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Theoretical 
background



Stochastic optimization

● Two-stage model

min
𝒙∈𝒳

𝒄⊤𝒙 + 𝔼 𝑄(𝒙, 𝝃)

𝒙

Q 𝒙, 𝝃𝒔

𝑄 𝒙, 𝝃𝒔

𝑄 𝒙, 𝝃𝒔

𝑄 𝒙, 𝝃𝒔

Uncertainty 

realization

The data-generating 
probability distribution 

is known



Distributionally robust optimization

● DRO two-stage model

min
𝒙∈𝒳

𝒄⊤𝒙 + sup
෩ℙ∈𝒫

𝔼
෩ℙ 𝑄(𝒙, 𝝃)

Player 2

Nature
෩ℙ ∈ 𝓟

Player 1 
Decision 
maker 
𝒙 ∈ 𝓧

Game theory interpretation

Ambiguity set:

• Moment-based
• Discrepancy-based



Wasserstein ball
● Wasserstein distance

𝑑𝑤 ෩ℙ, ෡ℙ𝑁 = inf න
Ξ2

𝝃 − ෠𝝃𝒏 𝑑Π 𝝃, ෠𝝃𝒏 :
Π 𝑖𝑠 𝑎 𝑗𝑜𝑖𝑛𝑡 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝝃 𝑎𝑛𝑑 ෠𝝃𝒏

𝑤𝑖𝑡ℎ 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙𝑠 ෩ℙ 𝑎𝑛𝑑 ෡ℙ𝑁 , 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦

● Transportation plan



Wasserstein ball
𝔹𝛿𝑑𝑤 ෡ℙ𝑁 = ෩ℙ ∈ ℳ Ξ :𝑑𝑤 ෩ℙ, ෡ℙ𝑁 ≤ 𝛿

෡ℙ𝑁 =
1

𝑁
෍

𝑛=1

𝑁

𝛿෠𝝃𝒏

Reference distribution



Reformulation 
of the problem



Equivalent semi-infinite 
optimization problem
● Parametric linear programs with RHS uncertainty

𝑄 𝒙, 𝝃 =
min
𝒚 ≥ 0

𝒒⊤𝒚

𝑠. 𝑡. 𝑾𝒚 = 𝑯 𝒙 𝝃 + 𝒓(𝒙)

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 +
1

𝑁
෍

𝒏=𝟏

𝑵

𝑠𝑛

𝑠. 𝑡. 𝑄 𝒙, 𝝃 − 𝜆 𝝃 − ෠𝝃𝒏 ≤ 𝑠𝑛 , ∀𝑛 ≤ 𝑁, ∀𝝃 ∈ Ξ,

𝜆 ≥ 0,

𝒙 ∈ 𝒳

min
𝒙∈𝒳

𝒄⊤𝒙 + sup
෩ℙ∈𝒫

𝔼
෩ℙ 𝑄(𝒙, 𝝃)



