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Abstract

Gomez Ardila, Luis Antonio; Tomei, Carlos (Advisor). Deep Mo-
rin Singularities of the McKean-Scovel Operator. Rio de
Janeiro, 2021. 54p. Tese de Doutorado — Departamento de Mate-
matica, Pontificia Universidade Catolica do Rio de Janeiro.

The McKean-Scovel operator is the simplest nonlinear Sturm-Liouville
operator acting on functions satisfying Dirichlet boundary conditions: its
nonlinearity is just taking the square of the incoming function. This text
contains a proof of a conjecture from the late "80: its critical set consists

only of Morin singularities, which attain arbitrary depth.

Keywords
Operator; Critical Points; Singularities; McKean-Scovel; Morin; Arbi-

trary Depth.
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Resumo

Gomez Ardila, Luis Antonio; Tomei, Carlos. Singularidades de
Morin Profundas do Operador McKean-Scovel. Rio de Ja-
neiro, 2021. 54p. Tese de Doutorado — Departamento de Matema-
tica, Pontificia Universidade Catolica do Rio de Janeiro.

O operador de McKean-Scovel agindo sobre fungoes que satisfazem con-
digoes de Dirichlet é o operador nao-linear de Sturm-Liouville mais simples:
a nao-linearidade ¢ elevar ao quadrado. Nesse texto, demonstra-se uma conje-
tura que de mais de trinta anos: seu conjunto critico s6 contém singularidades

de Morin, que podem ter profundidade arbitraria.

Palavras-chave
Operador; Pontos Criticos; Singularidades; McKean-Scovel; Morin;
Profundidade Arbitraria.
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Functions, just like living beings,
are characterized by their
singularities.

Paul Montel
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0

Basic Notation

N, Ny and R are the positive integers, non-negative integers and real

numbers, respectively.
||-||sup denotes the supremum norm (or uniform norm) on C(la,b)]).
Norm and inner product on L?([a, b]) are denoted by ||| and (-, ).

If V' is an inner product space, (-, -)y denotes its inner product and ||-||y

the induced norm.

A function w : [a,b] — R is Dirichlet if it satisfies Dirichlet boundary

conditions, w(a) = w(b) = 0.

The function u : [a,b] — R is absolutely continuous if and only if there
exists v € L'([a, b]) such that

uw(z) = u(a) + /:v(t) dt, x € [a,b].

The function v is denoted by u’.

AC([a,b]) ={u: [a,b] — R | u is absolutely continuous}.

H'([a,b]) = {u € AC([a,b]) | v' € L*([a,b])}.

Hi([a,b]) = {u € H([a,b]) | u(a) = u(b) = 0} is a Hilbert space with the
inner product (u, v)p := (u',v')r2. The norm ||+ induced by (u, v) g

is equivalent to ||-|[zn on H}([a,D]).
Hp ([a,b]) = H?([a, b]) N Hy([a, b]) = {u € Hy([a,b]) | ' € H'([a,b])}.

For real Banach spaces E1, Es,
B(Ey, Ey) ={T : E; — E5 | T is linear continuous}

with the usual operator norm, ||T| = supj,; [|T]-

For a differentiable map G : E; — E,, the derivative (Jacobian) of
G at the point u € Fj is denoted by DG(u) € B(E,, E,). For every
nonzero v € Fj, the directional derivative of G at u € FE; along v is
0,G(u) = DG(u) - v.
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Chapter 0. Basic Notation 11

For a real Hilbert space H and a differentiable functional ¢ : H — R, the
gradient grad p(u) € H is the only element of H such that Dy(u) - v =
(grad p(u), v) g for every v € H.

For a real valued map f, Z(f) denotes the zero set of f,
Z(f) =A{u € Dom(f) | f(u) = 0}.

For M a smooth manifold and p € M, T, M stands for the tangent space
of M at the point p.

The prime " stands for the derivative in the real variable x (i.e., "= %).

A function f is an o(z™)-function, f = o(z"), as  — 0 if and only if

f(=z)

xn

lim =0.
x—0

For C' functions f,g : [a,b] — R, the Wronskian of f and g is the
function [f, g : [a,0] — R defined by [f, g](z) = f(z)g'(z) — ['(z)g().
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1
Introduction

The Ambrosetti-Prodi theorem [1] has been the starting point of active
research for decades. After contributions by Manes-Micheletti [2] and Berger-
Podolak [3], it may be stated as follows. For Q@ C R", a bounded domain with

smooth boundary, consider the Dirichlet Laplacian
~A:X = H*(Q)NH}Q) =Y = L*(Q)

with eigenvalues
AL <A< A3 <

Given a smooth, strictly convex function f: R — R satisfying

o . ! . ! _
a—xEIElOOf(x) <A\ <$1_1>Ifoof(x)—b<)\2,
define

F: X =Y, ur— —Au+ f(u).

Theorem 1.0.1 The map F is a global fold. More explicitly, there are global

homeomorphisms defined on X andY which convert F to the map

G: ZxR—=7ZxR
(2,1) = (2,%),

for some real Banach space Z.

It is a wonderful fact that a nonlinear differential operator may admit
such a simple description of its global geometry, possibly the simplest if we
exclude homeomorphisms. The different arguments leading to the result em-
phasized the importance of local theory: the map is not a local homemomor-
phism at each point of its domain. But such critical points turned out to be
the simplest possible deviations from the inverse function theorem: within the
classification from singularity theory, they are folds.

The search for additional contexts led to further examples in which global

geometry may still be described in simple terms (Church-Timourian folds [4])
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and others in which different singularities were identified (Church-Timourian
cusps [4, 5, 14, 15]).

One interesting case was suggested by McKean and Scovel [6]. Set
X = H3([0,1]) and Y = L*([0,1]). The McKean-Scovel operator F : X — Y
is

F(u) = —u" + $u?

Let C denotes the critical set of F',
C={ue X |DF(u) € B(X,Y) is non-invertible}.

In opposition to the situation in the Ambrosetti-Prodi theorem, the nonlin-
earity f(z) = %x2 interacts with all eigenvalues of the linear term. The one-
dimensional context ensures that critical points (i.e., points in C) are poten-
tially simple: the dimension of the kernel of the derivative DF(u) : X — Y
is never larger than one. With an additional requirement of transversality
described in detail in Section 2.3, such critical points are called Morin singu-
larities ([17, 21]).

Morin singularities are classified by their depth: after local changes of
variable (see [9, 14] for the infinite-dimensional case), the function F' near a

singularity of depth k& takes the form

(2,81,...,86-1,t) € Z x RF s

(1.1)

(Z, 81y, Sk—1, thrl —+ Sltkil + Sgtk72 + 4 Skflt) €7 X RF.

In [7] McKean presented a proof that F has Morin singularities of
arbitrary depth. Unfortunately, Ruf identified an error [8], and the original

claim became a conjecture. In this thesis we vindicate it.

Theorem 1.0.2  A. Every critical point of F is a Morin singularity.
B. Any dense subspace D C X contains singularities of arbitrary depth.

Deeper singularities did not receive as much attention as folds and
cusps, the first two cases in the hierarchy of Morin singularities. Theoretical
aspects — specifically, the counterpart of the usual characterization for infinite
dimensional spaces — have been clarified in [9] and [14]. Conditions yielding
existence of arbitrarily deep singularities for operators F(u) = —u' + f(u)
acting on periodic functions were obtained in [14], solving a conjecture of
Cafagna-Donati [10].

The first step in the proof of Theorem 1.0.2 is identifying Morin singu-

larities of depth k in a concrete fashion. As we shall see in Sections 2.3 and 3.2,
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there are real smooth maps M; : X — R%, i =1,2,..., for which u € X is a
Morin singularity of depth k if and only if

(1) Mg(u) =0, Myyi(u) # 0,

(ii) Zero is a regular value of My, i.e., DM, (u) : X — R* is surjective.

In Section 2.3.2 we prove that for each critical point u there is 7 € N
such that M;(u) # 0. Thus every singularity of F' is indeed of Morin type.

In Chapter 4, we show that every M, has a root in X. The maps M}
admit real smooth extensions Mj, : H*([0,1]) — R* (Section 4.1). We are then
led to consider solutions defined by finite sums of deltas >; ¢;d,;, z; € (0,1).
In Proposition 2.3.4 we present juxtaposition: from two functions in adjacent
intervals which are zeros of the M s, we juxtapose domains and rescale the
resulting interval back to [0, 1] so as to obtain not only another zero of Mk,
but a curve of zeros by inserting a § of arbitrary weight at the juncture of both
domains. Iteration of this process leads to zeros of My with additional degrees
of freedom. The difficulty now lies in identifying appropriate weights to such
degrees of freedom to obtain a root of M, k+1- Odd values k are easier to handle
(Proposition 4.2.3). When £ is even, there are specific locations x5 € (0, 1) - the
points of adjustment of Section 4.4 - for which the insertion of a weighted 9,
suffices to obtain a root u, of M2k+1. A transversality argument then implies
that u, may be perturbed so as to obtain a root of My, on arbitrary dense
subspaces of X, and those are indeed Morin singularities of depth larger than k
of F'. A substantial amount of symbolic computation led us to the construction
of deep singularities. Some examples are shown in Section 4.3.

Propositions 2.3.5 and 3.1.1 are of a strong algebraic nature. Extending

the result for additional nonlinearities would require a different approach.
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2
Morin Singularities

For X = H%([0,1]) and Y = L?([0, 1]), the McKean-Scovel operator is
F:X =Y, F(u)=-u"+ i’

Morin singularities of the McKean-Scovel operator are described in terms

of eigenvalues and eigenvectors of its Jacobians DF(u).

