion. Therefore we consider
Top = (A2 o Tpo (B and Thp = (A")* o T4y o (B

It remains to check that, for appropriate choices of large k1 and ks and
after a small perturbation, the central part 75, = (Ca)™ o Tép o (Cg)* can
be done as identity or reflection maps. Recall that |agi1| = |asqa] < 1 and

|Bs+1] = |Bs+2| > 1 and also the notation
Qs+1 = p627”'¢7 ¢ € {0) 1)a p<1 and ﬂs-‘rl - Q€27T“07 we [Oa 1)7 o>1

We can assume, after a small perturbation, that p" o™ = 1 for some large n
and m. In particular, p"* ¢™* = 1 for all k¥ > 1. We also can assume that
é, ¢ € Q. In particular, (C,)"7 = pnJ erm, and (Cg)™/ = o™/ R}, ,, where Ry
denotes the rotation of angle 6. As R, , and R,,, are rational rotation there is
large k£ such that

R:, =Ry, =1d

Fix ks = nk and k; = mk, then (C,)* = p"*1d and (Cs)* = p™*Id. Thus

(Ca)2 0 Tgp o (Cp)* = p"* 0™ Top = Tip.
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As the segment of orbit going from Xy to Xp can be chosen arbitrarily
large (it is enough to take large k) we can modify the action of f in the
central direction (without modifying the other directions) along the orbit
X, f(Xq), ..., fT(Xg) = Xp to transform TCSP in one of the maps Id, —Id, F¥x,
depending on the eigenvalues of the transition Tip. This concludes the con-
struction of the transition map Tgp (this map does not depend on t). The
construction of the transition Tpg for the diffeomorphism f with a cycle is
done arguing exactly as above.

Finally, we consider an unfolding (f;)ic(—e,q2 of f = fo as follows. Outside
of a small neighborhood of f~}(Yy) = f“1(Yp) we consider f; = f and we
modify f in a neighborhood of f~1(Ygp) in such a way the map f{ is of the

form
ff(xs, ¢ z") = (TI‘ZQ(:US),Tf,Q(xC) +t, TﬁQ(az”)).

This concludes the proof of the proposition. Ol
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