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Abstract

Ortega, Alvaro Javier; Sampaio-Neto, Raimundo (Advisor); Pereira
David, Rodrigo (Co–Advisor). On hybrid beamforming design
for downlink mmWave massive MU-MIMO systems. Rio
de Janeiro, 2020. 86p. Tese de Doutorado – Departamento de
Engenharia Elétrica, Pontifícia Universidade Católica do Rio de
Janeiro.

Millimeter–wave (mmWave) communications have been regarded as a
key technology for the next–generation cellular systems since the huge avail-
able bandwidth can potentially provide the rates of multiple gigabits per
second. Conventional precoding and combining techniques are impractical
at mmWave scenarios due to manufacturing cost and power consumption.
Hybrid alternatives have been considered as a promising technology to pro-
vide a compromise between hardware complexity and system performance.
A large number of hybrid precoder designs have been proposed with
different approaches. One possible approach is to search for minimizing the
Euclidean distance between hybrid precoder and the full-digital precoder.
However, this approach makes the hybrid precoder design becomes a matrix
factorization problem difficult to deal due to the hardware constraints of
analog components.
This doctoral thesis proposes some hybrid precoder and combiners designs
through a hierarchical strategy. The hybrid precoding/combining problem
is divided into analog and digital parts. First, the analog precoder/combiner
is designed. Then, with the analog precoder/combiner fixed, the digital pre-
coder/combiner is computed to improve the system performance. Further-
more, linear and no-linear optimization methods are employed to design the
analog part of the precoder/combiner.
The viability of these proposals is evaluated using different data detection
techniques and analyzing the system performance in terms of bit error
rate (BER), sum rate, and other metrics, in indoor mmWave scenarios
considering massive MU-MIMO downlink.
Also, this work proposes a method to find fairly tight analytic approxima-
tions to the obtained BER performance. The methodology proposed would
require the knowledge of the probability density function (pdf) of the vari-
ables involved, which are unknown for mmWave scenarios. In order to solve
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this problem, Gamma pdf approximations are used. The analytic BER
approximations resulted in differences no larger than 0.5 dB with respect
to the simulation results in high SNR.

Keywords
mmWave; hybrid precoding; massive MIMO; MIMO Systems; multi-user

massive MIMO..
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Resumo

Ortega, Alvaro Javier; Sampaio-Neto, Raimundo (Advisor); Pereira
David, Rodrigo (Co–Advisor). Projeto híbrido de formação
de feixe para enlace direto em ondas milimétricas em
sistemas massivos MU-MIMO. Rio de Janeiro, 2020. 86p. Tese
de Doutorado – Departamento de Engenharia Elétrica, Pontifícia
Universidade Católica do Rio de Janeiro.

As comunicações de ondas milimétricas (mmWave) são consideradas
uma tecnologia essencial para os sistemas celulares de próxima geração, dado
que a enorme largura de banda disponível pode potencialmente fornecer
as taxas de vários gigabits por segundo. As técnicas convencionais de
pré-codificação e combinação são impraticáveis nos cenários da mmWave
devido ao custo de fabricação e ao consumo de energia. As alternativas
híbridas foram consideradas uma tecnologia promissora para fornecer um
compromisso entre a complexidade do hardware e o desempenho do sistema.
Um grande número de projetos de pré-codificadores híbridos têm sido
proposto com diferentes abordagens. Uma abordagem possível é procurar
minimizar a distância euclidiana entre o pré-decodificador híbrido e o
pré-decodificador totalmente digital. No entanto, essa abordagem torna o
projeto do pré-codificador híbrido um problema de fatoração da matrices
difícil de lidar devido às restrições de hardware dos componentes analógicos.
Esta tese de doutorado propõe alguns projetos de pré-codificadores e com-
binadores híbridos por meio de uma estratégia hierárquica. O problema
híbrido de pré-codificação / combinação é dividido em partes analógicas e
digitais. Primeiro, o pré-codificador / combinador analógico é projetado.
Em seguida, com o pré-codificador / combinador analógico fixo, o pré-
codificador / combinador digital é calculado para melhorar o desempenho
do sistema. Além disso, métodos de otimização linear e não linear são em-
pregados para projetar a parte analógica do pré-codificador / combinador.
A viabilidade dessas propostas é avaliada usando diferentes técnicas de
detecção de dados e analisando o desempenho do sistema em termos de taxa
de erros de bits (BER), sum–rate e outras métricas, em cenários internos
do mmWave, considerando enlace diretos massivo do MU–MIMO.
Além disso, este trabalho propõe um método para encontrar aproximações
analíticas bastante restritas ao desempenho obtido no BER. A metodologia
proposta exigiria o conhecimento da função densidade de probabilidade
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(fdp) das variáveis relacionadas que são desconhecidas para os cenários
mmWave. Para resolver este problema, são utilizadas as aproximações fdp
Gamma. As aproximações analíticas do BER resultaram em diferenças não
superiores a 0,5 dB em relação aos resultados da simulação em alto SNR.

Palavras–Chaves
Ondas milimétricas; precodificação híbrida; MIMO massivo, sistemas

MIMO; MIMO massivo multiusuário
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1
Introduction

Millimeter-Wave (mmWave) band communication recently gained more
and more attention for the development of short-range high-speed wireless
networks. The advantage of this technology lies on its capability to support
multi-Gbps throughput [3]. The mmWave frequency bands present an attrac-
tive option for designing multi-Gbps wireless links because they offer an abun-
dance of unlicensed or semi-unlicensed bandwidth. The unlicensed 60 GHz
band, for example, offers 7 GHz of spectrum spanning 57 to 64 GHz in the
United States [2]. However, the higher expected path loss caused by the high
frequency carrier, atmospheric gases, water vapor, and atmospheric absorption
result in severe link quality degradation [1]. The adverse channel conditions at
mmWave frequencies can be compensated with beamforming (BF) algorithms
employing a large number of antennas that give a large array gain. An inter-
esting feature of mmWave is that large antenna arrays can occupy a very small
area thanks to its small wavelength [4].