In Section 2.1 we encapsulate some standard spectral properties of DF (u)
(see [6, 20, 22, 23]). In Section 2.2, we introduce the critical set C of F'. Deeper

singularities are defined in Section 2.3.

2.1
Spectral Properties of DF

Let M, : X — Y be the operator of multiplication by w.

Proposition 2.1.1 The map F : X — Y s proper, (real) analytic and its

derivative at each u € X is the bounded operator

DF(u): X =Y, DF(u)=—2% +M,.

DF(u) : X CY — Y is a self-adjoint operator and its spectrum o(DF(u))

consists of simple eigenvalues converging to infinity,
A(u) < Xo(u) <+ < Ap(u) < - — Fo0.

Let ¢, (u) be the eigenfunction associated with M\,(u), normalized so as
()| =1 (in the L*-norm) and ¢, (u)'(0) > 0. It has n — 1 simple zeros in
the open interval (0,1). The operator DF(u) : X — Y is Fredholm of index
zero, with dimker(DF (u) — A,(u)) = 1. The eigenmaps u € X — X\, (u) € R
and u € X — ¢,(u) € X are smooth and, for each u,v € X, v # 0,

() = (n(w)?,v), (2.1)

(DE(u) = An(u)) - Oudn(u) = —vén(u) + [0uAn(w)]dn(w). (2.2)

On lines of X, the eigenvalue maps restrict to real analytic maps.
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2.2
The Critical Set C

Let C denote the critical set of F,

C={ue X |DF(u) € B(X,Y) is non-invertible}
={u € X | dimker DF(u) = 1}
={ue X |FpeX\{0}, —¢"+up =0}

Define the zero set C,, = {u € X | A,(u) = 0} of the eigenmap A,. The

following result is a small variation of a theorem in [6].

Proposition 2.2.1 Fach C, is a smooth submanifold of X of codimension
one. The sets are disjoint and isolated from each other. The critical set

C = Unen Cn also is a smooth submanifold of X of codimension one.

Proof. The set C, is nonempty and connected — as is shown in Theorem C
[13], it is a graph over the orthogonal complement of sin(wx). For u € C,,
from Proposition 2.1.1, the eigenfunction ¢,(u) has n + 1 (simple) zeros in
[0, 1]: the sets C,, are disjoint. As ¢,(u) # 0, from equation (2.1) we have that
D\, (u) is nonzero and therefore, by the Implicit Function Theorem, C, is a
smooth submanifold of X of codimension one. In particular, close to u € C,,
one cannot have \,,(u) = 0 for m # n: the sets are isolated, so that C is also

a manifold. ]

2.3
Morin Singularities of I

We recall the definition of a Morin singularity of depth k. The geometric
definition yields a set of equations characterizing such singularities for the map

F.

2.3.1
The Thom-Boardman Stratification of the Critical Set

Given a smooth map F': X — Y, we stratify its critical set according
to the Thom-Boardman symbols [21]. Here, X and Y are real Banach spaces,
and we suppose that Jacobians DF(u) : X — Y are Fredholm operators of
index zero. Define the Thom set 7 for a multi-index J with entries in N;. For
1 € Ny,

Y =Y"F)={u€ X | dimker DF(u) = i}.
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For i1,y € Ny with i1 > 9, if X is a manifold, set
SR = 52 (Flygi).

Inductively, suppose J = (i1, ...,1x) is a non-increasing sequence in Ny and

%7 is a manifold. Then, for i, € Ny with i, > 75,1,
Eil ~~~~~ Ui+l — Zil ~~~~~ ki1 (F) — Zik+1 (F er) )
Clearly, if X% is a manifold and i;, > i, then
Eil ~~~~~ U Zil ~~~~~ ikﬂ‘k+1.

We are interested in very special multi-indices: for the McKean-Scovel
operator F'; we have dimker DF(u) < 1. Since ! = C is a manifold, X!
makes sense.

Set [k] = (1,...,1) € R¥. For k > 1, if ©¥! is a manifold, the set of Morin
singularities of depth k is

S, = Sl \ slk+1]

The set of all Morin singularities is & = Upen Sk Clearly S C C.

In the notation above, Theorem 1.0.2 becomes

Theorem 2.3.1 (A) Ewery critical point of F' is a Morin singularity, C = S.
(B) There are singularities of arbitrary depth: Sy, # 0 for every k € N.

2.3.2
Morin Singularities as Level Sets
Define % = X. The Thom-Boardman stratification may be described as

the zero-levels of a set of functionals: ¥I¥/ = Z(I},), the zero set of appropriate

I : S S R

To verify if u, € X is a Morin singularity of the map F', we first check
if u, is critical, i.e, if u, is a zero of the eigenvalue map u — A\, (u) for some
n €N. Set A=\, and ¢ = ¢,. If Yl = C is a manifold (which is the case for
the map F), we proceed to verify if u, € £ i.e., if ¢(u,) lies in T,.C, i.e., if
u, is a zero of the map u +— Oy A(u). Iteration of this argument suggests the
definitions

LY SR we— I(u) = Mu),

and, for k > 1, if ¥[¥ is a manifold,
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Lo : S S R wes T (1) = Opu L (1) = Ol Au).

The above definition makes sense: u € X¥ implies that ¢(u) belongs to

T,,>% 11 and so directional derivatives of the restrictions I; are well defined.

Proposition 2.3.2 For k > 0, if S* is a manifold then

S = 2 (1) = {u € X | 9y Mu) = -+ = 0y Mu) = 0}

Proof. The statement is true for k = 0 since X! = {u € X | A(u) =0} = Z(I)).

Assume it is true for some k& > 0 and suppose X[ is a manifold. Then

ol {u e XM | g(u) € Tuz[k]} = {“ e XM | ¢(u) € TuZ(Ik)}
_ {u c ¥ ‘ DIk(u) . gb(u) = 0} = {u c n¥ ] 6¢(U)Ik(u) = O}
= {u e X | Ly(u) = O} = Z(L+1).

|
At some point, we must prove that the sets ¥ are indeed (nested)
manifolds. A simple modification of the above construction gives a geometric
perspective. Since the maps I; = A : X — R and ¢ : X — X are smooth,
globally defined, the functionals I; : ¥¥~1 — R admit an obvious extension
I, : X 5 R,
Li=1, Tua(u) =050 A\w) = 05w Ii(v).
Set
M X 5 R wes (L(w),.. Ii(w)

and Z(M,) = M, *(0). If zero is a regular value of My, then Z(M,) is a
submanifold of X of codimension k, and then clearly Z(M;,) = X¥. We already
know that Z(M;) = C,. Clearly

Z(My) D Z2(My) D Z2(M3) D ---.
Theorem 1.0.2 in this notation corresponds to the following statements.

Theorem 2.3.3 For each v € X :

i) Zero is a regular value of My.

it) u € S if and only if Mg(u) =0 and My (u) # 0.
iii) If u € C, there exists j € N such that M;(u) # 0.
w) For each k € N, Z(My) # 0.
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From (i), the sets Z(Mj) are manifolds of codimension k and Z (M) =

YI¥. Ttem (i) characterizes Morin singularities of depth k in terms of M}, and

Mj.41. Ttems (iii) and (iv) are respectively parts (A) and (B) of Theorem 1.0.2.

To obtain a more concrete description of the maps My, take successive

directional derivatives along ¢(u) of the eigenvalue equation

DF(u) - ¢(u) = =¢(u)" + u ¢(u) = A(u)¢(u).

To simplify notation define the maps z; : X — X,

a(u) = o(u),  zr(u) = 0y 21(1) = Dppuyzu(u),

together with the functions r, : X — X,

r1=0, rep(u) = 21(w)2e(w) + Opare(w).

The functions z;(u) are Dirichlet.

Proposition 2.3.4 For each u € X, and all j € N,

—25(u)” + u 2(u) +205H14x>

where

rit1(u) = zi; @) Zi(u)ze1-i(w).

If u € Z(My,) then
—zj(w)" +u z;(u) =—ri(u), j=1,... .k
21 (W) +u zpa(w) = —rppa(u) + T (u) @(u).

Moreover,

L (w) = (rrs+1(u), ¢(u)).

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

Proof. The formula for r, is clear for p = 2. We drop the obvious dependence

on u and verify the formula for 7,1 from r:

i=1

p—1
Tpr1 = 21%p T a¢7‘p = 21%p + 8¢ (Z (p;l) zizp_Z)

p—1

=z212p t Z ( )ZH-IZP it Z (p 1>Zzzp+1—z
=212p + zp: (Z 1)zzzp+1 i+ Z ( )zzzpﬂ i
=2

=1

1
_%%+§1() ()] st 2
p—1 D

= 212p + Z ( )zzzpﬂ i+ P2z = Z (%Z)ZZ‘ZP_A'_l_Z‘.

=1
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The differential equation is obtained by taking successive derivatives of
the eigenvalue equation (2.3) at u along ¢(u).

For u € Z(M), the system (2.6) is obtained from (2.4) making I, (u) =
.-+ = I(u) = 0. We now consider the expression for I 1(u). Recall that
DF(u) : X C Y — Y is a self-adjoint, Fredholm operator of index 0 and
ker DF'(u) is spanned by z;(u) = ¢(u). Solvability of

DF(u) - 21 (u) = =rppa(w) + Tega (u) ¢(u)

is equivalent to <—rk+1(u) + Ti1 (u) o(u), ¢(u)> = 0. As ||¢(u)]| = 1, equation
(2.7) holds. [

A brief summary of the constructions in this section is convenient. We
take iterated directional derivatives along of the L?-normalized eigenfunction
¢(u) of two functions, the eigenvalue map A : X — R and the eigenfunction
map ¢ : X — X, defining the maps 1:] and z;. From zq,...,z;, we obtained
rj+1 and there are differential equations relating fj, zj and r;: the Dirichlet
functions z; solve a system of equations. Uniqueness of solution definitely does
not hold at a critical point u, as the equation for j = 1 is solved by multiples
of the eigenfunction z;(u) = ¢(u).

