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Abstract

Duraes Capeleiro Pinto, Marcelo; Klein, Silvius (Advisor). Hol-
der continuity for Lyapunov exponents of random linear
cocycles. Rio de Janeiro, 2021. 101p. Dissertacao de Mestrado —
Departamento de Matematica, Pontificia Universidade Catélica do
Rio de Janeiro.

A compactly supported probability measure on a group of matrices de-
termines a sequence of i.i.d. random matrices. Consider the corresponding mul-
tiplicative process and its geometric averages. Furstenberg-Kesten’s theorem,
the analogue of the law of large numbers in this setting, ensures that the
geometric averages of this multiplicative process converge almost surely to a
constant, called the maximal Lyapunov exponent of the given measure. This
concept can be reformulated in the more general context of ergodic theory
using random linear cocycles over the Bernoulli shift.

A natural question concerns the regularity properties of the Lyapunov
exponent as a function of the data. Under an irreducibility condition and
in a specific setting (which was later generalized by various authors) Le
Page established the Holder continuity of the Lyapunov exponent. Recently,
Baraviera and Duarte obtained a direct and elegant proof of this type of result.
Their argument uses Furstenberg’s formula and the regularity properties of the
stationary measure.

Following their approach, in this work we obtain a new result showing
that under the same irreducibility hypothesis, the Lyapunov exponent depends
Holder continuously on the measure, relative to the Wasserstein metric, thus

generalizing the result of Baraviera and Duarte.

Keywords
Dynamical Systems; Ergodic Theory; Lyapunov exponents; Oseledets
Theorem; Stationary measures; Furstenberg’s Formula; Wasserstein metric;

Holder Continuity of the Lyapunov Exponents .
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Resumo

Duraes Capeleiro Pinto, Marcelo; Klein, Silvius. Continuidade
Holder para os expoentes de Lyapunov de cociclos lineares
aleatoérios. Rio de Janeiro, 2021. 101p. Dissertacao de Mestrado —
Departamento de Matematica, Pontificia Universidade Catolica do
Rio de Janeiro.

Uma medida de probabilidade com suporte compacto em um grupo de
matrizes determina uma sequéncia de matrizes aleatérias i.i.d. Considere o
processo multiplicativo correspondente e suas médias geométricas. O teorema
de Furstenberg-Kesten, andlogo da lei dos grandes ntimeros neste cenario,
garante que as médias geométricas desse processo multiplicativo convergem
quase certamente para uma constante, chamada de expoente de Lyapunov
maximal da medida dada. Este conceito pode ser reformulado no contexto
mais geral da teoria ergddica usando cociclos lineares aleatérios sobre o shift
de Bernoulli.

Uma questdao natural diz respeito as propriedades de regularidade do
expoente de Lyapunov como uma funcao dos seus dados. Sob uma condicao
de irredutibilidade e em um cenério especifico (que foi posteriormente gene-
ralizado por varios autores) Le Page estabeleceu a continuidade de Hoélder
do expoente de Lyapunov. Recentemente, Baraviera e Duarte obtiveram uma
prova direta e elegante deste tipo de resultado. Seu argumento usa a férmula
de Furstenberg e as propriedades de regularidade da medida estacionéria.

Seguindo sua abordagem, neste trabalho obtemos um novo resultado
mostrando que, sob a mesma hipotese de irredutibilidade, o expoente de
Lyapunov depende Holder continuamente da medida, relativamente a métrica

de Wasserstein, generalizando assim o resultado de Baraviera e Duarte.

Palavras-chave
Sistemas Dinamicos; Teoria Ergddica; Expoentes de Lyapunov; Teorema
de Oseledets; Medidas estacionarias; Formula de Furstenberg; Métrica de

Wasserstein; Continuidade Holder dos expoentes de Lyapunov.
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It is not knowledge, but the act of learning, not
possession but the act of getting there, which
grants the greatest enjoyment.

Carl Friedrich Gauss, Gauss: Titan of Science.


DBD
PUC-Rio - Certificação Digital Nº 1912789/CA


PUC-Rio- CertificagaoDigital N° 1912789/CA

1
Introduction

Dynamical Systems is a branch of mathematics that studies how pro-
cesses evolve over time. It is a very large and interesting field that has con-
nections with many different areas of mathematics. Moreover, its concepts and
results have a wide range of applications, from the study of celestial mechanics
to the prediction of the effects of the construction of a new road on the traffic
jam of a city.

Formally, a dynamical system is a pair (X, f) where X is a set and
f: X — X is a transformation that acts on X. Therefore, given a point z € X,
it is natural to study the behaviour of the iterates f(x), which can be thought
of as the position of the point z at time n. The sequence described by the

iterates
x, f(x), A (@), ., [P (@), .0

is called the orbit of x.

It is possible to study the orbit of a point from different points of view.
For example, from the topological perspective, one can ask if the orbit has fixed
or periodic points, if there are accumulation points or if the orbit is dense in
the space or not.

Ergodic Theory is an area that studies Dynamical Systems from a
measure theoretical point of view and our work is based on this perspective.
Therefore, we consider a quadruple (X, B, u, f), where now f: X — X is a
measurable transformation and the new elements are a o-algebra B and an f-
invariant probability measure p, which means that u(E) = u(f~'E) for every
E € B. We say that (X, B, u, f) is a measure preserving dynamical system.
A measure preserving dynamical system is called ergodic if every set E that
satisfies f~'(E) = FE has full measure or zero measure, which means that we
cannot split the system into two unconnected sub-systems. Ergodic Systems
represent a very important class of dynamical systems.

In this work we consider a process which is the multiplicative analogue
of the sum of i.i.d random variables. Consider the group of invertible d x d
matrices GL(d) and a probability measure p with compact support ¥ C GL(d).
Let {gn}n>1 be an i.i.d multiplicative process with law p. That is, we choose a

matrix gy according to the law p. Then we choose another matrix g; according
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to the same law pu, independently of the previous choice and multiply both
matrices g1go. Therefore, after n repetitions we get the product g, 1 ... g190-
We are interested to see how the norm of this product grows, so we study the
limit

1
A(p) = lim —loggn-1- - g190ll-

n—o0 n

This limit exists p-almost surely, by a more general result of Furstenberg
and Kesten (the multiplicative analogue of the law of large numbers) and it is
called the maximal Lyapunov exponent of the process.

The previous problem, described in probabilistic terms, can also be
described in the more general setting of dynamical systems. One important
concept in ergodic theory is that of linear cocycles. A linear cocycle is a
skew product transformation F': M x R? — M x R? given by a pair (f, A),
where f: M — M is our original base transformation (usually ergodic) and
A: M — GL(d) is a measurable map, such that:

F: M xR - M x R?
(z,v) = (f(z), A(z)v).

The n-th iterate of F' is defined as F"(z,v) = (f"(z), A™(z)v), where

AMz) = A" (@) A(f (@) A(z).

As an application of this concept, we can consider a measure p on GL(d)
with compact support ¥ and let M be the space of sequences X%, equipped
with the product measure p = p?. Let f: M — M be the Bernoulli shift over
M and A: M — GL(d) be the projection of the sequence to its first coordinate.
This is an example of what is called a random linear cocycle. Its iterates model
exactly the previous multiplicative random process.

Moreover, in this more general approach, we can use many tools already
developed from ergodic theory to study this process. One of the main tools
to study linear cocycles are their associated extremal Lyapunov exponents A,
and A_. They are functions that depend on the cocycle F', hence on A and
f, the point x and also on the measure u. Since the base transformation is
usually fixed and ergodic, we eliminate the dependence on x and f. They are
defined by the Furstenberg-Kesten Theorem, which says that if A satisfies some

integrability condition, then

. o oy
Ar(As ) = lim —log |[A™(@)[| and  A_(A, ) = lim —log [|(A"(z))""[ ™"
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exist p-almost everywhere.
The continuity of the Lyapunov exponents is a very rich and challenging
topic of research since, in general, they are not continuous functions. In order

to illustrate this, we introduce the following example.

Example 1.0.1 Consider two matrices g, and go defined by:

2 0 0 —1
= and = . 1.1
we(oy) w3 "

Consider the probability measure pn = p10,4, + p20g2, where p1 and py are
non negative coefficients satisfying py + p2 = 1. Note that when p; > 0 and
pa > 0 we always have Ai(p) = 0. However, when py = 1 and py = 0, the
Lyapunov exponents are given by Ar(p) = +log2. Therefore one can observe

that Lyapunov exponents are not continuous functions relative to the measure.

Although Lyapunov exponents are not continuous functions in a general
setting, one can establish their continuity for some classes of linear cocycles
under certain generic hypotheses. In 2017, Pedro Duarte and Alexandre
Baraviera proved in [1] (see also [3] for a different approach), a result in this
direction, extending the more classical result of Emille Le Page from [5].

In their setting, f is the Bernoulli shift, A: M — SL(2) depends only on
one coordinate of x and the measure p is fixed. They proved that if A satisfies
some generic property of irreducibility and the cocycle has positive Lyapunov
exponent, then A\, is a locally Holder continuous function.

Since in their work, the transformation on the base f is fixed (the
Bernoulli shift) and the measure p is fixed, the Lyapunov exponent A, depends
only on the map A. Therefore they prove that the map A — A, (A) is locally
Holder continuous, when A satisfies some generic hypothesis of irreducibility
and A\, (A) > 0. Intuitively, irreducibility refers to the non existence of proper
invariant subspaces for the cocycle. Precise definitions will be given later.

While studying their work, a natural question arose: what happens if
we also let the measure p vary? Is there any similar result of local Holder
continuity for the Lyapunov exponents in this wider setting?

In this work, we prove a new result that answers this questions. More

precisely, we prove the following theorem:

Theorem 1.0.1 Let p be a probability measure in SL(2) with compact support.
Suppose that 1 is quasi irreducible and Ai(p) > 0. Then, there ezists a
neighbourhood V' of p in the weak star topology, such that on V, the map

v Ay (v) is Holder continuous relative to the Wasserstein’s metric.
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It is also worth to mention two other results in the same direction and
compare all these results. The first one is due to El Hadji Yaya Tall and
Marcelo Viana [10], who proved in 2019 that, in the same setting, without
the irreducibility hypothesis, the Lyapunov exponents are pointwise Holder
continuous functions with respect to the probability measure. In our work
we consider an extra irreducibility hypothesis and we obtain a local result.
Also in 2019, Silvius Klein and Pedro Duarte studied the problem without the
irreducibility hypothesis, but assuming that the measure is fixed and finitely
supported. They proved in [4] that the Lyapunov exponents are locally Hélder
continuous functions with respect to the map A. Therefore, they obtained the
same conclusion of Baraviera and Duarte by substituting the irreducibility
hypothesis by the hypothesis of finite support.

In chapters 2 and 3 we introduce results related to linear cocycles and
Lyapunov exponents following the book of Marcelo Viana [11]. In chapter
2 we give a complete and detailed proof of Oseledets Theorem, which is a
refined version of Furstenberg-Kesten Theorem, that will be used many times
throughout the text.

In order to prove Holder continuity, we need to estimate the difference
between Lyapunov exponents |Ay(u) — A (v)| when the measures p and v
are close relative to an appropriate metric. Thus, it would be useful to have a
formula that describes them. In order to obtain this formula, we dedicate some
work in chapter 3 to the study of stationary measures, which are a weaker
version of invariant measures and also to the study of u-states and s-states
which are special types of measures.

The main goal of chapter 3 is to prove the Furstenberg-Ledrappier
Formula. It describes the Lyapunov exponents of random cocycles in terms
of stationary measures associated to their projective cocycle, that we denote

by PF. Consider the map ® given by

®: M xPR* - R
X [A(z)v]l
O (z,0) = log ———
o]
where the vector v € R?\{0} is a representative of the projective point 9 € PR?.
Then, the formula is given by

Theorem 1.0.2 (Furstenberg-Ledrappier’s Formula) Let F be a random co-
cycle over the Bernoulli shift (M, B, u, ). Then

Ay (F, ) = max {/ O d(p x ) : nis a stationary measure for IP’F} .
M

x PR2
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With this new machinery in hand, a reader that once was only familiar
with basic concepts of ergodic theory is now able to understand the proof of
Baraviera-Duarte. However, in order to obtain such a quantitative result of
Holder continuity varying the measure, we should also choose a useful metric
in the space of probability measures.

Chapter 4 is dedicated to the study of Wasserstein’s metric, which is
a very interesting metric by itself, but also very useful for our purposes and
many others. One of the main topics of the chapter is a duality theorem of
Kantorovich-Rubinstein that gives a characterization of Wasserstein’s metric.
In this chapter we follow the book of Cédric Villani [13] and lecture notes from
an advanced measure theory course that took place at PUC-Rio in 2020.

In chapter 5, using the approach of Baraviera and Duarte in [3] and tools
developed in chapter 4, we establish out main result, theorem 1.0.1.

The idea of the proof is to use Furstenberg-Ledrappier’s Formula to
estimate the difference | Ay (p1) — Ay ()| when iy and po are close to p relative
to Wasserstein’s metric. The first step will be to study the Markov operator, in
order to prove that, under the hypotheses of the theorem, there exist unique
stationary measures n,, and 7,, for the cocycles associated to p; and ps,
respectively. They will be the ones used in Furstenberg-Ledrappier’s Formula.

The next step is to use the triangle inequality where, in one of the terms
the measure p is fixed and we need to prove that the stationary measure
1, associated to it varies in a Holder continuous way. In order to estimate
the other term, where one of the stationary measures is fixed, we use the
Kantorovich-Rubinstein’s duality theorem. With both estimates together, we
are able to conclude the proof of the theorem.

This dissertation is written aiming at a public of graduate students and
researchers that are already familiar with concepts of measure theory, ergodic
theory and functional analysis. We also include an appendix with some results
from these areas that are used throughout the text, which we hope will help

the reader.
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2
The Multiplicative Ergodic Theorem

In this chapter we present a detailed proof of the Multiplicative Ergodic
Theorem of Oseledets in dimension 2, following chapter 3 of [11] (see also [6]).
Moreover, in the course of the proof we describe some technical results from
[3] and [2] that will be needed in chapter 5. We provide complete arguments
for the relevant technical steps formulated in [11] and [3].

This chapter is organized as follows: in section 2.1 we state Kingman’s
Theorem and look at some of its consequences. Then, in section 2.2, we define
one of the most important concepts in this work: the linear cocycles. In the
same section we present Furstenberg-Kesten Theorem as a consequence of
Kingman’s Theorem and define the concept of Lyapunov Exponents; sections
2.3 and 2.4 are devoted to a detailed proof of Oseledets Theorem for both the

one-sided and the two-sided cases.

2.1
The Subadditive Ergodic Theorem

Throughout this chapter (M,B,u) will be a probability space and
f: M — M a measure-preserving transformation.

In this section we present Kingman’s Subadditive Theorem, which gen-
eralizes Birkhoft’s Ergodic Theorem.

We begin by presenting Birkhoff’s Ergodic Theorem, which is a classical
result in ergodic theory and has several applications in different areas. Then,

we prove a corollary that will be used in the proof of the Oseledets Theorem.

Theorem 2.1.1 (Birkhoff Ergodic Theorem) Consider ¢ : M — R such that
¢ € L'(u). Then

5 1 n—1

6= Jim 3 o(7@)

exists o almost everywhere. Moreover, b € LY(w) and it is f-invariant with

[odu=[odn.
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Corollary 2.1.1 Let ¢ : M — R be a p integrable function. Then:

1
lim —o(f"(x)) =0 for p-almost every x € M.
n—00 7,
Proof. We can write ¢(f™(z)) = ¢(z) + X1=5(¢ o f — ¢)(f(x)) for every =
and every n. Then, by Birkhoff’s Ergodic Theorem applied to the observable
¢ o f— ¢, the limit

n—1

Jim 007 = Jim o) + Jm 360~ 0)(F)

exists p-almost everywhere. Notice that, since p is f—invariant,

i {:L‘ : ‘iqb(f”(x))‘ > c} = p{z:|o(x)| > nc} -0 whenn — oco.

So the sequence %gb o f™ converges in measure to zero. Hence there is a
subsequence that converges to zero p-almost everywhere. Since the limit exists,

it must be zero for u-almost every z. |

Remark 1 Corollary 2.1.1 also holds if we assume just ¢ o f — ¢ to be

integrable.

Now, we state Kingman’s Ergodic Theorem and observe that Birkhoff’s

Ergodic Theorem can be obtained from it.

Definition 2.1.1 A sequence  {on}n>1  of  measurable  functions
©n: M — [—00,+00) is called subadditive (relative to f) if

Omin < Om +no [ VYm,n > 1.

Theorem 2.1.2 (Kingman) Let ¢, : M — [—00,+00),n > 1 be a subadditive
sequence of measurable functions such that i € L'(u). Then {%”} converges
p—almost everywhere to some invariant function ¢: M — [—o00, +00). More-

over, the positive part o' is integrable and
dp = li dp = inf L d
/w u—nggo/son u—nlgooﬁ/son f1 € [—00, +00).

Remark 2 (Kingman generalizes Birkhoff). Consider ¢,, = Z?;& ¢o fi. Then
Oman = Gm + On o f™ for every m and n. Hence (¢,,), is an additive sequence,
in particular subadditive. Also, by the fact that ¢ : M — R is p integrable, we

are in the conditions of Kingman’s Theorem. Therefore, we are able to apply
it and obtain Birkhoff.
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2.2
Linear Cocycles and Furstenberg-Kesten’s Theorem

We begin by recalling the concepts of operator norm and conorm of a

matrix:
Definition 2.2.1 Given a matriz g € GL(d), the quantities

lgll = sup V9% 4ng
vERC ||U||

—1)|-1 . lgv|l
pr— f
lg™ 1" = inf, T

are called respectively the operator norm and the operator conorm of the matriz.
Remark 3 Note that ||g|| > |lg” || for all g € GL(d).

We now introduce one of the main objects of this work, the linear
cocycles.
Let A: M — GL(d) be a measurable function.The linear cocycle defined

by A over the base transformation f is the skew product map:

F:MxR*— M x R?
(z,v) = (f(2), A(z)v).

Moreover, the iterates of the linear cocycle F are given by
Fr(z,v) = (f"(z), A%(x)v) for every n > 1, where:

A(x) = A(f" (@) A(f () A(2).

If f is invertible, so is F. Its inverse is the map F~' : M x R? — M x R%,
FYz,v) = (fYz),A ' (2x)v) and the iterates of the inverse cocycle
A7t M — GL(d) satisfy that for every n € N and x € M:

AT (@) = AM(f (@) = (A7) (@).

We also define the adjoint cocycle F* : M x RY — M x R¢
such that F*(z,v) = (fYx), A(f'(z))*). Its iterates are defined as
Fr(xz,v) = (f™(x),(A*)"(x)v), where A* : M — GL(d) is given by:

(A" (z) = A"(f"(z))" forallm >1, x € M.
Theorem 2.2.1 (Furstenberg-Kesten) If log™ || A*Y|| € L' (i), then

.1 n .1 nr A\ —1(1—
As(w) = lim —log [[A™(z)]| and A (x) = lim —log ||(A"(z))""|I”"

n—oo n,
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exist for p almost every x € M. Moreover, the functions Ao € L'(u) and are

f-invariant with

1
[ v di=lim — [log|lA"@)]| dp and

. 1 n —11—1
J A di = Jim = [1og (A" @) de

Proof. This follows immediately from theorem 2.2.1 (although historically it

was obtained before). Define

pu(z) =log [A"(z)]| and  ¥u(x) = log||(A"(x)) |-

For every gy and g» in GL(d), ||g192]] < ||g1llllg2||- Hence (¢, ), is subadditive.
Similarly, the conorm is supper multiplicative, so —1, is supper additive. Thus,
the sequence (1,), is subadditive. By hypothesis, ¢i and ] are integrable.
Now apply Theorem 2.1.2 to these two sequences and we conclude the proof.
|

The functions Ay are called extremal Lyapunov exponents. Moreover,
Ap > A because ||g|| > [|g~"||~" for every invertible matrix g.

