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Where: 

m m
m

m

ρ u D
R

µ
=  

m j j
j

µ µ y  =∑  

 
Figure A.2 - Chen (1979) - Fanning friction factor. 

 

It should be noted that for the annulus the hydraulic diameter is used to 

calculate Reynolds number: 

h

4 cross sectional area
 D   

wetted perimeter
=  

Correction factor due to influx in production wells (porous pipe) is also 

applied (Ouyang and Aziz 1998): 

Laminar flow: 

( )0.6142
F e

m

16
f 1 0,04304R  

R
= +  

Turbulent flow: 

( )0.3978
F F0 ef f 1 0.0153R= −  

Where:  

I I
e

I

ρ u D
R

µ
=  

I – Index for radial inflow mixture.  
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Appendix B 

Drift-flux model 

The drift-flux multiphase model was introduced by Zuber and Findlay for 

two-phase flow in 1965 (Zuber and Findley 1965). For a gas-liquid flow in a 

vertical pipe the superficial gas velocity (cross sectional area averaged velocity) is 

expressed as a sum of the distribution coefficient (Co) and the gas drift velocity 

(ugm). It captures not only the mechanisms of higher concentration of gas near the 

center of the pipe (Co um) but also the tendency of buoyancy (ugm). This explains 

why gas inside a vertical pipe moves faster than liquid:  

g o m gmu C u u= +  

The average mixture velocity is defined as the sum of the superficial 

velocities: 

sg
g

g

u
u

x
=  

1
sl

l
g

u
u

x
=

−  

Where: 

g
g

g l

A
x

A A
=

+
- gas void fraction  

Drift-flux model is used in this thesis through correlations (Ghajar and Tang 

2010): 

( )
sg

g

o sg sl gm

u
x

C u u u
=

+ +
 

0.1

1

g

l
sg sl

o
sg sl sg

u u
C

u u u

ρ
ρ

 
  
 

 
  

= +    +    
 

 

( ) ( )( )( )0.25
22.9 1.22 1.22 1 /

atm

sys

p

p
gm l g lu sin gD cosθ σ θ ρ ρ ρ= + + −  

Where: 

σ - Superficial tension; 

θ – Angle with vertical axis. 
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A general two-phase heat transfer correlation (Kim and Ghajar 2006) for 

estimating the heat transfer coefficients regardless of flow pattern, gas-liquid 

combination and pipe inclination angle is also used. It is valid for liquid and 

permanent gas without taking phase changing into account. 

The general heat transfer correlation is described by: 

( )
0.4 0.250.250.1

0.25*1
1 0.55

1
p g l

tp p l
p l g

F Pr
h F h I

F Pr

µχ
χ µ

    −    = +           −         

Where: 

Gas quality (χ): 

 g

g l

m

m m
χ =

−
&

& &
 

g g sgm u Aρ=&  

l l slm u Aρ=&  

Flow pattern factor (Fp ) and inclination factor (I*  ): 

( ) ( )
( )

2
2

12
1

g g l

p g g

l g

u u
F x x tan

gD

ρ
π ρ ρ

−

  −  = − +   −  
  

 

( )2

* 1
l ggD

I sin
ρ ρ

θ
σ

−
= +  

Liquid phase heat transfer correlation (Sieder and Tate 1936): 

0.8 1/30.027 l l l
l

Re Pr K
h

D
=  

( )0.5
1

l l
l

l g

u D
Re

x

ρ
µ

=
−

 

In the heat transfer coefficient of the liquid phase the correction due to the 

viscosity term was considered negligible. The 1D model used to describe the 

behavior of the annulus and tubing cannot capture this effect because it is 

averaged within T(r=r w) to T(r=0) and therefore it is meaningless. 

The drift-flux multiphase model is used for application where there is 

gas/liquid and it is used only in the well segment (annulus and tubing).  
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Appendix C 

Heat Transfer Coefficients 

A reservoir layer/well segment is shown in Figure C.1 with its radial layers: 

tubing, annulus, cement and formation. The heat transfer mechanisms among 

them can be described by conduction, convection and radiation (neglected here). 

The overall heat transfer coefficients used in the temperature model is taken into 

account the individual conductive and convective barriers to transfer heat within 

the wellbore. Heat transfer coefficients were used in the development of this thesis 

assuming that well transient is faster than reservoir transient therefore it is 

possible to reach thermal equilibrium allowing heat transfer coefficient to be 

defined. 

 
Figure C.1 - Heat transfer within wellbore. 

