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Abstract 
 

 

 

Huang Sam, Juan Andres; Romanel, Celso (Advisor). Numerical 

implementation of the elastoplastic constitutive model of Lade and Kim 

for 3D analysis of embankments. Rio de Janeiro, 2020, 97p. Dissertação de 

Mestrado – Departamento  de Engenharia Civil e Ambiental, Pontifícia 

Universidade Católica do Rio de Janeiro. 

 

Geotechnical engineering problems, where the design is mainly influenced by the 

shear strength, can be successfully analyzed considering a traditional constitutive 

model; however, advanced constitutive models must be used when the estimative 

of deformation is an important factor to be considered. Lade and Kim proposed the 

Lade-Kim model in order to model a granular material stress-strain constitutive 

relation under different combinations of effective stress and drained or undrained 

conditions. In this dissertation, this model is implemented and validated in the 

FLAC3D finite volume program, in order to study the elasto-plastic behavior of 

embankments. The governing equations of the constitutive model of Lade-Kim are 

presented and, using an appropriate stress integration algorithm, it is implemented 

in FLAC3D. This procedure is validated by using experimental results of triaxial 

tests performed on the sand of the Sacramento River and performing two-

dimensional deformation analyzes of embankments and comparing the results with 

the literature. Finally, the Lade-Kim model is used in two-dimensional and three-

dimensional deformation analyses of embankments in order to analyze the 

influence of the three-dimensional condition. On the other hand, the same analyzes 

were carried out using the Mohr- Coulomb constitutive model in order to compare 

the results and analyze the efficiency of the Lade-Kim constitutive model. Thus, it 

is concluded that the Lade-Kim constitutive model was successfully implemented 

and that it provides accurate results regarding modeling geomechanical behavior 

under different combinations of effective stresses. 

 

Keywords 
Lade-Kim constitutive model; embankment; deformation analysis
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Resumo 
 

 

 

Huang Sam, Juan Andres; Romanel, Celso. Implementação numérica do 

modelo constitutivo elastoplástico de Lade e Kim para análise 3D de 

aterros. Rio de Janeiro, 2020, 97p. Dissertação de Mestrado – Departamento 

de Engenharia Civil e Ambiental, Pontifícia Universidade Católica do Rio de 

Janeiro. 

 

Problemas de engenharia geotécnica onde a resistência ao cisalhamento é 

fator determinante para o projeto são geralmente avaliados com base no critério de 

ruptura de Mohr-Coulomb; no entanto, modelos constitutivos avançados são 

necessários para abordar grande parte de problemas geotécnicos onde estimativas 

de deformação são necessárias. Lade e Kim propuseram um modelo constitutivo 

elastoplástico avançado para investigar o comportamento tensão vs. deformação de 

materiais com atrito, sob condição drenada ou não drenada. Nesta dissertação, este 

modelo foi implementado no programa computacional de diferenças finitas 

FLAC3D com o objetivo de estudar o comportamento elasto-plástico de aterros. As 

equações governantes do modelo constitutivo de Lade-Kim são apresentadas e um 

algoritmo explícito de integração de tensões foi implementado na presente pesquisa. 

Os resultados numéricos obtidos com o modelo de Lade e Kim foram comparados 

com aqueles publicados na literatura, envolvendo ensaios triaxiais de laboratório 

realizados em areia e análises numéricas 2D do comportamento de barragem. 

Finalmente, após validação da implementação do modelo, análises do 

comportamento 2D e 3D de aterros foram executadas, verificando a influência 

destes tipos de análise nos valores calculados, bem como resultados numéricos 

foram também comparados com aqueles determinados pelo tradicional modelo 

elasto-plástico de Mohr-Coulomb. 

 

Palavras-chave 
Modelo constitutivo de Lade-Kim; aterro; análise de deformações 
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1  Introduction 

 

Earth and rockfill dams have been used due to their advantages over 

masonry dams regarding availability of materials and the cost of construction. 

Initially, these were designed and monitored considering mainly empirical 

information based on laboratory and field data and the experience of the engineer. 

However, the development of theoretical soil mechanics allowed to change the way 

their design and construction was approached. A better concept regarding 

constitutive models helped to calculate stresses and displacements due to different 

boundary conditions during the construction, impounding and posterior operational 

processes. Simultaneously, numerical methods were developed in order to 

implement the advanced constitutive models allowing to analyze larger 

geotechnical projects. 

Numerical simulations of earth and rockfill dams are influenced by the 

parameters obtained from laboratory tests. Hence, representative samples of the 

materials to be used are needed in order to predict displacements effectively. 

Moreover, constitutive models capable of modeling the materials stress-strain 

behavior will enhance the accuracy of numerical simulations. However, 

conventional constitutive models seem to have problems regarding modeling the 

elastoplastic behavior before reaching failure resulting in an inefficient prediction. 

Thus, advanced constitutive models which are able to adequately model 

geomaterials behavior are needed for a better analysis. On the other side, dam 

analyses are conventionally carried out considering two-dimensional models and 

the most critical cross-section although these considerations may not always be 

accurate. However, the evolution of computational tools based on robust numerical 

methods has allowed to reach higher expectations regarding geotechnical 

engineering over time and in a specific manner, these tools have helped to overcome 

the limitations previously stated. 

In previous research works carried out at the Pontifical Catholic University 

of Rio de Janeiro (PUC-Rio), the Lade-Kim constitutive model was used in order 

to model geomechanical behavior of construction of embankments, analyze 

foundations, excavations and even perform numerical analyses of wellbore stability 

based on the finite element method. This fact motivated the use of the finite volume 

method and the Lade-Kim model in order to study the three-dimensional behavior 

of embankments. 

 

1.1  Objectives 

The general objective of the present dissertation is to provide a theoretical 

background regarding the formulation of a three-dimensional finite volume model, 

constitutive models and the numerical modeling of earth dams. Furthermore, a more 

specific objective is to implement the Lade and Kim constitutive model into the 

finite volume code FLAC3D by generating a dynamic link library (DLL) written in 

C++ programming language, in order to carry out a three-dimensional analysis of 
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an earth dam and analyze the model efficiency regarding modeling elastoplastic 

behavior. 

 

1.2  Dissertation structure 

This dissertation consists of eight chapters including this chapter as the first 

one and bibliography as the last chapter.  

The second chapter provides theoretical background involving the 

formulation of a three-dimensional finite volume model and the numerical analysis 

of earth dams.  

The third chapter consists of the Lade and Kim constitutive model and its 

governing equations whereas the fourth chapter describes its incremental form and 

the stress integration algorithms to be considered during the numerical 

implementation.  

In the fifth chapter, validation cases are presented in order to test the 

applicability of the implemented model for stress-strain analyses. These involve 

numerical simulations such as drained triaxial compression tests and two-

dimensional analyses.  

In the sixth chapter, a three-dimensional stress-strain analysis of the 

Llancopi dam is carried out. Besides, two-dimensional analyses are performed as 

well in order to compare the two types of analysis. Furthermore, the same analyses 

are carried out considering the Mohr - Coulomb constitutive model and the results 

are compared with the Lade and Kim model-based results in order to analyze the 

model efficiency.  

Finally, conclusions that summarize the present work and suggestions for 

further research are presented in chapter seven. 
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2  Numerical analysis and modeling in FLAC3D 

 

 

The software FLAC3D is a code based on the finite volume method with 

the objective of analyzing the mechanical behavior of a continuous three-

dimensional medium until it reaches equilibrium condition. In this chapter, 

theoretical background regarding the finite volume method and its application on a 

deformation analysis is provided. In a specific manner, a mathematical description 

as well as the numerical formulation of a three-dimensional finite volume model is 

presented. Besides, the discretization method adopted by the FLAC3D code is 

explained. On the other hand, considerations to numerically model the behavior of 

embankments during construction are provided. 

 
2.1  Formulation of a 3D explicit finite volume model in FLAC3D 

 

2.1.1  Mathematical description 

The medium behavior is influenced by the governing equations (equations 

of motion and equilibrium) and the defined constitutive relation. Based on these, a 

mathematical expression involving a set of partial differential equations, 

mechanical variables such as stress and kinematic variables such as velocity is 

obtained. Thus, the expression is solved considering the medium geometry, 

boundary conditions and an initial state. 

The governing equations that the software FLAC3D is based on are defined 

as the Cauchy’s equations of motion and are stated as: 

 𝜎𝑖𝑗,𝑗 + 𝜌𝑏𝑖 = 𝜌
𝑑𝑣𝑖
𝑑𝑡

 (2-1) 

where ρ is the mass-per-unit volume of the medium, [b] is the body force per unit 

mass and d[v]/dt is the material derivative of the velocity.  

These are the equations that govern the motion of the medium due to applied 

forces. It can be deduced that in the case of equilibrium state, the acceleration 

d[v]/dt becomes equal to zero and the governing equations are reduced to: 

 𝜎𝑖𝑗,𝑗 + 𝜌𝑏𝑖 = 0 (2-2) 

Constitutive equations are the other factor in which the behavior of the 

medium is based on besides of the governing equations. These usually describe the 

relation between a strain-rate tensor ξij and a stress tensor σij .  

Considering constant strain elements, the strain-rate tensor can be defined 

as follows: 

 𝜉𝑖𝑗 =
1

2
(𝑣𝑖,𝑗 + 𝑣𝑗,𝑖) (2-4) 
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where the partial derivatives are calculated with respect to components of the 

current position vector [x] and considering that [v] is the velocity vector of the nodes 

of the medium. 

 

2.1.2  Numerical formulation 

The FLAC3D code solution procedure relies on three different approaches 

which involve a finite volume, a discrete-model and a dynamic-solution approach. 

In the first one, first-order time and space derivatives of a variable are obtained by 

considering finite volumes and assuming linear variations of the variable over finite 

time and space intervals respectively. In the second case, a discrete representative 

model is used in order to represent the continuous medium in which all conditions 

are applied on the nodes of the grid used in the model. In the third one, the inertial 

terms in the equations of motion are considered as numerical means in order to 

reach equilibrium condition of the studied model. 

Based on the defined approaches the FLAC3D code relies on, the equations 

of motion are transformed into discrete forms of Newton’s law at the nodes. Then, 

the obtained ordinary differential equations system is resolved by using an explicit 

finite difference approach in time. 

 

2.1.2.1  Finite volume approximation to space derivatives 

Approximation of space derivatives are needed since they appear in the 

definition of strain-rates in term of velocities as previously defined. The FLAC3D 

code implemented a discretization procedure where tetrahedral shape elements with 

constant strain-rate are used in order to represent the continuous medium and define 

velocity variations and corresponding space intervals, as shown in figure 2.1. 

 

   

Figure  2.1: Tetrahedral shape element (Itasca - FLAC3D, 2017) 
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The strain-rate tensor previously defined can be numerically derived based 

on the tetrahedral shaped element shown in figure 2.1 and considering the local 

number convention in order to derive the nodal formulation of the equations of 

motion later on.  

Thus, the Gauss divergence theorem can be applied to the tetrahedral shape 

element in order to obtain: 

 ∫
𝑉

𝑣𝑖,𝑗𝑑𝑉 = ∫
𝑆

𝑣𝑖𝑛𝑗𝑑𝑆 (2-7) 

where the integral taken over volume is equal to the one taken over the 

surface of the tetrahedral element and [𝑛] is the exterior unit vector normal to each 

surface. 

Since the tetrahedral element has a constant strain-rate, the velocity field is 

linear and [𝑛]  is constant over the surface of each face. Thus, the previous 

expression can be reduced to: 

 𝑉𝑣𝑖,𝑗 =∑

4

𝑓=1

𝑣̅𝑖
(𝑓)𝑛𝑗

(𝑓)
𝑆(𝑓) (2-8) 

where 𝑣̅𝑖 is the average value of velocity component 𝑖 and the superscript 

(𝑓) is related to the value of the associated variable on face 𝑓.  

Moreover, considering a linear velocity variation, the following expression 

can be derived: 

 𝑣̅𝑖
(𝑓) =

1

3
∑

4

𝑙=1,𝑙≠𝑓

𝑣𝑖
𝑙  (2-9) 

where the superscript (𝑙) is related to the value at node 𝑙.  

Taking into account both previous equations, the following expression can 

be obtained after rearranging terms by node contribution: 

 𝑉𝑣𝑖,𝑗 =
1

3
∑

4

𝑙=1

𝑣𝑖
𝑙 ∑

4

𝑓=1,𝑓≠𝑙

𝑛𝑗
(𝑓)
𝑆(𝑓) (2-10) 

The following equation is obtained when replacing 𝑣𝑖 with 1 in equation 2-

7 and by applying the divergence theorem: 

 ∑

4

𝑓=1

𝑛𝑗
(𝑓)
𝑆(𝑓) = 0 (2-11) 
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Considering the previous expression and by diving equation 2-10 by 𝑉, the 

expression below is defined: 

 𝑣𝑖,𝑗 = −
1

3𝑉
∑

4

𝑙=1

𝑣𝑖
𝑙𝑛𝑗
(𝑙)
𝑆(𝑙) (2-12) 

allowing to obtain the components of the strain-rate tensor components as 

shown in the following expression: 

 𝜉𝑖𝑗 = −
1

6𝑉
∑

4

𝑙=1

(𝑣𝑖
𝑙𝑛𝑗
(𝑙)
+ 𝑣𝑗

𝑙𝑛𝑖
(𝑙)
)𝑆(𝑙) (2-13) 

 

2.1.2.2  Nodal formulation of the equations of motion 

The derivation of the nodal formulation of the equations of motion is needed 

in order to study the equilibrium state of the representative model. Thus, the 

theorem of virtual work is applied at any instant time to an equivalent static problem 

to derive the nodal formulation.  

The derivation procedure is started by considering a fixed time 𝑡 and an 

equivalent static problem governed by the equations of equilibrium shown below 

at any instant in time. 

 𝜎𝑖𝑗,𝑗 + 𝜌𝐵𝑖 = 0 (2-14) 

where 𝐵𝑖 represent the body forces and is defined as: 

 𝐵𝑖 = 𝜌 (𝑏𝑖 −
𝑑𝑣𝑖
𝑑𝑡
) (2-15) 

As previously stated, the FLAC3D code relies on three different approaches. 

In a specific manner, the code is based on using a representative model which can 

be defined as a continuous assembly of constant-strain tetrahedral elements that is 

object of body forces [𝐵]. However, nodal forces [𝑓]𝑛 where 𝑛 = 1, 2, 3 and 4 

that act on the tetrahedral element in "static" equilibrium with the tetrahedron 

stresses and equivalent body forces are needed in this approach. Thus, the theorem 

of virtual work is considered and the following procedure is applied.  

First, a virtual nodal velocity 𝛿[𝑣]𝑛 is applied, generating a linear velocity 

field 𝛿[𝑣] and a constant strain-rate 𝛿[𝜉] inside the tetrahedral element. Then, the 

external work rate done by the nodal forces [𝑓]𝑛  and body forces [𝐵] and the 

internal rate of work done by the stresses 𝜎𝑖𝑗  under the applied velocity are 

equalized. The external work rate may be expressed as follows, considering that the 

superscript is related tot he nodal value of a variable and the Einstein summation 
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convention on indices 𝑖 and 𝑗: 

 𝐸 = ∑

4

𝑛=1

𝛿𝑣𝑖
𝑛𝑓𝑖

𝑛 +∫
𝑉

𝛿𝐵𝑖𝑑𝑉 (2-16) 

whereas the internal work rate is expressed as: 

 𝐼 = ∫
𝑉

𝛿𝜉𝑖𝑗𝜎𝑖𝑗𝑑𝑉 (2-17) 

However, for a constant strain-rate tetrahedral element, the internal work 

rate can be expressed as shown below after considering the components of the 

strain-rate tensor shown in equation 2-13: 

 𝐼 = −
1

6
∑

4

𝑙=1

(𝛿𝑣𝑖
𝑙𝜎𝑖𝑗𝑛𝑗

(𝑙)
+ 𝛿𝑣𝑗

𝑙𝜎𝑖𝑗𝑛𝑖
(𝑙)
)𝑆(𝑙) (2-18) 

Considering that the stress tensor is symmetric, this expression can be 

reduced by defining the vector 𝑇𝑙 as: 

 𝑇𝑖
𝑙 = 𝜎𝑖𝑗𝑛𝑗

(𝑙)
𝑆(𝑙) (2-19) 

allowing to obtain the expression: 

 𝐼 = −
1

3
∑

4

𝑙=1

𝛿𝑣𝑖
𝑙𝑇𝑖

𝑙 (2-20) 

The contributions of the body forces 𝜌𝑏𝑖 and inertial forces to the external 

work rate can be obtained after substituting the body forces definition shown in 

equation 2-15 into the definition of the external work rate. Thus, the following 

expression is yielded: 

 𝐸 = ∑

4

𝑛=1

𝛿𝑣𝑖
𝑛𝑓𝑖

𝑛 + 𝐸𝑏 + 𝐸𝐼 (2-21) 

where 𝐸𝑏  and 𝐸𝐼  represent the body forces and inertial forces 

contributions, respectively. In a specific manner, the body forces contribution for a 

constant-body force inside the tetrahedral element can be expressed as: 

 𝐸𝑏 = 𝜌𝑏𝑖∫
𝑉

𝛿𝑣𝑖𝑑𝑉 (2-22) 

whereas the inertial force contribution can be expressed as: 

 𝐸𝐼 = −∫
𝑉

𝜌𝛿𝑣𝑖
𝑑𝑣𝑖
𝑑𝑡

𝑑𝑉 (2-23) 
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As stated previously, the velocity field varies linearly inside a tetrahedral 

element that has a constant strain-rate and in order to define it, local axes 

𝑥′1, 𝑥′2, 𝑥′3 with origin at the centroid of the tetrahedral element is considered. 

