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10
Robust cycles from symbolic blender-horseshoes

In this chapter we obtain robust heterodimensional cycles of any co-index
(Definition 1.1) using symbolic blender-horseshoes (Definition 1.10). Our goal

is prove Theorem E.

10.1
Robust symbolic cycles

To define symbolic cu-blender-horseshoes, we introduce the inverse sym-
bolic skew product maps. Given ® = 7 x ¢¢ € S, 5(D), for a bounded open
subset D of a compact manifold GG, constants 1 < A < 8, a > 0, and k > 1
(recall Definition 1.7), the symbolic skew product map

O =17 K ¢} € Sf 41,1 (D),

where ¢¢ : D — D is given by ¢i(x) = qﬁg*l(x), is called associated inverse
skew product map for ®. Here £ and &* are points of X, of the form:
€ =(..61;8,&,...) and & = (...&;8,&-1,...) (the conjugate sequence
of ). Since 7(£)* = 771(£*), iterates of ®* correspond to iterates of ®~1. A
symbolic cu-blender-horseshoes for @ in Sg) 5(D) is a symbolic cs-blender-
horseshoe for ®*.

There is a similar result for symbolic cu-blender-horseshoes of Corol-

lary D.

Corollary 10.1. Let & =7 x (¢1,...,¢r) € Sp5 5. (Dy) with 1 < A, < B, <
v=2. Assume that there exists an open set B, in D, satisfying the covering
property for ® =7 X (¢1,...,0r). Then the mazimal invariant set 'y of ® in
Y X Dy, is a symbolic cu-blender-horseshoe for ® whose superposition domain

contains B,,.

Remark 10.2 (Continuations of blenders). Let I'y be a symbolic cs-blender-
horseshoe (resp. cu-blender-horseshoe) for a map ® € 511,’17,85(1)8) (resp.
S,i,’i‘uﬁu(Du)). We consider T'5, (resp. T'Y,) the continuation of Ty (resp. T'})
for ¥ e S,i:i‘s)ﬁs(Ds) (resp. S,i:i‘uﬁu(Du)).
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Let ' be a symbolic blender-horseshoe of ®. Recall that

WiTe;®) ={({,2) € X x G : TL]LH;d(@”(f,&/}),F¢) =0} and

W(Tg; @) = {(§,7) € Tk x G : lim d(®"(¢,7),Tg) = 0},

Definition 10.3 (Cycles associated to symbolic blenders). Let ® be a skew-
product map defined on Y X G. Assume that there are open bounded subsets
D, and D, of G such that

e O, = Op € S,i;i‘sﬁs(Ds) and ®, = Pp, € S,i:‘;uﬁu(Ds), here ®|p,

denotes the restriction of ® to D;, i = s, u.

o &, has a symbolic cs blender-horseshoe I'y, contained in ¥y x Dy and &,

has a symbolic cu blender-horseshoe I'y contained in Xy x D,,.

We say that ® has a symbolic cycle associated to L'y, and I'y if their stable and

unstable sets meet cyclically:
Wi (Te; @) NWUTE; @) #0D  and WY ([g; @) NW?3(Ly; @) # 0.

We say that this symbolic cycle is S-robust if there is a neighborhood V of
O in S;ZZ”BS(DS) N S;,’iéu,ﬁu(Du) such that for every W € V it holds V|p, €
S;:?SﬁS(DS), Up, € 8,17’1’5” (Ds), and U has a symbolic cycle associated to the
cs blender I'y, and the cu blender I'y,, where I'y, and I'y, are the continuations

of I'y and I'§, respectively.
The main technical step of the proof of Theorem E is the following:

Proposition 10.4. Let ¢y,..., ¢, be (v,9)-Lipschitz C*-diffeomorphisms
on a compact Riemannian manifold G, recall Equation (1.3). Consider a one-
step skew product map © =7 X (¢1,...,¢) defined on Xy X G. Assume that
there are disjoint open and bounded subsets Dg, D, of G such that