Due to their simplicity, systems using uniform linear array (ULA) have
been widely studied for use at mmWave frequencies [5–7]. However, uniform
planar array (UPA) is capable of using additional vertical degrees of freedom
allowing the three dimensional (3D) BF that takes advantage of both elevation
and azimuth domain BF to efficiently mitigate interuser interference and
eventually increase system capacity.

The conventional fully digital precoders requere one dedicated radio
frequency (RF) chain for each antenna element, where an RF chain includes
a low-noise amplifier, a down-converter, a digital to analog converter (DAC),
an analog to digital converter (ADC) and so on. Then, when the number of
antennas is very large, the high cost and power consumptions of mixed signal
components implie that the dedication of a separate RF chain for each antenna
is highly inefficient. In addition, the number of RF chains is only lower-limited
by the number of data streams that are to be transmitted; while the BF gain
and diversity order are given by the number of antenna elements if a suitable
BF is made. For these reasons, BF design with limited number of RF chains
has recently received significant attention [8].

Two relevant solutions have been proposed to mmWave beamforming.
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Chapter 1. Introduction 15

The first one is to perform only changes of phases on the signal, i.e., analog
beamforming. This technique consists in processing the signal on the RF
domain by using low cost phase shifters, however, the users usually receive only
a single stream due to his inherent limited capability in managing interference,
and therefore a single RF chain is required in each mobile station. The second
solution enables spatial multiplexing transmission by using a reduced number
of RF chains such that the beamforming is divided between the analog and
digital domain, that is known as hybrid beamforming (HB).

A large number of HB designs have been proposed with different ap-
proaches. Mainly, there are two HB structures: (i) full-complexity, where each
RF chain is connected to all antenna elements; and (ii) reduced-complexity,
where each RF chain is connected to a subset of antenna elements, the com-
plexity reduction is done at the price of performance loss. We particularly
select the first one in order to obtain more degrees of freedom. The HB ap-
proaches can be also categorized in relation to its channel side information
(CSI) requirement: (i) fixed approaches, where a set of beams in many direc-
tions are generated previously with no CSI. The literature defines this set as
beam codebook, and in every transmission a beam is selected such that the
stronger power processed signal is obtained; and (ii) adaptive approaches, that
are able to deliver better performances when compared to the fixed approaches
requering, however, CSI or partial CSI in each transmission [7].

We addressed our present research to downlink in mmWave multiuser
multiple-input and multiple-output (MU-MIMO)systems using adaptive hy-
brid processing with fully connected structures. The system and channel model
for that scenario is described in Chapter 2. Then, Chapter 3 presents our first
hybrid precoder proposal, which looks for the maximization of the mutual in-
formation upper bound. This problem has already been studied in mmWave
systems for the last years, e.g., [1,21,23,24,29,32]. Many proposed solutions try
to decrease the distance between the hybrid precoder and a digital one but,
this methodology generally leads to iterative complex algorithms. However,
the considered problem in this chapter has been widely studied for traditional
MIMO system, thus, our research was focused on the adaptation of a solution
to mmWave systems. Particularly, Chapter 3 presents the adaptation of [30]
to mmWave MU-MIMO scenarios. Numerical results in terms of mutual in-
formation rate show the improvement obtained by our proposal in relation to
other considered hybrid precoders. However, the results in terms of bit error
rate (BER) performance achieved by this proposal is not good due to the max-
imization of the mutual information could lead to solutions that also increase
the inter user interference, and unfortunately, the hybrid precoder resulted
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Chapter 1. Introduction 16

from our approach has low interference management capability. Thus, in or-
der to decrease the BER, structures based on the classic linear precoders, i.e.,
MMSE, ZF, are explored in the following chapters.

Chapter 4 presents a different approach to design the hybrid com-
biner/precoder. The HB design consist of two stages, the first stage performs
the analog part of the beamforming that maximizes the effective channel gain,
and the second stage applies a low-dimensional baseband precoder to manage
the inter user/symbol interference. The system baseband model shows that the
signal processed by the mobile station can be interpreted as a received signal
in the presence of colored Gaussian noise, therefore, since the digital part of
the combiner and precoder do not have constraints for their generation, their
designs can be based on any traditional signal processing that takes into ac-
count this kind of noise. To the best out knowledge, this was not considered
by previous works. A more realistic and appropriate design is described in this
chapter. Also, the approaches adopted in the literature for the designing of
the combiner’/precoder’ analog parts do not try to avoid or even reduce the
inter user/symbol interference, they are concentrated on increasing the SNR.
We propose a simple solution that decreases the interference while maintaining
large SNR. Chapter 4 presents four hybrid precoder/combiner designs, where
one of the proposed hybrid combiners reaches the maximum value of the consid-
ered cost function according to the Hadamard’s inequality. Numerical results
illustrate the BER performance improvements resulting from our proposals. In
addition, a simple detection approach can be used for data estimation without
significant performance loss.

To the best of our knowledge, there are no works presenting exact closed
forms expressions for the BER performance in mmWave system. Chapter
5 proposes a method to find fairly tight analytic approximations to the
BER performance using different data detection approaches. According to the
numerical results, the analytic BER approximations resulted in differences no
larger than 0.5 dB with respect to the simulation results in high SNR. In
addition, a variation of our proposed P-SVD∗-MMSE∗ described in Section 4.4
is included.

Chapter 6 proposes a new approach to design the hybrid precoder. This
proposal adds a third stage to our previous hybrid precoders proposed in
Chapters 4 and 5. This new stage allocates the available transmit power in
order to decrease the BER. Numerical results in terms of BER performance
show that this new approach can reach an improvement about 0.5 dB in large
SNR values or even better in larger SNR. In Chapter 7, some conclusions
are underlined; and finally Appendix A presents some derivations and our
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published papers in this area.
The following notation is used throughout the paper: C denotes the field

of complex numbers; A is a set; A is a matrix; a is a vector; a is a scalar; Aa,b,
Aa,:, A:,b, denote the (a, b)-th entry, a-th row, and b-th column of the matrix
A, respectively; 1a,b is the axb all ones matrix; IN is the NxN identity matrix;
tr{A} returns the trace of matrix A; ‖ . ‖p is the p-norm, for the euclidean
norm case, p = 2, the under-index is avoided; det(.) represents the determinant
function; | A | returns the product of the nonzero eigenvalues of the square
matrix A; ⊗ is the Kronecker product; (.)T and (.)H denote the transpose and
conjugate transpose, respectively; E[.] is the expectation operator; CN (m,σ2)
denotes a complex Gaussian random variable with mean m and variance σ2;
the function Ψ(A) returns the entries of the matrix A ∈ Cn×m normalized to
magnitude 1, i.e., (Ψ(A))i,j = Ai,j

