PUC-Rio - Certificacdo Digital N° 1012861/CA

5
Conformal Jacobi equation

On a compact smooth M let F' : TM — R be a smooth symmetric
Finsler metric and o : M — R a smooth function. In this section we will be
concerned with how the Jacobi equation changes when we consider the Finsler
metric

F,.=¢eF.

We will actually deal with F? since in this way we will have constant speed
geodesics. Conformal changes of the Finsler metric are equivalent to the Mané’s
perturbations, or perturbations by adding a potential to the original metric.
We will not adopt this viewpoint because we intend to use the geometrical

relations between the Finsler metric and its conformal counterpart.

Lemma 5.0.10. Let v : [a,b] = I — U be a unity speed geodesic of the Finsler

metric F' and suppose that

a2 (7(8)) = [ () g (v(1), 7 (£))F" (1),

where f I — R is a smooth function. In this case, v is also, up to

reparametrization, a unity speed geodesic of the metric F.

Proof. Define the change of coordinates ac: I — [0, bo] by

a(t):/ exp (o(y(u))) du. (5.0.1)

Let 3 = a~! and define the curve J(s) = v(8(s)). If 4 satisfy the Euler-
Lagrange equation for F? then the lemma is proved.

First of all, since F' is 1—homogeneous on the fiber coordinates,

(F7)yi (3(5),7'()) = B'(s)e* TN (F?) i (v(8(5)), (B(5))) (5.0.2)

and

(F7)a (3(5),7'(5)) = (8'(5))%€* T (F2),3 (1(8(5)), 7(B(5))) (5.0.3)
+ 20,1 (3(5)) (8'(5)) %> TN (F2) (4(B(5)), 7(B(5)))
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where ' = % and "= %. The Euler-Lagrange equation for F? is

d 2 2 __ 20N AN ! ! AN /Qd(FQ)
%((Fahi)_(Fa)xi =¢ (ﬁ (F )yz+20ﬁ(F )yl+(6) 3

— (B2 (F?) i — 20,:(B)°F?);
(ﬂ” 20( ) i + QU’ﬁIGQU(FZ)yi) — QO'ZiFQ;

yi

d(e) o
=——2(F?) i — 20,;
ds (F7)yt = 200
=0'e?(F?),: — 20, (5.0.4)

where we used that v is a geodesic of F. Since F?(7,%) = gr;7*9? we have that

Ogrj i
(F?)y: = 3y —L AT 4 2 A,

= 297",

because g’” 24" =0 where « =1, j or k. From

o' =0.3'8 = f(t)8 g3 = F(1)B
and the hypothesis of the lemma, we conclude that

O'IGJ(FQ)yi — 20xi = 2f(t)5/€o-gzk”)/k — 2f(t)glk")/k
= 0. (5.0.5)

Equations (5.0.4) and (5.0.5) proves the first part of the lemma. The fact that

7 is unitary follows from (g,);; = €27 gi;. L

Remark 5.0.11. Choose a unitary geodesic v : |a,b] — U. We can regard

every vector field & : [a,b] — T M along v as a curve in R™ giwven by
1 n 7

Eim (E(0), e €(1)) where €(1) = €(0) 20

not explicitly mentioned, the vector field & will be identified with its curve.

From now on, if it is

Definition 5.0.12. Let v : [a,b] — U be a unitary geodesic. The Jacobi
operator with respect to the Finsler metric F? is a differential operator J :
C*([a, b], R™) — C%a, b], R™) defined by

d . 3 ,
Jz] 52 ((F2)y yJ& (FQ)ziyj§Z> _ ((FQ)yiijZ + <F2)xixjfz> : (506)
where = 4 o We say that § is a Jacobi field if J§ = 0.

Definition 5.0.13. Given two distinct points p = v(to) and q = ~(t1) along
the geodeisc 7y : [a,b] — U we say that p is conjugated to q if there exists
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a non-trivial Jacobi field & over v such that £(ty) = &(t1) = 0 (cf. definition
4.0.7).

A standard result from the calculus of variations (cf. [10] and [12]) asserts
that if a geodesic has conjugate points then it can no longer be a minimizer
between this points.

From now on, suppose that we are under the hypothesis of lemma 5.0.10
and we will follow the notation given in its proof.

