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Abstract 

 

Rueda Cordero, Julio Alberto; Roehl, Deane; Mejia, Cristian. Failure 

phenomena and fluid migration in naturally fractured rock formations. 

Rio de Janeiro, 2021. 177p. PhD Thesis - Departamento de Engenharia Civil 

e Ambiental, Pontifícia Universidade Católica do Rio de Janeiro. 

The presented study proposes robust numerical models to simulate the 

phenomena present in fracture propagation and fluid migration problems in 

fractured media.  An innovative mesh fragmentation technique with an intrinsic 

pore-cohesive zone approach is developed to simulate unrestricted hydraulic 

fracture propagation in fractured media. The proposed method allows studying the 

effect of some primary parameters on hydraulic and natural fracture interaction. A 

new 3D hydromechanical formulation for an enhanced dual-porosity/dual-

permeability model is proposed to represent a fractured porous formation more 

realistically in reservoir simulations. The new model allows the study of the impacts 

of natural fractures with different orientations at multiple scales on the 

hydromechanical behavior of the reservoir. Finally, this research work proposes a 

new methodology that integrates a robust fracture propagation model and reservoir 

simulation, improving the evaluation of production performance. We simulate 

several hydraulic fracturing scenarios for the assessment of the cumulative 

production of the reservoir. Moreover, we combined discrete fracture and enhanced 

dual porosity-dual permeability models to study the effects of fractures of multiple 

lengths on the hydraulically stimulated reservoir. The developed models are 

compared against experimental tests, analytical and numerical solutions. The 

comparative results show excellent agreement and validate the fully coupled 

hydromechanical formulations. From the numerical results, it was possible to 

identify the dominant parameters that influence hydraulic fracturing and the 

production performance of the hydraulically stimulated deposits. 

 

Keywords 

Finite Element Method; mesh fragmentation; Hydraulic Fracturing; 

Intersection between hydraulic and natural fractures; Reservoir simulation. 
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Resumo 

 

Rueda Cordero, Julio Alberto; Roehl, Deane; Mejia, Cristian. Fenômenos de 

falha e migração de fluido em formações rochosas naturalmente 

fraturadas. Rio de Janeiro, 2021. 177p. Tese de Doutorado - Departamento 

de Engenharia Civil e Ambiental, Pontifícia Universidade Católica do Rio de 

Janeiro. 

O presente estudo propõe modelos numéricos robustos para simular os 

fenômenos presentes nos problemas de propagação de fraturas e migração de 

fluidos em formações fraturadas. Uma técnica de fragmentação de malha com uma 

abordagem de zona poro-coesiva é desenvolvida para simular a propagação não 

planar de fraturas em formações fraturadas. O modelo proposto permite estudar os 

efeitos dos parâmetros primários sobre a interação de fraturas hidráulicas e naturais. 

O trabalho desenvolve uma nova formulação hidromecânica 3D do dupla 

porosidade e dupla permeabilidade aprimorada para a representação mais realista 

do médio fraturado em simulações de reservatório. O modelo permite estudar o 

impacto de fraturas naturais de múltiplas escalas e orientações no desempenho do 

reservatório. Finalmente, o trabalho propõe uma nova metodologia que integra os 

modelos robustos de propagação de fratura e simulação de reservatório, para 

aprimorando a avaliação do desempenho da produção. Foram simulados múltiplos 

cenários de fraturamento hidráulico para avaliar a produção dos reservatórios. 

Também foram integrados modelos de fratura discreta e dupla porosidade-dupla 

permeabilidade para estudar os efeitos de fraturas de múltiplas escalas no 

reservatório estimulado hidraulicamente. Os modelos desenvolvidos foram 

comparados com testes experimentais, soluções analíticas e numéricas. Os 

resultados mostram excelente concordância e validam as formulações 

hidromecânicas. A partir dos resultados numéricos, se identificaram os parâmetros 

dominantes que influenciam o resultado do fraturamento hidráulico e a produção 

dos depósitos hidraulicamente estimulados. 

 

Palavras Chave 

Método dos Elementos Finitos; Fragmentação de malha; Fraturamento 

Hidráulico; Interseção entre fraturas; Simulação de reservatórios. 
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1 
Introduction 

 
Problem description and research motivation  

Hydraulic fracturing (hydraulic stimulation) is a technique in which a mixture 

of hydraulic viscous fluids is pumped into the well in order to initiate and extend 

fractures in the rock formation. In many conventional reservoirs, short fractures are 

sufficient to increase permeability and obtain economical production (HOLDITCH, 

2006). In contrast, in low permeability reservoirs, it is essential to create long 

hydraulic fractures that stimulate natural fracture networks to increase drainage 

paths and well-reservoir connectivity (MCCLURE; HORNE, 2014; RUTLEDGE; 

MAYERHOFER; PHILLIPS, 2004; WENG et al., 2011; WENG; VARAHANARESH; 

KRESSE, 2015).  

The characteristics of natural fracture systems play a very important role in 

the development of oil and gas fields. Problems of lost circulation during drilling 

operations are directly related to induced fractures and the presence of natural 

fractures. It is believed that the resulting complexity of the stimulated fracture 

network geometry is due to the interaction between hydraulic and natural fractures. 

During the hydraulic fracturing treatment, environmental damages can be 

generated due to uncontrollable propagation of fractures, which can connect them 

to shallower aquifer layers (DAVIES et al., 2014) or geological faults with a 

potential risk of reactivation (RUTQVIST et al., 2013; SHEN; SHEN, 2014). 

Moreover, high fracture density between injector and producer wells can lead to 

Early Water Breakthrough (EWBT), affecting recovery methods in the regions of 

interest (BRATTON et al., 2006). On the other hand, cemented or mineralized 

fractures can form barriers that prevent fluid migration (DERSHOWITZ et al., 

2000).  

The success of hydraulic stimulation treatments to enhance the production 

of low permeability reservoirs depends on the interaction of induced and pre-

existing fractures (RAHMAN; RAHMAN, 2013). Experimental observations have 

shown different events that can occur when hydraulic fractures interact with natural 
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fractures (JEFFREY; ZHANG; BUNGER, 2010). Cemented fractures are more 

likely to be crossed, while frictional fractures are more prone to slippage on the 

weakness plane (FATAHI; HOSSAIN; SARMADIVALEH, 2017; LI et al., 2017; 

WANG et al., 2018).  Figure 1.1 illustrates the interaction modes between hydraulic 

and natural fractures. Hydraulic fractures can be arrested by sliding along the 

natural fracture, opening the natural fracture and integrating to the hydraulic 

fracture network, or crossing the natural fracture. In some cases, the natural 

fracture is dilated at a short distance and, subsequently, propagates through the 

rock in the most favorable direction depending mainly on the relative orientation of 

the natural fracture to the stress state (JEFFREY; ZHANG; THIERCELIN, 2009; 

WENG, 2015). 

 

Figure 1.1. Schematic representation of the interaction process between hydraulic fracture and 

natural fractures 

Laboratory tests and analytical solutions have focused on frictional interfaces 

to study and understand those events (BLANTON, 1982; CHUPRAKOV; 

MELCHAEVA; PRIOUL, 2014; GU et al., 2012; POTLURI; ZHU; HILL, 2005; 

RENSHAW; POLLARD, 1994; ZHOU; XUE, 2011). Recent researches have 

focused directly on the development of numerical algorithms to model hydraulic 

fracture propagation in rock formations, which is characterized by their different 

mechanical properties, in-situ stresses, and natural discontinuities. These models 

have been used to capture the final geometry of the stimulated fracture network. 

However, fluid-driven fracture propagation in naturally fractured reservoirs is a 

complex process, and its numerical modeling represents a great challenge even in 

2D cases. The difficulty arises mainly from fracture mechanisms and the non-linear 

coupling process, which involves the interaction of different phenomena such as 
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(1) induced rock deformation by the fluid pressure on the fracture surface, (2) fluid 

flow inside and across the fracture, (3) fracture propagation in the rock formation, 

and (4) interaction with natural fractures. Also, fracture propagation models cannot 

evaluate and estimate the production performance of the stimulated reservoirs.  

In the production stage, fractures control fractured rock's mechanical 

response (GUTIERREZ; YOUN, 2015), and they are dominant conduits for fluid 

transport (SHIN; SANTAMARINA, 2019). Traditionally, explicit (discrete fracture 

models) or implicit (continuum approaches) methods are used in heterogeneous 

reservoir simulation for production forecasting. Discrete fracture models (DFMs) 

represent fracture systems more realistically. This approach considers the effect 

of individual fractures on fluid flow explicitly and simulates the complex flow 

patterns in a fracture network more accurately (KARIMI-FARD; DURLOFSKY; 

AZIZ, 2004; KIM; DEO, 2000; MOINFAR et al., 2011). However, DFMs are 

computationally demanding for field-scale reservoir simulations. Although more 

simplified in the characterization of naturally fractured reservoirs than DFMs, 

implicit methods are more feasible. The implicit Dual porosity and dual permeability 

(DPDP) models are frequently preferred for field-scale modeling of the multiscale 

system owing to the low number of fitting parameters that allow efficient historical 

data calibration (ASHWORTH; DOSTER, 2019). However, in conventional studies, 

the simulation of a fractured reservoir focuses mainly on the hydraulic problem. 

Coupled geomechanics and fluid flow analyses are generally assumed to be 2D or 

limited to simplified orthogonal natural fractures. Moreover, traditional reservoir 

simulations do not incorporate the complex fracture network created by hydraulic 

fracturing in naturally fractured formations. In some cases, it is assumed that only 

natural fractures intercepted by planar hydraulic fractures placed at predefined 

locations were stimulated (SUPPACHOKNIRUN; TUTUNCU, 2017). Such 

assumptions can result inadequate for a realistic representation of reservoir 

conditions and lead to inaccurate production forecasting. Furthermore, the 

representation of the characteristics of the fracture system with varying intensity 

and persistence over a wide range of orientation, separation, aperture, and scales 

[1,2] needs to be included.  

In this context, this work proposes the development of new hydromechanical 

numerical approaches for unrestricted fluid-driven fracture propagation and 

reservoir simulation in order to study the dominant factors that affect hydraulic 

fracturing treatment and the associated production performance.  
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Research objectives 

This research work aims to provide robust 2D/3D numerical models to study 

the phenomena presented in fracture propagation and fluid migration problems in 

fractured media. For this purpose, a fully coupled hydromechanical approach is 

proposed to simulate unrestricted fluid-driven fracture propagation in a naturally 

fractured media. Another goal is to understand the role of natural fractures of 

multiple scales on the hydro-mechanical behavior of the reservoir. This is achieved 

by the implementation of a new 3D hydro-mechanical formulation for an enhanced 

dual-porosity/dual-permeability model (EDPDP) to represent a fractured porous 

formation more realistically. Finally, the thesis aims to combine fracture 

propagation models and reservoir simulations to study the dominant factors that 

affect hydraulic fracturing and the production performance of the hydraulically 

stimulated reservoirs. 

Specific objectives of the individual chapter are following: 

 Study the physics involved in the hydraulic fracturing and production 

process; 

 Develop a novel mesh fragmentation technique to simulate unrestricted 

hydraulic fracture propagation in naturally fractured rock formations; 

 Study the main parameters that affect the hydraulic and natural fracture 

interaction.  

 Improve the dual-porosity and dual-permeability formulation for the 

simulation of deformable fractured reservoirs aiming at accuracy and 

computational efficiency; 

 Study the critical factors that affect the hydromechanical behavior and 

the production performance of a reservoir with fractures of multiple 

scales.  

 Develop techniques to integrate fracture propagation models and 

reservoir simulations.  

 Study the dominant parameters that influence the hydraulic fracturing 

treatment and production performance of the naturally fractured and 

hydraulically stimulated reservoir. 
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Thesis organization 

The outline of this thesis is as follows: 

Chapter 2 presents the comprehensive literature review of the numerical models 

to simulate hydraulic fracturing and fluid flow of naturally fractured reservoirs. 

Chapter 3 presents the development of the numerical models for simulation of 

unrestricted fracture propagation in naturally fractured formations using the 

Intrinsic Cohesive Zone Model. An algorithm for inserting the special interface 

elements into conventional 2D/3D finite element meshes is described. Finally, 

validation of the proposed numerical methodologies using literature data on 

experimental test results is also included.  

Chapter 4 studies the effect of some primary parameters on the hydraulic and 

natural fracture interaction. The results of the new approach are compared against 

analytical and numerical solutions. Finally, some advantages and limitations of the 

proposed methodology are discussed.   

Chapter 5 presents the development of new numerical models to represent a 

fractured porous formation more realistically. It describes the formulation of the 

enhanced dual porosity/dual permeability model to represent complex fracture 

sets. It also presents the comparison of the proposed numerical models against 

the discrete fracture model to assess its accuracy. Finally, it is presented some 

applications of reservoir simulation to study the effects of multiple sets of fractures 

of different scales and arbitrary orientation on fluid flow and pore pressure 

distribution. 

Chapter 6 introduces a new methodology integrating the hydraulic fracture 

propagation model and reservoir simulation. Several scenarios considering 

complex fracture networks are investigated to understand the dominant factors 

influencing hydraulic fracturing and the associated reservoir production. Finally, it 

is presented the integration of implicit and explicit models to study the impact of 

primary and secondary fractures on the production performance of the 

hydraulically stimulated reservoir. 

Chapter 7 summarizes the conclusions in this thesis. Future works are proposed. 
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2 
Literature review 

 Hydraulic fracturing in naturally fractured formations  

Hydraulic fracturing is one of the main stimulation techniques to improve oil 

and gas recovery from low permeability reservoirs. This technique consists of the 

fluid injection under high pressure into the rock formation to initiate and propagate 

induced fluid-driven fractures. The induced fractures form fluid paths of high 

permeability and enhance well-reservoir connectivity. Applications of hydraulic 

fracturing also include cave inducement in mines (JEFFREY; MILLS, 2000; VAN 

AS; JEFFREY, 2000), disposal of wastes in shale (DE LAGUNA, 1966; MALONEY; 

YOXTHEIMER, 2012), rockburst control in deep mining (BOARD et al., 1992), 

assessment of in situ stresses (DESROCHES, 1995), and energy production from 

geothermal reservoirs (BARBIER, 2002; O’SULLIVAN; PRUESS; LIPPMANN, 

2001). Given its broad range of engineering applications, modeling hydraulic 

fracturing has attracted numerous research contributions since the 1950s 

(GREEN; SNEDDON, 1950; KHRISTIANOVIC; ZHELTOV, 1955; NORDGREN, 

1972; PERKINS; KERN, 1961; SNEDDON, 1946). 

Simplified 2D models based on PKN, KGD, or penny-shaped solutions,  as 

shown in Figure 2.1, have been proposed to design the hydraulic fracturing 

treatment (ADACHI; DETOURNAY, 2002, 2008; BUNGER; DETOURNAY; 

GARAGASH, 2005; DETOURNAY, 2016; DONTSOV, 2016, 2017; GARAGASH; 

DETOURNAY; ADACHI, 2011; SAVITSKI; DETOURNAY, 2002). These models 

aim at predicting fluid pressure evolution, opening, size, and profile of the fracture, 

given the injection rate, fluid rheology, and rock properties. As pointed out by 

(ADACHI; DETOURNAY, 2008), these idealized models are important tools to 

study different propagation regimes. However, analytical solutions do not require 

a detailed description of rock properties, and they adopt simplifications in terms of 

opening, crack pressure field and consider infinite elastic homogeneous media  

(ADACHI; DETOURNAY, 2008).  
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Figure 2.1. Schematic of fracture geometry of analytical solutions: a) PKN, b) KGD, and c) Penny 

shaped. 

Due to geometry limitations of the analytical models, the P3D (pseudo-3-D) 

model has been developed to determine the fracture height from the local fluid 

pressure, in-situ stresses, and rock toughness (NASIRISAVADKOUHI, 2015). 

Nevertheless, those models cannot simulate fracturing with arbitrary paths and 

assume a strict stress field (LI et al., 2015). Furthermore, this model neglects the 

hydromechanical effects within the porous medium and in the interaction with 

natural fractures. Such assumptions can result in inadequate forecasting models 

for hydraulic fracture propagation in naturally fractured formations. 

The success of the hydraulic fracturing treatment in an unconventional reservoir 

is limited to the interaction between induced and pre-existing fractures. On the one 

hand, the stimulated fractures enlarge the contact area with the reservoir, 

increasing drainage paths for fluid flow and improving productivity. On the other 

hand, activated natural fractures can divert fluid flow from the main hydraulic 

fracture or reduce its width, causing proppant bridging. Consequently, premature 

blockage of the proppant transport (screen out) can occur, causing the hydraulic 

treatment to fail (POTLURI; ZHU; HILL, 2005). Therefore, understanding hydraulic 

fracture behavior and its interaction with pre-existing fractures are essential to 

inhibit unfavorable fracture propagation reducing the associated environmental 

risks, and identify suitable fracturing geometries to optimize production 

performance.  
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2.1.1. 
Interaction between natural and hydraulic fractures  

The interaction between hydraulic fractures (HF) and pre-existent natural 

fractures (NF) is one of the main sources of complex fracture networks. Several 

types of interaction may occur during the hydraulic fracture propagation towards a 

pre-existent fracture (see Figure 2.2). Depending on the in-situ stresses, the fluid 

pressure, and the approach angle, the interaction can lead to slippage/arrest 

(Figure 2.2b) and crossing (Figure 2.2 c). The case of slippage or arrest occurs 

when the natural fracture shear stress reaches its shear strength. Opening occurs 

when the fracturing fluid pressure is larger than the normal compressive stress on 

the natural fracture. Consequently, the natural fracture slips and the fluid flows into 

its channels (Figure 2.2d). During the opening of the natural fracture, the fluid 

pressure can continue to increase and may exceed the rock tensile strength 

leading to further fracture propagation (Figure 2.2g). 

 
Figure 2.2 Schematic representation of the interaction process between hydraulic fracture and 

natural fractures. 

Besides that, for high compressive stresses acting on the natural fracture, the 

hydraulic fracture propagates through it without a change in direction (Figure 2.2c). 

Consequently, the hydraulic fracture can propagate through the rock formation, 

and the natural fracture remains closed (Figure 2.2e). However, if the hydraulic 

fluid pressure exceeds the normal compressive stress or if the stress on the natural 

fracture plane reaches the shear strength, the natural fracture can open or slip, 

respectively, generating a branch (Figure 2.2f).  

Several experimental works and analytical solutions have been conducted to 

investigate the interaction between hydraulic and natural fractures (BLANTON, 

1982; CHUPRAKOV; MELCHAEVA; PRIOUL, 2014; GU et al., 2012; POTLURI; 
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ZHU; HILL, 2005; RENSHAW; POLLARD, 1994; ZHOU; XUE, 2011). The results 

show that the approach angle, friction coefficient, and the contrast of horizontal 

stresses have a great influence on the mode of hydraulic fracture propagation 

(CHENG; JIN; CHEN, 2015; WARPINSKI; TEUFEL, 1987). However, these 

methods have some limitations because experimental models are expensive and 

extremely time-consuming. Generally, they are performed on plugs and 

considering low pressures. Furthermore, analytical models perform over-

simplifications in terms of the fracture pressure field and elastic homogeneous 

media hypothesis in stationary conditions. 

2.1.2. 
Numerical modeling  

Owing to the limitations of experimental models and analytical solutions, recent 

research works have focused on the development of numerical algorithms to model 

hydraulic fracture propagation in fractured reservoirs. Methods such as the 

Discrete Element Method (DEM), the Displacement Discontinuity Method (DDM), 

Lattice Element Method (LEM), and the Extended Finite Element Method (XFEM) 

or Generalized Finite Element Method (GFEM) have been presented as viable 

alternatives to simulate the interaction of hydraulic and natural fractures and 

predict the final geometry of the hydraulic fracture network. However, these 

methods are complex in the treatment of fracture interaction, even in 2D cases.  

The Discrete Element Method (DEM) represents the domain of interest as 

an assembly of particles or blocks, which continuously interact through their 

contacts. Interaction of hydraulic and natural fractures studies have been 

performed using this numerical method (FATAHI; HOSSAIN; SARMADIVALEH, 

2017; ZHOU et al., 2017). In these studies, natural fractures are simulated by 

replacing contact or parallel bonds with smooth joint bonds. The main drawback of 

this method is the trial-and-error calibration of micro-parameters (spring stiffness 

and strengths) to recover the macroscopic properties.    

The Displacement Discontinuity Method (DDM) developed by (CROUCH, 

1976) is a special case of the Boundary Element Method (BEM) formulation. The 

method is based on the analytical solution of the problem of a constant 

displacement discontinuity over a line segment of an infinite and elastic solid. The 

method only requires the discretization of the contours of the fracture surface and 

does not need remeshing for new fractures. In hydraulic fracturing modeling, DDM 
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is often used to simulate hydraulic and natural fracture interaction considering 

elastic and impermeable media (XIE et al., 2018; XIE; MIN; SHEN, 2016). 

However, in most DDM models, the simulation of hydraulic and natural fracture 

interaction is based on crossing analytical criteria under plane strain conditions and 

local Mohr-Coulomb law. Therefore, applying DDM to naturally fractured reservoirs 

in a fully coupled manner is still challenging (WANG, 2019). 

Lattice Element Method (LEM) is generally defined as an assembly of 

discrete one-dimensional elements for the representation of a solid structure. This 

method is usually used to simulate the fracturing process of heterogeneous 

materials (NIKOLIĆ et al., 2018; WONG, 2017). The LEM approach has some 

limitations related to values of Poisson’s ratio aiming to represent the macroscopic 

elastic behavior of the discretization (GRASSL et al., 2015). Furthermore, 

structured meshes can strongly bias the cracking patterns (WONG et al., 2015). 

Extended Finite Element Method (XFEM) or Generalized Finite Element 

Method (GFEM) are modifications of the finite element method (FEM). The fracture 

is represented using enrichment functions on the adjacent nodes to the fracture. 

These methods have gained popularity to simulate hydraulic and natural fracture 

interactions once the fracture path can be modeled independently of the mesh 

(KESHAVARZI; JAHANBAKHSHI, 2013; KHOEI; VAHAB; HIRMAND, 2016; 

TALEGHANI, 2010; WANG et al., 2018). A recent work (CRUZ; ROEHL; VARGAS, 

2018) presents an extension of the XFEM method for multiple fracture interaction. 

This technique is computationally efficient because re-meshing or insertion of new 

elements is not necessary. However, the method has limitations to model 

propagation of irregular fracture geometries in heterogeneous materials, and the 

treatment of fracture interaction is complex even in 2D cases.  Additionally, the 

implementation in existing finite element codes is not straightforward.  

2.1.3. 
Finite Element Method (FEM) 

The Finite element method (FEM) is one of the most widely used approaches 

for the study of continuous media. This method can simulate the behavior of 

discontinuities through interface elements or through adaptive meshes. The 

interface element finds a broad range of engineering applications where the crack 

paths are known as delamination in composite materials (ORTIZ; PANDOLFI, 

1999; TURON et al., 2005), fault activation (PEREIRA et al., 2014; RUEDA et al., 

2014), and grain boundary cracks in brittle materials (ZAVATTIERI; ESPINOSA, 
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2001). Extrinsic or Intrinsic interface element fragmentation is necessary to 

simulate complex crack patterns during crack propagation. Crack branching 

(GEUBELLE; BAYLOR, 1998), mesoscale, and microscale arbitrary crack 

propagation in fiber-reinforced material (WU et al., 2013), or heterogeneous 

material characterized by inclusions (BENEDETTO; CAGGIANO; ETSE, 2018; 

DAI; NG, 2014; WANG et al., 2015) have been simulated with these approaches. 

In the extrinsic approach, based on the local criterion of stress or strain, an 

adaptive insertion of cohesive interface elements in the mesh (in space and time) 

is required.  In the intrinsic approach, cohesive interface elements are inserted in 

the discretization of the structure before the simulation starts. Both approaches 

have their advantages and drawbacks. In the extrinsic fragmentation process, new 

elements are inserted at the edges of regular elements during the simulation. 

Therefore, this process requires an elaborated data structure to update the 

modified mesh once new nodes and interface elements are inserted. Also, 

computational parallelization becomes challenging due to the complexity 

associated with the topological propagation changes in the mesh. In general, the 

discrete discontinuity is investigated using the cohesive zone model (CZM) that 

defines the constitutive response directly in terms of traction versus separation. 

This model avoids the singularity of the stress field at the crack tip, which is present 

in classical linear elastic fracture mechanics. The extrinsic cohesive zone model 

considers that the separation only occurs when interfacial traction meets certain 

damage initiation criteria 𝑇(𝛿) in terms of stress or strain. Subsequently, the 

material stiffness progressively degrades, and finally is null at the critical 

separation δ𝑐. This behavior is shown in Figure 2.3a. On the other hand, the 

intrinsic cohesive model considers an initial interfacial traction-separation until it 

reaches the maximal interfacial strength 𝑇(𝛿). Thenceforth, the material stiffness 

is progressively degraded, and finally vanishes at the critical separation δ𝑐, as 

illustrates Figure 2.3b.  
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Figure 2.3. Comparison of two cohesive zone models (CZM): (a) extrinsic model; (b) intrinsic 

model. 

In general, intrinsic models consider that all cohesive elements are 

embedded in the mesh since the beginning of the simulation. Therefore, the 

topological mesh connectivity remains constant during the simulation process. 

Intrinsic models are easier to implement in terms of mesh and computational 

parallelization (RADOVITZKY et al., 2011). However, they introduce artificial 

compliance that depends on element surface and cohesive parameters related to 

bulk properties. The “artificial compliance” phenomenon can be reduced by 

increasing the initial stiffness of the cohesive elements. Extrinsic models avoid this 

artificial effect (ZHANG; PAULINO; CELES, 2007). Nevertheless, this issue also 

arises in the extrinsic approach if the inserted fracture closes under compressive 

load.  

The coupled hydromechanical double-noded interface element has been 

formulated to simulate fluid flow in pre-existing discontinuities (NG; SMALL, 1997; 

SEGURA; CAROL, 2008a, 2008b).  However, these formulations do not consider 

normal flow. (BALDONI; MILLARD, 1998) and (GUIDUCCI et al., 2002) proposed 

the hydromechanical model using a special triple-noded zero thickness interface 

element to simulate transversal permeability.  The classical nodes of the 

conventional double-noded interface element define the joint surfaces, with 2 

degrees of freedom to represent the relative mechanical displacement and one to 

house the fluid pressure. Additionally, this element has an inner node to represent 

fluid flow inside the discontinuity. This special element has been combined with a 

cohesive zone model to simulate planar hydraulic fracture propagation (CARRIER; 

GRANET, 2012; CHEN et al., 2009; ZIELONKA et al., 2014). In these simulations, 

hydraulic fractures are modeled by non-intersecting predefined cohesive paths.  

Recently, triple-noded zero thickness interface elements have been used to 

simulate the interaction between hydraulic and natural fractures (DAHI 
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TALEGHANI et al., 2018; GONZALEZ; TALEGHANI; OLSEN, 2015; GUO et al., 

2015; HADDAD; DU; VIDAL-GILBERT, 2017; NIKAM et al., 2016; RUEDA 

CORDERO; MEJIA; ROEHL, 2017). In these cases, the intersected elements 

needed a special treatment to ensure continuity in pressure along the hydraulic 

fracture and natural fractures. Gonzalez (GONZALEZ; TALEGHANI; OLSEN, 

2015) defined four triangular elements in the intersection. Haddad (HADDAD; DU; 

VIDAL-GILBERT, 2017) and Taleghani (DAHI TALEGHANI et al., 2018) applied 

constraints through additional governing equations to couple the inside pore 

pressure degrees of freedom at all inner nodes at the intersection. Guo (GUO et 

al., 2015) and Rueda et al. (RUEDA CORDERO; MEJIA; ROEHL, 2017) merge 

the inner nodes in the intersection to ensure that the injected fluid flows 

longitudinally to the fracture paths. The implementation of this last configuration, 

merge the inner nodes, seems easier than those proposed by Gonzalez 

(GONZALEZ; TALEGHANI; OLSEN, 2015), Haddad (HADDAD; DU; VIDAL-

GILBERT, 2017) and Taleghani (DAHI TALEGHANI et al., 2018). Regardless of 

the choice of those configurations, the hydromechanical CZM cannot predict the 

path and propagation direction of the hydraulic fracture. Then, an intrinsic cohesive 

approach may be a solution to overcome these limitations. Although the 

implementation of intrinsic cohesive elements is straightforward in the conventional 

finite element mesh, the pre-processing step to insert a cohesive interface element 

at every face of general finite elements is non-trivial.  