We can also define other Lyapunov exponents in higher dimensions in a
similar way, using the singular values of a matrix. Note that the norm ||g|| and

|71 of a matrix g are just particular cases of the singular values

conorm ||g
(the greatest and the smallest). However, we will work mainly in dimension 2.

The Multiplicative Ergodic Theorem of Oseledets, which is the main topic
of this chapter gives us a more precise statement than 2.2.1, because it gives
information not only on the growth of the norm of the matrix but also on the
growth of columns and linear combinations of them.

Before proceeding to Oseledets Theorem, we present some facts about the
Lyapunov exponents when A takes values in SL(2) and the relation between
the Lyapunov exponent of A and its adjoint. We start with the following lemma

from linear algebra:
Lemma 2.2.2 For every g € SL(2), it holds that ||g~ || = ||g|| -

Proof. We will give two proofs of this fact. The first one is more algebraic and

the second one more geometric. Let g be a matrix in SL(2). Then

_ab . [a c 1 d -b e d —c
g—cd7g_bd7g_—ca7(g)_—ba.

The norm of g is equal to the greatest singular value of ¢g. Hence it is equal

to the greatest eigenvalue of g*g, which is the greatest root of the characteristic
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1

polynomial Pp,()). In the same way, the norm of g~' is the greatest root of

Pig-1)+g-1(A). A straightforward calculation shows that

Plg1ygr(A) = X = AT ((g7)"g™") + det ((97)"97")
=\ — \Tr(g*g) + det (g*g)
= Pyy(N).

=gl for

Since both characteristic polynomials are the same, ||g
every g € SL(2). This finishes the first proof.

There is also a geometric and intuitive way to think about this lemma.
A matrix g in SL(2) preserves area and sends the unit circle to an ellipse that
must have area equal to m. The area of the ellipse is given by wab where a
and b are the semi axes. The semi axes are exactly the norm and the conorm

—1”—1

of the matrix. Hence we must have ||g||||g = 1 and we conclude that

lgll = Nlg~1I- u

Proposition 2.2.3 Consider A: M — SL(2), then Ay > 0> A_.

Proof. Remember that the norm of a matrix is equal to its greatest singular
value, which is larger than or equal to its eigenvalues. Since the determinant
is the product of the eigenvalues, if |det(g)|] = 1, then there exists an

eigenvalue greater than or equal to 1. Therefore ||g|| > 1. Furthermore, by

proposition 2.2.2, the conorm ||g7!|™* = |lg|”* so |lg7!||7* < 1. Applying
these observations to the iterates A"(x) € SL(2) of the cocycle, we conclude
that Ay > 0> A_. |

Proposition 2.2.4 If A: M — SL(2), then Ay + A\_ = 0.

Proof. By Theorem 2.2.1, we know that:

.1 n .1 N
Ao(w) = lim ~og|4"(@)]| and A-(z) = lim — log |(4"(2)) "

n—oo n,

So, by adding these two terms,

.1 n nf AN—11(—
A A = lim — (log | A" ()] + log [|(A4" () 7! ™)
1
= lim —log (||A" A™ (@)
Jim - log (|14 () (A" () '1I™")
1
= lim —log (A" @) A" ()] ) (by lemma 2.2.2)

=0.
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Proposition 2.2.5 If log™ ||A|| € L' (), then log® ||A*|| € L'(u). Further-
more, if f is ergodic, then a cocycle A and its adjoint A* have the same Lya-

punov exponents: Ax(A) = AL(A*).

Proof. The first claim follows from the fact that a matrix and its adjoint have

the same norm and from the f-invariance of the measure u:

[ tog™ 14" @)l dia(a) = [ 1087 14 (7 @) | diua)
= [ tog* A (£ @) Il du(a)
= [ tog® |A@)] dp(a).

The proof of the second statement is similar. By theorem 2.1.2 and using
the fact that f is ergodic:

Ap(A) = lim | log || A" (@)]] dps(x)

n—o0 M N

— tim [ Tlog A (£7())" || dp(x)

n—oo Mn

= Jim [ log [A® (7)) | duta)

n—oo

1
= lim | ~log||A"™ ()] du(z)
M

n—o0

= A\, (A).

A similar proof also holds for A_, by the fact that [|A~!||~! = || A* Y|~
More generally, we can obtain this equality not only for the extremal Lya-
punov exponents, but also for every other Lyapunov exponents, by a similar

procedure, using the fact that the singular values of A and A* are the same.
[ |

2.3
Multiplicative Ergodic Theorem in Dimension 2

In this section we state and prove the Multiplicative Ergodic Theorem
of Oseledets in dimension 2 for the one sided case. The invertible case is
considered in the next section.

Let F : M xR? — M x R? be given by F(z,v) = (f(x), A(z)v), for some
measurable function A : M — GL(2) satisfying log™ || A*Y| € L'(p).

Theorem 2.3.1 (Oseledets) For p-almost every v € M,

(1) either A\_(x) = Ay (z) and

1
lim —log ||A™(2)v]| = Ax(z), for all v € R*\{0};

n—oo n,
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2) or A.(x) > X_(x) and there exists a vector line B C R? such that
( ) + T

A(x), 1 € E2\{0
lim L log [ A" (o] = 4~ v EAOY
nTeen Ai(x), if veRA\E:.

Moreover A(zx)E; = E},y for every x as in (2).

Proof. We begin with the case where A takes values in SL(2) and then we
extend the conclusions to the GL(2) setting. Thus, A (z) + A_(z) = 0 for
p-almost every x € M. Consider = as in the conclusion of theorem 2.2.1 and
AMz) = A () = =A_(2).

Assume A(z) = 0. Then, for all v € R?\{0}:

[A™ (@) 77 ol < JA™(@)o]| < A" (@)][[|v]]-
Hence,
1 —1y -1 1 n 1 n
~log (J14"() 7 ell) < = Tog (4™ (@)ell) < —log ([147() 1)

Now we take the limit as n — oo. The left hand side goes to —A(x) and
the right hand side goes to A(z) by theorem 2.2.1. So we conclude the first

case: if A, = A_, then for p—almost every x € M:

1
lim —log||A"(z)v]| = Ae(z), forall ve R*\{0}.
n OO/)’L

Before we proceed to the case x € M such that A\(x) > 0, we review an

important concept from linear algebra.

Proposition 2.3.2 Given g € SL(2) such that ||g|| # 1, there exist unit
vectors s and u such that ||gul| = |lg|| and ||gs|| = [lg~ |7 = |gl|=*. These
vectors are unique, up to multiplication by —1, they are orthogonal, and their

images gs and gu are also orthogonal.

The pair of vectors u and s are the singular vectors of the matrix g and
represent respectively the most and less expanded vectors by g. The singular
vectors form an orthogonal basis and their image is also orthogonal because
they are eigenvectors associated to different eigenvalues of g*g.

The geometric meaning of the previous proposition is that the unit circle
is transformed into an ellipse by g (not a circle because ||g|| # 1). Moreover,
the semi-axes of the ellipse are exactly s and w.

The unit vectors s(A™(z)) and u(A™(z)), respectively, most contracted

and most expanded under A"(x) will play a key role in the proof of Oseledets
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Theorem. When it is clear to what cocycle we are referring to, we will use the
notation s, (z) for s(A™(x)) and u,(z) for u(A"(zx)).

Now consider the case x € M with A(x) > 0. Fix any such z. Since
| A™(z)|| is approximately e™ @) for n sufficiently large, in this case there exists
some N such that, for every n > N, we have that [|A"(z)|| > 1.

Therefore, by proposition 2.3.2, there exist unit vectors s, (z) and u,(x),

respectively, most contracted and most expanded under A™(z).

Lemma 2.3.3 The angle Z(s,(x), sn11(x)) decreases exponentially:

lim sup 711 log(|sin Z(s,(2), Sna1(x))|) < —2X(x).

n—0o0

Proof. We denote the angle Z(s,(x), sp+1(x)) by ay,. Since w41 () and s,,41 ()

are orthogonal, we can write
$n(x) = Upy1(x) sin(a,) + Spp1(x) cos(a,).
Hence, applying A" (z) to both sides and using the linearity, we have:
A" (@) s, (2) = A" (@) w1 () sin(ay,) + A" (@) 8041 (x) cos(ay,).

Moreover, using proposition 2.3.2, A" (z)u,,1(z) and A" (z)s,,1(x) are
orthogonal. So, by Pythagoras Theorem and the fact that w,,; is the most

expanded unit vector under A"t it follows that
|A™ (@) sn(@)]| = [A™ (2)un (@) sin(aq )| = | sin(a) || A (2)].
On the other hand,

A" @3, ()| = [ A (@) A" (@)su(@)] < A @A @)s0 ()]
= A @) A" ()

Then, by the previous inequalities we can conclude that:

JAG (@)
S T A @

| sin(cv,)

Therefore,

[AC" ()l )

li 11 | sin(a,,)| < 1i 11 <
m sup — log | sin(ay, )| < lmsup — log n n
nooo M nooo N [ A1 (2)[[| A" () |
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We can rewrite the right hand side of the previous inequality as

timsup - [1og (| A(F"(@)]) ~ Tog (A (2)]) ~ los (| 4"()]) |

By corollary 2.1.1 with ¢ equal to log || Al|, the first term is zero. Moreover, by
Furstenberg-Kesten’s Theorem, each of the last two terms is equal to —A(x).
We conclude that

lim sup 711 log (| $in 2 (80 (2), $ns1 (2))]) < —2\(x).

n—oo

|

Observe that the corollary used in the previous lemma asks log || A| to

be in L(u) however, by hypothesis, we only know that log™ ||A*Y|| € L'(u).
This is not a problem, because given a measurable function A : M — SL(2),

these two conditions are equivalent, since | A(x)|| > 1 for every x € M.

Definition 2.3.1 Given two vectors vy and vy in R%, we denote their pro-
jections into the projective plane by vy and v¥y. The projective distance
§: P(RY) x P(R?) — [0,00) is given by

N, U ; (AN
d(Vh, Uz) == |sin Z(vy,v9)| = W,

where the symbol N is the exterior product (wedge product).
Lemma 2.3.4 The sequence {s,(x)}, is Cauchy in the projective space.

Proof. We estimate ||s,(x) — s,+1(x)|| in the projective space, so we are able
to replace s;(x) by —s;(z) when necessary and the same for u, (z). Remember
that u,11(z) and s,41(x) are unitary, orthogonal and «, is the angle between

s and s,,;. Then
$n () = Sn41(7) = tUngr (z) sin(an) + snp1 () (cos(an) — 1).
Hence,
Isn(2) = sn1(2)]| < unsa (2) sinom)|| + [|sn1(2) (cos(an) = 1)].

Now we are going to bound |sin(«,)| and |cos(a,) — 1.

First consider € > 0 such that —2\(x) + ¢ < 0. Note that we can choose

such an € because A(z) > 0. Hence, by the previous lemma,

\Sin(an)| < 6n(—2)\(w)+e)
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for n large enough. The other term, | cos(a,,)—1| is of order |a? |, while | sin(a,)|
is of order |a,| when n goes to inﬁnite Therefore, | cos(a,) — 1| goes to zero

AN (z

at an exponential rate of order e~ . We conclude that for some constant

C < oo and for n large enough,
sn(@) = snsa ()] < Cen2AT,
Now we are able to estimate ||s,4x(x) — s, ()]:

[n k() = sn (@)l < snk(2) = sSnpp-r(@)] + ... + ||5n+1( ) = sn(@)]

< Ce(n+k71)( 2X\(z)+€) 4o+ C@ (z)+¢€)
< QB [1 4 (DD 4y (DD ]
<T@+,

We used the triangle inequality and the fact that we had a geometric
progression with common ratio e=2*@)+¢ < 1.
In particular we conclude that the sequence is Cauchy in the projective

space.
[ |

Proposition 2.3.5 If a,, b, > 0 for every n, then

(a) limsup —log(an + b,) = max {hm sup — log @y, lim sup —logb }

n—r00 n—oo N n—r00
R | 1
(b) lim inf — log(ay, + b,) > max {hm inf —log a,, lim mf — log b }
n—oo n
Proof.

(a) Consider a/, = min{a,, b,} and b/, = max{a,, b,}. Observe that

1
lim sup — log(an +b,) = limsup — log(a,, + 1))

n—oo T n—oo NN

1 /
= limsup — <log(1 + b ) + log b )

n—oo NN

We can also see that

1 1 a
lim sup -~ (log b)) < limsup — <log(1 + 0, —) + log b’)
n

n—o0 n—oo

< lim sup — - (1og( )+ logtl,) .

n—oo
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By these previous inequalities we conclude that

1 1
lim sup — log(an + b,) = lim sup — log(max{a,, b,}).
n—oo T

n—oo

Since log is an increasing function, log (max{a,, b,}) = max{loga,,logb,}.

It remains to show that

lim sup max{z,, y,} = max{hm SUD Zn, hm 15Up Ynt,
n—oo

where z,, = loga, and y, = logb,.

By the definition of lim sup, there exists a subsequence (max{y,,yn, }),,

such that lim 15Up max{T,, yn} = hm max{xnk,ynk} This subsequence
must have 1nﬁn1te elements from xnk or yp,,. Without loss of generality
suppose it has infinite elements from x,,. Then, there exists a subse-

quence (max{a:nkl,ynkl}>nk such that for all [, max{a:nkl,ynkl} = Tn,, .
l

Hence,

hinﬁsogp max{x,, y,} = li)m max{xnk ,ynkl} = lgn Ty, -

Moreover,

hm 1 Ty, < lim sup x,, < max{lim sup z,,, hm sup Yn}t,
n—oo

which implies that lim sup max{z,, y,} < max{lim sup z,, limsup y, }.
n—oo n—oo n—oo

On the other hand, it is clear that
lim sup max{z,, y,} > max{lim sup z,, hm 1 5Up Unt,
n—oo

n—oo

which concludes the first part of the proposition.

This proof is analogous to the previous item. Notice that

1
lim inf — log(an + b,) = lim inf — log(max{ay, b, })
n—oo n,

n—oo n,

|
= lim inf - max{log a,,logb,}.
Therefore, we conclude that
l"f1 1 logb,} > l"fll 1"f11b
im in ﬁmax{ 0g ay, logb,} > max{ iminf ~ log ay, liminf — log n

which finishes the proof.
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|
Define s(z) = Jim. Sn(z). As {s,(z)}, is a cauchy sequence and the

projective space is compact, hence complete, this limit exists.

Lemma 2.3.6 The vector s(x) is contracted at the rate —\(x):

lim ~ log | A™(x)s(z)]| = —A(x).

n—oo n,

Proof. Let , = Z(s(x), sp(x)) . We can write s(z) in terms of u,(z) and s,(x),

as follows:

s(x) = up () sin(B,) + sn(z) cos(By).

Applying A™(x), using its linearity and then using the triangle inequality,

we have:
[A™(z)s(@)[| < | cos Bal[|A"(2)sn ()| + [ sin B, ||| A™ (2 )un () |

Now we are going to take the logarithm, multiply by %, apply the lim sup

to both sides of the equation and use the first item of the previous proposition:

n—oo

1 1
lim sup — log ||A™(z)s(z)| < max {lim sup — log (| cos B, ||| A" (x) s, (2)]|) ,
n n—oo 1
. 1 . n
lim sup — log (| sin 3, ||| A (az)un(x)H)} )
n—oo M

Since s,(x) — s(z), we have cos 3, = cos Z(s(x), s,(z)) — cos0 = 1.
Then:

1 1
lim sup —[ cos B[ A" (2)sn(2)|| = limsup —[[A" () sy (2)||
n—oo 1N n—oo NN
1
= lim sup —[| A" (z) (|~
n—oo N
= —A(x).

We already know how to estimate the other term:

: 1 : n
lim sup — log (| sin B, || A" () un (2)|)
n—oo T
1 1
=limsup — log (| sin 3,|) + limsup — log || A" (z)u, ()|
n—oo T n—oo Tl
< 22X (2) + Mz) = =A(x).

By this previous calculation we showed that

lim llog |A™ (x)s(z)]] < —A(x).

n—oo n,
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To prove the other inequality, we use the second part of the previous

proposition:

o] n o] n

lim nf -~ log 4" (z)s(x) | > max {liminf - log (| cos 14" (@)su(2)]])
o] : n
li inf g (|sin 5[ 4" (@)un (@)])

> —\(z).

Together, both inequalities imply the claim of the lemma. [ ]
Note that we can take the line Rs(z) generated by s(x) to be
E? in Oseledets Theorem. Thus if a vector v belongs to E2\{0}, then

1
lim —log |A"(z)v]] = —A(z). In the next lemma we consider the case v ¢ E?.
n—oo n

Lemma 2.3.7 If v € R? is not colinear with s(z) then

1
lim —log || A" (x)v|| = A(z).

n—oo n,
Proof. Denote =, = Z(v,s,(z)). Then we can decompose v as:
v = uy(x)sin(y,) + sp(z)cos(v,). Applying A™(x) to both sides and
taking the norm,
[A™ ()]l = A" (@)un(x) sin(yn) + A" (2)sn () cos(yn) -

Since A™(x)u,(z) and A™(z)s,(z) are orthogonal,
[A™@)v]]* = [sin(y) P A" (@)un(@)]|* + | cos(a) [ A" () s (2) |,
by the Pythagorean Theorem. Hence,

[A™ ()]l = | sin(y)[[[A™ () un (2)
1 1 1
~log||A™(z)v]| =~ log |sin(va)| + —log [|A" (2)un ()]

o1 n
h}lr_l)g}fﬁlogHA (z)v]| = A(z).

In the last inequality we used the fact that v is not collinear to s(z). For the

other inequality, we use ||A"(z)v]] < ||A™(x)]|||v||. So,

1 1 1
lim sup — log ||A"(x)v|| < limsup — log||A"(z)|| + limsup — log ||v||
n—oo T n—oo T n—oo T
1
lim sup — log ||A™(z)v]| < A\(x).
n—oo T

By putting both inequalities together we finish the proof of the lemma. [
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To finish the proof of the theorem, it remains to show that

A(z)E; = Ej} - This will be the purpose of the next lemma.
Lemma 2.3.8 A(x)s(z) is collinear to s(f(z)).

Proof. By lemma 2.3.6, we know that

lim — log || 4" (f(2)) A(w)s(2)] = lim

n—o00 n, n—oon 4 1

log [ A" (z)s(2) ]| = —A(w).
By lemma 2.3.7, for every v non collinear to s(f(x)),

lim  log | A"(f(2))o]| = A(f(x)).

n—oo n,

Remember that, by theorem 2.2.1, A is f-invariant. Therefore,

lim ~ log | A™(f(2))o]| = A(z)

n—oo n,

for every v not collinear to s(f(z)). So, A(z)s(x) is collinear to s(f(z)). N
Together these lemmas complete the proof of Theorem 2.3.1. [

2.4
Invertible case of Multiplicative Ergodic Theorem in dimension 2

In this section, complete the proof of Oseledets Theorem in the invertible

case.

Theorem 2.4.1 If f : M — M is invertible, then for u almost every x € M,

we have
(1) either A_(z) = Ay (x) and

1
lim —log ||A™(z)v| = Ax(z), for all v € R

n—too n,

(2) or Ai(z) > A_(x) and there exists a direct sum decomposition
R? = E:@® EY such that

if ve E\{0}

1
lim —log || A" (x)v||
if veR)\E:

n—oo n,

|
—
> >
+ I
—
s &

1
lim —log ||A"(x)v||

n——oo n

Ai(z), if ve ER\{0}
A(z), if veR*\EY
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Moreover, in the second case, A(x)E; = E%,, and A(x)E; = E},, and the

angle between the two lines decays subexponentially fast along the orbit:

nl_l)rfoo ; log [ sin Z(E¥n 4y, Efn(y))| = 0.
Proof. The case \(z) = 0 follows from Theorem 2.3.1 applied to F and to F'~*.
Now we deal with the case A(z) > 0. Let £ = Rs(z) and E¥ = Ru(z) be
the subspaces given by Theorem 2.3.1 for F' and F~!, respectively. Before we
continue with the proof, it is worth to state some remarks that will be useful
later in chapter 5.
As E7 = lim sn(z), one should expect that lim un(z) = EY. However,

this is false. Indeed, the true statement is:

Proposition 2.4.2 If A\, (A) > 0 and [ is ergodic, then for u-almost every
xre M,
lim u,(x) = Ey(AY).

n—oo

Proof. First note that since Ay (A*) = Ay (A) > 0, the most and least expanded
directions are well defined for the cocycle A*.
Also, for every g € GLy(R), a direct calculation shows that the singular

I associated to the greatest singular value of g~! is equal to the

vector of g~
singular vector of g* associated to the smaller singular value of g* and vice

versa. That is,
u(g™') =s(g") and s(g7') = ulg").
Therefore, since we defined E¥(A) = lim, . s(A™"(x)), it holds for
pu-almost every x € M that

EY(A*) = lim s(A* " (2))

n—oo

= lim u((ATYEY)(2))

n—oo

= lim u(A™(x))

n—oo

= Jim ().