In the next section, we parameterize the set of solutions to this system in
terms of an initial value problem for the same equations, leading to Proposition
2.3.8, a characterization of functions u € Z(My) in terms of the existence of

Dirichlet solutions for the system.

2.3.3
A Characterization of Functions in Z(M})

Proposition 2.3.4 leads us to consider a system of differential equations,
which we now study as an initial value problem. More precisely, we relate

vector solutions w and @ of the (nonlinear) IVP

{ —yf+uy;= =g, j=L...k+1, 239
@ =0, gu=2l, (;)yiyj—&-l—i; J=1...,k,
y;(0)=0, j=1,...,k+1,
with additional conditions on the derivative,
y'(0)=e;, 7(0)=acR" a #0. (2.9)
Here ey, ..., e, are the canonical vectors of R¥1. We write the system in

matrix form. The expressions for ¢; are quadratic forms on y, ¢; = ¢;(y) =

(Qjy,y): Q1 = 0 and, for j > 2, the nonzero entries of the symmetric matrix
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Q); are

(@)ss—s =3 |(31) + (121)]- (2.10)
The range of Q; is span{es,...,e;j_1}. Write (v;); for v = (v1,...,Vk41), SO

that ¢ = q(y) = ((Q;v,y));. In matrix notation, system (2.8) is

—y" +uy = —((Q;9.v)) a(y), y(0)=0.

i
Proposition 2.3.5 Let w and w be the two solutions of the IVP (2.8). Then
there is a constant lower triangular matriz M for which

= Muw, q(i) = Mg(w),

where
(a) forj=1,....k+1,m;; =a] , (b) Me, =a.
(c) forj>2ands€{2,...,j}, and any t € {1,...,s — 1},

1 j*S“rt

_ Jj—1
Mjs = 7.7 Z ( i )mz‘,t Myj_is—t -

The proof requires preparation. The lemma below is strictly algebraic.

Lemma 2.3.6 Write ¢ = q(w) = ((ij,w>) for Q; as above. Then there is
J
a lower triangular (k + 1) x (k + 1) matriz M for which, for all w € R*!,

Mq(w) = g(Mw).

The matriz M is uniquely determined by its first column, provided mi; # 0.

Moreover, m;; = al # 0 and thus M is invertible.

We say M is an IVP matriz. Let m; = Me; be the i-th column of M.

Proof. For the bilinear extension b(y, z) = ((ij, Z>)] of the quadratic form g,
Mb(y, z) = b(My, Mz), y,z¢c R
and, for arbitrary canonical vectors y = e, and z = e,, we must then obtain
Mb(es,e,) = b(mg,m,), r,s=1,...,k+ 1.

For » = 1 and arbitrary s, the expressions become
1

Miss = m b(mg, my). (2.11)
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Thus my is obtained from (the given first column) m;, and mg from mo,
successively up to mgy1. These formulae define M as a triangular matrix.
Indeed, for some number ¢, my,s = ¢ b(my,ms) = ¢ b(ms, my). For j = 1,
we have ; = 0 and (m2); = 0. Now induce and use that only the first j — 1
coordinates of ();my are possibly nonzero. From equation (2.11), induction also
yields m;; = af.

The rest of the proof consists of showing that the other restrictions,
obtained by setting r # 1 and arbitrary s, are automatically satisfied. We

must prove

1
Myprs = — b(mg,m,) , r+s<k+1. (2.12)
(Qr+s)r,s

The restrictions follow from those we have chosen to define M if we prove that,
forr=1,....k, s=2,....k+1,

1 1

— b me,Ms) = 7 ~—~
( ) (Qr+s)r+l,s—l

(Qr-&-S)T,s

b(mr+17 ms—l)

so that such expressions with constant sum r+ s are all equal to the case r =1,

for arbitrary s. Using equation (2.11) twice, we are left with proving

(QT:S)M (@s)s—1,1 b(my, b(ms_1,m1)) = (QMS)TH;1 @ri1)in b(mis—1,b(m;, m1)).

We check the equality of each coordinate. Again by bilinearity, it suffices to
prove the result by replacing the vectors m, and m,_; for canonical vectors eg
and eg_1, for indices corresponding to the nontrivial entries of m, and m,_4

(recall the ranges of i and j in the induction hypothesis),
k+1>R>r, S—-1>2s—-12>1.

We must prove

1
(Qr+s)r,s (Qj)s—l,l

1
N (Qr+s)r+1,571 (Qr+1)i,1 <Qj65_1’ (<Q£€R’ml>>é>'

The argument splits in four cases: R < k+ 1 or not, S < k + 2 or not.

<Qj€Ra (<Q£65—1,m1>)€>

) R>k+1,S>k+2
Only the first & first columns of ); are nonzero. Thus Q;er = Qjes—1 = 0.

(I) R>k+1,1<S<k+2
Again, the left hand side is zero. We consider the right hand side. We
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have Qjes—1 = ¢ €x+1-s+1, for ¢ # 0. But then, up to a nonzero constant, the

rhs is (Qrr1-sy1€r,m1), and Qxi1_sr1€eg iszeroif R >k+1— S+ 1.

() R<k+1,8>Fk+2

This case is similar to the previous one.

(IV) R<k+1,1<S<k+2
Here, we have to take into account the constants. We use extensively the
fact that Qmme; = (Qm)m—ii€m—i. Simplifying the left hand side,

<Qj€R, (<Q€"3571; m1))£> = (Qj)kJrlfR,R <Qk+1736571,m1>

= (Qj)k+1-r.R (Qk+1-R)k+2-R-5,5-1 (M1)k+2-R-5 -

Similarly, in the right hand side,

<Qj65—17 <<QZ€R; m1>)£> = (Qj)k—i—Z—S,S—l (Qk+2—s)k+2—R—S,R(m1)k+2—R—S-

Getting rid of the term (m)rio_r_g, we are left with verifying an expression
in the entries of matrices (),,,. From the formulas for their entries, we are arrive

at the proof of a combinatorial identity: the product

(ertzr) + ()] [Geszis) + GEOTLCRE) + (2 LG) + ()

should equal

[(esaos) (SR + ()02 + ()] LGE) + ()

Start by changing variables S = S — 1 (and then rename S = S), obtaining
an expression which is symmetric in R, S = 1,...,k. Now use the fact that
each pair of binomials is of the form below, which is easily simplified: for

m+1=a+Db,
(2)+ () = et [ +3)-

After simplifying factorials, one is left with a cumbersome expression with

simple fractions, whose equality is easily verified. [ ]
We prove Proposition 2.3.5: IVP matrices exist.

Proof. Take w and w as above, so that
—u 4+ uw = —q(w), w(0) =0, w(0)=er,

—@" +ud = —q(@), @0)=0, @(0)=a.
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Let M be the IVP matrix with m; = a. To get w = Mw, first multiply
the differential equation for w by M,

M(—w" + uw) = —Mq(w).

Since Mq(w) = ¢(Mw), —(Mw)" + uMw = —q(Mw). As (Mw)'(0) =
Muw'(0) = Mey; = my = a then, by uniqueness of solutions of IVP’s, w = Mw.

[
Lemma 2.3.7 Let wy,..., w1, and wy, ..., W be solutions of the IVP

(2.8). Then, for j = 1,...,t + 1, wy,...,w; are Dirichlet functions if and

only if the wy(u),...,w;(u) also are.

Proof. The IVP matrix relating both sets of solutions is lower triangular.

[
We characterize u € Z(My,) in terms of differential equations.

Proposition 2.3.8 For k > 1, u € Z(My) if and only if the system

—wj +uw;=—h;, j=1,... Kk,

hi=0, h;= ]f (Twiwsi, j=2... 0k, (2.13)

i=1

has Dirichlet solutions w;, j =1,...,k, with w; # 0.
Proof. Suppose u € Z(Mj). From Proposition 2.3.4, we obtain the system

—zj(w)" +u zj(u) = —r;(u), j=1,...,k, (2.14)

showing that system (2.13) has the required solutions. For the converse, take
Dirichlet solutions wy(u), ..., wx(u) of system (2.13) with w;(u) # 0. We have
to show that u € Z(My). Clearly u € Z(M,).

Let k£ > 2 and u € Z(M,) for some ¢ = 1,...,k — 1. Then, as above,

—zi(w)" + u z(u) = —ry(u), for ¢ = 1,...,¢. Consider the slightly altered
system

—zi(u)" +u z(u) =—r;i(u), 1=1,...,¢,

—Zepa (W)’ +u Zea(u) = —rep(u), 2(u)(0) =0, Z(u)(0) = 0.
From Lemma 2.3.7, as wy(u),...,wer1(u) are Dirichlet functions, a solution

Zor1(u) of the above system (having the same potential u as system (2.13)) is
also a Dirichlet function, and therefore Ipy;(u) = (o1 (u), 21(u)) = 0. Thus
u € Z(Myyq1) and u € Z(Mjy) follows by induction. [

The next result will simplify computations considerably later.
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Proposition 2.3.9 (i) Given Dirichlet solutions ws, ..., wg, wky1 of system
(2.8) with wy # 0, there exist Dirichlet solutions Wy, . .., Wy, W41, for arbitrary
initial conditions w'(1) = a, for a; # 0.

(it) Let w be a vector solution of the IVP (2.8) satisfying w'(0) = e1. Then
there is w satisfying (2.8) such that, at a fized point xq for which wi(xy) # 0,

W' (xg) = e;.