Recently, (RUEDA CORDERO et al., 2019) developed an intrinsic cohesive 

methodology for a 2D fully coupled simulation of unrestricted hydraulic crack 

propagation in naturally fractured media. The numerical procedure provides good 

agreement with the laboratory tests and shows the robustness of the proposed 

computational algorithm. The presented mesh fragmentation is extensible to three 

dimensions. With this methodology, it is possible to simulate a re-initiated fracture 

from the crack tip, crossing with an offset, branching, and multiple cracks, without 

worrying about multiple crack interactions. Moreover, aspects as simplicity of mesh 

data structure and successful representation of localized failure and complex crack 

patterns are the most important reasons for implementing intrinsic CZM in this 

work. 
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Fluid flow in naturally fractured reservoir 

Fractured reservoirs are composed of intact rock blocks separated by faults, 

fractures, bedding planes, and fissures. Those reservoirs are very heterogeneous 

in porosity and permeability due to the characteristics of the fracture system with 

varying intensity and persistence over a wide range of orientation, separation, 

aperture, and scales (GONG; ROSSEN, 2018; KUCHUK; BIRYUKOV, 2014). 

Those fractures play an essential role in many engineering applications such as 

nuclear waste disposal (KIM et al., 2019; SILVEIRA; ALVIM; RIVERO OLIVA, 

2013; YANG, 2012),  geological sequestration and storage of CO2 (BIGI et al., 

2013; MARCH; DOSTER; GEIGER, 2018), and oil/gas/geothermal reservoir 

production (GHASSEMI; ZHOU, 2011; O’SULLIVAN; PRUESS; LIPPMANN, 2001; 

RUEDA CORDERO et al., 2019, 2020b; XU; DOWD; TIAN, 2015). Natural 

discontinuities reduce the mechanical strength of the formation and alter its fluid 

flow characteristics (SHAHID; FOKKER; ROCCA, 2016). Natural fractures sealed 

by mineralization are poorly conductive and can act as impermeable barriers. 

Similarly, discontinuities generated under compactional shear stresses, called 

deformation bands, exhibit a region with reduced porosity and permeability, which 

may also act as a barrier (FOSSEN et al., 2007). On the other hand, infilled and/or 

stimulated fractures enhance the permeability of the formation and well-reservoir 

connectivity.  

 In this context, accurate models of naturally fractured reservoirs are required 

to understand the effect of fractures on reservoir behavior and their impact on 

hydrocarbon production to optimize oil recovery performance. 

2.2.1. 
Naturally fractured reservoir simulation  

In the last years, numerical models have sought to incorporate more realistic 

representations of the geological structure to obtain a more accurate interpretation 

of the fractured reservoir behavior (NORBECK et al., 2016). Discrete fracture 

models and dual porosity approaches are commonly used to represent the fluid 

flow through fractured porous media (LEE; CHOI; CHO, 1999; YAO; HUANG, 

2017) (ZIDANE; FIROOZABADI, 2018).  

Discrete fracture models (DFM) represent the characteristic of the fracture 

system more accurately and represent the effect of individual fractures on the 
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mechanical deformation and flow pattern explicitly (KARIMI-FARD; DURLOFSKY; 

AZIZ, 2004; KIM; DEO, 2000). Fractures are represented by lines and surfaces in 

two-dimensional and three-dimensional problems, respectively (FADAKAR 

ALGHALANDIS, 2017; NOORISHAD; MEHRAN, 1982). By adopting an 

appropriate mesh discretization, the DFM can describe heterogeneities, 

anisotropy, and fracture distribution of fractured media. Several numerical 

discretization methods are adopted, such as the finite difference (LEE; LOUGH; 

JENSEN, 2001; ZHOU; SHI; WANG, 2014), finite volume (GRANET et al., 2014; 

KARIMI-FARD; DURLOFSKY; AZIZ, 2004; MONTEAGUDO; FIROOZABADI, 

2007), mimetic finite difference (YAN et al., 2016, 2019), finite element (FLEMISCH 

et al., 2018; FUMAGALLI; KEILEGAVLEN; SCIALÒ, 2019; KIM; DEO, 2000; 

THOMAS; PALUSZNY; ZIMMERMAN, 2020), etc. However, DFMs are 

computationally demanding for field-scale reservoir simulations. Besides, explicit 

approaches have limited application due to the lack of reliable data regarding 

fracture distribution and patterns (CLEMO, 1994). 

Although more simplified in the characterization of naturally fractured 

reservoirs, dual porosity and dual permeability models (DPDP) models are widely 

used for their low computational cost. DPDP models may be useful to simulate sets 

of high-density fractures of small or medium length, where the representation of 

each fracture is complex and computationally expensive (CLEMO, 1994). The 

original dual-porosity (DP) concept proposed by Barenblatt (BARENBLATT; 

ZHELTOV; KOCHINA, 1960) consists of the superposition of two porous systems 

with different characteristics. The fractures act as intercommunicated drainage 

paths of high permeability while the rock matrix performs as fluid storage. The two 

systems are linked through transfer functions, which are evaluated through the 

analytical solution of the pressure diffusion between matrix and fractures for a 

simple fracture set, or through numerical and laboratory experiments for several 

fracture sets (BARENBLATT; ZHELTOV; KOCHINA, 1960; KAZEMI et al., 1976; 

LIM; AZIZ, 1995; MAIER et al., 2013; WARREN; ROOT, 1963). (WARREN; ROOT, 

1963)  improved the dual-porosity model, which assumes orthogonal fractures 

parallel to the principal axes. (KAZEMI et al., 1976) extended that approach to 

multiphase flow. Fractures isolate block matrix, and flow occurs through fracture 

channels and between matrix and fractures.  Figure 2.4 depicts the idealization of 

naturally fractured systems through a dual-porosity model.  
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Figure 2.4. The idealization of a naturally fractured system with a dual-porosity model. 

 (BLASKOVICH et al., 1983) and (HILL; THOMAS, 1985) introduced the 

dual-porosity/dual permeability (DPDP) model that allows physical communication 

between blocks and incorporates the occurrence of fluid flow between them. The 

dual porosity/dual permeability approach has been generalized to include subgrid-

scale heterogeneities into the large-scale flow and transport (ZYVOLOSKI; 

ROBINSON; VISWANATHAN, 2008). The matrix-fracture transfer shape factor is 

generalized for irregular block matrices (HEINEMANN; MITTERMEIR, 2012). 

Recently, this model has also been extended to the triple-porosity/triple 

permeability model to study fractured vuggy carbonate reservoirs (YAO; HUANG, 

2017).   

To combine the advantages of implicit and explicit fracture representations, 

the embedded discrete fracture model (EDFM) emerged as a promising alternative 

to model complex fracture systems (LEE; LOUGH; JENSEN, 2001; LI; LEE, 2006; 

YAN et al., 2016). The EDFM directly includes the fracture contribution into the flow 

matrix without any spatial partitioning, avoiding complex discretization. 

Considering the advantage of the EDFM in terms of accuracy and computational 

efficiency, several applications have been performed: fracture propagation in a 

fractured reservoir (NORBECK et al., 2016) and optimization of multistage 

hydraulic fracture in a horizontal well (XU et al., 2018). Recently, several works 

have focused on the extension of the EDFM to overcome some limitations. (XU et 

al., 2019) extended the EDFM to corner-point grids with a full-permeability-tensor. 

(ŢENE et al., 2017) proposed the pEDFM adjusting matrix-matrix and fracture-

matrix transmissibility to deal with problems where the fracture permeability lies 

below that of the matrix. (RAO et al., 2020) modified pEDFM to handle more 

general cases selecting projected faces of fracture cells. (CAO et al., 2019) 

proposed a new EDFM for the matrix-fracture flux using the boundary element 

method to incorporate reservoir anisotropy effects. (CHEN et al., 2020) proposed 
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a streamlined tracing framework applied in several applications using the DPDP 

system via EDFM.  Although the EDFM has been applied successfully to a highly 

fractured reservoir with complex fracture configurations, most of the existing 

EDFMs are based on the finite difference method and required further 

improvements or combinations with other methods to handle more general 

applications. More recently, (MEJIA et al., 2021) propose a new embedded 

discrete fracture approach based on the finite element method to model fluid flow 

through highly fractured porous media. The proposed approach includes natural 

fractures through a multi-freedom constraint method followed by a static 

condensation procedure of the element's degrees of freedom. Thus, this proposal 

avoids complex meshes, improves computational efficiency, and keeps the 

solution accuracy. An additional advantage is that this approach guarantees the 

compatibility between fracture and porous matrix within a standard finite element 

mesh. Therefore, the pore pressure field obtained with the proposed embedded 

approach is very close to the field provided by the explicit approach with zero-

thickness interface elements. 

Aiming at accuracy and computational efficiency, the integration between 

DFM and DPDP models has been encouraged recently for flow analysis with 

fractures of various lengths. Gong (GONG, 2007) presented a hybrid method that 

allows some regions of the model to be treated using the DFM and others with the 

multiple sub-region (MSR) method using a DPDP representation. The hybrid 

method may be appropriate to simulate connected and disconnected fractures or 

enhanced accuracy in some reservoir regions. Maier et al. (MAIER et al., 2013) 

presented a multi-rate dual-porosity model to simulate small-length fractures and 

integrate it with DFM to simulate large-length heterogeneities such as fractures. 

Dong et al. (DONG et al., 2017) proposed a method that integrates the embedded 

discrete fracture model EDFM and dual-porosity, dual-permeability (DPDP) 

concepts to model the production process in shale oil reservoirs.  
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Figure 2.5. Schematic representation of fractured rock media 

The mentioned works do not consider the rock and fracture deformability and 

focus on reservoir flow issues. Nevertheless, there are currently some reservoir 

formation that show significant alteration in their petrophysical characteristics due 

to the changes in the stress state (CHEN; TEUFEL, 2000). For that reason, the 

role of geomechanics is even more important in fractured media owing to the 

presence of fractures that are more sensitive to stress changes than the rock matrix 

is. Stress/strain changes due to production and/or injection result in opening, and 

closing (HERMANSEN et al., 2000). This variation of the geomechanical 

parameters affects the permeability (magnitude and direction), one of the factors 

that control the management of naturally fractured reservoirs (BAGHERI; 

SETTARI, 2008). 

(RUEDA; MEJIA; ROEHL, 2019) proposed a method that integrates DPDP 

and DFM models in a deformable fractured media to study the geomechanical 

effects of fractures of multiple lengths in the reservoir. The results show that 

fractures of small and medium length enhance the permeability of naturally 

fractured reservoirs and support the application of the proposed model for 

production simulation of the stimulated reservoir with fractures of multiple length 

scales. 

 
Related research in the Multiphysics Modeling and Simulation group 
at Institute Tecgraf PUC-Rio 

In the last decade, the Multiphysics Modeling and  Simulation group at 

Tecgraf PUC-Rio has been conducting research work applied to fracture problems. 

(RUEDA, 2013) implemented a 2D finite element methodology to study fault 

reactivation in oil reservoirs during the production process. (SILVA, 2015) 
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presented an Extended Finite Element Method (XFEM) implementation for two-

dimensional analysis of fracture propagation following the Linear Elastic Fracture 

Mechanics theory. (BARBOZA, 2015) investigated the fracture process in 

structures with quasi-brittle materials using the finite element method (FEM) based 

on the cohesive zone model. (RAMIREZ, 2016) extended the methodology 

presented by (RUEDA, 2013) to assess 3D geological fault 

reactivation.(GUTIÉRREZ, 2016) analyzed the hydraulic fracturing technique to 

better understand the interaction between rock and injected fluid. Planar fracture 

propagation was simulated using FEM and the pore cohesive zone model. 

(CASTANEDA, 2017) presented a numerical analysis of non-planar hydraulic 

fracture propagation using the extended finite element method (XFEM) and 

cohesive zone model (CZM). (BENDEZU, 2017) applied XFEM to investigate rock 

blasting based on the phantom node method where discontinuities in the 

displacement fields are introduced through new degrees of freedom in overlapping 

elements. (PEREIRA, 2018) discussed the criteria for nucleation and propagation 

of fractures and their implementation in the XFEM context. The implementations of 

crack growth criteria were made in an in-house framework GeMA (Geo Modelling 

Analysis)(MENDES; GATTASS; ROEHL, 2016). (CRUZ, 2018) extended the 

XFEM to simulate multiple fracture interactions during the hydraulic fracture 

propagation in a naturally fractured formation. New contributions are being 

conducted to the development of new numerical methods for robust 3D simulations 

of  unrestricted fracture propagation and fluid flow migration in naturally fractured 

media. 
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3 
Intrinsic cohesive zone model for unrestricted fluid-driven 
fracture propagation  

The content of this chapter comprises the papers of (RUEDA CORDERO; 

MEJIA SANCHEZ; ROEHL, 2019b). This chapter provides the theoretical 

formulation of hydraulic fracturing physics. It defines the physical equations that 

govern the hydromechanical behavior of the porous media and the constitutive 

relations of the fractures. Moreover, it presents a novel mesh fragmentation 

technique to simulate unrestricted hydraulic fracture propagation in fractured 

media. This method is based on the hydromechanical zero thickness interface 

element combined with the cohesive zone model (CZM). An algorithm for inserting 

the special triple-noded interface elements into conventional 2D/3D finite element 

meshes is described. A simple but effective topological data structure that 

considers each finite element independently of others is introduced. The proposed 

topological structure ensures the generation of new nodes and faces necessary for 

the insertion of interface elements. The implementation is validated through 

literature data on experimental test results. 

  
Governing equations  

In order to simulate the hydraulic fracturing process and the interaction with 

natural fractures, several components are coupled: (1) mechanical deformation of 

the rock induced by fluid pressure on the fracture surface, (2) fluid flow inside the 

fracture, (3) fracture propagation in the rock formation, (4) fluid transfer between 

the fracture and the porous medium, and (5) interaction with natural fractures.  

3.1.1. 
Mechanical behavior of saturated porous media 

A rock mass is a non-uniform material composed of intact rock and 

discontinuities. The formulation presented in this work considers a homogeneous, 

isotropic, linear elastic rock material undergoing small strains. Biot’s theory (BIOT, 
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1941) is adopted to model the saturated porous media. The conservation of the 

linear momentum balance in the saturated porous media takes the form: 

𝛻 ∙ 𝝈 + 𝜌 𝒈 = 𝟎 (3.1) 

where 𝛔 is the stress tensor, ρ is the density of the saturated porous medium, and 

𝐠 is the gravity vector. The relationship between total stresses and effective 

stresses in porous media is given by (TERZAGHI, 1943):  

𝝈 = 𝝈´ − 𝛼 𝒑 (3.2) 

Here, 𝝈´ is the effective stress tensor (compression are negative hereafter), 𝒑 

is the pore pressure, and  𝛼 is the Biot coefficient that is defined as  

𝛼 = 1 −
𝐾

𝐾𝑠
  

(3.3) 

where 𝐾 and 𝐾𝑠 are the volumetric deformation moduli of the porous medium and 

solid grain, respectively. For incompressible solid grains, observe that 𝐾𝑠 → ∞ and 

𝛼 = 1.  The constitutive relation in the bulk material is given by: 

𝝈´ = 𝑫𝒆 ∶ 𝜺  (3.4) 

where 𝜺 is the strain vector and 𝑫𝒆 is the elasticity matrix. 

3.1.2.  
Pore pressure diffusion in a permeable rock formation 

The continuity equation of the fluid flow through a permeable porous medium 

is: 

𝛼𝛻 ∙ �̇� + 𝛻 ∙ 𝒒 +
𝟏

𝑀
�̇� = 0  

(3.5) 

where �̇� is the deformation velocity vector, 𝒒 is Darcy’s velocity vector of the pore 

fluid, and 𝑀 is Biot’s modulus defined as: 

1

𝑀
=
𝑛𝑚
𝐾𝑤

+
1 − 𝑛𝑚
𝐾𝑠

 
(3.6) 
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where 𝐾𝑤 is the bulk modulus of the fluid, and 𝑛𝑚 is the porosity of the porous 

medium. 

Considering laminar and uniform fluid flow by Darcy’s law, the specific fluid flow is 

given by: 

𝒒 =
𝒌𝒎𝐴

𝜇
∇𝒑 

(3.7) 

where 𝒌𝒎 is the permeability of the porous medium, 𝐴 is the cross-section area, 𝜇  

is fluid viscosity and 𝒑 is the fluid pressure. 

 
Fracture constitutive relations  

Discontinuities can be defined as planes of physical weakness. They have a 

relevant effect on stress transmission, reduces the mechanical strength of the 

formation, and alter the behavior of the fluid flow.  Based on the poroelasticity 

theory for a fracture under the influence of internal fluid pressure and disregarding 

the body forces, the equilibrium equation is established: 

𝝈′ −𝒎.𝒑 = 0 (3.8) 

where 𝒎 = {1 0} is the vector form of the Kronecker delta,  𝝈′ and  𝒑 are the 

effective stress and fluid pressure vectors, respectively. The fracture behavior is 

represented by a traction-separation relationship to describe the initial elastic 

response until it reaches a specific interfacial strength. The hydromechanical 

relations of induced and natural fractures are described below.  

3.2.1. 
Elastic behavior  

The mechanical behavior at the discontinuity is expressed directly in terms of 

a traction-separation law. A relationship to describe the elastic response of 

discontinuity can be represented as: 

{

𝜏𝑠
𝜏𝑡
𝜎′𝑛

} = 𝑫𝑒 {

𝛿𝑠
𝛿𝑡
𝛿𝑛

}  
(3.9) 

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1712783/CA



42 

 

where 𝑫𝑒 is the elastic matrix which adopts the following simple form: 

𝑫𝑒 = {

 𝑠 0 0
0  𝑡 0
0 0  𝑛

}  
(3.10) 

with  𝑛 the normal stiffness,  𝑠 and  𝑡 the shear stiffness in two orthogonal in plane 

directions; 𝜎′𝑛 is the normal effective stress on the fracture surface and 𝜏𝑠, 𝜏𝑡   are 

the shear stresses; 𝛿𝑛, 𝛿𝑠 and 𝛿𝑡  are their corresponding normal and shear 

separations on the fracture surface. 

3.2.2. 
Hydraulic fracture propagation 

In general, four stages can be considered during the fracturing process. The 

first stage represents the intact and continuum material. In the second stage, 

fracture propagation begins. The third stage describes the fracturing evolution. 

Finally, in the fourth stage, the hydraulic fracture is established. This behavior can 

be modeled using the pore pressure cohesive zone model (CZM). This model 

avoids stress singularity in linear elastic fracture mechanics (LEFM) and 

represents the damage zone ahead of a hydraulic crack tip. Then, rock behavior 

during hydraulic fracturing is represented by two laws: a strain-stress relationship 

to describe the elastic response of the rock material and the cohesive law that 

controls fracture initiation and propagation. The process of degradation begins 

when a function in terms of stress meets its critical values (CAMACHO; ORTIZ, 

1996). After that, damage evolution characterizes the progressive degradation of 

the material stiffness (CAMANHO; DÁVILA, 2002) according to linear or 

exponential softening (Figure 3.1).   

 

Figure 3.1. A typical response of the damage model with linear or exponential softening 
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In naturally fractured media, normal traction is mainly induced by hydraulic 

pressure, while shear traction may be generated by geo-stress contrast or shear 

stress around natural fractures (KHOEI et al., 2015; KHOEI; VAHAB; HIRMAND, 

2016). For that reason, the quadratic nominal stress criterion is adopted to predict 

the element damage initiation. This criterion combines normal and shear failure 

and assumes damage initiation when the quadratic interaction function involving 

the nominal stress ratios reaches the value 1 (CAMACHO; ORTIZ, 1996):  

{
〈𝜎′𝑛〉

𝜎′𝑛
 }

2

+ {
𝜏𝑠

𝜏𝑠
 }

2

+ {
𝜏𝑡

𝜏𝑡
 }

2

= 1  
(3.11) 

where 𝜎′𝑛
  is the effective tensile strength, and 𝜏𝑠

 , 𝜏𝑡
  are the shear strengths; 𝜎′𝑛 

and 𝜏𝑠, 𝜏𝑡 represent the normal effective and shear tractions on the interface, 

respectively; <> is the Macaulay bracket which returns zero for negative stresses 

(compression) and the effective tensile stress value for positive stresses. Once 

damage initiation occurs, the stresses are affected by the damage variable 

according to: 

𝜎𝑛 = {
(1 − 𝐷)𝜎′̅𝑛, 𝑡𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑎𝑡𝑒

𝜎′𝑛, 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑖𝑣𝑒 𝑠𝑡𝑎𝑡𝑒
 

(3.12) 

𝜏𝑠,𝑡 = (1 − 𝐷)�̅�𝑠,𝑡 (3.13) 

where 𝜎′̅𝑛 and �̅�𝑠, �̅�𝑡 are the normal effective and shear stresses predicted by the 

elastic traction separation law for the current relative displacements.  𝐷 is a scalar 

damage variable, which has zero value at the point of damage initiation and one 

when the element is totally damaged. For linear softening behavior, the evolution 

of the damage variable 𝐷 is expressed as (CAMANHO; DÁVILA, 2002): 

𝐷 =
𝛿𝑚
𝑓
. (𝛿𝑚

𝑚𝑎𝑥 − 𝛿𝑚
𝟎 )

𝛿𝑚
𝑚𝑎𝑥. (𝛿𝑚

𝑓
− 𝛿𝑚

𝟎 )
 

(3.14) 

where 𝛿𝑚
𝑚𝑎𝑥 is the maximum value of the effective displacement attained during 

the loading history; 𝛿𝑚
𝟎  and 𝛿𝑚

𝑓
 are the effective displacements at damage initiation 

and at complete failure, respectively. The effective displacement 𝛿𝑚 is defined as: 

𝛿𝑚 = √〈𝛿𝑛〉
2 + 𝛿𝑠

2 + 𝛿𝑡
2 

(3.15) 
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For exponential softening, the evolution of the damage variable 𝐷 is expressed 

as: 

𝐷 = 1 − {
𝛿𝑚
 

𝛿𝑚
𝑚𝑎𝑥}

{
 
 

 
 

1 −
1 − 𝑒

−𝜗
(𝛿𝑚

𝑚𝑎𝑥−𝛿𝑚
0 )

(𝛿𝑚
𝑓
−𝛿𝑚

0 )

1 − 𝑒−𝜗

}
 
 

 
 

 

(3.16) 

where 𝜗 is a non-dimensional material parameter that defines the rate of damage 

evolution and  𝑒𝑥 is the exponential function. The effective displacements at 

failure 𝛿𝑚
𝑓

 can be calculated based on the tensile and shear strengths and the 

fracture energy, as follows: 

𝛿𝑚
𝑓
=
2 𝐺𝑐

𝑇𝑒𝑓𝑓
  

(3.17) 

where 𝑇𝑒𝑓𝑓
  is the effective traction at damage initiation defined as: 

𝑇𝑒𝑓𝑓
 = √(𝜎𝑛

′ )2 + (𝜏𝑠
 )2 + (𝜏𝑡

 )2   
(3.18) 

and  𝐺𝑐 is the fracture energy which is equal to the area under the traction-

separation curve, as shown in Figure 3.1. The Benzeggagh-Kenane model 

(BENZEGGAGH; KENANE, 1996) is adopted to simulate damage evolution during 

the fracture propagation process. This criterion is useful when the critical fracture 

energies of rock material along the first and the second shear directions are similar. 

The critical energy considers mixed damage mechanisms according to: 

𝐺𝑐 = 𝐺𝑛
𝑐 + (𝐺𝑠

𝑐 − 𝐺𝑛
𝑐) {

𝐺𝑆

𝐺𝑇
}
𝜂

    (3.19) 

where 𝐺𝑛
𝑐  and 𝐺𝑠

𝑐 are mode-I and mode-II critical fracture energies, respectively;  

𝐺𝑆 = 𝐺𝑠 + 𝐺𝑡, 𝐺𝑇 = 𝐺𝑛 + 𝐺𝑆; 𝐺𝑛, 𝐺𝑠 and 𝐺𝑡 are the work done by the tractions and 

their conjugate relative displacements in the normal, first, and second shear 

directions, respectively, and  𝜂 is a material parameter. This work adopts 𝜂 = 2.28. 

3.2.3. 
Natural fracture: closure, friction, opening, and shear dilation 

A nonlinear elastic closure model is used to prevent overlapping of fracture 

surfaces under effective compressive stresses. Figure 3.2 illustrates the empirical 
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model proposed by (BANDIS; LUMSDEN; BARTON, 1983), in which fracture 

closure is stress-dependent and defined by: 

𝜎𝑛
′ =

𝑘𝑛0 𝛿𝑛 

1−
𝛿𝑛 

𝛿𝑚𝑎𝑥

    (3.20) 

 𝑛 =
𝜕𝜎𝑛

′

𝜕𝛿𝑛
=

𝑘𝑛0𝛿𝑚𝑎𝑥
2

(𝛿𝑚𝑎𝑥+𝛿𝑛)
2    (3.21) 

where 𝜎𝑛
′  is the normal effective stress (negative in compression),   𝑛  is the initial 

normal stiffness, 𝛿𝑛 is the fracture closure, and 𝛿𝑚𝑎𝑥 is the maximum closure.  

 

Figure 3.2. Nonlinear behavior of fractures under effective compressive normal stress 

This nonlinear closure model avoids excessive fracture penetration when 

natural fractures are submitted to high compressive stresses. As compressive 

stresses increase, the curve becomes asymptotic to the vertical line, which defines 

the limit of maximum closure 𝛿𝑚𝑎𝑥. This value is experimentally obtained, as 

described in (BANDIS; LUMSDEN; BARTON, 1983). For practical purposes, 

considering an initial effective stress state 𝜎𝑛 
′  that induces an initial closure 𝛿𝑛 , 

𝛿𝑚𝑎𝑥 can be estimated from equation (3.20) by the expression: 

𝛿𝑚𝑎𝑥 =
𝑎0+√𝑎0

2+
4𝑎0𝜎𝑛0

′  
𝑘𝑛0

⁄

2
    

(3.22) 

where 𝑎  is the initial fracture aperture.  

Compressive

normal effective

stress, 

Closure,
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The phenomenon of activation of natural discontinuities was the first possible 

cause of fluid flow in areas with pre-existing fractures (SIBSON, 1981). This 

behavior can be simulated by the Coulomb friction model with zero tension cut-off, 

which was implemented in this work (see Figure 3.3). This criterion assumes that 

reactivation occurs when the resultant shear stress 𝜏𝑅 acting on the fracture 

surface reaches the limit value 𝜏𝑠𝑙𝑖𝑝 expressed in terms of the effective normal 

stress 𝜎𝑛
′  (negative compression): 

𝜏𝑠𝑙𝑖𝑝 = 𝑐 − 𝜎𝑛
′ 𝑡𝑎𝑛𝜙    (3.23) 

where 𝑐 is the fracture cohesion, and 𝜙 is the friction angle. 

  

Figure 3.3. Coulomb friction failure criterion. 