 

ht - Heat transfer coefficient between tubing to annulus 

The convection and conduction due to the fluids in the annulus and tubing 

as well as the conduction through the tubing wall are taken into account: 

1

1
ln

ta

ti to ti

t t ti to a

U
R R R

h K R R h

=
 

+ + 
 
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The convection coefficients th  and ah  are based in correlations. The 

appropriate coefficient for the annulus is chosen based on Reynolds number. The 

tubing and annulus can be experiencing stagnant, laminar, and transitional or 

turbulent flow. We use the fact that superposition is valid for laminar flow with 

constant heat flux and simultaneously developing velocity and temperature 

profiles (Heaton, Reynolds et al. 1964).  

Forced convection (Re > 2300): 

Turbulent or transitional flow (Sieder and Tate 1936): 

For tubing: 

0.8 1/30.027 Pr

2
t t t

t
ti

Re K
h

R
=  

For annulus: 

0.8 1/30.027 Pr

2( - )
a a a

a
ci to

Re K
h

R R
=  

Natural convection (Re < 2300): 

Inner wall (Sieder and Tate 1936): 

For tubing: 

( )1/32
1.84 ti

t t
t

R
Rah

K
= or 3.66th =  for 2 tiR L�  

For annulus: 

In this case we use superposition (Heaton, Reynolds et al. 1964) and divide 

the problem in two: 

- A pipe experiencing inner convection with outer insulated:  

( ) ( )1/32
1.84 ci to

ainner a
a

R R
h Ra

K

−
=  or 3.66

innerah =  for ( )2 ci toR R L− �  

Where 

- L  is the length of the well segment. 

- A pipe experiencing outer convection with inner insulated. In this case the 

orientation is important: 

Vertical outer wall (Churchill and Chu 1975): 
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( )

2

1/6

1 8/279/16

20.387
0.825

0.492
1

Pr

ci toa
aouter

a

a

R RRa
h

K

 
 
  −
 = +
     +       

 

It is used for inclinations of 45° and above. 

Horizontal outer wall (Churchill and Chu 1975): 

( )

2

1/6

2 8/279/16

20.387
0.6

0.559
1

Pr

ci toa
aouter

a

a

R RRa
h

K

 
 
  −
 = +
     +       

 

It is used for inclinations of 45° and below. 

Therefore, ah  is: 

a ainner aouterh h h= +  

Stagnant fluid or pure natural convection (Dropkin and Somerscales 1965): 

In this case we assume that we have stagnant fluid only in the annulus, 

hence:   

1/3 0.0740.049 Pr

ln

a a a
a

ci
to

to

Ra K
h

R
R

R

=
 
 
 

 

It should be noted that strong buoyancy effect is expected in the flow which 

2Re

Gr
 is close to unity, otherwise it may be ignored. In pure natural convection, the 

strength of the buoyancy-induced flow is measured by the Ra where less than 108 

is laminar flow and above 1010 is turbulent flow. 

The heat transfer coefficients th  and ah  have to take into account the 

simultaneous flow inside the tubing and inside the annulus. Stephan correlation 

(Stephan 1962) is used for this purpose: 

0.84 0.6

'

0.86 1 0.14
( )

1

ti ti

ci ci
ci to

titi

ci

R R

R RR R
h h

RR
R

     
  + −        −  =  
 +
 
 
 
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In the above equations the dimensionless terms were described as: 

Prandtl Number: 

Pr pC

K

µ
=  

Grashof Number: 

3 2

2

( )ci to a a a
a

a

R R g T
Gr

ρ β
µ

∆−=  

3 2

2

( )ti t t t
t

t

R g T
Gr

ρ β
µ

∆=  

Raleigh Number: 

Ra GrPr=  

Reynolds Number: 

2( )
Re a a ci to

a
a

u R Rρ
µ

−=  

2
Re t t ti

t
a

u Rρ
µ

=  

ha - Heat transfer coefficient between annulus to formation 

It takes into account the conduction through the casing wall and cement as 

well as the convection and conduction through the formation.  

1
1 1af

a awb

U

h U

=
+

 

- Heat transfer between annulus and wellbore  

It takes into account the conduction through the casing wall and cement. 

sin

1

ln ln
awb

ci co ci wb

ca g ci cement co

U
R R R R

K R K R

=
   

+   
   
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Appendix D 

Cylindrical-Shape Reservoir Layer Equations 

Two phase formulation for an adiabatic cylindrical-shaped reservoir layer 

(Figure D.1) experiencing transient flow is derived in this appendix. 

   

 
Figure D.1 - Cylindrical-shaped reservoir. 