Proof. The first item is immediate. We consider (ii). From Proposition 2.3.5,
any solution @ of (2.8) with @w(0) = 0 and @'(0) = a, a; # 0, is of the form
w = Mw where M is a constant invertible lower triangular matrix M, which
is determined by its first column m; = a. We search for an IVP matrix M,
for which e; = Myw'(x), i.e., such that the first column of its inverse matrix
Myt is w'(zg). We show that there is a unique such matrix.

From equation (2.12) which specifies column m; in terms of m;_;, one
obtains entry 7+1 of m; from the first ¢ entries of m;_;. The diagonal entries of
My and of My ' are computed from the first entry of w’(z). These facts suffice
to compute both M, and M, ' simultaneously. Indeed, assume by induction
that the top j x j blocks of My and M, ' are computed. Then the last row
of the (7 + 1) x (j + 1) block of My is known from (2.12), with the exception
of the entry (j 4+ 1,1), which is obtained from equating entry (j + 1,1) of the
equality MyMy ! = I. Inverting, one obtains the (5 +1) x (j+ 1) block of M.

Finally set w = Myw: @ solves the IVP (2.8) and @'(x¢) = Mow'(zo) =
MoMy ley = e. [ |
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3
Every Singularity of F' is of Morin type

In this chapter we prove the first item of Theorem 2.3.3: zero is a regular
value of M. To obtain DM, at its zeros, we compute in Section 3.1 the
directional derivatives of the functionals fj, the components of Mj. Linear

independence of the gradients is shown in Section 3.2.

3.1
Computing grad I;(u) on Z(M,) for j < k

Proposition 3.1.1 Foru € Z(My), there are ay g, . .., axr € R, with ay, = 1,

such that, for every nonzerov € X,

>~ aus Di(w) = (ra (), v). (3.1)

There are by, ..., by € R, with by, = 1, such that for every nonzero v € X,

&,fk(u) = Zblk (rivi(u),v). (3.2)

The proof is not by induction. We present the cases k = 1 and k = 2

separately, in order to present arguments employed along the computations.

Proof. Taking the derivative of (2.4) at u € Z(Mj,) along v,

DF(u) - 0yzi(u)

= —vzp(u) — Oprg(u)

+ Z;) (’fl) {&EH(U)%—Z‘(U) + E+1(U)avzk_i(u)]

= —vzp(u) — Oyrp(u) + z_: (k;1> {&,Tiﬂ(u)} 2h—i(u).

=0

Taking the L%inner product with ¢(u),

5 (47) [l ] st 600

= (v, 21(w)zk(w)) + (Dori(u), 21(w)).

(3.3)
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For k = 1 the above equation is 9,11 (u) = (ry(u),v): the equation (3.1) then
holds with a;; = 1. For k > 2,

&muoz_;(Zﬂ[wamwmxu»+awnmaﬁxmn
k-1 k—1
= X (V)i + X () w0 a-i(w)
_ 2 () D)) 20 i () + 2:; () D)) 20 ()
=3 (o))
so that -
@), 21(w)) = 37 (5) (@uzi(u), 21(w) 25 (w)
and now equation (3.3) becomes
k—1 B
> (1) [T ()] i (), 6 (w))
=0 - (3.4)
= (v, a1(w)ze(u)) + 3 () (0uzi(u), 21 (u) 21i(w)).

Moreover, for k = 2,

(0,11 (w)] (22(w), 21(w)) + [0, T (w)] (6(w), $(u)
= (v, 21(u)20(u)) + 2 (Dp21 (1), 21 (u) 21 (u))
= (v, 21(u)2a(w)) + 2 (Dy(u), 72(u))
= (v, 21 (u)z2(u)) + 2 (Dp (), —DF (u) - 25(u))
= (v, 21(u)2a(w)) + 2 (~DF (u) - y(u), 25(u))
= (v, 21(u)22(w)) + 2 (v (u) — D, 11 (u)B(u), 22(u))
= (v, 21(u)2a(w)) + 2 (v21(w), 22(w)  (as (B(u), 20(u)) = 0)
= (v,321 ()2 (u))
= (v, 73(u))

Thus (3.1) holds with a2 = (z9(u), 21(u)) and asp = (Pp(u), p(u)) = 1.

Let k£ > 3. We drop the dependence on u. We first decrease the largest

index k of the expected answer:
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k k
<U>Tk+1> = <U, Z (’;)Zizk+1—i> = Z (f) <UZi, Zk+1—i>
i—1 i=1
k—1
= k(vzi, z) + (g, 21) + Z (lf) (24, Zh1-i)
i=2

+> (l:) <—DF < Opzi — Oy + S (131) [avfj—i-l} Zi—j, Zk+1—i>
2 =0

k—1

= (k+ 1){v, z12) + Z: (l:) (=DF - 8,2, Zup1—i)
B i (I;) (DuTis 2h41-3) + i (lf) Zi (’}1) {&jjﬂ} (Zimjs Zb41-4)-

i=2 i=2 §=0

Rearranging terms,

(w.ren) =3 (0 ) (”[ ] s o)

k—1

= (k+1){v,z12) + ( )( DF - 0yzi, Zp11-i)

=
- kZ (5) (@i 2151-4)
= (k +1)(v, 21.2,) + ;2 (")(2, —DF - 2413)
-3 (@)
= (k+1){v, 2124) + 21 ()02, Phsr—i)
- kE;l (5) (00, 2111-4)
= (k+ 1)(v, zlzk>+kz_§( JRGETS vl () PRy
-5 ) (2 (nn )
= (k+ 1)(v, 2122) +:1j;( ) (5) oz, 2120102)
_ zz ()() @zt 7t

Now use Sh ) Y71 = Zf Y Z, 141 and ( )(z) = (’;) (Z:i)
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i) = £ () 3 (5 ol ey 1)

+k_1 z<>( >8zz,Zle+1Zl>
1=2 =1
k—2 k-1
()( )(&zl,zl 12k+1-i)
=1 i=Il+1

k—1k—i
+ ()( ) (Ovzis 212k 1-i-1)
- Z (k) (k l)<a Ziy Rl—iRk+1— l>
i=1 I=i+1

= (k4 1)(v, z12x)

+ k<avzk717 2121>
k—2k—1

+ ()( ) OvZiy Z1%k41—i—1)

-2 > () (20 (0u2is 215241 0)

= (k+ 1){v, z121)

+ k<avzk—17zlzl>
k—2k—1

—l—Zle;()( )8zz,zlzk+1”>
_k‘Z( )821,2'5 12k+1— l>
X% (W) O

= (k+ 1)(v, z121)

+ k(Ovzk-1,2121) — k <av217 kil (1’2:}) 21 2k+1-1
=2
F3 () (00 55 () k1)
=2
k—2

-, <)<a 217219 i— l(k o l>ZlZ/€+1 - z>

@
||
N

;

29
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As (kl:il) = (kl_)
k—1 i—1

(v, T11) — Z (?) Z (lzl) {avfjﬂ] (Ziejs Zh41-i)

1=2 7=0

(v zlzk> + k(Oyzk—1,2121)

—k <8v21, k l Zl 12k+1— z> + Z ( ) (0pzi, 121 (kl_i)zlzk+17l7i>
2

=2

k—
- ()@ Zis k Z 1(kl )lek-l-l—l—i)
i—2
k-1
= (k+1)(v, z12) + k(Op2k—1,2121) — k <au217 > (’Zj) Zl—lzk+1—l>
=2
k-2
+ Z (f) (Ovzi, 21—iz1)
i—2
k-1 k—1
= (k? + 1)(% Z1Zk> + ( )<3 Ziy Rl— zzl> <au21, Z (k’ill_l)Zle—z>
i=2 =1
k-1 k—1
= (k+1)(v,z12) + Z ( )(8 Ziy Zh—iZ1) — <av21, Z (kzl)zlzk_l>
i—2 =1
k-1
= (k + 1)<U, lek> + ( )<a Riy R1Rk— z>
i—2
k-1
k <av21, —21 21 + (kll)zlzk—l>
=1
k-1
= (k+ 1w, z12) + > () 0wz, z1200)
=2
k-1
+ k(0y21, 2125-1) k<3vzl,z 22 z>
=1
k 1 k-1
=(k+1)(v,z12x) + ’f) (Ovzi, 21 25—i) — k <au21, > (k;l)zlzk—l>
i=1 =1

k‘
—

= (k+ 1)(v, z121) —|— (Ovziy 2125—i) — k (Oyz1, Tk)

.
,_.

R‘
>_.

= (k+ 1){v, z121) + (0vziy 212K —i k{(0yp, —DF - z + I}, ¢)

:(k:—O—l)Uzlzk—i- ST (5)¢

= (k4 1)(v, z12x) + (Opziy 2125—i) — k (=DF - Oyz1, k)

>
> (0
> (0
>
(
(

)¢
)¢
)z, 2125-i) — K (Du21, —DF - )
)
)¢

= (k+1)(v,z12) + Z ’f Ovziy 212k—i) — k (vz1, 21)
=1
k—1

= (v, z12) + Z (?) (Ovzi, 212k-1)-

=1
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By (3.4),

k

|
—

(kzl) {&;EH} (Zh—i; D)

k—1i—1

(U, 1) = D) ( )(il) {&;EH] (Ziejs Zhy1—i)-

=2 7=0

<.
I
o

So, equation (3.1) holds and ay = 1.
To prove the last statement, consider matrices A = (a; ;) and B = (b, ;).
Clearly B = A™!. Since A is triangular with diagonal entries equal to 1, the

same is true of B. [ ]

The directional derivatives computed above employ the L2-inner product.
Equivalent formulae for the inner product of the ambient space X are obtained

by pulling back the inner product in Y with the isomorphism —% X =Y.