‖Ai,j‖ , i = 1, ..., n, j = 1, ....m; tr{A} returns
the trace of the matrix A; [U,Λ,VH ] = svd(A) performs a singular value
decomposition of matrix A, such that A = UΛVH ; A = R{B} returns the
real part of each element in array B; B = blkdiag{A1, ...,AN} returns the
block diagonal matrix created by aligning the input matrices A1, ...,AN along
the diagonal of B; and (x)+ = max{0, x}.
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2
System and channel model

This chapter describes the system and channel model commonly used by
the literature in the mmWave topic through Sections 2.1 and 2.2, respectively.

2.1
System model

We consider downlink mmWave MU-MIMO systems using HB in the base
station (BS) and in each mobile station (MS). To enable precoding, we assume
that the BS has full channel side information knowledge. In fact, thanks to the
sparse nature of mmWave channel, the channel information can be effectively
estimated by compressive sensing algorithms [46–48] HB in the BS can be
represented by the product between the RF beamformer, FRF ∈ CNt×NRFt ,
and the baseband beamformer, FBB ∈ CNRFt×KNs . There areK users equipped
with Nr antennas and NRFr RF chains to process Ns streams. The BS has Nt

antennas and sends KNs streams simultaneously using NRFt RF chains, where
NRFt satisfies KNs ≤ NRFt ≤ Nt. If NRFt is equal to Nt, the BS performs
digital beamformer [16].

Power normalization is satisfied such that ‖ FRFFBB ‖2
F= KNs. Then

the received signal by the user k, rk ∈ CNr×1, is expressed as

rk = HkFRFFBBs + nk (2-1)
where Hk ∈ CNr×Nt denotes the channel matrix from the BS to the user
k satisfying E[‖ Hk ‖2

F ] = NtNr; nk ∈ CNr×1 is a complex Gaussian
noise vector with zero-mean and covariance matrix σ2

nINr , i.e., CN (0, σ2
nINr);

s ∈ QKNs×1 is the data stream vector expressed as the concatenation of the
user’s stream vectors such that s =

[
sT1 , sT2 , ..., sTK

]T
with E[ssH ] = IKNs and

whose entries belong to a constellation Q. The analog part of the precoder,
FRF , is implemented by phase shifters, satisfying ‖ (FRF )i,j ‖= 1√

Nt
.

The receiver uses its NRFr RF chains and analog phase shifters to obtain
the processed received signal

yk = WH
BBk

WH
RFk

HkFRFFBBs + WH
BBk

WH
RFk

nk (2-2)
where WRFk ∈ CNr×NRFr is the RF combining matrix and WBBk ∈ CNRFr×Ns

denotes the baseband combining matrix of the user k. Similarly to the
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Chapter 2. System and channel model 19

RF precoder, WRFk is implemented using phase shifters and therefore ‖
(WRFk)i,j ‖=

1√
Nr

[1].
Equation (2-2) can be rewritten in baseband terms as follows

yk = WH
BBk

HBBkFBBs + WH
BBk

nBBk (2-3)
where HBBk = WH

RFk
HkFRF represents the equivalent baseband channel of

the user k and in a similar way nBBk ∼ CN (0,KBBk) is the equivalent
baseband noise vector, with covariance matrix KBBk = σ2

nWH
RFk

WRFk . Since
the combiner and precoder matrix, WBBk and FBB, do not have constraints
for its generation, they can be designed from signal processing approaches
that take into account the colored Gaussian noise. Therefore, the problem is
in the selection of the analog matrix WRFk and FRF , such that an equivalent
baseband channel that facilitates the digital processing is obtained.

The signal-to-noise ratio (SNR) is defined as

SNR = E[‖FRFFBBs‖2]
σ2
n

=
Tr

(
FRFFBBE[ssH ]FH

BBFH
RF ]

)
σ2
n

= ‖ FRFFBB ‖2
F

σ2
n

= KNs

σ2
n

= ET
σ2
n

(2-4)

where ET = KNs represents the total energy available at the BS for transmis-
sion.

2.2
Channel model

There are typically two models widely used in the mmWave literature
for indoor scenarios, the Saleh-Valenzuela channel model and the extended
Saleh-Valenzuela geometric model. The first one considers the resulting channel
as a sum of two clustered multi-path, a cluster with line-of-sight (LOS)
paths and other with non-line-of-sight (NLOS) paths [17, 41]. The second
one captures more accurately the mathematical structure by dropping off the
cluster with NLOS due to the limited scattering at high frequency and the
antenna correlation in tightly packed arrays [1, 16,42–44].

Thus, we considered the mmWave channel as follows [44]

Hk =
√
NtNr

Np

Np∑
p=1

αk,pdNr(φrk,p, θrk,p)dNt(φtk,p, θtk,p)H (2-5)
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where Np is the number of multi-path components in the channel; αk,p v

CN (0, 1) is the complex gain of the p-th multi-path component in the channel
for the k-th user, whereas φrk,p (θrk,p) and φtk,p (θtk,p) are its azimuth (elevation)
angles of arrival and departure, respectively [1]. We consider the use of an
uniform planar array (UPA) formed by Nt = NthNtv (Nr = NrhNrv) antennas,
Nth (Nrh) antennas in the horizontal side and Ntv (Nrv) antennas in the vertical
side, with the antenna spacing of half wave length at the transmitter (receiver),
whose response is given by:

dNt(φ, θ) = dNth (πcos(φ)sin(θ))⊗ dNtv (πcos(θ)) (2-6)
with

dM(ψ) = 1√
M

[
1, ejψ, ..., ej(M−1)ψ

]T
∈ CM×1 (2-7)
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3
Hybrid precoder proposal that maximizes the mutual infor-
mation

This chapter presents a new approach to design an hybrid precoder
through the maximization of the mutual information upper bound consid-
ering mmWave MU-MIMO system. This problem has been widely studied on
traditional MIMO systems. The work in [30] presents a digital precoder de-
sign for single user MIMO. Our proposal performs the adaptation of [30] to
MU-MIMO mmWave environments. Numerical results in terms of mutual in-
formation rate show the improvement obtained by our proposal in relation to
the other considered hybrid precoders.