Alternatively, the natural fracture opens when the effective normal stress on 

the surface reaches the tension cutoff, 𝜎𝑐𝑢𝑡
′ . The yield functions for slip and opening 

are formulated according to: 

𝑓𝑠 = |𝜏𝑅| − 𝜏𝑠𝑙𝑖𝑝    (3.24) 

𝑓𝑛 = 𝜎𝑛
′ − 𝜎𝑐𝑢𝑡

′     (3.25) 

where 𝜏𝑅 = √𝜏𝑠
2 + 𝜏𝑡

2 is the effective shear stress on the failure plane. 

In addition to the changes in the aperture by normal stress variation, we include 

the contribution of shear dilation to represent the effect of asperities of natural 

rough-walled fractures (see Figure 3.4). Then, a non-associated flow rule 

considering a potential plastic function is adopted, as follows: 

𝑃 = |𝜏𝑅| − 𝑐 + 𝜎𝑛
′ 𝑡𝑎𝑛𝜓    (3.26) 

Open

Slip
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Figure 3.4. Shear dilation due to the effect of fracture asperities  

In this expression, 𝜓 is the dilatancy angle that controls the volume change or 

dilation during plastic shear strains. For concrete and rock, the dilatancy angle is 

significantly smaller than the friction angle. In this work, the relation 𝜓 = 𝜙 4⁄  is 

adopted (VERMEER, P.A., DE BORST, 1984). 

Considering an implicit stress integration, the normal effective 𝜎′𝑛 and shear 𝜏𝑠 

, 𝜏𝑡 stress components can be obtained by, 

{

𝜏𝑠
𝜏𝑡
𝜎′𝑛

} = {

�̅�𝑠
�̅�𝑡

𝜎′̅𝑛

} − 𝑫𝑒 {

Δ휀𝑠
𝑝

Δ휀𝑡
𝑝

Δ휀𝑛
𝑝

} 

(3.27) 

where ∆휀𝑛
𝑝
 represents the normal plastic strain; ∆휀𝑠

𝑃 and ∆휀𝑡
𝑝
 are the tangential 

plastic strains; �̅�𝑠, �̅�𝑡 and �̅�′𝑛 are the effective stresses predicted by the linear 

elastic model and 𝑫𝑒 is the elastic constitutive matrix defined in eq (3.10). The non-

associative flow rule relates the incremental plastic strain ∆휀𝑝 to the plastic 

potential function 𝑃(𝝈) by, 

∆𝜺𝑝 = 𝜆 {
𝜕𝑃

𝜕𝝈
}  (3.28) 

where 𝜆 is the plastic multiplier that can be obtained by imposing the plastic 

condition 𝑓𝑠,𝑛 (�̅� − 𝑫𝑒𝜆 {
𝜕𝑃

𝜕𝝈
}) = 0 solution. Finally, the elastoplastic matrix is 

defined as: 

τA’

A

A’

A

τ
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𝑫𝑒𝑝 = 𝑫𝑒 −
𝑫𝑒 . {

𝜕𝑃
𝜕𝝈}

. {
𝜕𝑓𝑠,𝑛
𝜕𝝈 }

𝑇

. 𝑫𝑒

{
𝜕𝑓𝑠,𝑛
𝜕𝝈

}
𝑇

. 𝑫𝑒 . {
𝜕𝑃
𝜕𝝈

}

 

(3.29) 

3.2.4. 
Fluid flow inside the fractures 

The continuity equation of mass conservation combines fluid flow along and 

across the discontinuity according to 

𝜕𝛿𝑛
𝜕𝑡

+
𝜕𝑞𝑠
𝜕𝑠

+ 𝑣𝑡 + 𝑣𝑏 = 0 
(3.30) 

where 𝑞𝑠 [m
2/s] is the tangential flow inside the fracture; δ𝑛 is the crack aperture; 

𝑣𝑡 and 𝑣𝑏 [m/s] are the fluid flow velocities leaking through the top and bottom 

fracture surfaces to the surrounding porous medium. Figure 3.5 shows a schematic 

representation of the fluid flow inside the fractures. 

 

Figure 3.5. Fluid flow pattern inside the fracture (a) and 2D/3D interface element (b). 

Generally, the Navier–Stokes (N-S) equation describes the behavior of slow 

flow of viscous and Newtonian fluid along rough-walled fractures with variable 

aperture (BRUSH; THOMSON, 2003; SARKAR; TOKSOZ; BURNS, 2004). 

However, the implementation of N-S equation is not trivial due to its highly 

nonlinear nature, complex parameters, and irregular rock fracture geometry 

(CHEN; ZHAO; SUN, 2013).  In this work, assuming small fracture apertures, 

description of fluid flow inside the crack is governed by Reynold’s lubrication theory 

and follows the simplified solution for flow between smooth parallel plates (i.e., 

Poiseuille flow). 

b)a)

Normal 

flow

Tangential flow

Crack 

aperture
3D interface element

2D interface element

Mid-plane
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𝑞𝑠 = −
δ𝑛
3

12. 𝜇
.
𝜕𝑝𝑓

𝜕𝑠
 

(3.31) 

here 𝜇 [Pa s] is the fluid viscosity, 𝑝𝑓  [Pa] is the internal fluid pressure along the 

fracture parameterized with the curvilinear coordinate, 𝑠. In this case, the fluid is 

considered incompressible with Newtonian rheology. The assumption zero-lag is 

valid for high confining stresses (ADACHI; DETOURNAY, 2008), which is the case 

here. The assumption of fluid flow in narrow surfaces applies in cases where the 

fracture aperture is several orders of magnitude than the fracture planes. Hence, 

the lubrication theory is widely used in hydraulic fracturing. 

The normal flow reflects the fluid leak-off from fractures into the surrounding 

porous formation. This flow can be defined by the pressure-dependent leak-off 

model (SETTARI; PRICE H.S., 1984).  

𝑣𝑡 = 𝑐𝑡 . (𝑝𝑓 − 𝑝𝑡) 

    𝑣𝑏 = 𝑐𝑏 . (𝑝𝑓 − 𝑝𝑏)     

(3.32) 

where 𝑝𝑡 and 𝑝𝑏 [Pa] are the pore pressures in the adjacent porous material on the 

top and bottom fracture surfaces, and 𝑐𝑡 and 𝑐𝑏[m/(Pa×s)] are pressure-dependent 

leak-off coefficients. These coefficients can be interpreted as the permeability of a 

finite layer of material on the fracture surfaces. (REMIJ et al., 2015) derived an 

expression for 𝑐𝑡 and 𝑐𝑏 using the 1D analytical solution for a semi-infinite 

formation: 

𝑐𝑡,𝑏 =
κ

2√
𝑐𝑣 𝑡
𝜋

   (3.33) 

with κ =  𝜇⁄  [m2/(Pa s)], where  [m2]  is the absolute permeability of the porous 

medium; 𝑡 [s] is the expired time after the discontinuity was inserted; 𝑐𝑣  [m
2/s] is 

the fluid diffusivity coefficient given by (COUSSY, 2004; RICE; CLEARY, 1976): 

𝑐𝑣 = κ 𝑀
𝐾 +

4
3𝐺

𝐾𝑢 +
4
3𝐺

 

(3.34) 
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where 𝐺 [Pa] is the shear modulus and 𝐾𝑢 [Pa] is the undrained bulk modulus 

defined as:  

𝐾𝑢 = 𝐾 + 𝛼2𝑀  (3.35) 

The parameters 𝐾, 𝛼, and 𝑀 were defined in sections 3.1.1 and 3.1.2. 

3.2.5. 
Interaction between hydraulic and natural fractures 

Generally, natural fractures are partially or completely sealed. They act as 

planes of weakness and can be activated in hydraulic fracture treatments. 

Therefore, two scenarios can be considered to study the effect of sealed and open 

fractures in the final geometry of a hydraulic fracture. In the former case, during 

the interaction, the fluid along the hydraulic fracture is transferred into natural 

fractures when activation criteria are met (see section 3.2.3). In this case, the 

elements are activated following the Coulomb friction criterion inducing slippage 

and propagation along the natural fracture (Figure 3.6a). On the other hand, when 

the normal stress of the natural fracture reaches the tension cutoff limit, it induces 

the opening of the natural fracture (Figure 3.6b). In the latter case, the fluid is 

directly transferred along the open natural fracture following the cubic law. 

 

Figure 3.6. Natural fracture behavior when activated: (a) shear slip, (b) open by traction.   

3.2.6. 
Fracture propagation regimes  

Several works have focused on the search of analytical solutions for the 

problem of hydraulic fractures. Some simplified models are defined in the form of 

regular asymptotic expansions that can be used to study the influence of physical 

processes involved in fracture propagation (ADACHI; DETOURNAY, 2008, 2008; 

BUNGER; DETOURNAY; GARAGASH, 2005; DETOURNAY, 2004; GARAGASH; 

no
s 
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n
s 

Slip

(a) (b)

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1712783/CA



51 

 

DETOURNAY; ADACHI, 2011). Two of these processes correspond to the 

asymptotic dissipative mechanisms (energy dissipated by the fluid viscosity and 

the fracture propagation). Two others consist of fluid balance mechanisms (fluid 

storage inside the fracture and fluid leak-off from the fracture into the surrounding 

porous material). These mechanisms can be classified according to four limiting 

fracture propagation regimes: storage-viscosity dominated (M), storage-toughness 

dominated (K), leak-off-viscosity dominated (M̃), and leak-off- toughness 

dominated (K̃). These fracture propagation regimes can be represented in a 

parametric space where each limiting regime corresponds to one of the rectangle 

vertices with one of the mechanisms represented and the others neglected. Figure 

3.7 illustrates the parametric space (𝒦, 𝒞), where each side of the space 

represents asymptotic regimes.  

 

Figure 3.7. Hydraulic fracture parametric space in the permeable medium (BUNGER; DETOURNAY; 

GARAGASH, 2005; CARRIER; GRANET, 2012) 

The analytical solution is based on linear elastic fracture mechanics (LEFM) 

(DONTSOV, 2017). The assessment of the fluid leak-off velocity follows from 

(HOWARD; FAST, 1957):  

𝑣(𝑥, 𝑡) =
2𝐶𝑙

√𝑡 − 𝑡 (𝑥)
  

(3.36) 

where 𝑡 (𝑥) is the time at which the fracture arrives at 𝑥, and  𝐶𝑙 is Carter's leak-

off coefficient. (CARRIER; GRANET, 2012) presented an expression that relates 

Carter's leak-off coefficient and parameters of the surrounding medium. 
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𝐶𝑙 ≈
 

𝜇

𝜎 

√𝜋𝑐𝑣 
 

(3.37) 

where 𝜎  denotes the confining stress. The dimensionless toughness K, viscosity 

M and leak-off 𝒞 parameters can be defined as (ADACHI; DETOURNAY, 2008):  

K =
8𝐾𝐼𝑐

√2𝜋
(

1

𝑄0𝐸′
3
𝜇′
)

1
4⁄

,   M =K −4
,   𝒞 = 2𝐶𝑙 (

𝐸′𝑡

𝑄0
3𝜇′

) 

1
6⁄

  

(3.38) 

with 

𝐸′ =
𝐸

1 − 𝜈2
, 𝜇′ = 12𝜇, 𝐾𝐼𝑐 = √𝐸′𝐺𝑐 

(3.39) 

where 𝑄  is the fluid injection rate, 𝐸 is the Young's Modulus, 𝜈 is Poisson's 

coefficient, 𝜇 is the fluid viscosity, and 𝐺𝑐 is the critical fracture energy.  

Several studies (CARRIER; GRANET, 2012; CHEN, 2012; CHEN et al., 2009; 

GARAGASH, 2019) have shown the ability of cohesive zone models to simulate 

hydraulic fracture propagation in storage-viscosity (M), storage-toughness (K), 

leak-off-viscosity (M̃) and leak-off-toughness (K̃) dominated regimes. For those 

regimes, we extend the use of the cohesive zone model to study the impact of the 

presence of a natural fracture on the hydraulic fracture propagation in a porous 

rock formation.  

  
Coupled finite element formulation 

The finite element formulation for a triple-noded interface element follows a 

similar procedure to the one adopted by (NG; SMALL, 1997) and (SEGURA; 

CAROL, 2004). That formulation assumes small-strain theory, isothermal 

conditions, incompressible Newtonian fluid, and neglects inertial forces. According 

to the principle of effective stresses for discontinuities, the fluid pressure inside the 

fracture influences the normal stress component inducing fracture closure, 

opening, or propagation. Figure 3.8 shows the triple-noded interface element for 

2D (left) and 3D (right) cases.   
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Figure 3.8.  Schematic representation of the triple-noded 2D/3D interface element 

The fully coupled hydromechanical finite element formulation is presented for 

the 3D quadrilateral interface element with 12 nodes (see Figure 3.8): 4 nodes at 

the top, 4 nodes at the base, and 4 at the mid-plane. The formulation considers 

pore pressure 𝑝 degrees-of-freedom for nodes located at the mid-plane (nodes 

9,10,11,12) and displacement 𝑢 and pore pressure 𝑝 degrees-of-freedom for 

nodes at the top and base (nodes 1 to 8). As proposed by (SEGURA; CAROL, 

2004) and (NG; SMALL, 1997), the displacement in the global system (X, Y, Z) are 

transformed to the displacement  𝒖  in the local system (x, y, z) using a rotation 

matrix 𝑹. 

𝒖 ≈ 𝑹.𝑼 (3.40) 

The separation 𝜹 at the fracture surface along the normal and tangential 

direction is approximated from the local nodal displacements using a local 

displacement-separation matrix 𝑳 and shape functions 𝑵𝒖.  

𝜹 ≈ 𝑵𝒖. 𝑳. 𝒖 (3.41) 

The pore pressure drop at the top and base (∆𝒑𝑻, ∆𝒑𝑩) is interpolated from the 

nodal pore pressure jump ∆𝒑 in the local coordinate system using shape functions 

𝑵𝑝.  

∆𝒑𝑻 ≈ 𝑵𝑝. ∆�̃�𝒕
∆𝒑𝑩 ≈ 𝑵𝑝. ∆�̃�𝒃

 
(3.42) 

where ∆�̃�𝒕 = 𝒑𝑚 − 𝒑𝑡  and ∆�̃�𝒃 = 𝒑𝑚 − 𝒑𝑏 represent the nodal pore pressure jump 

from the mid-plane nodes 𝒑𝑚 = {𝑝9 𝑝1 𝑝11 𝑝12}𝑇, to the top 𝒑𝑡 =

{𝑝5 𝑝6 𝑝7 𝑝8}𝑇, and bottom 𝒑𝑏 = {𝑝1 𝑝2 𝑝3 𝑝4}𝑇 nodes, respectively.  

The governing equations (3.8) and (3.30) can be discretized using the 

standard Galerkin Method resulting in the following set of coupled equations: 
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𝑲𝒆. 𝑼 − 𝑳𝑒 . 𝑷 = 𝒇𝑢 (3.43) 

𝑳𝒆
𝑻. �̇� − 𝑯𝑒 . 𝑷 = 𝑸𝑝 (3.44) 

𝑲𝑒 represents the stiffness matrix, 𝑳𝑒 is the coupling matrix, 𝑯𝒆 is the permeability 

matrix, and 𝒇𝒖 and 𝑸𝒑 stand for the external force and external flow vector, 

respectively.  

𝑲𝒆 = ∫ 𝑩𝒖
𝑻. 𝑫𝒕. 𝑩𝒖. 𝒅𝑺

𝚪

𝑳𝒆 = ∫ 𝑩𝒖
𝑻. 𝒎.𝑵𝒑. 𝒅𝑺

𝚪

𝑯𝒆 = 𝝍(𝑸𝑳𝒆, 𝑸𝑻𝒆, 𝑸𝑩𝒆)}
 
 
 

 
 
 

 

(3.45) 

 

with 𝑩𝒖 is the strain-displacement matrix,  𝑫𝑡 is the tangential constitutive matrix 

that depends on the interface material response, 𝑸𝐿𝑒 = ∫ 𝑩𝑝
𝑇 .  𝑙 . 𝑩𝑝. 𝑑𝑠Γ

 is the 

longitudinal fluid flow matrix at the mid-plane, 𝑩𝑝 is the matrix of derivatives of the 

shape functions, 𝑸𝑇𝑒 = ∫ 𝑵𝑝
𝑇 . 𝑐𝑡 . 𝑵𝑝. 𝑑𝑠Γ

, and 𝑸𝐵𝑒 = ∫ 𝑵𝑝
𝑇 . 𝑐𝑏 . 𝑵𝑝. 𝑑𝑠Γ

 are the 

normal conductivity matrix at the top and bottom fracture surfaces, respectively. 

 
Model implementation  

Cohesive zone models (CZM) have been used effectively to simulate hydraulic 

fracture propagation and, more recently, for the interaction with natural fractures 

(DAHI TALEGHANI et al., 2018; GONZALEZ; TALEGHANI; OLSEN, 2015; GUO; 

LIU, 2014; HADDAD; DU; VIDAL-GILBERT, 2017; MEJIA SANCHEZ; RUEDA 

CORDERO; ROEHL, 2020; NIKAM et al., 2016; RUEDA CORDERO; MEJIA; 

ROEHL, 2017). However, the major disadvantage of the CZM is the inability to 

predict the path and propagation direction of the hydraulic fracture (DAHI 

TALEGHANI; GONZALEZ; SHOJAEI, 2016). To overcome this disadvantage, a 

mesh fragmentation algorithm (MeshFrag) is developed. The mesh fragmentation 

consists of the insertion of zero-thickness interface elements between every edge 

of continuum elements. We adopt an unstructured Delaunay triangulation 

algorithm to introduce some generality to describe a heterogeneous structure, 

crack propagation, and fracture paths. 
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3.4.1. 
Mesh Fragmentation: algorithm MeshFrag   

There is a total lack of discussion on implementation aspects of the insertion 

of the special hydromechanical triple-noded interface elements into an existing 

finite element mesh. Also, to our knowledge, no commercial or open-source codes 

have this capability. Hence, an intrinsic mesh fragmentation algorithm, MeshFrag, 

is presented in order to simulate unrestricted hydraulic crack propagation. The 

algorithm developed in Matlab supports triangle, quadrilateral, tetrahedral, 

hexahedral, and wedge elements for 2D/3D analyses. The workflow follows the 

conventional procedure with the three main phases: model generation, solution, 

and result interpretation. The insertion of the triple-noded interface elements is 

based on the fragmentation of conforming meshes and happens in the pre-

processing phase, as shown in Figure 3.9. For this purpose, node duplication, 

updating of the topological connectivity, and generation of extra fracture faces are 

required. Subsequently, the conventional doubled-noded interface element is 

inserted at every edge of the continuum finite elements. Finally, we add the middle-

edge nodes of the triple-noded interface elements, which require special treatment 

to ensure continuity of the fluid field. Figure 3.10 outlines the fragmentation steps 

of a conventional 2D finite element mesh.  

 

Figure 3.9.  Workflow to simulate unrestricted fracture propagation in fractured media. 

Mesh generation:  
Conventional FEM 

mesh file.msh  
 

Mesh fragmentation: 
Insert interface elements 

in the file.msh and 
generate input.inp file 

Stress initialization: 
Equilibrate initial stresses, 

loads and boundary 
conditions  

FEM Viewer: 
Results interpretation  

Preprocessing  FEM solving  Postprocessing  

Fracturing model: 
Hydraulic fracturing 

analysis and generation of 
the output file.pos 
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Figure 3.10. Mesh fragmentation scheme: (a) conventional mesh; (b) duplicate nodes and insert 
interface elements at the edges of the continuum elements; (c) insertion of intermediate pore 
pressure nodes; (d) detail of the intersection of several hydromechanical cohesive interface elements. 

This methodology is independent of the mesh generation software. Here Gmsh 

preprocessor (GEUZAINE; REMACLE, 2009) is used for practical examples. This 

preprocessor combines geometrical entities into more meaningful groups to define 

domains, boundary conditions, and material properties. By default, in the MSH file 

format, if physical groups are defined, the output mesh only contains those 

elements that belong to at least one physical group. Thus, some rules are defined 

to regularize the process.   

The topological entities created by Gmsh are identified by italic typeset. Each 

physical group (attached to elements) is considered to have a different material. 

Therefore, a physical group is composed of a prefix that defines some procedures 

and is followed by the material name. For example, it is usually convenient to keep 

the original nodes in some specific regions denoted by the prefix gce_. On the 

other hand, we define the prefix intraface_ to fragment a region of continuum 

elements. Interfaces, joints, or predefined fractures are attached to the line and 

surface elements for 2D and 3D cases, respectively. These entities are referenced 

by the prefix coh_. Finally, we use the prefix bc_ to reference boundary conditions 

on the nodes. Figure 3.11 shows a scheme of a total and a partial fragmentation 

according to the adopted prefixes. 
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Figure 3.11. Defining element groups - (a) total fragmentation (b) partial fragmentation. 

As described above, the first stage is to read the MSH file created by the 

preprocessor program and recognize the physical groups. The second stage 

consists of the fragmentation process, which is followed by creating the input file 

for the FEM solver.  

 
Mesh fragmentation for modeling of hydraulic crack propagation  

The insertion of triple-noded interface elements in a conforming finite element 

mesh requires topological changes. In this work, we propose the following 

procedure. 

1. Duplicate nodes: element groups denoted as intraface_ are fragmented. In 

this case, an original node shared by n elements is duplicated by n nodes. 

Node duplication is the outcome of mesh fragmentation.  

2. Update topological connectivity: a simple topological data structure is 

employed in the mesh fragmentation process. The proposed data structure is 

used for triangle and quadrilateral elements with 3 and 4 nodes, respectively. 

We create new tables when fragmentation occurs. A new table of nodes stores 

the new node indices (Id), the original indices (OId) of the sequential element 

connectivity, and their corresponding x and y coordinates. A second new 

element table saves the material id and the new nodal connectivity. Figure 3.12 

shows an example of the data structure used in the mesh fragmentation.   
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Figure 3.12. Updating topological connectivity – (a) original; (b) new  

In this data structure, each element is assumed to be independent of the 

others. Therefore, nodes and elements can be updated based on their own 

information. This procedure ensures the generation of new nodes and faces 

necessary for the insertion of interface elements. The original node indices 

(OId) are essential to identify faces shared by two elements (Step 4). For 

example, face 1 formed by Id nodes 4 and 3 and face 2 formed by Id nodes 5 

and 6 share the same OId nodes 5 and 6 (Figure 3.12b).   

3. Generate extra fracture faces: in order to create the interface elements, a 

face table saves the material id of its corresponding element and the updated 

nodal incidence of every face. 

4. Create the double-noded interface element:  the conventional double-noded 

interface element is created when two faces share the original nodal incidence.  

5. Check predefined interface material: interfaces, joints, or predefined 

fractures are attached to the line and surface elements for 2D and 3D cases 

and saved in the table of intMat. This table stores the material id and the original 

nodal incidence of the interface element. The material id of the created 

Id OId x y

1 1 0 0

2 2 0 1

3 6 1 1

4 5 0 1

5 5 0 1

6 6 1 1

7 3 2 2

8 4 0 2

New node 
table

Id 
material

v1 v2 v3 v4

1 1 2 3 4

1 5 6 7 8

New element table

Id 
material

v1 v2 v3 v4

1 1 2 6 5

1 5 6 3 4

Original element table

Id x y

1 0 0

2 0 1

3 2 2

4 0 2

5 0 1

6 1 1

Original 
node table

1 2

34

5 6

1

2

1 2

34

5 6

8 7

1

2
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interface element is updated if it shares the same original nodal incidence with 

some predefined intMat element. 

6. Create and insert the middle nodes: the middle nodes of the interface 

elements need special treatment to ensure the continuity of the fluid field. The 

insertion of the middle nodes of each interface element is based on the 

verification of the coordinates and nodal incidence of the created middle nodes. 

Therefore, a new middle node is created, provided that its coordinates and 

nodal incidence are different from those of the previously created middle 

nodes. Finally, the middle nodes are inserted into the interface elements.  

Figure 3.13 shows the nodal incidence changes to insert the triple-noded 

interface element in a conventional 2D mesh (Steps 1, 2, 4, and 6). 

 

Figure 3.13. Updating nodal incidence to insert the 2D triple-noded interface element: (a) original 

FEM mesh; (b) mesh fragmentation and insertion of double–noded interface element; (c) insertion 

of middle nodes. 

7. Create the input file for the FEM solver: the final step is to write an input file 

for the processing in a finite element solver.  Thus, user functions can be 

implemented for this purpose. For such, the triple-noded interface element 

must be available in the software library.  In this work, we have used the 

commercial software Abaqus®/Standard (2017) for practical examples. In this 

software, the triple-noded displacement and pore pressure cohesive interface 

element is used to simulate the fractures, while continuum displacement and 

pore pressure elements are used to model the surrounding medium. More 

details of cohesive-element size, meshing scheme, and far-field boundary 

conditions can be found in (CHEN, 2012).  
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3.4.2. 
Stress initialization 

In naturally fractured media, the in-situ stresses play an important role in 

hydraulic fracture propagation. Abaqus/Standard provides a geostatic procedure 

as the first step of geotechnical problems. In this work, stress initialization 

corresponding to the geostatic step occurs in two stages. The first stage calculates 

the loads to equilibrate the in-situ stress field. Therefore, the displacements of all 

nodes are restricted in the model. Subsequently, the initial stresses 𝑺𝑐𝑜ℎ =

{𝜏𝑠 = 𝑺𝐿(1,3) 𝜏𝑡 = 𝑺𝐿(2,3) 𝜎𝑛 = 𝑺𝐿(3,3)}
𝑇 acting on all cohesive interface 

elements are obtained from the in-situ stresses via tensor transformation. Here 𝑺𝐿 

is the initial stress tensor in the local system that is defined in the Abaqus user 

subroutine sigini (SMITH, 2016) according to the following expression: 

𝑺𝐿 = 𝑹𝑇 . [

𝜎′𝑥 0 0
0 𝜎′𝑦 0

0 0 𝜎′𝑧

] . 𝑹 

(3.46) 

where  𝜎′𝑥, 𝜎′𝑦 and 𝜎′𝑧 are the effective stresses in x, y, z directions attributed to 

continuum elements, and 𝑹 is the stress transformation matrix that can be 

expressed in terms of the interface dip angle 𝜑 and strike angle 𝜃 (Figure 3.14) as: 

 𝑹 = [

𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜃) 0
𝑐𝑜𝑠(𝜑) 𝑐𝑜𝑠 (𝜃) − 𝑐𝑜𝑠(𝜑) 𝑠𝑖𝑛(𝜃) −𝑠𝑖𝑛(𝜑)

− 𝑠𝑖𝑛(𝜑) 𝑐𝑜𝑠(𝜃) 𝑠𝑖𝑛(𝜑)𝑠𝑖𝑛(𝜃) − 𝑐𝑜𝑠(𝜑)
] 

(3.47) 

 

Figure 3.14. Schematic representation of an oriented fracture. 
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= angle of dip
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Finally, the nodal reactions in the system can be obtained. The second stage 

allows verifying that an initial geostatic stress field (assigned to the interface and 

continuum elements) is in equilibrium with the applied boundary conditions and 

loads (nodal reactions obtained in the first stage). The hydromechanical analysis 

starts when the in-situ stress field is equilibrated and produces zero deformation. 

More details about this procedure can be found in (SMITH, 2016). 