O =7x(¢1,...,0) €S54 (D) NS 5. (D),
where a € (0,1], v € (0,1), and
D< < y< A< Bs<TI< A <P <A<V ™

Assume also that there are open subsets B, C D, and B, C D, such that the
following two properties hold.

i) Covering properties: B, C (Y, ¢3(B,) and B, € U5, (¢:) " (Bu).
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ii) Cyclic intersections: there are a subset B, of Bs, points © € B, and
y € B, such that

¢"(x) € Bu, ¢7'(y) € Dy, and (¢¢)"'(y) € Dy

for some n,m >0 and j, 0 € {1,... k}.

Then the one-step map ® = 7 X (¢1,...,0n, ¢)" defined on Spyy x G has
a robust symbolic cycle associated to a cs-blender-horseshoe 'y and to a cu-

blender-horseshoe I'g contained in Xy, X Ds and Xy x D, respectively.
To prove this proposition we need the following lemma:

Lemma 10.5. Let ¢q,...,¢r, @ be (v,%)-Lipschitz be C*-diffeomorphisms
on a compact Riemannian manifold G. Consider a one-step skew product
O =17 K (¢1,...,0) defined on Ly x G with a symbolic cs-blender-horseshoe
I'e contained in 3, x D, D C G. Assume that superposition domain of the

blender contains an open subset B of D satisfying the covering property:
B C ¢1(B)U---U¢y(B).

Let ® = 7 x (¢1,..., 0 ¢) be a skew product map defined on $y1 X G such
that
d = dly, xc-

There are a small § > 0 and a subset B of B such that every small perturbation
U of & satisfies

W (D5, W) N H® # 0,
for every almost d-horizontal disk Hs in Y11 X B, recall Definition 1.9, where

'y is the continuation of I'y for ¥ = \ii|gkxg,

Proof. First observe that for each (£, z) € 341 X G, we have that

Wise (&, 2); @) = Wig (& 7) x {z},

for the one-step map ®. Then, by shrinking slightly the superposition domain
B we can assume that there is an open set B C B such that for every ¥ close
enough to ®, it holds

W (&, x); U) C Spyy x B for all (€, 2) € Spyy x B. (10.1)

We can also assume that B satisfies the covering property for IFS(®).

INote that the maps ¢; correspond to the symbol i, for i € {1,...,k}, and the map ¢
correspond to the symbol k + 1.
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A slight modification on the proof of Theorem C (using that v* < 7,
instead of v < \) shows that there is a small § > 0 such that for every small

perturbation U of & we have
Do (Spper X B) N H£0 (10.2)

for every d-horizontal disk H* in Y1 X B, where

T (Sipn X B) E ()" (Sppes X B)

n>0

and

Ykt = {6 = (&)iez € Biy1 1 & € {1,..., k} for every i <0},

this means that the symbol k + 1 corresponding to iterations by ¢ is not
involved.

Consider a skew-product map ¥ close to ® satisfying (10.1) and (10.2),
and let I, C %), x G be the continuation of I} for ¥ = Wy, ¢

Claim 10.6. T'} (S, ., x B) C W(Ty; 0).

loc

Proof. For a given (£, z) € F&:(E,;kﬂ x B) we will show that

Wit((€,2); ¥) N (S x B) C Ty (10.3)

N

Note that this inclusion implies the claim: if (¢, z) € W((&, xz); W) N (Ex X B)
then by equation above, ((,z) € I'§,. Thus

Wt (¢, 2); W) € Wiet(Ty; D).

loc loc

Observe that (£, ) € W ((¢, 2); ¥), then inclusion above implies that (€, z) €

loc

Wi 0), ending the proof of the claim.
To prove inclusion (10.3), recall that I'§, is a symbolic blender-horseshoe

and thus, by Equation (1.11), we have that

T4(Skx B) = () U"(S x B) C Ty = [ V(% x D).

n>0 nez

Hence, given (¢, z) € W ((€,2); ¥) N (X, x B) it is enough to show that

loc

U, 2) =0"(C,2) € X x B, foralln>0.