3.2
Zero is a Regular Value of M,

There is a well known formula for the solutions of the IVP (2.8) when
w'(0) = ey in terms of the right hand sides and (independent) solutions ¢ and

1 of the homogenous equation

—¢"+up=0, ¢(0)=0,
=0, (0)=1

Clearly wy; = . For j > 2,

wite) = ([ hgw) o) = ([ he) va), (3.5)

In Proposition 3.2.2 we prove the linear independence of the set
{ha, ..., hgs1}, by considering the local behavior of the functions near z = 0.
Let € > 0 be small enough such that [0,e] N1 (0) = {0}. As ¢/(0) =1 then
@(x) > 0 on (0,¢]. The expressions

— +/ (/ dt) ds, b(z)=1+ /Om (/Osu(t)w(t)dt) ds

o) =x+o0(z*) and Y(z)=1+o(z) as x — 0. (3.6)
Lemma 3.2.1 Let w; and h; be solutions and right hand sides of system (2.8)

with initial conditions w'(0) = e;. Then there are strictly positive numbers

yield

at, ..., ap and By, ..., Prr1 such that, as x — 0, forj=1,...,k,

w;(x) = a;x¥ 2 +o(x¥ ) and  hj(z) = BT +o(x¥).  (3.7)
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Proof. For k =1, from (3.6), as x — 0,
wi(z) = p(z) =z +0(z?), ha(z) = [wi(2)]* = 2* + o(2”).

So (3.7) holds for k =1 with oy = By = 1.

Suppose the result for p > 1: we show it for p 4+ 1. From the induction
hypothesis, there are nonzero numbers a,...,q, and B, ..., Bp+1 such that
(3.7) holds for j =1,...,p. Asx — 0,

{hp+1($)¢(x) = 5p+1$3p_1 + o(z*P),
hp1(2)p(2) = Bpaa™ + o(z™ ).
Thus

Wpy1(z ( / hpmb) ( / hp+1s0>

= [ o) [+ 0la)] = [0 + ol Wﬂ 1+ ofa)

- 1 1 ) .3p+l 3p+2\ _ 3(p+1)—2 3(p+1)-1
= By <3p 3p+1) P 4 o(xPT) = apx + o(x )

and

p+1

hpra(z) =) (pﬂ)wz(x)wpw—z‘(f)

i=1

R |

p+

=y (pﬁl) [ai Qg BTV 4 ($3(p+1)>}

=1

= Bpyp 2P 4o (x?’(P“)) 7

1 1 +1 (pt1
where ap11 = By (@ — ﬁ) > 0 and By = 05 (p+ )az apia—i > 0.

Thus (3.7) also holds for k =p + 1. |

Proposition 3.2.2 For each k € N, zero is a reqular value of M, : X — R,
Hence the sets Z(M;) are nested manifolds and S¥ = Z(M,,). For allu € X,
u € S if and only if Mx(u) =0 and Myyq(u) # 0.

Proof. From Proposition 3.1.1, the set {grad I (u), ..., grad I;(u)} is linearly
independent if and only if the right hand sides {ro(u), ..., 7511 (u)} of system
(2.14) are. Since IVP matrices are invertible, this in turn is equivalent to
the independence of the right hand sides {hs(u), ..., hgpy1(u)} associated with

solutions w; satisfying
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We prove the linear independence of {hg(u), ..., hg1(uw)}. The case k =1 is
clear as hy(u) = [wy(u))?> # 0. For k > 2, let ¢o,¢3,. .., crr1 € R be such that

coho + cshs + - -+ + cpy1hi = 0.
By (3.7), as x — 0,
Co [/823:2 + 0(553)] + c3 [ﬂ3$5 + 0(336)} + -+ Ck+1 [6k+1$3k_1 + 0($3k)] = O,

where 3, B3, . . ., Bus1 are positive numbers. Clearly ¢, = 0 otherwise 22 is an

o(x?)-function, a contradiction. Similarly, c3 = -+ - = ¢34 = 0.

From Proposition 2.3.2, ¥¥ = Z(M)). The last statement is casy. W

At this point we completed the proof of the first two items of Theorem

2.3.3. We next prove item (iii). In Proposition 4.4.2 we prove (iv).

3.3
Every critical point belongs to some Z(M;) \ Z(My1)

We prove item (iii) of Theorem 2.3.3.
Proposition 3.3.1 For each u € X there is j € N such that M;(u) # 0.

Proof. Suppose by contradiction that there is uy € X such that My(ug) = 0
for all k£ € N. Hence, for every k € Ny,

6(;20).71(110) = jk+1(U0) = 0

From Proposition 2.1.1, I : X — R is a real analytic map when restricted to
the line {ug + tp(ug) | t € R}, and thus the function

t e R~ I(uo + to(ug)) € R

is identically zero: the line uy + Re(ug) is contained in C. For the curve of
eigenfuctions ¢t € R — w(t) = ¢(ug + top(ug)) € X, for t € R,

—w(t)" + [ug + to(ug)]w(t) = 0.

Setting wl)(t) = %w(t) for j € Ny, for every k € N,
—w™ ()" + uo + t(uo)lw™ () = —kep(uo)w™ 1 (2). (3-8)
Define w; = w(0) = é(up) and wy; = w®(0). Evaluating (3.8) in t = 0,

—W;ZH + up Wry1 = —ko(ug)wy. (3.9)
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As ¢(ug + td(ug)) = 21 (up + to(up)), we have w® (0) = 8(;20)21(140) and
Wk4+1 = 8(;]2710)21(@%)) = Zk+1(U0) (kf € N)

By (3.9), rer1(uo) = ko(ug)zi(ug) and setting & = 2, 3¢(ug)z2(ug)
20(ug)z2(ug). Thus ¢(ug)ze(ug) = 0. Since the number of zeros of ¢(ug) i
finite, 29(ug) = 0 and then ro(ug) = 29(ug)” — upz2(up) = 0. As r2(up)

21(ug)? = ¢(ug)?, we derive ¢(ug) = 0, a contradiction. |
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4
Constructing Singularities of Arbitrary Depth

We prove the second part of Theorem 1.0.2: for £ > 1, the operator F
admits a Morin singularity of depth k, i.e., Z(M;) = ¥ is nonempty. The
process is inductive: we show how to obtain a singularity of depth k+1 from a
singularity of depth k. Section 4.2.3 considers the case k odd. The subsequent

sections handle k even, which is harder.

The argument is indirect. From Section 2.3, a Morin singularity of depth
k is a zero of M; : X — R¥. We first show that this map extends smoothly
to My : Y — R* where Y = H™'([0,1]) = (H.([0,1]))" is the dual space of
X = H}([0,1]) (see [24]). We construct a zero of My, and finally a density
argument provides the required singularity in X.

In a nutshell, the problem is discretized: we find zeros of the maps
A given by sums of deltas. Notice that we do not consider extensions of
F: X — Y: the space Y contains distributions and interpretation of the term
flu) = %uQ would be required. On the other hand, as it’s shown in the next
section, the relevant spectral properties of the Jacobian DF'(u) : X — Y hold
for more general potentials u € ¥ = H~([0,1]).

4.1
Extending M,

The definition of the maps M}, : X — R¥ required two steps. For u € X,

first solve sequentially the initial value problems,
() w i) = —hy(w),  w()(0) =0, w(u)(0) = aj,

where hy(u) = 0, a; # 0 and h;(u) = 372} (jf)wi(u)wj_i(u) for j=2,... k.
If wq(u) is Dirichlet then, for j > 2, set I;(u) = (h;(u), (u)). ' Here p(u)
is the eigenfunction associated to some eigenvalue A of DF(u) : X — Y
for which ¢(0) = 0, ¢'(0) = 1. We now give meaning to both steps for
ueY =H([0,1]).

'Originally, the functionals I; were described in terms of a different normalization,

I; = (rj, z1). This is not relevant, since both expressions differ by a nonzero multiplicative
factor, so that the common roots Z(1;) are the same for both definitions.
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Sturm-Liouville problems with potentials in }A/, and the related spectral
theory, have been considered recently by a number of authors ([18, 19]). We
provide a sketch of the necessary arguments.

For a smooth function u, the IVP

—w"+uw=—h, w(0)=0, w'(0)=a,
admits an integral counterpart
we) = av+ [ds ["dt [u(tyuw(t) + b))
0 0

For general u € Y, we have to give meaning to the expression [ u(t)w(t) dt.

Back to the smooth context, we can write, for a primitive U (so that U’ = u),

/0 “u(tyw(t) dt = U(s)w(s) — /0 U () dt,

where replacing U by U + const has no effect in the expression. In particular,

we may take U (L?-) orthogonal to 1.
Set W = {w € H*([0,1]) | w(0) = 0}.

Lemma 4.1.1 Leth € W and a € R. For each u € Y the equation
w(z) = az + /0 “ds [U(s)uw(s) - /0 "Utw'(t) di] + /0 " ds /0 Ch(t) de
has a unique solution w = w(u) € W, defining a function
w:Y =W, ur w(u),
which is weakly analytic when restricted to lines of V.

Proof. We leave the details to the reader. The key point is that u € Y is
the (distributional) derivative of a function U € L?*([0,1]) orthogonal to the
constant 1 (orthogonality specifies U uniquely as a smooth function of ). Then

all terms in sight belong to L' and the standard estimates for the iteration

follow. [ |

Thus, functions u € ¥ — w;(u), b1 (u) € W are well defined and weakly
analytic on lines of 1% (recall w; € W, in which multiplication is defined and

continuous, so that h; € W C V).

Let u € Y. To give sense to an eigenfunction ¢(u), instead of the usual

eigenvalue equation for the Jacobians DF(u) : X — Y, v — —0v" + uv, we
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consider
(T'(u) = Mu)) - ¢(u) =0

for nonzero p(u) € X C Y and A\(u) € R, where

T(u): X =Y
w—T(u) w=(w,-)s+ (wu, ).