Thus, the following expression is yielded: 

 𝛿𝑣𝑖 = ∑

4

𝑛=1

𝛿𝑣𝑖
𝑛𝑁𝑛 (2-24) 

where 𝑁𝑛 are linear functions defined as: 

 𝑁𝑛 = 𝑐0
𝑛 + 𝑐1

𝑛𝑥′1 + 𝑐2
𝑛𝑥′2 + 𝑐3

𝑛𝑥′3 (2-25) 

and 𝑐0
𝑛 , 𝑐1

𝑛 , 𝑐2
𝑛 , 𝑐3

𝑛  (𝑛 = 1,2,3,4) are constants that can be calculated by 

solving the following equation systems: 

 𝑁𝑛(𝑥′1
𝑗
, 𝑥′2

𝑗
, 𝑥′3

𝑗
) = 𝛿𝑛𝑗 (2-26) 

where 𝛿𝑛𝑗  represents the Kroenecker delta. Considering the expressions 

above and the fact that all integral of the form ∫
𝑉
𝑥′𝑗𝑑𝑉 are equal to zero due to the 

definition of the centroid, the external work rate contribution of the body forces can 

be expressed as: 

 𝐸𝑏 = 𝜌𝑏𝑖∑

4

𝑛=1

𝛿𝑣𝑖
𝑛𝑐0

𝑛𝑉 (2-27) 

Moreover, Cramer’s rule allows to solve equation systems 2-6 by taking 

into account the properties of the centroid in order to obtain: 

 𝑐0
𝑛 =

1

4
 (2-28) 

Thus, after considering the description of the velocity field, the contribution 

of the body forces is reduced to: 

 𝐸𝑏 = ∑

4

𝑛=1

𝛿𝑣𝑖
𝑛
𝜌𝑏𝑖𝑉

4
 (2-29) 

whereas, after applying the same procedure to the inertial forces term, its 

contribution is reduced to: 

 𝐸𝐼 = −∑

4

𝑛=1

𝛿𝑣𝑖
𝑛 ∫

𝑉

𝜌𝑁𝑛
𝑑𝑣𝑖
𝑑𝑡

𝑑𝑉 (2-30) 

This expressions can be substituted into equation 2-21 in order to yield: 
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 𝐸 = ∑

4

𝑛=1

𝛿𝑣𝑖
𝑛 [𝑓𝑖

𝑛 +
𝜌𝑏𝑖𝑉

4
−∫

𝑉

𝜌𝑁𝑛
𝑑𝑣𝑖
𝑑𝑡

𝑑𝑉] (2-31) 

Regarding the equilibrium condition for a tetrahedral element of the 

representative model, the external and internal work rate have the same value for 

any virtual velocity. Thus, by equalizing equations 2-31 and 2-20 and regrouping 

terms, the following expression is obtained: 

 −𝑓𝑖
𝑛 =

𝑇𝑖
𝑛

3
+
𝜌𝑏𝑖𝑉

4
− ∫

𝑉

𝜌𝑁𝑛
𝑑𝑣𝑖
𝑑𝑡

𝑑𝑉 (2-32) 

where the last term can be defined after considering the case of small spatial 

variations of the acceleration field around an average value inside the element as: 

 ∫
𝑉

𝜌𝑁𝑛
𝑑𝑣𝑖
𝑑𝑡

𝑑𝑉 =
𝑑𝑣𝑖
𝑑𝑡
)
𝑛

∫
𝑉

𝜌𝑁𝑛𝑑𝑉 (2-33) 

Besides, considering constant values of 𝜌  inside the element and the 

properties of the centroid, the same expression can be reduced to: 

 ∫
𝑉

𝜌𝑁𝑛
𝑑𝑣𝑖
𝑑𝑡

𝑑𝑉 =
𝜌𝑉

4

𝑑𝑣𝑖
𝑑𝑡
)
𝑛

 (2-34) 

Taking into account the approaches FLAC3D relies on, numerical stability 

of the representative model must be guaranteed when reaching equilibrium state. In 

order to achieve this, the term 𝜌𝑉/4 is replaced by a fictitious nodal mass 𝑚𝑛 in 

this analysis. Thus, equation 2-34 is expressed: 

 ∫
𝑉

𝜌𝑁𝑛
𝑑𝑣𝑖
𝑑𝑡

𝑑𝑉 = 𝑚𝑛
𝑑𝑣𝑖
𝑑𝑡
)
𝑛

 (2-35) 

whereas equation 2-32 becomes: 

 −𝑓𝑖
𝑛 =

𝑇𝑖
𝑛

3
+
𝜌𝑏𝑖𝑉

4
− 𝑚𝑛

𝑑𝑣𝑖
𝑑𝑡
)
𝑛

 (2-36) 

Equilibrium state is numerically achieved when the sum of the statically 

equivalent forces −[𝑓] of all the contributing tetrahedral elements in addition to 

the nodal contributions [𝑃] of applied loads and concentrated forces at each node 

is equal to zero. In order to analyze the representative model behavior until reaching 

equilibrium conditions, Newton’s law is considered: 

 𝐹𝑖
<𝑙> = 𝑀<𝑙>

𝑑𝑣𝑖
𝑑𝑡
)
<𝑙>

    𝑙 = 1, 𝑛𝑛 (2-37) 

where the superscript < 𝑙 > is the node label in the global node numbering.  
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Thus, a variable with the superscript < 𝑙 > is related to the value of the 

variable at a node with the same label. The term 𝑛𝑛 is the total number of nodes of 

the representative model, 𝑀<𝑙> is the nodal mass, which is defined as: 

 𝑀<𝑙> = [[𝑚]]<𝑙> (2-38) 

where the notation [[. ]]<𝑙> represents the sum of the contributions of all 

tetrahedral elements involved at global node 𝑙 and [𝐹]<𝑙> is a force that depends 

on the equilibrium state of the representative medium since it is equal to zero when 

equilibrium stated is achieved. It is called the out-of-balance force and is calculated 

by the following expression: 

 𝐹𝑖
<𝑙> = [[

𝑇𝑖
3
+
𝜌𝑏𝑖𝑉

4
]]

<𝑙>

+ 𝑃𝑖
<𝑙> (2-39) 

 

2.1.2.3  Explicit finite difference approximation to time derivatives 

Previously, the nodal formulation of the equations of motion was derived in 

order to numerically analyze the equilibrium state of the representative medium. 

However, numerical methods are required in order to find a solution. Thus, taking 

into consideration the constitutive relations shown in equation 2-3 and the 

components of the strain-rate tensor shown in equation 2-13, the definition of the 

out-of-balance force shown in equation 2-37 can be written as a system of ordinary 

differential equations as follows: 

𝑑𝑣𝑖
𝑑𝑡

<𝑙>

=
1

𝑀<𝑙>
𝐹𝑖
<𝑙>(𝑡, {𝑣𝑖

<1>, 𝑣𝑖
<2> , 𝑣𝑖

<3>, . . . , 𝑣𝑖
<𝑝>

}<𝑙>, 𝑘)    𝑙 = 1, 𝑛𝑛 

  (2-40) 

where the symbol {}<𝑙>  refers to the subset of nodal velocity values 

involved in the analysis at global node 𝑙.  

In order to solve the equations system, a explicit finite difference 

formulation in time is adopted by the FLAC3D code where the velocity of the 

representative medium nodes are assumed to vary linearly over a time interval Δ𝑡. 

Moreover, the derivative (𝑑𝑣𝑖/𝑑𝑡)
<𝑙>  is calculated using central finite 

differences. Thus, the nodal velocities are obtained under the following expression: 

 

𝑣𝑖
<𝑙> 𝑡 +

Δ𝑡

2
) = 𝑣𝑖

<𝑙> 𝑡 −
Δ𝑡

2
) +

Δ𝑡

𝑀<𝑙>
𝐹𝑖
<𝑙>(𝑡, {𝑣𝑖

<1>, 𝑣𝑖
<2>, 𝑣𝑖

<3>, . . . , 𝑣𝑖
<𝑝>}<𝑙>, 𝑘) 

  (2-41) 

whereas the node location is obtained by using the central difference 
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approximation in order to obtain the following relation: 

 𝑥𝑖
<𝑙>(𝑡 + Δ𝑡) = 𝑥𝑖

<𝑙>(𝑡) + Δ𝑡𝑣𝑖
<𝑙> 𝑡 +

Δ𝑡

2
) (2-42) 

Similarly, the nodal displacements are computed under the following 

expression: 

 𝑢𝑖
<𝑙>(𝑡 + Δ𝑡) = 𝑢𝑖

<𝑙>(𝑡) + Δ𝑡𝑣𝑖
<𝑙> 𝑡 +

Δ𝑡

2
) (2-43) 

where, 

 𝑢𝑖
<𝑙>(0) = 0 (2-44) 

 

2.2  Grid discretization 

The second approach adopted by the FLAC3D code is related to a discrete 

representative model that is used to model the geomechanical behavior of the 

continuous medium and is based on a grid that is conformed by nodes and zones. 

However, two types of primary discretization are available in FLAC3D. The model 

may be discretizated considering hexahedral or tetrahedral and, based on the chosen 

type, a mixed discretization technique is applied in order to give more volumetric 

flexibility to the element. 

 

2.2.1  Mixed discretization for a hexahedral grid 

Marti and Cundall (1982) introduced an approach that involved a coarser 

discretization in zones superposed to a tetrahedral discretization, where the first 

strain-rate invariant of one tetrahedron is calculated as the volumetric-average value 

considering all the tetrahedra in the zone. For a hexahedral grid, FLAC3D adopts 

hexahedral zones conformed by 𝑛𝑡 tetrahedra and two overlays as shown in figure 

2.2. 

In this type of discretization, each tetrahedron inside the hexahedral zone is 

analyzed individually in order to obtain analyze the zone as a unit. Regarding one 

tetrahedron locally labeled 𝑙 in the zone, the strain-rate tensor is initially estimated 

and divided as follows: 

 𝜉𝑖𝑗
[𝑙]
= 𝜂𝑖𝑗

[𝑙]
+
𝜉[𝑙]

3
𝛿𝑖𝑗 (2-49) 

where 𝜂[𝑙] is the deviatoric strain-rate tensor and 𝜉[𝑙] is the strain-rate first 

invariant.  
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Figure  2.2: Hexahedral zone with 𝑛𝑡 = 5 (Itasca - FLAC3D, 2017) 

  

Considering the hexahedral zone, the strain-rate first invariant is computed 

as the volumetric average value of the strain-rate first invariant of all the tetrahedra 

conforming the zone as shown in the following expression: 

 𝜉[𝑧] =
∑𝑛𝑡
𝑘=1 𝜉

[𝑘]𝑉[𝑘]

∑𝑛𝑡
𝑘=1 𝑉

[𝑘]
 (2-50) 

where 𝑉[𝑘]  is the volume of tetrahedron 𝑘 . Thus, the strain-rate tensor 

components of each tetrahedron is computed from: 

 𝜉𝑖𝑗
[𝑙]
= 𝜂𝑖𝑗

[𝑙]
+
𝜉[𝑧]

3
𝛿𝑖𝑗 (2-51) 

2.2.2  Nodal mixed discretization for a tetrahedral grid 

By default, FLAC3D adopts a hexahedral grid during the discretization 

procedure; however, tetrahedral grid may be used as well. In this case, a nodal 

mixed discretization (NMD) is applied. The principal difference between this 

approach and the mixed discretization for a hexahedral grid is based on the 

averaging procedure since it is carried out on a node instead of the zone. 

In a similar manner as in the mixed discretization technique for a hexahedral 

grid, the strain rate 𝜀̇ is first estimated from nodal velocities and divided as follows: 

 𝜀𝑖̇𝑗 = 𝑒̇𝑖𝑗 + 𝑒̇𝛿𝑖𝑗 (2-52) 

where 𝑒̇𝑖𝑗 is the deviatoric component, 𝑒̇ is the volumetric component and 
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𝛿𝑖𝑗  is the Kroenecker delta. Then, a nodal volumetric strain rate is computed 

considering the surrounding elements of the node as shown in the following 

equation: 

 𝑒̇𝑛 =
∑𝑚𝑛
𝑒=1 𝑒̇𝑒𝑉𝑒
∑𝑚𝑛
𝑒=1 𝑉𝑒

 (2-53) 

where 𝑚𝑛 are the elements surrounding node 𝑛 and 𝑉𝑒  is the volume of 

element 𝑒. After that, a mean value for the element 𝑒̇̅ is computed by averaging 

the values of each node in order to recalculate the element strain rate 𝜀𝑖̇𝑗 as shown 

below: 

 𝜀𝑖̇𝑗 = 𝑒̇𝑖𝑗 + 𝑒̇̅𝛿𝑖𝑗 (2-54) 

 

2.3  Numerical modeling of embankment dams 

Embankment dams behavior during construction, first impounding and 

subsequent operation has been object of study in order to monitor its performance. 

Over time, numerical and computational tools have evolved resulting in more 

accurate geomechanical behavior predictions. Moreover, different aspects 

regarding modeling of embankment dams have been taken into account in order to 

reproduce different geotechnical conditions and, therefore, improve numerical 

results. As presented by Naylor (1991b), these aspects involve layered analysis and 

typical stress in embankment dams. 

 

2.3.1  Layered analysis 

In the field, an embankment dam is constructed sequentially where thin 

layers are placed above the previous one until the dam is finished. Due to this 

procedure, each layer is deformed by the following one and the dam becomes 

stiffer. It is important to note that Naylor and Jones (1973) defined this deformation 

as the cumulative movement of a marker placed on the surface of the fill due to 

compression of the underlying material by the weight of the material added above. 

After acknowledging the importance of simulating the construction of 

layers, Cloud and Woodward (1969) first carried out a finite element analysis of an 

embankment dam. Since then, many finite element analysis have been carried out 

with the idea of modeling the larger number of layers in order to obtain improved 

results. However, Hamza (1976) as well as Naylor and Mattar (1988) stated that 

modeling all construction layers would result computationally expensive since 

considering as few as five layers was enough to expect acceptable results regarding 

DBD
PUC-Rio - Certificação Digital Nº 1813265/CA



   29 
 

dam behavior. 

Observations made by different authors as well as the method proposed by 

the Imperial College Finite Element Program is taken into account in order to 

simulate the construction sequence. These involve considering construction layers 

with an average thickness that allows to obtain a smooth settlement profile and 

applying a gravity loading. In a specific manner, the construction sequence is 

modeled by adding the corresponding group of zones until finishing the dam. It is 

important to note that equilibrium state must be reached before adding the following 

construction layer since a gravity load is applied. Moreover, each constructed layer 

maintains the involved stresses, nodal forces and corresponding parameters 

depending of the adopted constitutive model; however, displacements and strains 

are set to zero between each construction phase. 

 

2.3.2  Stress paths 

Soil behavior is strongly influenced by the stress path it is subject of, the 

adopted constitutive model and its respective parameters; specifically, the soil 

deformation response. Due to this fact, typical stress paths and the adequate 

constitutive model must be considered in the stress-strain analysis of an 

embankment dam. 