Lemma 2.4.3 The vectors s(x) and u(x) are non-collinear, for p—almost

every point in {x : A\(xz) > 0}.

Proof. By assumption, EY is the line generated by the less expanded di-
rection for A™"(z). Hence, lim, o Llog||A™"(z) | E¥|| = —A(z) and then
lim,, , %log |A™(x) | EY|| = A(x).
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So, in order to prove the lemma, we need to show that:

1
Jim_ = log |A"(x) | E2]| = =A@).

By Oseledets Theorem, the previous limit exist for almost every z € M.

Denote this limit by ¥ (x) and consider the sequences of functions:

1 1
Ya(w) = —log|[A™"(2) | Egll and ¢a(y) = —log

(rwiE)"|.

Our goal is to show that 1, converges in measure to —\. This will be
sufficient for proving the lemma, because we already know that 1, converges
almost everywhere to 1, hence it converges in measure to the same limit.
Finally, by the uniqueness of the limit, it will follow that ¢ = —A\.

From the definition of A™", we can see that

() = _1n log [[(A™(f () | E3) || = éu(f"(x)) for every n > 1.

Since E? is one dimensional,

ouly) = log ]| (A"(5) | B5) 1.

So, lim,, 00 &n(y) = —A(y) for p—almost every y € M. This implies that
¢n, converges in measure to —A(y):

lim o ({y : |pn(y) + A(y)| > 6}) =0 for every 6 > 0.

n—oo

Since f is a measure preserving transformation:

lim p ({y Hon(fT(y)) + A (y))| > (5}) =0 for every § > 0.

n—oo

Now, using the fact that ¥,(z) = ¢,(f"(x)) and the fact that the

Lyapunov Exponent is an invariant function:

lim p({y: |Yn(y) + A(y)| > 0}) =0 for every ¢ > 0.

n—o0

So we concluded that 1, converges in measure to —\ and, by the previous
arguments, 1) = —\. Consequently the vectors s(z) and u(z) are non-collinear,
for p—almost every point in {z : A(x) > 0}.

|

In fact, there is a more general statement for an ergodic f:
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Proposition 2.4.4 If a cocycle A has Lyapunov exponent A, > 0 and f is

ergodic, then for p-almost everywhere:
EX(A) = BX(A): and Ei(A) = BA(A")

In particular, we conclude that for p-almost everywhere:

n—oo n—o0

E}(A) = lim u (A*(")(:c)) and E3(A) = <lim u (A(")(:c)))L.

Proof. Note that if we prove E%(A) = E3(A*)* p-a.e, then by considering the
cocycle A* instead of A and the fact that A(x)™ = A(z), we can conclude that
E3(A) = E*(A*)* p-a.e. Hence it is sufficient to prove the first equality.

By proposition 2.4.2, the first equality says that

: *(Nn : *(Nn L1
J u (40() = Jim s (A(@)" peae

For every n > 1 and p-a.e, we know that <u (A*(”) (x)) , S (A*(")(:c))> = 0.

Since the inner product is a continuous function, the statement holds.

Also by proposition 2.4.2, the fact that A(x)** = A(z) and the previous

results in this proposition, we conclude that for y-almost everywhere E¥(A) =

dim (A*(”) (x)) and E5(A) = (Jl_}tgou (A(”) (:11:)))L |

Proposition 2.4.5 For every g € SL(2) and non-zero vectors u,v € R?, the

angle between gu and gv must satisfy the following relation:

| sin Z(g(u), g(v))]

bl < —sn Zw, )]

< llgll*.

Proof. Since g € SLy(R), it preserves area, so ||gp A gq|| = ||p A ¢l|. Then,

[sin Z(g(w), g())| _ llgp A gall lIplll4l

[sinZ(u,v)] llgplligall Ip Adl
_ b
lgpll llgall
By definition 2.2.1,
< < gl
S = |91
lgll> ~ llgpll 194l

which concludes the proof. [ |

Lemma 2.4.6 Let 0(y) = Z(E;, Ey). For p-almost every x with \(x) > 0,

o1 : n B
Jgrgoﬁlog\sme(f (x))| = 0.


DBD
PUC-Rio - Certificação Digital Nº 1912789/CA


PUC-Rio- CertificagaoDigital N° 1912789/CA

Chapter 2. The Multiplicative Ergodic Theorem 32

Proof. We prove that log|sin 6| o f —log |sinf| € L'(u). Hence, by the remark
of 2.1.1 we conclude the result.

By proposition 2.4.5, applied to our setting:

| sin (f(x))]

4@~ < S

< [[A()],
where
sinf(f(x)) = sin (A(E;(I), E}‘(x))) =sin (L(A(x)E;, A(x)EY)) .
Then, since log is an increasing function:
|log | sin6( ())] — log| sin 6(x)|| < 2log || ()],

which means that log |sinf| o f — log|sin @] € L*(u). [
This finishes the proof for the case where A takes values in SL(2). Now

we are going to extend it to the general case.

Lemma 2.4.7 Oseledets theorem can be reduced to the case in which A takes
values in SL(2).

Proof. Given a linear cocycle A : M — GL(2), define ¢(z) = |det A(z)|? and
let B : M — SL(2) be given by A(z) = c(x)B(z).

First we claim that, if log™ [|A*!]| is in L(u), then log c and log™ || B*!|
must also be in L'(u).

By definition, log* ||A(z)|| = max{logc(z) + log||B(z)|,0}. Since
B(z) € SL(2), we know that ||B(x)|| > 1, hence 0 < log ||B(z)| < log||B||.
So, log™ || B(x)|| = log || B(x)|| € L*(1) because that M is a probability space.
Together with the fact that log™ || A|| € L*(u), this implies that log™ ¢ € L'(u).
Also, log™ || A(z)7!|| = max{log c~1(z) +log || B(z) |, 0}. Since B(z) € SL(2),
|B(z)|| = ||B(z)7|]. Then log™ ||B(xz)~|| € L'(x) by the same argument as
before and log™ ¢ € L'(1). This concludes the proof of the claim.

Now we are going to check that for p—almost every x € M,

1 1 . 1
lim — log || A™ = lim — Y 1 J lim — log || B" Vo £ 0.
i, - log 14" (a)oll = Jim, 32 loge((2)) + Jim, 7 log | B"(a)ol] Vo #
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By definition,

1
lim —log || A" (x)v||

n—oo n,

1
= lim —log||(cB)"(z)v|

= lim log | (cB) (/") (cB) () (B (@)l

— lim ~log [le(f"2)...c(f(2))e(z) B (x)o]

= i o {Je(" ).l ()e()] [ B" ()}

= linn —log {e(f" el f(2))ela)} + iy~ log |1 B"(2)e]
1 n

= lim —

—1
Jim 3 g7 + T~ log || B ()]

The left term is the Birkhoff average of the function logc, which is in
LY(p), so this limit exists for y—almost every x € M. The right term is the
limit that appears at Oseledets Theorem with B(z) € SL(2), so it also exists
for p—almost every z € M and every v # 0.

By the previous expression, we conclude that the associated cocycles
F(z,v) = (f(z), A(z)v) and G(z,v) = (f(z), B(z)v) have the same Oseledets
decomposition at almost every point. Moreover, the Lyapunov spectrum of the
cocycle F' is a translation of the cocycle B. [ |

This concludes the proof of the Multiplicative Ergodic Theorem of
Oseledets. [ |
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3

Stationary measures and Furstenberg’'s Formula

The goal of this chapter is to formulate and present a detailed proof
of Furstenberg-Ledrappier Formula, describing the Lyapunov exponents of
random linear cocycles. This formula plays a central role in the proof of Le
Page’s Theorem in [1] and also in our result, that extends this theorem in
chapter 5. We follow chapters 5 and 6 in [11].

In section 3.1 we present a class of cocycles called random cocycles and we
introduce basic concepts of stationary measures. In section 3.2 we go through
the theory of u-states and s-states and relate these concepts with the previous
ones in order to prepare the reader for the next section. Section 3.3 is the heart
of this chapter, where we provide a detailed proof of Furstenberg-Ledrappier
Formula. In section 3.4, we derive a particular version of the previous result
and use it to prove a theorem of Furstenberg and Kifer on the continuity of

the Lyapunov exponents.

3.1
Stationary measures

In this section we present two fundamental concepts: the random cocycles
and the stationary measures. They will play a central role in this work.

Consider a probability space (X, B, p). Let M = X% be the space of
biinfinite sequences in X endowed with the product o-algebra A = B” and the
product measure pu = p”. Let f : M — M be the shift map on M.

Let (N,C) be a measurable space and consider M x N endowed with the
product o-algebra A ® C. For most of our applications, specially in chapter 5,
we will consider X to be a compact metric space and N to be R? or PR?. For

the time being, we maintain this generality.

Definition 3.1.1 A random transformation (also called locally constant skew

product) over f is a measurable transformation of the form:

F:-MxN-—MxN
F(z,v) = (f(2), Fa(v)),

where F,: N — N depends only on the zeroth coordinate of x € M.
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In order to illustrate this concept we present the following examples:

Example 3.1.1 Let X be a compact subset of GL(d). Consider a probability
measure p defined on X. Let M = X%, so that an element of M is given
by {gn}tnez, and p = p. For the transformation on the base we consider

the Bernoulli shift. Now we present two random transformations: the random
linear cocycle: F': M x R* — M x R?,

({gn}n; ) = ({gnr1}n, 90(v)),

and its associated projective cocycle: PF : M x PRY — M x PR,

({9} 0) = ({01 0(0) )

Now we are going to work toward the definition of a stationary mea-
sure. For this we introduce the transition operator associated to a random

transformation and its adjoint.

Definition 3.1.2 The transition operator associated to a random transforma-
tion F is the linear map P : L>°(N) — L*(N), defined by

Pov) = [ ¢(F(v)) du(a)
Note that the transition operator is bounded: [|[Po|| < |l¢]|-

Definition 3.1.3 The adjoint transition operator P* associated to a random

transformation F' acts on the space of probability measures n on N by:

P(B) = [ ().a(B) du(a) = [ n(F(B)) du(a),
for every measurable set B C N.

Consider the space T(N) of measurable transformations 7: N — N,
endowed with some o-algebra such that the map F : M — T(N), F(z) = F,
is measurable, for example the push forward of the o-algebra A under F. Let
v be the push forward F,u of the probability measure p by the map F. Then
we can characterize the transition operators by this new measure v:

Po() = [ @lo)) dvlg) and Py(B)= [ n(97(B)) dvo)

N)

The next lemma relates the transition and adjoint transition operators.
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Lemma 3.1.1 Let ¢ € L>°(N). Then

/N @ d(P*n) = /N (Pe) dn

Proof. Our strategy is to use a standard argument in measure theory: first we
prove the statement for indicator functions. Let 15 be the indicator function
of a measurable set B C N. Then

/N 1p d(P*n) = P*n(B)

:/ (F=Y(B)) dy(z)
/ ({ve N:(z,0) € F\(M x B)}) dp(z)

Z(MXn)(F <MxB>).

On the other hand,

[ Pradn= [ [ 16(F(v)) du(x) dn(v)

/ (z € M: Fy(v) € B) dyv)
/ ({x € M: (a,0) e F'(M x B)}) dy(v)
= (nxn) (F~ <M><B>)

Then, we can extend this result by linearity to simple functions. Finally, any
given function ¢ € L*°(N) is an uniform limit of simple functions { f,, },, hence
we have:

JoedPm = [ lim £, dP)

n—o0

= lim /an (P*n)

n—oo

= lim [ (Pf,)d

n—oo JN

= lim (Pf,) dn

N n—00

= / (Pyp) dn since P is continuous.
N

This concludes the lemma. [

We now introduce one of the most important concepts of this work, the
notion of a stationary measure. In ergodic theory, usually consider f-invariant
measures, that is, measures that satisfy n(B) = n(f~'(B)) for any measurable
set B. The following concept, as we are going to see, is a weaker version of
thereof.
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Definition 3.1.4 A probability measure n on N is called stationary for the

random transformation F if P*n =n; that is, if

n(B) = [ a(EB) dutr) = [ (g™ (B)) dFulo)

for every measurable set B C N.

This definition means that the measure 7 is invariant on average (with
respect to p), over all transformations F,. Therefore, if a probability measure
is F-invariant for p-almost every z, then it is also stationary for F'. However,

the converse statement is not true in general.

Remark 4 The stationary measures are fixed points of the operator P. When
the set N is a compact metric space and the transformation F, : N — N is
continuous, the operator P* is continuous with respect to the weak star topology
in the space of probability measures on N . This implies that the set of stationary

measures for ' is closed, hence compact for the weak star topology.

Now we introduce a characterization of the stationary measures for one
sided random transformations. Here we consider M = XN and f: M — M to
be the one sided shift.

Proposition 3.1.2 Let F: M x N — M x N be a one sided random
transformation. A probability measure n on N is stationary for F if and only

if the probability measure y X 1 on M x N is F-invariant.

Proof. Suppose (p x 1) is F-invariant. Let ¢ € L*(N) and define the function
v: Mx N— R by #¢(z,v)=¢(v). Then,
/N o(v) (dP*n)(v) = /N Po(v) di(v) (by lemma 3.1.1)
- / / o(Fu(v)) dp(z)dn(v) (by definition of P)
N
(f(x), Fp(v)) du(z)dn(v) (by definition of 1)
= / (x,v) du(z)dn(v) (by the invariance of (1 x 7))
NJMm
= / w(v) dn(v) (since M is a probability space)
N
and this is sufficient to prove that P*n = n, since ¢ was arbitrary. Therefore,
n is F-stationary.

For the converse statement, assume that n is F-stationary. Let

€ L®(M x N) and consider p: N — R defined by ¢(v) = [, ¥(x,v) du(z).
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Then,

/ / (x,v) du(z)dn(v ):/ o(v) dn(v) (by definition of )
:/ o(v) d(P*n)(v) (since 7 is F-stationary)
:/ Pp(v) dn(v) (by lemma 3.1.1)
:/ / (x)dn(v) (by definition of P)

S / (4 Fo(v)) dp(y)dpu(z)dn(v)

where the last line follows from the definition of . Now we are going to do a
smart change of variables. Write x = (x¢, 21, ...) and y = (4o, ¥1, -..). Remember

that F), only depends on z(, hence the previous expression can be rewritten as

/ / / (Y, Fro(v)) dp"(y)dp(zo)dn(v).

Let z = (xo, Y0, Y1, ---). Since f is the unilateral shift, f(z) = y. Then we can

rewrite again the previous expression as:

[ [ e(5(2). Fu(w)) du(=)dnv).

Hence, we concluded that

/N/Mzb dudnsz/M(?/JoF) dpdn).

Since 1 was arbitrary, this proves that (u x 7) is F-invariant. [

3.2
u-states and s-states

In the previous section we discussed the one-sided case. Now we present
the case when F' is invertible. Consider M = X% and p = p? an f-invariant
probability measure, for some probability measure p in X. Also assume that
X is complete and separable, hence so is M. Moreover, let f : M — M be the
full shift.

Before we continue, let us introduce some notations:
={ne€Z:n>0} and Z  ={neZ:n<0}.

Let M* = X% and pt = pZi. Moreover, consider 7% : M — M* the

canonical projections and define f* : M* — M%* to be the one sided Bernoulli
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shifts associated to pu+ and pu~ respectively:
ffort=ntof and f om =7 of "

Then, every invertible random transformation F': M x N — M x N over
f M — M induces two one-sided transformations as follows. Given x € M,
let 2% = 7% (x) and for v € N let

-1
Ff(v) = F(v) and F () = (Fri@m(©)
Then we may define
F*':M*"xN—=M"xN, Ff(z*v)=(fT(a"),Fiv)
F7:M xN—=M xN, F(z,v)=(f(2),F_v).

Moreover, F, depends only on the zeroth coordinate of z, hence both F'*
and F~ are random transformations since F.f, depends only on z{ and F__

depends only on x~;.

Definition 3.2.1 A probability measure n on N s forward stationary with

respect to F, if it is stationary with respect to F'*:

nB) = [ (FEB) dit @) = [ n((7)7(B)) dulw)

for every measurable set B C N.
Moreover, we say that a probability measure n on N is backward station-

ary with respect to F, if it is stationary with respect to F'~:

n(B) = [ n((F)7B) du ()
:/MU(Fffl(:c)(BD dp(z)

= [ n(F(B)) dux)

for every measurable set B C N. (The last equality uses the fact that p is

f-invariant.)

Now we are going to state a proposition that says that the invariant
probability measures of F' over p are in a one to one correspondence with the

invariant probabilities of F* over ™ and also with F'~ over p~. Consider the
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canonical projections:

proj; : M x N - M and proj,: M x N = N
projli:Mj[xN—)]Wi and projzi:MixN%Ni,

and let II* : M x N — M¥* x N be given by [I¥(z,v) = (7%(z),v), where

7t : M — M® are the canonical projections between the shift spaces.

Proposition 3.2.1 There is a one to one correspondence between the invari-

ant probability measures of F', F* and F~. More precisely,

(i) If m is an F-invariant probability measure with (proj,).m = pu,
then m* = TIfm is an FT-invariant probability measure with

roiy ).,mt = ut.
(proji) It

(ii) Given any F*-invariant probability measure m™ with (proji ).m* = u*,
there exists a unique F-invariant probability measure m such that

IIFm = m" and (proj,).m = p.

Moreover, the previous statements remain true if we replace the + signs

by — signs.

Proof. This is a classical result, which can be found at chapter 5 of [9] (see also

chapter 2 of [10] for a similar result with a more detailed proof). |
Remark 5 The measure m is usually called the lift of m™ and m™.

We are now ready to introduce and study the u-states and s-states, which

will play an important role in the proof of the Furstenberg-Ledrappier Formula.

Definition 3.2.2 Let m be an F-invariant probability measure on M x N

with (proj,)sm = p. We say that m is an s-state if, for any measurable sets
A-Cc M-, AtCc Mt and BC N,

m(A~ x AT x B)

(A~ x AT does not depend on A™.

We say that m is a u-state if, for measurable sets A~ C M~, AT Cc M+
and B C N,

m(A~ x AT x B)
1A~ x AF)

does not depend on A™.

Moreover, we say that m is an su-state if m is both a u-state and an

s-state.
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Proposition 3.2.2 Let m be an F-invariant probability measure on M x N

such that (proj,)«m = p. If m is a u-state, then F.m is also a u-state.

Proof. Let A~ C M~, At € M* and B C N be measurable sets. Since m is
F-invariant, F,m(A~ x AT x B) = m(F~Y(A™ x AT x B)) = m(A~ x At x B).

Therefore,
Fom(A= x AT x B) m(A- x AT x B)

PA= X AT) (AT x AT

so it does not depend on A™. [ |

Remark 6 Analogously, if m satisfies the s-state condition, then the same
holds for F~tm.

Proposition 3.2.3 An F-invariant probability measure m on M X N is an s-
state if and only if m = u~ xm™ for some probability measure m* on M+ x N.
In this case m* =117 m and it is F*-invariant.

Similarly, m is an u-state if and only if m = p+txm™= for some probability

measure m~ on M~ x N, in which case m~ = II_m and it is F~-invariant.