Observe that from the invariance of the local strong unstable set we get

U((,2) € U (Wie((€,2); W) € Wit (B (€, x); ) (10.4)

loc
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for all n > 0. Since (¢, ) € FE(E,;,CH x B) we have that U~"(¢, z) € Sy X B
for all n > 0, thus by (10.1) it follows that

W (B (&, x); U) C Spey x B, for all n > 0. (10.5)

Therefore ¢ € Yy, (10.4) and (10.5) imply that U"(¢,z) € ©; x B for all
n > 0. Thus (¢, z) € T'y(Xx x B) C ', proving (10.3), and thus the claim. [

The lemma follows noting that Claim 10.6 and Equation (10.2) imply
that W2 (Ts,; ¥) N H* #  for every d-horizontal disk H® in X, X B. O

loc

Proof of Proposition 10.4. By Corollaries D and 10.1, the maximal invariant
sets I's and T'% of ® in ¥, x D, and ¥ x D,, respectively, are a cs and
a cu-blenders horseshoes whose superpositions domains contain B, and B,,
respectively.

We split the proof of the proposition into several steps. First, we prove
that ® has a symbolic cycle associated to I and T'% (see Claims 10.7, 10.8,
and 10.9).

Claim 10.7. Let ¥ = (0;)iez € Sg1 with 9; = € € {1,...,k} for alli € Z.
Then W (9;7) x Dy € W3(I%; ®) and W (9;7) x D, € WH(T%; ®).

Proof. We see that Wg (9;7) x D, C W$(I'%; ®), the other inclusion is
analogous. Let p, be the attracting fixed point of ¢, in D,. Note that
(¥,pr) € T'% and that for every ({,2) € W (¥;7) X D, one has that
d(D™(€,2), (9, pe)) — 0 as n — oo. Thus (&, ) € W#(I'%; &), ending the proof
of the claim. O]

To get a symbolic cycle for ® associated to I's and I'y we will see that

the invariant sets meet cyclically.
Claim 10.8. W*(I'%; &) N WH(T'%; &) # 0.

Proof. By hypothesis, there are y € D,, and m > 0 such that ¢7'(y) € D and
¢, '(y) € D, for some j, ¢ € {1,... k}. Let

C= (oo 0,05, m5,0,0,...).

Note that 771(¢) € W}.(9; 7), where 9 is the constant sequence with ¢; = ¢ €
{1,...,k} for all 7. By Claim 10.7,

(¢ y) = (r71(0). b7 (y) € Wik (05 7) x Dy C W(T; D).
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Thus, (¢,y) € W*(I'}; ®). Analogously we have,

O"(C,y) = 2™(Cy) = (T"(0) 47 () € Wik (957) x Dy € W*(Tg; @),
obtaining that (¢,y) € W*(I'%; ®). Thus (¢,y) € W*(I'%; @) N W% ). O
Claim 10.9. W*(T%; ®) N W5 (I'%; &) # 0.

Proof. By hypothesis, there are x € B;, n > 0 such that ¢™(z) € B,,. Since I'}
is a cu-blender-horseshoe we have that B, C Z(I'}). Hence there is £ € ¥
such that (&, ¢"(z)) € I'. Consider the sequence

C=(., L, Lk+1,.7 k+1,8,...,&n,...) € Xkt1.
As the strong stable set of I'§ is contained in its stable set we get

O (Wise(G7) x {2}) CWie(&57) x {e" (@)} = W ((€, ¢"(2)); )

CW*(T%: &)

On the one hand, inclusion above implies that the horizontal disk He =
W (C;7) x {2} in Sy x B, satisfies H* € W#(T'%; ®). On the other hand,
by Lemma 10.5 we have that W*(I's; ®) N H® # (). Therefore, W*(I'%; ®) N