Different authors carried out researches in order to analyze typical stress 

paths during construction and first impounding. Charles (1976) performed elastic 

finite element analyses considering three different types of rockfill dams and 

concluded that, generally, a large increase in mean effective stress 𝑝′ = (𝜎′1 +

𝜎′2 + 𝜎′3)/3  and gradual changes in principal stress ratio 𝜎′1/𝜎′3 . Moreover, 

Charles (1976) noted that the vertical stress remained as the major principal stress 

on the center of the dam whereas principal stresses rotations incremented near the 

slopes. On the other hand, typical stress paths related to the first impounding of the 

dam with an upstream impermeable membrane are characterized by an increase of 

the mean effective stress 𝑝′, a reduction of the principal stress ratio 𝑅 and an 

important principal stresses rotation along the impermeable membrane. 

A more particular case that involved a rockfill dam with a clay core was 

presented by Veiga Pinto and Maranha Das Neves (1985). They stated that during 

construction phase, the maximum shear stress 𝜏 = (𝜎1 − 𝜎3)/2  increased 

following a nearly constant principal stress ratio 𝑅. During first impounding, the 

behavior tended to be more complex since transition zones were subject of different 

kind of stress paths. Generally, a decrease in maximum shear stress 𝜏 is presented, 
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with an increase of the average effective stress 𝑠′ = (𝜎′1 + 𝜎′3)/2  in the 

downstream part and a decrease of it in the upstream part. 

Different stress paths are involved during construction and first impounding 

of a dam representing a challenge when laboratory tests are needed. However, its a 

common practice to rely on standard laboratory tests due to the acceptable results 

obtained by different authors. In FLAC3D, stress paths are accommodated in order 

to apply the constitutive model properly and obtain a reasonable solution.
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3  Lade-Kim Model 

 
 

The Lade-Kim constitutive model was developed by Lade and Kim (1988, 

1988a, 1988b) in order to calculate deformations under any combinations of 

effective stresses during primary loading, neutral loading, unloading and reloading 

in drained or undrained conditions. In 1975, Lade and Duncan proposed a 

formulation based on the experimental data obtained by cubical triaxial tests 

performed in sand during 1972 and 1973; however, it only considered one conical 

yield surface. In 1977, Lade modified the Lade-Duncan constitutive model by 

introducing curved meridians and a second yield surface known as yield caps. This 

modification allowed to describe the behavior of granular materials under isotropic 

compression or proportional loading (𝜎1/𝜎3 = 𝑐𝑡𝑒) in a more appropriate way. 

Then, Lade (1979) extended this formulation in order to include the behavior of 

normally consolidated clay based on experimental observations. Finally, the new 

model was proposed by Lade and Kim (1988, 1988a, 1988b).  

 

3.1  Elastic behavior 

The elastic strain increments are calculated using Hooke’s law. Lade and 

Kim (1988b) used the unloading-loading elastic modulus in order to obtain the 

elastic increments, defined as follows: 

 𝐸𝑢𝑟 = 𝐾𝑢𝑟𝑝𝑎
𝜎3
𝑝𝑎
)
𝑛

 (3-1) 

where the constants 𝐾𝑢𝑟  and 𝑛  are dimensionless, 𝜎3  is the actual 

confining pressure and 𝑝𝑎 is the atmospheric pressure. Constants 𝐾𝑢𝑟 and 𝑛 are 

obtained from triaxial compression tests under different confining pressures. 

 Lade and Jakobsen (2002) calculated Young’s modulus considering a 

nonlinear variation with stress state, defined as: 

 𝐸 = 𝑀𝑝𝑎 [(
𝐼1
𝑝𝑎

2

) + 6 (
1 + 𝜈

1 − 2𝜈
)
𝐽′2
𝑝𝑎
]

𝜆

 (3-2) 

where the modulus number 𝑀 and the constant 𝜆 are dimensionless, 𝜈 is 

the Poisson’s ratio, 𝐼1 is the first invariant of the stress tensor and 𝐽′2 is the second 

invariant of the deviatoric stress tensor, which are defined as:
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 𝐼1 = 𝜎𝑥 + 𝜎𝑦 + 𝜎𝑧 (3-3) 

𝐽′2 =
1

6
[(𝜎𝑥 − 𝜎𝑦)

2 + (𝜎𝑦 − 𝜎𝑧)
2 + (𝜎𝑧 − 𝜎𝑥)

2] + 𝜎𝑥𝑦
2 + 𝜎𝑦𝑧

2 + 𝜎𝑧𝑥
2  

  (3-4) 

3.2  Failure criterion 

The failure criterion of the Lade-Kim model is described as a general, three-

dimensional criterion developed for soils, concrete and rock by Lade and Kim 

(1988, 1988a, 1988b). This criterion is expressed in terms of the stress invariants 

of the stress tensor and is defined below. 

 𝑓𝑛 = (
𝐼1
3

𝐼3
− 27)(

𝐼1
𝑝𝑎
)
𝑚

 (3-5) 

where 𝐼1 has already been defined and 

𝐼3 = 𝜎𝑥𝜎𝑦𝜎𝑧 + 𝜏𝑥𝑦𝜏𝑦𝑧𝜏𝑧𝑥 + 𝜏𝑦𝑥𝜏𝑧𝑦𝜏𝑥𝑧 − (𝜎𝑥𝜏𝑦𝑧𝜏𝑧𝑦 + 𝜎𝑦𝜏𝑧𝑥𝜏𝑥𝑧 + 𝜎𝑧𝜏𝑥𝑦𝜏𝑦𝑧) 

  (3-6) 

The value of 𝑓𝑛  is equal to 𝜂1  at failure and depends on parameter 𝑚 

besides the stress invariants. These parameters are constant dimensionless numbers 

that affect the shape of the failure criterion as shown in figure 3.1. Failure criterion 

is shaped as an asymmetric bullet by Lade and Kim (1988b) with the pointed apex 

at the origin of the stress axes and is influenced by the parameters 𝜂1 and 𝑚. 

 

   

Figure  3.1: Characteristics of failure criterion in stress space (a) Contours in the 

octahedral plane. (b) Traces in the triaxial plane (Jakobsen, 1999) 

  

3.3  Plastic potential and flow rule 

Saint Venant (1870) proposed that the principal stress axes coincide with 

the corresponding principal axes of the incremental plastic strain during stresses 
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rotation; however, not with those of total plastic strain. Based on this proposal, the 

suggestion of determining the plastic strain increments from a plastic potential 

function was made. Thus, the following plastic flow rule was made by Melan 

(1938). 

 𝑑𝜀𝑝 = 𝑑𝜆𝑝
𝜕𝑔𝑝
𝜕𝜎

 (3-7) 

where 𝑑𝜀𝑝  represents the plastic strain increments, 𝑔𝑝  is the plastic 

potential function and 𝑑𝜆𝑝  is a positive constant of proportionality known as 

plastic multiplier.  

Lade and Kim (1988) based on experimental data in order to propose a 

plastic potential function that could successfully describe granular materials 

behavior. This function was expressed in terms of the stress invariants of the stress 

tensor as: 

 𝑔𝑝 = 𝜓1
𝐼1
3

𝐼3
−
𝐼1
2

𝐼2
+𝜓2) (

𝐼1
𝑝𝑎
)
𝜇

 (3-8) 

where 𝐼1 and 𝐼3 have already been defined and 

 𝐼2 = −(𝜎11𝜎22 + 𝜎22𝜎33 + 𝜎11𝜎33) + 𝜎12
2 + 𝜎23

2 + 𝜎13
2  (3-9) 

 

The parameters 𝜓1, 𝜓2 and 𝜇 are dimensionless constant numbers such 

that 𝜓1 is a weighting factor between the triangular and circular shape of the plastic 

function in the octahedral plane, 𝜓2 controls where this function will intercept the 

hydrostatic axis and 𝜇  models the curvature of the meridians. Thus, the 

characteristics of the plastic potential function in the stress space can be observed 

in figure 3.2.  

The parameter 𝜓1 can be determined using an empirical relation proposed 

by Lade and Kim (1988), which was based on many triaxial tests data. The 

expression below, relates the parameter 𝜓1 with the failure criterion parameter 𝑚. 

 𝜓1 = 0.00155𝑚
−1.27 (3-10) 
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Figure  3.2: Characteristics of the plastic potential function in stress space. (a) 

Contours in the octahedral plane (b) Traces in the triaxial plane (Jakobsen, 1999) 

  

 Replacing equation 3-8 into equation 3-7, is possible to calculate the plastic 

strain increments as follows: 

{
 
 
 

 
 
 
𝑑𝜀𝑥𝑥

𝑝

𝑑𝜀𝑦𝑦
𝑝

𝑑𝜀𝑧𝑧
𝑝

𝑑𝛾𝑦𝑧
𝑝

𝑑𝛾𝑥𝑧
𝑝

𝑑𝛾𝑥𝑦
𝑝
}
 
 
 

 
 
 

= 𝑑𝜆𝑝 (
𝐼1
𝑝𝑎
)
𝜇

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝐺 − (𝜎22 + 𝜎33)

𝐼1
2

𝐼2
2 − 𝜓1(𝜎22 − 𝜎33 − 𝜎23

2 )
𝐼1
3

𝐼3
2

𝐺 − (𝜎11 + 𝜎33)
𝐼1
2

𝐼2
2 − 𝜓1(𝜎11 − 𝜎33 − 𝜎13

2 )
𝐼1
3

𝐼3
2

𝐺 − (𝜎11 + 𝜎22)
𝐼1
2

𝐼2
2 − 𝜓1(𝜎11 − 𝜎22 − 𝜎12

2 )
𝐼1
3

𝐼3
2

2𝜎23
𝐼1
2

𝐼2
2 − 2𝜓1(𝜎12𝜎13 − 𝜎11𝜎23)

𝐼1
3

𝐼3
2

2𝜎13
𝐼1
2

𝐼2
2 − 2𝜓1(𝜎12𝜎23 − 𝜎22𝜎13)

𝐼1
3

𝐼3
2

2𝜎12
𝐼1
2

𝐼2
2 − 2𝜓1(𝜎23𝜎13 − 𝜎33𝜎12)

𝐼1
3

𝐼3
2 }

 
 
 
 
 
 
 

 
 
 
 
 
 
 

 

  (3-11) 

where 

 𝐺 = 𝜓1(𝜇 + 3)
𝐼1
2

𝐼3
− (𝜇 + 2)

𝐼1
𝐼2
+𝜓2𝜇

1

𝐼1
 (3-12) 

It is crucial to define the irreversibility condition in order to properly model 

the behavior of materials. Prager (1949) stated that with the objective of fulfilling 

this condition, the plastic work must be equal or greater than zero each time plastic 

deformation occurs. Thus, the following condition has to be taken into account. 

 𝑑𝑊𝑝 = 𝜎𝑑𝜀
𝑝 = 𝜎𝑑𝜆𝑝

𝜕𝑔𝑝
𝜕𝜎

≥ 0 (3-13) 
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 𝑑𝑊𝑝 = 𝜇𝑔𝑝𝑑𝜆𝑝 ≥ 0 (3-14) 

Considering Euler’s theorem for homogeneous functions, equation 3-13 can 

be transformed into equation 3-14 since the plastic potential function is 

homogeneous and of the order of 𝜇 . Thus, knowing that d𝜆𝑝  is positive, the 

following relation is derived. 

 𝜇𝑔𝑝 ≥ 0 (3-15) 

As shown in figure 3.3, the incremental plastic strain vectors are directed 

outside the plastic potential function. In order to comply with this experimental data 

and the irreversibility condition, Lade and Kim (1988) analyzed two cases: (a) case 

of positive 𝑔𝑝 and (b) case of negative 𝑔𝑝.  

Figure 3.4 shows that for the case of positive 𝑔𝑝 the incremental plastic 

strain vectors are directed in the correct way. Moreover, since 𝐼1
3/𝐼3 ≥ 27 , 

−𝐼1
2/𝐼2 ≥ 3 and 𝐼1/𝑝𝑎 is always positive; the irreversibility condition is defined 

below: 

 𝜇 > 0 (3-16) 

 𝑔𝑝 ≥ 0 (3-17) 

 𝜓2 > −(27𝜓1 + 3) (3-18) 

 

 

 

 

 

 

 

 

 

 

Figure  3.3: Directions of incremental plastic strain vectors in triaxial plane for 

(a)plain concrete and (b) steel fiber reinforced concrete (Lade and Kim, 1988) 

  

  

 

 

DBD
PUC-Rio - Certificação Digital Nº 1813265/CA



Chapter 3. Single Hardening Model  36 
 

   

Figure  3.4: Combinations of plastic potential and parameter 𝜇 in triaxial plane. 

(a) Case of positive 𝑔𝑝 and (b) Case of negative 𝑔𝑝 (Lade and Kim, 1988) 

  

3.4  Yield criterion 

Taking into account that a yield criterion should be associated with the 

hardening and softening characteristics of the material, developing one that is 

capable of describing a yield surface in order to model the deformation of frictional 

materials effectively represents a challenge. Investigating this kind of behavior 

under different types of loading conditions is not simple, for this reason Lade and 

Kim (1988a) proposed a yield function based on the plastic work contours obtained 

during triaxial tests which used the plastic work as the hardening parameter.  

Based on the theory of plasticity, the stress space is divided into an elastic 

domain and an elasto-plastic domain where elastic and plastic deformations occur. 

The yield criterion, which describes a yield surface in the stress space, divides these 

domains and is defined below, consisting of a stress dependent term 𝑓′𝑝(𝜎) and a 

hardening/softening term 𝑓′′(𝑊𝑝). 

 𝑓𝑝 = 𝑓′𝑝(𝜎) − 𝑓"𝑝(𝑊𝑝) ≤ 0 (3-19) 

 

3.4.1  Yield function 

Studying the yield behavior of materials is not an easy task because of the 

identification of yield points. On the other side, using plastic work contours has 

advantages like avoiding using tests with complicated stress-paths and capturing 

the yield behavior of the material.  

Generally, the plastic work contours and yield surfaces have similar shapes. 

Figure 3.5 shows contours for constant plastic work for Fuji river sand that were 

described by Lade and Kim (1988a) with a yield function defined as: 

DBD
PUC-Rio - Certificação Digital Nº 1813265/CA



Chapter 3. Single Hardening Model  37 
 

 𝑓′𝑝 = 𝜓1
𝐼1
3

𝐼3
−
𝐼1
2

𝐼2
) (

𝐼1
𝑝𝑎
)
ℎ

𝑒𝑞  (3-20) 

where 𝐼1, 𝐼2 and 𝐼3 are the first, second and third stress invariant of the 

stress tensor respectively.  

The yield function depends on the failure parameters ℎ and 𝑞, where ℎ is 

a material constant and 𝑞 is a variable that depends on the stress level according to 

the following expression: 

 𝑞 =
𝛼𝑆

1 − (1 − 𝛼)𝑆
 (3-21) 

where 𝛼 is a material constant parameter and 𝑆 represents the stress level, 

varying from zero at the hydrostatic axis to unity at the failure surface. Thus, it can 

be concluded that: 

 𝑆 =
𝑓𝑛
𝜂1
=
1

𝜂1

𝐼1
3

𝐼3
− 27)(

𝐼1
𝑝𝑎
)
𝑚

 (3-22) 

 𝑞 = 0 during isotropic compression (3-23) 

 0 < 𝑞 < 1  during hardening (3-24) 

 0 < 𝑞 < 1  during hardening (3-25) 

 

   

 

 

 

 

 

 

 

 

 

 

 

 

Figure  3.5: Experimental data points and contours of constant plastic work 

shown on the octahedral plane for Fuji river sand (Lade and Kim, 1988a) 
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 The described yield criterion simulates yield surfaces with the shape of an 

asymmetric tear drop, such as shown in figure 3.6. The yield surface expands as the 

plastic work increases due to loading conditions, until reaching failure surface 

eventually. 

   

Figure  3.6: Characteristics of the yield function in stress space. (a)Contours in 

the octahedral plane. (b) Traces in the triaxial plane (Jakobsen, 1999) 

  

3.4.2  Hardening/Softening law 

Lade and Kim (1988a) used the plastic work as the hardening parameter, 

which is calculated and continuously updated each time plastic deformations occur. 