Finite extensive equivalent formulation
Semi-infinite constraint

𝑄 𝒙, 𝝃 − 𝜆 𝝃 − ෠𝝃𝒏 1
≤ 𝑠𝑛, ∀𝑛 ≤ 𝑁, ∀𝝃 ∈ Ξ

sup
𝝃∈Ξ

𝑄 𝒙, 𝝃 − 𝜆 𝝃 − ෠𝝃𝒏 1
≤ 𝑠𝑛, ∀𝑛 ≤ 𝑁

min
𝜽,𝜶, 𝝃

𝜽⊤𝒓 𝒙 + 𝑯⊤ 𝒙 𝜽 ⊤𝝃 − 𝜆𝟏⊤𝜶

𝑠. 𝑡. 𝜶 ≥ 𝝃 − ෠𝝃𝒏,

𝜶 ≥ ෠𝝃𝒏 − 𝝃,

𝑾⊤𝜽 ≤ 𝒒,

𝝃 ∈ Ξ

Oracle problem



Solution of the oracle problem 



Finite extensive equivalent formulation

Proposition
There exists an optimal solution 𝝃∗ for the oracle 

problem such that 𝝃𝑖
∗ ∈ ෠𝝃𝒏 𝑖

, 𝑎𝑖 , 𝑏𝑖 for all 𝑖 = 1, … , 𝑑𝜉

● Optimal solution of the oracle problem

෠Ξ𝑛 =×𝑖=1

𝑑𝜉 𝑎𝑖 , ෠𝝃𝒏 𝑖
, 𝑏𝑖 = 𝝃ℓ

∗
ℓ∈ℒ𝑛 , onde ℒ𝑛 = 1,… , ෠Ξ𝑛



Finite extensive equivalent formulation

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 +
1

𝑁
෍

𝒏=𝟏

𝑵

𝑠𝑛

𝑠. 𝑡. 𝑄 𝒙, 𝝃ℓ
∗ − 𝜆 𝝃ℓ

∗ − ෠𝝃𝒏 1
≤ 𝑠𝑛, ∀ℓ ∈ ℒ𝑛, ∀𝑛 ≤ 𝑁

𝜆 ≥ 0,

𝒙 ∈ 𝒳

Kuhn:
The resulting PL has 
generically 
exponential size

Mehrotra:
Computational 
intractable (𝑁 ⋅ 3𝑑𝜉)

Proposed reformulation

Existing reformulations



Solution 
methodology



Decomposition method
● Iterative procedure that converges to the optimal 

solution of the problem

Initialization

Solve the 
master problem 

(𝒙𝐾 , 𝐿𝐵𝐾)

ORACLE 𝒙𝐾 , 𝐿𝐵𝐾

Returns new 
constraints and 𝑈𝐵𝐾

𝑈𝐵𝐾 − 𝐿𝐵𝐾 ≤ 𝜖
Update the 

master problem
STOP

YesNo



Column and constraint generation 
● Master problem is a linear programming relaxation of 

the original problem

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 +
1

𝑁
෍

𝒏=𝟏

𝑵

𝑠𝑛

𝑠. 𝑡.
𝑄 𝒙, 𝝃ℓ

∗

− 𝜆 𝝃ℓ
∗ − ෠𝝃𝒏 1

≤ 𝑠𝑛,
∀ℓ ∈ ℒ𝑛, ∀𝑛 ≤ 𝑁

𝜆 ≥ 0,

𝒙 ∈ 𝒳

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 +
1

𝑁
෍

𝒏=𝟏

𝑵

𝑠𝑛

𝑠. 𝑡. 𝑞⊤𝒚ℓ − 𝜆 𝝃ℓ
∗ − ෠𝝃𝒏 1

≤ 𝑠𝑛 , ∀ℓ ∈ ℒ𝑛
𝐾 , ∀𝑛 ≤ 𝑁

𝑾𝒚ℓ = 𝑯 𝒙 𝝃ℓ
∗ + 𝒓 𝒙 , ∀ℓ ∈ ℒ𝑛

𝐾 , ∀𝑛 ≤ 𝑁

𝜆 ≥ 0,

𝒙 ∈ 𝒳

Original problem

ℒ𝑛
𝐾 ⊆ ℒ𝑛

Relaxed problem



C&CG algorithm
Initialization

Solve the 
master problem 

(𝒙𝐾 , 𝐿𝐵𝐾)