 
Effect of the interface element stiffness on the elastic response of the 
material 

The intrinsic cohesive model introduces artificial compliance that alters the 

elastic response of the material prior to the onset of a hydraulic fracture.  This 

phenomenon is called “artificial compliance” and can be reduced by increasing the 

initial stiffness of the cohesive elements. The normal stiffness ( 𝑛) and shear 

stiffness ( 𝑠) can be defined in terms of the elastic properties of the surrounding 

rock material as: 

Elastic stiffness

{
 
 

 
  𝑛 =

ά

𝑡𝑚
𝐸

 𝑠,𝑡 =
ά

𝑡𝑚
𝐺

 

 (3.48) 

where 𝐸 and 𝐺 are the Young’s and the shear modulus of the adjacent 

material, 𝑡𝑚 is the mechanical thickness, and ά is a hardening factor much larger 

than 1 (ά ≫ 1). This factor should be high enough to provide a reasonable stiffness 

but small enough to avoid numerical problems such as spurious oscillations of the 

interface element (JIN; ARSON; BUSETTI, 2016; JIN et al., 2017; TURON et al., 

2005). Values of ά 𝑡𝑚⁄  = 0.1, 1, 10 and 100 mm-1 were considered in a compression 

test in order to study the influence of the stiffness parameter on the elastic 

response of the material. A rectangle of 0.4 x 1 m is compressed by applying a 

distributed pressure of 1 MPa at the model top surface. The base is constrained in 

the y-direction, while the left and right sides are constrained in the x-direction. 

Figure 3.15 shows these conditions and the finite element mesh with 22756 

elements and 30528 nodes. The numerical model assumes a Young’s Modulus 

equal to 1e+04 MPa and Poisson’s ratio equal to 0.20. 
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Figure 3.15. Compression test and finite element mesh of the numerical model  

Figure 3.16 shows the numerical results associated with the effect of  ά 𝑡𝑚⁄  on 

the elastic response of the model and their comparisons against a numerical 

solution considering only continuum elements. Figure 3.17 shows the vertical 

stress distribution for (a) ά 𝑡𝑚⁄  = 0.1 mm-1, (b)   ά 𝑡𝑚⁄  = 10 mm-1 and (c) continuum 

model.  As one would expect, the general response of the model is sensitive to the 

relation ά 𝑡𝑚⁄  < 1 mm-1, but tends to describe the continuum response as ά 𝑡𝑚⁄  >

1 mm-1. In this test, ά 𝑡𝑚⁄  ≥ 10 mm-1 ensures the appropriate representation of the 

elastic response of the material prior to the onset of hydraulic fracture (Figure 3.16 

and Figure 3.17).  

 

Figure 3.16. Effect of ά /tm (mm-1) of the interface element on the elastic response of the 

model. 
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Figure 3.17. Vertical stress distribution for (a) ά /tm = 0.1 mm-1, (b) ά /tm = 10 mm-1 and (c) 

continuum model. 

 
Intrinsic CZM against laboratory tests 

In this section, several experimental examples have been simulated to 

demonstrate the capabilities of the proposed numerical methodology. The first 

example studies the hydraulic fracture propagation in a pre-fractured rock. Mesh 

dependency and computational time of the proposed methodology are also 

evaluated. The second example demonstrates the unrestricted fracture 

propagation under a normal stress regime. In this case, hydraulic fracture 

propagation is initiated from an unfavorable perforation angle.  

3.6.1. 
Hydraulic fracture propagation in a fractured rock sample  

This example is presented to give a better understanding of the behavior of 

the hydraulic fracture in a naturally fractured formation. (KHOEI et al., 2015) 

performed a hydraulic fracturing experimental test in two naturally fractured rocks 

under plane strain conditions. Moreover, the authors  (KHOEI et al., 2015) 

compared the measured experimental data with those of the numerical results 

obtained from the XFEM method. Here, we compare our numerical results with 

CZM elements and those obtained by (KHOEI et al., 2015) from two laboratory 

tests and numerical results using XFEM. Figure 3.18 illustrates a schematic 

representation of the geometry, boundary conditions, and the triangle mesh of the 
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simulated test. Table 3.1 presents the dimensions of the models as well as the 

coordinates of the initial notch and the natural fracture and material properties of 

the rock specimens. As referred by (KHOEI et al., 2015), the rock is considered 

impermeable. The fluid is injected at a constant pressure 𝑃𝑖𝑛𝑗 = 39.3 MPa through 

the hydro-fracture mouth. The fracturing fluid is assumed to be water with viscosity 

𝜇 = 1e-03 Pa s. 

 

Figure 3.18. Schematic view of the geometry and boundary conditions of hydraulic fracturing 

experimental tests by (KHOEI et al., 2015) and finite element mesh. 

Table 3.1. Geometry and mechanical properties of the rock sample 

  

Width          
𝑤 (mm) 

Height  
𝐻 (mm) 

(x1,y1)            
(mm) 

(x2,y2)         
(mm) 

yo 
(mm) 

Specimen 1 111 45 (30.5;4) (55.4;42.16) 27.9 

Specimen 2 110 54 (12.13;8.82) (98.12;46.07) 26.9 

  

Young´s 
Modulus   
𝐸 (GPa) 

Poisson ratio 
 𝑣 

Tensile strength 
𝜎𝑛
  (MPa) 

Fracture energy    
𝐺𝑐  (J/m2) 

Specimen 1 36.5 0.25 29.2 330 

Specimen 2 32.5 0.25 22.3 330 

The natural fracture stiffness and strength are considered equivalent to 10% 

of the corresponding rock properties; hence natural fractures are more sensitive to 

stress changes than the rock matrix. As referred by (KHOEI et al., 2015), the rock 

is considered impermeable in the first test. Four different triangular meshes are 

evaluated to study the mesh dependency and the computational time of the 

proposed approach. We use unstructured meshes based on Delaunay algorithm 

to reduce certain bias on crack propagation. Only the left region, where the crack 

will appear, was refined and fragmented with constant element size 𝑙𝑖 (red 

elements in Figure 3.19). Interface element length 𝑙𝑖 = 2 mm, 1.2 mm, 0.9 mm and 

0.7 mm were considered. Table 3.2 shows the total number of elements, the nodes 

and the processing time on a desktop computer equipped with an Intel® Xeon® 

CPU X5650 @ 2.67 GHz (2 processors) for the adopted meshes. In this work, no 

attempt was made to optimize the CPU time in the different analyzes.  
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Figure 3.19. Finite element triangular mesh. Interface element length 𝑙𝑖 =2 mm 

Table 3.2. Mesh specifications and processing time 

Model  li (mm) Nodes Elements Time (s) 

Mesh 1 2 5277 3963 390 

Mesh 2 1.2 14405 10877 751 

Mesh 3 0.9 25227 19098 1572 

Mesh 4 0.7 43535 32918 3673 

Figure 3.20 shows the influence of mesh size on the evolution of the hydraulic 

fracture propagation pattern. It is clear that the fracture patterns are influenced by 

mesh refinement. Figure 3.21 compares the hydraulic fracture trajectories between 

laboratory test 1 (KHOEI et al., 2015) and the numerical solutions.  For Mesh 1 

(𝑙𝑖 = 2 mm), the fracture is deviated from its correct path. This effect is reduced for 

more refined meshes. However, higher refinement results in higher computational 

cost (Table 3.2).  We notice that for Mesh 3 (𝑙𝑖 = 0.9 mm) and Mesh 4 (𝑙𝑖 = 0.7 

mm), the hydraulic fracture paths differ very little from the experimental test 1 

(KHOEI et al., 2015). On the other hand, the processing time for the model with 

Mesh 4 is 2.34 times higher than for Mesh 3 (Table 3.2). Therefore, the initial mesh 

should be well balanced in terms of refinement to obtain a reliable solution and 

optimize the computational cost. 

 
Figure 3.20. Stress distribution in the 𝑥 direction for meshes 1, 2, 3 and 4 when the HF meets the 

NF. Displacements are magnified 20 times for demonstration purposes. 

Mesh 1

8.385

0.749

-6.888

-14.52

-22.16

σx (MPa)
8.348

0.051

-8.247

-16.54

-24.84

σx (MPa)

Mesh 2

Mesh 3 Mesh 4

14.31

5.790

-2.730

-11.25

-19.77

σx (MPa)
15.27

7.047

-1.170

-9.388

-17.61

σx (MPa)

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1712783/CA



66 

 

 

Figure 3.21. Comparison of hydraulic fracture trajectory between laboratory test 1 (KHOEI et al., 

2015) and intrinsic CZM fragmentation. 

In the second test, we have considered rock permeability   = 0.1 mD and 

porosity 𝑛 = 20% in order to demonstrate the capability of the presented approach 

to simulate hydraulic fracture propagation in a porous media. Bilinear 4-node 

quadrilateral displacement and pore pressure plane strain elements (CPE4P) are 

used to model the porous rock. Figure 3.22 shows the pore pressure distribution 

and the minimum principal stress for this test. Figure 3.22a displays that the fluid 

flow inside the hydraulic fracture is transferred to the natural fracture. Figure 3.23 

illustrates the hydraulic fracture trajectory between laboratory test 2 and numerical 

simulations with XFEM (KHOEI et al., 2015) against intrinsic CZM fragmentation. 

 

Figure 3.22. Hydraulic fracture and natural fracture interaction: pore pressure distribution (a); 

minimum principal stress (b). 
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Mesh 1

Mesh 2

Mesh 3

Mesh 4

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1712783/CA



67 

 

 

Figure 3.23. Comparison of hydraulic fracture trajectory between experimental test 2, numerical 

simulations with XFEM (KHOEI et al., 2015), and intrinsic CZM fragmentation. 

Figure 3.23 also shows that the numerical simulations predict the hydraulic 

fracture trajectory accurately. Experimental conditions, rock specimen 

heterogeneity, permeability, fracture propagation criteria, among others, may 

explain the slight discrepancies. It is evident that the natural fracture affects the 

hydraulic fracture trajectory, which tends to curve when approaching the NF. 

Therefore, unrestricted fracture propagation is essential to predict complex fracture 

patterns in the hydraulic fracturing simulation in fractured formations.  

3.6.2.  
Hydraulic fracture propagation from oriented perforation   

(LIU et al., 2020) studied the effect of the perforation orientation on hydraulic 

fracturing. A series of laboratory fracturing experiments were performed using 

rectangular blocks of purple sandstone with dimensions of 0.3 m x 0.3 m x 0.3 m. 

The wellbore was drilled in the center of the block aligned with the vertical stress. 

Several perforation orientations were considered: 𝜃 = 0, 15, 30, 45, 60, 75, and 90 

degrees from the maximum horizontal stress. All samples were confined in a 

triaxial loading vessel subject to the principal stresses of 7 MPa in the vertical 

direction, 6 MPa, and 4 MPa, maximum and minimum horizontal stresses, 

respectively. Figure 3.24 shows a schematic representation of the core sample and 

the tetrahedral mesh with 44069 nodes and 29975 elements. The fracturing fluid 

is a high-viscosity oil with 𝜇 = 70 mPa s. Table 3.3 presents the physical and 

mechanical properties. The numerical simulation is performed considering 𝜃 = 0, 

30, 60, and 90 degrees. Homogenous and isotropic rock material was assumed, 

and the casing or cement was not considered in the numerical models. 

Experimental (Khoei,2015)

XFEM (Khoei,2015)

Intrinsic CZM

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1712783/CA



68 

 

 

Figure 3.24. Schematic view of the geometry and finite element mesh of the numerical model. 

Table 3.3. Geometry and mechanical properties of the rock sample 

Rock sample properties values 

Dimension 0.3 x 0. 3 x 0.3 m 

well diameter  0.025 m 

Perforation length 0.010 m 

Young's Modulus 2.86e07 kPa 

Poisson ratio  0.23 

Min Horizontal Stress 4000 kPa 

Max Horizontal Stress 6000 kPa 

vertical Stress 7000 kPa 

Fracture toughness  1.067 MPa m1/2 

Porosity 7.1% 

Uniaxial tensile strength 3200 kPa 

Fluid viscosity  70e-06 kpa s 

Injection rate  6.67e-07 m3/s 
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Figure 3.25. Comparison of the hydraulic fracture trajectory between laboratory tests (LIU et al., 

2020) and intrinsic CZM fragmentation approach for the perforation orientations at 𝜃 = 0°, 30°, 60° 

and  90°. 

Figure 3.25 shows the comparison results of the numerical simulation against 

some photographs from available experimental tests (LIU et al., 2020). There is a 

good agreement between the numerical and the experimental results in terms of 

hydraulic fracture path. Notice that the fracture initially propagates along with the 

orientation of the perforations and gradually turns towards the direction of the 

maximum horizontal stress. 
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4 
Study of hydraulic and natural fracture interaction 

The content of this chapter comprises the papers of (MEJIA SANCHEZ; 

RUEDA CORDERO; ROEHL, 2020; RUEDA CORDERO et al., 2019). This chapter 

studies the effect of some primary parameters on the hydraulic and natural fracture 

interaction.  The results of the new approach are compared against analytical and 

numerical solutions. Moreover, the influence of parameters such as rock 

permeability, fluid viscosity, in-situ stresses, fracture orientation, friction angle, 

injection flow rate, and distance from the borehole to natural fracture are also 

investigated. The proposed computational framework addresses important 

challenges in the simulation of induced fracture propagation in fractured media: 

formation of multiple fractures, including complex patterns, branching, propagation 

from the natural crack tip, crossing with an offset, and multiple cracks interaction. 

The study can provide guidance for a better understanding of the complex process 

of hydraulic fracturing and its interaction with natural fractures. Finally, some 

advantages and limitations of the proposed methodology are discussed.   

 
Influence of natural fractures on fluid-driven fractures in all asymptotic 
propagation regimes  

The hydraulic fracture problem under limiting propagation regimes has been 

extensively studied using analytical solutions (ADACHI; DETOURNAY, 2002, 

2008; DETOURNAY, 2004; DONTSOV, 2016) and numerical approaches 

(CARRIER; GRANET, 2012; CHEN, 2012; CHEN et al., 2009; GARAGASH, 2019; 

MANZOLI et al., 2019). However, investigation of the impact of natural fractures 

on the fluid-driven fracture in all asymptotic propagation regimes is relatively 

limited. Furthermore, aspects such as rock permeability, fluid viscosity, initial stress 

state, leak-off, injection time, and intercepting angle still need further studies. 

Those aspects are particularly important for evaluating induced and natural 

fracture interaction and the final configuration of the stimulated fracture network. 

This section aims at investigating the impacts of natural fractures on hydraulic 

fracturing in four limiting propagation regimes: toughness-storage, leak-off-
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toughness, storage-viscosity, and leak-off-viscosity dominated. We analyze 

fracture propagation through an intact rock and compare our model with analytical 

solutions  (considering KGD conditions) and numerical results obtained by 

(CARRIER; GRANET, 2012). Subsequently, we include natural fractures with 

different orientations to evaluate their influence in the final configuration of the 

hydraulic fracture in all asymptotic propagation regimes. 

4.1.1. 
Model description  

Fracture propagation through intact rock is analyzed under plane strain 

conditions. Problem symmetry allows modeling half of the plane strain domain. 

Subsequently, a natural fracture with a length of 2.5 m located at 2.5 m of the 

injection point is included to study its impact on hydraulic fracture propagation. The 

surface is assumed frictional and non-cohesive, with a friction coefficient of 0.60 

and a dilation angle of 7.75°. Different intercepting angles (30°, 60°, 90°) of the 

hydraulic fracture with the natural fracture are studied.  Figure 4.1 shows the 

adopted geometry, boundary conditions, and finite element mesh. The initial mesh 

is well balanced in terms of mesh size. Furthermore, we use unstructured meshes 

based on Voronoi and Delaunay triangulation discretization to reduce bias on 

fracture propagation. Hydraulic fracture propagation is triggered by the injection of 

a Newtonian incompressible fluid at the fracture mouth at a constant rate  𝑄𝑜  = 

5E-4 m2/s. The 60×45 m2 domain is under an isotropic compressive stress 

state 𝜎′𝑜. Table 4.1 lists the rock parameters used in the numerical models.  

 
Figure 4.1. Schematic model representation: (a) geometry and dimensions; (b) boundary conditions 

and finite element mesh. 
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Table 4.1. Intact rock, fracture, and pumping parameters for the numerical tests 

Categories Variables Units Values  

Rock  

Young's modulus, E GPa 17 

Poisson's coefficient, υ - 0.2 

Biot coefficient, α  - 0.75 

Biot modulus, M  MPa 68.7 

Porosity, 𝑛𝑚 % 20 

Tensile strength, 𝜎𝑛
  MPa 1.25 

Hydraulic fracture  Fracture energy, Gc kN/m 0.12 

  Stiffness  𝑛 =  𝑠 GPa/mm 170 

Natural fracture  Friction angle, 𝜙 º 31 

  Stiffness  𝑛 =  𝑠 GPa/mm 1.7 

Pumping parameters Injection rate, 𝑄  m2/s 5.00E-04 

4.1.2. 
Storage-toughness-dominated regime 

A first simulation is performed considering an initial compressive stress  𝜎′𝑜 =

−3.7 MPa, fluid viscosity 𝜇 = 0.0001 Pa.s, rock permeability  = 10−16 m2, and 

injection time t = 7 s. With these parameters, the dimensionless toughness, 

K = 2.89, viscosity M = 1.42 × 10−2, and leak-off 𝒞 = 0.19 (see section 3.2.6), 

ensure that fracture propagation stays in the storage-toughness regime. Figure 4.2 

displays (a) net fluid injection pressure ( 𝑝𝑓 + 𝜎′𝑜), (b) aperture at the fracture 

mouth, and (c) predicted fracture length along the time. In general, it is observed a 

good agreement between numerical and analytical solutions. For the net fluid 

injection pressure, Figure 4.2a, a small deviation from the analytical solution is 

observed in both numerical approaches. These differences can be related to 

hydromechanical coupling within the porous media that is taken into account in the 

numerical models and not in the analytical solution. This hydromechanical effect 

can alter the response of the system, generating the so-called back stress effect. 

This phenomenon is attributed to fluid leakage through the fracture faces, which 

increases the fluid pressure in the formation and generates additional 

compressional effective stresses (KOVALYSHEN, 2010; VANDAMME; 

ROEGIERS, 1990). 

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1712783/CA



73 

 

 

Figure 4.2. Comparison between the intrinsic CZM against the analytical (Near-K)  and numerical 

results reported by (CARRIER; GRANET, 2012): (a) injection net pressure, (b) fracture mouth 

aperture, and (c) fracture length. 

Next, we study the impact of a natural fracture (NF) with different interception 

angles (30°, 60°, 90°). Figure 4.3 shows that the hydraulic fracture (HF) dilates the 

NF in all cases. For the storage-toughness-dominated regime, the interaction 

between induced and natural fractures (NFs) is demonstrated by the pore pressure 

distribution for different times (1.5, 2.5, and 7 s). It shows that (i) the hydraulic 

fracture intercepts the natural fracture at 1.5 s, (ii) the injected fluid reaches the tip 

of the natural fracture at 2.0 s, and finally (iii) the hydraulic fracture propagates 

from the tip of the natural fracture following the most favorable direction. For 

approach angles 30° and 60°, the HF partially dilates the natural fracture. In these 

cases, the upper segment of the natural fracture is compressed due to changes in 

the stress field induced by the hydraulic fracture. On the other hand, for the 

intercepting angle of 90°, the hydraulic fracture branches into the natural fracture.  
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Figure 4.3. Fracture propagation processes in the storage-toughness-dominated regime for 

different angles of approach (30°, 60°, 90°). 

Figure 4.4 shows fluid pressure and the normal stress along the path formed 

by points A-B-C when the HF meets the NF. It can be noticed that the pore pressure 

is uniform along the fracture. This effect is directly related to the low viscosity of 

the injected fluid. In this case, the fluid pressure is higher than the normal stress of 

the natural fracture inducing its opening. Figure 4.5 shows the fracture profile at 

1.5, 2.0, 7.0 s in the storage-toughness-dominated regime for different approach 

angles (30°, 60°, 90°).  
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Figure 4.4. Pore pressure and normal stress along the path A-B-C when the hydraulic fracture 

intercepts the natural fracture (t = 1.5 s)    

 

Figure 4.5. Fracture profile at 1.5, 2.0, 7.0 s in storage-toughness dominated regime for different 

angles of approach (30°, 60°, 90°). 
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until it reaches the required pressure to propagate from the tip of the natural 

fracture into the rock formation (Figure 4.6a). For the intercepting angle of 90°, the 

pressure increment is higher because the HF branches into the NF. This pressure 

increment is directly reflected in the aperture of the crack mouth (Figure 4.6b). 

 
Figure 4.6. Injection net pressure (a) and fracture aperture (b). 

4.1.3. 
Storage-viscosity-dominated regime 

In this case, the simulation is performed considering an initial compressive 

stress  𝜎′𝑜 = −3.7 MPa, viscosity 𝜇 = 0.1 Pa s, rock permeability  = 10−15 m2 and 

injection time t = 15 s. The parameter values, dimensionless toughness K=0.51, 

viscosity M = 14.22, and leak-off 𝒞 = 0.0068, ensure that fracture propagation 

stays in the storage-viscosity regime. Figure 4.7 displays (a) the net fluid injection 

pressure( 𝑝𝑓 + 𝜎′𝑜), (b) the aperture at the fracture mouth, and (c) the predicted 

fracture length along the time. Excellent agreement is obtained between CZM and 

numerical results reported by (CARRIER; GRANET, 2012) for the storage-

viscosity-dominated regime. The differences between the numerical and analytical 

results can be related to solid-fluid matrix hydromechanical coupling and the so-

called back stress effect, as discussed in section 4.1.2.  
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Figure 4.7. Comparison between the intrinsic CZM against analytical (Near-M)  and numerical 

results reported by (CARRIER; GRANET, 2012): (a) injection net pressure, (b) fracture mouth 

aperture, and (c) fracture length. 
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Figure 4.10b shows that the pressure is higher at the crack mouth and lower at the 

tip of the hydraulic fracture. 

 

Figure 4.8. Fracture propagation process in the storage-viscosity-dominated regime for different 

angles of approach (30°, 60°, 90°). 

 

Figure 4.9. Displacement field for angles of approach (30°, 60°, 90°) when the HF intercepts the 

NF. 
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Figure 4.10. The ratio between shear stress 𝜏𝑠 and shear slip  𝜏𝑠𝑙𝑖𝑝  on the fracture surface (a) , and 

pore pressure and normal stress along path A-B-C when the HF intercepts the NF (t = 4 s) (b) 

 

Figure 4.11. Fracture profile in storage-viscosity dominated regime for different angles of approach 

(30°, 60°, 90°). 
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HF propagates from the NF tip. This behavior can be attributed to stress shadowing 

effects. This event is directly reflected in the aperture of the HF, as shown in Figure 

4.12b. 

 

Figure 4.12. Injection net pressure (a) and fracture aperture (b) in the storage-viscosity-dominated 

regime. 
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Figure 4.13. Comparison between the intrinsic CZM against the analytical (Near - K̃)  and numerical 

results reported by (CARRIER; GRANET, 2012): (a) fracture mouth aperture and (b) fracture 

length. 

 

Figure 4.14. Fracture propagation processes in leak-off-toughness dominated regime for different 

angles of approach (30°, 60°, 90°). 
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induced and natural fractures is demonstrated again by the pore pressure 

distribution for different times (70, 100, and 200 s). It seems that (i) the hydraulic 

fracture intercepts the natural fracture at 70 s, (ii) the injected fluid reaches the tip 

of the natural fracture at 100 s, and finally (iii) the hydraulic fracture propagates 

again from the tip of the natural fracture into the rock formation. For the angle of 

approach of 60°, branching from the dominant hydraulic fracture occurs. However, 

the growth of these branches is inhibited by the fact that the HF forces them to 

propagate towards an unfavorable direction (stress shadowing).  

 

Figure 4.15. Fracture profile in leak-off-toughness dominated regime for different angles of 

approach (30°, 60°, 90°). 
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aperture along the time are present. These variations are directly related to the low 

viscosity of the injected fluid. 
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Figure 4.16. Injection net pressure (a) and fracture aperture (b). 

4.1.5. 
Leak-off-viscosity-dominated regime 

Finally, the simulation is performed considering an initial compressive stress 

 𝜎′𝑜 = -7.2 MPa, viscosity 𝜇 = 0.1 Pa s, rock permeability  = 5 ∗ 10−12 m2 and 

injection time t = 200 s. With these parameters, dimensionless toughness K=0.51, 

viscosity M = 14.22 and leak-off 𝒞 = 1.45, fracture propagation reaches the leak-

off-viscosity regime. Figure 4.17 displays (a) the net fluid injection pressure( 𝑝𝑓 +

𝜎𝑜), (b) the aperture at the fracture mouth, and (c) the predicted fracture length 

along the time. Good agreement is present between CZM and numerical results 

reported by (CARRIER; GRANET, 2012) for the leak-off-viscosity-dominated 

regime. On the other hand, in comparison with the analytical (Near–M̃) solution, 

higher confinement and fluid leak-off appear to enhance the hydromechanical 

coupling effects, as discussed above. K = 2.89, viscosity M 
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Figure 4.17. Comparison between the intrinsic CZM against the analytical (Near – M̃)  and 

numerical results reported by (CARRIER; GRANET, 2012): (a) injection net pressure, (b) fracture 

mouth aperture, and (c) fracture length. 

For the leak-off-viscosity-dominated regime, the interaction between the HF 

and the NF results in dilation and/or crossing (Figure 4.18). The pore pressure 

distribution at different times (300, 380, and 620 s) demonstrates this interaction. 

For the intercepting angle of 30° and 60°, the HF induces shear stresses on the 

lower segment of the NF. Moreover, compressional stresses arise at the NF when 

the HF approaches it. Consequently, shear displacements and stress 

concentration result in offset crossing of the hydraulic fracture. On the other hand, 

for an angle of approach of 90°, the HF crosses the NF. This behavior can be 

related to initial NF aperture and friction (ZHOU et al., 2008). Also, the normal 

compressive stresses on the natural fracture plane are higher than the fluid 

pressure of the HF tip. 
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Figure 4.18. Fracture propagation processes in the leak-off-viscosity-dominated regime for different 

angles of approach (30°, 60°, 90°). 

Figure 4.19 shows the fracture profile in the leak-off-viscosity-dominated 

regime for different angles of approach (30°, 60°, 90°). Figure 4.20 (a) shows fluid 

injection pressure and (b) fracture aperture along the time. Compared to the 

previous cases, it presents a low variation of net pressure and the fracture aperture 

along the time due to the high fluid viscosity and in-situ stress confinement. 
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Figure 4.19. Fracture profile in the leak-off-viscosity-dominated regime for different angles of 

approach (30°, 60°, 90°). 

 

Figure 4.20.  Injection net pressure (a) and fracture aperture (b) for different angles of approach 

(30°, 60°, 90°). 
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Interaction between hydraulic and natural fractures 

Fracture interaction is one of the most relevant issues to consider in the 

management of naturally fractured reservoirs. This problem includes the 

interaction between hydraulic fractures (HF) and natural fractures (NF) as well as 

the interaction among themselves.  To study the effect of the NF orientation and 

horizontal stress contrast on hydraulic fracture propagation,  (BLANTON, 1982, 

1986) performed a group of hydraulic fracturing experiments in the laboratory. 

Hydrostone blocks of 30 cm x 30 cm were fabricated with a vertical pre-fracture 

oriented at different intercepting angles (30°, 45°, 60°, 90°) and subject to different 

triaxial compressive stresses. After that, fluid was injected to propagate the 

hydraulic fracture. Figure 4.21 shows the geometry, the in-situ stresses, and the 

natural fracture. Table 4.2 presents the experimental conditions and interaction 

types identified in the tests. The pre-fractured surface is frictional and non-

cohesive, with a friction coefficient of 0.75. The tensile strength of the hydrostone 

is 3.1 MPa; Young’s Modulus is 1e+07 kPa; Poisson’s ratio is 0.2, and the fracture 

energy is 0.1 kN/m. The fracturing fluid is injected at a constant flow rate of 8.20e-

07 m3/s. 