We would like to know how the Jacobi operator J7, of the Finsler metric
F2, along 7 looks like when we take the derivative with respect to the parameter

of .

Proposition 5.0.14. Given a vector field n along 7, the Jacobi operator J°

when looked over v is

T’ =i’ + (205 (F?)ys + f (F?)yiys — 2055 (F?)y) 0
( i (000 (F2),5) + 2f 00 (F2)ys + F(F?)aiy (5.0.7)

- 40'#‘0'36]' - 20‘551'14 - 20'$j (F2)xz - 20'$i<F2)$j) ni.

Proof. The Jacobi operator for the Finsler metric F? is given by

s = 5o (F2 G+ (F ) - ((FZ‘)W‘;Z (Pt . (509

We will expand the terms above and then conclude the result.
Observe that the vector field i changes as - = /7. The first two terms
on the left-hand side of equation (5.0.8) are given by

dni
(FQ)y iyl T dS (F2)y y177

and
(Faz)x"yjni =e’ <2Uxi(F2)y-777i + (FQ)xiyjni) .
The third and the fourth terms are

dn' i i
(Fg)y"mﬂ'g = 20, <F2)y”7 + (F2>yizﬂ'7]
and

(Ff)xixjni = 20'ajia;j77i + 4U$¢Umﬂ7i + 20, (Fz)xini + 20’ﬂ(F2)$ﬂ]i + (F2>xixj7]i.
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Substituting this results in (5.0.8) we have that

ds ((F3>yiya-g + (ED)si ) =gp M+ g (E)yl + (F))
o .
+ 20, (F2) i + 2 (0,4 (F2),0) 7,

dp
where M;; = (F?) iyt 4 20, (F?) i 4+ (F?),in", and

dn’

(Fc?)yilj% + (Fg)xiﬂni - ((FQ)yi:L‘jﬁi + (F2)xi:cj77i) + 20, (FQ)yan
+ ZUxixjni + 40'xi0'zj77i
+ (2Oxj (FQ)I’ + ngi(Fz)zj> 772
The result follows from the fact that Z—Z = f. m

5.1
Fermi coordinates

From now on we will restrict ourselves to the case of surfaces. Recall that

the covariant derivative along the geodesic ¢ is locally given by

Dré = <% + Tjékfﬁ-k(c, T))

: (5.1.1)

ozt
where T'= ¢/ and T are the Chern-Rund connection coefficients [4].

Proposition 5.1.1 (Finslerian Fermi coordinates). Let ¢ : [a,b] — (M, F)
be a unitary Finslerian geodesic. There is a e—tubular neighborhood N, and a
coordinate chart ¥ : No — (a — 6,0+ 0) X (—¢,€), with 0 < & < €, such that in

these new coordinates we have

i) ¥(c(t)) = (t,0) and % oty d(t);

w) Vt € (a—06,b+0) the curve s — (¢, s) is a unitary geodesic.

Proof. To avoid clutter, (c(t),c(t)) will be written ¢/(¢). Let v € Ti)M such
that ge)(v,v) = 1 and gu(0)(c'(0),v) = 0. If V/(¢) is the parallel transport of
v along ¢, then ¢ — (c(t), V(t)) is a curve in the unitary tangent bundle 7" M.

Define ¢ by
o(t,s) = mo dy(c(t), V(t)), (5.1.2)
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where ¢, : T'M — T*M is the geodesic flow of F. Immediately we have that
ai’(t,o) = (t) and that

ot
0
=dr | =
©0) 0s

because s — ¢s(c(t),V(t)) is the unitary geodesic that when s = 0 is at

9y
0s

¢s(c(t), V(t))> =V(t)

(,0)

c(t) with velocity V(t). From the Inverse Function Theorem and from the
compacity of [a,b] that 3d,¢ > 0 with € > 0 such that ¢ is a diffeomorphism
from (a — 8,0+ 0) x (—¢,€) to Ni := p((a—0,b+0) X (—¢,¢)). Let p = p~ 1.
From the definition of ¥ we immediately conclude a and d. Letter b
follows from g (c'(t), V(t)) and 2 o = V(t).
The Chern-Rund connection coefficients along the geodesic ¢ are given

by
‘ o 0
) / _ -
Fi(€(1) = gey(D 2, 5 5 7).
where % = % and 3%2 = %. But D.¢ = 0 and D,V = Dycd = 0, so the
remaining cases are those involving Dy V' :

0
g (DvV,c) = agc'(t)(V, )= gowy(V.Dyd) =0

and L 8
<4 D ‘/7 V)= -+

9e@(DvV, V) = 5o

This proves letter c. O

gc’(t)(V7 V) = 0.