𝑈𝐵𝐾 − 𝐿𝐵𝐾 ≤ 𝜖 STOP

𝝃∗ ∈ Argmin 𝜽⊤𝒓 𝒙𝑲 + 𝑯⊤ 𝒙𝑲 𝜽
⊤
𝝃

−𝜆𝟏⊤𝜶

𝜶 ≥ 𝝃 − ෠𝝃𝒏,

𝜶 ≥ ෠𝝃𝒏 − 𝝃,

𝑾⊤𝜽 ≤ 𝒒,
𝝃 ∈ Ξ

ℒ𝑛
𝐾+1 = ℒ𝑛

𝐾 ∪ {𝝃∗}

𝐪⊤𝒚ℓ − 𝜆 𝝃ℓ
∗ − ෠𝝃𝒏 1

≤ 𝑠𝑛, ∀ℓ ∈ ℒ𝑛
𝐾+1, ∀𝑛 ≤ 𝑁

𝑾𝒚ℓ = 𝑯 𝒙 𝝃ℓ
∗ + 𝒓 𝒙 , ∀ℓ ∈ ℒ𝑛

𝐾+1, ∀𝑛 ≤ 𝑁

𝑈𝐵𝐾 ⟵𝑚𝑖𝑛 𝑈𝐵𝐾−1, 𝒄⊤𝒙𝑲 + 𝜆𝐾𝛿 +
1

𝑁
෍

𝑛=1

𝑁

𝜌(𝒙𝑲, 𝜆𝐾)

YesNo



Bender’s multi-cut
● Master problem for the Bender’s multi-cut algorithm

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 +
1

𝑁
෍

𝒏=𝟏

𝑵

𝑠𝑛

𝑠. 𝑡.
𝜽𝒅
⊤𝒓 𝒙 + 𝑯⊤ 𝒙 𝜽𝒅

⊤𝝃ℓ
∗

− 𝜆 𝝃ℓ
∗ − ෠𝝃𝒏 1

≤ 𝑠𝑛,
∀(𝑑, ℓ)
∈ 𝒟 × ℒ𝑛, ∀𝑛 ≤ 𝑁

𝜆 ≥ 0,

𝒙 ∈ 𝒳

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 +
1

𝑁
෍

𝒏=𝟏

𝑵

𝑠𝑛

𝑠. 𝑡.
[𝜽𝒏

𝒌]⊤𝒓 𝒙 + 𝑯⊤ 𝒙 𝜽𝒏
𝒌 ⊤

𝝃𝒏
𝒌

− 𝜆 𝝃𝒏
𝒌 − ෠𝝃𝒏 1

≤ 𝑠𝑛,
∀𝑘 ≤ 𝐾, ∀𝑛 ≤ 𝑁

𝜆 ≥ 0,

𝒙 ∈ 𝒳

Original problem

𝜽𝒏
𝒌 , 𝝃𝒏

𝒌 ∈ Argmin ORACLE(𝒙𝑘, 𝜆𝑘)

Relaxed problem



Bender’s single-cut
● Master problem for the Bender’s single-cut algorithm

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 + 𝛽

𝑠. 𝑡.

1

𝑁
෍

𝑛=1

𝑁

ቀ𝜽𝒅
⊤𝒓 𝒙 + 𝑯⊤ 𝒙 𝜽𝒅

⊤𝝃ℓ
∗

∀ 𝑑, ℓ ∈ 𝒟 × ℒ,

𝜆 ≥ 0,

𝒙 ∈ 𝒳

Original problem

ℒ =ራ

𝑛=1

𝑁

ℒ𝑛

Relaxed problem

min
𝒙, 𝜆, 𝑠𝑛

𝒄⊤𝒙 + 𝜆𝛿 + 𝛽

𝑠. 𝑡.

1

𝑁
෍

𝑛=1

𝑁

ቀ[𝜽𝒏
𝒌]⊤𝒓 𝒙 + 𝑯⊤ 𝒙 𝜽𝒏

𝒌 ⊤
𝝃𝒏
𝒌

∀𝑘 ≤ 𝐾,

𝜆 ≥ 0,

𝒙 ∈ 𝒳



Results



Numerical experiment
● We test our proposed solution methodology with the two-stage stochastic 

(single-bus) unit commitment problem

Thermal generators

Load – Uncertain renewable generation

● First-stage decision:

͞ Commit decisions

● Second-stage decisions:

͞ Economic dispatch

● Uncertainty:

͞ Uncertain net electricity load



Results 
● Illustrative example of a system with 

5 thermal generators

● System with 14 and 54 thermal 

generators 
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