The remainder of this chapter is organized as follows: Section 3.1 de-
scribes our proposal of the hybrid precoder design, and in Section 3.2 some
simulations results are shown.

3.1
Hybrid precoder proposal

In order to focus our attention only on the hybrid precoder design, we
considered that WH

BBk
WH

RFk
WRFkWBBk ≈ INs , thus the upper bound of the

mutual information rate for downlink mmWave MU-MIMO system is defined
as follows

I = log2 det
(

IKNs + 1
σ2
n

FH
BBFH

RFHHHFRFFBB

)
(3-1)

where H =
[
HT

1 HT
2 · · · HT

K

]T
is the stacking of all users’ channel matrices.

To design the hybrid precoder, it is desirable to find a couple of matrix, FBB

and FRF , such that maximizes this upper bound under the hardware and power
constraints considered in mmWave scenarios. Thus, we consider the problem

max
FRF ,FBB

log2 det
(

IKNs + 1
σ2
n

FH
BBFH

RFHHHFRFFBB

)
(3-2)

s.t. ‖ FRFFBB ‖2
F= KNs, ‖ (FRF )i,j ‖= 1/

√
Nt ∀i, j

which has already studied before e.g., [1, 21, 23, 24, 29, 32]. Our approach to

DBD
PUC-Rio - Certificação Digital Nº 1622008/CA



Chapter 3. Hybrid precoder proposal that maximizes the mutual information22

solve (3-2) is based on [30], whose authors describe a methodology to find a
digital precoder for a single user MIMO scenario.

In order to continue with the exposition of our proposal, let us introduce
the following singular value decomposition (SVD):

[Vk,Λk,VH
k ] = svd

(
HH
k Hk

)
(3-3)

Using the analog part of the precoder is possible address the beamforming
to the Ns principal eigenvectors of HH

k Hk and stack them in a matrix,
i.e., FRF =

[
FRF1 ... FRFK

]
where FRFk = Ψ((V1):,1:Ns) represents the

submatrix of FRF that corresponds to the analog precoder part of the user
k. Note that Ψ((Vk):,1:Ns) is a good approximation of (Vk):,1:Ns when only
phase shifters are used. Then, the problem in (3-2) can be rewritten in terms
of the equivalent baseband channel, H̃ = HFRF , as follows

max
FBB

log2 det
(

IKNs + 1
σ2
n

FH
BBH̃HH̃FBB

)
(3-4)

s.t. ‖ FRFFBB ‖2
F= KNs

Since no analog constraits are considered, it can be applied a digital
extention of the methodology described in [30] to a multi-user scenario. Thus,
the following SVD is considered

[Ṽk, Λ̃k, ṼH
k ] = svd

(
1
σ2
n

H̃H
k H̃k

)
(3-5)

where H̃k = HkFRF . Thus, the submatrix of FBB that corresponds to the
digital precoder part of the user k, FBBk , can take the first Ns columns of
Ṽk with no approximations, i.e., FBBk = (Ṽ1):,1:Ns . Figure 3.1 illustrates the
motivation behind above operations. Our proposal to solve (3-4) is approached
by the maximization described in Figure 3.1. Observe that the proposed
methodology produces that the resulting product is diagonal matrix equal
to Λ̃k, which maximize the considered determinat and aims indirectly to the
maximization of (3-4).

In order to improve the diagonal values of the resulting matrix inside of
the determinat in (3-4), the digital part of the precoder is constructed as

FBB =
[
(Ṽ1):,1:Ns ... (ṼK):,1:Ns

]
Φ (3-6)

where Φ is a diagonal power loading matrix obtained via water-filling using the
entries of Λ̃ = blkdiag

(
Λ̃1, ..., Λ̃K

)
. An option to the implement the water-

filling is presented in Algorithm 1. Algorithm 2 summarizes all steps for the
proposed hybrid precoder.
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Figure 3.1: Representation of the hybrid precoder design idea

Algorithm 1 Waterfilling algorithm
1: This algorithm solves φ2

k = (µ− xk)+,
∑KNs
k φ2

k = ET
2: Description of the inputs and outputs

Inputs: xk, ET Output: φ2
k

For our particular case xk =
(
Λ̃
)
k,k

and φk = (Φ)k,k.
3: [x(↑), i(↑)] = sort(x)
4: for k = KNs : −1 : 1

µ = 1
k

(
ET +∑k

i=1 x
(↑)
k

)
pi = µ− x(↑)

i , i = 1, ..., k,
if pi ≥ 0, i = 1, ..., k
return

return φ2
i
(↑)
i

=
{
pi i = 1, ..., k
0 i = k + 1, ..., K

———————————————————————-
Notation: ak represents the k-th component of the vector a.The function
[a(↑), i(↑)] = sort(a) sorts the elements of a in ascending order, a(↑), and
stack the ordering index in a vector, i(↑), such that a(↑)

k = a
i
(↑)
k

.

Algorithm 2 Proposed hybrid precoder
1: Description of the inputs and outputs

Inputs: Hk, k = 1, ..., K
Output: FRF , FBB

2: Compute the analog beamforming precoder
FRF =

[
Ψ((V1):,1:Ns) ... Ψ((VK):,1:Ns)

]
where [Vk,Λk,VH

k ] = svd
(
HH
k Hk

)
3: Compute the digital beamforming precoder

FBB =
[
(Ṽ1):,1:Ns ... (ṼK):,1:Ns

]
Φ

where [Ṽk, Λ̃k, ṼH
k ] = svd

(
1
σ2
n
H̃H
k H̃k

)
, with H̃k = HkFRF ; and Φ is a

diagonal power loading matrix found via water-filling.