Thus, plastic work can be defined generally as: 

 𝑊𝑝 = ∫ 𝜎𝑑𝜀𝑝 (3-26) 

A convenient option to study plastic work is to perform isotropic 

compression tests due to the simple stress path where the normal stresses are the 

same in all directions and the experimental data that these provide, which can be 

used to plot plastic work contours. The plastic work in an isotropic compression 

test can be calculated with the following expression: 

 𝑊𝑝 = 𝐶𝑝𝑎 [
𝐼1
𝑝𝑎
]
𝑝

 (3-27) 

where 𝐼1  is the first stress invariant of the stress tensor, 𝑝𝑎  is the 

atmospheric pressure, 𝐶  and 𝑝  are the hardening/softening parameters. Thus, 

equation 3-27 can be generalized as: 

 𝑊𝑝 = 𝑝𝑎𝐷(𝑓′𝑝)
𝜌 (3-28) 
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Where 

 𝐷 =
𝐶

(27𝜓1 + 3)𝜌
    𝜌 = 𝑝/ℎ  

The hardening/softening term of the yield criterion depends on the 

accumulated plastic work that occurs due to plastic deformations; however, 

depends on the material having a hardening or softening behavior. Regarding 

hardening behavior, this term is defined as: 

 𝑓′′𝑝 = (
1

𝐷
)
1/𝜌𝑊𝑝

𝑝𝑎
)
1/𝜌

 (3-29) 

Regarding softening behavior, Lade and Kim (1988a) proposed a softening 

law that could simulate the curve shown in figure 3.7. Thus, an isotropic softening 

behavior was adopted due to its simplicity and the expression below was defined: 

 𝑓′′𝑝 = 𝐴𝑒−𝐵𝑊𝑝/𝑝𝑎 (3-30) 

where 

 𝐴 = [𝑓′′𝑝𝑒
𝐵𝑊𝑝/𝑝𝑎]𝑆=1 (3-31) 

 𝐵 = [𝑏
𝑑𝑓′′𝑝

𝑑(
𝑤𝑝
𝑝𝑎
)

1

𝑓′′𝑝
]

𝑆=1

 (3-32) 

This law can be described as an exponential decay function, where 𝐴 and 

𝐵 are positive constants derived from the slope of the hardening curve when 𝑆 =

1. At this point, a sudden transition from hardening to softening behavior occurs 

and the yield surface starts to reduce. 

   

Figure  3.7: Modeling of work hardening and softening (Jakobsen, 1999) 
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3.5  Materials with effective cohesion 

Lade and Kim (1988, 1988a, 1988b) developed the Lade-Kim model for 

granular materials, which could be used to model the behavior of materials with 

effective cohesion and tension strength such as concrete or rock. This can be 

achieved by translating the principal stress axis along the hydrostatic axis by adding 

a constant stress to the normal stresses before performing any calculations. Thus, 

the following expression was proposed: 

 𝜎𝑎 = 𝜎 + 𝑎𝑝𝑎𝐼 (3-33) 

where 𝑎 is a dimensionless constant, 𝑝𝑎 is the atmospheric pressure and 𝐼 

is the identity matrix. The product 𝑎𝑝𝑎 represents the true cohesion of the material 

and can be obtained from laboratory tests such as a triaxial compression test. 
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4  Numerical implementation of the Lade-Kim Model 

 
 

Many difficulties are found in numerical solution schemes during the 

implementation of a constitutive model. These difficulties include path dependency 

and highly nonlinear behavior. Any numerical solution scheme must anticipate 

these difficulties in order to model the behavior of geo-materials properly. The 

FLAC3D software is an explicit, dynamic solution scheme that approaches the 

difficulties and provides a tool to implement extremely nonlinear constitutive 

model. 

 
4.1  Incremental formulation 

 The numerical implementation of an elasto-plastic model into a finite 

volume program, such as FLAC3D, through the generation of a dynamic link 

library (DLL), requires its incremental form. In order simplify the constitutive 

model implementation procedure for future authors, Lade and Jakobsen (2002) 

presented the incremental form as follows. 

 

4.1.1  Elasto-plastic stiffness matrix 

The incremental form of a constitutive model with a single yield surface 

allows to express the stress increments in terms of the total strains increments and 

the elasto-plastic stiffness matrix, as it is shown in the following: 

 𝑑𝜎 = 𝐶𝑒𝑝𝑑𝜀 = (𝐶𝑒 − 𝐶𝑝)𝑑𝜀 (4-1) 

where 𝐶𝑒𝑝 is the elasto-plastic stiffness matrix, 𝐶𝑒 is the elastic stiffness 

matrix and 𝐶𝑝 is the plastic stiffness matrix.  

Many authors, such as Zienkiewicz and Taylor (1991), Smith and Griffiths 

(1988), Chen and Mizuno (1990), Lade and Nelson (1984), described an 

incrementalization procedure in order to define the elasto-plastic stiffness matrix. 

Thus, the expression below was obtained: 

 

 𝐶𝑝 = [
𝐶𝑒(

𝜕𝑔𝑝
𝜕𝜎 )(

𝜕𝑓𝑝
𝜕𝜎 )

𝑇𝐶𝑒

(
𝜕𝑓𝑝
𝜕𝜎
)𝑇𝐶𝑒(

𝜕𝑔𝑝
𝜕𝜎

) + 𝐻

] (4-2) 

 

Replacing equation 4-2 into equation 4-1, it is obtained the incremental form 

of a single yield surface constitutive model: 
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 𝑑𝜎 = [𝐶𝑒 −
𝐶𝑒(

𝜕𝑔𝑝
𝜕𝜎 )(

𝜕𝑓𝑝
𝜕𝜎 )

𝑇𝐶𝑒

(
𝜕𝑓𝑝
𝜕𝜎
)𝑇𝐶𝑒(

𝜕𝑔𝑝
𝜕𝜎

) + 𝐻

]𝑑𝜀 (4-3) 

where 𝑔𝑝 is the plastic potential function, 𝑓𝑝  is the yield function and 𝐻 

is the hardening modulus.  

Initially, if the stress point is inside the elastic domain, the defined 𝐶𝑒𝑝 

becomes equal to 𝐶𝑒 . After that, while being in the elasto-plastic domain, the 

defined 𝐶𝑒𝑝 becomes equal to 𝐶𝑝. Moreover, based on the theory of plasticity, it 

is possible to obtain the plastic multiplier from equation 4-3: 

 𝑑𝜆𝑝 = [
𝐶𝑒(

𝜕𝑓𝑝
𝜕𝜎 )

𝑇

(
𝜕𝑓𝑝
𝜕𝜎
)𝑇𝐶𝑒(

𝜕𝑔𝑝
𝜕𝜎

) + 𝐻

] 𝑑𝜀 (4-4) 

 

4.1.2  Elastic stiffness matrix 

The elastic stiffness matrix is defined as: 

𝐶𝑒 =
𝐸

(1 + 𝜈)(1 − 2𝜈)

[
 
 
 
 
 
1 − 𝜈 𝜈 𝜈 0 0 0
𝜈 1 − 𝜈 𝜈 0 0 0
𝜈 𝜈 1 − 𝜈 0 0 0
0 0 0 1 − 2𝜈 0 0
0 0 0 0 1 − 2𝜈 0
0 0 0 0 0 1 − 2𝜈]

 
 
 
 
 

 

  (4-5) 

where 𝐸 is Young’s modulus and 𝜈 is Poisson’s ratio, which was assumed 

constant in this approach. 

 

4.1.3  Derivatives of the plastic potential 

The derivatives of the plastic potential function 𝑔𝑝  are obtained on the 

basis of the chain rule since 𝑔𝑝 is expressed in terms of the stress invariants. Thus, 

the following expression is defined: 

 
𝜕𝑔𝑝
𝜕𝜎

=
𝜕𝑔𝑝
𝜕𝐼1

𝜕𝐼1
𝜕𝜎

+
𝜕𝑔𝑝
𝜕𝐼2

𝜕𝐼2
𝜕𝜎

+
𝜕𝑔𝑝
𝜕𝐼3

𝜕𝐼3
𝜕𝜎

 (4-6) 

where the derivatives of the plastic potential with respect to the stress 

invariants are 

 
𝜕𝑔𝑝
𝜕𝐼1

= (𝜓1(𝜇 + 3)
𝐼1
2

𝐼3
− (𝜇 + 2)

𝐼1
𝐼2
+
𝜇𝜓2
𝐼1
) (

𝐼1
𝑝𝑎
)
𝜇

 (4-7) 
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𝜕𝑔𝑝
𝜕𝐼2

=
𝐼1
2

𝐼2
2 (
𝐼1
𝑝𝑎
)
𝜇

 (4-8) 

 
𝜕𝑔𝑝
𝜕𝐼3

= −𝜓1
𝐼1
3

𝐼3
2 (
𝐼1
𝑝𝑎
)
𝜇

 (4-9) 

and the derivatives with respect to stresses are 

 
𝜕𝐼1
𝜕𝜎

=

[
 
 
 
 
 
1
1
1
0
0
0]
 
 
 
 
 

 (4-10) 

 
𝜕𝐼2
𝜕𝜎

=

[
 
 
 
 
 
−(𝜎22 + 𝜎33)

−(𝜎33 + 𝜎11)
−(𝜎11 + 𝜎22)
2𝜎23
2𝜎31
2𝜎12 ]

 
 
 
 
 

 (4-11) 

 
𝜕𝐼3
𝜕𝜎

=

[
 
 
 
 
 
 
𝜎22𝜎33 − 𝜎23

2

𝜎33𝜎11 − 𝜎31
2

𝜎11𝜎22 − 𝜎12
2

2(𝜎12𝜎31 − 𝜎11𝜎23)
2(𝜎23𝜎12 − 𝜎22𝜎31)
2(𝜎31𝜎23 − 𝜎33𝜎12)]

 
 
 
 
 
 

 (4-12) 

 

4.1.4  Derivatives of the yield function 

The yield function is expressed in terms of the stress invariants as well as 

the plastic potential. Then, the derivatives can be obtained in a similar way: 

 
𝜕𝑓′𝑝
𝜕𝜎

=
𝜕𝑓′𝑝
𝜕𝐼1

𝜕𝐼1
𝜕𝜎

+
𝜕𝑓′𝑝
𝜕𝐼2

𝜕𝐼2
𝜕𝜎

+
𝜕𝑓′𝑝
𝜕𝐼3

𝜕𝐼3
𝜕𝜎

 (4-13) 

where the derivatives of the yield function with respect to the stress 

invariants are 

 
𝜕𝑓′𝑝
𝜕𝐼1

= (
3 + ℎ

𝐼1
+
𝜕𝑞

𝜕𝐼1
)𝑓′𝑝 +

𝐼1
𝐼2
(
𝐼1
𝑝𝑎
)
ℎ

𝑒𝑞 (4-14) 

 
𝜕𝑓′𝑝
𝜕𝐼2

=
𝐼1
2

𝐼2
2 (
𝐼1
𝑝𝑎
)
ℎ

𝑒𝑞 (4-15) 
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𝜕𝑓′𝑝
𝜕𝐼3

= 𝑓′𝑝
𝜕𝑞

𝜕𝐼3
−𝜓1

𝐼1
3

𝐼3
2 (
𝐼1
𝑝𝑎
)
ℎ

𝑒𝑞 (4-16) 

and the derivatives of 𝑞, which is a function of the stress level 𝑆, with 

respect to the stress invariants are 

 
𝜕𝑞

𝜕𝐼1
=

𝛼

𝜂1(1 − (1 − 𝛼)𝑆)2
(
𝑚𝑆𝜂1
𝐼1

+
3𝐼1

2

𝐼3
(
𝐼1
𝑝𝑎
)
𝑚

) (4-17) 

 
𝜕𝑞

𝜕𝐼3
= −

𝛼

𝜂1(1 − (1 − 𝛼)𝑆)2
𝐼1
3

𝐼3
2 (
𝐼1
𝑝𝑎
)
𝑚

 (4-18) 

 

4.1.5  Hardening modulus 

The hardening modulus is expressed in terms of the actual stress and the 

derivatives of the plastic potential; however, on the basis of Euler’s theorem for 

homogeneous functions, the hardening modulus can be expressed in terms of the 

plastic potential and the parameter 𝜇, since 𝑔𝑝 is homogeneous and of the order 

𝜇. Thus, the following expression is obtained: 

 𝐻 =
𝜕𝑓′′𝑝
𝜕𝑊𝑝

𝜎𝑇
𝜕𝑔𝑝
𝜕𝜎

=
𝜕𝑓′′𝑝
𝜕𝑊𝑝

𝜇𝑔 (4-19) 

where the derivative of the yield function with respect to the plastic work 

depends on the hardening or softening behavior of the material.  

Thus, the derivative is described as: 

 𝐻𝑎𝑟𝑑𝑒𝑛𝑖𝑛𝑔:
𝜕𝑓𝑝
𝜕𝑊𝑝

=
𝜕𝑓′′𝑝
𝜕𝑊𝑝

=
1

𝜌(𝐷𝑝𝑎)1/𝜌
𝑊𝑝

1
𝜌
−1

 (4-20) 

 𝑆𝑜𝑓𝑡𝑒𝑛𝑖𝑛𝑔:
𝜕𝑓𝑝
𝜕𝑊𝑝

=
𝜕𝑓′′𝑝
𝜕𝑊𝑝

= −
𝐴𝐵

𝑝𝑎
𝑒−𝐵𝑊𝑝/𝑝𝑎 (4-21) 

 

4.2  Stress integration algorithm 

A stress integration algorithm is needed in order to obtain the updated state 

of stress and hardening parameter caused by a strain increment, being the forward 

Euler scheme the most common for elastoplastic stress-strain relations. This 

integration scheme is an explicit integration scheme that can be successfully used 

for the implementation of an advanced constitutive model into FLAC3D software 

due to the explicit, dynamic solution scheme it relies on. 
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4.2.1  Implementation criteria 

 The incremental form of the Lade-Kim model is used to define the 

evolution of stress in computer codes; however, an implementation criteria must be 

used as well in order to model the behavior of a material (Borja, 2013). This criteria 

is based on the theory of plasticity and is illustrated in figure 4.1. 

  

Figure  4.1: Implementation criteria in the (a) stress-strain relation and (b) triaxial 

plane (Jakobsen and Lade, 2002) 

  

In figure 4.1, point 𝐴 is the current stress located in the stress-strain relation 

and the triaxial plane. After a strain increment Δ𝜀 occurs, a new stress point is 

obtained by assuming that all of the strain increment is purely elastic. However, it 

is needed to verify this assumption by checking the consistency condition. First, the 

value of the yield function 𝑓𝑝′ is obtained considering the stress point 𝐵. Then, it 

is calculated the value of (𝑓′𝑝 − 𝑓′′𝑝) taking into account the value of 𝑓′′𝑝, which 

was obtained considering the maximum plastic work 𝑊𝑝 . The next step depends on 

the value of (𝑓′𝑝 − 𝑓′′𝑝). If the difference is equal or less than zero, the stress point 

𝐵 is located inside the yield surface and the total strain increment corresponds is 

purely elastic; if the difference is greater than zero, the stress point 𝐵 is located 

outside the yield surface and the total strain increment has a plastic part. 

       Considering the case when stress point 𝐵 is located outside the current yield 

function, stress point 𝐴 could be located either inside or on the yield function. 

Thus, considering the previous value of 𝑓′′𝑝 and by calculating 𝑓′𝑝 using stress 

point 𝐴, is possible to calculate (𝑓′𝑝 − 𝑓′′𝑝). If the difference is equal to zero, then 

is concluded that point 𝐴 and point 𝐶 are the same. However, if the difference is 

less than zero, then is concluded that point 𝐴 is located inside the yield surface and 
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the total strain increment consists of an elastic and a plastic part. It is important to 

calculate the purely elastic portion in order to model the material behavior; hence, 

is needed to calculate the ratio 𝛼 = 𝐴𝐶/𝐴𝐵 in figure 4.1. 

Finally, a stress integration scheme is used in order to calculate the 

corresponding stresses and hardening parameter after determining which portion of 

the total strain increment is purely elastic and which one develops elastic and plastic 

strain increments. As shown in figure 4.2, Lade and Jakobsen (2002) presented a 

flow chart for the implementation of a constitutive model with a single yield 

surface. 

 

4.2.2  Initial intersection with the yield surface 

 Many materials can be found in a presheared or overconsolidated state, 

where the current stress state is located inside the yield surface. This situation is 

illustrated in figure 4.1, where stress point 𝐴 is located in the elastic domain and 

stress point 𝐵 is located outside the yield surface due to a strain increment. In this 

cases, stress point 𝐶  needs to be determined in order to divide the total strain 

increment into purely and non-purely elastic strain increment. Thus, it can be 

established that the value of the yield function 𝑓𝑝  corresponding to stress point 𝐴 

is defined as: 

 𝑓(𝜎𝐴, 𝑊𝑝,𝐴) = 𝑓𝐴 < 0 (4-22) 

Then, stress point 𝐵  is calculated by assuming that the total strain 

increment is purely elastic and on the basis of Hooke’s law; however, the yield 

criterion may not be fulfilled since stress point 𝐵 is located in the elastoplastic 

domain, as shown in equation 4-23. 