Proof. We prove the first statement, the second one is similar. Suppose m is
an s-state. Then, for any measurable sets A~ ¢ M~, AT C M and B C N:

m(A~ x AT x B)  m(M~ x AT x B)
WA X AT (M- x A7)
m ((I") (A" x B))
p(mt)=HAT))
_ IIfm(A* x B)
T p(AT)

Therefore,

m* (A" x B) =l m(A" x B)
m(A~ x At x B) |
(A any A
m(A~ x AT x B)

p (A7)

This proves that m = u= x m™. Now we are going to verify that m™ is

F*-invariant:
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m® ((F*)'(A" x B)) = TIfm (F)"'(A* x B))
=m (<H+>—1 o (F*)7 (A" x B))
m ((F*oII")™' (A" x B))
( AT x B))
(F Lo (A" x B))

( (M~ x A+ X B))

= (<H+>—1<A+ x B))
=mT (AT x B).

To obtain the forth line we used that F* o II"™ = II" o F' and in the seventh
line we used the fact that m is F-invariant. For the converse, suppose that
m = p~ X m*. Then, for any measurable sets A~ € M~, AT € M™* and
B CN:

m(A” x A* x B)  p (A7) xm*(A* x B)  m*(AT x B)
WA X AT) (A x (AT (AT
that does not depend on A~, which means that m is an s-state. [ |

Proposition 3.2.4 If an F-invariant probability measure m on M X N is a
u-state (respectively an s-state), then 1 = (proj,).m is a forward (respectively

backward) stationary measure.

Proof. We prove the case where m is an u-state. The s-state case is analogous.
Let m be a u-state and m™* = II} m. For every measurable sets AT € M™* and
B C N define

mt (At x B)  m(M~ x AT x B)

M= T ar < A

Note that since m is a u-state, the previous expression depends only on B.
By its definition, n is a probability measure on N. Moreover, by proposition
3.2.3, we can write m* = put x 7. Since mT is F't-invariant, then by
proposition 3.1.2, n is a forward stationary measure for F. Also note that

(projy)«m = (proj,).m*™ = n, which concludes the proof. [

Remark 7 The converse is also true: if n is a forward (respectively backward)

stationary measure on N, then its lift is a u-state (respectively an s-state).


DBD
PUC-Rio - Certificação Digital Nº 1912789/CA


PUC-Rio- CertificagaoDigital N° 1912789/CA

Chapter 3. Stationary measures and Furstenberg's Formula 43

The next proposition says that the accumulation points of a sequence of
s-states (u-states) are also s-states (u-states). We propose an alternative proof

to the one given in [11].

Proposition 3.2.5 Let {m,}, be a sequence of probability measures on
M x N projecting to Bernoulli measures {j,}, on M and satisfying the
s-state (respectively u-state) condition. If {m,}, converges to some probability
measure m and {j,}, converges to some Bernoulli measure p in the weak*

topology, then m satisfies the s-state (u-state) condition.

Proof. Since m,, satisfies the s-state condition for every m, we can write
my, = i, X m; by proposition 3.2.3. By hypothesis, {m, }, converges to m and
{1, }n converges to p~ in the weak* topology. We claim that {m}, converges
to m* = II}m. Consider any ¢ € C(M* x N), then:

/ p d(m,) = / ¢ d(ITfm,) = / oIt dm,,.
M+ xN M+ xN MxN

Since ¢ o I is a continuous function and {m,}, converges to m in the
weak® topology, we know that the last term converges to [y, y ¢ o IIT dm.

Hence, applying again the change of variables, we can conclude that

[ edmh > [ pdm?).
M+xN M+ xN

This completes the proof of the claim. Moreover, since we know that
my = p, X mi — p~ x mt and m, — m, we conclude that m = = x m™.
This means that m is also an s-state, by proposition 3.2.3. |

Before we continue to the next proposition, we need to introduce the

concept of disintegration of a measure.

Definition 3.2.3 Let m be a probability measure on M x N that projects
down to p. A disintegration of m along vertical fibers is a measurable family

{my : x € M} of probability measures on N satisfying

m(E) = [ m,({v: (2,0) € E}) du(a)
for every measurable set E C M x N.

Remark 8 The probability measures m, are called conditional probabilities.

Rokhlin’s Disintegration Theorem A.0.8 implies that a disintegration
along vertical fibers does exist and that it is essentially unique, in the sense

that given two different disintegrations they coincide on p-almost everywhere

(see A.0.7).
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Proposition 3.2.6 If an F-invariant probability measure on M x N with
(proj,)«m = p admits a disintegration such that each m, depends only on
x~, then it is an u-state. Analogously if it admits a disintegration such that

m, depends only on x™, then it is an s-state.

Proof. Suppose that m admits a disintegration such that each m, depends only
on z~. Then, for every measurable sets A~ C M~, AT C M* and B C N:

m(A” X AT x B) [y dp(z7) [4- ma(B) dp(z7)
1A= x At) p (A7) x (ut(AT))
_ Ja- ma(B) dp” (7))
p (A7)
~ m(A” x M" x B)
 p(AT x M)

Therefore, it does not depend on AT, so it is an u-state. An analogous argument

shows that if m, depends only on z™, then it is an s-state. [ |

Remark 9 In fact, the converse of this proposition is also true: if an F-
invariant probability measure on M x N with (proj,).m = u is a u-state (s-
state), then it admits a disintegration such that each m, depends only on x~

(respectively x™).

3.3
Furstenberg-Ledrappier’s Formula

In this section our goal is to derive a formula that describes the Lyapunov
exponents of random cocycles using the machinery that we have already

developed in the previous sections.

Proposition 3.3.1 Let m be an F-invariant probability measure in M x N.
Then it follows that:

(i) Its ergodic components are also F-invariant.
(ii) If m projects down to p, then its ergodic components also project down
to .
(1ii) If m gives full weight to some subspace, then its ergodic components also

give full weight to the same subspace.

Proof. Let m be an F-invariant probability measure in M x N. By the Ergodic
Decomposition Theorem A.0.6, there exist a partition P of M x N and a
famility of probabilities {mp : P € P} such that for every measurable set F,

m(E) = [ mp(E) dr.(m)(P),
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where 7 : M X N — P maps every point z to the element P(x) of the partitions
that contains x.

Note that the support of each measure mp is disjoint from the others.
Hence item (iii) follows immediately. Also by the same observation, given an
element P* of the partition, the corresponding measure pp- must satisfy items
(i) and (ii). Suppose, by contradiction that it does not satisfy item (i). Then
there exists some measurable set £ C P*, such that mp«(F~1(E)) # mp«(E).

However,
m(FY(E)  m(E)

mp«(F7H(E)) = m(P*)  m(P¥)

= TTLp*(E),

which is a contradiction. The proof of item (ii) is analogous. |

Before we state the next theorem, we introduce the concept of a flag. A
flag in R? is a decreasing family R = V! D ... D V* D {0} of vector subspaces
of R%. Since we work in R?, there are two possible types of flag: V! = R? and
V2 = {0}, or V! = R? V?is a subspace of dimension 1 and V? = {0}. When
we are in the second case we say that the flag is complete.

Moreover, we can relate this concept with the Oseledets Theorem. In
the non-invertible case of Oseledets Theorem, there are two possibilities for
the Oseledets flag: for p-almost every x we have V! = R? and V2 = {0}, or
VI =R? V2 = E5 and V2 = {0}. The invertible case is the same and we
also know that R* = E$ & E“. Moreover, we can also consider the Oseledets
flag for =1, where there are also both possibilities but, in the second one, we
exchange E° by E.

For convenience of notation, for the rest of this section we will denote £
by ELES by E2 A, by A\; and A_ by \,.

Consider the map

®: M xPR* - R
. |A(z)v]l
O(z,0) = log ———,
o]
where v € R?\{0} is a representative of the projective point ¢ € PR? and
A: M — SL(2) is a measurable function such that log! A!|| is integrable.

Theorem 3.3.2 (Ledrappier) Given any PF-invariant ergodic probability
measure m on M x PR? that projects down to u, there exists j € {1,2} such
that

®dm=2X; and 0) v e V\V/T}) = 1. 3.1
L @dm =2 and m({(x,0):0 € VAV (3.
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Conversely, given j € {1,2}, there is a PF—invariant ergodic probability
measure m projecting down to p and satisfying (3.1). When F is invertible, one
may replace VI\VIT! by E7 in (3.1).

Proof. Let m be a PF-invariant ergodic probability measure. By Birkhoft’s

ergodic theorem, for m-almost every (z,0):

n—1

1 ’L
/MxPRd ® dm = nhrgoﬁ Z S o PF'(x,9)

1 n—1 ] I

= Jlim O Z ® o (f'(x), Ai(z)v)

|A(fia) At (z)ol|
= lim — log
i Z Aol

1l .

= lim — " log (||A™ (@)l — | A'(z)u])

1=0

1 1
= lim — log || A" o
Jim -~ log || A™(z)v]| -~ log |||

1
= lim —log [[A"(z)v]|

n—oo n,

By Oseledets theorem, the last limit above is A; for p-almost every
r € M and for v € VJ\VJTL Since m projects to pu, we conclude that

Jarxpre ® dm = A; for some Lyapunov exponent \; and
m ({(x,@) TV E ij\VjH}) =1

For the invertible case, we can take the limit on both directions n — +ooc.

Thus, m gives full weight to the set
{(z,0):ve B}

of pairs for which the limit is A; for both n — 400 and n — —oo0.

This completes the direct statement of the theorem. To prove the
converse, we need some lemmas.

Consider the projection on the first coordinate 7 : M x PR? — M that
sends (x,0) — z. We say that a measure m projects to p if p = m,m. Let M(u)
denote the space of probability measures on M x PR? that project down to p.

Lemma 3.3.3 The push-forward F.: M(u) — M(u) is well defined and

continuous relative to the weak star topology.

Proof. First we are going to show that given a probability measure v € M(u),
then the push forward FLv is also in M (u). Note that mo F' = fon. Moreover,
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7. 0 Fy = f.om,. Then, m.(F.v) = f.(m.v) = fup = p since p is f-invariant.
Thus, the push forward is well defined.

Now we are going to show it is continuous relative to the weak star
topology. Let (my), be a sequence in M(u), such that it converges in the
weak star topology to a measure m. We need to prove that F,m, converges in

the weak star topology to F,m, that is the same as
/ w dF.m, — o dF.m  for every ¢ € C.(M x PR?). (3.2)
M xPR? M xPR?
By the change of variables, (3.2) is equivalent to
/ poF dm, — poF dm, for every ¢ € C.(M x PR?). (3.3)
M xPR? MxPR?

Since f: M — M and A: M — SLy(R) are measurable, by Lusin’s
Theorem, for every € > 0 there exists a compact set K C M such that
(K¢ < e and the restriction F

Hence ¢ o F' is continuous restricted to L. Then, by Tietze extension

,» Where L = K x PR? is continuous.

theorem, there exists some continuous function 1 : M x PR? — R that is an
extension of p o F.

Therefore:

’/ (gpoF)dmn—/ (gpoF)dm‘
M xPR? M xPR?

g’/L(wF) dmn—/L(gooF)dm‘—i— /Lc(gpoF)dmn—/Lc(gooF) dm‘

g’/ wdmn—/ ¢dm‘+‘/1/)dmn—/ b dm
M xPR2 M xPR2 Lec Lec
—1—‘/ (gpoF)dmn—/ (gooF)dm‘.

Le Le

The first term is smaller than e for n sufficiently large, since 1 is
continuous and m,, converges to m in the weak star topology. The second and
third terms are bounded by [|¢||eo [, (L€) + m(L)] each. Thus, each term is

smaller than ||¢||2e, which concludes the proof. |
Lemma 3.3.4 M(u) is sequentially compact, relative to the weak® topology.

Proof. Since every Borel measure in a separable complete metric space is tight,
for every € > 0 there exists a compact set K C M such that u(K) > 1 —e.
Then K x PR? is compact and m(K x PR?) = u(K) > 1 —e. Therefore M ()

is tight and by Prohorov’s theorem it is sequentially compact. |

Lemma 3.3.5 Let  — V, be a measurable sub-bundle of M x R?. Then the
subset of probability measures m € M(u) such that m ({(z,0) :v € V,}) =1

is closed in the weak star topology.
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Proof. Let {m,}, be a sequence in M(u) such that
m, ({(z,0) :v€V,}) =1 foralln,

and which converges to some m in the weak star topology. Since z — V,, is
measurable, then, by Lusin’s theorem, for every ¢ > 0 we can find a compact
set K C M with u(K) > 1 — ¢ such that the map = — V, restricted to K is
continuous. Therefore, {(z,9) € K xPR? : v € V. } is the graph of a continuous

function, hence it is closed. By Portmanteau’s theorem,

m{(x,9) € K x PR? : v € V,} > limsupm,{(z,0) € K x PR*: v € V,}
n—oo

> 1 — p(K°)
>1-—e.
Since ¢ is arbitrary, m ({(z,[v]) : v € V. }) = L. |

Furthermore, the set of probability measures v € M(u) such that
v({(z,9) : v € V,}) =1 is PF-invariant, since the Oseledets sub-bundle is in-
variant under the cocycle. Given v € M () such that v ({(z,9) : v € V. }) = 1,

(PF).v({(z,0) : v € V}) = v ((PF) " {(x,0) : v € V2})
{(x,0) : v e V,})

v
1.

Now we are ready to finish the proof of theorem 3.3.2. The idea of
the proof uses a very common method. We prove the invertible case and
then deduce the general case by using the invertible extension of the cocycle
F: Mx R> - M x R2

Let j be fixed. Note that the Oseledets sub bundle x — E? is measurable,
since it can only be the map s : M — PR? such that s(z) = dim Sn(T)
or u : M — PR? such that u(z) = Jim un(z), where both are limits of
measurable functions. Thus, it admits a measurable section. Hence, there exists
a measurable vector field x +— o(z) such that o(z) € E? for every x. Consider

myg the probability measure in M(u) that admits 6, as a disintegration:
mo(B) = u({x € M : (x,0()) € BY)

for every measurable B C M x PR?. Now define, for n > 1:

n—1

1 )
my, = — Y _(PF).m.
" izo
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Notice that m,, € M(u) by lemma 3.3.3 and m,, ({(x, [v]) : v € V.}) = 1,
because the set of probability measures v €  M(u) such that
v({(x,[v]) :v e V,}) =1 is PF-invariant. Then, by lemma 3.3.4, there exists
a subsequence {ny}y such that m,, converges to some measure m € M/(u).
Then, by lemma 3.3.5, m ({(z, [v]) : v € V,.}) = 1. Moreover, m is PF-invariant:

(PF),m = (IP’F)*( lim mnk)
= lim (PF).m,, (by lemma 3.3.3)

k—o00
nkfl

= lim (]P’F)*i > (PF).mg

nk—l

= lim — Y (PF).(PF).m

1 1 1
= lim > (PF).mg+ —(PF)mg — —mg
g

=0 Tk Tk

If we consider the ergodic components of m, we conclude that
there exists some PF-invariant ergodic probability measure m such that
m ({(z,[v]) : v € V,}) = 1. Finally, by Birkhoff’s theorem, for m-almost ev-

ery (z,0):

n—1

1
® dm = lim — d o PF" dm = \;.
Jouegs ® 4 = i - 3 o PF(z, ) dm =,
This finishes the proof of the invertible case.

As we have already claimed before, we are now going to consider the
invertible extension of F': M x PR? — M x PR2. Consider M the set of all
pre-orbits of f, that is, the set of all sequences {z,, },<¢ such that f(x,) = 2,41

for every n < 0. Consider 7 : M — M the projection on the first coordinate.
Note that 7(M) = M. Let f : M — M be the left shift:

FloTny o) = (oo Ty ..o, f(0)) -

By proposition 3.2.1 there exists a unique f—invariant measure on M such
that 7, /i = p. Define A= Aom: M — GL(d) and let F': M x R — M x R¢
be the linear cocycle defined by A over f .

Note that Vi = Vi and also: A (F, p) = A (F, p):
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A (F ) = Jim [ og | 47(2) | du(e)

n—oo n

— lim [ 1og|4°(@)| dm.io)

n—oo n

— lim — / log [|A™((2))|| dj(2)

n—0o0 n

= lim - / log || A™(2)|| dpu(2)

n—oo n,

::A+(Pxf0‘

Therefore, there exists some PF-invariant probability measure m on
M x R? that projects down to g and satisfies m ({(z,0):v € Ei}) = 1.
Consider the image of M by the map 7 x id : M x PR? — M x PR2
m’ = (7 x id),/m. We can see that m’ is a PF-invariant probability measure.
Given A C M and B C PR? measurable sets we have:

m’ (PF~(A x B)) = (7 x id).in (PF~'(A x B))

(7 x id)" o PF'(A x B))
=1 ((PF o (r x id)) ™" (A x B))
— <((7r < id) o PE) ™ (A x B)>
=i (PF~" o (r x id) (A x B))
((m x id)~'(A x B))

'(A x B).

=m
m

Moreover, we claim that m'({(z,9): v € V/\VJT'}) = 1 because
EI c Vg(i)\Vg(;)l . To illustrate the last claim, observe that E* C R?*\E?
and also E* C E2\{0} for the case with a complete Oseledets splitting. When
E* = B3, we have E* = E5 C R?\{0}, so it is true.

Then, by considering ergodic components according to proposition 3.3.1,
we conclude that there exists some PF-invariant ergodic probability mea-
sure m such that m ({(x,9):v € VJ\VZ*!'}) = 1. The other claim, that
Jarxpra ® dm = );, follows in the same way as we already did for the invertible

case. |

Proposition 3.3.6 Let F': M x R? — M x R? be a random cocycle. Then,

(1) Ao(F, p) :max{/M ® dm : m is a u-state for]P’F},

xPR2

(2) \_(F,pn) = min{/ ® dm : mis a s-state for IP’F}.
MxPR?
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Proof. We are going to prove item (i) and a dual argument can be done to
prove item (ii). By Ledrappier’s Theorem (3.1):

A< O dm < Ap (3.4)

M xPR2

for every PF-invariant ergodic probability measure m projecting to u. By
the Ergodic Decomposition Theorem, we can decompose every PF-invariant
measure into ergodic components, which, by proposition 3.3.1, also project
down to p. Therefore equation (3.4) holds for every PF-invariant probability
measure m projecting to pu. We show that the maximum is realised by some
u-state.

Consider the Oseledets sub-bundle E* corresponding to A;. Note that
the subspace EY depends only on the negative part x~ of x. Hence we may
find a measurable section = — o(z) of the sub-bundle E* such that o(x)
depends only on x~. Now we consider again, as in Ledrappier’s Theorem, my

the measure in M(y) that admits d,(,) as a disintegration:
mo(B) = p({z € M : (z,0(z)) € B})

for every measurable B C M x PR?. Also, for n > 1:

n—1

1 .
m, = — Z(IP’F)imO.
n o

We already saw in the proof of Ledrappier’s Theorem, that every accu-
mulation point of this sequence is an PF-invariant probability measure that
projects down to i and that accumulation points do exist. Moreover, by propo-
sition 3.2.6, mq is a u-state. Then, by proposition 3.2.2, every m,, is also a
u-state. Finally, according to proposition 3.2.5 every accumulation point m is
a u-state.

Notice that, similarly to what we did before: m ({(z, [v]) : v € E¥}) = 1.
This implies that

1 n—1
lim — 5" @ o PF(z, 6 :/ O dm = \
n—oo n ; (z,) M xPR? -
for m-almost every (z,0). This concludes that the maximum in item (i) is
realized by some u-state. A dual proof can be done in order to show that the

minimum is realized by some s-state. [

Corollary 3.3.1 Let F': M x R?> — M x R? be an invertible random cocycle.
Then it follows that:
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O d(pu x n): nis forward stationary for ]P’F},

(1) A(Fop) = max { [

xPR2

(2) A\_(F,p) = min {/ O d(p xn): nis backwad stationary for IPF}.