3.2
Numerical results

In the simulations, the users’ channels are generated with Np = 10 multi-
path components, the azimuth and elevation departure angles values are given
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by a random variable with uniform distribution in the interval of (0,2π) and
(0,π), respectively. The UPAs have square formats for both transmitter and
receivers, i.e., Nth = Ntv =

√
N t and Nrh = Nrv =

√
N r. The minimum

allowed setting for RF chains number is used, NRFt = KNs and NRFr = Ns.
The results are averaged over 105 channels generations for each user.

The following scenarios are considered: In Figure 3.2 the BS has Nt = 64
antennas and sends Ns = 2 streams to K = 4 users using NRFt = 8 RF chains.
The users are equipped with Nr = 4. In Figure 3.3 the BS has Nt = 256
antennas and sends Ns = 2 streams to K = 8 users equipped with Nr = 4.
In Figure 3.4 the SNR is fixed to 10 dB, the BS has Nt = 256 antennas and
sends Ns = 2 streams to different number of users equipped with Nr = 16.

Figure 3.2: Mutual information rate achieved by different schemes using
Nt = 64, Nr = 4, K = 4, Ns = 2

From the above figures, it can be observed that our proposed hybrid pre-
coder overcomes all the other considered hybrid precoders in terms of mutual
information rate with a lower complexity due to no matrix inversion proce-
dures are needed. The proposed precoder complexity is about O(N3

t ), how-
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Figure 3.3: Mutual information rate achieved by different schemes using
Nt = 256, Nr = 4, K = 8, Ns = 2

ever, for [1]-OMP, [21]-SVD-MMSE and [29]-CIA-MMSE are O(NRFtN
3
t N

3
r ),

O(NRFtN
3
t ), and O(NRFtN

3
t ), respectively.

It is interesting to know the behavior of our proposal in terms of
BER. Therefore, Figure 3.5 presents the BER performance obtained in the
scenario considered in Figure 3.2. The considered detection scheme is the noise
whitening operation followed by the minimum distance detection (NMDD)
(see Section 4.5 for more details). It is worth highlighthing that the hybrid
designs described in [21] and [29] propose a hybrid combiner, in contrast in
our proposal, for illustrative purposes only, it is considered an all digital zero
forcing combiner as follows

Wk = WRFkWBBk =
((

H̃H
k H̃k

)−1
H̃H
k

)H
(3-7)

In this figure, it can be observed that our hybrid precoder proposal
does not achieve a good performance due to its low capacity of interference
management. Precoder designs through techniques that maximizes the mutual
information could lead to solutions that not only increase the information
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Figure 3.4: Mutual information rate achieved by different hybrid precoding
schemes as function of the users number with fixed SNR= 10 dB, Nt = 256,
Nr = 16, Ns = 2, and a variable number of users.

between the BS and an user but also increase the inter user interference. In
this case, for example, the resulted interference could not be mitigated even
using an all digital combiner. Therefore, other precoding strategies must take
into account to obtain a better BER performance. The next chapter describes
four hybrid precoders/combiners based on the MMSE linear filter precoder.
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Figure 3.5: BER performance comparison using NMDD. Simulation settings:
Nt = 64, Nr = 4, Ns = 2, and K = 4.
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4
Four different hybrid precoders based on MMSE

Several approaches have been considered for hybrid processing. The work
in [1] is one of the most popular in the literature, the authors exploit the spatial
structure of mmWave channels to formulate the precoding/combining problem
as a sparse reconstruction problem and they proposed the principle of basis
pursuit as tool for its solution. This idea motivated other authors to continue
developing hybrid precoders based on sparse reconstruction, e.g., [18–20]. Sim-
ilar approaches were taken in [23, 33, 34], where a digital precoder/combiner
is defined and then a complex algorithm is proposed to find a hybrid approx-
imation, e.g., gradient descent, considering a weighed sum mean square error
(WSMSE) minimization problem or using the orthogonal matching pursuit al-
gorithm. In [35], an algorithm based on manifold optimization is proposed. In
each iteration of the algorithm, it assumes a given digital precoder and de-
velops a conjugate gradient method to find an analog precoder that is a local
minimizer of the approximation gap from the fully-digital one. Next, the digi-
tal precoder is computed using a least squares solution. This method achieves
good performance but suffers from high complexity and run time. Nevertheless,
more recently the works as [21, 24, 29] lead to more successful methodologies,
which are described briefly in this chapter.

We propose four hybrid combiner/precoder for downlink mmWave mas-
sive MU-MIMO systems. The designing of a hybrid combiner/precoder is di-
vided in two parts, analog and digital. The system model in baseband shows
that the signal processed by the mobile station can be interpreted as a re-
ceived signal in the presence of colored Gaussian noise, therefore, since both
the digital part of the combiner in the receiver and precoder do not have con-
straints for their generation, they can be designed using any traditional signal
processing approaches that take into account this kind of noise. However, to
the best of our knowledge, the previous works do not consider colored noise,
e.g., [16, 21, 24]. A more realistic and appropriate design is described in this
chapter. Two of our proposals consist in the improvement of the digital part
of the works in [21,29].

On the other hand, typical approaches for the designing of the analog
parts of both the combiner and the precoder are focused on increasing

DBD
PUC-Rio - Certificação Digital Nº 1622008/CA



Chapter 4. Four different hybrid precoders based on MMSE 29

the signal-to-noise ratio (SNR) or the signal-to-interference-plus-noise ratio
(SINR) but without presenting bit error rate (BER) results, e.g., [49,50]. In this
chapter we propose two simple solutions that are enable decreasing the inter
symbol interference while keeping SNR large. The first proposal consists in the
improvement of the iterative algorithm proposed in [24] through a recursive
algorithm, and our second proposal is based on singular value decomposition
(SVD), which reach excellent performance with much less complexity. In
addition one of the the proposed hybrid combiners reaches the maximum value
of our objective function according with the Hadamard’s inequality. Numerical
results in different environments show the improvement obtained by our
proposals in relation to the considered hybrid combiner/precoder [21, 24,29].