Lift the coordinates 1 to the coordinates ¥ on the tangent space in the

same way we have done on remark 3.0.1.

Corollary 5.1.2. In the coordinates b we have that

(F?)ar(c(t), (1) =0 (F?)p2(c(t), (1) = 0 (5.1.3)

and

(F2yp(et). () =20 (F)ye(c(t), ¢ (t) = Cuia(c(t),d(t).  (5.14)

The second order derivatives are given by

(F2) i (c(t),d(£) =0, (F2)u20(c(t), (1)) = 0; (5.1.5)

and
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Proof. Since there’s no loss, we will carry out the calculations considering the
pulled-back metric ¢, F? and call it F'? along this proof.

The equalities on 5.1.3 follow from the fact that ¢ — (¢ + tp)e; and
s — (toe1 + sey) are unitary geodesics with velocity e;. The first equality of

5.1.4 follows from the homogeneity of F'2. The second equality is given by

d
(FZ)y2 (t@l, 61) = E

_d

= (qr1(teq, e1 + ses) + 2sgia(ter, e1 + sey)
s=0

+5gaa(ter, e1 + ses))
=C1y2(ter, e1).

(F2(t61, e + 362))
s=0

Let’s proceed with the calculations of the second order derivatives.

d2
(F?)p(ter, e2) = dsdw| ., (F2((t+ s)er, (w+ 1)er))
__@ (w+ 12F((t + s)er, 1))
dsdw|,_, b
d
=2 7 B (F2((t+ s)er, e1))
= 0.
d2
(F?) 2,1 (ter, e9) = dsdw|_ (F?(tey + seq, (1 4+ w)er)) ;
d
_y)) i) (F*(ter + sea, e1))

0
= 4(g11).2(te1, e1),

but this coefficient is zero because V' is parallel along the geodesic c.
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d2
ds dw

d2
= Jsdw o (g11((t + s)er, e1 + wes)

+ 2wgi2((t + s)er, e1 + wes)

= w’gn((t+ s)er, e1 + wey)) ;
(Cri2)ar (ter, e1) + 2(g12)02 (ter, €1);
=(Ch12)1 (ter, e1).

(F?)p1,2(ter, e9) = (F2((t + s)er,e1 + w€2)) ;

s=w=0

The calculations of (F?),2,2 proceed in the same way as the above.

]

Remark 5.1.3. The use of Finslerian Fermi coordinates gives a more geomet-
ric frame, quite close to the Riemannian geometry setting, to study conformal
perturbations of the Jacobi equation that is our main goal. Once we have es-
tablished the Jacobi equation in terms of the unperturbed fundamental tensor
and the unperturbed flag curvature, Fermi coordinates helps us to simplify the
resulting expression as well as the expression of the covariant derivative, which
will be important ahead (see lemma 7.0.3). These simplifications makes clear
the relation between the unperturbed geometric form of the Jacobi equation
with its conformal perturbed one. A Hamiltonian version of the Fermi coordi-
nates for Finsler metrics can be found in [16] and a general version is in the

Appendiz, see lemma 8.2.2.

The next corollary is just the Jacobi equation for the conformal metric
in terms of the old metric. It’s proof is a straight forward application of

propositions 5.0.14 and 5.1.1 and of the corollary 5.1.2.

Corollary 5.1.4. The Jacobi equations obtained on proposition 5.0.14 in

Fermi coordinates are given by

Jhnt =Jun' +2f0t + <4f - 2%19;1) U

4

dp
+ 2f%Chi2 + f(Ch12)m — QlexQ) n

ngz =Jo1n” — 2f Cr121)? — 20,1,210%;

Toy” =Joan® + 21 + (f(Ciiz)ar — 20,2,2) 1.

Jont =Jian' + 2fCrian' + <2f0112 +2f—(Ch12)
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