 

Figure 4.21. Schematic representation of the testing block geometry, in-situ stresses and, hydraulic 

and natural fractures (BLANTON, 1982). 

The fluid viscosity used in these experiments is not specified in the reference. In 

this work, the fluid is assumed to be water. The behavior of the NF is governed by 

the Coulomb friction criterion with a zero tensile cut-off. It is assumed that the 

plastic response of NF is limited to shear only. That corresponds to a non-dilatant 
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(ψ = 0; plastically volume-preserving) material. Table 4.3 provides the hydraulic 

and mechanical properties for rock, natural fracture, hydraulic fracture, and fluid 

flow used in the numerical model. Hexahedron elements discretize the rock 

formation while triple-noded zero-thickness interface elements represent the 

hydraulic and natural fractures.  

Table 4.2. Experimental condition and results for hydraulic fracture experiments on Hydrostone 

(BLANTON, 1982) 

Test # 
Intercepting 
angle 

Horizontal stresses (MPa) 
interaction type 

𝜎𝐻𝑚𝑎𝑥 𝜎ℎ𝑚𝑖𝑛 

CT- 7 30 ° 19 10 Opening 

CT- 9 30 ° 20 5 Arrest 

CT-11 45 ° 20 5 Arrest 

CT-12 45 ° 18 5 Arrest 

CT-13 45 ° 16 5 Arrest 

CT-14 45 ° 14 5 Arrest 

CT-22 45 ° 10 5 Opening 

CT- 8 60 ° 20 5 Crossing 

CT- 21 60 ° 14 5 Arrest 

CT- 4 60 ° 12 10 Opening 

CT- 20 90 ° 14 5 Crossing 

Table 4.3. Hydraulic and mechanical properties 

Categories Properties Unit Value 

Hydrostone block 

Young Modulus  GPa 10.0 

Poisson coefficient --- 0.22 

Hydraulic conductivity m/s 9.8e-9 

Hydraulic fracture 

Normal strength MPa 3.1 

Shear strengths MPa 3.1 

Normal stiffness MPa/m 10.0e+6 

Shear stiffness MPa/m 10.0e+6 

Natural fracture 

Normal stiffness MPa/m 10.0e+5 

Shear stiffness MPa/m 5.0e+5 

Fracture cohesion MPa 0.01 

Friction angle (°) 37.0 

Dilation angle (°) 0.0 

Cut-off MPa 0.0 

Fracturing fluid 
Fluid viscosity cp 1.0 

Injection rate m3/s 8.2e-8 

As observed in Table 4.2, the shale block with a pre-existing fracture at an 

angle of approach 60° (experimental test CT 4, 21, 8) presents three different 

interaction types (opening, crossing, and arresting, respectively). Then, the 

orientation of the natural fracture is defined at the strike angle 𝜃 = 150º and dip 

angle 𝜑 = 90º. 

As Figure 4.22 shows for CT-4, the stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) is ≅ 0.83. In 

this case, the natural fracture dilates because the fluid pressure in the hydraulic 
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fracture is larger than the normal compressive stress on the natural fracture. As 

Figure 4.23 shows, for the CT-8, the stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) is = 0.25. The 

hydraulic fracture crosses the natural fracture because the dilatation is restricted 

by the maximal horizontal stress. For CT-21, the stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) is ≅ 

0.36. In this case, hydraulic fracture fluid leaks into the natural fracture due to 

slippage, then the hydraulic fracture is arrested, as shown in Figure 4.24.  

 

Figure 4.22. Fracture interaction for CT-4 test: a) opening of natural fracture and b) fracture 

geometry after opening. 

 

Figure 4.23. Fracture interaction for the CT-8 test: a) crossing of NF and b) hydraulic fracture 

geometry. 

 

Figure 4.24. Hydraulic fracture- natural fracture interaction for the test (BLANTON, 1982) (CT-11) 

and intrinsic CZM fragmentation approach. 
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. Prediction of the experimental behavior of the shale blocks with a pre-existing 

fracture oriented at 30° (CT-7, CT-9), 45° (CT-11, CT-12, CT13, CT-14), 60° (CT 

4, 8, 21) and at 90° (CT-20) is also achieved.  

 
The effect of natural fracture orientation 

In the previous results, we could identify a relation between the horizontal 

stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) and the type of interaction between hydraulic and 

natural fracture. Opening, arresting, and crossing occur following descendent 

stress ratio values.  To confirm this hypothesis, several 2D analyses are run to 

identify a relation between approach angle (𝛽), stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) and 

interaction type (opening, slipping, and crossing). In those analyses, we keep 

constant the vertical stress (𝜎𝑣 = 20 MPa) and the minimum horizontal stress 

(𝜎ℎ𝑚𝑖𝑛= 5 MPa). The maximum horizontal stress (𝜎𝐻𝑚𝑎𝑥) varies considering a 

normal fault regime (𝜎𝑣 ≥ 𝜎𝐻𝑚𝑎𝑥  ≥ 𝜎ℎ𝑚𝑖𝑛). Pre-existing fractures oriented at 15° 

and 75° are included. The obtained numerical results (pre-fractures oriented 

between 0° to 90° degrees) are mirrored in the 2, 3, and 4 quadrants since the 

model is symmetric. Subsequently, a diagram of natural fracture interaction as a 

function of the approach angle (𝛽) and the stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) is developed.  

Figure 4.25a shows the interaction diagram when the hydraulic fracture is aligned 

with the zero-axis. Analyzing the first quadrant (0°− 90°), we can see that the 

hydraulic fracture has more chances to cross the nature fracture with an approach 

angle between (60°−90°).  Natural fractures slip with low values of the horizontal 

stress ratio and with approach angle between (15°−60°). The natural fracture is 

more susceptible to open with high values of horizontal stress ratio and low 

approach angle. This tendency decreases when the approach angle increases. 

The results presented by (BLANTON, 1982), reproduced in Table 4.2, are plotted 

into the diagram and have good agreement with the proposed tendency, as shown 

in Figure 4.25b.  
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Figure 4.25. Diagram of HF/NF interaction as a function of approach angle (β) and stress ratio 

(σhmin/ σHmax): (a) numerical results; (b) experimental results (BLANTON, 1982). 

The proposed diagram is now compared with two independent laboratory 

experiments presented by (ZHOU et al., 2008) and (GU et al., 2012).  They are 

also performed with boreholes orthogonal to the horizontal stress direction. These 

experiments have been chosen by the similarity conditions (material properties, 

scale, and normal stress regime) with those reported by (BLANTON, 1982). The 

horizontal stresses and approach angles are presented in Table 4.4.  

Table 4.4. Experimental condition and results for hydraulic fracture test on pre-fractured block 

  Test # 
Approaching 
angle 

Horizontal 
stresses (MPa) σhmin/σHmax 

Experimental 
interaction type 

  σHmax σhmin 

  
(G

U
 e

t 
a

l.
, 

2
0
1

2
) 

1 45 17.23 6.89 0.40 Turn into 

2 45 8.27 6.89 0.83 Turn into 

3 75 17.23 6.89 0.40 Crossing 

4 75 8.27 6.89 0.83 Turn into 

5 90 7.58 6.89 0.91 Turn into 

6 90 13.78 6.89 0.50 Crossing 

(Z
H

O
U

 e
t 
a

l.
, 
2

0
0
8
) 2-3 30 10 5 0.50 Opening 

2-5 30 8 5 0.63 Opening 

2-7 30 13 3 0.23 Arrest 

2-8 60 8 5 0.63 Opening 

2-4 60 10 3 0.30 Crossing 

2-6 60 13 3 0.23 Crossing 

2-1 90 10 5 0.50 Crossing 

2-2 90 10 3 0.30 Crossing 

From Table 4.4, the horizontal stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) is calculated in all 

tests and plotted into the diagram, as shown in Figure 4.26. The proposed 

interaction diagram correctly predicts the interaction type of the experimental data. 

Although these experiments have similar conditions, some parameters such as 

Young’s modulus, injection rate, compressional stress state, and fracture 
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β
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toughness are relatively different between them. Therefore, the interaction type is 

more influenced by the horizontal stress ratio (𝜎ℎ𝑚𝑖𝑛 𝜎𝐻𝑚𝑎𝑥⁄ ) and the NF and 

approach angles. 

 

Figure 4.26. Diagram of HF/NF interaction as a function of approach angle (θ) and stress ratio 

(σhmin/ σHmax): experimental results (a) (ZHOU et al., 2008) and (b) (GU et al., 2012). 

The presented interaction diagram is valid for pre-existing vertical fractures. 

However, in real field problems, the fracture orientation can vary in strike and dip 

angles and, consequently, alter the stress components on the fracture plane. 

These problems cannot be properly simulated in two dimensions. Therefore, the 

following section studies the influence of fracture orientation on the interaction of 

hydraulic and natural fractures. 

 
The effect of natural fracture orientation 

To study the effect of fracture orientation on the interaction between a 

hydraulic and a natural fracture, three Hydrostone blocks with a pre-existing natural 

fracture at different orientations are considered, as summarized in Table 4.5. For 

each model, the numerical simulations were performed under the same in-situ 

stresses of Blanton’s tests CT-4, CT-8, and CT-21 (see Table 4.2). The analysis 

adopts the mechanical and hydraulic properties detailed in  Table 4.3. Table 4.6 

summarizes the initial normal compressive stresses 𝜎𝑛 on the natural fracture, 

estimated by equation (3.46). 

Table 4.5. Natural fracture orientation. 

Orientation 
 

NF1 NF2 NF3 

Strike 120º 150º 180º 

Dip 60º 60º 60º 

Table 4.6. Compressive stresses on the natural fracture at the beginning of the simulation. 

(a) (b)

β

Natural 

fracture 

Hydraulic 

fracture 
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Test # 
Compressive stresses 𝜎𝑛 (MPa) 

NF1 NF2 NF3 

CT-4 12.87 13.62 14.0 

CT-8 11.56 17.18 20.0 

CT21 10.53 13.81 15.5 

 

Figure 4.27. Interaction between hydraulic and natural fracture oriented at a) 120° strike, b) 150º 

strike, and c) 180º strike. 

For the first model (NF1: dip 60º and strike 120º), the hydraulic fracture 

propagation opens the natural fracture NF1 under all values of in-situ stress (CT-

4, CT-8 and CT-21), as shown in Figure 4.27a, first column.  However, after t = 5.5 

s, we can observe that the hydraulic fracture opens a small extension for CT-4 in 

comparison to the open extension obtained for CT-8 and CT-21. That difference in 

the opening extensions can be due to the differences in the initial normal stresses 

acting on NF1 in each case. The initial normal stress acting on NF1 (12.825 MPa) 

for CT-4 is higher in comparison to those obtained for CT-8 and CT-21, as 

summarized in the first column of Table 4.6. Therefore, for small relative angles of 

dip and strike between the natural and hydraulic fractures, the hydraulic fracture 

tends to dilate the natural fracture, increasing fluid leak-off and limiting the growth 

of the hydraulic fracture (Figure 4.27a).   
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Figure 4.28. Injection pressure during the interaction between hydraulic and natural fracture NF1. 

Figure 4.28 shows the borehole injection pressure when the hydraulic fracture 

interacts with NF1 for each in-situ stress (CT-4, CT-8, and CT-21). The injection 

pressure curves for CT-8 and CT-21 are identical since both tests are submitted to 

the same minimum horizontal stress (Sh =5 MPa), as detailed in Table 4.2. 

However, for CT-4 test, Figure 4.28 shows a higher injection pressure curve 

because the in-situ minimum horizontal stress of CT-4 is also higher (Sh= 10 MPa) 

in comparison to CT8 and CT-21 (Sh= 5 MPa), requiring higher fluid injection 

pressure to propagate the hydraulic fracture.  

Figure 4.28 shows a sudden drop in the injection pressure when the hydraulic 

fracture opens the natural fracture, and the injection fluid flows into its channels. 

Under all in-situ conditions tested, the hydraulic fracture opens the natural fracture. 

This happens because the fluid pressure inside the hydraulic fracture (P118.8 

MPa for CT-4 and P2  16 MPa for CT-8 and CT-21) is higher than the normal 

compressive stresses acting on the natural fracture NF1 (𝜎𝑛  12.8 MPa for CT-4, 

𝜎𝑛  11.5 MPa for CT-8, and 𝜎𝑛  10.5 MPa for CT-21). In this scenario, NF1 opens 

in both directions (Figure 4.27a).  

Figure 4.27b shows the interaction of the hydraulic fracture and natural 

fracture NF2 (dip 60º and strike 150º) after t = 8.0 s. For in-situ stresses CT-4 and 

CT-21, the hydraulic also opens the natural fracture NF2. While for CT-8, the 

hydraulic fracture propagates through the natural fracture NF2 because the normal 

compressive stress (17.2 MPa) on the fault plane is higher than the propagation 

pressure (12.3 MPa), as shown in Figure 4.29a. The hydraulic and natural fracture 

interaction results in crossing for a high difference in horizontal in-situ stresses and 

an intermediate value of relative angle (dip and strike) between hydraulic and 

natural fractures. 

HF reaches NF1  
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Figure 4.29. Injection pressure during hydraulic fracture interaction with a) natural fracture NF2 and 

b) natural fracture NF3. 

For the last model (NF3: dip 60º and strike 180º), Figure 4.27c shows the 

interaction between the hydraulic and the natural fractures under the three in-situ 

stress values (CT-4, CT-8, and CT-21). For CT-8 and CT-21, the hydraulic fracture 

crosses natural fracture NF3 since the propagation pressure 14.6 MPa is lower 

than the confining normal stresses (15.5 MPa for CT-21 and 20 MPa for CT-8). 

Figure 4.29b shows the evolution of the injection pressure with time for these 

scenarios. However, NF3 opens under the in-situ stresses of CT-4 because the 

confining normal stress of 14.0 MPa is lower than the propagation pressure of 

18.8MPa. Therefore, for a high difference of horizontal stresses and high relative 

angles of dip and strike between hydraulic and natural fractures, the hydraulic 

fracture tends to cross the natural fracture. According to the orientation of the 

natural fracture, reactivation may happen in both directions, as shown in Figure 

4.27a. We can conclude that the fracture orientation (dip and strike) affects the 

results of fracture interaction (arrest, opening, and crossing), which cannot be 

represented correctly in a two-dimensional model.  

 
The effect of friction angle 

The friction angle is related to the shear strength of the natural fracture, 

affecting fracture interaction. In order to study the effect of the friction angle on 

fracture interaction, we adopt three values of friction angle 𝜙𝑓 = {30, 37, 45} for 

each natural fracture presented in the previous section (see Table 4.5). Figure 4.30 

shows the interaction between the hydraulic fracture and natural fracture NF1 (dip 

60º and strike 120º) for two values of friction angle 𝜙𝑓=37º and 𝜙𝑓=45º. We can 

observe the opening of natural fracture NF1 for all in-situ stresses (CT-4, CT-8, 

and CT-21). The opening zone obtained for 𝜙𝑓= 37º after t = 6s is larger compared 

HF reaches NF2  
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b) NF3 a) NF2 
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to those obtained for 𝜙𝑓= 45º because low friction angles flatten the Coulomb 

failure envelope reducing the shear strength. We also verified that NF1 fails under 

in-situ stress conditions for a friction angle of 30º, which considers the natural 

fracture open from the beginning of the analysis.  

 

Figure 4.30. Interaction between hydraulic and natural fracture NF1 (dip 60º and strike 120º) with 

different values of angle of friction a) 𝝓𝒇=37°, and b) 𝝓𝒇=45°. 

Figure 4.31 shows the effect of the friction angle in the interaction between the 

hydraulic fracture and NF2 (dip 60º and strike 150º) under different in-situ stresses. 

For a low difference of horizontal stresses (CT-4), the natural fracture reactivates, 

and the friction angle affects the opening area.  

For a high difference of horizontal stresses (CT-8), we can observe that the 

hydraulic fracture propagates through the natural fracture NF2 for a lower friction 

angle, 𝜙𝑓= 30º. An increment of friction angle does not affect the type of interaction 

(crossing) because a high friction angle increases the strength of NF2. Moreover, 

the injection pressure shows the same behavior as in Figure 4.32a. For an 

intermediate difference of horizontal stresses CT-21, NF2 with higher friction angle, 

𝜙𝑓= 45º, is crossed by the hydraulic fracture. However, reducing the friction angle, 

the hydraulic fracture can reactivate NF2, as shown in Figure 4.30.  Figure 4.32b 

shows a drop in the injection pressure when the natural fracture NF2 reactivates 

for 𝜙𝑓= 30º and 𝜙𝑓= 37º. Fluid migration to the natural fracture leads to injection 

pressure drop, interrupting hydraulic fracture growth.  
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Figure 4.31. Interaction between hydraulic and natural fracture NF2 (dip 60º and strike 150º) with 

different angle of friction a) 𝝓𝒇=30º, b) 𝝓𝒇=37º and c) 𝝓𝒇=45º. 

 

Figure 4.32. Effect of friction angle on the injection pressure during HF/NF interaction under in-situ 

stress of a) CT-8 and b) CT-21. 

Figure 4.33 presents the interaction of the hydraulic fracture and NF3 (NF3: 

dip 60º and strike 180º) for different values of the friction angle (30º, 37º, and 45º) 

and under stresses corresponding to tests CT-4, CT-8, and CT-21. For a high (CT-

8) and an intermediate (CT-21) difference of horizontal stresses, the hydraulic 

fracture propagates across natural fracture NF3 because the normal compressive 

stress on fracture plane NF3 is higher than the propagation pressure. However, for 

a low difference of horizontal stress (CT-4) and friction angle, the hydraulic fracture 

opens the natural fracture. 
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Figure 4.33. Interaction between hydraulic and natural fracture NF3 (dip 60º and strike 180º) with 

different angle of friction a) 𝝓𝒇=30º, b) 𝝓𝒇=37º and c) 𝝓𝒇=45º. 

The friction angle affects the shear strength of the natural fracture. Therefore, 

high values of friction angle increase the occurrences of crossing, while low values 

increase the occurrences of the opening of the natural fracture. 

 
The effect of injection flow rate 

In this section, we studied the effect of the injection rate on the interaction 

between hydraulic and natural fractures. The numerical simulation was carried out 

on a Hydrostone block with NF2 (strike angle of 150º and dip angle of 60º) under 

the in-situ stresses of CT4, CT-8, and CT-21. Two values of the injection rate 𝑞𝑤 = 

8.2e-08 m3/s and 𝑞𝑤 = 8.2e-07 m3/s are adopted. Figure 4.34 shows the HF/NF 

interaction considering these injection rates. The rows indicate the in-situ stresses 

CT4, CT-8, and CT-21 while the columns indicate the injection rates: a) 𝑞𝑤 = 8.2e-

08 m3/s  and b) 𝑞𝑤 = 8.2e-07 m3/s.  
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Figure 4.34.  Interaction between hydraulic and natural fracture NF2 with different injection rates a) 

8.2 e-8 and b) 8.2 e-7. 

For CT4, first row, fracture interaction results in opening for both injection 

rates. For CT8, second row, the hydraulic fracture crosses the natural fracture in 

both cases. However, for CT21, a different fracture interaction result is observed. 

For a low injection rate, the hydraulic fracture merges with the natural fracture, 

while, for a high injection rate, the hydraulic fracture crosses the natural fracture. 

For a low difference of in-situ horizontal stresses (CT-4), the first row of Figure 4.34 

shows that a high injection flow rate accelerates the opening of the natural fracture. 

For a high difference of in-situ horizontal stresses (CT-8), a high injection flow rate 

exacerbates the crossing of the natural fracture. However, for an intermediate 

difference of in-situ stresses (CT-21), fracture interaction results in crossing and 

opening for high and low injection rates, respectively. Finally, according to the 

numerical results, the injection flow rate intensifies the phenomena observed for a 

low injection rate.  

 
The effect of distance from the borehole to natural fracture 

We also studied the effect of the distance from the injection point to the natural 

fracture NF2 in the fracture interaction. The numerical simulation was performed 

CT-21 

CT-8 

CT-4 

t=1.5 s 
t = 8.0 s 

a) b) 

Opening 

zone 

Opening 

zone 

Opening 

zone 

NF2 

NF2 

NF2 NF2 

NF2 

NF2 

HF 

HF 

HF 

HF HF 

HF 

PFOPEN (m) 
PFOPEN (m) 

PFOPEN (m) 

PFOPEN (m) 

PFOPEN (m) 

PFOPEN (m) 

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1920895/CA

DBD
PUC-Rio - Certificação Digital Nº 1712783/CA



100 

 

on a Hydrostone block with NF2 under in-situ stresses CT-04 and CT-21. The 

parametric study adopts four different lengths from the borehole to the natural 

fracture NF2: L1 = 14.3 mm, L2 = 28.6 mm, L3 = 42.9 mm and L4 = 57.1 mm. 

Figure 4.35 shows the numerical results of HF/NF interaction considering the effect 

of distance from the borehole to NF2. The rows indicate the in-situ stresses CT4 

and CT-21, while the columns indicate the distances. For the in-situ stress values 

of CT-4, we can observe that the hydraulic fracture opens the NF2 having the 

distance from the injection point to NF2 (Figure 4.35a) no effect on the result. At 

the same time (t  8 s), a short distance from the borehole to NF2 leads to the 

stimulation of a larger region of NF2 than for a larger distance between the 

borehole and NF2.   

 

Figure 4.35.  Numerical results of HF/NF interaction considering the effect of length from the 

borehole to NF2 (columns) under in-situ stress of a) CT-04 and b) CT-21. 

Figure 4.36 presents the evolution of injection pressure along the time, 

assuming different distances from the injection to NF2. From Figure 4.36a, we can 

conclude that the fracture propagation pressure (Pp  22.0 MPa) is higher than the 

normal confining stress on NF2 ( 14.0 MPa). Therefore, high pore pressure inside 

the hydraulic fracture opens NF2 in all cases because for a low difference of 

horizontal stress (CT-4), the interaction between hydraulic and natural fracture 

results in opening, and it is not affected by the distance from the injection point to 

natural fracture.  
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For in-situ stress of CT-21, different HF/NF interaction outcomes are observed 

according to the distance from the injection point to NF2, see Figure 4.35b. As the 

distance from the borehole to NF2 decreases, the HF/NF interaction changes from 

crossing to opening, see  Figure 4.36b, because the fracture propagation pressure 

(Pp  13.8 MPa) is close to the normal confining stress on NF2 ( 14.0 MPa). 

Consequently, if the borehole is close to NF2 (L1), the hydraulic fracture reaches 

NF2 at a short time (t1 2.5s) with a pore pressure ( 16.43 MPa) above the normal 

confining stresses ( 14.0 MPa), that opens the natural fracture. 

 

Figure 4.36.  Injection pressure evolution along the time considering the distance from the borehole 

to NF2 under in-situ stress of a) CT-4 and b) CT-21. 

Table 4.7 summarizes the injection pressure and time required for the 

hydraulic fractures to reach NF2 and the HF/NF interaction for each scenario 

distance - in-situ stresses.    

Table 4.7. HF/NF interaction, injection pressure, and propagation time for the HF to reach NF2. 

In-situ 
stress 

Parameter 
Distance from the borehole to NF2 

L1 L2 L3 L4 

CT-4 
 

Interaction Opening Opening Opening Opening 

Time (s) 2.1 3.4 4.8 8.6 

Pressure (kPa) 21303 21481 20822 20877 

CT-21 

Interaction Opening Opening Crossing Crossing 

Time (s) 2.5 3.4 5.024 6.8 

Pressure (kPa) 16430 14140 13976 13746 

Finally, we can conclude that the distance from the injection point to NF2 

affects the HF/NF interaction when the fracture propagation pressure is close to 

the normal confining stress on the natural fracture plane. 
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Hydraulic fracture propagation in a naturally fractured formation   

In order to verify the robustness and applicability of the proposed 

computational methodology, a hydraulic fracturing scheme is simulated on the 3D 

DFN. The 10 x 10 x 1 m3 domain is subjected to a compressive initial stress state 

of 15 MPa in a vertical direction, 8 MPa and 4 MPa, maximum and minimum 

horizontal stresses, respectively. Two scenarios are considered to study the 

orientation effect of the NF on the final hydraulic fracture network, as shown in 

Figure 4.37. Figure 4.37a shows that the NF1 is oriented with strike 310° and dip 

53° in scenario 1. In scenario 2, the NF1 is oriented with strike 120° and dip 53° 

(see Figure 4.37b).  The other fractures have the same orientations in both 

scenarios. Figure 4.38 shows the tetrahedral mesh with 39424 nodes and 26316 

elements. The injection flow is increased linearly during 50 s until it reaches 0.0001 

m3/s. After that, the injection rate is kept constant.  

 

Table 4.8 provides the properties of injection fluid, rock, and fractures. 

 

Figure 4.37.  Discrete fracture network: (a) scenario 1, and (b) scenario 2. 
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Figure 4.38.  Tetrahedral mesh with 39424 nodes and 26316 elements. 

 

Table 4.8. Hydraulic and mechanical properties 

Categories Properties Unit Value 

Rock 

Young Modulus  GPa 17.0 

Poisson coefficient --- 0.22 

Hydraulic conductivity m/s 2e-9 

Hydraulic fracture 

Normal strength MPa 3.0 

Shear strengths MPa 12.0 

Normal stiffness MPa/m 17.0e+6 

Shear stiffness MPa/m 17.0e+6 

Natural fracture 

Normal stiffness MPa/m 17.0e+4 

Shear stiffness MPa/m 8.0e+4 

Fracture cohesion MPa 0.0 

Friction angle (°) 31.0 

Dilation angle (°) 7.5 

Cut-off MPa 0.0 

Fracturing fluid 
Fluid viscosity cp 10.0 

Injection rate m3/s 1e-4 

Figure 4.39 shows the initial effective normal stress on the fracture network. It 

is observed that NF1 is more compressive in CN2 than in CN1. Consequently, the 

slip tendency (𝜏𝑅 𝜏𝑠𝑙𝑖𝑝⁄ ) of NF1 in CN1 is higher than in CN2, as shown in  Figure 

4.40.  This behavior can affect the hydraulic fracture propagation. 
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Figure 4.39.  Initial normal stresses on the fracture network: (a) scenario-1, (b) scenario-2. 

 

Figure 4.40.  slip tendency (τR /τslip) on the fracture network: (a) scenario-1, (b) scenario-2. 
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Figure 4.41.  Pore pressure distribution and HF propagation for scenario-1 at different times. 

Figure 4.41 shows the HF propagation for scenario-1 at different times. It is 

observed that the hydraulic fracture intercepts the NF1 at 50 s and NF2 at 100 s. 

After the dilation of those fractures, the HF crosses by offset and diverging until it 

intercepts the NFs  8 and 11 at 150 s. Subsequently, the HF crosses the NF 11, 

while the NF 8 arrests the HF propagation. 

Figure 4.42 shows the HF propagation for scenario-2 at different times.  In 

this case, the hydraulic fracture intercepts the NF1 and NF2 at 100 s. In contrast 

to scenario-1, the hydraulic fracture crosses the NF1 because the higher 

compressive normal stress restricts its dilatation. HF dilates NF2 and propagates 

from its tip, following the most favorable direction at 150 s. Finally, the HF is 

arrested by shear of the NF 11, while the HF crosses the NFs 8 and 13 at 200 s.  

 
Figure 4.42.  Pore pressure distribution and HF propagation for scenario-2 at different times. 
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Figure 4.40 shows that NF1 is more prone to reactivate during the hydraulic 

fracturing in scenario-1. This situation totally changed the behavior of the fluid-

driven fracture propagation affecting the apertures and the final geometry of the 

fracture network, as shown in Figure 4.43. In that sense, the fracture propagation 

models prove to be an optimal tool to evaluate different scenarios aiming to study 

the dominant factors that affect the fluid-driven fracture propagation in naturally 

fractured formations. However, fracture propagation models cannot estimate the 

production performance of the stimulated reservoirs. Then, a methodology for 

reservoir simulation is addressed in the following chapter.  