The remainder of this chapter is organized as follows: Section 4.1 resumes
the hybrid design approaches described in [21,24,29]; Section 4.2, 4.3 and 4.4
are dedicated to describe our proposals. Section 4.5 presents four sub-optimal
data detection approaches; and finally, in Section 4.6 simulations results are
shown.

4.1
Hybrid designing approaches

This section presents three different approaches for designing the HB for
both the transmitter and the receivers. The common factor in these designs is
that they use a HB generation divided in two stages, where the first (second)
stage obtains the analog (digital) part of the precoder and of the combiner.
In order to stress the main characteristic of each stage in a HB design, we
considered the following notation to refer to them hereafter: [·]-S1-S2, where
the first term indicates the reference number and the description of S1 (S2) is
related to the first (second) stage-characteristic. An asterisk appearing as an
upper index, ∗, in a given characteristic means that it has been modified. In
addition, the replacement of the reference number by the letter P is used to
refer to our proposals.

4.1.1
[21]-SVD-MMSE algorithm

The design of the HB in [21] is based on channel knowledge by each
user, the analog combiner of each user is independently designed based on the
singular value decomposition (SVD), while the analog precoder is obtained
by conjugate transposition to maximize the effective channel gain. Then, with
the resulting equivalent baseband channel, low dimensional baseband precoders
can be efficiently applied, e.g., MMSE or ZF filter. The Algorithm 3 resumes the
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steps for the HB designing in [21]. Note that the considered MMSE filter in the
step 4 is a pseudo MMSE linear precoder. A more appropriate expression for
the MMSE filter has been demonstrated in [50] and for completeness purpose
the deduction applied in our proposals is showed in Appendix A.

Algorithm 3 [21]-SVD-MMSE algorithm
1: Description of the inputs and outputs

Inputs: Hk, k = 1, ..., K
Output: FRF , FBB, WRFk , WBBk = INs

2: Compute the analog beamforming precoder and combiner of each user
WRFk = 1√

Nr
Ψ
(
Uk:,1:Ns

)
, where [UkΣkVH

k ] = svd (Hk)
FRFk = 1√

Nt
Ψ
(
HH
k WRFk

)
FRF =

[
FRF1 FRF2 · · · FRFK

]
3: Compute the equivalent baseband channel

HBBk = WH
RFk

HkFRF

HBB =
[
HT
BB1 HT

BB2 · · · HT
BBK

]T
4: Compute the digital beamforming precoder

FBB = HBB
H(HBBHBB

H + σ2
nIKNs)−1

5: Normalize in such a way that ‖ FRFFBB ‖2
F= KNs

4.1.2
[24]-CIA-BD algorithm

In [24], a methodology to maximize the sum-rate systems can be found,
the authors focused on the design of the equivalent baseband channel, i.e.,
the analog part of the combiner and precoder, and eliminated the interference
through baseband block diagonalization (BD) precoding.

The analog part of the combiner is obtained through the optimization
problem:

max
WRFk

det
(
WH

RFk
AkWRFk

)
(4-1)

s.t. ‖ (WRFk)i,j ‖= 1/
√
Nr ∀i, j

where Ak = HkHH
k . The solution of (4-1) is reached using an column iterative

algorithm (CIA) defined in [26] and presented in Algorithm 4 [24].
The analog part of the precoder is obtained using the Algorithm 4 over

the objective function in (4-2).
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Algorithm 4 Column iterative algorithm - [26]
1: B = column-iterative(D)
2: Description: this function finds a solution for

arg maxB | BHDB |
s.t. | Bi,j |= 1/

√
Nn ∀i, j

where B ∈ CNn×Nm and D ∈ CNn×Nn

3: Definitions
B̄j is the submatrix of B ∈ CNn×Nm with the j-th column vector removed
Cj = B̄H

j DB̄j

Gj = D−DB̄jC−1
j B̄H

j D
4: Optimizing

B(0) = 1√
Nn

1Nn×Nm
while B does not converge

Update the iteration counter k = k + 1
for j = 1, ..., Nm

Compute Cj and Gj

for i = 1, ..., Nn

B(k)
i,j = 1√

Nn
Ψ
(∑

l 6=i(Gj)i,jB(k−1)
l,j

)
end

end
end
return B = B(k)

max
FRF

det
(
FH
RFAFRF

)
(4-2)

s.t. ‖ (FRF )i,j ‖= 1/
√
Nt ∀i, j

where A = HHWRFWH
RFH, with WRF = blkdiag{WRF1 , ...,WRFK} and

H =
[
HT

1 ... HT
K

]T
. Algorithm 5 presents a global summary of the analog

beamforming design in [24].

Algorithm 5 Analog beamforming design - [24] algorithm
1: Description of the inputs and outputs

Inputs: Hk, k = 1, ..., K
Output: FRF , WRFk

2: Compute the analog beamforming combiner of each user
Ak = HkHH

k

WRFk = column-iterative(Ak)
3: Computing the analog beamforming precoder

A = HHWRFWH
RFH

FRF = column-iterative(A)

For the digital beamforming part, the BD is considered. A review of
the BD precoder is presented in Algorithm 6 [25], where the inputs are the
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equivalent baseband channels of the users, HBBk , and outputs are WBBk and
FBB. In addition, a normalization constant has to be computed to satisfy the
constraint ‖ FRFFBB ‖2

F= KNs.

Algorithm 6 Review of the BD precoder algorithm
1: Description of the inputs and outputs

Inputs: HBBk , k = 1, ..., K
Output: FBB and WBBk

2: Definitions
FBBk = Fa

kFb
k and FBB =

[
FBB1 · · · FBBK

]
.