 𝑓(𝜎𝐴 + 𝛼Δ𝜎
𝑒, 𝑊𝑝,𝐶) = 𝑓(𝜎𝐵 ,𝑊𝑝,𝐶) = 𝑓𝐵 > 0 (4-23) 

It is necessary to obtain stress point 𝐶  in order to determine the purely 

elastic portion of the total strain increment; hence, the ratio 𝛼 must be calculated 

to fulfill the consistency condition. 

 𝑓(𝜎𝐴 + 𝛼Δ𝜎
𝑒, 𝑊𝑝,𝐶) = 𝑓(𝜎𝐶 ,𝑊𝑝,𝐶) = 𝑓𝐶 = 0 (4-24) 
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Figure  4.2: Flow chart for the implementation of a constitutive model with a 

single yield surface (adapted from Jakobsen and Lade, 2002) 

  

Lade and Jakobsen (2002) used a Taylor series expansion to propose an 

estimate of ratio 𝛼, such that: 

 𝛼 = 𝛼0 −
𝑓𝐸

(𝜕𝑓/𝜕(𝜎𝐴 + 𝛼0Δ𝜎𝑒)𝑇)Δ𝜎𝑒
 (4-25) 

where 𝛼0 is a first estimate defined as: 
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 𝛼0 = −
𝑓𝐴

𝑓𝐵 − 𝑓𝐴
 (4-26) 

and 𝑓𝐸  is the value of the yield function calculated by using the first 

estimate 𝛼0, which is defined as follows:  

 𝑓(𝜎𝐴 + 𝛼0Δ𝜎
𝑒 ,𝑊𝑝,𝐶) = 𝑓(𝜎𝐸 ,𝑊𝑝,𝐶) = 𝑓𝐸 ≠ 0 (4-27) 

The described mathematical procedure allows to determine the purely 

elastic portion of the total strain increments and stress point𝐶. This formulation is 

accurate for small strains only, therefore it is suitable for the FLAC3D software due 

to the use of small strain increments.  

Lade and Jakobsen (2002) proposed an algorithm, which is expressed 

below, in order to determine stress point 𝐶, in other words, the initial intersection 

with the yield surface. This algorithm is based on the Newton-Raphson iterative 

method. The procedure starts by considering the first estimate ratio 𝛼0 and the 

iteration continues until an error tolerance is reached. In the end of this procedure, 

the purely elastic stress increment is calculated as 𝛼Δ𝜎𝑒  corresponding to an 

elastic strain increment of 𝛼Δ𝜀 and the remaining portion as (1 − 𝛼)Δ𝜀. 

 𝐼𝑛𝑝𝑢𝑡: 𝜎0,𝑊𝑝,0  

 𝐼𝑓    𝑓(𝜎0, 𝑊𝑝,0) > 0  

 𝛼0 = −
𝑓𝐴

𝑓𝐵 − 𝑓𝐴
  

 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠    𝑖 = 1,2, . . . , 𝑖𝑚𝑎𝑥  

 𝜎𝑖 = 𝜎𝑖−1 + 𝛼𝑖−1Δ𝜎
𝑒  

 𝜎𝑖 = 𝜎𝑖−1 + 𝛼𝑖−1Δ𝜎
𝑒  

 Δ𝛼𝑖 = −
𝑓(𝜎𝑖 ,𝑊𝑝)

(𝜕𝑓/𝜕𝜎𝑖)𝑇Δ𝜎𝑒
  

 𝛼𝑖 = 𝛼𝑖−1 + Δ𝛼𝑖  

 
𝑆𝑡𝑜𝑝    𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛    𝑤ℎ𝑒𝑛    ||𝜎𝑖

− 𝜎𝑖−1||/||𝜎𝑖−1|| ≤ 𝜖 
 

 𝑂𝑢𝑡𝑝𝑢𝑡:    𝜎𝑐 = 𝜎𝑖 , 𝛼𝑐 = 𝛼𝑖  

 

The presented algorithm can also be expressed graphically, as shown in 
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figure 4.3. Here, starting from stress point 𝐴, stress point 𝐵 is obtained by the first 

assumption where the total strain increment is purely elastic. Then, in the case 

where stress point 𝐵  belongs to the elastoplastic domain, stress point 𝐸  is 

determined by using equation 4-26 in order to obtain the first estimate of 𝛼. Finally, 

a more accurate value of 𝛼 is calculated by using a Taylor series expansion as 

shown in the algorithm previously presented and a correct estimate of stress point 

𝐶 is established. 

 

 

Figure  4.3: Graphical representation of the algorithm to obtain the intersection 

with the yield surface (Jakobsen and Lade, 2002) 

  

4.2.3  Stress and hardening parameter update 

The implementation of a constitutive model in a numerical solution scheme 

allows to determine the updated stress and hardening parameter that result from a 

total strain increment. Thus, a suitable integration scheme must be chosen based on 

the advantages and disadvantages it may have. Generally, an implicit or an explicit 

scheme (Sloan, 1987; Ortiz & Simo, 1986; Abbo & Sloan, 1993) is used to update 

the stress tensor and the hardening parameter. 

The backward Euler or implicit algorithm scheme has advantages regarding 

the initial intersection with the yield surface. This algorithm scheme allows to 

neglect the calculation of the initial intersection if the stress is updated from a purely 
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elastic domain to an elastoplastic one, being this characteristic the main advantage. 

Lade and Jakobsen (2002) define this scheme as an elastic predictor and plastic 

corrector type method, where this plastic correction is computed by solving a an 

iterative method as defined by Crisfield (1991). Thus, the consistency condition is 

fulfilled in a range of tolerance.  

On the other side, the disadvantage involves convergence problems for 

highly non-linear constitutive models since establishing the equations system may 

present difficulties. Besides, this scheme has not been used widely in the 

implementation of advanced constitutive models. 

An explicit integration algorithm is more widely used in the implementation 

of advanced constitutive models. In contrast with the implicit integration schemes, 

the initial intersection with the yield surface must be determined as stated in 

subsection 4.2.2 for explicit integration schemes. Moreover, it is necessary to check 

if the consistency condition has been fulfilled after computing the updated stress 

and hardening parameter since it is not guaranteed with this type of method. 

However, this disadvantages are compensated by the advantages.  

This scheme has a relatively easier implementation procedure for advanced 

constitutive models in comparison with an implicit method. Besides, the accuracy 

of this scheme can be improved in order to obtain better results. 

 

4.2.4  Forward Euler integration scheme with subincrementation 

There are different explicit schemes that allow the integration of the stress 

along a strain increment, each one with advantages and disadvantages. For example, 

the forward Euler integration scheme is only accurate for small strain increments. 

Initially, this scheme was proposed in order to update stresses and hardening 

parameters; however, a consistent accuracy was not always achieved mainly due to 

strain increment size. It was concluded that strain increment could be subdivided in 

order to improve the scheme accuracy. Thus, the forward Euler integration scheme 

with subincrementations was presented. Besides, a correction for the yield surface 

drift can be performed to make it even more accurate. 

Following the implementation criteria described in subsection 4.2.1, the 

forward Euler integration scheme with subincrementation is used after determining 

the initial intersection with the yield surface if needed. Thus, the updated stress is 

obtained by the following expression: 

 Δ𝜎 = 𝐶𝑒𝑝(𝜎0,𝑊𝑝,0)Δ𝜀 (4-28) 
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As already stated, this explicit integration scheme improves its accuracy 

significantly when the strain increments are subdivided. Thus, 

 𝛿𝜀 = Δ𝑇Δ𝜀 =
Δ𝜀

𝑚
 (4-29) 

where, Δ𝑇 is a dimensionless timestep of fixed size and 𝑚 is the number 

of divisions the strain increment will be subjected to. Each strain subincrement is 

treated as forward Euler step in order to determine the updated stress and hardening 

parameter for each strain subincrement, as shown in the following expression: 

 𝛿𝜎𝑖 = 𝐶𝑒𝑝(𝜎0 + Δ𝜎𝑖−1,𝑊𝑝,0 + Δ𝑊𝑝,𝑖−1)𝛿𝜀 (4-30) 

 

𝛿𝑊𝑝,𝑖 = 𝛿𝜆𝑝(𝜎0 + Δ𝜎𝑖−1, 𝑊𝑝,0 + Δ𝑊𝑝,𝑖−1, 𝛿𝜀)(𝜎0 + Δ𝜎𝑖−1)
𝜕𝑔

𝜕(𝜎0 + Δ𝜎𝑖−1)
 

  (4-31) 

where, 

 Δ𝜎𝑖−1 =∑

𝑖−1

𝑗=1

𝛿𝜎𝑗 (4-32) 

 Δ𝑊𝑝,𝑖−1 =∑

𝑖−1

𝑗=1

𝛿𝑊𝑝,𝑗 (4-33) 

This procedure can be summarized in an implementation algorithm, as 

shown below.  

The hardening parameter, initial stress state, strain increment and 

subincrement conform the input data required to determine the elastoplastic 

stiffness matrix as described in subsection 1. The output data is conformed by the 

updated stress, hardening parameter and the elastoplastic stiffness matrix. 

 

 𝐼𝑛𝑝𝑢𝑡: 𝜎0, 𝑊𝑝,0, Δ𝜀, 𝛿𝜀 = Δ𝜀/𝑚  

 𝑆𝑡𝑟𝑎𝑖𝑛    𝑠𝑢𝑏𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑠    𝑖 = 1,2, . . . ,𝑚  

 𝛿𝜎𝑖 = 𝐶
𝑒𝑝(𝜎𝑖−1, 𝑊𝑝,𝑖−1)𝛿𝜀  

 𝛿𝑊𝑝,𝑖 = 𝛿𝜆𝑝(𝜎𝑖−1, 𝑊𝑝,𝑖−1, 𝛿𝜀)𝜎𝑖−1
𝜕𝑔

𝜕𝜎𝑖−1
  

 𝜎𝑖 = 𝜎𝑖−1 + 𝛿𝜎𝑖  

DBD
PUC-Rio - Certificação Digital Nº 1813265/CA



             52 
 

 𝑊𝑝,𝑖 = 𝑊𝑝,𝑖−1 + 𝛿𝑊𝑝,𝑖  

 𝑆𝑡𝑜𝑝    𝑠𝑢𝑏𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛    𝑤ℎ𝑒𝑛    𝑖 = 𝑚  

 𝑂𝑢𝑡𝑝𝑢𝑡: 𝜎𝑖, 𝑊𝑝,𝑖 , 𝐶
𝑒𝑝(𝜎𝑖, 𝑊𝑝,𝑖)  

The forward Euler integration scheme has the advantage of being easier to 

implement than other integration schemes; however, it may be computational 

expensive to use subincrements of fixed size and the consistency condition may not 

be fulfilled after each step. For this reason, a correction is needed in order to ensure 

that the updated stress is located on the yield surface, known as correction for the 

yield surface drift and it can be expressed graphically in figure 4.4. 

 

 

Figure  4.4: Updated stress and hardening parameter when the consistency 

condition is (a) not fulfilled and (b)is fulfilled (Jakobsen and Lade, 2002) 

  

The correction procedure, proposed by Potts and Gens (1985), consists of 

maintaining the total strain increment constant, meaning that elastic and plastic 

strains will be modified with equal but opposite changes. Thus, this condition can 

be expressed as: 

 𝑑𝜀𝑝 = −𝑑𝜀𝑒 = −𝐶𝑒
−1
(𝜎𝐶 − 𝜎𝐵) (4-34) 

where the plastic strain increment can be expressed in function of the 

gradient of the plastic potential as follows: 

 𝑑𝜀𝑝 = 𝛽
𝜕𝑔

𝜕𝜎
 (4-35) 

Then, by substituting equation 4-35 into equation 4-34, the following 

expression is obtained: 

 𝜎𝐶 = 𝜎𝐵 − 𝛽𝐶
𝑒
𝜕𝑔

𝜕𝜎𝐵
 (4-36) 

where 𝜎𝐶  is the updated stress after the correction for the yield surface drift. 

The hardening parameter will be subjected to change as well since it depends on 

the stress state. Thus, 
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 𝑊𝑝,𝐶 = 𝑊𝑝,𝐵 + Δ𝑊𝑝 (4-37) 

where the hardening parameter variation determined by: 

 Δ𝑊𝑝 = 𝛽(
𝜕𝑔

𝜕𝜎𝐵
)𝑇𝜎𝐵 (4-38) 

Considering the corrected stress state and hardening parameter, the 

consistency condition must be fulfilled. This can be mathematically expressed as: 

𝑓(𝜎𝑐 ,𝑊𝑝,𝑐) = 𝑓 (𝜎𝐵 − 𝛽𝐶
𝑒
𝜕𝑔

𝜕𝜎𝐵
,𝑊𝑝,𝛽 + 𝛽 (

𝜕𝑔

𝜕𝜎𝐵
)
𝑇

𝜎𝐵) = 0 

  (4-39) 

 

where the scalar 𝛽 can be obtained by using a Taylor series expansion: 

 
𝛽 =

𝑓(𝜎𝐵 ,𝑊𝑝,𝐵)

(
𝜕𝑓
𝜕𝜎𝐵

)𝑇𝐶𝑒(
𝜕𝑔
𝜕𝜎𝐵

) − (
𝜕𝑓

𝜕𝑊𝑝,𝐵
)(
𝜕𝑔
𝜕𝜎𝐵

)𝑇𝜎𝐵

 
(4-40) 

The described procedure for the correction for the yield surface drift allows, 

at the end of each forward euler step, the consistency condition to be fulfilled within 

a specified tolerance. Thus, the following algorithm is presented in order to be 

applied after the forward Euler integration scheme. 

 

 𝐼𝑛𝑝𝑢𝑡: 𝜎0,𝑊𝑝,0  

 𝐼𝑓    |𝑓(𝜎0, 𝑊𝑝,0)| > 𝜖  

 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠    𝑖 = 1,2, . . . , 𝑖𝑚𝑎𝑥  

 
𝛽𝑖−1 =

𝑓(𝜎𝑖−1, 𝑊𝑝,𝑖−1)

(
𝜕𝑓
𝜕𝜎𝑖−1

)𝑇𝐶𝑒(
𝜕𝑔
𝜕𝜎𝑖−1

) − (
𝜕𝑓

𝜕𝑊𝑝,𝑖−1
)(

𝜕𝑔
𝜕𝜎𝑖−1

)𝑇𝜎𝑖−1

 
 

 𝜎𝑖 = 𝜎𝑖−1 − 𝛽𝑖−1𝐶
𝑒
𝜕𝑔

𝜕𝜎𝑖−1
  

 Δ𝑊𝑝,𝑖−1 = 𝛽𝑖−1𝜎𝑖−1
𝜕𝑔

𝜕𝜎𝑖−1
  

 𝑆𝑡𝑜𝑝    𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛    𝑤ℎ𝑒𝑛    |𝑓(𝜎𝑖 ,𝑊𝑝,𝑖)| ≤ 𝜖  

 𝑂𝑢𝑡𝑝𝑢𝑡:    𝜎𝑐 = 𝜎𝑖, 𝑊𝑝,𝑐 = 𝑊𝑝,𝑖   
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4.2.5  Modified Forward Euler scheme with error control 

Using subdivisions notably enhances the forward Euler integration scheme; 

however, is computationally more expensive because the solution takes longer to 

converge due to the fixed sized strain increments the scheme uses. For this reason, 

other algorithms were developed in order to reduce the computational cost and the 

necessary correction for the yield surface drift.  

Thus, a modified forward Euler scheme with error control was developed 

by Sloan (1987). The major advantage of this scheme is the variable sized strain 

subincrements, which considerably reduces the computational cost. Besides, due to 

the error control, the correction of the yield surface drift is no longer needed. 