 
The following group of assumptions was used for the mass balance and flow 

equations for the control volume shown in Figure D.2: 

- Rock and fluids are slightly compressible; 

- Porous media is considered homogeneous;  

- Capillarity pressure can be neglected( ) w op p p= = ; 

- Fluid saturations are constant during the simulation period; 

- Total compressibility times pressure is much smaller than one( )1tc p� ; 

- Immiscible fluids; 

 

 
Figure D.2 - Control volume of the reservoir mass balance and flow equations. 
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Mass Balance: 

( )( )
0 p p

p p

S

t

φρ
ρ

∂
+ ∇ ⋅ =

∂
u  

( )p p
p p p p p p

S
S

t t

ρφρ φ ρ ρ
∂∂ + = − ∇ ⋅ − ⋅∇

∂ ∂
u u   

Defining formation and fluids compressibility as: 

1 1
  p

f p
p

c and c
p p

ρφ
φ ρ

∂∂= =
∂ ∂

 

Making the necessary arrangements yields: 

t j j
j

p
c c p

t
φ ∂ = −∇ ⋅ − ⋅∇

∂ ∑u u   

Where: 

t f j j
j

c c c S= +∑  

=∑ j
j

u u   

Darcy’s Equation: 

( )p grp
p p

p

k
zρ

µ
= − ⋅ ∇ − ∇u k   

Defining relative mobility as: 

rp
p

p

k
λ

µ
=  

Making the substitution in Darcy’s equation: 

( )p g   p p p zλ ρ= − ⋅ ∇ − ∇u k  

Combining with mass balance equation yields: 

( ) ( )p g p gt j j j j
j

p
c z c z p

t
φ λ ρ ρ

 ∂ = ∇ ⋅ ⋅ ∇ − ∇ + ∇ − ∇ ⋅∇  ∂  
∑ ∑

j

k   

Making the assumption that reservoir layer height and ( )2
p∇ are small 

implies hence the term ( )p gj j
j

c z pρ∇ − ∇ ⋅∇∑  can be dropped resulting in: 

( )( )g  t t t

p
c p z

t
φ λ ρ∂ = ∇ ⋅ ⋅ ∇ − ∇

∂
k  

Where: 
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t jλ λ=∑
j

 

j
t j

j t

λ
ρ ρ

λ
 

=   
 
∑  

It should be noted that the equation derived has the same mathematical form 

of the classic diffusivity equation from the well test analysis. 

 

 
Figure D.3 - Volume control of the reservoir energy balance. 

 

Energy balance 

According to Bear (Bear 1988), the temperature behavior of the fluids in 

porous media is based on the basic mass and heat transfer principles. Therefore, it 

can be derived by the general energy balance equation (Bird and Frost 1966): 

( ) :
U

U p
t

ρ ρ∂ + ∇ ⋅ = − ∇ ⋅ − ∇ ⋅ − ∇
∂ Tu u q τ u  

Enthalpy definition: 

 
p

H U
ρ

= +  

Fourier law: 

( )T T= −∇ ⋅ ∇Tq k  

Total conductivity (formation and fluids): 

(1 )T fφ φ= + −sk k k  

Bulk internal energy (formation and fluids): 

(1 )  s s f fU U Uρ φρ φ ρ= + −  

According to Al-Hadhrami (Al-Hadhrami, Elliot et al. 2003) the term 

:− ∇τ u  can be replaced by p⋅∇u ,  resulting:  

( ) ( ) ( )(1 ) Tf f TH p U H
t

φρ φ φ ρ ρ∂ − + − = −∇ ⋅ + ∇ ⋅ ∇
∂

u k  
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Assumptions: 

The control volume (Figure D.3) is in local thermal equilibrium (quasi-

steady-state assumption); 

Rock density is constant: 

f f pf fdU dH C dT≈ =   

The following approximation is valid: 

( )1
1  pdH C dT T dpβ

ρ
= + −  

Defining: 

(1 )p p f pfC C Cρ φρ φ ρ= + −  

Making the assumptions and final arrangements, yields:  

( ) ( ) ( )   T 1 Tp f f pf p T

T p p
C T c p C T C T p

t t t
ρ φβ φ ρ ρ β∂ ∂ ∂− − + = ∇ + − ⋅∇ + ∇ ⋅ ∇

∂ ∂ ∂
u u k  

 

The multiphase formulation can be derived using the same approach 

resulting: 

( )(1 )    j j pj f pf j j f f pf
j j

T p p
S C C S T c p C T

t t t
φ ρ φ ρ φ β φ ρ
   ∂ ∂ ∂+ − − − + =      ∂ ∂ ∂   
∑ ∑  

T 1 (1 ) Tj j pj j j j f
j j j

S C T p Sρ β φ φ
        

⋅∇ + − ⋅∇ + ∇ ⋅ + − ∇                
        
∑ ∑ ∑u u k k

 

The meaning of the equation terms can be summarized as: 

LHS: 

Term 1 - transient temperature variation; 

Term 2 - transient formation and fluid expansion or compression; 

RHS:  

Term 3 - heat convection; 

Term 4 - viscous dissipation and fluid expansion or compression; 

Term 5 - heat conduction. 

This equation is presented in chapter 4 as equation 4.2. 
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