 

Figure 4.43.  Fracture opening for the stimulated fracture network: (a) scenario 1, and (b) scenario 

2. 

 
Discussion and conclusions 

In this study, a robust 2D/3D numerical methodology in the finite element 

method is developed to simulate hydraulic fracturing treatment in naturally 

fractured media. The developed approach is validated against analytical and 

numerical solutions considering fracture propagation through an intact porous 

medium in different propagation regimens. The results demonstrate the relevance 

of hydromechanical coupling within the porous media, which can alter the response 
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of the system and the interaction between hydraulic and natural fractures. This 

phenomenon is attributed to fluid leakage through the fracture faces, fluid pressure 

in the formation, and variation of effective stresses. Additional models include 

natural fractures with different orientations to evaluate their influence on the final 

configuration of the fracture network. The result obtained for storage-toughness 

and leak-off-toughness dominated regimes showed that the hydraulic fracture 

tends to turn into natural fractures. Subsequently, the hydraulic fracture propagates 

again into the formation in the most favorable direction. On the other hand, in 

storage-viscosity and leak-off-viscosity dominated regimes, the hydraulic fracture 

may result in different propagation types (opening, crossing, branching, and offset). 

Furthermore, for higher angles of approach, the dilation of the natural fracture is 

constrained by the higher suction generated in front of the hydraulic fracture tip. 

This study provides a better understanding of the interaction of hydraulic fractures 

and natural fractures in all asymptotic propagation regimes. 

The developed scheme is also compared against three cases of fracturing 

experimental studies performed in the laboratory. Overall, it may be stated that the 

numerical procedure provides very good agreement with the laboratory tests. The 

first example studies the influence of the natural fracture on the trajectory of the 

hydraulic fracture propagation. Mesh dependency and computational time of the 

proposed methodology are also evaluated. The second example demonstrates the 

unrestricted fracture propagation under a normal stress regime. In this case, 

hydraulic fracture propagation is initiated from an unfavorable perforation angle. 

Then, the fracture initially propagates along the orientation of the perforations and 

gradually turns towards the maximum horizontal stress direction. The third 

example shows a pre-fractured block under different conditions to study the 

hydraulic and natural fracture interaction. Different possibilities of HF/NF 

interaction types (crossing, arrest, and opening) are predicted accurately when 

compared to the experimental data.  

We observe that HF tends to cross NF for the low angle of approach and 

high horizontal stress contrast. In these conditions, NF is submitted to high 

compressive stresses that restrain its dilation.  On the other hand, natural fractures 

are more prone to open for low horizontal stress contrast. In this case, a small 

variation of material and fluid properties may have a greater influence on the 

interaction. The proposed interaction diagrams can provide a general idea of the 
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hydraulic fracture behavior when it interacts with a pre-existing vertical fracture. 

However, those diagrams are sensitive to the in-situ conditions.  

We noted that the NF with low friction angle tends to dilate by shear-slip, 

allowing fluid migration inside it and, consequently, arresting the HF growth. In 

contrast, NF with high friction angle hinders reactivation, and the hydraulic fracture 

is prone to cross it. 

The injection rate also affects the interaction of hydraulic and natural 

fractures because it changes the pressure inside the hydraulic fracture. As a result, 

it increases the probability of propagating through the pre-existent natural fracture.   

The distance from the injection point to the natural fracture affects the HF/NF 

interaction since the fracture propagation pressure is close to the normal confining 

stresses on the fracture plane. The HF/NF interaction changes from crossing to 

opening as the distance from the injection point to the natural fracture decreases. 

Finally, we study the impacts of natural fractures with different values of 

approach and dip angles on hydraulic fracture propagation. These effects cannot 

be addressed under 2D assumptions. For a normal stress regime, high dip and low 

angle of approach, the hydraulic fracture increases the slip or opening of natural 

fractures. In this case, NF tends to be parallel to the HF. In contrast, for the low dip 

and high angle of approach, the hydraulic fracture tends to cross the natural 

fractures.  In this case, the NF is restrained by vertical stress and/or the maximum 

horizontal stress. Therefore, the NF orientation affects the initial compressive 

normal stresses and the slip tendency. Consequently, the fracture network 

evolution. Some advantages and limitations of the proposed methodology are 

discussed briefly.   

Simplicity in terms of mesh data structure and successful representation of a 

localized failure and complex crack patterns are the most important features of the 

developed intrinsic CZM. Furthermore, parallel implementation is straightforward 

once the topological mesh connectivity remains constant during the simulation 

process. With the proposed methodology, it is possible to simulate a re-initiated 

fracture from the crack tip, crossing with an offset, branching, and multiple cracks, 

not worrying about multiple crack interactions. The adopted cohesive crack 

approach avoids the singularity issues of the stress at the crack tip, which is 

present in linear elastic fracture mechanics.  
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The main drawback in the developed method is mesh dependence because 

the fracture can only propagate along continuum element faces. The numerical 

results reveal that coarse meshes can affect the correct fracture patterns. This 

effect is reduced for more refined meshes. However, higher refinement results in 

higher computational costs. Therefore, the initial mesh should be well balanced in 

terms of refinement, aiming to obtain a reliable solution and optimize the 

computational cost. In addition, we use unstructured meshes based on the 

Delaunay algorithm in order to reduce certain bias on crack propagation. Another 

well-known problem of the intrinsic CZM is that it introduces artificial compliance 

that alters the elastic response of the material prior to the onset of hydraulic 

fracture. This phenomenon of “artificial compliance” was reduced, increasing the 

initial stiffness of the cohesive elements in terms of a hardening factor.  
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5 
An enhanced dual porosity and dual permeability approach 
for hydro-mechanical modeling of fluid flow in naturally 
fractured formations 

This chapter comprises the papers of (RUEDA CORDERO et al., 2020a; 

RUEDA; MEJIA; ROEHL, 2019). Traditionally, naturally fractured reservoirs are 

simulated using dual-porosity and dual-permeability models. Conventional dual-

porosity models adopt over-simplifications in terms of characterization of the 

fractured system. Generally, they focus on the hydraulic problem and do not 

consider the rock and fracture deformability. Besides, those models assume 

equally sized block matrix and orthogonal fracture sets with uniform properties. 

This chapter presents a new 3D hydro-mechanical formulation for an enhanced 

dual-porosity/dual-permeability model (EDPDP) to represent a fractured porous 

formation more realistically. The enhanced dual porosity and dual permeability 

(EDPDP) model allows incorporating multi-block domains formed by several 

multiscale fracture sets with arbitrary orientations, permeabilities, and sizes. We 

consider that the fracture scales are related to the connected sub-networks. We 

refer to dominant sub-network as primary fractures that can be formed by 

secondary and tertiary fractures. Figure 5.1 shows this model schematically. The 

fully coupled hydro-mechanical formulation includes fracture orientations and 

stress-induced aperture changes to update stiffness and permeability tensors. The 

EDPDP model is implemented in an in-house framework GeMA (Geo Modelling 

Analysis)(MENDES; GATTASS; ROEHL, 2016) using the finite element method 

(FEM) to study the effects of fractures at multiple scales on the hydro-mechanical 

behavior of the reservoir. The new 3D model allows the study of the impacts of 

natural fractures with different dip and strike angles on the hydro-mechanical 

behavior of a fractured formation. Mechanical, hydraulic, and fully coupled 

poromechanical examples are presented to demonstrate the proposed numerical 

methodology's applicability and robustness. Result comparison between the 

EDPDP and the discrete fracture model (DFM) shows excellent agreement and 

validates the EDPDP model.  A parametric analysis demonstrates the influence of 

the fracture sets on reservoir behavior. Finally, we study the impacts of primary 
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and secondary fractures on the production performance and the final recovery of 

a naturally fractured reservoir. 

 

Figure 5.1.  Schematic representation of fractured medium composed of several multiscale fracture 

sets with different orientations, spacing, and permeabilities. 

 
Governing equations 

The governing equations of the hydro-mechanical dual porosity and dual 

permeability formulations involve mechanical deformations induced by the fluid 

pressure, fluid flow through the fractures, and the fluid transfer between fractures 

and the surrounded porous media. Biot's theory (BIOT, 1941) is adopted to model 

the saturated porous media. The relationship between total stresses and effective 

stresses in dual-porosity media is given by:  

 𝝈𝑚 = 𝝈′𝑚 − 𝜶𝒎 𝑝𝑚 (5.1) 

 𝝈𝑓𝑟 =  𝝈′𝑓𝑟  −  𝜶𝒇𝒓 𝑝𝑓𝑟 (5.2) 

The subscripts 𝑚 and 𝑓𝑟 refer to matrix and fracture, respectively; 𝑝𝑚 and 

𝑝𝑓𝑟 represent the matrix and fracture fluid pressures, and 𝜶𝑚 and 𝜶𝑓𝑟 are the 

pressure factor tensors (compatible with (BIOT, 1941)). Compressive stresses and 

strains are negatives. We use the concept of the equivalent continuum to develop 

the mechanics of the overall deformation 𝜺𝑚𝑓𝑟 of the naturally fractured formation: 
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𝜺𝑚𝑓𝑟  =  𝜺𝑚 + 𝜺𝑓𝑟  (5.3) 

The deformation of the rock 𝜺𝑚 and the fractures 𝜺𝑓𝑟  is calculated using the 

deformation mechanics individually, as follows: 

𝜺𝑚 =  𝑪𝑚 ∶ 𝝈´𝑚  (5.4) 

𝜺𝑓𝑟 = 𝑪𝑓𝑟 ∶ 𝝈 �́�𝑟  (5.5) 

where  𝑪𝑚  and 𝑪𝑓𝑟 are the compliance tensors of the rock matrix and the fracture 

system, respectively. The compliance tensor of isotropic rock matrix follows:  

𝑪𝑚 =

[
 
 
 
 
 
 
 
 
 

1

𝐸
−



𝐸
−



𝐸
0 0 0

−


𝐸

1

𝐸
−



𝐸
0 0 0

−


𝐸
−



𝐸

1

𝐸
0 0 0

0 0 0
2(1+)

𝐸
0 0

0 0 0 0
2(1+)

𝐸
0

0 0 0 0 0
2(1+)

𝐸 ]
 
 
 
 
 
 
 
 
 

  (5.6) 

where 𝐸 is Young’s modulus and   is Poisson’s coefficient.  The compliance tensor 

of the fracture system in the global coordinates (x, y, z), is the sum of the 

compliance tensor of all fracture sets: 

𝑪𝑓𝑟 = ∑(𝑻𝑻. 𝑪𝑓𝑟
𝒍 . 𝑇)

𝑖

𝑛𝑠𝑒𝑡

𝑖=1

 (5.7) 

where 𝑪𝑓𝑟
𝒍  is the compliance tensor of a single fracture set (Figure 5.2) in its local 

coordinate system (𝑛, 𝑡1, 𝑡2): 

(𝑪𝑓𝑟
𝒍 )

𝒊
=

[
 
 
 
 
 

     

0

0

0

0

0

0

      

0

0

0

0

0

0

  

0

0

1/( 𝑛. 𝑠)

0

0

0

  

0

0

0

0

0

0

  

0

0

0

0

1/( 𝑡1. 𝑠)

0

  

0

0

0

0

0

1/( 𝑡2. 𝑠)

 

]
 
 
 
 
 

 (5.8) 
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where 𝑠 is the fracture spacing,  𝑛,  𝑡1 and  𝑡2 are the normal and the shear 

fracture stiffness coefficients in 𝑛, 𝑡1, and 𝑡2 directions, respectively. 𝑻 is the 

transformation tensor given by: 

𝑻 = [
𝑻11 𝑻12
𝑻21 𝑻22

] (5.9) 

with  

𝑻11 = [

𝑙1
2 𝑚1

2 𝑛1
2

𝑙2
2 𝑚2

2 𝑛2
2

𝑙3
2 𝑚3

2 𝑛3
2

] (5.10) 

𝑻12 = [

2𝑙1𝑚1 2𝑚1𝑛1 2𝑛1𝑙1
2𝑙2𝑚2 2𝑚2𝑛2 2𝑛2𝑙2
2𝑙3𝑚3 2𝑚3𝑛3 2𝑛3𝑙3

] (5.11) 

𝑻21 = [

𝑙1𝑙2 𝑚1𝑚2 𝑛1𝑛2
𝑙2𝑙3 𝑚2𝑚3 𝑛2𝑛3
𝑙3𝑙1 𝑚3𝑚1 𝑛3𝑛1

] (5.12) 

𝑻22 = [

𝑙1𝑚2 + 𝑙2𝑚1 𝑚1𝑛2 +𝑚2𝑛1 𝑛1𝑙2 + 𝑛2𝑙1
𝑙2𝑚3 + 𝑙3𝑚2 𝑚2𝑛3 +𝑚3𝑛2 𝑛2𝑙3 + 𝑛3𝑙2
𝑙3𝑚1 + 𝑙1𝑚3 𝑚3𝑛1 +𝑚1𝑛3 𝑛3𝑙1 + 𝑛1𝑙3

] (5.13) 

where 𝑙𝑖 , 𝑚𝑖 and 𝑛𝑖 are also used to define the rotation matrix 𝑹 that transforms the 

local reference system of a fracture set to the global reference and is expressed 

by: 

𝑹 = [

𝑙1 𝑚1 𝑛1
𝑙2 𝑚2 𝑛2
𝑙3 𝑚3 𝑛3

] = [

sin(𝜃) cos(𝜃) 0
cos(𝜑) cos (𝜃) − cos(𝜑) sin(𝜃) −sin(𝜑)

− sin(𝜑) cos(𝜃) sin(𝜑)sin(𝜃) − cos(𝜑)
] (5.14) 
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Figure 5.2. Schematic representation of an oriented fracture set and its local system. 

The normal stiffness increases with the fracture closure. In this case,  𝑛 

follows the empirical model proposed by (BANDIS; LUMSDEN; BARTON, 1983), 

in which the fracture closure is stress-dependent, as presented in Eqs (3.20) and 

(3.21) in section 3.2.3. 

Substituting the effective stresses of Eqs (5.1) and (5.2) into Eqs (5.4) and 

(5.5), the deformation of the rock matrix and fracture system results in:  

𝜺𝑚 =  𝑪𝑚 ∶ ( 𝝈𝑚 +  𝛼𝑚 𝒑𝑚) (5.15) 

𝜺𝑓𝑟 =  𝑪𝑓𝑟 ∶ ( 𝝈𝑓𝑟 + 𝛼𝑓𝑟  𝒑𝑓𝑟) (5.16) 

From Eq (5.3) and assuming stress equilibrium at the local level, 𝝈𝑚𝑓𝑟  =

 𝝈𝑚 = 𝝈𝑓𝑟, the total strain of the fractured rock system can be defined as: 

𝜺𝑚𝑓𝑟  = ( 𝑪𝑚 + 𝑪𝑓𝑟): 𝝈 + ( 𝑪𝑚: 𝜶𝒎 𝑝𝑚 + 𝑪𝑓𝑟: 𝜶𝒇𝒓 𝑝𝑓𝑟) (5.17) 

From Eq (5.17), modified effective stress can be defined as: 

𝝈′𝑚𝑓𝑟 =  𝑫𝑚𝑓𝑟: 𝜺𝑚𝑓𝑟 − 𝜶𝒎
∗  𝑝𝑚 −  𝜶𝒇𝒓

∗  𝑝𝑓𝑟        (5.18) 

where 𝜶𝒎
∗  and 𝜶𝒇𝒓

∗   are the equivalent pressure tensors which take into account 

fracture and matrix relative deformability and are defined as: 

𝜶𝒎
∗ = 𝑫𝑚𝑓𝑟: 𝑪𝑚: 𝜶𝒎        (5.19) 

𝜶𝒇𝒓
∗ = 𝑫𝑚𝑓𝑟: 𝑪𝑓𝑟: 𝜶𝒇𝒓        (5.20) 
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and  𝑫𝑚𝑓𝑟 is the equivalent elastic tensor of the matrix-fracture system defined as: 

𝑫𝑚𝑓𝑟 = (𝑪𝑚 + 𝑪𝑓𝑟)
−1

        (5.21) 

Finally, the equations that govern deformability and fluid continuity in the 

fractured rock formation take the form: 

𝛻 ∙ ( 𝑫𝑚𝑓𝑟: 𝜺𝑚𝑓𝑟 − 𝜶𝑚
∗ 𝑝𝑚 −  𝜶𝑓𝑟

∗ 𝑝𝑓𝑟) = 𝒇        (5.22) 

𝛻 ∙ (
𝒌𝑚

𝜇
∙ 𝛻𝑝𝑚) + 𝜶𝑚

∗ :
𝜕𝜺𝑚𝑓𝑟

𝜕𝑡
+ 𝛽𝑚

𝜕𝑝𝑚

𝜕𝑡
+𝜔𝑀𝐷(𝑝𝑚 − 𝑝𝑓𝑟) =  − 𝑞𝑚        (5.23) 

𝛻 ∙ (
𝒌𝑓𝑟

𝜇
∙ 𝛻𝑝𝑓𝑟) + 𝜶𝑓𝑟

∗ :
𝜕𝜺𝑚𝑓𝑟

𝜕𝑡
+ 𝛽𝑓𝑟

𝜕𝑝𝑓𝑟

𝜕𝑡
− 𝜔𝑀𝐷(𝑝𝑚 − 𝑝𝑓𝑟) =  − 𝑞𝑓𝑟 (5.24) 

where 𝒇 represents the external force vector, 𝑞𝑚 and  𝑞𝑓𝑟 are the fluid flow applied 

in the block matrix and the fractures.  𝛽𝑚 and 𝛽𝑓𝑟 are the relative compressibilities,  

𝜇 is the dynamic fluid viscosity, 𝑡 is the analysis time, 𝒌𝑚 and 𝒌𝑓𝑟  are the rock and 

fracture permeability tensors, and 𝜔𝑀𝐷  is the shape transfer factor that controls 

fluid transfer between the block matrix and the fracture systems. 

5.1.1. 
Permeability of the fracture system 

In this work, we assume small fracture apertures and fluid flow according to 

the simplified solution for flow between smooth parallel plates (ZIMMERMAN; 

YEO, 2000). The longitudinal permeability tensor 𝒌𝑓𝑟
𝒍  through a set of parallel 

fractures can be defined as a function of the fracture aperture 𝑎𝑛 and spacing 𝑠 

such as: 

𝒌𝑓𝑟
𝒍 =

[
 
 
 
 
𝑎𝑛
3

12𝑠
0 0

0
𝑎𝑛
3

12𝑠
0

0 0 0]
 
 
 
 

 (5.25) 

The fracture aperture can be defined as: 

𝑎𝑛 = 𝑎 + ∆𝛿𝑛 (5.26) 

where 𝑎  is the initial fracture aperture and ∆𝛿𝑛 is the fracture closure variation. 
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The permeability tensor of the fracture system in a global coordinate (x, y, z) 

is defined as: 

𝒌𝑓𝑟 = ∑(𝑹𝑻. 𝒌𝑓𝑟
𝒍 . 𝑹)

𝑖

𝑛𝑠𝑒𝑡

𝑖=1

 (5.27) 

where 𝑹 is the rotation matrix defined in Eq (5.14). 

5.1.2. 
Enhanced shape factor  

The shape factor reflects the geometry of the block matrix and controls the 

fluid transfer between a porous rock and surrounding fractures. In the last decades, 

several formulations have been developed (COATS, 1989; KAZEMI et al., 1976; 

LIM; AZIZ, 1995; WARREN; ROOT, 1963) to assess the shape factors accurately. 

However, those conventional shape factors consider block sizes of the same size 

surrounded by orthogonal fractures. We extend the concept presented by (KAZEMI 

et al., 1976; LEMONNIER; BOURBIAUX, 2010) to multi-block domains formed by 

different fracture sets with arbitrary orientations (Figure 5.1). Therefore, the shape 

factor 𝜔 for a rock block domain (Figure 5.3), assuming a pseudo (quasi) steady-

state condition, can be expressed as: 

𝜔 =
1

𝑉
∑ (

𝐴

𝑑𝑐
 𝑚𝑛)

𝑖

𝑛𝑓𝑎𝑐𝑒𝑠

𝑖=1

 (5.28) 

where 𝑉 is the volume of the matrix block; 𝐴 is the area of the open fracture surface; 

𝑑𝑐 is the distance from the centroid of the block matrix to fracture surface 𝑖;   𝑚𝑛 is 

the rock permeability normal to the open fracture plane, and 𝑛𝑓𝑎𝑐𝑒𝑠 is the number 

of block faces in contact with open fractures. Considering the anisotropic 

permeability of the rock matrix  𝑚𝑥,  𝑚𝑦 ,  𝑚𝑧 in the x, y and z- directions, the block-

matrix permeability normal to the fracture surface 𝑖 can be defined as:  

( 𝑚𝑛)𝑖 = (𝑙2  𝑚𝑥 +𝑚2  𝑚𝑦 + 𝑛2  𝑚𝑧)𝑖 (5.29) 

w     𝑙 = − sin(𝜑) cos(𝜃), 𝑚 =  sin(𝜑)sin(𝜃), and 𝑛 = −cos(𝜑)  . 
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Figure 5.3. A rock block with three persistent fracture sets. 

With fracture spacings 𝑠1, 𝑠2, 𝑠3 (Figure 5.3) and considering anisotropic 

permeability, the shape factor for a rock block domain can be written as: 

𝜔 = 𝑆𝑓𝑐 (
𝑘𝑚𝑛1

𝑠1
2 +

𝑘𝑚𝑛2

𝑠2
2 +

𝑘𝑚𝑛3

𝑠3
2 )  (5.30) 

where 𝑆𝑓𝑐 is a shape factor constant of 4, 8 or 𝜋2 as proposed by (KAZEMI et al., 

1976), (COATS, 1989), and (LIM; AZIZ, 1995), respectively. Finally, the shape 

factor 𝜔𝑀𝐷 that reflects the geometry of the multi-block domains formed by several 

fracture sets with different orientation (Figure 5.3) can be expressed as: 

𝜔𝑀𝐷   = ∑ (𝜔)𝑖

𝑁𝑀𝐷

𝑖=1

 (5.31) 

where 𝑁𝑀𝐷 is the number of matrix block domains. 

 
Finite element formulation  

This section presents the formulation of the proposed approach to simulate 

fluid flow through highly fractured porous media. The governing equations are 

discretized using the residual weight method. Following the standard Galerkin 

Method, the discretization of the equilibrium equation (5.22) results in:  

𝑲𝒖− 𝑹𝑚 𝒑𝑚 − 𝑹𝑓𝑟 𝒑𝑓𝑟 = �̂� (5.32) 

with 
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𝑲 = ∫ 𝑩𝑇

Ω

𝑫𝑚𝑓𝑟𝑩𝜕Ω (5.33) 

𝑹𝑚 = 𝛼𝑚∫ 𝑩𝑇

Ω

𝑫𝑚𝑓𝑟𝑪𝑚𝑚𝑵𝑝𝜕Ω (5.34) 

𝑹𝑓𝑟 = 𝛼𝑓𝑟∫ 𝑩𝑇

Ω

𝑫𝑚𝑓𝑟𝑪𝑓𝑟𝑚𝑵𝑝𝜕Ω (5.35) 

�̂� = ∫ 𝑵𝒇
𝑺

𝜕𝑆 (5.36) 

where 𝑲 is the stiffness matrix, 𝑹𝑚 and 𝑹𝑓𝑟 are the coupling matrices, and �̂� is a 

vector of applied boundary conditions. Vectors 𝒖, 𝒑𝑚 and 𝒑𝑓𝑟 carry the nodal 

values of displacement and fluid pressures of the matrix and fracture system. Matrix 

𝑩 relates total strain and nodal displacements, 𝑵 and 𝑵𝑝 are the shape functions 

of displacement and pore pressure degrees of freedom, respectively; 𝛼𝑚 and 𝛼𝑓𝑟 ≈

1 are Biot’s effective coefficients, and 𝑚 is a unit vector with components in the 

normal direction. 

The mass balance equation for rock matrix (5.23) and fractures (5.24), after 

discretization, can be written as: 

𝑹𝒎
𝑇
𝜕𝒖

𝜕𝑡
+ (𝑾+𝑲𝑚)𝑷𝑚 −𝑾 𝑷𝑓𝑟 + 𝑺𝑚

𝜕𝑷𝑚

𝜕𝑡
= �̂�𝑚 (5.37) 

𝑹𝑓𝑟
𝑇
𝜕𝒖

𝜕𝑡
−𝑾 𝑷𝑚 + (𝑾+𝑲𝑓𝑟)𝑷𝑓𝑟 + 𝑺𝑓𝑟

𝜕𝑷𝑓𝑟

𝜕𝑡
= �̂�𝑓𝑟 (5.38) 

with  

𝑲𝑚 =
1

𝜇
∫ 𝛻𝑵𝑝

𝑇

𝛺

𝒌𝑚𝛻𝑵𝑝𝑑𝛺 (5.39) 

𝑲𝑓𝑟 =
1

𝜇
∫ 𝛻𝑵𝑝

𝑇

𝛺

𝒌𝑓𝑟𝛻𝑵𝑝𝑑𝛺     (5.40) 
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𝑺𝑚 = 𝛽𝑚∫ 𝑵𝑝
𝑇

𝛺

𝑵𝑝𝑑𝛺 (5.41) 

𝑺𝑓𝑟 = 𝛽𝑓𝑟∫ 𝑵𝑝
𝑇

𝛺

𝑵𝑝𝑑𝛺 (5.42) 

𝑾 = 𝜔𝑀𝐷∫ 𝑵𝑝
𝑇

𝛺

𝑵𝑝𝑑𝛺 (5.43) 

�̂�𝑚 = ∫ 𝑵𝑝
𝑇

 𝛤
𝑵𝑝𝒒𝑚𝑑𝛤 (5.44) 

 �̂�𝑓𝑟 = ∫ 𝑵𝑝
𝑇

 𝛤
𝑵𝑝𝒒𝑓𝑟𝑑𝛤 (5.45) 

where 𝑲𝑚 and 𝑲𝑓𝑟 are the permeability matrices, 𝑺𝑚 and 𝑺𝑓𝑟 are the storage matrix 

for the rock and fractures, respectively, 𝑾 is the fluid transfer matrix, �̂�𝑚 and �̂�𝑓𝑟 

are the source vectors for the rock and fractures. The relative compressibilities for 

the block matrix, 𝛽𝑚, and fracture system, 𝛽𝑓𝑟, are evaluated as (ZHANG; 

ROEGIERS, 2005): 

𝛽𝑚 = 
𝑛𝑚
𝐾𝑓

+
𝛼𝑚 − 𝑛𝑚

𝐾𝑠
 (5.46) 

𝛽𝑓𝑟 = 
𝑛𝑓𝑟

𝐾𝑓
+
𝛼𝑓𝑟 − 𝑛𝑓𝑟

𝑠  𝑛
 (5.47) 

where 𝐾𝑓 and 𝐾𝑠 are the bulk moduli of the fluid and solid grains, respectively; 𝛼 is 

Biot’s coefficient (BIOT, 1941); for the fracture system 𝛼𝑓𝑟 ≈ 1;  𝑠 is the fracture 

spacing and  𝑛 is the normal stiffness of the fracture. Matrix porosity is given by 

 𝑛𝑚 and fracture porosity 𝑛𝑓𝑟 is defined through the sum of a relation between 

aperture 𝑎𝑛 and spacing 𝑠 of the fracture set 𝑖: 

𝑛𝑓𝑟 = ∑ (
𝑎𝑛
𝑠
)
𝑖

𝑁𝑠𝑒𝑡

𝑖=1

 (5.48) 

where 𝑁𝑠𝑒𝑡 is the total number of fracture sets. 