The procedure consists of estimating the updated stress state and hardening 

parameter considering a first and second order Euler formulas in order to estimate 

the error produced when using the forward Euler integration scheme after each 

strain subincrement. A first estimate of the updated stress and hardening parameter 

is made considering the following expressions: 

 𝜎 = 𝜎0 + 𝛿𝜎
𝐼  (4-41) 

 𝑊𝑝 = 𝑊𝑝,0 + 𝛿𝑊𝑝
𝐼 (4-42) 

where 

 𝛿𝜎𝐼 = 𝐶𝑒𝑝(𝜎0, 𝑊𝑝,0)𝛿𝜀 (4-43) 

 𝛿𝑊𝑝
𝐼 = 𝛿𝜆𝑝(𝜎0, 𝑊𝑝,0, 𝛿𝜀)𝜎0

𝜕𝑔

𝜕𝜎0
 (4-44) 

The first estimate can be enhanced by using the following expressions, 

 𝜎̂ = 𝜎0 +
1

2
(𝛿𝜎𝐼 + 𝛿𝜎𝐼𝐼) (4-45) 

 𝑊̂𝑝 = 𝑊𝑝,0 +
1

2
(𝛿𝑊𝑝

𝐼 + 𝛿𝑊𝑝
𝐼𝐼) (4-46) 

where 

 𝛿𝜎𝐼𝐼 = 𝐶𝑒𝑝(𝜎0 + 𝛿𝜎
𝐼 ,𝑊𝑝,0 + 𝛿𝑊𝑝,0

𝐼 )𝛿𝜀 (4-47) 

𝛿𝑊𝑝
𝐼𝐼 = 𝛿𝜆𝑝(𝜎0 + 𝛿𝜎

𝐼 , 𝑊𝑝,0 + 𝛿𝑊𝑝,0
𝐼 , 𝛿𝜀)(𝜎0 + 𝛿𝜎

𝐼)
𝜕𝑔

𝜕(𝜎0 + 𝛿𝜎𝐼)
 

  (4-48) 

The modified Euler integration scheme with error control seeks to estimate 

the size of the next strain increment on the basis of the local error, which can be 
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estimated by: 

 𝛿𝜎𝐼−𝐼𝐼 ≈ 𝜎̂ − 𝜎 =
1

2
(𝛿𝜎𝐼𝐼 − 𝛿𝜎𝐼) (4-49) 

This expression allows to determine the size of the next timestep. Besides, 

it avoids specifying the number of subincrements, making the modified forward 

Euler scheme less computational expensive than the forward Euler scheme, since 

the number of subincrements needed is calculated.  

The local error during the integration along the strain increment serves as 

the stopping criteria for the algorithm and is defined as: 

 𝜉 =
||𝛿𝜎𝐼−𝐼𝐼||

||𝜎̂||
 (4-50) 

The algorithm stops when the local error becomes less than a specified 

value, considering 𝜎̂ as the updated stress and 𝑊̂𝑝  as the hardening parameter 

when the stopping criteria is reached.  

Considering the case where this criteria has not been reached yet, the 

timestep is reduced by multiplying it by a parameter 𝑞 as follows: 

 Δ𝑇 = 𝑞Δ𝑇 (4-51) 

where 𝑞 has a value inside the limits 0.01 and 2 in order to control the size 

of the next strain increment. The value of 𝑞 is defined as: 

 𝑞 = 0.9 (
𝜖

𝜉
)
1/2

 (4-52) 

Considering the definitions described above and the procedure to calculated 

the updated stress and hardening parameter for each strain increment, an algorithm 

is presented in order to computationally facilitate the integration of stress along a 

strain increment: 

 𝐼𝑛𝑝𝑢𝑡: 𝜎0, 𝑊𝑝,0, Δ𝜀, 𝛿𝜀0 = Δ𝜀, 𝑞 = 1  

 𝑆𝑡𝑟𝑎𝑖𝑛    𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡    𝑖 = 1,2, . . . , 𝑛  

 𝛿𝜀𝑖 = 𝑚𝑖𝑛 [𝑞𝛿𝜀𝑖−1, 1 −∑

𝑖−1

𝑗=1

𝛿𝜀𝑗]  

 𝑑𝑜  

 𝛿𝜎𝑖
𝐼 = 𝐶𝑒𝑝(𝜎𝑖−1, 𝑊𝑝,𝑖−1)𝛿𝜀𝑖  
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 𝛿𝑊𝑝,𝑖
𝐼 = 𝛿𝜆𝑝(𝜎𝑖−1, 𝑊𝑝,𝑖−1, 𝛿𝜀𝑖)𝜎𝑖−1

𝜕𝑔

𝜕𝜎
  

 𝛿𝜎𝑖
𝐼𝐼 = 𝐶𝑒𝑝(𝜎𝑖−1 + 𝛿𝜎𝑖

𝐼 ,𝑊𝑝,𝑖−1 + 𝛿𝑊𝑝,𝑖
𝐼 )𝛿𝜀𝑖  

 𝛿𝑊𝑝,𝑖
𝐼𝐼 = 𝛿𝜆𝑝(𝜎𝑖−1 + 𝛿𝜎𝑖

𝐼 , 𝑊𝑝,𝑖−1 + 𝛿𝑊𝑝,𝑖
𝐼 , 𝛿𝜀𝑖)(𝜎𝑖−1 + 𝛿𝜎𝑖

𝐼)
𝜕𝑔

𝜕𝜎
  

 𝛿𝜎𝑖
𝐼−𝐼𝐼 =

1

2
(𝛿𝜎𝑖

𝐼𝐼 − 𝛿𝜎𝑖
𝐼)  

 𝜎̂𝑖 = 𝜎𝑖−1 +
1

2
(𝛿𝜎𝑖

𝐼 + 𝛿𝜎𝑖
𝐼𝐼)  

 𝑊̂𝑝,𝑖 = 𝑊𝑝,𝑖−1 +
1

2
(𝛿𝑊𝑝,𝑖

𝐼 + 𝛿𝑊𝑝,𝑖
𝐼𝐼 )  

 𝜉𝑖 =
||𝛿𝜎𝑖

𝐼−𝐼𝐼||

||𝜎̂𝑖||
  

 𝐼𝑓    𝜉𝑖 > 𝜖    𝑡ℎ𝑒𝑛    𝑞 = 𝑚𝑎𝑥 [0.9 (
𝜖

𝜉
)

1
2
, 0.01] ; 𝛿𝜀𝑖 = 𝑞𝛿𝜀𝑖  

 𝑈𝑛𝑡𝑖𝑙    𝜉𝑖 ≤ 𝜖  

 𝑞 = 𝑚𝑖𝑛 [0.9 (
𝜖

𝜉
)

1
2
, 2]  

 𝑆𝑡𝑜𝑝    𝑠𝑡𝑟𝑎𝑖𝑛    𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛    𝑤ℎ𝑒𝑛    ∑

𝑛

𝑖=1

𝛿𝜀𝑖 = Δ𝜀  

 𝑂𝑢𝑡𝑝𝑢𝑡:    𝜎̂𝑖, 𝑊̂𝑝,𝑖 , 𝐶
𝑒𝑝(𝜎̂𝑖 , 𝑊̂𝑝,𝑖)  

The modified forward Euler integration scheme with error control is an 

enhanced version of the forward Euler scheme since it reduces the disadvantages 

presented by the traditional one, improving the validity of the numerical solution. 

Considering this aspect, the fact that FLAC3D uses already small strain increments 

and the recommendations made by Lade and Jakobsen (2002), the modified forward 

Euler scheme is used to implement the Lade-Kim model. 
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5  Constitutive model validation 

 

In this chapter the validation of the implementation procedure is carried out. 

Thus, in order to perform it, the determination of the Lade and Kim constitutive 

model parameters is explained in first place. Later, three different validation cases 

are studied. These involve numerical simulation of conventional triaxial tests on 

Sacramento river sand and two-dimensional stress-deformation analyses of earth 

dams during construction. 

 

5.1  Parameter determination 

In previous chapters, the formulation of the Lade and Kim constitutive 

model was presented by identifying the model parameters and the governing 

functions. These parameters can be determined from results of laboratory tests, such 

as triaxial and isotropic compression tests. 

 

5.1.1  Elastic parameters 

The elastic behavior can be modeled using either the formulation used by 

Lade and Jakobsen (2002), which involves parameters 𝜆 and 𝑀, or the one used 

by Lade and Kim (1988), which involves parameters 𝐾𝑢𝑟 and 𝑛. Regardless the 

case, experimental results such as stress-deformation curves are needed. 

For the first case, dimensionless parameters 𝑀 and 𝜆 can be calibrated 

considering the following expression: 

𝑙𝑜𝑔(𝐸/𝑝𝑎) = 𝑙𝑜𝑔(𝑀) + 𝜆𝑙𝑜𝑔 [(
𝐽′1𝜎

𝑝𝑎
)
2

+ 6(
1+𝜈

1−2𝜈
)
𝐽′2𝐷

𝑝𝑎
2 ]           (5-1) 

where 𝐸 is Young’s modulus and can be obtained from stress-deformation 

curves, 𝑝𝑎  is the atmospheric pressure, 𝐽′1𝜎  is the first invariant of the stress 

tensor, 𝐽2𝐷  is the second invariant of the deviatoric stress tensor, 𝜈 is the Poisson’s 

ratio and 𝜆  and 𝑀  are dimensionless parameters. This expression is plotted in 

figure 5.1 in a logarithmic scale, where 𝜆 is the slope of the straight line and 𝑀 is 

the interception. 

Poisson’s ratio can be determined considering a volumetric strain 𝜀𝑣  vs 

axial strain 𝜀1 plane. Thus, regarding the initial slope of the curve, the following 

expression can be used in order to calculate the Poisson’s ratio. 

 𝜈 = −
Δ𝜀3
Δ𝜀1

=
1

2
(1 −

Δ𝜀𝑣
Δ𝜀1

) (5-2) 

For the second case, calibration of corresponding parameters can be realized 
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based on the formulation of Duncan and Chang (1970) in a similar way as the first 

case. Thus, based on a linear regression, the following expression allows to 

determine the required parameters: 

 𝑙𝑜𝑔(𝐸𝑢𝑟/𝑝𝑎) = 𝑙𝑜𝑔𝐾𝑢𝑟 + 𝑛𝑙𝑜𝑔(𝜎3/𝑝𝑎) (5-3) 

where 𝐸𝑢𝑟 is the unloading-reloading elastic modulus and can be obtained 

from stress-deformation curves where unloading-reloading conditions are 

simulated, 𝜎3 is the confining pressure, 𝑝𝑎 is the atmospheric pressure and 𝐾𝑢𝑟 

and 𝑛 are dimensional parameters. 

 

 

 

 

 

 

 

 

   

 

Figure  5.1: Calibration of parameters 𝜆 and 𝑀 (Lade, 2005) 

  

5.1.2  Failure criterion 

Lade (2005) expressed the failure criterion function in order to estimate 

parameters 𝜂1 and 𝑚 according to figure 5.2. Thus, the expression 

 𝑙𝑜𝑔 (
𝐼1
3

𝐼3
− 27) = 𝑙𝑜𝑔𝜂1 +𝑚𝑙𝑜𝑔 (

𝑝𝑎
𝐼1
) (5-4) 

where 𝐼1 and 𝐼3 are the first and third invariants of the stress tensor allows 

to estimate the corresponding parameters by calculating the slope of the straight 

line and the value of (𝐼1
3/𝐼3 − 27) that corresponds to 𝑝𝑎/𝐼1 = 1. 
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Figure  5.2: Calibration of parameters 𝜂1 and 𝑚 (Lade, 2005) 

  

5.1.3  Plastic potential 

The plastic potential parameters are calibrated by plotting the results of a 

triaxial compression test into a 𝜉𝑦  vs 𝜉𝑥 plane and fitting a straight line. Its slope 

corresponds to the value of 1/𝜇  while the interception with the vertical axis 

corresponds to −𝜓2, as shown in figure 5.3. Thus, the equation of the line is: 

 𝜉𝑦 =
1

𝜇
𝜉𝑥 −𝜓2 (5-5) 

where 

𝜉𝑥 =
1

1 + 𝜈𝑝
[
𝐼1
3

𝐼2
2 (𝜎1 + 𝜎3 + 2𝜈𝑝𝜎3) + 𝜓1

𝐼1
4

𝐼3
2 (𝜎1𝜎3 + 𝜈𝑝𝜎3

2)] − 3𝜓1
𝐼1
3

𝐼3
+ 2

𝐼1
2

𝐼2
 

  (5-6) 

and 

 𝜉𝑦 = 𝜓1
𝐼1
3

𝐼3
−
𝐼1
2

𝐼2
 (5-7) 

Parameter 𝜓1 is calculated in previous chapters and 𝜈𝑝 is defined as: 

 𝜈𝑝 = −
𝑑𝜀3

𝑝

𝑑𝜀1
𝑝 (5-8) 

where 𝑑𝜀3
𝑝

 and 𝑑𝜀1
𝑝

 are the plastic strain increments obtained during a 

triaxial compression test. These can be calculated considering that the elastic strain 

increments plus the plastic strain increments is equal to the measured strain 

increments during the test. 
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Figure  5.3: Calibration of parameters 𝜇 and 𝜓2 (Lade, 2005) 

  

5.1.4  Hardening/Softening law 

Parameters required for the hardening/softening law are calibrated 

considering the results from a isotropic compression test. These results are plotted 

into a 𝑊𝑝/𝑝𝑎 vs 𝐼1/𝑝𝑎 plane in logarithmic scale as shown in figure 5.4.  

The plastic work along the hydrostatic axis 𝑊𝑝  is generally defined as: 

 𝑊𝑝 = ∫ {𝜎𝑖𝑗}
𝑇
{𝑑𝜀𝑖𝑗

𝑝 } (5-9) 

However, this expression can be reduced for an isotropic compression test 

to: 

 𝑊𝑝 = ∫ 𝜎3𝑑𝜀𝑣
𝑝
 (5-10) 

where 𝜎3 is the confining pressure and 𝑑𝜀𝑣
𝑝
 is the plastic volumetric strain 

increment, which can be obtained by subtracting the elastic part form the measured 

strain increments.  

Thus, parameter 𝐶 is calibrated by fitting a straight line and calculating the 

interception with the vertical, whereas parameter 𝑝 is obtained by calculating the 

slope of the line. 
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Figure  5.4: Calibration of parameters 𝐶 and 𝑝 (Lade, 2005) 

 

5.1.5  Yield criterion 

Hardening/softening law parameters are needed in order to calculate 

parameters ℎ  and 𝛼 . Lade and Kim (1988b) determined the value of ℎ 

considering that the plastic work remains constant in a yield surface. Then, 

considering that stress points 𝐴  and 𝐵  are located in the same plastic work 

contour, these points belong to the same yield surface.  

Thus, the following expression can be derived: 

 (𝜓1
𝐼1𝐴
3

𝐼3𝐴
−
𝐼1𝐴
2

𝐼2𝐴
) (
𝐼1𝐴
𝑝𝑎
) 𝑒𝑞𝐴 = (𝜓1

𝐼1𝐵
3

𝐼3𝐵
−
𝐼1𝐵
2

𝐼2𝐵
)(
𝐼1𝐵
𝑝𝑎
) 𝑒𝑞𝐵  (5-11) 

where 𝜓1  is known, 𝑒  is the base of natural logarithms, 𝑞  is a stress 

dependent variable and 𝐼1  and 𝐼3  are the first and third invariant of the stress 

tensor of the respective stress point.  

Considering that stress point 𝐴 is on the hydrostatic axis and stress point 𝐵 

is on the failure surface, is concluded that 𝑞𝐴 = 0 whereas 𝑞𝐵 = 1. Thus, the 

expression above can be rearranged in order to estimate parameter ℎ: 

 
ℎ =

𝑙𝑛 (𝜓1
𝐼1𝐵
3

𝐼3𝐵
−
𝐼1𝐵
𝐼2𝐵
) 𝑒

27𝜓1 + 3

𝑙𝑛
𝐼1𝐴
𝐼1𝐵

 
(5-12) 
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Lade (2005) rearranged the yield criterion function expressed in previous 

chapters in order to define variable 𝑞.  

Thus, the following expression is presented: 

 𝑞 = 𝑙𝑛
(
𝑊𝑝
𝐷. 𝑝𝑎

)

1
𝜌

(𝜓1
𝐼1
3

𝐼3
−
𝐼1
2

𝐼2
) (
𝐼1
𝑝𝑎
)
ℎ (5-13) 

Finally, parameter 𝛼  is estimated considering the following expression, 

where 𝑆 is the stress level: 

 𝑞 =
𝛼𝑆

1 − (1 − 𝛼)𝑆
 (5-14) 

and the curve that best fits the laboratory data as shown in figure 5.5. 