For w € X, wu is the element in ¥ such that (wu,v) = (u, wv) for all v € X.
We prove smoothness of the eigenvalue and eigenfunction maps in the
larger setting u € V as a consequence of the following result, Proposition 16

in [11] (see also [25]) for the current situation.

Proposition 4.1.2 Let T(u,) € B(X,Y) have eigenvalue A, = 0 € R and
eigenvector o, € X, so that (T(u,) — M), = 0. Assume that T(u,) — A\
is a Fredholm operator of index zero with one dimensional kernel, and that
¢, ¢ Ran(T(u,) — M\JI). Let £ € Y = X* be a linear functional for which
Ups) =1 and set W = @, + ker . Then there is an open neighborhood V- C B
of T(uy) and unique smooth maps A : V. — R and ¢ : V. — W for which
(T = XNT))p(T) = 0 and AN(T(us)) = A, o(T(us)) = @i with the usual
analytic properties when restricted to lines of Y.

In the case of interest, the operators in V' are of the form T'(u),u € B C
Y, where B is an open neighborhood of u. The functional ¢ provides a linear
normalization of the eigenfunction, which simplifies the argument. Clearly,
different choices of a normalization of the eigenvector are innocuous.
Proof. In order to prove smoothness, it suffices to check the hypotheses of the
proposition.
o T(u,) € B(X,Y).

Begin by the following fact. The multiplication map

X xY =HN0,1)) x H'([0,1)) — H'([0,1]) =Y

(w,u) = wu

is bi-linear and continuous. Bi-linearity is clear. To show continuity take
(w,u) € X x Y. For every v € X,

[{wu, v)| = [(u, wo)| < JullyJwoll g = [lully | (wo)|| 2
= [lully [lwo" + w'oll L,
< ully (lwo'llz, + lw'vllz,)
< ully (lwllsupllv'llz + 1w’ L [[0]]sup)

< 2ully [lwll ¢ [lv]l £-
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Thus

lwully < 2fwll ¢ [lully-

Therefore T'(u,) : X — Y is well defined, linear and bounded:

1T (u) - wlly < J{w, ) g lly + llwully < flwllx + 2ljwl] ¢ fJuly

< (T 2uly) [Jwll -

o T'(u,) — A is a Fredholm operator of index zero.

For fixed u € f/, the linear operator w € X wueYis compact with
norm bounded by 2||ul|y-. Compactness is clear for u € C?; as wu € C° and the
inclusion C° < V is compact. For u € }A/, approximate by continuous functions

and recall that the uniform limit of compact operators is also compact.

Since w € X + (w,-)¢ € Y is an isomorphism and w € X +— wu, € Y

is compact, T'(u,) — A\, is a Fredholm operator of index zero.

o dimker(T'(u,) — A\y) = 1.
The argument is standard: if there are two independent kernel elements,
there is a kernel element solving the (second order) homogeneous differential

equation with trivial initial conditions at 0.

o . ¢ Ran(T (u,) — A\s).
First note that for u € EA/, T'(u) is symmetric in the sense that, for every
w,v e X, (T(u)-w,v) = (T(u) - v,w) :

Thus, if w € X is such that (T'(u,) — \,) - w = @, then

07 {pus o) = ((T(ua) = M) - w, o) = ((T'(u) = As) - ps, w) = 0.

The proposition then applies, and smoothness of eigenvalue and eigen-

vector maps is proved. [ |

We finally extend M, : X — R*.

Corollary 4.1.3 Let k € N. For u, € Y for which \,(u,) = 0, consider
BCY defined in Proposition 4.1.2. For j =1,...,k, the map

fj -BCY = R, wuw (rj(u),p(u))
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is smooth. M, = (fl, . fk) :BCY — R* is well defined and each coordinate
is analytic on lines of Y N B.

Proof. Let uw € Y. From the lemma above, for arbitrary choices of initial
conditions a;, we can solve the recursive integral system, obtaining functions

w;(u),;(u) € X. |

We introduce the subspace X? C V:

N
X(;:{UE?‘U:ZQ&E” NeN, ¢ eR, O<x1<~-<xN<1}.

i=1

For u € H' + X?, the differential equations in the definition of Z (]\ka) are
easily interpreted without referring to their weak versions. More precisely, for

~ N
u=1u+351 ¢ 0y,

—w" +uw = —h
is a standard differential equation in (0,1) \ {z1,...,2zx} and, at x;,
w'(a)) —w'(z;) = ¢ w(z) .

Elements of X? contain deltas, but we still call them functions, to distinguish

them from possibly more complicated distributions in Y.

Proposition 4.1.4 The Jacobians of My satisfy the same formula than those
of My,. For functions uw € X° N Z(Mk), zero is a regular value and, near such

points, Z(My) are manifolds.

Proof. The formulae for the directional derivatives of I, extend by smoothness
of M. Transversality (Proposition 3.2) has been proved by verifying properties

of functions near zero: they are unaltered for u € X°. |

We will construct elements of Z (M) in X°. The space Y is required
because the density argument obtaining a deep singularity u € Z(Myyq) =

Y] X cannot start from a space which is not complete, as X?°.

4.2
Operating with singularities

We introduce some techniques to generate singularities.
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4.2.1
Scaling

The McKean-Scovel operator acts on functions defined in [0, 1]. We
consider the obvious variation: for I = [a,b], X; = H*(I) N H}(I) and
Y = L*(0), F; : X; — Y5, u— —u + %uQ. Statements about F convert
easily to F7: the critical set C; of F} consists only of Morin singularities, which
are characterized as zeros of a map My : X; — R, E[Ik] = Z(My ). There

are obvious counterparts X;, Y7, X9.

Proposition 4.2.1 The natural scaling map S:X; > X (resp. the restricted
scaling S : X1 — X ),

A

urv=2=5u), v@)=0-a)?ula+(b-a)x) forze]l0,1],

is a diffeomorphism between Z(My ;) and Z(My) (resp. Z(My.;) and Z(My)).

Proof. We prove the statement for the restricted scaling, to avoid cluttering the
text with integrals. If u € X belongs to u € Z(Mj, ;) then there are functions

wi(u), ..., wi(u) € Xy, with wy(u) # 0, satisfying the recursive system

—w;(u)" +uwj(u) =—hij(u), j=1,...,k,
hl(

u) =0, hj(u) =} (j;1>wi(u)wj—i(u)a Jj=2

Set v = S(u). We must find wy(v), ..., wi(v) € X, with wy(v) # 0, for

which
—w;i(v)" + v wi(v) =—h;{), j=1,...k,

hi(v) =0, hi(v) = 227 (07 ) wiw)w;(v), j > 2.
Define w;(v) : [0,1] — R by
wi(w)(@) = (535) wiw)(a+ (b - a)e).

If k>2 for j =2,...,k, asimple computation gives,

hi(o)(@) = 3 (771) wilo)(@) wy—i(v) ()
= (ﬁ)sj_él h;j(u)(a+ (b—a)x).

So —w;(v)" +v w;(v) = —h;(v), j =1,...,k, and therefore v € Z(Mj).
Similar computations apply to the inverse scaling S~ : X — X;: S is
indeed a diffeomorphism between the sets Z(Mj, ;) and Z(My). [

Scaling will be frequently used in the sequel, without explicit mention.
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4.2.2
Juxtaposition
Letu=YY ¢ 6, € X[‘fw] andv =Y d; 0y, € X[i’b]. The juztaposition

(uv) € X[i,b] is
N+M

(uv) = Z ei 0z,
i=1
where
Ciy, T fOI'izl,...,N,
€iy 25 = )
di_n, yi_ny fore=N+1,...,N+ M.

We extend accordingly. For example,

wj(uv) =

{ wji(u) if z € a,

w;i(v) if z € [c, b

From now on, whenever the information is obvious, we drop the reference

to the underlying interval.
Proposition 4.2.2 Suppose u € Z(Mj,) N X[i’c] and v € Z(M,;,) N X[‘chb}.
1. (w) +a d, € Z(M,) N X[‘;b] for any a € R,

2. If (w) € Z(Myq) N X[‘sa,b] then either u,v € Z(M1) N X% or u,v ¢
Z(Mysr) N X0,

Proof. To prove (1), we solve the differential system (2.8) for w;(uv) piecewise,
starting from point ¢ in both cases, as in Proposition 2.3.9. More precisely,
in [a,c|, consider Dirichlet solutions w;(u) € X[a,c] of system (2.8) with
wi(u)(c) =1, wi(u)(c) =0, j =2,..., k. In[c,b], solve the system for Dirichlet
solutions w;(v) € Xjcp satisfying wi(v)(c) = wj(u)(c). The derivatives of w;
are the same at both sides of ¢ and, close to ¢, both u and v belong to X
(indeed, they are zero near ¢). The functions w;(uv)(x) then solve the system in
[a, b] for the potential (uv). Furthermore, the same functions solve the system
also for the potential (uv) + a J.. Indeed, at ¢, both w;(u) and w;(v) are
zero, and the term « . is irrelevant in the verification that w;(uv) solves
—w;(uv) + ((uv) +a 5c)wj(uv) = —h;(uv).

To prove (2), let wi(uv),. .., wi(uv), wpi(uww) € Xpag, wi(uv) # 0,
solve the usual system for the potential (uv). Note that the restrictions of
these functions to the intervals [a, c| and [b, ¢] solve the usual system for the

potentials v and v, respectively, and since u,v € Z (M x) then such restrictions
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are Dirichlet for j =1,..., k. Now

w € Z(Myyn) & (wiri (wv) g, q) () = 0

& (wepa (u0) [y ) (€) = 0 & v € Z(Miy).