M xPR2
Proof. First note that, by proposition 3.1.2, if n is a forward stationary measure

for PF', then m = pu x n is PF-invariant. We already know that for every PF-

invariant probability measure projecting down to p,

./ O dm < A,
M xPR2

Therefore, for every forward stationary measure 1 on PR?,

/<1>d(/txn)§A+-

So we just need to show the other inequality. By proposition 3.2.1,
every PF-invariant probability measure m is the lift of some PFT-invariant

probability measure m™. Moreover

/ ® dm — o dm*,
M xPR2 M+ xPR2

since ® depends only on the coordinate zero. By proposition 3.2.4, if m is a

u-state, then m* = u* x n for some stationary measure 7. Hence,

/ ® dm = ® dm™
M xPR2 M+ xPR2

— O d(ut x
[ (n* xn)

= ® d(p x n).
M xPR2

Therefore, max { / O d(p xn) : nis forward stationary for PF } is
M

xPR2

greater than or equal to max { / ® dm : m is a u-state for PF }, which
M

is equal to ;. o
Note that we could obtain the equality immediately from the statement
(left unproven) in remark 7. Our proof, however, is overall more direct.
This concludes the proof of the first item. The second one is analogous,
using dual arguments for PF-invariant probability measures, backward sta-

tionary measures and s-states. [

Theorem 3.3.7 (Furstenberg-Ledrappier’s Formula)
Let F: M x R? — M x R? be a general random cocycle. Then,

Ay (F, p) = max {/ O d(pu xn): nis a stationary for IP’F} .
M

xPR2
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Proof. Consider the invertible extension F': M x RY — N x R? of the linear
cocycle F' @ M x RY — M x R Let f : M — M be the two sided shift
on M = X% and let A : M — GL(d) be given by A(2) = A(n(#)). Define
F(#,0) = (f(2), A)o). A
Remember that we have already proved that A (F,pu) = Ay (F, ). Also
note that a probability measure  on PR? is stationary for PF if and only if it
is forward stationary for PF. Indeed let B C PR be a measurable set. If 7 is

stationary for PF"

=4
=
&

L
=
(oW
=
&

= [ n(A@)(B)) dia).
Hence 7 is also stationary for PE'. For the converse statement we just
need to follow the equalities from bottom to top.

Now we can conclude that

A+(}2ﬁ0 =:A+(ﬁﬁﬁ0

= max { / ® d(p x n) : 7 is forward stationary for PF }
M xPR?

= max {/ ® d(pu xn): nis a stationary for IP’F} :
M xPR?

3.4
Coninuity of Lyapunov exponents for irreducible cocycles

In the previous section, we saw that the largest Lyapunov exponent is
equal to the integral of the function ® with respect to some PF-invariant
probability measure m = p X 1, where 7 is stationary. In this section, we will
prove that under some irreducibility hypothesis, the Lyapunov exponent of

random cocycles can be expressed as

>\+(F,u)=/ ® d(p x n),

M xPR2

for every PF-invariant probability measure of the form p x 7, where n is
stationary. We will use this result to prove the continuity of the Lyapunov

exponents of locally constant cocyles.
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Definition 3.4.1 A linear cocycle F: M x R? — M x R2?, such that
F(z,v) = (f(z), A(x)v), is called strongly irreducible if there is no finite fam-
ily of proper subspace of R* which is invariant under A(x) for u-almost every
re M.

Remark 10 Strong irreducibility is an open property.

Theorem 3.4.1 (Furstenberg’s Formula) If F : M x R?* — M x R? is strongly

irreducible, then
A (Fp) = / dd
+(F ) PR (1 xn)

for every stationary measure n of the associated projective cocycle PF.

Proof. Let n be a stationary measure of the associated projective cocycle PF

and let m = pxn. By the computation that we did in the proof of Ledrappier’s

Theorem and by Birkhoff’s ergodic Theorem, we know that

A™(x 1=

U(z,v) = lim — " log | H< ”) ol = lim ﬁ Z ® o PF'(x,0)

exists at m-almost everywhere and it satisfies [}, pre U dm = [y, prz ® dm.
By Oseledets Theorem, ®(z,0) = A\, for y-almost every x € M and every

v & V2. Remember V2 = ES if A\, > 0 and V2 = {0} if A\, = 0. So, it suffices

to prove that the set of pairs (x,9) with v € V2 has zero m-measure. This will

be the topic of the next lemma.

Lemma 3.4.2 [f the cocycle F' is strongly irreducible, then n( ) =0 for any

proper projective subspace 1 of PR? and any PEF-stationary measure 1.

Proof. Note that a proper subspace V of R? must be of dimension one and its
projectivization 1% represents a point, so we are going to show that the measure
7 1s non atomic.

Suppose by contradiction that there exists some proper projective sub-
space V with n(V) > 0. Let ¢ be the maximum value of (V) over all sub-
spaces V' of dimension one and let V be the family of all subspaces V such that
(V) =e. )

Since points are closed subsets of PR? we have n(V) = ¢ for every
accumulation point V' of any sequence {V,}, such that n(V,) — ¢ By the
compactness of the Grassmannian manifold G(1,2), accumulation points do
exist, hence the family V is non empty.

Moreover, V is finite because 7 is a probability measure and the elements
of V are disjoint. We can also say that #) < % and write: V = {Vq,...,V,,}.
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Also, since 7 is PF-stationary,
= (V) = [ n(A@) (V) d
c=n(Vi)= | n(A)" (V) dpx)

and n(A(z)"Y(V;)) < ¢ for every x € M. Therefore, we must have
n(A(x)"'(V;)) = ¢ for p-almost every x € M, which means that
A(z)"Y(V;) € V for p-almost every x € M and contradicts the strong ir-
reducibility hypothesis. [

Thus, n(V,?) = 0 for every x € M and so m({(z,9) : v € V?}) = 0.

Therefore, for any PF-invariant probability measure m = p x n, we have that

/ O dm — Udm =\,
M xPR? M xPR?

|

Finally, as an application of the previous formula, we are going to prove
the continuity of the Lyapunov exponents for strongly irreducible cocycles.

Similarly to a cocycle being strongly irreducible, we can define an
analogous concept for measures. Given a group of matrices, for example
SL(2) and a compact subset 3, consider a probability measure u such that
supp(u) C X. We say that pu is strongly irreducible if there is no finite family of
proper subspaces of R? which is invariant under g for u-almost every g € SL(2).

Remember that we saw in example 3.1.1 that a probability measure p
with compact support % in SL(2) determines a random linear cocycle over
the Bernoulli shift. Therefore, when we ask u to be strongly irreducible, the
induced random linear cocycle is also strongly irreducible, hence Furstenberg’s
Formula holds. Moreover, it holds for a neighbourhood of p, since it is an open
property.

In this context, consider M = ¥, u = N and f to be the shift on the
space (M, p) and let u be strongly irreducible.

Theorem 3.4.3 Consider a sequence {vy}i of probability measures in SL(2)
with compact support ¥, C ¥ C SL(d) and py, = VY. Suppose that v, converges
to v in the weak star topology. Then Ay () — Ay(p) when k — oo.

Proof. For each k > 1, consider the cocycle F} induced by p and let n; be a

PFj-stationary measure related to it. By Furstenberg’s Formula:

NG = [ ®({gabn, 0) dlius (Lgn}) X (D)), (3.5)

M xPR2
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where

®: M xPR? =5 R

X lgov
S({gn}n,0) = log ——.
o]
Since we are in the case of remark 4, the space of stationary measures is
compact in the weak star topology. Therefore, it has a converging subsequence
Nk, and we may suppose that it converges to some PF-stationary measure 7).

Then, also by Furstenberg’s Formula:

M) = [ @b o) dlp{gala) < 0(0)) (36)

So, we need to show that the integral in (3.5) converges to the integral
in (3.6). First observe that

/M><]P’R2 O({gntn, 0) dlp({gntn) < (7)) = /zxm2 ®(g0,0) d(vk(go) x nx(9))

Since vy and 7k, converge to v and 7, respectively, both in the weak star
topology, it follows that vy; X 1y, converges to v x n in the weak star topology.
Moreover, since the function ® is continuous, for every € > 0, there exists a

sufficiently large integer [ such that

L @000, 0) dvialgo) x ma(®) = [ @(g0,0) d(v(g0) x n(#))| < .

S xPR2

Combining the previous results we get that |Ay (ur,)—As ()| < € for every
[ sufficiently large. We proved that there exists a subsequence {\| (ug;)}; that
converges to A\, (1). However we can prove that the sequence {\, (1)} in fact
converges to Ay ().

Instead of considering a subsequence 7y;, we should consider a subse-
quence 7y, ; of this subsequence. Hence, using the same arguments, we will con-
clude every subsequence of {A; (i)} has a further subsequence {Ay (pry;)};
that converges to Ai(u). This implies that the sequence {4 () }i itself con-
verges to Ay (). [
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4
The Wasserstein Metric

The weak-star topology on the set of probability measures is metrizable
in various ways, of which, the Wasserstein metric is one of the most useful.
Our result on the Holder continuity of the Lyapunov exponent is formulated
relative to this metric. In this chapter we introduce the Wasserstein metric and
study some of its main properties.

In section 4.1 we introduce the concept of coupling measures, define
Wasserstein’s metric and prove some of its basic properties. We devote section
4.2 to the proof of a duality theorem of Kantorovich-Rubinstein which gives a
characterization of the Wasserstein metric. It will be an important tool in the
proof of our main theorem. Finally, in section 4.3, we introduce the concept of
convolution of measures and its relations with the Wasserstein’s metric, which
will be used many times in chapter 5.

Most of the results in this chapter follow the lecture notes and exercises
of a measure theoretic course held at PUC-Rio in 2020, which were adapted

from Villani’s monograph [13].

4.1
A useful metric in the space of probability measures

In this chapter we will always consider (X,d) to be a compact metric
space, which will be enough for our purposes. There are also similar results
when X is a Polish space. The maps proj, : X x X — X, with i € {1,2}, such
that proj,(z,y) = = and proj,(x,y) = y, denote the canonical projections on
the first and second coordinate respectively. Moreover, Prob(X) denote the set
of probability measures on X and we always consider convergence in Prob(X)

with respect to the weak star topology.

Definition 4.1.1 Let (X,B) be a measurable space. Given two measures
w, v € Prob(X), a coupling between p and v is a measure m € Prob(X x X)

with marginals p and v: (proj,).m = i and (projy).m™ = v.

A trivial example of a coupling between two measures is the product of

two probability measures:
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Example 4.1.1 Consider the product measure p X v € Prob(X; x Xs), where
1 and v are probability measures for X1 and Xy respectively. Then for every

measurable set £ C X;:

(projy). (1 x V)(E) = (1 x v) [(proj,) " (E)] = (1 x v)(E x X,) = u(E).

Therefore, (projy)«(p X v) = . Analogously, (projs)«(pu X v) = v.

Given two measures u,v € Prob(X) we can also consider the set of all

possible couplings between p and v:

(g, v) == {m € Prob(X x X) : (proj,).m = p and (projs).m = v}.
Remark 11 Note that the product measure p x v € II(u,v). Hence the space
II(p, v) is not empty.

Lemma 4.1.1 Let X and Y be metric spaces and f : X — Y a continuous
function. If p, — p in Prob(X), then fipun, — fop in Prob(Y).

Proof. Let ¢ : Y — R be a continuous function. By hypothesis, u,, — pu, hence,

using the exchange of variables formula:

/Ysod(f*un)Z/wadun—>/X<p0fdu=/ysod(f*/ﬁ)-

Note that ¢ and f are continuous functions, hence so is o f. Therefore,
we concluded that f,u, — f.u. Moreover, the function pu — f,u is continuous
with respect to the weak star topology. [ |

Proposition 4.1.2 TI(u,v) is closed in the weak star topology.

Proof. Let {m,}, be a sequence in II(u,r) that converges to . Since m, €

II(p, v) for every n € N, we have that
(projy)«m, = and  (projy)sm, = v
for every n € N. Moreover, proj, and proj, are continuous functions, then
p = (proj; )smy, — (proj)«m and v = (projs).m, — (projy).m,

by lemma 4.1.1. Therefore 7 € II(u, v). [

Definition 4.1.2 Given p,v € Prob(X) and p > 1,

3=

Wo(p,v) = ( inf d(z,y)" dW(%Q))

m€ll(p,v) JX x X
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is called the Wasserstein distance of order p.

An immediate consequence is that, if py < po, then W, < W,, by
Holder’s inequality:.

In our text, we are going to work mainly with the distance ;.

Proposition 4.1.3 There exists 7 € I (u,v) such that

/ d(x,y)? dr*(z,y) = inf d(x,y)? dr(z,y).
XxX

me€ll(u,v) JXxX

Thus, the infimun is attained.

Proof. There exists a sequence {m,}, C I(u,v) C Prob(X x X) such that

/ d(x,y)? drp(z,y) — inf d(z,y)? dr(z,y),
XxX

mell(p,v) JX x X

by the definition of infimun. Moreover, since X x X is compact, by Prohorov’s
Theorem there exists a converging subsequence 7,;, — 7*. Note that not only
7 € Prob(X x X) but also 7* € II(y, v) by proposition (4.1.2). By the fact

that the distance is a continuous function,

/ d(z,y)? drpy(z,y) — d(z,y)? dr*(z,y).
XxX XxX
Therefore,
[ dwyy drv(e,y) = int d(x,y)? dr(z,y).
XxX well(p,v) J X x X

The next lemma gives two new equivalent definitions for II(u, ).

Lemma 4.1.4 For a probability measure m € Prob(X x X)), the following are

equivalent:

(i) me (u,v).

(ii) For every measurable sets A C X and B C X,

T(Ax X)=p(A) and (X x B) =v(B).

(iii) For every positive measurable functions ¢, 1 : X — [0, +00),

[ le@+ @) dntey) = [ o@) du@)+ [ 0) ).
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Proof. First we prove (i) < (ii). Consider two measurable sets A C X and

B C X. Assume 7 is a coupling between p and v:

(projy )«m = p and  (projy).m = v.

Therefore,

For the converse statement, let A and B be arbitrary measurable sets. By (i),

(projy)«m(A) =7 (projl_l(A)) =m(Ax X)=pu(A) and
(projs).m(B) = 7 (proj;'(B)) = n(X x B) = v(B).

Thus, 7 is a coupling between p and v.
Now we are going to show that (i) < (7i7). First, assume that 7 € II(p, v).
Consider ¢, : X — [0, +00) measurable functions. Then,

o le@) + ()] dna,y)
= /. poproji(wy) dr(z.y +/ ¢ o projy(z,y) d(z,y)

—/ ) d(proj,).(@) + [ ¥(y) d(projs).x(y)

/ x) du(x +/¢ ) dv(y)

where the last line uses the hypothesis that 7 is a coupling between p and v.

Finally, assume that (i7i) holds. Consider a measurable set A. Then

- /X () du(z) = Xa(z) dr(z,y) = /A _ Ldn(a,y) = m(AxX),

XxX

where we used (i77) in the second equality. Similarly, the same holds for v and
we conclude that v(B) = 7(X x B), which finishes the proof. |

Proposition 4.1.5 W, is a metric in Prob(X).

Proof. Note that, from the definition of W; and the compactness of X, it
follows that it is positive and finite 0 < W; < oo and also that it is symmetric
Wi(p,v) = Wi(v, p).

Now, we are going to show that Wi(u,v) = 0 <= pu = v.
Suppose Wi(u,v) = 0. Then, there exists m € II(u,v) such that
Jxxx d(z,y) dr(x,y) = 0. Since d(z,y) > 0 for every z,y € X, we must
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have supp(m) C {(z,z) : x € X}. This implies that proj, = proj,. Moreover,
since m € II(p,v), u = (proj,).m and v = (proj,).m. By the previous observa-
tion, we conclude that 4 = v. In order to prove the converse we can follow the
proof backwards.

Finally, we are going to prove the triangle inequality. Let X; = Xy =
X3 = X and py, pio, u3 € Prob(X). Let mo € I(uy, p2) and mog € (ua, ps)
such that

Wl(MhMQ) :/ d($1,$2) d7T12(9€17$2) and

X1 ><X2

Wi (g, p3) = / d(xq, x3) dmag(z2, T3).

X2><X3

We claim that there exists u € Prob(X; x X» x X3) such that

(Proji)spp = Mz and  (projog).pr = mas.

In order to prove the «claim, consider the disintegrations
(m12)z, € Prob(X) of mo with respect to us and (ma3)., € Prob(X) of

a3 With respect to po:

12 :/ (T12)2, dpa(zo) and o3 :/ (T23)z, dpa(2).
X2 X2

Consider p € Prob(X; x Xy x X3) such that p = (m12)z, X f2 X (7T23) 4y
Given F € B(X; x X5 x X3),

pE) = [ (T12)as % (Tn)ea(Ery) o),

where E,, = {(z1,23) € X1 X X3 : (21,29,23) € E}. We are going to show
that p satisfies the claim.
Let A C X, x X, be a measurable set. Then

(Projyo)«p(A) = p(projiy (4))
= WA x X;)

— X2(7r12)$2 X (T93) 2y (A X X3) dps(x2)

= | (m12)a,(A) dpua(z2)

X2

= mo(A).

An analogous computation shows that every measurable set B C X5 x X3

satisfies (projyg)«pt(B) = ma3(B), which concludes the proof of the claim.
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Now define 73 := (proj,3)«. We claim that m3 € TI(uq, pg). Let A C X3

be a measurable set. Then

(projy )«mi3(A) = (proj;)«(projis)«p(A)
= (Projy)« (projl_ (A))
= (projiz).« (A x Xs)
=pu (projfgl(A X X3)>
= (A x Xy x X3)
= p1(A).

An analogous computation shows that every measurable set B C X3
satisfies (projs).mi3(B) = us(B).
Finally, consider the triangle inequality d(xy,x3) < d(x1, 22) + d(z2, z3)
and integrate it with respect to u:
/X1><X2><X3 d(xq1,x3) du(xy, 9, 3) < S d(xq1,x9) du(xy, T2, x3)

+ d(za, x3) dp(x, 22, 23).
X1 ><X2><X3

Notice that we can rewrite the previous inequality as

/ d(z1, x3) dmig(zy, x3) < / d(xy1,x9) dmia(z, x2)
X1xX3 X1xXo

+ d(zg, x3) dmoz(22, T3)
Xox X3

= Wi, p2) + Wi(pa, ps).

By definition, Wi (u,v) < [x,xx, d(z1,73) dmis(z1, z3). Hence, we con-
clude that
Wi (pa, ps) < Wilpa, o) + Wilpa, p3),

which finishes the proof. [ |

Remark 12 W, is also a metric for every p > 1. The proof of this fact follows

from Minkowsi’s Inequality.

4.2
Kantorovich-Rubinstein’s duality Theorem

In this section we prove the main result of the chapter, the Kantorovich-

Rubinstein’s duality Theorem.
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Definition 4.2.1 Let (X, d) be a compact metric space. Given L < 0o, we can

define the space of Lipschitz functions with constant less or equal to L:
Lip,(X) :={¢: X = R |p(z) — o(y)| < L d(z,y), Vz,y € X}.

Definition 4.2.2 Given u,v € Prob(X), we define

Y(p,v) :=  sup ‘/s@du /wdv

p€Lipy (X

Remark 13 It follows from Arzela-Ascoli theorem that there exists
¢ € Lipy(X) such that

/ e d(p—v)=(uv).
Thus, the supremum is attained.

Theorem 4.2.1 (Kantorovich-Rubinstein) Let (X,d) be a compact metric
space. Then
Wi(p,v) =~(n,v) Vu,v € Prob(X).

Proof. In order to prove this theorem, we need an intermediate result. Given
0, € C(X),let oBy € C(X x X) be the function o &y (x,y) := p(z)+¢(y).
Define

W*(u,v) ::sup{/Xgodu#—/Xi/Jdl/:gp,i/zEC’(X), QOGBL/JSd}.

Note that by lemma (4.1.4) we have that for every 7 € TI(u, v):

W*(M,V)zsup{/xmso@wdw:WbGC(X), @Y <dp.