  

Figure  5.5: Calibration of parameter 𝛼 (Lade, 2005) 

 

5.2  Numerical simulation of trixial compression test 

Numerical simulations of triaxial compression tests are performed in order 

to validate the implemented constitutive model. The simulations are carried out 

using a single zone considering unit dimensions as shown in figure 5.6, where the 

boundary conditions consisted of a constant lateral confining pressure in x- and y-

directions, an initial stress in all directions equal to the confining pressure and a 

velocity boundary condition in z-direction.  
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Figure  5.6: Simulation of a compression test 

 

For a first validation case, typical parameters for loose Sacramento river 

sand provided by Lade (2005) are taken into consideration with the objective of 

comparing the numerical triaxial compression test results with experimental results 

found in the literature. Thus, the parameters adopted for the validation are shown 

in Table 5.1.  

The numerical results regarding the deviatoric stress and axial deformation 

relation are shown in figure 5.7, where it is observed that the implemented 

constitutive model provides results that show strong agreement with the 

experimental ones. Besides, acceptable results regarding the volumetric strain and 

axial deformation relation are shown in figure 5.8. 

 

Table  5.1: Typical parameters for loose Sacramento river sand (Lade, 2005) 

  Model component Parameter names Parameter values 

Elastic properties 𝑀, 𝜆, 𝜈 510 0.28 0.20 

Failure criterion 𝑚,𝜂1, 𝑎 0.093 28 0 

Plastic potential 𝜓2, 𝜇 -3.72 2.36 - 

Yield criterion ℎ, 𝛼 0.534 0.794 - 

Hardening/Softening law 𝐶, 𝑝, 𝑏 0.000127 1.65 - 
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Figure  5.7: Deviatoric stress vs axial deformation curves - Loose Sacramento 

river sand  

 

 Figure  5.8: Volumetric strain vs axial deformation curves - Loose Sacramento 

river sand 
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Kovacevic (1994) obtained Lade-Kim constitutive model parameters from 

experimental results shown in Table 5.2 and performed numerical simulations of 

triaxial compression tests for different confining stresses considering the rockfill 

material. A second validation case involves reproducing the same conditions 

Kovacevic (1994) adopted in order to simulate the triaxial compression tests. The 

corresponding results are shown in figure 5.9 and 5.10, allowing to conclude that 

strong agreement is obtained between experimental and numerical results. 

 

Table  5.2: Lade and Kim constitutive model parameters for rockfill and 

sandwaste (Kovacevic, 1994) 

   

 

  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Parameter Rockfill Sandwaste 

𝐾𝑢𝑟 300 1200 

𝑛 0.50 0.45 

𝜈 0.20 0.20 

𝜂1 260.0 45.0 

𝑚 0.65 0.10 

𝜓2 -3.00 -3.40 

𝜇 2.70 2.15 

𝑐 0.000105 0.000090 

𝑝 1.80 1.65 

ℎ 0.875 0.650 

𝛼 0.175 0.450 

b 1.0 1.0 
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Figure  5.9: Deviatoric stress vs axial deformation - Roadford rockfill 

 

  

 

Figure  5.10: Volumetric strain vs axial deformation - Roadford rockfill 
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6  Three-dimensional stress-deformation analysis of an earth dam 

 

In previous chapters, the Lade and Kim constitutive model was fully described 

by presenting the failure criterion, yield function, plastic potential function, 

hardening/softening law and equations regarding the elastic part. Moreover, the 

incremental form of the model as well as the implementation procedure was also 

stated. After that, the constitutive model applicability was tested with a validation 

procedure that involved the numerical simulation of triaxial compression tests, 

which allowed to conclude that elastoplastic behavior could be successfully 

modeled. 

Two-dimensional deformation analyses are commonly performed when 

displacement prediction is needed in geotechnical problems. During this type of 

analyses, assumptions are made for simplicity. For example, assuming that the 

embankment has a constant cross-section, which usually corresponds to the tallest 

one in order to obtain conservative results. Nevertheless, this assumption is not 

always suitable for cases were embankments are situated on a V-shaped valley. For 

these cases, a three-dimensional analysis is needed since stresses and displacements 

may vary significantly along the dam. 

In this chapter, three cases of study are presented. The first one corresponds to 

the Beliche dam, where a two-dimensional deformation analysis is involved. The 

second one corresponds to a two-dimensional analysis of the construction of the 

Roadford dam. In these cases, previous numerical simulations are available in the 

literature allowing to compare the numerical results obtained when using the Lade-

Kim model. A third case corresponds to a three-dimensional deformation analysis 

during construction of the Llancopi dam. The analysis has the objective of 

predicting stresses and deformations due to gravity loading considering the Lade-

Kim constitutive model.  

Furthermore, two-dimensional analyses are performed considering the tallest 

and shortest cross-section, to study the influence of the assumptions made during a 

twodimensional analysis. On the other hand, the same analyses are carried out using 

the Mohr-Coulomb constitutive model in order to compare the results with the 

previously obtained and analyze the impact the constitutive model has in the 

analyses. 

 

6.1  Beliche dam 

6.1.1  Introduction 

In 1982, the construction of the Beliche dam started and finished in 1985. 

The dam was constructed with the objective of being used as a water supply and 

irrigation reservoir. Thus, laboratory investigations were carried out by the 

Laboratório Nacional de Engenharia Civil in Lisbon (LNEC) in order to test the 

materials that would be used during the dam construction. Moreover, stress-
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deformation analyses were performed by Naylor et al. (1986) considering the K-G 

constitutive model and a model partly based on the hyperbolic model of Duncan 

and Chang (1970). On the other side, Melo and Hartl (1997) performed a similar 

analysis considering the Lade and Kim constitutive model after identifying the 

material parameters based on the experimental results provided by the LNEC, in 

order to predict the stress and deformation behavior of the dam. 

 

6.1.2  Description of the dam 

The Beliche dam is a rockfill dam with a central clay core with low 

plasticity. Its principal function consists of water supplying the south-east of 

Algarve, Portugal. The geometry of the dam is shown in figures 6.1 and 6.2, being 

the plan view and cross-section at the valley center respectively. Consisting of 54 

𝑚 of height, a 522 𝑚 long crest and a curved axis as shown in the plan view, the 

reservoir reaches a maximum volume of 48 million 𝑚3. 

 

 

 

 

 

 

 

 

 

 

 

  Figure  6.1: Plan view of the Beliche dam (Naylor, et al., 1986) 

  

 Figure  6.2: Cross-section of the Beliche dam (Naylor, et al., 1986) 
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 The Beliche dam is mainly conformed by two material types, which are 

low permeability clay and rockfill. Furthermore, two types of rockfill can be 

distinguished: hard rockfill, intended to be used for the outer shell composed 

primarily by greywackes and a fractured rockfill for the inner shell composed by 

schists and fines. Considering that the dam is on alluvial foundation and that a 

coarse filter is employed, five different material types are used for the analysis. 

Geotechnical investigations were needed in order to calibrate parameters 

required by the constitutive models. Thus, triaxial compression tests considering a 

confining pressure of 300 𝑘𝑃𝑎  allowed to obtain the stress-strain curves from 

figure 6.3, whereas isotropic compression tests allowed to obtain stress-strain 

curves from figure 6.4. Besides, regarding figure 6.5, Naylor et al. (1986) provided 

the intended gradation curves for each dam material. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure  6.3: Stress-strain curves for the dam materials obtained from triaxial 

compression tests (Adapted from Naylor, et al., 1986) 
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Figure  6.4: Stress-strain curves for the dam materials obtained from isotropic 

compression tests (Adapted from Naylor, et al., 1986) 

  

  

Figure  6.5: Intended gradation curves (Naylor, et al., 1986) 

  

5.3.3  Numerical analysis 

Melo and Hartl (1997) performed a two-dimensional stress-strain analysis 

of the Beliche dam in order to predict the elastoplastic behavior of the dam during 

its construction. The Lade and Kim constitutive model was used during the analysis 
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and the required parameters were based on laboratory test results presented by 

Naylor et al. (1986). Thus, the parameters used for the analysis are shown in Table 

6.1, whereas Table 6.2 shows the unit weights of the dam materials. 

  

Table  6.1: Parameters used in the analysis - Beliche dam  

(De Melo and Hartl, 1997) 

 

 𝐾𝑢𝑟 𝑛 𝑚 𝜂1 𝑐 𝑝 𝜓2 𝜇 ℎ 𝛼 

Outer shell 2000 0.10 0.81 1154 0.000092 1.99 -2.75 3.74 1.12 0.33 

Inner shell 10000 0.10 0.64 385 0.000067 2.44 -2.96 3.11 1.63 0.40 

Filter 10000 0.10 0.40 146 0.00245 1.27 -2.91 2.76 1.58 0.16 

Core 256 0.64 0.85 150 0.00048 1.69 -3.02 2.09 0.51 1.19 

Foundation 2000 0.10 0.25 61 0.00094 1.68 -2.88 2.29 1.08 0.35 

 

Table  6.2: Unit weights used in the analysis - Beliche dam 

(De Melo and Hartl, 1997) 

 

   Outer shell Inner shell Filter Core Foundation 

𝛾(𝑘𝑁/𝑚3) 20.5 18.2 21.7 21.8 17.9 

  

Melo and Hartl (1997) based their research on the finite element method, 

using 116 eight-node quadrilateral elements, as shown in figure 6.6. Regarding 

boundary conditions, the bottom of the grid was fixed in x- and y-directions, the 

foundation lateral boundaries were fixed in x-direction and a gravity load was 

applied. 

 

Figure  6.6: Finite element mesh - Beliche dam (De Melo and Hartl, 1997) 

  

 The procedure consists of performing a two-dimensional stress-analysis of 

the Beliche dam and comparing the results with those provided by de Melo and 

Hartl (1997). Thus, a finite volume model was created in order to predict the 

displacements of the Beliche dam due to gravity loading during construction. The 

tetrahedral grid used for the analysis, which consisted of 3761 zones, is shown in 
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figure 6.7. Although this model was created as a three-dimensional model, a unit 

thickness was considered and displacement was restricted in y-direction. Besides, 

similar boundary conditions to the conditions applied by Melo and Hartl were 

considered when the finite volume model was modeled. 

 

 

 

Figure  6.7: Finite volume model - Beliche dam 

  

 The construction sequence adopted for the analysis was based on the 

layered analysis previously described. Initially, the foundation was modeled. Then, 

construction layers with an average thickness of 4 m were added. It is worth to 

mention that layers with low thickness were added at the top of the embankment in 

order to have low vertical displacements at the top, as expected in field. Thus, 

vertical displacements due to gravity loading were obtained as shown in figure 6.8.  

By comparing results with the literature, it is concluded that the applied 

process is very consistent. The vertical displacements along section AA’ were 

obtained to validate the numerical implementation, see figure 6.9. The procedure 

shows strong agreement with the results provided by Melo and Hartl (1997). 

 

  

Figure  6.8: Vertical displacements (m) - Beliche dam 
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Figure  6.9: Vertical displacements at section AA’ - Beliche dam 

 

6.2  Roadford dam 

6.2.1  Introduction 

Geotechnical investigations were carried out in 1975 and 1977 in order to 

analyze the site suitability for the construction of a dam, which allowed to start with 

preliminary designs; however, more extensive investigations were performed in 

1983. These provided information about the geology at the dam site and borrow 

quarry, which involved sedimentary rocks of the Cracking formation such as 

sandstones, mudstones and siltstones. Furthermore, the investigations evaluated the 

applicability of the materials for the dam construction. It was concluded that only 

the less weathered material would be suitable for use to construct the dam. 

According to Wilson and Evans (1991), this material could be obtained from depths 

greater that 4 𝑚 below the original ground level. 

Wilson and Evans (1991) stated that in 1987, the construction of the 

Roadford dam started with a maximum construction period of 3.5 years; however, 

an agreement that consisted of reaching the goal that allowed to start impounding 
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before winter of 1989. Thus, the construction of the dam started in June and finished 

by the end of October. 

 

6.2.2  Description of the dam 

The Roadford dam is a rockfill dam with an asphaltic concrete membrane 

on its upstream that provides impermeability located in the United Kingdom and it 

was constructed to reduce water deficiencies in Plymouth, South West and North 

Devon. The dam dimensions consist of 41 𝑚 height, 430 𝑚 long with a cross-

section as shown in figure 6.10, a 1:2.227 upstream slope and a 1:2.25 downstream 

slope that assured an accepted factor of security. It is made of 1 million 𝑚3 of low-

grade rockfill made of mudstone, sandstone and siltstone and was founded on 

weathered sedimentary rocks. 

 

Figure  6.10: Cross-section of the Roadford dam (Kovacevic, 1994) 

  

 The Roadford dam could be considered a homogeneous dam since is made 

mainly of low-grade rockfill. Wilson and Evans (1991) provided many construction 

details about the Roadford dam, which consisted of a drainage layer at the bottom 

of the dam, a cut-off structure at the upstream toe of the dam and stiffer sandwaste 

fill as shown in figure 6.11, besides of the asphaltic concrete membrane. 

Geotechnical investigations were carried out in order to calibrate parameters 

for the low-grade rockfill and the sandwaste fill. These involved oedometer and 

drained triaxial compression tests. Kovacevic (1994) determined parameters for the 

Lade-Kim constitutive model based on these experimental results in order to 

perform a stress-strain analysis considering the finite element method. These 

parameters are shown in table 5.2. Thus, Kovacevic (1994) performed numerical 

simulations of triaxial compression tests for different confining pressures. 
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Figure  6.11: Cross-section of the Roadford dam (Kovacevic, 1994) 

  

6.2.3  Numerical analysis 

Kovacevic (1994) performed a two-dimensional stress-deformations 

analysis as well as Melo and Hart (1997). This analysis was carried out considering 

a non-linear elastic perfectly plastic model that incorporated a Mohr-Coulomb 

failure criterion as a yield surface besides of the Lade and Kim constitutive model 

in order to compare results regarding displacements; however, only the analysis 

based on the Lade and Kim constitutive model is subject of interest. Thus, based on 

the finite element method, Kovacevic (1994) presented the mesh shown in figure 

6.12, which consists of 215 quadrilateral elements. 

 

   

Figure  6.12: Finite element mesh - Roadford dam (Kovacevic, 1994) 

  

 Six materials were considered for this analysis: low-grade rockfill, 

sandwaste fill and drainage layer, rock foundation, alluvium blanket, cut-off 

structure and the asphaltic concrete membrane. Kovacevic (1994) modeled the low-

grade rockfill and sandwaste fill considering the Lade and Kim constitutive model 

and the parameters shown in table 5.2. Furthermore, low-grade rockfill was 

modeled considering a unit weight of 22.75 𝑘𝑁/𝑚3 whereas the sandwaste fill was 

modeled considering a unit weight of 18.35 𝑘𝑁/𝑚3. The drainage layer and the 

asphaltic concrete membrane were modeled considering the sandwaste fill 
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parameters due to unavailability of experimental data and convenience. On the 

other side, the rock foundation, alluvium blanket and the cut-off structure were 

modeled considering a linear elastic model and the parameters shown in table 6.3. 

The alluvium blanket was modeled considering the same parameters of the rockfill 

for simplicity and due to the small influence on predicted deformations. 

 

Table  6.3: Linear elastic constitutive model parameters used in the analysis 

(Kovacevic, 1994) 

 

   Young’s modulus (MPa) Poisson’s ratio 

Rock foundation 225 0.2 

Cut-off structure 30000 0.15 

 

 The Roadford dam was modeled in FLAC3D, considering the 

implemented model when needed and the procedure applied in the case of the 

Beliche dam, in other words, developing a three-dimensional model with a unit 

thickness and corresponding boundary conditions. Thus, a model with 3212 

hexahedral zones was created in order to predict the behavior of the Roadford dam, 

see figure 6.13.  

Considering these conditions and gravity load, the vertical displacements 

during the dam construction are presented in figure 6.14. 

 

  

Figure  6.13: Finite volume model - Roadford dam 

 

 

 Figure  6.14: Vertical displacements (m) - Roadford dam 
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The procedure was accomplished when comparing the results of both 

analyses regarding displacements. Vertical displacements at settlement plates 𝑆1 

and 𝑆2 are presented in figure 6.15. Thus, it is concluded that strong agreement 

between the results exists. Besides, a better coincidence was found during this 

validation analysis than the case of the Beliche dam.  