A

We(T4; @) # 0, proving the claim. O

Consider a neighborhood V of & such that for every U € V it holds

Lemma 10.5, covering property and cyclic intersection, that is,

e there are neighborhoods U; of ¢; and U of ¢; ' such that fori =1,...,k
Bs7i = int( mwez,{f ¢(BS)) and Buﬂ' = int( ﬁl/,ez,{lu ¢(Bu)),

are open covering of B, and B, respectively;

efixz € Byand y € By, n,m > 0, and j,¢ € {1,... k} in cyclic

intersection condition. Then for every U =7 x e € V it holds

Ur(x) € By, ¥I'(y) € Dy and ¥ '(y) € B,

for every 0,71, € Y41 such that 99 = -+ = 9,1 = k + 1 and
n €{l,...k}fori <Oandi>n,np="-="Nn_1=jandn € {1,...k}
for + < 0 and i > m, and 7y = /.

We will see that for every map in the neighborhood V the cyclic conditions

hold, obtaining a robust symbolic cycle (Definition 10.3).
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Let U € V and I3, and T% be the continuation of I'% and T'%, respectively
for ¥ = \11|gkxg. We have the assertions below which are analogous to
Claims 10.7, 10.8 and 10.9.

Claim 10.10. Let ¥ = (¢;)icz € Ygy1 with ¥; =L € {1,...,k} for alli € Z.
Then W, (9;7) x Dy € W3(I5: W) and W (9;7) x D, € W(T%; ).
The proof is analogous to Claim 10.7 and thus it is omitted.

A

Claim 10.11. W#(T%,; ¥) N W*(I%; 0) # (.

Proof. Consider ¢y = --- = (;—1 = j and the sequence

C=( b, 6:C0,Cly e G, 0,0,

~ def

Note that 7 = 771(¢) € W.(9;7), where 9 is the constant sequence with
v; =0 € {l,..., k} for all i and, by hypothesis, w;l(y) € B,. By Claim 10.10,

¢ y) =T (Cy) = (7710, () € WH(Ty: ).

A

Thus, (¢,y) € W*(I'}; V). Analogously we have 7(¢) € Wg (¥;7) and
Wgn(y) € D,. Then by Claim 10.10,

V(¢ y) = (G ) = (77 E (y) € Wik (5 m) x Dy € WPy W),
getting that (¢,y) € W*(I%; ¥). Thus (C,y) € W9([5; ¥) N WH(T%;¥). O
Lemma 10.12. W*(T'%,; W) N WS (I4%: ) # 0.

Proof. Let n = (n;); € Xg41 such that o = -+ = 9,1 = k+ 1. By

hypothesis ¢ (z) € B,. Since I'y is the continuation of the cu-blender-
horseshoe I'§ we have that B, C Z(I'}). Hence there is £ € ¥ such that

(& 0y () = (€, w) € Ty,
Claim 10.13. Consider small § > 0 and the almost 5-horizontal disk H*
associated to W _(¢;7) x {x} (recall Definition 1.9) where

CE(onnk+ 1,70k + 1,&, . &a1,6n. .. ) € St
Then
1 C W((€,w); 1) € WA b).

Proof of the claim. Note that if (§,w) € I'y, then the second inclusion of the
claim holds. Thus it is enough to see that for any given (u,z) € H* we have
that U™ (u, 2) € W9((€,w); ¥) (where n is as in hypothesis (ii)), that is,
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d(T™ (0" (u, 2)), U™ (€, w)) — 0 as m — oo. (10.6)
First note that by Definition 1.9, one has that u € W _.(¢; 7), thus 7 (pu) ™ = €.
Then
Tim AU (8" (1, 2)), O (€, w)) = lim d(U™ (7" (1), Up(2), O (€ 0y (2))
i ([0 (U2(2) — R

Fact 10.14. ||¢7(2) — ¥y ()| s bounded, say, |[v}(2) — oy (2)|| < M.