Finally, the matrix form of the fully coupled dual-porosity and dual-

permeability model can be defined as: 
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[

𝟎 𝟎 𝟎
𝑹𝑚
𝑇 𝑺𝑚 𝟎

𝑹𝑓𝑟
𝑇 𝟎 𝑺𝑓𝑟

]
𝑑

𝑑𝑡
{

𝒖
𝒑𝑚
𝒑𝑓𝑟

} + [

𝑲 −𝑹𝑚 −𝑹𝑓𝑟
𝟎 𝑲𝑚 +𝑾 −𝑾
𝟎 −𝑾 𝑲𝑓𝑟 +𝑾

] {

𝒖
𝒑𝑚
𝒑𝑓𝑟

} = {

�̂�

�̂�𝑚
�̂�𝑓𝑟

} (5.49) 

5.2.1. 
Fully coupled solution scheme 

A general form of system (5.49) is as follows: 

𝑪(𝑋)�̇� + �̇�(𝑋)𝒙 = �̂�𝑒𝑥𝑡 (5.50) 

where  

𝑪 = [

𝟎 𝟎 𝟎
𝑹𝑚
𝑇 𝑺𝑚 𝟎

𝑹𝑓𝑟
𝑇 𝟎 𝑺𝑓𝑟

] 

(5.51) 

�̇� = [

𝑲 −𝑹𝑚 −𝑹𝑓𝑟
𝟎 𝑲𝑚 +𝑾 −𝑾
𝟎 −𝑾 𝑲𝑓𝑟 +𝑾

] 

(5.52) 

�̂�𝑒𝑥𝑡 represents the right-hand side of equation (5.49). Equation (5.50)  represents 

a nonlinear system of ordinary differential equations. The implicit 𝜃-method was 

adopted for time integration of equation (5.50) due to its robustness and efficiency. 

This method uses the following approximations: 

𝒙𝑛+1 = 𝒙𝑛 + ∆𝑡{(1 − 𝜃′)𝒙𝑛 + 𝜃′𝒙𝑛+1} (5.53) 

 

�̇�𝑛+𝜃 =
{𝒙𝑛+1 − 𝒙𝑛}

∆𝑡
 

(5.54) 

Including equations  (5.53) and (5.54) in (5.50), the following equation is 

obtained: 

{𝒙𝑛+1 − 𝒙𝑛}

∆𝑡
+ �̇� {(1 − 𝜃′)𝒙𝑛 + 𝜃′𝒙𝑛+1} = {(1 − 𝜃′)�̂�𝑒𝑥𝑡,𝑛  + 𝜃′�̂�𝑒𝑥𝑡,𝑛+1 } 

 (5.55) 

where ∆𝑡 is the time step increment, and 𝜃′ is an integration parameter in the range 

0 ≤ 𝜃′ ≤ 1; 𝜃′ = 0 is the explicit time-stepping scheme and  𝜃′ = 1 is the implicit 

Backward Euler scheme. The implicit scheme is unconditionally stable and has 

excellent damping characteristics. In this case, the incremental solution for the field 

variables is: 
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[𝑪 + ∆𝑡�̇�]{∆𝒙𝑛+1} = ∆𝑡�̂�𝑒𝑥𝑡,𝑛+1  − ∆𝑡�̇�𝒙𝑛 (5.56) 

In general, matrices 𝑪 and �̇�  can depend on the values of 𝒙𝑛+1. In that case, 

the previous system is nonlinear, and an iterative method must be applied to obtain 

the solution. Here, the Newton-Raphson method is adopted due to its robustness 

and quadratic convergence rate. After an expansion of Eq (5.55), the residual 

vector (𝒓) of the system is defined as: 

𝒓(𝒙𝒏+𝟏) = ∆𝑡�̂�𝑒𝑥𝑡,𝑛+1 − ∆𝑡�̇�𝒙𝑛 − [𝑪 + ∆𝑡�̇�]{𝒙𝑛+1 − 𝒙𝑛}𝒙𝑛 (5.57) 

The Newton-Raphson method solves the governing equations by applying 

the unbalanced generalized forces, computing the corresponding field variables, 

and then iterating until the drift from the solution is small. Several techniques have 

been developed (CRISFIELD, 2000; SHENG; SLOAN, 2003, 2001; SHENG; 

SLOAN; ABBO, 2002) to improve the convergence of the method in the presence 

of strong nonlinearities.  

 
Model verification and validation against DFM 

The EDPDP model is implemented in an in-house framework GeMA (Geo 

Modelling Analysis)(MENDES; GATTASS; ROEHL, 2016) using conventional 

continuum finite elements. GeMA is a library intended to support the development 

of new multiphysics simulators and its integration with existing ones. One of its 

functionalities is the support for the efficient transfer of state variables among 

different meshes. The framework also implements some important concepts of 

extensibility through the combined use of plugins and abstract interfaces, 

configurable orchestration, and fast prototyping through the use of the Lua 

language. This versatility is very helpful to show specific results in any post 

processor package. We have implemented a user script function to represent 

variables of pore pressure, hydraulic conductivity, and aperture changes in the 

fractures, among others. These results are shown throughout this work. 

The proposed approach is verified and validated against the discrete fracture 

model. In that case, fractures are represented explicitly using interface elements.  

Mechanical, hydraulic, and fully coupled poromechanical examples are simulated 

to demonstrate the capabilities of the methodology. The examples study the 

influence of fracture dip angle on the rock block stiffness and flow rate and 
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investigate the coupling effects. Also, we evaluate different mesh sizes to study 

mesh convergence of the proposed approach. 

5.3.1. 
Effects of fractures on the elastic response of the rock block 

Two uniaxial compressive models are simulated to study the influence of 

fractures on the deformability of fractured rock. In the first test, a cylinder with one 

fracture set is compressed by applying 10 MPa at the top surface. The base is 

constrained in the z-direction, while the lateral wall is constrained in the x and y 

directions. A second test considers two orthogonal fracture sets. Figure 5.4 shows 

the geometry and boundary conditions with set 1 in green and set 2 in red. Table 

5.1 summarizes the material properties of the rock and the fracture sets. 

 

Figure 5.4. Uniaxial model: (a) 3D fractured rock cylinder with fracture set 1 (green) and fracture set 

2 (red), (b) cross-section of the cylinder with boundary conditions. 

Table 5.1. Mechanical properties of the intact rock and the fracture sets. 

Parameters Units Rock set 1 set 2 

Young’s modulus, 𝐸  kPa 1.0e+07   

Poisson’s ratio, 𝜈 -- 0.2   

Normal stiffness,  𝑛 kPa/m  2.0e+07 3e+07 

Tangential stiffness,  𝑡1 =  𝑡2 kPa/m  2.0+e07 1.5e+07 

Spacing, 𝑠   m   0.2 0.2 

The numerical simulations are performed for dip angles of 0°, 30°, 45°, 60°, 

and 90° with constant strike angle of 0° and 180° for fracture sets 1 and 2, 

1 m

2 m

(a)

Fractures
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(b)
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respectively. For validation purposes, the numerical models were also carried out 

using the Discrete Fracture Model based on the zero-thickness interface element 

(SEGURA; CAROL, 2008b). Figure 5.5 and Figure 5.6 show the computed 

displacement in z-direction for tests 1 and 2, respectively, using discrete fracture 

and dual-porosity models. Figure 5.7 and Figure 5.8 show the vertical 

displacement at the top of the cylinder versus fracture inclination. The numerical 

results show good agreement between the discrete fracture and dual-porosity 

models.  

 

Figure 5.5. Uniaxial test 1 (one fracture set):  Vertical displacement for different dip angles using 

discrete fractures (upper) and enhanced dual-porosity model (lower). 

 

Figure 5.6. Uniaxial test 2 (two fracture sets): vertical displacement for different dip angles using 

discrete fractures (upper) and enhanced dual-porosity model (lower). 
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Figure 5.7. Uniaxial test 1 (one fracture set): vertical displacement at the top of the cylinder at 

points 𝐷𝑧𝑚𝑖𝑛 , 𝐷𝑧̅̅̅̅  and 𝐷𝑧𝑚𝑎𝑥.  

 

Figure 5.8. Uniaxial test 2 (two fracture sets): vertical displacement at the top of the cylinder at 

points 𝐷𝑧𝑚𝑖𝑛 , 𝐷𝑧̅̅̅̅  and 𝐷𝑧𝑚𝑎𝑥. 

As depicted in Figure 5.5 and  Figure 5.7, the cylinder containing one fracture 

set parallel to the load (dip angle of 90°) behaves as an intact rock. When the dip 

angle is reduced, the vertical displacement increases to the maximum vertical 

displacement value at a dip angle of 0° (perpendicular to loading). This behavior 

can be explained through unidimensional simplification, neglecting shear 

displacement and dilatation, giving the equivalent stiffness of the matrix and 

fracture system in the axial direction as:  

1

𝐸𝑚𝑓𝑟
=
1

𝐸
+

1

𝑠 𝑛
cos (𝜑) 

(5.58) 

where 𝐸𝑚𝑓𝑟 is the equivalent stiffness of the rock and fracture system, 𝐸 is Young’s 

modulus of the rock, 𝑠 is the fracture spacing,  𝑛 is the normal stiffness of the 
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fracture, and 𝜑 is the dip angle of the fracture surface. In Figure 5.9, we can 

observe that a lower equivalent stiffness is obtained for a dip angle of 0°, increasing 

with fracture inclination up to the intact rock stiffness for a dip angle of 90°. 

 

Figure 5.9. Equivalent stiffness (matrix and fracture system) for different dip angles of the fracture 

set. 

In test 2, Figure 5.6 and Figure 5.8, the combined effect of two fracture sets 

increases the vertical deformability of the cylinder. Also, the deformability in the 

fractured rock system is not symmetric due to the lower stiffness of fracture set 1 

in comparison to fracture set 2. Therefore, it is clear that fracture stiffness, spacing, 

inclination, and the interaction of fracture sets affect the fractured rock system's 

mechanical behavior. 

5.3.2. 
Effects of fractures on the pore pressure distribution and fluid flow  

In this case, we study the impact of fracture set orientation on the fluid flow. 

A saturated block is under an initial pore pressure (𝑃 ) of 60 MPa. The transient 

flow results from the pressure differences between the right and left sides of the 

fractured rock. A pore pressure increment (∆𝑃1) of 1 MPa is applied on the left side 

of the model while the right side keeps the initial pore pressure 𝑃 . The top and 

bottom sides are assumed impermeable. Figure 5.10 shows the geometry and 

boundary conditions. Table 5.2 summarizes the material properties of the rock 

matrix and fracture sets. 
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Figure 5.10. Hydraulic problem: (a) 3D fractured rock block geometry, (b) cross-section of the block 

with boundary conditions. 

Table 5.2. Intact rock and fracture set properties for hydraulic model 

Parameters Units Rock  Set 1 

Rock permeability,  𝑚  mD 350 -- 

Dynamic fluid viscosity, 𝜇 cp 1 1 

Porosity, 𝑛𝑚  -- 0.075 -- 

Initial pore pressure, 𝑃   MPa 60 60 

Pore pressure increment, 𝛥𝑃1 MPa 1 1 

Relative compressibility, 𝛽𝑓𝑟   kPa-1 3.41e-06 1.3e-10 

Dip angle, 𝜑  (°) -- 0/30/45/60/90 

Fracture aperture, 𝑎   m -- 3.0e-04 

Fracture spacing, 𝑠  m -- 1.0 

Several scenarios are investigated considering a fracture set with a strike of 

180° and dip of 0°, 15°, 30°, 45°, 60°, 75°, and 90°. The numerical simulations are 

performed over 1000 s. Figure 5.11 shows the computed pore pressure distribution 

in the cross-section using discrete fracture and enhanced dual-porosity models. It 

is clear how the fluid migration path is affected by fracture orientation. Figure 5.12 

shows the fluid flow outing from the right side along time. Excellent agreement is 

present between the discrete fracture and enhanced dual-porosity models. Higher 

outflow happens when the fracture orientation tends to horizontal, where fracture 

orientation is parallel to fluid flow lines.  
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(b)
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Figure 5.11. Pore pressure distribution in the cross-section of the fractured block for different dip 

angles. 

 

Figure 5.12. Fluid discharge on the right side along time for different fracture orientations. 

This behavior can be explained by evaluating the equivalent permeability of 

the matrix and fracture systems in x-direction as: 

 𝑚𝑓𝑟 =  𝑚 +  𝑓𝑟 =  𝑚 +
𝑎 
3

12𝑠
cos (𝜑) 

(5.59) 

where  𝑚𝑓𝑟 is the equivalent permeability of the rock-fracture system in the x-

direction,  𝑚 is the rock permeability, 𝑠 is the fracture spacing, 𝑎  is the initial 

fracture aperture, and 𝜑 is the dip of the fracture surface. In Figure 5.13, we can 

observe that higher equivalent permeability is obtained for a dip of 0° and 

decreases with the dip angle until it reaches the permeability of the porous rock for 

𝜑 = 90°.  
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Figure 5.13. Equivalent permeability (matrix-fracture system) for different dip angles of the fracture 

set. 

5.3.3. 
Coupled geomechanics and fluid flow in a fractured rock block 

We also study the effects of coupled geomechanics and fluid flow in a 

fractured rock block. The model is based on the proposed hydraulic example 

presented in the previous section. In this case, the proposed approach considers 

stress-induced aperture changes to update stiffness and permeability tensors. The 

saturated block is under an initial pore pressure (𝑃 ) of 55 MPa and initial effective 

stress state (σ′ ) of 30 MPa. The base is constrained vertically, while the lateral 

walls are constrained in the horizontal plane in both directions. The top and bottom 

sides are assumed to be impermeable. 

 The numerical test follows two steps. In the first step, a uniform pore 

pressure increment (∆𝑃 = 5 MPa ) is applied in the entire model, inducing fracture 

opening. In the second step, transient flow results from the pressure differences 

between the right and left sides of the fractured rock. On the left side, a pore 

pressure increment (∆𝑃1 = 1 MPa ) is applied while the right side keeps the pore 

pressure (𝑃 + ∆𝑃 = 60 MPa). Figure 5.14 shows a schematic representation of 

the block cross-section with the adopted boundary conditions in steps 1 and 2. 

Table 5.3 summarizes the material properties of the rock and fracture sets. 
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Figure 5.14. Cross-section of the block with boundary conditions in step 1 (upper) and step 2 

(lower). 

Table 5.3. Hydro-mechanical properties for the rock matrix and the fracture set. 

Parameters Units Rock  Set 1 

Young’s modulus, 𝐸  kPa 1.69e7 -- 

Possion’s ratio, 𝜐  --- 0.32 -- 

Permeability  𝑚 mD 350 -- 

Dynamic fluid viscosity, 𝜇  cp 1 1 

Porosity, 𝑛𝑚 --- 0.075 -- 

Initial effective stress, σ′   MPa 30 30 

Initial pore pressure, P  MPa 55 55 

Pore pressure increment, ΔP ΔP1⁄   MPa 5/6 5/6 

Elastic normal stiffness of fracture,  𝑛 kPa/m -- 1.2e7 

Elastic tangential stiffness of fracture,  𝑡1,2  kPa/m -- 5.5e6 

Dip angle, 𝜑  (°) -- 0/30/45/60/90 

fracture aperture, 𝑎   m -- 3.0e-4 

Small Fracture spacing, 𝑠  m -- 1.0 

Several scenarios are investigated considering fracture sets with a strike of 

180° and dip of 0°, 15°, 30°, 45°, 60°, 75°, and 90°. The numerical simulations are 

performed for 1000 s.  

Step 1
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Figure 5.15.Vertical displacement in the cross-section of the block for different dip angles. 

Figure 5.15 shows the computed vertical displacement using discrete 

fracture and enhanced dual-porosity models. In this case, the higher pore pressure 

on the left side results in a higher vertical displacement from left to right. Figure 

5.16 shows the fluid discharge from the right side along time.  

 

Figure 5.16. Fluid discharge on the right side along time. 

Figure 5.17 shows the fracture opening induced by the coupled effect of fluid 

pressure and stress variation using the enhanced dual-porosity model. Larger 

fracture openings happen when fracture orientation is aligned with fluid flow lines. 

Consequently, Figure 5.16 shows that the outflow obtained in the hydro-

mechanical model is higher than that in the hydraulic model (Figure 5.12). In 

contrast, smaller aperture changes and discharge are obtained when the fracture 

orientation is perpendicular to the fluid flow lines. 
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Figure 5.17. Fracture aperture in the cross-section of the block for different dip angles. 

Considering a fracture set with a dip of 30°, we evaluate four different mesh 

sizes to study the mesh convergence of the proposed approach. We use a 

structured mesh formed by hexahedra elements with edges of 1, 2, 5, 10 m. The 

fracture spacing is 1 m in all cases. Figure 5.18 shows the computed vertical 

displacement, while Figure 5.19 presents the settlement along the top surface of 

the block using the enhanced dual-porosity model with different mesh sizes. The 

excellent agreement demonstrates that the numerical results using the proposed 

EDPDP approach do not depend on element size. Therefore, this new approach 

allows modeling highly fractured formations in field-scale reservoir simulations. In 

these cases, DFMs can be computationally expensive and practically 

unachievable. 

 

Figure 5.18. Vertical displacement in the cross-section of the block for different mesh sizes. 
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Figure 5.19. Vertical displacement along the top surface of the block for different mesh sizes. 

We also show the impacts of dip and strike of the FN set on the hydro-

mechanical behavior of a fractured formation. This example considers a fracture 

set with a spacing of 1 m, a strike of 315°, and a dip of 60°. Figure 5.20 shows the 

computed vertical displacement and pore pressure distribution using the DFM and 

EDPDP model. It is clear how the trajectory of fluid migration and mechanical 

deformation is affected by the fracture orientation. 

 
Figure 5.20. Comparison between DFM and EDPDP (a) vertical displacement and (b) pore 
pressure distribution.  

Figure 5.21 shows the fluid discharge on the right side during the simulation 

time. The comparison between DFM and EDPDP shows excellent agreement that 

validates the proposed hydro-mechanical formulation of EDPDP model.  
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Figure 5.21. Discharge on the right side during the simulation time in the fractured block using 

EDPDP  and DFM.  

Finally, we study the hydromechanical effects of an anisotropic intact rock on 

the fractured block. In this case, we consider the Young modulus 𝐸𝑥 = 𝐸𝑦 = 𝐸/2, 

𝐸𝑧 = 𝐸, and the rock permeability  𝑚𝑥 =  𝑚𝑦 = 2  𝑚,  𝑚𝑧 =  𝑚, where  𝑚 and 𝐸 

are presented in Table 5.3. We also consider a fracture set with a spacing of 1 m, 

a strike of 315°, and a dip of 60°.  

Figure 5.22 shows the fluid discharge on the right side during the simulation 

for isotropic and anisotropic intact rock blocks. As expected, initial higher discharge 

in the anisotropic block rock results from higher rock permeability in the horizontal 

direction. Figure 5.23 presents the settlement along the top surface of the block for 

isotropic and anisotropic rock materials. In this case, lower stiffness in the 

anisotropic rock results in a higher settlement of the fractured block, and 

consequently, in a smaller fracture opening. For that reason, the fluid discharge 

decreases over time, see Figure 5.22. 
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Figure 5.22. Discharge on the right side during the simulation time considering isotropic and 

anisotropic fractured blocks. 

 

Figure 5.23. Vertical displacement along the top surface considering isotropic and anisotropic 

fractured blocks. 

 
Fluid flow through a deformable reservoir with multiscale fracture sets 

To show the proposed model's applicability and robustness, we simulate fluid 

flow through a deformable reservoir considering fracture sets of multiple scales 

and arbitrary orientations. Two cases are investigated to assess the impact of 

primary and secondary fractures on fluid flow. Figure 5.24 shows the geometry and 

boundary conditions of the reservoir formed by primary (sets 1 and 2) and 

secondary (sets 3 and 4) fractures. The first case considers only the primary 

fracture sets; the second case includes both primary and secondary fracture sets. 

The reservoir is under an initial pore pressure (𝑃 = 55 MPa ) and an initial effective 

stress state (𝜎′ = 30 MPa). The base is constrained in the vertical direction; right 

and left walls are constrained in the x-direction and upper and lower walls in the y-
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direction. The surrounding rocks of the fractured reservoir are assumed 

impermeable. A producer well is in the center of the model with constant pressure 

(𝑃𝑤 = 45 MPa). The numerical simulation considers a period of 30,000 s. Table 5.4 

summarizes the material properties of the rock matrix and fracture sets. 

 

Figure 5.24. 3D reservoir model for coupled simulation: (a) Idealized reservoir with primary (sets 1 

and set 2) fractures; (b) top view of reservoir model including secondary (set 3 and set 4) fractures 

and boundary conditions. 

Table 5.4. Hydro-mechanical properties of the rock matrix and fracture sets. 

Parameters Units Rock Set i 

Young’s modulus, E kPa 6e07 -- 

Possion’s ratio, υ --- 0.28 -- 

Permeability    mD 3 -- 

Porosity  -- 0.25 -- 

Initial stress, 𝜎′    MPa 30 30 

Initial pore pressure, 𝑃   MPa 55 55 

Bottom hole pressure at the producer, 𝑃𝑤  MPa 45 45 

Elastic normal stiffness of fracture,  𝑛  kPa/m -- 3.0e07 

Elastic tangential stiffness of fracture,  𝑡1,2  kPa/m -- 1.5e07 

Fracture strike, 𝜃1 / 𝜃2 /𝜃3 / 𝜃4 (°) (°) -- 45/150/0/90 

Fracture dip, 𝜑1 / 𝜑2 /𝜑3 / 𝜑4 (°) (°) -- 30/90/40/45 

fracture aperture, 𝑎 1 = 𝑎 2 /𝑎 3 = 𝑎 4  
m -- 3e-04/1.5e-04 

Fracture spacing, 𝑠1 / 𝑠2 /𝑠3 / 𝑠4  m -- 12/15/4/4 
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Figure 5.25 shows the pore pressure distribution for cases 1 and 2 at 40,000 

s. In case 1, the pore pressure through fracture set 2 becomes dominant. This 

effect is reduced in case 2 due to the presence of fracture sets 3 and 4, which 

enhance permeability leading to a higher initial production rate than in case 1, as 

shown in Figure 5.26. However, a higher production rate induces higher reservoir 

pore pressure gradients. Consequently, fracture aperture decreases more rapidly 

in case 2, as highlighted in Figure 5.27 and Figure 5.28, reducing the permeability 

of the system with a subsequent decrease in the production rate. Fracture 

orientation is another parameter that can influence the hydro-mechanical coupling 

mechanism. Figure 5.27 and Figure 5.28 show that fracture set 1 presents higher 

closure than fracture set 2. That happens because since fracture set 1 has a low 

dip, it is more sensitive to vertical displacements. For that reason, fracture set 2 is 

dominant regarding fluid flow, as shown in Figure 5.25.  

 

Figure 5.25. Pore pressure distribution in the fractured reservoir for cases 1 (left) and 2(right). 
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Figure 5.26. Cumulative production along the time. 

 

Figure 5.27. Fracture Set 1: Aperture ratio (δn / δ0) for  case 1 (left) and case 2(right). 

 

Figure 5.28. Fracture set 2: aperture ratio (δn / δ0) for case 1 (left) and case 2(right). 

Figure 5.29 shows the aperture variation in fracture sets 3 and 4 for case 2. 

It is observed that the closure of those fractures is higher than fracture sets 1 and 

2. This behavior is related to the smaller spacing and higher fracture density 

reducing system stiffness. 
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Figure 5.29. Case 2: aperture ratio (δn / δ0) for the fracture set 3 (left) and set 4 (right). 

The results show the importance of fracture spacing, aperture changes, and 

fracture orientation in the flow process in a deformable fractured formation. Smaller 

fracture spacing enhances the permeability and reduces the strength of the 

fractured rock mass. Aperture variation induced by pore pressure and stress 

changes affects the production performance and the final fluid recovery of a 

naturally fractured reservoir. This aperture variation can be more or less sensitive, 

depending on fracture orientation. Therefore, proper estimation of fluid drainage 

rate and pore pressure dissipation requires considering the hydro-mechanical 

coupling mechanism. 

 
Concluding remarks 

This study proposes a new hydro-mechanical formulation for an enhanced 

dual porosity and dual permeability model (EDPDP) using the finite element 

method (FEM) to represent a fractured porous formation more realistically. The 

formulation is implemented in the in-house multiphysics framework GeMA (Geo 

Modelling Analysis). The computational framework addresses fundamental 

challenges in the simulation of fluid flow in deformable fractured media: multi-rock 

block domains formed by several sets of fractures with multiple scales, arbitrary 

orientations, permeabilities, and sizes. The fully coupled hydro-mechanical model 

includes fracture orientations and stress-induced aperture changes to update 

stiffness and permeability tensors. Mechanical, hydraulic, and fully coupled 

poromechanical examples demonstrate the capabilities of the proposed numerical 

methodology. The numerical results are compared against those obtained using 

the discrete fracture method (DFM) to assess their accuracy. The comparisons 

validate the mechanical, hydraulic, and fully coupled hydro-mechanical 

formulations. The results show that fracture orientation has a significant impact on 

the stiffness of the fractured rock mass system and on the pore pressure migration 

path.  

Finally, a synthetic case study of a naturally fractured reservoir is performed 

considering primary and secondary fracture sets. The case study showed that the 

presence of secondary fracture sets alters the pore pressure distribution in the 

formation. Those secondary fracture sets enhance permeability, inducing rapid 

pore pressure drops. Consequently, fractures close by effective compressive 

stresses reducing the permeability of the system with a subsequent decrease in 
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the production rate. In addition, fracture orientation plays a relevant role on the 

aperture changes of the fracture set, permeability in the flow lines, and the 

production rate of the fractured reservoir. 

The results support applying the proposed enhanced dual porosity and dual 

permeability (EDPDP) model to simulate highly fractured formations with arbitrary 

fracture orientation, permeability, and size in field-scale reservoir simulations 

where the representation of fracture networks with DFMs can be computationally 

expensive and sometimes even practically unachievable. Also, the consideration 

of the hydro-mechanical coupling mechanism may play an important role in the 

proper estimation of the production performance and final recovery of a naturally 

fractured reservoir. 
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6 
Integrated fracture propagation model and reservoir 
simulation for production performance evaluation 

The hydraulic fracturing technique is indispensable in the development of 

unconventional reservoirs with ultra-low permeability. The efficiency of hydraulic 

stimulation is strongly affected by the presence of geological discontinuities such 

as faults, joints, and natural fractures (BARBIER, 2002; O’SULLIVAN; PRUESS; 

LIPPMANN, 2001). They can enhance the growth of complex induced-driven 

fracture networks, increasing the stimulated reservoir volume and production 

efficiency. In contrast,  activated fractures or joints can arrest the HF growth and 

increase the fluid leak-off during the operations (RUEDA CORDERO; MEJIA 

SANCHEZ; ROEHL, 2019a). In that sense, fracture propagation models become 

indispensable for a better understanding of the interaction between hydraulic 

fractures and natural fractures under different conditions. However, those models 

cannot assess the production performance of the hydraulically stimulated 

reservoir. On the other hand, traditional reservoir simulations do not incorporate 

the complex fracture network created by hydraulic fracturing in naturally fractured 

formations. In some cases, it is assumed that only natural fractures intercepted by 

planar hydraulic fractures placed at predefined locations were stimulated 

(SUPPACHOKNIRUN; TUTUNCU, 2017). Such assumptions can result in 

inadequate models for a realistic representation of the reservoir conditions and 

inaccurate production forecasting. For that reason, this chapter presents a new 

methodology that combines a robust fracture propagation model and reservoir 

simulation to enhance accurate and realistic evaluation of production performance. 