3: Compute the null space to avoid the multiuser interference
H̄k =

[
HT
BB1 · · ·H

T
BBk−1

HT
BBk+1

· · ·HT
BBK

]T
svd

(
H̄k

)
=
[
ŪkΣ̄kV̄H

i

]
=
[
ŪkΣ̄k

[
V̄(1)
k V̄(0)

k

]H]
Fa
k = V̄(0)

k ∈ CNRFt×Ns

Note that ∀k ∈ (1, ..., K) H̄kFa
k = 0

4: Compute the precoder’s second part to improve the energy signal as follows
svd (HBBkFa

k) =
[
UkΣkVH

k

]
=
[
UkΣk

[
V(1)
k V(0)

k

]H]
Fb
k = V(1)

k Λk

where V(1)
k ∈ CNs×Ns and Λk is the user k’s power loading matrix that

depends on the optimization criterion, e.g., waterfilling.
5: The user k’s decoding matrix is obtained as

WBBk = Uk

4.1.3
[29]-CIA-MMSE algorithm

Our previous work in [29], [29]-CIA-MMSE, consists in changing the
digital beamforming part of [24]-CIA-BD for the pseudo MMSE filter precoder
defined in step 4 of the Algorithm 3 instead of a BD filter. In this approach
the hybrid combiner complexity decreases because WBBk = INs , which means
that just analog beamforming is used in the receivers.

4.2
Hybrid precoder/combiner proposal I

Our first proposal, P-CIA∗-MMSE∗, is described as follows. According
to [24] the analog part of the combiner can be designed from the maximization
of the determinant of HBBkHH

BBk
, where HBBk = WH

RFk
HkFRF , which means

consider the following problem
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max
FRF ,WRFk

det
(
WH

RFk
HkFRFFH

RFHH
k WRFk

)
(4-3)

s.t. ‖ (FRF )i,j ‖= 1/
√
Nt, ‖ (WRFk)l,m ‖= 1/

√
Nr

Considering an ideal case with no multiuser interference, (4-3) can be
simplified to

max
FRFk ,WRFk

det
(
WH

RFk
HkFRFkF

H
RFk

HH
k WRFk

)
(4-4)

s.t. ‖ (FRFk)i,j ‖= 1/
√
Nt, ‖ (WRFk)l,m ‖= 1/

√
Nr

where FRFk is the submatrix of FRF corresponding to the analog precoder of
the user k. To solve this non-convex optimization problem, we can use the
column iterative algorithm used in [24] (see Algorithm 4) and to alleviate the
dependence between WRFk and FRFk , a recursive algorithm is considered as
illustrated in Algorithm 7.

Algorithm 7 Analog precoder performed by the BS
1: Description of the inputs and outputs

Inputs: Hk, k = 1, ..., K
Output: FRF

2: Initial settings
WRFk = 1√

Nr
1Nr×Ns , FRF = 1√

Nt
1Nt×KNs

3: Computing the analog combiner and precoder
while WRFk and FRF do not converge

Updating Ãk = HkFRFkFH
RFk

HH
k

WRFk = column-iterative(Ãk)
Updating A = HHWRFWH

RFH
FRF = column-iterative(A)

end

The procedure described in Algorithm 7 is performed by the BS. For the
generation of the analog part of the combiner by the MS side, it is necessary
that the receivers obtain an estimate of the product HkFRFk which can be
simpler than obtaining an estimate of just Hk. An option to obtain this
estimate is by sending pilot symbols to a single user per time without the
digital precoder part, such that the signal vector received by the user k be

rk = HkFRFksk + nk (4-5)
Then the MS can compute Ãk = HkFRFkFH

RFk
HH
k and finally WRFk =

column-iterative(Ãk). Note that considering an error-free estimation, the
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analog part of the precoder computed at the BS and at the MS are the same.
In order not to increase the complexity of the hybrid combiner generation, the
digital part of the hybrid combiner is considered as an identity matrix, i.e.,
WBBk = INs .

For the digital part of the hybrid precoder the received signal vector
processed by the user k (see equation (2-2)) can be rewritten as

yk = ḢkFRFFBBs + ṅ (4-6)
where Ḣk = WH

BBk
WH

RFk
Hk and ṅ ∼ CN (0,Kk) with Kk =

σ2
nWH

BBk
WH

RFk
WRFkWBBk . For this model we propose the MMSE linear

filter as derived in Appendix A.1.

FBB =
(
H̃HH̃ + γ

KNs

FH
RFFRF

)−1
H̃H (4-7)

where H̃ =
[
H̃T

1 · · · H̃T
K

]T
with H̃k = ḢkFRF , and γ = tr{K} with

K = blkdiag{K1, ...,KK} [31].

4.3
Hybrid precoder/combiner proposal II and III

Our second and third proposals consist of the improvement of the
digital part of the HB [21]-SVD-MMSE and [29]-CIA-MMSE, which are
referred hereafter as P-SVD-MMSE∗ and P-CIA-MMSE∗, respectively. This
improvement is obtained through the replacement of the pseudo MMSE defined
in the step 4 of Algorithm 3 by expression (4-7).

4.4
Hybrid precoder/combiner proposal IV

As previously mentioned the problem in the hybrid processing is the
selection of the analog matrices WRFk and FRF . Since the goal is to reduce
the inter user/symbol interference and also keeping SNR large, the ideal
equivalent baseband channel of each user is a diagonal matrix with large
entries. Consequently, obtaining an approximation for this diagonal matrix is
a good approach for the design of the analog parts. The following subsections
describe our fourth proposal for the hybrid combiner/precoder construction,
which is referred hereafter as P-SVD∗-MMSE∗.

4.4.1
Hybrid combiner proposal

Based on (2-2) the mutual information between the information signal
sent by the BS and the user k can be written as follows
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I = log2 det
(
INs +

(
σ2
nWH

k Wk

)−1
WH

k HkFFHHH
k Wk

)
(4-8)

where Wk = WRFkWBBk and F = FRFFBB. One approach for the designing
of the hybrid combiner is to find a couple of matrix, WBBk and WRFk ,
that maximize (4-8) under the hardware constraints considered in mmWave
scenarios. We then consider the optimization problem expressed by

max
WRFk

,WBBk

I (4-9)

s.t. ‖ (WRFk)i,j ‖= 1/
√
Nr

Many methods have been proposed in the literature to solve (4-9),
e.g., [1, 24, 32], however, these methods involve complicated mathematical
developments leading to complex solutions. In our approach we consider the
approximation of the mutual information for large SNR.