Let A= max{,v*} and note that A < 1. Let us prove that

1970 (V1 (2)) = " (W (@) || < B™ M + Cym A™. (10.7)

To prove inequality above, first recall that pu € Wy .((;7), then by
definition of ¢, we have that 7"(u)™ = £, and thus dx, (7"(u), &) < v.
Using the triangle inequality, S-contraction of 1, the Hélder property,

Fact 10.14 and observation above, we have the following estimates for m = 1:

1oy (72 (2)) = e (D @) < N[y (85:(2)) = W (5 (@) 1+
[y (5 () = e (45 ()
<Bp(z) = (@) + Cu ds, (7" (), )
<BM+ Cyrv™.

Using the same arguments it follows the estimate for m = 2:

1920 (V0 (2)) — V2 (U ()| =
= |10y © Yrn () (V1(2)) — Urie) © e (W () |
< Wrn1 ) © Yrnuy (W (2)) = Prnr ) © e (W (@) ||+
+ [thent () 0 P (U () = Prey © e (15 () |
< B tbrn oy (¥5(2)) = ve (W (@) | + Cu ds,, (7" (1), 7(€))"
< B(BM + Cy 1) + Cy 2% = B2 M + Cy B + Cy 12°

Using analogous estimates, we get that [[W75 ) (¥7(2)) — ¢ (¢ (2)) ]| is

smaller than
ﬁmM + C\p ﬁmfl v C\y ﬁm72 I/2a 44 quﬁl/(mfl)a + O\p e
Since A = max{3,r*} < 1, we have that

1970 (0 (2)) — 0" (W ()| < B™ M + Cym A™.
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Then Equation (10.7) is proved. Taking m — oo in the same equation, we get
(10.6), and thus that the almost horizontal disk H* C W*(I'%: W), proving the

claim. O

On the other hand, by Lemma 10.5, we have that W*(I',; &) N H*® # 0.

Therefore, W*(I'%,; U) N W*(I'%; ¥) # (), proving the lemma. O

Claim 10.11 and Lemma 10.12 imply that the invariant sets I'y, and I'y,
meet cyclically for 0, proving the proposition. Ol
10.2

Heterodimensional cycles

In this section, we prove Theorem E. First, we need the following lemma

which is a reformulation of a result in [19] using our terminology.

Lemma 10.15 (Proposition 2.3 in [19]). Let D be a bounded subset of G,

¢ : D — D be a (\ B)-Lipschitz map with v* < A < B < 1 and py its

attracting fized point. Then there are k € N, an open neighborhood B of pe,
def

and translations (in local coordinates) ¢1 = ¢, ¢a,..., ¢ of ¢ such that the
maps @1, ..., ¢ satisfy the covering property for the set B:

B C ¢1(B)U...U¢u(B).

We observe that the number k of translations of ¢ depends on the
dimension of G' and the constant \.
From Lemma 10.15 and Corollary D we immediately obtain the following

consequence.

Corollary 10.16. Let ¢1, ¢, ..., ¢ be as in Lemma 10.15. Then the skew-
product map ® = 7 X (¢1,...,0r) € Sg\5(D) has a symbolic cs-blender-

horseshoe whose superposition domain contains B.

Proof of Lemma 10.15. Consider the open ball B.(ps) C D of radius € > 0
centered at ps. Note that there are k& > 0 and points di = pg,da, ..., d; €
B.(py), such that

Bs(p¢) C B%E(dl) U B%E(dg) U...u B%E(dk)

Consider (in local coordinates) translations ¢; of ¢, such that ng(di) C
O (Be(p(b)), for all = 1,..., k. The choice of the points d; and the inclusion
above imply that

B.(py) C ¢1(B:(ps)) U .. U i (B:(ps)),
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proving the lemma. O

Proof of Theorem E. By hypothesis, the map F has a horseshoe A in N.
Suppose that the contraction rate of F'is 0 < v < 1. Fix positive constants
v, Aywithy <y <1<4dy<v i

Consider ¢: G — G a small perturbation of the identity map such that
¢ has two hyperbolic fixed points p and ¢ satisfying the properties:

i) pis a sink,
ii) ¢ is a source, and

i) W*(p, ¢) h W*(q,¢) # 0.