We will prove that vy(u,v) < W*(u,v) < Wi(u,v) < W*(u,v)

Thus, we split the proof into four lemmas, one for each inequality.

v, v).

Lemma 4.2.2 For every p,v € Prob(X), v(u,v) < W*(u,v).

Proof. Given ¢ € Lip;(X), we know that ¢, —p € C(X) and also

/godu /gpdu-/gpd,u+/ dy—/go@

for every m € II(p, v). Furthermore, ¢ @ (—¢)(z,y) = ¢(z) — ¢(y) < d(x,y)
because ¢ € Lip;(X). Thus, for every ¢ € Lip,(X),

/ sodu—/ o dv < W*(p,v).
X X
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Therefore, taking the supremum over all ¢ € Lip,(X), we conclude that
Y, v) < W (p,v). u
Lemma 4.2.3 For every pu,v € Prob(X), W*(u,v) < Wi(u,v).

Proof. Notice that for every ¢, € C(X) such that ¢ @ ¢ < d and every
probability measure 7 € II(u, v),

/Xgodu—l—/xz/)duz/xxxgp@@bdﬂS/XXXd(x,y) dr(z,y).

Hence, by taking the supremumm over the functions p,¢ € C(X) :
© ® Y < d, it follows that

W*(p,v) < d(z,y) dr(z,y)

XxX
for every 7 € II(u, v). Finally, taking the infimum over the coupling measures
7 € I(u,v), we conclude that W*(p, v) < Wi(u,v). [
Lemma 4.2.4 For every pu,v € Prob(X), Wi(u,v) < W*(u,v).

Proof. Let V' = C(X x X) be endowed with the uniform norm. Consider
E={feC(X xX):3p,¢eC(X)such that f =p @Y},

which is a subspace of V. Also consider the following set that we claim to be

open and convex

U={feC(XxX): f<d}.

Indeed, since X is compact, if f(x,y) < d(x,y) V (z,y) € X x X, then
|f —dl|lo := €0 > 0. Thus, if ||g — f[lo < %, we conclude that g < d, which
implies that U is open. Moreover, given fi, fo € U and A € (0, 1), notice that
A1+ (1 =Afy) < Ad+ (1 —MN)d < d. Hence, Afi + (1 — A\fy) € U, which means

U is convex.

Define the linear operator I : E — R, such that

I(f)iz/XsoduﬂL/X@/fdv

= w @Y dr for every m € Il(p,v)

XxX
= fdm for every m € I(u,v).
XxX
Note that I is bounded, because ||[I(f)|| < ||flx(X x X) = | f]-

Moreover, ENU ={p @ ¢ : v, € C(X) and ¢ @ ¢ < d}. Therefore,

W*(u,v) =sup I(f) := a.

ENU
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Hence, by the special version of Hahn-Banach’s Theorem A.0.1, there
exists a linear functional I : C'(X x X) — R that satisfies I(f) = I(f) for

every f € E and supI(f) = sup I(f) = W*(u,v).
feu feUunke ~
We are going to show that W*(u,v) = sup I(f) > Wi(u,v). Our plan is
feu
to prove that I is monotone, hence sup I(f) = I(d). Moreover, we are going to
feu

prove that there exists my € II(u, v) such that

i(f) = /XXXf dry for every f € C(X x X),

using Riesz-Markov Theorem A.0.5. Therefore, we can conclude that

* _ T _ > .
W) =)= [ day)dm(ey) > nf [ d(ey) de(ey)
= Wl(ﬂ» V)>

which will finish the proof.
First note that 1 = 1 @ 0. Hence I(1) :/ 1 du—i—/ 0dv=1.
X X

Now we are going to show that I is positive (see definition A.0.3). Let
felC(X xX), f>0. For every t > 0 and ¢ > 0, consider the function

d—tf —e e C(X x X).
Notice that d —tf —e € C(X x X) < d, hence it is in U. Thus,

I(d—tf —¢) <supl=W*(u,v) < oo.
UNE

Moreover, by linearity,
I(d—tf —¢e)=1(d) —tI(f) —I(c) < oo Vt>0.

Therefore, we must have I(f) > 0. If it was not positive, then we would
have I(d) — tI(f) — I(¢) — co when t — oo, which contradicts the fact that
[(d—tf—e) <W*(p,v).

We claim that since I is positive, it is also monotone. Let fi < fo, so
that fo — fi > 0. Then I(f, — f1) > 0. Finally, by linearity, I(fs) — I(f1) >0,
hence I(f2) > I(f1).

Hence, we are in the conditions of Riesz-Markov Theorem, so there exists
7o € Prob(X x X)) such that

I(f>:/X><de7TO for every f € C(X x X).
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It remains to show that my € II(y, v). Notice that I is an extension of I,

so we know that for every ¢, 9 € C'(X)

le+v)=1e+v) = [ pdu+ [ vav=[ ceydn

Therefore, my € II(p, ), which, by the previous observations, completes the

proof.
|

Lemma 4.2.5 For every p,v € Prob(X), W*(u,v) < y(u,v).

Proof. We are going to prove that for every € > 0,

Wi (p,v) — e < v(pv).

Fix ¢ > 0. Then, by the definition of W*, there exist ¢, ¥ € C(X), with
» @ 1 < d such that

W*(M,IJ)—€</ cpdu—i—/ Y dv.
X X

We are going to construct a function 7 € Lip,(X), using ¢ and ¢ such
that ¢ < 7 and ¢ < —7. Suppose that 7 exists. Then

/@du—i—/wdug/Tdu—i-/ —7 dv
X X X X

= /de(u—V) < (u,v).

Hence, for every ¢ > 0, we have that W*(u,v) — e < ~y(u,v), which
concludes the proof. It remains to construct .
Define

() = yig)f( d(z,y) — ¥(y).

Since ¢ @ ¢ < d, we have that p(z) < d(x,y) — ¥ (y) for every z,y € X.
Hence, p(x) < 7(z). Moreover, 7(x) < d(x,z) — ¥(x) = —¢(x).

Finally, we are going to verify that 7 € Lip,(X). Fix 1,29 € X, then
7(x1) = inf[d(z1,y) — ¢ (y)]
yeX
< inf [d($17332) +d(w2,y) — P (y)]

yeX

= d(z1,z2) + T(x2).

This means that 7(z1)—7(x2) < d(z1,x2) and 7 € Lip,(X), which finishes
the proof. [ |
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Therefore, by lemmas 4.2.2 to 4.2.5 we conclude the proof of Kantorovich-

Rubinstein’s duality Theorem.
|

Theorem 4.2.6 Let (X,d) be a compact metric space, {i,}n>1 C Prob(X).
Then
tn — 1 (in the weak star topology) <= Wi(pn, ) — 0,

which means that convergence in the weak star topology is equivalent to the
convergence of Wy distance in Prob(X). In particular, Wy metrizes the weak

star topology. (In fact the same is true for W,, p > 1).

Proof. First suppose Wi (pn, 1) — 0. Let ¢ € Lip(X) with Lipschitz constant
0 < L < oo, so that ¢ € Lip(X) and ¢ € Lip,(X). Then, by Kantorovich-
Rubinstain duality Theorem (4.2.1):

1
/X 7% dlpn = 1) < (s ) = Wi (pin, p1) = 0.

Therefore, for every ¢ € Lip(X):

/sodun—>/ @ dp,
X X

which by Portmanteau’s Theorem means that u, — p in the weak star
topology.

For the converse statement, we assume that p, converges to p in the
weak star topology and it is sufficient to prove that lim sup,,_, . Wi (tn, ) = 0.
Suppose by contradiction that there exists a subsequence {p,;}r such that
limy oo Wi(ttn,, t) = a« > 0. Then, again by the Kantorovich Rubinstein
duality Theorem,

lim max / e d(uy, —p) = a.
X

k—o00 p€Lip, (X)

Hence, there exist some sequence {¢,, }r of functions in Lip,(X) such
that

By Arzela-Ascoli’s Theorem, there exists a subsequence of {p,, }x that

converges uniformly to a function ¢ € Lip,(X). So, for every ¢ > 0, there

exists Ko > 0 such that for every K > K, HSOnkj —llo <e.
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Thus, for every K > K,

‘/Xsonkj d(unkj—u)‘é‘/x(%kj—w (Hny, — ‘ ‘/ @ d(pin,, — )‘
< ‘/X(sonkj — ) d(pin,,) ’/ Pny; — u)‘ +e
< 3e.

We concluded that
/ Py d(ﬂnkj - M) — 0,
X

which is a contradiction. Therefore, we must have av = lim sup Wi (pu,, 1) = 0,
n—oo
hence

Wi (ftn, ) — 0.

|
Moreover, we conclude that convergence in weak star topology is equiv-
alent to convergence in the Wasserstein’s metric W;. This means that both

topologies, the weak star and the one induced by W; are the same.
4.3
Convolution of measures

We begin with the definition of the convolution of measures in a more
general setting for measures on groups. Afterwards we are going to work mainly

in the particular case where measures are supported in a compact set of the

group.

Definition 4.3.1 Let G be a group that acts on a set M. Let p be a measure
in G and v a be measure in M. Then we define the convolution of u and v as

the measure v x v on M such that:

(p*v)( // 1g(gx) dv(x)du(g)

for every measurable set E C M.

Then, by standard arguments of measure theory, we conclude that, in

the same context,

[ F@) i@ = [ [ flgx) dulz)dug)

for every f € L'(M).
Given a measure € Prob(G), and k > 2 we define

W= xp (k times)
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the k-th convolution of u with itself.
We can also define p*! := p or think that p*! is the convolution of y with

a Dirac measure centered at the identity element of the group G.

Proposition 4.3.1 Let ¥ C SL(2) be a compact set. Given pu € Prob(X) and
n fized, the map p— pw*™ is Lipschitz with respect to the Wasserstein metric.

Proof. We split the proof into the three following lemmas:

Lemma 4.3.2 Fizn € N, then the map p+— p X ... X p (n times), is Lipschitz

with respect to the Wasserstein metric, with Lipschitz constant n.

Proof. Let ¢ € Lip; ¥ x X. Observe that

/Exz (g, h) dp(g)du(h) —/E #lg,h)dv(g)dv(h) =

L e(g.h) du =) ()du(h) + [ p(g.h) dlu—v)(R)dv(g).

Now fix h. The map g — (g, h) is 1-Lipschitz. Then

[ (0.1 de =) @ydu(h) < [ Wiu,) du(h) < Wilu.v),

since p € Prob(X). The same result is true for the other term:

[ elg.h) dlu = v)(R)dv(g) < Wil v).

Therefore we conclude that Wi (pu X p, v x v) < 2Wi(u, v) because ¢ was

chosen arbitrarily. By induction, we conclude the lemma. [

Lemma 4.3.3 Let ;1 € Prob(X) and ¢ be the group action of SL(2) on itself

¢ : SL(2) x SL(2) — SL(2), ¢(g1,92) = g192- Then p* p= @.(ux p1) and ¢ is
Lipschitz.

Proof. Given a measurable set E' C SL(2), by the definition of convolution of

measures:

E :/ 1 du(g))d
po* pu(E) SL(2)xSL(2) £(9192) di(g1)du(g2)

SL(2) xSLa (R) 2(p(915 92)) di(g1)dnlgz)

_ /SL(Z) 15(g) dp.(p % 12)(g)

= ps(p x p)(E).
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Since E was arbitrary, we conclude that p* pu = @, (u X p).
It remains to show that ¢ is Lipschitz. We consider the distance
d((g192), (h1ha)) := d(g1, h1) + d(g2, ha) on SL(2) x SL(2) . Hence,

d((9192), (h1h2)) < d((9192), (h1g2)) + d ((h1g2), (h1h))
< |lg2lld(g1, h1) + | P1]ld(g2, h2).

Since p has compact support, there exist a uniform constant C' > 0 such
that ||g|| < C for all g € supp(p). Therefore,

19211d(g1, h1) + [[halld(ga, he) < Cld(g1, ha) + d(ga, ha)] = Cd ((g192), (R1h2)) .

This proves that d ((g192), (h1h2)) < Cd ((g192), (h1ha)), so ¢ is Lipschitz
continuous, and its Lipschitz constant depends only on the compact support
2.

|

Lemma 4.3.4 If ¢ : X1 — X5 is Lipschitz with Lipschitz constant C, then
the map p — . is Lipschitz with the same Lipschitz constant.

Proof. Consider an arbitrary function f € Lip,(X3). Observe that

1 1 1
5W1(90*u, V) = C/X2 f (o — @) = C/X1 fopd(u—v).

Since ¢ has Lipschitz constant C, then & € Lip,(X1). Also the composition
&f o € Lipy(X1). Therefore & [y, fop d(p—v) < Wi(u, ) and we conclude
that

Wi(up, puv) < CWi(p, v),

which proves the lemma. [ |

Finally, by lemma 4.3.3, p* u = @.(p X ) with ¢ Lipschitz. By lemmas

4.3.2 and 4.3.4, the maps p +— p X g and p X g — @, (p X p) are also Lipschitz,
therefore so is their composition. This concludes the proof.

[
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5
Holder Continuity of the Lyapunov exponents

Given a compact metric space (X,d), called the space of symbols, we
consider the space of sequences M = Y%, endowed with the product topology.
Then we can define the full shift map: f : M — M that shifts the sequence to
the left, i.e f({w;}iez) = {wit1}iez.

Let Prob(X) be the space of Borel probability measures on ¥. Given a
measure p € Prob(X), we can define the product measure p in M. Then, the
triple (M, uZ, f) is an ergodic transformation called the full (Bernoulli) shift.

Let L*°(3,SL(2)), be the space of bounded Borel measurable transfor-
mations A : 3 — SLy(R) endowed with the uniform distance:

d(A,B) := 816112) |A(z) — B(z)]|
Given A € L*>*(X,SL(2)) and p € Prob(X), the corresponding random linear
cocycle F' = F(A, u) is defined as follows:

F:MxR?>— M xR?
(z,v) = (f(x), Alz)v),

where A: M — SL(2) satisfies A(z) = x, that is, A depends only on the
zeroth coordinate of x € M.

Therefore, the linear cocycle F' is a random transformation (a locally
constant skew product over f). In this context, the maximal Lyapunov
exponent of the linear cocycle is usually denoted by A (A), since the measure
w is fixed.

A very important result about the continuity of the Lyapunov exponents
is E. Le Page’s Theorem. It states that, locally near an irreducible cocycle
F(A, p) with A (A) > 0, the Lyapunov exponent A\, is a Holder continuous
function of A.

A natural question is then what happens if we let the measure y vary, can
we still obtain locally Hoélder continuity for the maximal Lyapunov exponent?
Our goal in this chapter is to answer this questions and propose a generalized

version of E. Le Page’s Theorem.
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In section 5.1 we introduce the Markov operator, a useful tool employed
in section 5.2 to prove the existence and uniqueness of the stationary measure
associated to a random linear cocycle that satisfies the hypothesis of the
theorem. In section 5.3 we prove that this stationary measure depends Hoélder
continuously on the measure that determines the cocycle. Finally, in section
5.4 we prove a generalization of Le Page’s Theorem using the results developed
in the previous sections. We also show that the version of Baraviera-Duarte
follows from this one and propose a new problem that may be solved using an

analogous approach.

5.1
The Markov Operator

In this section we prepare the proof of our main result. We present
the Markov operator and study some of its properties. The main result of
this section is to show that, under some hypotheses, the Markov operator is
quasi compact and simple: its spectrum (see A.0.2) admits a decomposition in
disjoint closed sets K U {A¢} such that Ay € C is a simple eigenvalue of the
operator and |A| < |Ag| for all A € K.

Definition 5.1.1 Let X be a vector space. A semi-norm on X is a real valued

function p : X — R such that:

a) ple+y) <plx)+ply), z,yeX

b) plax) = |alp(z), ze€ X, aeC.

We should observe that a semi-norm p satisfies p(0) = 0 and also that
0 = p(0) < p(—x)+p(x) = p(2z). Hence p(x) > 0, Vo € X. So, we conclude
that a semi-norm is a norm if and only if p(z) = 0 implies z = 0.

Throughout this chapter, we denote by J: PR? x PR? — [0,00) the
projective distance, definition 2.3.1, given in chapter 2.

Given ¢ € L>°(PR?) and 0 < a < 1, we define:

[6lloc == sup |p(p)]
pEPR?
Uoz<¢> =SUp (o
o#q 0(D, )"
Proposition 5.1.1 v, is a semi-norm.

Proof. We show that v, satisfies the two properties of a semi-norm:
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Ua(Bd) = sup —
pza  0(D, Q)"
= |Blva(0).
|
Remark 14 v, is not a norm.
Proof. Consider a constant function ¢ = A, with A € C . Then
A=Al
Va($) = sup —— = 0.
p#q 0(D, 4)"
S0 v,(¢) = 0 does not imply ¢ = 0, that’s why v, is not a norm. [ |

Definition 5.1.2 The space of a—Hdlder continuous functions on PR? is
given by
Ho(PR?) := {¢ € L®(PR?) : ||¢]l0 < 00},

where the norm ||¢||q is given by

[@lla = l[$lloc + val®)-

From now on, we fix a compact set ¥ C SL(2).

Definition 5.1.3 Let u € Prob(X). We define the average Hélder constant of
the projective action §(2) : PR? — PR? by

Proposition 5.1.2 The sequence k(") is sub-multiplicative:

ka(lu*(n+m)) < ka(,u*n>ka (N*m)
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Proof.

B 8 (Gntm—1---G0(D); Gntm—1---90(4) \"
= sup /Wm ( 5(5.4) dp(Gn+m—1)---dp(go)

— sup (5(9n+m—1 90({3),;@n+m—}---f70(67)>ax
pq JEmm \ o 0(Gn-1.--G0(D), Gn-1---90(q))
5(.@71—1 gO( ) gn 1'”@0(@)))&
~ dp(gnim—1)...d
6(]7, q) :u(g + 1) /’L(QO)

5(§n+m 1- gn 1- go(ﬁ),§n+m_1.--§]n_1---§o(@))a
< sup < N —— dp(Gnim—1)---dp(gn)
ptq Jem 8(Gn—1---90(P); Gn—1---00(@)) "

s [ <5(9n L. go(gz(?ﬁ) g -Jo (CJ’))> igs).dplg0)

Definition 5.1.4 Given a measure p € Prob(X), we define its Markov oper-
ator Q,, : L>°(PR?) — L>*(PR?) by

QuO)B) = [ #(35) dulg).

where § : PR? — PR? s the projective action of g.

A remark about the previous definition is that we can define the Markov
operator for functions from smaller spaces, for example from H,(PR?) to itself,

in the same way that we did before.

Lemma 5.1.3 The Markov operator Q,, : L= (PR?) — L>*(PR?) associated to
a measure ji € Prob(X) is bounded and ||Q, |l < 1.

Proof. By a direct calculation:

IQu() e = sup Q)5
peEPR2
= sup | [ (3p) duly)|
pePR2 |/ 2

< [lplloon(%)
< [lelloo

Hence [|Q,|l < 1. [
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If we consider the Markov operator Q,, : Ho(PR?) — H,(PR?) associated
to a measure p € Prob(X), we also obtain that (), is bounded:

10l = sup Q]+ sup | Q2= T
B . Iz 0(9p) dulg) — Js »(94) du(g)
= sup /E ©(9p) du(g)‘@ig = 5, @)i

< llella + ka()valp)-
Hence [|Qulla < [l¢lla + Ea(p)va(p)-
Proposition 5.1.4 For all ¢ € H,(PR?),
Va (Qu(®)) < ka(p)va(d).
Proof. Given ¢ € Ho(PR?) and p, § € P(R?),

Qu(¢)(P) — Qu(9)(@)] _ | Jx 6(9P) dulg) — Jx 6(99) dulg)|

8(p, 9)* (p, q)
| 1 2@p) — 9(49)
=k 6pae du(g)‘
< ¢( g()ﬁ—qc)zﬁa(gq) dulg)
¢(gp) — #(94)| |0(gp,99)"
= bl 60,50 ‘ s(p.q) | M
< v () /Z 555(]5’2;‘2 du(g)

Now, applying sup,_; to both sides we conclude that

Va (Qu(9)) < ka(p)va(d)-

Proposition 5.1.5 For all n € N:

(Qu)n = Qu*"'

Proof. We proceed by induction. Let ¢ € L®(PR?) and p € PR2 The case
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n = 1 is trivial. For n = 2 we have:

Q@)@) = [ [ o(aigop)dng)dulo)
= [ #(@p)d(u = 1)(g)
= [ 6(@p)d(u)(9)
= (Qu2)(9)(5).