Thus juxtaposition of two functions in Z(Mj,) N X° provides a line in
Z (]\7[k) N X°. Successive juxtapositions yield additional degrees of freedom,
which may be adjusted to obtain a function z satisfying an additional scalar
request, z € Z(Mk+1) N X?. For odd k, the process is much simpler: this is the

content of Proposition 4.2.3.

4.2.3
Symmetrization: from odd depth &k to depth £ + 1

Let u = ;1 yei 6, € X[‘S_LO]. The symmetrization 4 € X[‘S_l’l] of u is

1=

the juxtaposition of u with its reflection w,., @ = (uu,):

— N
u= Z C; 6$Z+ZCZ 5%,
i=1

i=—N

where, fori=1,...,N, ¢, =c_; and z; = —x_;.
Proposition 4.2.3 Let k be odd. If u € Z(My) then @ € Z (M)

Proof. From Proposition 2.3.5 and Corollary 2.3.9, for u € Z(Mk) the IVP

starting from z = 0 in [—1, 0] admits Dirichlet solutions

—w;(u)” +uwj(u) =—hj(u), j=1,....k,

wi(w)(0) = w;j(u)(0) =0, wi(u)(—1) =w,;(u)(-1)=0, j=2,...,k,

A right hand side hy; is obtained from the known functions wy, . .., wy. Using
Proposition 2.3.4, we show that I (@) = (hps1(@), (@) = 0, which then
implies @ € Z(Mjy41).

For j =1,...,k, define the odd extensions w;(a) : [-1,1] = R by

wj(u)(x) if x € [—1,0]

w;(@)(x) = { (=1 w;(u)(—z) if z € [0,1]
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From the formulas for h;,

hj(ﬁ)(rp) _ { h](u)(if) if v e [—1,0]

(=1)7h;(u)(—=z) if z € [0,1]
Thus, changes of sign of w;(%) and h;(@) are simultaneous and satisfy
—wj(ﬂ)”—l—uwj(ﬁ):—h](ﬂ), ]:1,,]{7

in [—1, 1], as the derivatives of w;(@) at both sides of zero are equal for j = 1 (as
wy is odd) or, even more, are equal to zero, by the prescribed initial conditions,
for j > 1. Thus, 4 € M, ﬂX[‘s_l 1) Moreover, from the formula, hi41 (1) is even.

Since wy (@) is an odd function, we have I (@) = 0, as desired. |

4.3
Some deep singularities in X°

The results in this chapter were inspired by extensive symbolic computa-
tion. Two key ingredients have been presented: (a) for k£ odd, symmetrization
allows to obtain singularities of depth k + 1 from singularities of depth &, (b)
juxtaposition generates a line of singularities of depth k, and possibly a choice
of a point in such line is of depth k£ + 1.

From these ingredients, by sheer computation, potentials u; € Z (Mk)
up to k = 11 were derived out of the simplest possible eigenfunction (the case

= 1). More precisely, split I, = [—2%,2*] in 2% equal intervals, and assign
2% +1 deltas at their endpoints (zero at the extremes —2* and 2%). We list the
weights of the deltas, for depth £ from 1 to 5.

(0,—-2,0)

(0,—2,0,—2,0)
(0,-2,0,—2,0, -2, —106/21, —2, 0)
(0,-2,0,—2,0,—2, —106/21, —2,0, —2, —106,/21, —2,0, —2, 0, —2, 0)
(0,-2,0,—2,0,—2, —106/21, —2,0, —2, —106/21, —2,0, —2,0, —2, 0, —2, 0,
—2,-30971960/2300571, —2, —106/21, —2,0, —2, —106/21, —2, 0, —2, 0, —2, 0)

The adjusting points (which may be guessed from the values) are at
entries 6,20, 88,336, ... (entries are counted from 0). Going from k odd to
k + 1 is just symmetrization, other transitions require adjustment. We do not

know if the process continues indefinitely: up to & = 11, the equation for the
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point to choose in the line of potentials in Z(M,) is a linear polynomial (1)
with nonzero leading coefficient, and the computation of the adjusting value
is trivial.

In order to complete the proof of Theorem 1.0.2, we must show that
appropriate juxtapositions yield lines giving rise to such simple, solvable
equations. The argument is of an existential nature.

An alternative scenario may serve as a warning. Suppose one searches for
a normal form of deep Morin singularities in R™ for which all Jacobians are

symmetric matrices. The same ingredients used above, starting with

and the potential v = (—2,0,—2) (in perfect analogy with the case k = 2
above, as extremal coordinates do not come up in the Dirichlet discretization)
gives rise to a sequence of potentials ug, k = 2,...,6, yielding in turn normal
forms (in R2"~!) of the first Morin singularities. But the computations break
down for k = 7: the linear equation to be solved has zero leading coefficient.

Still, the proof of Theorem 1.0.2 can be adapted to show the existence
of these special normal forms.

In the next section, we introduce the appropriate transversality hypoth-
esis which guarantees that arbitrarily deep singularities may be obtained from

the two basic ingredients.

4.4
Adjustable Functions

We consider adjustable functions. Section 4.4.1 shows how to get functions
in Z(M%H) from an adjustable function 9 € Z(M%)OX‘S. Section 4.4.2 proves

the existence of such 9.

Set ¢ € N. A function ¥ € Z(My,) N X[i,b] is adjustable at x, € (a,b) if
and only if there exist u € Z (M) ﬂXﬁl’m*] \ Z(My1) and v € Z(M,) ﬂX[‘fE*yb} \
Z(Mjyyq) such that ¥ = (uv). We then write ¢ = (u|v). Both u and v have
no term cd,,. As we will see, juxtaposition of u and v then yields a line in
Z (M) N X[‘;’b] through ¥ containing an element 9* € Z(Mye1). The number

x, is called the adjustment point of ¥.
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441
From even £ to k£ + 1

The whole section is dedicated to the proof of Proposition 4.4.2.

Lemma 4.4.1 Let M be an [VP matriz with first column given by

myp = (1, 0, e ,O7 mg+1’1, e ,m25+1’1) .

1. mj’j:L ]:1,,264-1
2. mj,=0, s=2,...,20, j=s+1,...,min{s+¢—1,20+1}.

3. Myyptip+l = Cop - Mypr11,  Cip 7é 07 p= ]-7 s 76'

Recall that M is a lower triangular matrix. For ¢ > 2,

1
0
M = | my11 1
0
Mog+1,1 = M1 41 0

(20+1) x (20+1)

Proof. From Proposition 2.3.5, for s > 2 and j > s,

Jj—s+1
_ 1 j—1
Mjs = 3 Z ( i )mi,l Mj—js—1-
i=1

Recall that m;; =0 for 2 <¢ < /.
1. Indeed, m;; = (my1)’.
2. For2<s</+lorl+2<s<20wehave2<j—s+ 1</ Then
| dostl

M= TTT 2

=1

—

Jj—1 _ J=
( )mi,l TMyj—s—1 = 527 Mj-1,5-1-

i

Iterate: m;, = 0, from m;; = 0 for 2 <7 < (.
3. Ifp=1,....¢
1 /+1
o+
Mytprip+l = — Z ( Z-p>mi,l “Mytpri—ip

Y Z—

— Hipm -m + l €+p m -m

— Tp LI Ml T p\gg1) ALY T T

— ttp 1(ttp
= Mespp T p(£+1 M1,
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; ; _ p+1 (44 —
By induction, meypi1p11 = (p+1) (Hi:Z TZ) Myy1,1 = Cop Myy1,1, Where

cp=((pP+1) (]_[fizl Zli) # 0 only depends of ¢ and p.

Proposition 4.4.2 If there is an adjustable function in Z(M%), then
Z(M%H) is not empty.

Proof. Set ¢ > 1 and let ¥ € Z(My,) N X°® be an adjustable function with
adjustment point z, € (0,1). Let also

w(ﬁ) = (wl (19)7 e ,w%(ﬂ), w25+1(19)) : [O, 1] — R%H?

with wy(J) # 0, solving
—w(9)" + 9 w(¥) = —q(w(¥)), w(®)(0)=0. (4.1)

Since ¥ € Z(My), by Proposition 2.3.7, the first 2¢ components of w(®)
are Dirichlet. Note that wgpy1(9)(1) is not necessarily zero: we only know
0 € Z(My). Moreover, as 9 is adjustable and different solutions of the system

(4.1) are related by (lower triangular) IVP matrices, we have
wi (V) () = =we(P)(xx) =0 and  we1(9)(0) # 0.

Set o = w(¥)(z,): we have oy = -+ = oy = 0 and gy # 0. Also, from

Proposition 2.3.9, w(?)) can be chosen so that
w(¥) (z,) = e; € R,
Consider the line
CeR—IC)=0+C -6, € X°.

We have that to find w(d(C)) : [0,1] — R**1 with w; # 0 and Dirichlet

components w;,j = 1,...,2k, which solves
—w(I(C))" +9(C) w(¥(C)) = —q(w(I(C))), w@(C))(0)=0.  (4.2)

Clearly, the solution must be continuous and also must take into account the

jump in the derivative at .,

w(@(C)) () = w(@¥(C)) (z;) + C - w@(C))(x.). (4.3)
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We define w(9(C)) such that w(¥(C)) = w(¥) in [0, x,]. The required

jump of the derivative at z, is given by
w((C)) (z) =e1 +C - a.