There are disjoint neighborhoods D; of p and D, of g such that ¢, and qﬁl_Dlu
are (A, 3)-Lipschitz maps for some A < 8 < 1, recall Definition 1.3, satisfying
y<A<B<l<p <A <A

By Lemma 10.15 there are k > 0, open sets By, C D, and B, C D,
containing p and ¢, respectively, and maps ¢7 = ¢, ..., ¢} and ¢} = ¢, ..., ¢}
such that

B, C ¢5(B)U...U¢;(B,) and B, C (¢}) " (B,)U...U(¢¥) *(B.). (10.8)

Consider the maps ¢;: G = G, 1 =1,...,k, as follows:

B ¢i(x) if € Dy
#le) = { oi(x) ifx € D,.

Note that these maps are (vy,4)-Lipschitz C'-diffeomorphisms. Then (10.8) is

equivalent to
k

k
B, c|Joi(B,) and B, s (Bu).
i=1

i=1

By construction,
O =7 (dr,..., k) € S5 5. (Ds) VSR, 5. (Du),

where \; =\, B, =8, Ay = Bt and B, = A7,
Let ¢: G — G be a (v,%)-Lipschitz C'-diffeomorphism such that
¢"(z) € B, for some x € B, and some n € N.

Claim 10.17. The map ® = 7 X (¢y, ..., ¢k, @) has a symbolic cycle associ-
ated to a cs-blender-horseshoe and cu-blender-horseshoe whose superposition

domains contain Bs and B, respectively.
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Proof. By condition (iii) there is a point y € B, N(W*(p, 1) NW*(q, ¢1)) such
that ¢7"(y) € By, for some m € N. Since y € B, N (W?*(p, 1) N W¥(q, ¢1)) we
have that ¢;'(y) € D,. Then adding the choice of ¢ above, the hypothesis of
Proposition 10.4 are satisfied. Ending the proof of the claim. O

To continue the proof, we need the following Proposition?:

Proposition 10.18. [15, 13] Let f be a skew product diffeomorphism given by
fiNxG—=NxG, f(z2)=(F(2),.(2)),

where F: N — N is a C*-diffeomorphism with a horseshoe A C N of d “legs”
and with contraction rate v < 1, and ¢,(-): G — G is a C'-diffeomorphism
such that

7 < [IDg-(x)v]| <5

forveT,G and z € A, where v <y <4 < v L.
Then for every map g C*-close to f has a locally mazimal invariant set
A C N x G homoeomorphic to A X G such that g|a is conjugated to a symbolic

skew-product map ¥, € 8;7’37@(63), for a > 0, recall Definition 1.7.

Recall that F' has a horseshoe A in N. There is £ € N such that F*|, is
conjugated to a full shift of d symbols, for some d > k. Consider “rectangles”
Ri,...,Rqgin N such that {R;NA, ..., RgNA} is a Markov partition for F*|.

Let f: N x G — N x G be the C'-diffeomorphism such that

fimomna = FOx @i fori=1,...k

=F'xy fori=k+1,...,d

fl(RiﬂA)xG

The map f restricted to A x G is conjugated to the symbolic one-step skew
product map ® = 7 X (¢1,...,0p0,...,¢0) € S;,‘;Y’R/(G). To emphasize this
conjugacy between f and ®, we denote = fs-

Therefore, by Claim 10.17 and Proposition 10.18 we have that fg has
a robust heterodimensional cycle associated with hyperbolic sets I'} and
I'#, which came from the symbolic cs-blender-horseshoe and the cu-blender-
horseshoe.

The proof of the theorem is now complete. O

2This proposition is detailed in [1].
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