Now suppose that our statment is true for every £ < n— 1. We are going
to show that it also holds for the case k = n.

Q@) = [ [ 6919720 GoD) dii(ga-1)dp(ga—2)...du(go)
- //S $(6p) d( % .. % 1)(g) (n-th convolution of 12 with itself)
= [ 6(ap) d(u)(9)
@

|

In this section we will need to generalize our notion of stationary
measures. In the previous chapter we defined a stationary measure relative
to a cocycle F. Since every measure y defines a cocycle, it is natural to extend

the previous concept to a stationary measure 7 relative to some measure pu.

Definition 5.1.5 Given a group G and a measure ;i € Prob(G), with compact

support 3, we say that a measure 1 is stationary with respect to y if it satisfies:

n(B) Z/En(é‘l(B)) du(g)
for every measurable set B C PR?, where § is the projective action of g.

Proposition 5.1.6 Let Q, : C(PR?) — C(PR?) be the Markov operator. A
measure 1 is stationary with respect to p if and only if for every continuous
function ¢ € C(PR?),

L Qu@)®) dntw) = [ ¢(6) (o).

PR2

Proof. Let 1 be a stationary measure with respect to u € Prob(SL(2)), such
that supp(p) C X. Then, for an arbitrary measurable set B C PR?, consider
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its indicator function 1p,

[ 0

[ / 15(9)(5) dp(g)dn(p)
/ |1y, 18) dn(o)dn(o)
/?7(9 1(9)

)

n(B

\gl

I
4

~—~

A

B(P) dn(p

Since the statement is true for indicator functions it is also true for simple
functions by linearity. Hence it is also true for every positive measurable func-
tion, by the monotone convergence theorem. Finally, by writing ¢ = o+ — ¢,
where ¢ and ¢~ are the positive and negative parts of ¢, the property holds
for every function in L'(PR?). Since C'(PR?) C L'(PR?), we conclude the first
part of the proof.

Conversely, assume that for every continuous function ¢ € C(PR?), it
holds that [pge Q.(©)(D) dn(p) = [pre ¢(D) dn(p). Then, by Lusin’s Theorem,
for every € > 0 there exists a closed set F' with measure 1 —¢ and a continuous

function ¢ such that ¢ = 15 in F. Therefore,

n(B) = [ 16() dn(p) = [ 16(p) dn(p) + [ 16(5) dn(p)
= [ 16() dn) + [ 16(6) dn(p)
= [ Q) @)dn(p) + [ 16() dn(p)
—//13 p) dp(g)dn(p +/1B ) dn(p)
- /( 1(BW 5) dn(p)dulg) + [ 1a(5) dn(p)
= [ (g™ (B) N F)dpu(g) + [ 15(p) dn(p).

Then
n(B) ~ [ (g™ (B)dulg)| < [n(B) ~ [[ntg™(B) " Fydu(o)| +
+ /En(g‘l(B)ﬂF)du(g)—/En(g‘l(B))du(g)‘
< 2e.

Since € was arbitrary we conclude that 7 is stationary with respect to pu.

From now on, we write 1 in bold to represent the constant function 1.
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Proposition 5.1.7 Let p € Prob(X) be a measure such that for some
0< a < 1Tandn > 1:
ka(u*")% <o<l1.

Then the Markov operator Q, : Ho(PR?) — Ho(PR?) is quasi-compact and
simple. More precisely, there exists a unique stationary measure v € Prob(PR?)

with respect to the cocycle determined by p such that defining the subspace

Noy(v) = {90 €, (PR) : /W o dy = 0}

the operator @), has the following properties:

1. spec(Q, : Ho(PR?) — H,(PR?)) C {1} UD,(0),
2. Ho(PR?) = C1 & N, (v) is a Q,-invariant decomposition,

3. Qu fizes every function in C1 and acts as a contraction with spectral

radius less than or equal to o on No(v).

Proof. By proposition 5.1.1 and remark 14, v, is a semi-norm for the space
H.(PR?) but not a norm. However, it induces a norm on the quotient space
H.(PR?)/C1. Note that we do not have the problem that we had in remark
14, because we are identifying the constant functions. Also, if ¢ # 0 and ¢
is not a constant, there exist p and ¢ € PR? such that ¢(p) # ¢(q), hence
va (@) > 0. So it is, in fact, a norm on the space H,(PR?)/C1.

By hypothesis, there exist some 0 < a < 1 and n > 1 such that
ko(p*™) < 0™ < 1. So, by propositions 5.1.4 and 5.1.5, Q7 acts on H,(PR?)/C1

as a o" contraction:

v (@4(6)) = va(Quen) < ki (1™)0a(0) < 000 (9), (5.1)

since v, is a norm for H,(PR?)/C1.

Also, the relation (5.1) means that the norm of the operator Q7
is bounded by ¢"™ < 1. Therefore, by corollary A.0.2, the spectrum of
Qp on H,(PR?)/C1 is contained in the closed disc of radius o". Since
@ also fixes the constant functions in C1, it is a quasi-compact opera-
tor with a simple eigenvalue 1 (associated to the eigen-space C1). Thus,
spec(Q,: Ho(PR?) — H,(PR?)) C 1U D,(0).

By the previous conclusion and (A.0.4) there exists a @, -invariant
decomposition H,(PR?) = C1 @ N, such that @, acts as a contraction with
spectral radius < o on N,. Now it remains to show that there exists a unique
stationary measure v € Prob(PR?) with respect to the cocycle determined by

p such that NV, = N, (v).
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We start by defining a linear functional A : H,(PR?) — C setting
A(cl+4) := ¢ for ¢ € N,. Our goal will be to extend this functional and apply
Riesz-Markov Theorem A.0.5 to show that N, = N, (v) and then conclude that

the measure v is, in fact, a stationary measure with respect to p. First, let us

check some properties of A:
o A(1) =1 by its definition.
o A is linear. Given ¢y, ¢y, 3 € C and )y, 195 € N,

A(Cl + wl + Cco + ¢2) =cC1+ = A(Cl) + A(CQ),
A(B(c+ ) = A(Be+ By) = Be = BA(c).

« A is positive. Let ¢ = 141 > 0 with ¢ € N,. Since @), is positive (the

integral of a positive function is positive),

Qu(0) = 0 < Qi(cl +¥) = Qu(c) + Qh(¥) = ¢+ Qi(Y) ¥ > 0.

Moreover, ¢ € N,, where ()}, acts as a contraction, so we must have
lim @ (¢)) = 0. This fact, together with the the previous result that

n—oo

c+ Q) > 0 for every n > 0, imply that ¢ > 0. Since A(p) = ¢, we

conclude that A is a positive operator.

« A is continuous with respect to the norm ||.||o. For every ¢ € H,(PR?),

—llellecl < ¢ < [l

Since A is positive:
[A(p)] < A([[elloo1) = (]l

o A has an extension A : C(PR?) — C that is positive, continuous and
linear by proposition A.0.2.

Therefore, we are in the conditions to apply Riesz-Markov Theorem A.0.5 to

A, so there exists a unique probability measure v € Prob(PR?) such that

Ap) = o dv VYo e C(PR?).

PR2

Moreover, since N, is the kernel of A, we have that N, = N, (v). In order
to conclude this proposition we are going to observe that v is stationary with

respect to p. By proposition 5.1.6, it is sufficient to show that Vi € C(PR?),

/mz Qulp) dv = /W p dv.
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Let ¢ € C(PR?) and decompose it as:

Y= (1 e ¥ dy> + ((p -1 e ¥ dl/) : (5.2)

Now apply the Markov operator (), on both sides of (5.2). Observe that

(), is linear and
1/ d):1/ dv,
Qi ( prz © prz ©

since it fixes constant functions. Then we arrive at

QJ@%=1AW¢dv+QMGm—1 wdﬁ.

PR?
Note that (p — 1 fpre ¢ dv) € N,(v). Hence, since the decomposition

Ho(PR?) = C1 & N, (v) is Q,-invariant, Q, (¢ — 1 [pg2 ¢ dv) € N, (v). Thus,

integrating both sides, we conclude the proposition.

[

5.2
Existence and uniqueness of the stationary measure

In this section we prove that under some hypotheses on the measure pu
which generates the linear random cocycle, the conditions of proposition 5.1.7
are met. Therefore, there exists a unique stationary measure 7, associated to

the cocycle generated by u.

Lemma 5.2.1 Given g € SLy(R) with ||g|| > 1, p € PR? and a(g) the most

expanding direction of g, we have

a = cos (p,u(g)) < M

Il
Proof. Choose p and w unitary representatives of p and 4(g) such that Z(p, )
is not obtuse. We can write p = au + w, with w L w. Thus, by linearity,

gp = agu + gw. Now observe that

o?llgll* < olgll* + llgwl?
= o’|lgull* + [|gw]|*
= llgnll*.

The last line comes from Pythagora’s theorem, since ||gu|| and ||gw|| are
perpendicular: (gw, gu) = (w, g*gu) = AN(w, u) = 0 because u is an eigenvector

of g*g. Therefore,
_ lsel

~ gl
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|
Next we introduce the main condition on the measure p which will
guarantee the Holder continuity of the Lyapunov exponent. This condition,
quasi irreducibility, is weaker than the irreducibility condition previously
defined, because it allows the existence of an invariant line, as long as the
mazximal Lyapunov exponent A\, is reached along that line.
Given p € Prob(X), where ¥ € SL(2) is compact, let {g, }n>0 be an i.i.d.
multiplicative process with law u. Recall that by the Oseledets Theorem, for
every v € R?\{0} and p-almost everywhere,

. 1
lim —log ||gn_1 - g1907||

n—oo n,

exists and equals Ay () or A_(p). If | C R? is an invariant line, that is, if gl = [
for p-almost every g € SL(2), then it is easy to see (by Birkhoff’s Ergodic

Theorem) that for a vector v € [, v # 0, we have p-almost everywhere,

1 lgv|
lim —log [|gn—1-.. 91900 I/Elog dp(g).

e Il

By abuse of notation and for convenience we denote it by )\+(,u’l). We are now

ready to formally define quasi irreducibility.

Definition 5.2.1 A measure € Prob(X) is called quasi irreducible if there
is no (invariant) line | € R? such that gl = 1 for u—almost every g € SL(2)

and Ay (p])) < Ay ().

Therefore, if p is quasi irreducible, either it admits no invariant lines or
else, if [ C R? is invariant, then )\+(,u'l) = A (p).

Proposition 5.2.2 Let u € Prob(X) be a quasi irreducible measure with
At(p) > 0. Then

.1 *n
lim — | [log|lgpll] du™(g) = A+ (),

n—oon Jy
with uniform convergence in p € S' = {v € R?: |jv| = 1}.

Proof. We split this proof into two steps. First, we prove the pointwise
convergence, and then the fact that the convergence is uniform in p € S!.
Let F C Y% be a T—invariant set of full measure, consisting of Oseledets
regular points. For every {g,}, € F we have the Oseledets decomposition:
R? = EY({gn}n) ® E~({gn}n) which is invariant under the cocycle action.
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Moreover, given {g,}, € F and a unit vector p € R?, either p € E~({gn}») or

1
lim —10g [|gn—1---gopll = A+(k)-

n—oo

Now, consider the linear subspace

S:={peR?:pe E ({ga}n), for p“almost every {g,}n}.

Since goE*({gn}n) = EX(T({gn}n)), for all {g,}, € F, it follows that
gS = S for u—almost every g € ¥. We also know that A\, (x) > 0, hence
dim S < 1. Suppose that dim .S = 1. Since the measure is quasi irreducible and
it satisfies ¢S = S for p-almost every g € 3, we cannot have /\+(,u‘s) < A (p),
because, by the definition of S, )\+(,u‘s) = A_(u) < Ay(p). Therefore S = {0}.

This implies that given any unit vector p € R2,

1
lim —log ||gn—1.--gop|| = A+ (p), for p — almost every {gy}n-
n

n—00

Observe that since ¥ is compact, there exists C' > 0 such that ||g|| < C
for all g € ¥. Then

.1 o1
lim —log [|gn—1...g0p| < lim —log ||gn_1]|.--[goll||P]

n—oo n, n—oo n,

1
< lim - logC™

T n—oon,

<C.

Now, we are able to apply the dominated convergence theorem:

1 o 1
lim — | [log|lgpll] dp™ = lm — [ log||gn—1..-gop|dp(gn-1)-.-dp(go)

n—oo n, b n—oo n, »n

1
= [ lim —log||gn-1.--gopldp(gn-1)---dp(go)

yn n—oon,

= A (p)-

This shows the pointwise convergence and concludes the first part of the
proof. Now it remains to prove that this convergence is uniform. Suppose it is
not uniformly convergent in p € S!. Then, there exists a sequence of unitary

vectors {p,}, € R? and § > 0 such that for every large n,

1 .
f/ log |lgpall] dp™ < Xi(p) — 0.
nJx

By the compactness of the unit circle, there exists a subsequence {p,; }x
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that converges to a unit vector p € R?. We claim that i Js: [log ||gpngll] dp*™
converges to Ay (u), which contradicts the previous assumption. Note that by

lemma 5.2.1,

Hgnk—l--gnopnk ||
| Grge—1-+-Gno

> COS (pnk7u(gnk*1"'gn0)) = ’pnk ‘U(gnk71---gn0)|,

where w(gn, —1.--9n,) is the most expanded unit vector by ¢,,—1...gn,, as we saw
in chapter 2. Moreover, we know already by proposition 2.4.2 that p-almost

everywhere,

Py U(Gng—1---Gno)| = [P - u(p)],

where u(p) = limg—yo0 U(Gny—1---Gng)-
Suppose |p-u(p)| = 0, so p € u(u)*t. By proposition 2.4.4, u(u)t = E*(u).
Since S = {0},

lim int | g1+ Gno Py |
k—oo ||gnk_1...gn0||

> (0 p-almost everywhere.

llgng—1---gngPnyll
lgnj—1---gno |l
Then, using again the dominated convergence theorem:

Therefore, é log converges to zero p—almost everywhere.

tim [ o lgprl] dy(9) = Jim = [ flog lgl]} dy (o)

k—oo Ny k—oo N
1 n
koo ny, 3 gl
= Ay (1)
This proves the claim and concludes the proof. [ |

Proposition 5.2.3 Given a > 0 and unit vectors p,q € R?,

‘”<1{ 1 N 1 }
=2 {lgpll*e  lgqll* |

Proof. Since g € SLy(R), it preserves area, so ||[gp A gq|| = ||p A ¢||. Then,

[mr _ [ng/\QQII HPHHQH]Q

lgpllllgall llp A 4l
1 1
llgpll*™ [lgql|

<1{ Lo, }
=2 {lgpll*  lgqll* |
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In the last inequality we used the fact that the geometric mean is less

than or equal to the arithmetic mean. [ |

Proposition 5.2.4 Given g € SL(2), a unit vector p € R* and v € T,R?, the

map ¢, : S' C R? — R? that takes x to Hzgg\\ has derivative

1
lgpll>

D(pg)p(v) =

Proof. Given a unitary vector # € R?, define the orthogonal projection map
7t R? — R? such that 7 (v) = v — (v x)x.
Observe that given two unitary vectors p,v € R? with p_Lv and g € SL(2),

one has:

L= [lvApll = l(gv) A (gp)ll = llgplllm e (gv)ll-

Let A be the map x —
Then for v € T,S! C R2,

” and f be the map x — gz so that ¢, = hf.

1
D(y)a(v) = D(h).(v)gz + mmmw
1

= P gy g
—(gz, gv) ! 97 + : gv

Iz gl

1
= Mool " ")
Hence,
D( ) ( ) Wi\ggl\ (gv) 1
v) = = .
ol lgpll— Tlgpl?

|
We can also consider the projective map § : PR? — PR? such that
g(p) = gp. By making the correct identifications and using the last proposition,

we can conclude that

1

D(g)p(v) = TaplE:

Proposition 5.2.5 Given a measure p € Prob(SLy(R)) with supp(p) C ¥, a

compact set,

ko(p) = sup [||gp|| 2"‘} w(g) foralla >0,
pePRd /X

where p is a unit representative of p € PR2.
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Proof. By proposition 5.2.3, we know that:

6(@:@@)]”‘ 1{ 1 1 }
DID N < 2 + -
[6( ) |~ 2 Ulgpl ™ Tigal>e

So, if we integrate both sides then apply the supremum, we conclude that

1 —Zx —zQ —zx

ba(w) < sup | o llgpl ™+ llgal ] dpu(g) = sup | [llgpll =] du(9).
p,GeEPR2 /X pEPR2 /X

for every a > 0.

For the other inequality, we need to observe that

1 »  [8(32. 99)
- _D -1 I II)
Tgal? ~ DO in[ 5(@,9) |

where the limit is taken over the projective line span{z,v} C PR2. Hence,

Fa(p) = sup [ (W)a dp(g) > sup [ lim [W]a dpi(g)

pq Iz a=p | 0(P,q)
— sup [ [lgpll2]" du(o).
pEPR2 /2

Proposition 5.2.6 Let p € Prob(X) be a quasi irreducible measure with
Ai(p) > 0. There are numbers § > 0,0 < a < 1,0 < k < 1andn € N
such that for all v € Prob(X) with Wi (u,v) < 6, one has kq(v*™) < k.

Proof.

Our strategy to prove this proposition will be to show that if u satisfies
the hypothesis, then there exist 0 < a < 1, 0 < £ < 1 and n € N such that
ko(1*™) < k. Then, we are going to extend this result to a neighbourhood of
L.

In order to prove the proposition for k,(u*"), it is sufficient to bound
Is [llgpll=2*] du*"(g) by a constant smaller then 1 that does not depend on p
because of the result in proposition 5.2.5.

First we are going to state some inequalities. Note that

1
lim — {log ngH’ﬂ dp™(g) = —2A4 () <0 (by proposition 5.2.2)
>

n—oo n,

with uniform convergence in p € S!.
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Thus, for every € > 0 and every p € S!, there exists some N € N (that
does not depend on p) such that for every n > N we have that

1 — *1
204 (0) — e < — [ [logllgpll 2] du"() < —2A () + <.
Hence, by choosing € small and n sufficiently large, we conclude that

[ Dog llgpll 2] du(g) < m (=20 (1) +€) < 1. (5:3)
Since g € SL(2), we have that:

1H71

log lg~'[|7 =1loglgl =" < log llgp|l < log|lgl.

Hence,
[loglgpll| < logllgll- (5:4)

Consider also the following classical inequality:

72
" <l+4+zxz+ 56"”'. (5.5)

Now we are ready to estimate [x [||gp||=2%] du*"(g) for every unit vector
p € R? using (5.3), (5.4) and (5.5):

/ [ng”_ml} d,u*”(g):/ [elOg”gPH_ZO‘} dlu*n(g)
= b
2 _
S/ o?log® (||gp|| 2)6|alog||gp—2|] i (g)
= 2
2
_ —2 *1 Oéi 2 -2 alog]|| H*Q 1,
_1—1—04/2[108;HQPH }du (9) + 5 /E{log (ng” )e| gp |] du™(g)

042 *n
<1+a(=1)+ 5 [ [410g” (gl e =10] dp(g)

1+ alogllgp||+

Note that the last term is a constant K that depends only on p and n.

Then we conclude that for every unit vector p € R%:

2
—2a *N «
/E[Ilgpll | dp (9) 1=+ 5 K(un).

Thus, by taking « sufficiently small we conclude that

/E[Ilgp\l‘m} dp(g) < 1.