Let M be the (2 4+ 1) x (2¢ + 1) IVP matrix such that Mw(9¥) (z,) =
er+C-a. Asw(¥) (x4) = e then my = Me; =e; +C - a, ie.,

ml:(1,0,...,0,0'0&[4.1,...,0'0(254_1), ()ég+17é0,

and, in particular, me11 = C'- apqq. In the interval [z, 1], the functions w(?)
and Mw(d) at x, may be different. From the form of the IVP matrix M

(Lemma 4.4.1) and since mapy1 41 = Coo - Mos11, Coe 7 0 (item (3)),

Muw(9)(z,) —w(¥)(z,) = Ma — «
= Mop41,041 " Cp41 €2041
=Cop - Myy11 - Qug1 €241
= cop (a1)? - C egrp

= A2£+1 -C €2041,

where Agp1 = crp - (qr1)? # 0 does not depend of C.
Now define

w(9) if z € [0, z,]
Mw () — Agpiq - C () egpyy if z € [y, 1]

)

w(¥(C)) = {
where ¥(9) : [z, 1] — R solves

)"+ 9 P) =0, YW)(x) =1, (@) (z.)=0.

Clearly w(9(C)) solves (4.2), is continuous and the jump (4.3) of the
derivative is satisfied, as ¥(0)'(z.) = 0. Moreover, the first 2¢ components of
w(¥(C)) are Dirichlet (Proposition 2.3.7).

To handle the last component, we start by proving the following fact:
war1(V¥(C))(1) is a non-constant linear polynomial in the variable C.

First recall that ¢ (9) solves —z" + 9 z = 0 in [z, 1], with ¢(9)(z,) = 1,
() (x,) = 0. Also, wy (1) is a Dirichet solution to the same equation. From
the Wronskian identity, ¢ (9)(1) # 0. Therefore Ay - 10(9)(1) # 0 and
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war1(9(C))(1) = (eaer1, Mw(d )
= (Mezes1, w(V )(1)
= (earr1, w(V)(1)) = Aoy - C - p(I)(1).
= wae1 (V) (1) — Azgyr - C - 9 (9)(1).

As wqp11(V)(1) is a constant which does not depend of C, we are done.

(1)) — Azeyr - C - (¥

)
(1)) = Azesr - C - (¥

We are ready to complete the proof of the proposition. From the fact
above, we can choose C' = C* such that wyp1(9(C*))(1) = 0 and therefore,
for 9* = 9(C*) = 9 + C* - §,,, all the components of w(¥*) are Dirichlet: J*
belongs to Z(M%H) N Xe. [ ]

4.4.2
Existence of Adjustable Functions

In Proposition 4.4.5 we obtain adjustable functions in Z (]\7[215) N X?° for
¢ € N. As an example, which is also the first step in the inductive argument,

we show how to obtain an adjustable function in Z (MQ) N X°. In other words,

we show that there are u,v € Z(M;) N X%\ Z(M,) such that (ulv) € Z(M,).

Set u=-29_; € X[‘S_Q,O] and let wy(u) : [-2,0] — R solves the IVP
—wi(u)" +uwwi(u) =0, wi(u)(—2)=0, wi(u)(-2)=1.

Thus
2+ ifxe[-2 —1]

—x  ifxe[-1,0]

wi (u)() = {

Since wi(u) also satisfies the Dirichlet condition, v € Z(M;) and w; ()
is an eigenfunction associated to A = 0. Moreover, w;(u) does not change
sign in [—2,0], so that L(u) = [°,wi(u)® # 0 and therefore u ¢ Z(N).
Let u, € Z(M;) N Xf;0,2] be the reflection of u. Clearly u, ¢ Z(M,) and
v =1u = (ulu,) € X[‘S_Q’Q]. By symmetrization (Proposition 4.2.3), ¥ € Z(M,)

and is adjustable at x, = 0.

The following result is standard.
Lemma 4.4.3 X° is dense in V.

We also employ the following density theorem ([14, 12]).

Theorem 4.4.4 Let X be a Banach space, D a dense subspace of X and M
a smooth submanifold of finite codimension of X. Then M N D is dense in M.
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If ¥ = (ulv) € Z(My) is adjustable, we also write ¥* € Z(Mapy1)

obtained in the previous section as ¥* = (u 1 v).

Proposition 4.4.5 For ¢ € N, if Z(Msy) is nonempty, there exists an
adjustable function ¥ € Z(Mgg) nxoe.

Proof. The proof is by induction. The case ¢ = 1 was shown above. Suppose
the statement holds for ¢ = 1,...,p — 1 (p > 2). Let Z(My,) # 0. We must
find an adjustable function 9, € Z(M,,) N X°.

As the Z(M;)’s are nested then Z(M,) is non-empty and therefore
Z(My)\ Z(Mpi1) # 0. Let w € Z(M,) \ Z(M,41). For concreteness, suppose
that @ is defined in the interval® [—1,0]. Since X? is dense in Y, by density
(Theorem 4.4.4), there is u € Z(M,) \ Z(My41) N X near @. Let u, be the
reflection of u. Then u,., (uu,) € Z(M,). We first prove that, for some vi € X?,

A~

we have (uvy) € Z(M,y,) N X°.

e For odd p, (uu,) € Z(M,11) N X’ (symmetrization, Proposition 4.2.3).
Take v} = u,.

e For even p, we must work harder. As p/2 € {1,...,p — 1}, from the
inductive hypothesis, take an adjustable 9, = (u,|v,) € Z(M,) N X?°
with u,,v, € Z (Mg) NX°\ 2 (Mgﬂ). Then, by the properties of
juxtaposition (Proposition 4.2.2),

iy = ((uu)up) = (u(upuy)) € Z (M) N X\ 2 (My.,)

A~

and, as (uu,),d, € Z2(M,),
((wur)dp) = (((uurup)vp) = (Upvy) € Z(Mp) nxe.

Thus (@,|v,) € Z(M,) N X? is adjustable. From Proposition 4.4.2, we obtain
(Up T vp) = (uvuy 1 vp)) € Z(MP-H) nxe.
In both cases, for v} = u, € X° or ((vu,) T v,) € X°, respectively, we

A

have (uv}) € Z(M,1) N X°.

In order to obtain the adjustable function ¥,, € Z(My,) N X°, we obtain
sequentially, for ¢ = 1,...,p, adjustable functions 9,,, € Z(M,,,) N X°. The
starting point of the induction ¢ = 1 is the first step above.

Suppose by induction that, for ¢ = 1,...,p — 1, there is v; € X such

~

that (u[v}) € Z(Mpyyq) N X°. We follow closely the argument above.

2Still, we drop references to it: new operations will naturally change the domains of
definition of the functions of interest, and we systematically invoke implicitly the invariance
of singularity depth under scaling (Proposition 4.2.1).
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o If p+ ¢ is odd,
((UU;>QQ) = (u(vzeq)) € Z(Mp—i-q—s—l) N X(sa

where 0, = (uv}), is the reflection of (uv}).

e If p+ ¢ is even, take an adjustable ¥,1, = (Upiq|Uprq) € Z(Mpyy) N X°
for tys g, Uprg € Z (Mosa ) 1 XO\ Z (Mga,, ). Then

g = (u0]Upeg) = (u(Vprg)) € Z (Mosa) N XN\ 2 (Masa ;)

and
((wvg)Vprq) = (W) upsg)|[Vprq) = (Upsq|Upiq) € Z(Merq) nxe°.

Thus (T q|vpie) € Z(M,y,) N X0 is adjustable and therefore (Tpyq T Upsrq) =

A

(u((VgUptq) T Vprq)) € Z(Mpigsr) N X

Again, for v;, = (w}), € X or ((Viupsq) T vpiq) € X°, we have
(uvy, ) € Z(M,4q+1) N X%, The proof of the inductive step is complete.

By setting ¢ = p — 1, we obtain a function v; € X? such that
(uvy) € Z(My,) N X?. Since u € Z(M,) N X%\ Z(M,,,), by Proposition
4.2.2, we also have v} € Z(M,) N X\ Z(Myi1): U9y = (ulvy) € Z(My,) N X0
is adjustable. [ |

4.5
There exist Morin singularities of arbitrary depth

We are ready to prove the second part of Theorem 1.0.2: F' admits Morin
singularities of arbitrary depth, i.e., Z(My) # 0 for all k > 1. As Z(M;) # 0

all we need is the inductive step below.
Proposition 4.5.1 For each k € N, Z(My,) # 0 implies Z(My41) # 0.

Proof. Let k € N and suppose Z(M;) # 0. Since Z(M,) C X C Y, then
Z(My;) N X% # 0 by density (Theorem 4.4.4).

If k is odd, Z(Mjyy1) N X% # 0, by symmetrization (Proposition 4.2.3).

If k is even, there exists an adjustable function in Z (M) N X® (Propo-
sition 4.4.5) which in turn yields a function v € Z(Mj1) N X (Proposition
4.4.1).

The density argument (Theorem 4.4.4) applies since, near u, Z (MkH) is
a submanifold of ¥ of finite codimension (Proposition 4.1.4) and X is dense
inY: X N Z(Mg) = Z(Mjy1) is nonempty. [

The proof of Theorem 1.0.2 is complete.
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4.6
An application of Theorem 1.0.2

McKean and Scovel [6] proved that each g € Y has at most a finite
number of pre-images in X under F. This number can be arbitrarily large, as
shown by a more general result by Ruf and Solimini [16]. Here, we show that

an arbitrarily large number of solutions may be arbitrarily close to each other.

Corollary 4.6.1 Given k € N and € > 0, there exists g € Y such that

—u"+ it =g, weX,

has k 4+ 1 solutions which are at most € apart.

Proof. Let u, € X be a Morin singularity of depth k and consider the
normal form of F' near u,, given in equation (1.1). Now choose small numbers
S1,...,8,_1 for which the polynomial t**' + s, t*=! 4 s,t*=2 4 5;,_ 1t admits some

value with k + 1 preimages. |
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