On the other side, discrepancies between the numerical and measured 

results rely on the assumption that the laboratory test data is representative 

according to Kovacevic (1994). Moreover, the measured displacements shows non-

uniformity of the dam material regarding compressibility which is explained by the 

water content variation, allowing to deduce that the lower part of the dam is softer 

that the upper part. Although discrepancies exist and the uncertainty, a similar 

maximum vertical displacement was obtained.  

Thus, is concluded that the validation procedure showed agreement when 

analyzing the applicability of the constitutive model for stress-strain analyses. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

Figure  6.15: Vertical displacements at settlement plates 𝑆1 and 𝑆2  
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6.3  Llancopi dam 

The Llancopi dam is a homogeneous earth dam located in Cuzco, Peru 

principally made of clayey sand (SC). It is partially founded on volcanic rock from 

the Casanuma formation, mostly involving andesite and rhyolite besides of alluvial 

material. Regarding its geometry, the Llancopi dam is V-shaped with an average 

height of 16 m reaching 4396 m.a.s.l., a 2:1 (H:V) slope for both upstream and 

downstream, 5 m crest width and a 220 m long crest. Thus, considering the 

description of the dam and the site topography, a three-dimensional model is 

created. In figures 6.16, the longitudinal view is presented, whereas a plan view is 

observed in figure 6.17. Finally, a three-dimensional view is presented in figure 

6.18. 

 

  

Figure  6.16: Three-dimensional model of the Llancopi dam - longitudinal view 

along the dam axis 

 

 

 

 

 

 

 

 

 

 

 

Figure  6.17: Three-dimensional model of the Llancopi dam - plan view 
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Figure  6.18: Three-dimensional model of the Llancopi dam   

 

  The dam material was obtained from different local borrow quarries and 

matched with the properties and parameters shown in Table 6.4. On the basis of 

these data, the typical Lade and Kim constitutive model parameters for Sacramento 

river sand shown in Table 6.5 are adopted in order to model the elastoplastic 

behavior of the dam material. Furthermore, Mohr-Coulomb constitutive model 

parameters are calibrated based on the stress-strain curve obtained from a numerical 

simulation of a drained triaxial compression test considering a confining pressure 

of 135 𝑘𝑃𝑎 and the parameters shown in table 6.7. The confining pressure value 

was adopted by calculating an average stress value at the middle of the 

embankment. 

  

Table  6.4: Properties and parameters of the Llancopi dam material 

Unified soil classification system (USCS) SM-SC 

Permeability (𝑥10−9𝑚/𝑠) 1.36 - 4.95 

Friction angle (º) 17 - 23 

Cohesion (𝑘𝑃𝑎) 60 - 140 

 

Table  6.5: Typical parameters for dense Sacramento river sand - dam material 

(Lade, 2005) 

Model component Parameter names Parameter values 

Elastic properties 𝑀, 𝜆, 𝜈 900 0.28 0.20 

Failure criterion 𝑚,𝜂1 0.23 80 - 

Plastic potential 𝜓2, 𝜇 -3.09 2.01 - 

Yield criterion ℎ, 𝛼 0.765 0.229 - 

Hardening/Softening law 𝐶, 𝑝 0.0000396 1.92 - 
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 The implemented calibration criteria consisted of adopting parameters that 

matched with the borrow quarry characteristics and that allowed to simulate the 

failure criterion represented by the Lade and Kim constitutive model. Thus, 

considering stress-curves shown in figure 6.19, Mohr-Coulomb are listed in Table 

6.6. 

Table  6.6: Mohr-Coulomb model parameters for the dam material 

  Young’s modulus (𝑘𝑃𝑎) 112270 

Poisson’s ratio 0.20 

Friction angle (º) 23 

Cohesion (𝑘𝑃𝑎) 138 

  

 

 

 

 

   

 

 

 

 

 

 

 

 

Figure  6.19: Stress-strain curves obtained from simulating triaxial compression 

tests 

 

Geotechnical site investigations provided information about the local 

geology, which involved a 0.8 𝑚 layer of silty sand and clayey sand (SM-SC) that 

covers volcanic rock. Further analyses revealed andesite and rhyolite underneath 

the top layer, which presented a RQD index that varies from 40% to 90% and is 

classified as a class II rock according to the rock mass rating developed by 

Bieniawski (1989). Thus, a similar procedure to the applied in the Roadford dam 

case was applied during this analysis. The foundation is modeled as homogeneous 

material, neglecting the thin soil layer on the top due to the small influence it has 

in the stress-deformation analysis. Besides, a linear elastic constitutive model is 

used by considering the parameters shown in Table 6.7. 
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Table  6.7: Linear elastic model parameters of the Llancopi dam foundation 

Young’s modulus (𝐺𝑃𝑎) 2.98 

Poisson’s ratio 0.33 

 

6.4  Numerical analysis 

6.4.1  Three-dimensional analysis 

A three-dimensional finite volume model is created in order to represent the 

foundation and the Llancopi dam. The model is based on a tetrahedral discretization 

resulting in 130900 zones, see figure 6.20. Regarding boundary conditions, the 

bottom of the model is fixed in x-, y- and z- directions whereas the lateral faces are 

fixed in their respective normal vector direction. On the other hand, gravity loading 

is applied considering a unit weight of 22.51 𝑘𝑁/𝑚3 for the dam material, whereas 

a unit weight of 27 𝑘𝑁/𝑚3 is considered for the foundation material. 

   

Figure  6.20: Three-dimensional finite volume model 

  

 The numerical simulation of the dam construction is carried out performing 

a sequential modeling in order to represent construction layers. Modeling the 

foundation is considered an initial stage where boundary conditions are applied and 

initial stresses calculated. Then, a first construction layer is modeled by adding the 

respective zones and reaching equilibrium after the gravity load is applied. After 

that, a similar process is performed for a second construction layer. This process is 

carried out until the dam is constructed. Thus, final vertical displacements are 

calculated and shown in figure 6.21 whereas final vertical stresses are shown in 
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figure 6.22. 

 

 

Figure  6.21: Vertical displacements (𝑚) - Llancopi dam 

  

  

 

Figure  6.22: Vertical stresses (𝑘𝑃𝑎) - Llancopi dam 

 

 The desired results regarding displacements and stresses are obtained by 

using a cutting plane. In this case, two cutting planes are intended to be used since 

a comparison with two-dimensional analyses will be carried out. Thus, the tallest 

cross-section and the shortest cross-sections are analyzed as shown in figures 6.23, 

6.24, 6.25 and 6.26. 
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Figure  6.23: Vertical displacements (𝑚) at x=79.5𝑚 - Llancopi dam 

  

  

 

 

   

Figure  6.24: Vertical stresses (𝑘𝑃𝑎) at x=79.5𝑚 - Llancopi dam 
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Figure  6.25: Vertical displacements (𝑚) at x=107.5𝑚 - Llancopi dam 

  

  

   

Figure  6.26: Vertical stresses (𝑘𝑃𝑎) at x=107.5𝑚 - Llancopi dam 

  

6.4.2  Comparison with two-dimensional analyses 

Two-dimensional stress-deformation analyses are performed in order to 

study the discrepancies between the results from two- and three-dimensional 

analyses and the advantages or disadvantages that may exist. First, the tallest cross-

section of the Llancopi dam was selected as object of study. Thus, a finite volume 

model is created considering the same procedure applied during the validation of 

the constitutive model as shown in figure 6.27. 
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Figure  6.27: Finite volume model of the tallest cross-section of the Llancopi dam 

 The model corresponds to the tallest cross-section of the Llancopi dam, 

which is located at x = 79.5 𝑚 in the three-dimensional model and consists of 1393 

tetrahedral zones. The applied boundary conditions include restricted 

displacements of the bottom of the model in both directions and in y- direction of 

the lateral faces of the foundation. After simulating the dam construction, vertical 

displacements due to gravity loading are obtained and showed in figure 6.28 

whereas vertical stresses are shown in figure 6.29. 

 

  

Figure  6.28: Two-dimensional vertical displacements (𝑚) at x = 79.5𝑚 - 

Llancopi dam 

 

  

 Figure  6.29: Two-dimensional vertical stresses (𝑘𝑃𝑎) at x = 79.5𝑚 - Llancopi 

dam 

  

A second model that consists of 1313 tetrahedral zones is created in order 

to perform another stress-deformation analysis considering the shortest cross-

section of the Llancopi dam, which is located at x = 107.5 𝑚  in the three-
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dimensional model, see figure 6.30. Considering the same boundary conditions as 

the adopted during the analysis of the tallest cross-section, vertical displacements 

and stresses are obtained and shown in figures 6.31 and 6.32. 

 

  

Figure  6.30: Finite volume model of the shortest cross-section of the Llancopi 

dam 

  

  

Figure  6.31: Two-dimensional vertical displacements (𝑚) at x = 107.5𝑚 - 

Llancopi dam 

 

  

Figure  6.32: Two-dimensional vertical stresses (𝑘𝑃𝑎) at x = 107.5𝑚 - Llancopi 

dam 

 

 As observed in the presented figures, result differences can be addressed 

due to the type of analysis carried out. A more specific comparison regarding 

vertical displacements along the center of the dam section is shown in figure 6.33. 

In the case of the tallest section, greater displacements are obtained in the two-

dimensional analysis whereas; in the other case, greater displacements are obtained 
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in the three-dimensional case. The reason behind this discrepancy relies on the dam 

geometry. Due to the fact that in the three-dimensional analysis, displacements 

along the longitudinal axis of the dam are not restricted and that the cross-sections 

are located as shown in figure 6.34, greater vertical displacements at cross-section 

at x = 107.5 𝑚 are expected during a three-dimensional analysis.  

On the other hand, the opposite situation is expected for cross-section 

located at x = 79.5 𝑚. Thus, the expected results match with the obtained results 

for both types of analysis. Regarding vertical stresses, small discrepancies are 

presented when comparing the two types of analysis due to the fact that vertical 

displacements are relatively small; however, differences are noted when comparing 

the two cross-sections due to the different material distribution between these. 

 

   

Figure  6.33: Comparison of vertical displacement profiles obtained in 2D and 

3D analyses 
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Figure  6.34: Studied cross-sections - longitudinal view along the dam axis 

 

6.4.3  Comparison with analyses carried out using the Mohr-Coulomb 

constitutive model 

During the validation procedure, drained triaxial compression tests and two-

dimensional analyses were simulated considering the Lade and Kim constitutive 

model and was concluded that the model is capable of describing the elastoplastic 

behavior of soil effectively under different stress conditions. Nevertheless, in order 

to analyze the advantages of this model, a comparison between constitutive models 

is needed. Thus, the same analysis regarding the Llancopi dam are performed 

considering the Mohr-Coulomb constitutive model in order to compare results 

regarding stresses and displacements. 

Initially, the three-dimensional analysis is carried out considering the same 

boundary conditions and modeling procedure previously applied. The results 

regarding vertical stresses and displacements are presented in figures 6.35 and 6.36. 

However, as the case involving the Lade and Kim constitutive model, sections at x 

= 79.5 𝑚 and x = 107.5 𝑚 are studied to obtain a better comparison. Thus, vertical 

displacements and stresses for the cross-section at x = 79.5 𝑚 are presented in 

figures 6.37 and 6.38 respectively. Furthermore, the same type of results for the 

cross-section at x = 107.5 𝑚 are presented in figures 6.39 and 6.40. 

 

 

   

Figure  6.35: Vertical displacements (𝑚) - Llancopi dam, Mohr - Coulomb 

model 
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Figure  6.36: Vertical stresses (𝑘𝑃𝑎) - Llancopi dam, Mohr - Coulomb model 

  

 

   

Figure  6.37: Vertical displacements (𝑚) at x = 79.5𝑚 - Llancopi dam, Mohr - 

Coulomb model 

  

  

 

 

DBD
PUC-Rio - Certificação Digital Nº 1813265/CA



             90 
 

   

Figure  6.38: Vertical stresses (𝑘𝑃𝑎) at x = 79.5𝑚 - Llancopi dam, Mohr - 

Coulomb model 

 

 

   

Figure  6.39: Vertical displacements (𝑚) at x = 107.5𝑚 - Llancopi dam, Mohr - 

Coulomb model 

 

   

Figure  6.40: Vertical stresses (𝑘𝑃𝑎) at x = 107.5𝑚 - Llancopi dam, Mohr - 

Coulomb model 
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Lower vertical displacements and higher vertical stresses are obtained from 

the analysis involving the Mohr - Coulomb constitutive model. The reason behind 

this elastoplastic behavior can be observed during the numerical simulations of 

drained triaxial compression tests. The stress-strain curves obtained by these 

simulations are showed in figure 6.19 and allow to deduce that a higher stress level 

is required by the Mohr - Coulomb constitutive model in order to generate the same 

axial deformation as the Lade and Kim constitutive model. This deduction shows 

agreement with the numerical results from the stress-strain analyses, where larger 

vertical displacements and lower vertical stresses are obtained for the Lade and Kim 

model-based analysis. 

A better comparison is obtained when comparing vertical displacements as 

shown in figure 6.41. Since a successful application of the constitutive model for 

stress-strain analyses was showed in the validation procedure, it is considered that 

the obtained vertical displacements show consistency. Thus, it is deduced that Mohr 

- Coulomb model-based results show inefficiency regarding displacement 

predictions. 

 

 

 

 

 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure  6.41: Comparison of constitutive models 
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7  Conclusions and suggestions 

 

This research aims to study the geomechanical behavior of an embankment 

based on the explicit finite volume method and the Lade-Kim constitutive model. 

The numerical formulation of this method as well as the discretization procedure is 

presented in order to understand the solution method of the computational program 

FLAC3D. The governing functions and the incremental form of the Lade-Kim 

model as well as stress integration algorithms such as the forward Euler scheme and 

its variations are presented.  

The implementation of the model was successfully validated and finally, the 

model was applied in different cases of deformation analyses. In this chapter, 

conclusions and suggestions based on the research work in this dissertation are 

presented in order to provide other authors with a background regarding 

constitutive model implementation and its application in geotechnical projects. 

 
7.1  Conclusions 

Based on the results obtained in this dissertation, the following main 

conclusions are presented: 

(a) The FLAC3D code adopts a discrete-model approach where the medium is 

represented by a discrete representative model that is formed by constant 

strain-rate elements. Due to this fact, the grid adopted in FLAC3D tends to 

be finer than grids adopted in a finite element code in order to obtain results 

with acceptable accuracy.  

(b) The two types of grid (hexahedral and tetrahedral) are used for different 

validation cases. However, thinner layers are needed in the case of the 

hexahedral grid in order to obtain smooth results due to the discretization 

technique used.  

(c) Regarding layered analysis, different authors provided observations that 

were taken into account during the numerical model of the dam. However, 

results were more similar to the measured on field ones after adopting 

thinner layers at the top of the dam.  

(d) The implemented constitutive model was initially validated through 

numerical simulations of drained compression triaxial tests. Although this 

type of tests is performed on cylindrical samples in laboratory, a hexahedral 

zone was considered in order to represent the sample since applying the 

boundary conditions was relatively simpler.  

(e) The adopted stress integration scheme for the implementation procedure 
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provided satisfactory results in the validation cases and the analysis of the 

earth dam. The explicit scheme was adopted considering that FLAC3D uses 

small timesteps when finding a numerical solution.  

(f) The Lade-Kim model showed efficiency regarding modeling 

geomechanical behavior through numerical simulation of laboratory tests 

and construction of dams since it provided numerical results similar to the 

measured data. This allows to confirm that the Lade-Kim model is capable 

of modeling soil response under different combinations of effective stress.  

(g) A three-dimensional analysis takes into account the influence of the 

intermediate stress. Therefore, the provided results represent reality in a 

more efficient way than those obtained through a two-dimensional analysis. 

Although the discrepancies were relatively small, the intermediate stress 

influence was noticed in the comparison between the two- and three-

dimensional analyses of the Llancopi dam. It is important to note that for a 

greater gravity load, greater discrepancies may be obtained from these 

analyses.  

(h) The implementation of the Lade-Kim model on a finite volume code 

(FLAC3D) that takes into account the intermediate stress influence 

constitutes a powerful tool to be used when analyzing geotechnical 

engineering projects in which modeling soil response is crucial.  

 

7.2  Suggestions 

The following suggestions are meant to be taken into account in future 

research work: 

(a) Implement a variation of the Lade-Kim model that takes into account the 

creep behavior of granular materials.  

(b) Perform a three-dimensional analysis of other types of construction in order 

to analyze the efficiency of the implemented model.  

(c) Perform parametric analyses regarding the parameters involved in the Lade-

Kim model.  
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