Hence, by proposition 5.2.5,

Fa(u™) = sup [ [llgpl =] du(g) < 1.
pEPRE /X
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Finally, note that k,(u*") depends continuously on p*" and remember
that the map p +— p*" is Lipschitz by proposition 4.3.1.
So, Ve > 0, 40 > 0 such that

Wiy, p) <6 = [ka(p™) = ka(v™)] < €.

Lk (")
2

d-neighbourhood of y, such that for every v € Prob(X) with Wi (v, u) < d, we
have that k,(v*") < ko (u*") + € :=k < 1. |

Since kq(pu*") < 1, we can choose € = . Then, there exists a

5.3
Holder continuous dependence on the measure

The goal of this section is to prove that the stationary measure associated
to the linear random cocycle depends Holder continuously on the measure p
that generates the cocycle.

First we start with some preliminary results that will help us to obtain

the desired estimate.

Lemma 5.3.1 Given two different points p,q € R*\{0},

il =1~ e
Tl < e =g SRR
Il llal Pl ]

Proof. Consider vy,v, € R? such that [jvi]] > ||ve]] = 1. We are give the

analytic proof with an argument of plane geometry. It follows from the law

_v2
||v1|| Hvzll

and vy. Consider y =

2
= 2 — 2cos «, where « is the angle between v,

of cosines that

— o> S0 that y > 0. Again, by the law of cosines,

|l — va])? = 2+2y+y2 — 2cosa — 2y cos a. Since 2y + y? — 2y cosa > 0 for

every «, we have that

1 (%)
— < |lvr — va|. (5.6)
| [oall - [lvall |
Now, suppose that ||p|| < ||g||. Set v; = oy and vz = 5. Then, substitute this
values in (5.6) to get:
- < - = rlp =l
H lall el H H Il llpll H 2]l

It is clear that if ||g|| < ||p||, then obtain an analogous result:

= || < el —dll-
HHQH |P||H [lqll
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Therefore, we conclude that

i~ ol < v o - 1

Corollary 5.3.1 Let g1,92 € SLo(R) and consider their projective actions,
§i - PR? — PR? taking p to sz:gi\\ fori=1,2.
Then

56620 < o~ selwox { )
91P, 92P) = ||91 — g2| Max , :
0@ T

Proof. Observe that

H ap)  9W0) H
[l llg2(p)l

Then, by lemma 5.3.1,

Hugl(p) 2 <10 nma {

1) Hg Pl lg1(p)[" [[g2(p)l

1 1
< [lg1 — g2 max { lgr ()1 llg2(p) }

Proposition 5.3.2 Let py, us € Prob(X). Assume that k := ko(p1) < 1 for
some 0 < a < 1. Then for alln € N and p € H,(PR?),

Wi (,uh M2)a

Q5 (#) — Q@)oo < —HE2L

Ua(@)-

Moreover, if also ko (u2) < 1 then for all p € Ho(PR?),

Wi (pa, p2)®
p dvy, — /PR2 p dvy,| < ﬁ”a(@),

PR2

where v, and v,, are the unique stationary measures with respect to the cocycle

generated by the measures p; and jio, Tespectively.

Proof. For n = 1 we have that:
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1@ (9) = Qua(P)lloc = sup

pEPR?

Lo @)du(o) — [ o(0:(5) dua(e)

= sup | [ o(6i(5)) = ¢(6(p)) dr(g1. ) vr € (i, i)
pePR? |/ExD
< sup p(61(D)) — ¢(d2(D))| dm(g1,92) v € I(p1, po)
PEPR2 /XX
- A . o (G1p, g2p)”
< su - —aa dm(g1, Ve (p,
< s [ 1660) ~ 0] 5P r(gr. g0 (1, 12
< va(p) sup o (G1p, G2p)" dm (g1, g2) V€ (py, p2)
peEPR2 J X X%

< val9) o1 — gl { L] } dx (g1, 9
S Vo SD Sup gl - 92 max 3 v 91792 5
pEPR2 /XX Hgl(p>H "92(17)”

for every m € I, p12), by corollary 5.3.1.

Since X is compact, max {7z, gy | < max {lloul, lgall} = €

Then, for every 7 € TI(puq, p2),

1Qus (#) = Que(@Plloe < Cval@) su> [ g1 = gall* dr(gn, )
PEPR2 J/ EXE
< Cale) sup ([ llon = all dlgn. g2)
pePR2 YxX

< C%a(@)Wi(pa, p2)”,

where on the second line we used Jensen’s inequality and the concavity of the
function ¢ +— ¢*, which holds when ¢ € [0, 00) and « € (0, 1].
Now observe that the difference @, — ()}, can be written as a telescopic

sum as follows:

— -1 —1
Zl - ZQ - o Q.“Z © Zl + Ql@ o Zl o O Q/Ll - u2

_ZQ Qm Quz) e 1'

Now we use the previous relation to prove the desired estimate:

lQr, (#) — @ Hoo—HZQ (Qui = Quy) o (@7 (9) lloo
<ZHQ (Qui = Qun) o (Q77(9) oo

ggn (Qur = Qua) © (Q(9)) llso (by Lemma 5.1.3)
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By the case n = 1 we have that

n—1 n—1
;) | (Qui — Qus) © (QZ:Z_1(¢)) oo < ZO Cvq ( Zl_i_1<90)> Wi (g, p2)®

= CWy(uy, p2)” 2 Va (Q“;H*(QD))
(

< CWi(p, po)® Dy ko u?‘i_l) Vo () (by proposition 5.1.4)
i=0
n—1 -
< (@) CWr (i, 12)® D (kalpa))" ™" (by proposition 5.1.2)
i=0

<< Wf(fl,;lLQ) Va(p).-

(since k :=k, < 1)

This concludes the fisrt part of the proof.

Now, consider that also k,(p2) < 1. By proposition 5.1.7, there exist sta-
tionary measures v, , v, € Prob(PR?) with respect to u; and ps, respectively,
such that the Markov operators associated to @,, and @, satisfy the three
properties of that proposition.

Then we can write

gp:(/]PRzgodym)1+gp—/m2gpdl/ml.

Note that (fpgz ¢ dv,,)1 € Cl and U := ¢ — [ppo ¢ dv,, 1 € N, (v, ). Hence,

s o) =@ ([ e dme ) 1)+ @0

Since ¥ € N, (v, ), the second term goes to zero when n goes to infinity,

because @, acts as a contraction on N, (v, ) for large n. Moreover,

i (e ) 1) = s

for every n, because @), fixes every function in C1. So,

lim Q) () = @ dv,, 1.

n—00 PR2

Similarly we can do the same argument for ),, and conclude that

lim Q}, () = @ dv,, 1.

n—0o0 PR2
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Finally, we have that

/PR2 © dv,, — /PR2 @ dv,,

which concludes the proof of the proposition. [ |

n n CWi (g, p2)®
< sup [1Qp, ()= Qp, (@)oo < =27 0a(0),

5.4
Generalization of Le Page’s Theorem

In this section we propose a generalization to the result from Baraviera-
Duarte and show that their version of Le Page’s Theorem can be derived from

ours.

Proposition 5.4.1 For everyng € N and p € X2,

A (W) = moA 4 (p).

Proof. By Furstenberg-Kersten Theorem 2.2.1, since f is ergodic:

n 1 “n “n.
)= lim ~ | logllgn-1--goll A" (gn—1)-.-dr™ (o)

n—oo n, »n

At (p

o1
= lim — log Hgnnofl---g()H d:u(gnnofl)-“d:u(go)

n—oo n, »nng

1
= no lim 7/27“10 10g || gnng—1---gol| di(grng-1)---dpu(g0)

n—oo nno

= noA+ (1)
[

Theorem 5.4.2 (M. Durdes and S. Klein). Let 3 € SL(2) be a compact set,
p € Prob(SL(2)) such that supp(p) C X. Suppose that p is quasi irreducible
and Ay (p) > 0. Hence there exist 6 > 0, C' < 0o and o € (0,1) such that given
any i, 1 € {1,2}, satisfying Wi (u;, p) < 6, we have

(A (1) = Ay (p2)| < CWi (1, p2)®.

Proof. By the hypothesis, we are in the conditions of proposition 5.2.6. Hence,
there exist & > 0, @ € (0,1) , k € (0,1) and ny € N such that for all
v € Prob(X) with W, (u,v) < 6, one has k,(v*™) < k.

By proposition 4.3.1, the map v — v*" is Lipschitz with some constant
K. Let uy,pus € Prob(X) satisfy Wi(u, n) < = := 6 for i € {1,2}. Hence,

im0 s satisfy Wy (ui™°, u) < 6 for i € {1,2}.

)
K
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*NQ

Thus, we can apply proposition 5.1.7 to u7"® and p3". Therefore, there

exist unique stationary measures Mo and Myzro with respect to ™ and p5™
respectively.

Hence, by Furstenberg-Ledrappier’s Formula :
A+ (p7™) = max { / / @ dpi™dv, o 1 Vo IS a stationary measure for ]P’]R2}
- [, L
and
Ay (p3"™) = max { /P " /2 @ dps™dv,smo Vo Is a stationary measure for IF’]R2}

pr— TLD * 7
—/PRQ/Esodug dnyzno,

where ¢(g,p) = log||gp|| and p is a unitary representative of p. Now we are

able to estimate:

3 | [ o ], i
| ooz o]
/P , / P dpr™ dneno — /P . /  dps"dn,zmo
/JPRQ 4 d m*no - Wu*"o) dpiy /[P>R2 / ¢ d(py™ — *no)dnu*"o :

Since ko(17™) < k < 1 and k,(p5") < k < 1, we know by proposition
5.3.2 that the first term is bounded by

*NQ

WA, 457
*M, Ua 90 .
L ()

Note that ¢ is Lipschitz on ¥ with respect to the first coordinate with
some Lipschitz constant L. Then, using Kantorovich-Rubinstein Theorem, the
*no)'

second term is bounded by L - Wy (ui™, s

Hence, there exists some Cjy such that
[As(11") = Ap (™) < CoWa(pi™, pg"™)".

Now let C = K2 By proposition 5.4.1, the previous result and

no
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proposition 4.3.1:

)\ M*no _)\ M*no
) = A () = L=l

< CW(pur, p2)®.

This proves that the maximal Lyapunov exponent is Holder continuous
in a neighbourhood of p. [
Now we show that our theorem implies the result of Baraviera and

Duarte.

Definition 5.4.1 Given a probability space (X, B, 1) we can define the support
of the measure p by:

supp(u) = N E.

E closed and p(E€)=0

Lemma 5.4.3 Consider a probability space (X, F,p) and A: X — SLy(R) a
measurable function. Then supp(A.p) C Im(A).

Proof. Observe that Im(A)C is disjoint from Im(A). Hence A™! (Im(A)C) = (.
Then

C

Acp(Im(A)) = p(A™!(Im(A)")) = p(0) = 0.

So, Im(A) is closed and A, p(Im(A)°) = 0. Since supp(A, p) is the smallest

set with this properties, we conclude that
supp(A.p) C Im(A).

|

Fix a measure p and let the base dynamics be the Bernoulli Shift.

We claim that the random linear cocycle defined by A € L*°(3,SLy(R)) is
generated by a push-forward measure A,p.

Remember that the probability measure A,p generates a random linear

cocycle with the Bernoulli Shift on the base and the projection on the first

coordinate on the fiber. Hence,

o1
At (Aep) = lim —log|lgn—1..g10]l,

where each matrix g;, with j € {1,..,n — 1}, is chosen according to the

probability law A,p.
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Note that the random linear cocycle defined by A € L*(X,SLy(R))

satisfies .
Ao (4, p) = i, —log | A" (2)... A(F(2) AG2)]|

where each x is chosen according to the probability law p. Therefore each
element A(f’(x)), with j € {1,..,n — 1}, is chosen accordingly to the
probability law A,p. Thus the two cocycles are the same.

Consider the following set of probability measures on SL(2):

F={A.p: Ae L*(3,SLy(R))}.

Proposition 5.4.4 There exists a compact set K in the weak star topology
such that F C K.

Proof. By lemma 5.4.3, supp(A.p) C Im(A). Since A € L>*(X, SLy(R)), there
exists some C' > 0 such that Im(A) C Bsp,®)(0,C), where Bgp,m®)(0,C) is the
ball in SL(2) with center 0 and radius C. This implies that

F C Prob(Im(A)) C Prob(Bsr,®)(0,C)).

Since Bgr,(r)(0,C) is compact, we know, by Prohorov’s Theorem, that
Prob(Bsr,m®)(0,C)) is compact in the weak star topology. Hence, there exists
a compact set, namely K = Prob(Bsp,m)(0,C)) that contains all the measures
in F. |

Corollary 5.4.1 (A. Baraviera and P. Duarte).

Let (A, ) € L>®(2,SLy(R)) x Prob(X) be quasi-irreducible with L(A, p) > 0.
Then the cocycle is locally Hdélder continuous: there are positive constants
a >0, C < oo and d& > 0 such that for all By, By € L®(X,SLy(R)) if
|B; — Alloe <0, j =1,2, then

AL (B1) = A (B2)| < C(|[Br — Baflo)” -

Proof.

Observe that the version of Le Page’s Theorem in Baraviera-Duarte
assumes the cocycles to be in L*>(3, SLy(R)). Hence the cocycles are not
uniformly bounded as in the previous results. However, this is not a problem,
since our theorem is a local result. Given A € L*(X, SL2(R)), all the cocycles
B such that ||B — Al|oc < 6 are uniformly bounded by [|A||o + J. Hence
all the measures supported in this neighbourhood of A (that generate all of

these cocycles) are contained in a compact set. This means that we are in the
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conditions of our generalized version of Le Page’s Theorem, thus concluding
the result of Baraviera-Duarte.
|
The method described in this work for establishing the Holder continuity
of Lyapunov exponents of a linear cocycle can likely be applied to some other
models, with different ergodic dynamics on the base. We intend to consider
the case of a subshift of finite type (or, more generally of a Markov system) in
a future project.
Two of the main elements of the proof are the Furstenberg-Ledrappier
Formula in theorem 3.3.7 and the uniform convergence result in proposition
5.2.2. Since the two ingredients mentioned above are essentially already avail-

able, this project appears feasible.
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A
Elements of Functional Analysis and Ergodic Theory

In this appendix, we review some results from functional analysis and
ergodic theory that will be useful during the text. We are going to give
references for some concepts used during the text in order to keep it self-

contained.

Definition A.0.1 Let X be a real vector space. A sublinear functional on X

is a function p: X — R such that

(i) p(x +y) < p(x)+ply) Vz,ye X.

(i7) p(ax) =ap(x) VYre X anda>0.

Remark 15 Fvery sublinear functional p : X — R satisfy:
0 =p(0) = p(u+ (—u)) < p(u) + p(—u).
Therefore —p(—u) < p(u).

Theorem A.0.1 (Hahn-Banach) Let X be a real vector space and let p be a
sublinear functional on X. Suppose that W is a linear subspace of X and fw

is a linear functional in W satisfying
fw(w) <pw) YweW.
Then fw has an extension fx on X such that
fx(x) <plx) VrelX.

Proof. See chapter 5 of [9]. |

Corollary A.0.1 (Special version of Hahn-Banach) Let X be a real vector
space, W a linear subspace of X and U an open convex set in X containing
the origin. If fyy : W — R is a linear functional on W, then there exists an
extension fx : X — R such that

sup fx(z) = sup fw(x).
U unw
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Proof. Consider the sublinear functional ¢ : X — [0, 400) such that
_ v
q(v) :==1inf{t > 0: ;€ U}.

Now let p : X — R be such that p(v) = aq(v), where @ = sup fiy.
Unw

Notice that p is also a sublinear functional on X. Moreover, since fi (v) < «
for every v € W N U, then for every w € W,

w

fw(w) = fw ((1+8M(w)

)@+ atw) < a1 +2) atw)
for every € > 0. Hence, fyr < p and we can apply theorem (A.0.1) to obtain
an extension fx of fi such that fx(z) < p(x) for every x € X. Furthermore,

sup fx < a = sup fx. The other inequality is trivial since UNW C U. [ |
U Unw

Proposition A.0.2 Let X be a normed linear space and let W be a dense
subspace of X. Let Y be a Banach space and let S be a positive, linear and

bounded transformation from W to Y.

(a) If x € X and {x,}, {y.} are sequences in W such that lim,_ . x, =
lim, ooy = x, then {S(z,)}n and {S(yn)}n both converge and

lim,, o0 S(2,) = limy, 00 S(yn)-

(b) There exists T positive, linear and bounded such that ||T|| = ||S|| and
Tx = Sx forallx e W.

Proof. This proposition is proved for a linear and bounded transformation S
in chapter 4 of [9] with a linear and bounded extension 7" in item (b). It is
straightforward to see that if we add the hypothesis of S being positive, then
T will also be positive by its construction. [

Let X be a normed linear space. The set of all bounded linear transfor-
mations from X to X is denoted by B(X).

Definition A.0.2 Let X be a Banach space, let I € B(X) be the identity
operator and let T' € B(X). The spectrum of T, denoted by o(T), is defined to
be

o(T)={A € C:T — A\ is not invertible}.

Proposition A.0.3 Let X be a Banach space. If T € B(X) is an operator
with ||T|| < 1, then I — T is invertible and the inverse is given by

(I-T)"= i "


DBD
PUC-Rio - Certificação Digital Nº 1912789/CA


PUC-Rio- CertificagaoDigital N° 1912789/CA

Appendix A. Elements of Functional Analysis and Ergodic Theory 98

Proof. See chapter 4 of [9]. |

Corollary A.0.2 Let X be a Banach space andT € B(X). Let A be a complex
number. If |\ > ||T||, then A & o(T).

Proof. It |\| > || T||, then ||A\7T|| < 1. So, by (A.0.3) the operator I — AT is
invertible. Hence AI — T is invertible, which means that A ¢ o (7). |

Theorem A.0.4 Let X be a Banach space, T € B(X) and 01,09 be two
complementary isolated parts of its spectrum (o1 or oy can be empty). We
can then decompose the space X in a vector sum of two linearly independent

subspaces My and My each of which invariant by T and with the property that
o <TM> = oy, fori € {1,2}.

i

Proof. See chapter 11 of [7]. |

Definition A.0.3 Let M be a compact metric space. We say that a linear
operator ® : CO(M) — C is positive if ®(¢) > 0 for all o € C°(M) such that
o(x) >0 for every x € M.

Theorem A.0.5 (Riesz-Markov). Let M be a compact metric space. Consider
any bounded linear functional ® : C°(M) — C. There exists a unique borel

measure |1 i M such that

() :/90 dp Y € CO(M).

The norm ||| = |u|(M) of the measure p coincides with the norm ||®| of
the functional ®. Also, p is a probability measure if and only if (1) = 1.

Moreover, u takes values on [0,00) if and only if the operator ® is positive.

Proof. See chapter 6 of [8]. |

For this last part of the appendix, we are going to assume that (M, B, )
is a probability space and P a partition of M into measurable subsets. We will
denote by 7w : M — P the projection of an element z to the element P(x) of
the partition that contains x.

The proof of the last three results can be found at chapter 5 of [12].

Theorem A.0.6 (Ergodic Decomposition). Let M be a complete and separable
metric space and consider f : M — M a measurable transformation with an
imvariant probability measure p. Then, there exists a measurable set My C M
of full measure, a partition P of My into measurable subsets and a family of

probability measures {up : P € P} in M satisfying:
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(a) up(P) =1 for m.pu-almost every P € P;
(b) P — pp(F) is measurable for every measurable set E C M;
(¢) pp is invariant and ergodic for m.p-almost every P € P;

(d) wE) = [ up(E)dr.u(P) for every measurable set E C M.

Proposition A.0.7 Let M be a topological space with countable basis of
open sets and consider B its Borel o-algebra. Suppose B admits a countable
generator. If {ub : P € P} and {u% : P € P} are desintegrations of p with
respect to P, then ub = u3% for m.u-almost every P € P.

Theorem A.0.8 (Rokhlin’s Disintegration Theorem). Suppose that M is a
complete and separable metric space, [ is a probability measure and P is
a measurable partition. Then, the probability p admits some disintegration

relatively to P.
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