With the proposed method, we simulate several hydraulic fracturing scenarios for 

the assessment of cumulative production of the stimulated reservoir. Moreover, we 

combined discrete fracture and enhanced dual porosity-dual permeability models 

to study the effects of fractures of multiple lengths on the production performance. 

Finally, some suggestions will be made from the numerical result interpretation.  
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Methodology  

An integrated fracture propagation and fluid flow model has been developed 

for realistic evaluation of the production performance of naturally fractured and 

hydraulically stimulated reservoirs. As shown in Figure 6.1, the model consists of 

five stages. In the first stage, the fracture network with primary and secondary 

fractures is characterized. Subsequently, the hydraulic fracturing treatment is 

simulated, with the primary natural fractures represented explicitly. Then, we 

extract the stimulated fracture network from the results of the fracture propagation 

model and include in the hydromechanical reservoir model. Secondary natural 

fractures are introduced through the dual porosity/dual permeability model. Finally, 

a realistic evaluation of production performance is obtained.  

  

 

Figure 6.1. Numerical simulation framework for naturally fractured reservoir development 

The workflow of the methodology follows the conventional procedure with the 

three main phases: model generation, solution, and result interpretation, as shown 

in Figure 6.3. An intrinsic mesh fragmentation technique is used in the pre-

processing phase for the mesh generation of the unrestricted fracture propagation 

model and reservoir simulation. This technique is based on the insertion of 

interface elements at every face of the continuum elements. Then triple-noded 

interface is used for the fracture propagation model and single-noded interface 

elements for reservoir simulation, as shown in Figure 6.2. The same number of 
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interface elements are inserted in the hydraulic fracturing and the reservoir 

meshes. However, in the reservoir mesh (Figure 6.2c), the number of degrees of 

freedom is the same as in the conventional conforming mesh (Figure 6.2a). 

  

Figure 6.2. 2D zero thickness interface elements into continuum finite elements mesh (a) for 

hydraulic fracture propagation (b) and reservoir simulation (c). 

The second phase simulates hydraulic fracturing in a naturally fractured medium 

to capture the hydraulically stimulated fracture network geometry. The obtained 

geometry is mapped through user script and included in the subsequent reservoir 

simulation. GeMA framework (Geo Modelling Analysis)(MENDES; GATTASS; 

ROEHL, 2016) was used to simulate the reservoir production. One of GeMA 

functionalities is the support to the efficient transfer of state variables among 

different meshes. The framework also implements some important extensibility 

concepts through the combined use of plugins and abstract interfaces, 

configurable orchestration, and fast prototyping through the use of Lua language. 

Then, a user script.lua updates the aperture of the hydraulic fracture network of 

the single-noded interface elements. During the production stage, the stimulated 

fracture aperture is kept open to simulate propped fractures. Closure effects after 

the hydraulic stimulation are neglected. Finally, we make some suggestions from 

the numerical result interpretation. 
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Figure 6.3. Workflow to simulate hydraulic fracturing treatment and the subsequent production of 

the stimulated fractured reservoir. 

  
Study cases 

This section studies the impacts of natural fractures on hydraulic fracturing 

and the associated production performance of the hydraulically stimulated 

reservoir. Parameters such as fracture network geometry, fluid viscosity, and 

injection rate are evaluated. Finally, we integrate the enhanced dual porosity and 

dual permeability with the discrete fracture model to study the effects of secondary 

fractures on the production efficiency of the naturally fractured reservoir.  

6.2.1. 
Effect of fracture network geometry  

We test three cases with different fracture network geometries. Figure 6.4 

illustrates the reservoir finite element mesh: without NF (case 1), considering one 

fracture set with the strike of 30° (case 2), and considering two fracture sets with 

strikes of 30° and 120° (case 3). The reservoir of 60m x 60m x 12 m (length, width, 

and thickness) is under an initial pore pressure (P = 45 MPa ) and initial effective 

stress (σ′ = 8 MPa). The walls are constrained in x and y-directions. The 

injector/producer well is located at the center of the model. The injection flow is 
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increased linearly during 50 s until it reaches 0.006 m3/s.  After that, the injection 

rate is kept constant considering a fracturing fluid viscosity (μff = 10 cp) and a 

period of 100 s.  In the production stage, it is assumed a producer well with a 

pressure (Pw = 40 MPa ) after 86400s. In this case, a drawdown pressure of 1 MPa 

is instantaneously applied, followed by transient pore pressure drops of 0.046 

kPa/s. In this stage, it is assumed oil viscosity (μoil = 1 cp ) in all cases. Table 6.1 

summarizes the parameters used in the numerical simulations of hydraulic 

fracturing and reservoir production. 

 

Figure 6.4. Reservoir model (a) without NF and (b) with one NF set, and (c) two NF sets. 

Table 6.1. Hydro-mechanical properties of the rock matrix and fracture sets. 

Parameters Units Rock  NFs  

Young’s modulus, 𝐸 kPa 1.7e+07 -- 

Possion’s ratio, 𝜐  --- 0.22 -- 

Permeability    mD 0.2 -- 

Porosity, 𝑛𝑚  -- 0.25 -- 

Initial effective stress, 𝜎′  MPa 8 8 

Initial pore pressure, 𝑃  MPa 45 45 

Bottom hole pressure at the producer, 𝑃𝑤  MPa 40 40 

HF stiffness,  𝑛 = 𝑠 =  𝑡 kPa/m -- 1.7e10 

NF stiffness,  𝑛 = 𝑠 =  𝑡 kPa/m -- 1.2e08 

NF strike, 𝜃1 / 𝜃2 (°) (°) -- 30/120 

Initial NF aperture, 𝑎   m -- 1e-04 

Figure 6.5 shows the hydraulic fracturing results of the deformable reservoir 

without NF (Case 1), considering one (Case 2) and two fracture sets (Case 3).  

Figure 6.5a shows the maximum principal stress distribution for each scenario. 

Figure 6.5b shows the aperture of the stimulated fracture network. It is evident that 

the presence of natural fractures affects the pore pressure distribution in the 

production stage (see Figure 6.5c).  
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Figure 6.5. Case studies of three different natural fracture network geometries: (a) maximum 
principal stress, (b) aperture of the stimulated fracture network, and (c) pore pressure distribution in 
the production stage. 

Figure 6.6 shows fracture aperture frequency according to minimum and 

maximum ranges (a) without NF, (b) with one NF set, and (c) with two NF sets. 

The result shows the importance of considering the presence of NFs in the 

assessment of the fracture network behavior and reservoir performance. Effects of 

stress shadowing, fluid leak-off and fractured formation permeability reduce the 

aperture of the stimulated fracture. Additionally, the assessment of fracture 

opening is necessary by proppant design. 

 

Figure 6.6. Fracture aperture frequency (a) without NFs, (b) with one NF set, and (c) with two NF 

sets.  
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Figure 6.7 presents a quantitative evaluation of some properties of the 

stimulated fracture network. We can appreciate in Figure 6.7a that the total HF 

length is higher in case 3 than those obtained in case 1 and case 2 (with two NF 

sets > with one NF set > without NF). Then, fractures form preferential paths of HF 

propagation, enlarging contact surfaces (Figure 6.7b) and enhancing well reservoir 

connectivity. On the other hand, the stimulation of natural fractures reduces 

hydraulic fracture volume, which is directly dependent on hydraulic fracture 

aperture, as shown in Figure 6.7c and Figure 6.7d. Finally, Figure 6.8 presents the 

produced fluid rate and cumulative oil production. As a consequence of the contact 

area fracture/reservoir (Figure 6.7b), production performance in case 3 is 31% 

higher than in case 2 and 48% higher than in case 1 without NF sets (Figure 6.8).  

 

Figure 6.7. Evaluation of stimulated fracture properties: (a) fracture length, (b) fracture area, (c) 
fracture volume and (d) maximum fracture aperture. 
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Figure 6.8. Production performance: (a) oil production rate, and (b) cumulative oil production. 

We can conclude from the results that the common practice of considering 

that the fracturing process occurs in intact and homogeneous domains may result 

unrealistic. Neglecting the characteristics of the natural fracture network can result 

in large differences in numerical results from those observed in the field.  

6.2.2. 
Effect of fluid viscosity  

Fluid viscosity plays an important role to control fracture width, fracture 

growth, fluid leak-off and proppant transport. There is a broad range of fracturing 

fluids with a wide range of viscosities (1 cp - 1000 cp) and additives with their 

advantages and disadvantages for the hydraulic fracturing (MONTGOMERY, 

2013). Hence, the final choice of the fluid system depends on the characteristics 

of the reservoir. This section investigates the effect of the fracturing fluid viscosity 

(μff) on the NF stimulation and the associated production performance. We assess 

the hydraulic fracturing treatment in Case 3 (Figure 6.4c) considering fluid 

viscosities μff = 1 cp, 10 cp, and 100 cp. The production stage considers an oil 

viscosity μoil = 1 cp in all cases. Figure 6.9 depicts the case studies of hydraulic 

stimulation and production stages of Case 3a with μff =1 cp, Case 3b with μff =10 

cp, and Case 3c with μff =100 cp. The first observation is that for low fracturing 

fluid viscosity, it is easier to penetrate into the natural fracture and stimulate it, as 

shown in Figure 6.9a. In contrast, high fracturing fluid viscosity generates a wider 

hydraulic fracture, whereas low fracturing viscosity fluid a tight hydraulic fracture, 

as shown in Figure 6.9b. Although it is easier to penetrate into the HF for low 

fracturing fluid viscosity, the fluid pressure was not enough to open the natural 

fractures in Case 3a, as shown in Figure 6.9c. This happens because, given a rock 

permeability value, a lower fluid viscosity increases the hydraulic conductivity in 
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the rock formation. Consequently, excessive fluid leak-off prevents fracture 

propagation due to insufficient fluid volume accumulation in the fracture. In 

addition, the stress shadow effects between HF and NF reduce the fracture 

aperture. Then, the relation of rock permeability, fracturing fluid viscosity, hydraulic 

conductivity, and stress changes affect the stimulated fracture network (Figure 

6.9a), fracture aperture (Figure 6.9b), pore pressure distribution (Figure 6.9c), and 

consequently, production performance, as depicted in Figure 6.11.  

 
Figure 6.9. Case studies with different injection fluid viscosities: (a) maximum principal stress, (b) 
aperture of the stimulated fracture network, and (c) pore pressure distribution in the production 
stage. 

 

Figure 6.10. Evaluation of stimulated fracture properties for different fluid viscosities: (a) fracture 
length, and (b) maximum fracture aperture. 
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cumulative oil production than in case 3c, since the stimulated fracture apertures 

are too small. This study highlights that a suitable fluid viscosity is necessary for a 

good balance between fracture aperture and fracture length to obtain optimal 

production performance of the stimulated fractured formation. 

 
Figure 6.11. Production performance for different fracturing fluid viscosities, (a) oil production rate, 
and (b) cumulative oil production. 

6.2.3. 
Effect of injection rate 

The cases presented in section 6.2.2 will be considered again to demonstrate 

the effect of the injection rate on the production. The base case of injection rate Q  

= 6e-3 m3/s is also considered and compared with an additional case of Q = 2Q . 

 

Figure 6.12. Influence of injection rate on the hydraulic fracture network for (Case 3a) with μff  =1 

cp, (Case 3b) with μff  =10 cp, and (Case 3c) with μff  =100 cp. 

Figure 6.12 shows that the stimulated fracture network becomes more 

complex when the injection rate is increased. This behavior is related to the higher 
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total fluid volume that increases the fluid pressure and tensile failure. Moreover, 

higher fluid pressure results in higher fracture opening, as shown in Figure 6.13. 

 
Figure 6.13. Influence of injection rate on the fracture aperture for (Case 3a) with μff  =1 cp, (Case 

3b) with μff  =10 cp, and (Case 3c) with μff  =100 cp. 

 

Figure 6.14. Evaluation of stimulated fracture properties for different fluid viscosities and injection 
rates: (a) fracture length, (b) fracture area, (c) fracture volume, and (d) maximum fracture aperture. 

The influence of higher injection rate (Q = 2Q ) with different fracturing fluid 

viscosities is more evident in the quantitative evaluation of some properties of the 

stimulated fracture network (Figure 6.14) and the associated production 

performance (Figure 6.15). In this case, the cumulative oil production of case 3b is 

18% higher than of Case 3c and 46% higher than of Case 3a. Therefore, for the 
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considered rock permeability, the fracturing fluid viscosity of 10 cp results in the 

most efficient production of the hydraulically stimulated reservoir. 

 
Figure 6.15. Influence of higher injection production rate Q = 2Q  on the production performance 
with different fracturing fluid viscosities, (a) oil production rate, and (b) cumulative oil production. 

6.2.4.  Effect of pre-existing secondary fractures   

Naturally fractured reservoirs are formed by fractures of multiple scales 

(primary and secondary fractures, as shown in Figure 6.16). Conventional 

hydraulic fracturing simulations neglect secondary fractures because they do not 

play a relevant role in fracture propagation due to their small apertures, sizes, and 

presence in large numbers. Modeling of secondary fractures using explicit methods 

can be computationally unfeasible. However, secondary fractures can alter 

reservoir behavior during production operations (GONG; ROSSEN, 2018). In this 

context, we integrate discrete fracture and enhanced dual porosity-dual 

permeability models to simulate fluid flow in naturally fractured reservoirs with 

discontinuities of multiple lengths. Interface elements discretize the stimulated 

fracture network, while EDPDP bridges between the main fractures and the matrix 

fracture network. Figure 6.17 shows the schematic representation of the integration 

between DPDP and DFM models. 
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Figure 6.16. Schematic representation of fractured rock media, DFM discretizes primary fractures 

while EDPDP bridges between the main fractures and the rock matrix /secondary fracture network. 

 

Figure 6.17. Schematic representation of the integration between EDPDP and DFM models: (a) 

strong discontinuity in a fractured medium; (b) integrated EDPDP and DFM finite elements. 

The reservoir of size 60m x 60m x 6 m is under an initial pore pressure (𝑃 =

45 MPa ) and initial effective stresses of 15 MPa in the vertical direction, 12 MPa, 

and 8 MPa, maximum and minimum horizontal stresses, respectively. Figure 6.18 

illustrates the model of the fractured reservoir and the finite element mesh using 

wedge elements. In this case, mesh fragmentation is more challenging due to the 

correct insertion of triangle and quadrilateral interface elements at the wedge 

element faces. The top and bottom surfaces of the model have zero vertical 

displacement constraints, and all lateral surfaces have zero displacement 

constraints normal to the surface. The injector/producer well is located at the center 

of the model. In the hydraulic fracturing simulation, it is considered a constant 
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injection rate (𝑄 = 0.003 m3/s ) with fracturing fluid viscosity of 10 cp for a period 

of 100s. This stage considers only primary fractures. In the production stage, it is 

assumed a producer well with a pressure (𝑃𝑤 = 40 MPa ) after 86400s. The 

production stage considers the produced oil with a viscosity of 1 cp in all cases. 

Table 6.2 summarizes the parameters used in the numerical simulations of 

hydraulic fracturing. 

 

Figure 6.18. Fractured reservoir model (a) finite element mesh (b). 

Table 6.2. Hydro-mechanical properties of the rock matrix and primary fracture sets. 

Parameters Units Rock  Primary NF 

Young’s modulus, 𝐸 MPa 1.0e+04 -- 

Possion’s ratio, 𝜐  --- 0.22 -- 

Permeability    mD 0.2 -- 

Porosity, 𝑛𝑚  -- 0.25 -- 

Initial pore pressure, 𝑃  MPa 45 45 

Bottom hole pressure at the producer, 𝑃𝑤  MPa 40 40 

HF stiffness,  𝑛 = 𝑠 =  𝑡 MPa/m -- 1.7e+07 

NF stiffness,  𝑛 = 𝑠 =  𝑡 MPa/m -- 1.2e+05 

NF strike, 𝜃1 / 𝜃2  (°) -- 30/120 

Initial NF aperture, 𝑎   m -- 1e-04 

Figure 6.19a shows the opening of the stimulated fracture network and the 

end of the hydraulic fracturing simulation. Figure 6.19b illustrates the pore pressure 

variation during the production stage. We can observe the impact of the stimulated 

fracture network on the pore pressure variation and fluid migration throughout the 

production stage.  
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Primary fractures
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Figure 6.19. Opening of the stimulated fracture network (a) pore pressure distribution during the 

production stage (b). 

Now, we study the effect of secondary fracture network geometry with 

different characteristics:  considering one (case 1), two (case 2), and three (case 

3) secondary natural fracture (Sec-NF) sets. Table 6.3 summarizes the properties 

of the secondary fracture sets. In those cases, Sec-NF set 1 and Sec-NF set 2 are 

vertical and perpendicular to each other. Moreover, the aperture and fracture 

spacing of Sec-NF set 2 are twice those of Sec-NF set 1. On the other hand, Sec-

NF set 3 is horizontal and has a higher fracture density than Sec-NF set 1 and Sec-

NF set 2. 

Table 6.3. Hydro-mechanical properties of the secondary natural fracture (Sec-NF) sets 

Parameter Units Sec-NF set 1 Sec-NF set 2 Sec-NF set 3 

HF stiffness,  𝑛 = 𝑠 =  𝑡 MPa/m 1.2e+05 1.2e+05 1.2e+05 

NF strike, 𝜃 (°) 60 150 10 

NF dip, 𝜑 (°) 80 80 0 

Initial NF aperture, 𝑎   m 1e-05 2e-05 1e-05 

Spacing, 𝑠   m 0.5 1 0.25 

Figure 6.20 and Figure 6.21 show the comparison of pore pressure 

distribution and production performance for the models. We observe that the 

presence of one secondary fracture set (case 1) has a slight effect on increasing 

the permeability of the fractured rock system, pore pressure dissipation, and oil 

production rate. In this case, the cumulative oil production in case 1 is 15% higher 

than without secondary fracture sets. The cumulative oil production in case 2 is 

46% higher than in case 1. Hence, the secondary NF set 2 has a higher 

contribution than Sec-NF set 1. In this case, we can note that the initial fracture 

aperture has a stronger impact than the fracture spacing. For case 3, the horizontal 

Sec-NF set 3 increases the cumulative oil production by 16% compared to case 2. 

60 s 3600 s 86400 s
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With the presence of three secondary fracture sets, the cumulative oil production 

is 96% more than without secondary fractures. Therefore, the consideration of the 

secondary fractures has a high impact on the estimation of fluid drainage and pore 

pressure dissipation.  

 

Figure 6.20. Comparison of pore pressure distribution at the end of the production stage for 
different scenarios of primary and secondary fracture sets 

 
Figure 6.21. Influence of secondary fractures on the production performance: (a) oil production rate, 
and (b) cumulative oil production. 

 
Concluding remarks 

This study presents a new methodology that integrates unrestricted fracture 

propagation models and reservoir simulations to study the main factors affecting 

the hydraulic fracturing treatment and the associated production performance of 

the stimulated reservoirs. Parameters such as fracture network geometry, fluid 

viscosity, and injection rate are evaluated. Finally, we integrate the enhanced dual 

porosity and dual permeability with the discrete fracture model to study the effects 
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of secondary fractures on the production of the stimulated naturally fractured 

reservoir.  

A quantitative evaluation of some stimulated fracture properties shows the 

impact of the natural fracture characteristics on the stimulated fracture network 

geometry and the production performance of the reservoir. In this case, natural 

fractures form preferential paths of HF propagation, enlarging contact area, 

enhancing well reservoir connectivity and increasing reservoir productivity.  We 

also observed that fracturing fluid viscosity plays an important role in the hydraulic 

stimulation treatment and the associated production performance of the reservoir. 

Fluid viscosity controls fracture opening, fracture pressure, fracture growth, 

fracture conductivity and fluid leak-off. Low fracturing fluid viscosity increases the 

dilation of natural fractures and enhances fracture/rock conductivity. Consequently, 

given a rock permeability, excessive fluid leak-off prevents fracture propagation 

due to insufficient fluid volume accumulation inside the fracture. In contrast, 

excessive fracturing fluid viscosity generates a wider and shorter hydraulic 

fracture, whereas low fracturing viscosity fluid produces a tight and larger hydraulic 

fracture. The numerical results also show that the stimulated fracture network 

becomes more complex when the injection rate increases, enhancing fracture 

length, fracture opening and the contact area between fractures and reservoir. This 

behavior is related to the higher total fluid volume inside hydraulic fractures which 

increases fluid pressure.  

The simulation of reservoirs, including fractures of multiples scales with 

different orientations, spacing and apertures, shows that secondary fractures 

enhance the permeability of the fractured rock system and oil production rate.  The 

numerical results indicate that the initial fracture aperture has a stronger impact on 

production than the fracture spacing, as expected. Therefore, the consideration of 

the secondary fractures has a high impact on the estimation of fluid drainage and 

pore pressure dissipation.  

Finally, the proposed methodologies contribute to the progress in the 

understanding of the complex phenomena presented into the hydraulic fracturing 

in naturally fractured reservoir. The developed tools are useful in the evaluation of 

production performance of naturally fractured reservoirs, stimulation design, and 

finally, available in the commercial software. 
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7 
Conclusions 

This research work aims at studying the dominant factors that affect hydraulic 

fracturing and the production performance of naturally fractured and hydraulically 

stimulated reservoirs. The main contributions of this research work include the 

development of a robust 2D/3D numerical methodology using finite elements to 

simulate unrestricted fluid-driven fracture propagation in naturally fractured media. 

A mesh fragmentation scheme is implemented to simulate fracture propagation 

with arbitrary paths. The successful simulation of multiple conditions of fracture 

interaction (re-initiated fracture from the crack tip, crossing with an offset, 

branching, and propagation of multiple cracks) demonstrates the robustness of the 

proposed methodology. In general, the interaction between hydraulic fracture (HF) 

and natural fracture (NF) is more influenced by horizontal stress contrast, internal 

friction angle of the NF, and NF orientation. Fluid injection rate, fluid viscosity, rock 

permeability, and the distance from the borehole to the NF can also alter the HF - 

NF interaction.  

The second main contribution is the development of a new hydro-mechanical 

formulation for an enhanced dual porosity and dual permeability (EDPDP) model 

to represent a fractured porous formation more accurately. The proposed model 

generalizes the assessment of the equivalent compliance tensor of the fractured 

rock, stiffness and permeability tensors of the fracture system, and shape factor 

for a fractured porous media with multiple fracture sets. This new approach opens 

opportunities to model regions of high fracture density in a heavily fractured 

reservoir where the representation with DFMs can be computationally expensive 

and sometimes even practically unachievable. The results of the EDPDP 

considering well-connected fracture networks are in good agreement with those 

obtained with DFM. In this study, we can conclude that fracture orientation, 

aperture, spacing, and fracture density are critical parameters that affect the hydro-

mechanical behavior and the production performance of the naturally fractured 

reservoir.  
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 Finally, the research work proposes a new methodology that integrates a 

robust hydraulic fracturing model and reservoir simulation to enhance accurate and 

realistic evaluation of production performance. The proposed methodology 

incorporates the complex fracture network created by hydraulic fracturing into the 

reservoir simulation. Moreover, we combined the discrete fracture and enhanced 

dual porosity-dual permeability models to study the effects of fractures of multiple 

scales on the production stage. In this case, EDPDP discretizes well-connected 

fractured media with secondary fractures, while the DFM through interface 

elements represents the complex fracture network created by hydraulic fracturing.  

In general, this research study provides better insight for understanding the 

complex process of hydraulic fracturing and its impact on the fluid flow in naturally 

fractured formations. 

With the current state of the fracture propagation model, it is possible to 

simulate multi-staged fracturing into multilayered fractured rock formations. That is 

an important issue to control unfavorable fracture propagation, reducing the 

environment-associated risks and increasing oil recovery in unconventional 

reservoirs. Other studies, including chemical and temperature changes, could be 

developed. 

 The EDPDP model can be extended to multiphase fluid flow problems, 

production of geothermal reservoirs, fractured formations with multiple porosities 

and permeabilities, and reactive transport with fluid-solid interactions. Finally, 

integrating those methodologies can open the opportunity for different robust 

numerical simulations considering a more realistic production forecast. 
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Nomenclature 

𝝈 Stress tensor 

𝝈´ Effective stress tensor 

𝒈 Gravity vector 

𝒑 Pore pressure in the porous medium 

𝜌 Density of the materials 

𝛼 Biot coefficient 

𝐾 Volumetric deformation moduli of the porous medium 

𝑫𝒆 Elasticity matrix 

𝜺 Total strain vector 

∆휀𝑛
𝑝
 Normal plastic strain increment 

∆휀𝑠
𝑃 Tangential plastic strains increment 

𝜆 Plastic multiplier 

𝑃(𝝈) Plastic potential function 

�̇� Deformation velocity vector 

𝒒 Darcy’s velocity vector of the pore fluid 

𝑀 Biot’s modulus 

𝐾𝑤 Bulk modulus of the fluid 

𝐾𝑢 Undrained bulk modulus 

𝑛𝑚 Porosity of the porous medium 

𝒒 Specific fluid flow 

𝒌𝒎 Permeability of the porous medium 

𝐴 Cross-section area 

𝜇 Fluid viscosity 

𝒎 Vector form of the Kronecker delta 

𝜏𝑠 Shear stress at the first direction on the fracture surface  

𝜏𝑡 Shear stress at the second direction on the fracture surface  

𝜎′𝑛 Normal effective stress on the fracture surface 

𝛿𝑠,𝑡 Shear separations on the fracture surface 

𝛿𝑛 Normal separation on the fracture surface 
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𝛿𝑚𝑎𝑥 Maximum closure 

𝑎  Initial fracture aperture 

 𝑛  Initial normal stiffness 

 𝑛 Normal stiffness of the fracture 

 𝑡,𝑠 Shear stiffness in two orthogonal in plane directions of the fracture 

𝜎′𝑛
  Effective tensile strength 

𝜏𝑠,𝑡
  Shear strengths 

𝜎′̅𝑛 normal effective stress predicted by the elastic traction separation 

law for the current relative displacements 

𝜏�̅�,𝑡 Shear stresses predicted by the elastic traction separation law for 

the current relative displacements 

𝐷 Damage variable 

𝛿𝑚
𝑚𝑎𝑥 maximum value of the effective displacement attained during the 

loading history 

𝛿𝑚
𝟎  Effective displacements at damage initiation 

𝛿𝑚
𝑓

 Effective displacements at complete failure 

𝛿𝑚 Effective displacement 

𝜗 Non-dimensional material parameter 

𝐺𝑐 Fracture energy 

𝐺𝑛
𝑐 Mode-I critical fracture energy 

𝐺𝑠
𝑐 Mode-II critical fracture energy 

𝑇𝑒𝑓𝑓
  Effective traction at damage initiation 

𝜏𝑅 Resultant shear stress acting on the fracture surface 

𝜏𝑠𝑙𝑖𝑝 Critical shear stress 

𝑐 Material cohesion 

𝜙 Friction angle 

𝜓 Dilatancy angle 

𝜎𝑐𝑢𝑡
′  Tension cutoff 

𝑞𝑠 Tangential flow inside the fracture 

𝑣𝑡,𝑏 Fluid flow velocities leaking through the top and bottom fracture 

surfaces 

𝑝𝑓  Internal fluid pressure along the fracture 
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𝑝𝑡,𝑏 Pore pressures in the adjacent porous material on the top and 

bottom fracture surfaces 

𝑐𝑡,𝑏 Pressure-dependent leak-off coefficients 

𝑐𝑣  Fluid diffusivity coefficient 

𝐶𝑙 Carter's leak-off coefficient 

𝐸 Young's Modulus 

𝐺 Shear modulus 

𝜈 Poisson's coefficient 

𝑠 Fracture spacing 

𝜑 Dip angle 

𝜃 Strike angle 
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