Ĩ = log2 det
((
σ2
nWH

k Wk

)−1
WH

k HkFFHHH
k Wk

)
(4-10)

Then, using the properties of the determinant and taking (2-4) into
account, (4-10) can be rewritten as:

Ĩ = log2 det
(
SNRWH

k HkF̄F̄HHH
k Wk

)
− log2 det

(
WH

k Wk

)
(4-11)

where F̄ = F
‖F‖F

and SNR = ET
σ2
n
. Looking for a sub-optimum manageable

solution for large SNR we concentrate in the channel dependent first term of
(4-11) and disregard the second term. Furthermore, for practical issues the
combiner design should not depend on the precoder knowledge, because the
users do not have access to the whole precoder matrix, even with estimation
procedures they can obtain only an estimate of their precoder part, Fk.
Therefore, we consider that F̄F̄H ∝ INt . This same assumption has been
considered by other authors, e.g., [24]. With these simplifying assumptions
the optimization problem is formulated as

max
WRFk

,WBBk

det
(
WH

k HkHH
k Wk

)
(4-12)

s.t. ‖ (WRFk)i,j ‖= 1/
√
Nr

Note that a similar expression is considered in [24] (see equation (4-
1)). The authors in [24] proposed a solution based on an iterative algorithm,
whose complexity is considerable due to the matrix inversion required in each
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iteration (see Algorithm 4). From the Hadamard’s inequality which states that
if an arbitrary square matrix A is positive definite then

det (A) ≤
∏
i

Ai,i (4-13)

with equality iff A is a diagonal matrix [36], it is desirable that the product
WH

k HkHH
k Wk in (4-12) be a diagonal matrix with large entries. From the

literature on traditional MIMO systems the solution of the expression above
can easily be reached through SVD [30]. However, in mmWave scenarios this
can not be used directly due to the constraints on the number of RF chains.
To proceed with our proposed design, let us introduce the following SVD:

[Vk,Λk,VH
k ] = svd

(
HkHH

k

)
(4-14)

We then construct the analog part of the combiner, WRFk , from the NRFr

principal eigenvectors of HkHH
k as follows

WRFk = 1√
Nr

Ψ((Vk):,1:NRFr ) (4-15)

Note that Ψ((Vk):,1:NRFr ) is an approximation of (Vk):,1:NRFr when only
phase shifters are used, which minimizes the euclidean distance between the
unconstrained and phase constrained precoders/combiner [51]. Then, rewriting
the problem in (4-12) in terms of the product between the user channel and
analog combiner part, Ȟk = WH

RFk
Hk, we have

max
WBBk

det
(
WH

BBk
ȞkȞH

k WBBk

)
(4-16)

which represents a baseband problem similar to (4-12) but without constraints
on the matrix construction, therefore, it can be solved using

WBBk = (Ṽk):,1:Ns (4-17)
where [V̌k, Λ̌k, V̌H

k ] = svd
(
ȞkȞH

k

)
. Algorithm 8 summarizes the steps for the

realization of the proposed hybrid combiner.

Algorithm 8 Proposed hybrid combiner
1: Description of the inputs and outputs

Inputs: Hk

Output: WRFk , WBBk

2: Compute the analog beamforming combiner
[Vk,Λk,VH

k ] = svd
(
HkHH

k

)
WRFk = 1√

Nr
Ψ((Vk):,1:NRFr )

3: Compute the digital beamforming combiner
[V̌k, Λ̌k, V̌H

k ] = svd
(
ȞkȞH

k

)
, where Ȟk = WH

RFk
Hk.

WBBk = V̌:,1:KNs
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4.4.2
Hybrid precoder proposal

Our hybrid precoder design approach is divided in two parts, analog and
digital. As stated in the previous subsection, the construction of the combiner’s
(precoder’s) analog part based on the analog approximation to the eigenvectors
of the channel user (entire channel) can benefit to diagonalization of the
equivalent baseband user channel (entire equivalent baseband channel), which
reduces the intersymbol (user) interference when is applied in the MS (BS).
Thus, for the analog part of the precoder we consider the mutual information
maximization problem of the entire channel, H =

[
HT

1 · · · HT
K

]T
, when only

analog processing is available in the transmitter, and we solve it through the
same methodology used for the hybrid combiner realization.

Considering only analog processing in the transmitter with large SNR,
the mutual information maximization problem of the entire channel can be
reduced to the following problem

max
FRF

det
(
WHHFRFFH

RFHHW
)

(4-18)

s.t. ‖ (FRF )i,j ‖= 1/
√
Nt

or equivalently as1.

max
FRF
| FH

RFHHWWHHFRF | (4-19)

s.t. ‖ (FRF )i,j ‖= 1/
√
Nt

where W = blkdiag{W1, ...,WK}. To construct FRF we use the same method-
ology of the hybrid combiner described in Subsection 4.4.1. Therefore, the
suboptimum analog part of the precoder is obtained as

FRF = 1√
Nt

Ψ
(
V:,1:NRFt

)
(4-20)

where [V,Λ,VH ] = svd
(
HHWWHH

)
.

For the digital part of the hybrid precoder, low dimensional linear filters
can be used, we considered the MMSE filter described in our first proposal, i.e.,
FBB is given by (4-7). With FRF given by (4-20) and FBB obtained by (4-7),
the product FRFFBB is further normalized such that ‖ FRFFBB ‖2

F= KNs

1Consider an arbitrary complex matrix A ∈ Cn×m with n ≤ m. If AAH is full ranking,
then det

(
AAH

)
=
∏n

i=1 λi =| AHA |, where λi is the i-th eigenvalue of AAH .
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Figure 4.1 resumes the main steps of the proposed methodology to obtain
the analog precoder part and hybrid combiner. Note that the strategy applied
on the hybrid combiner is very similar to the one employed in the hybrid
precoder proposal described in Section 3.1 (see Figure3.1). One feature of that
hybrid precoder is its poor interference capability as presented in Section 3.2.
However, at the present hybrid precoder, this feature is improved by the MMSE
performed in the digital part. Observe that the proposed methodology of the
hybrid combiner design and analog precoder part are strongly related to each
other, the maximization performed by the hybrid combiner indirectly increases
the values of the cost function of the analog precoder part.

Figure 4.1: Design idea of the analog precoder and hybrid combiner

4.5
Data detection approaches

This section presents four sub-optimal approaches to obtain ŝk by each
user requiring different levels of parameter knowledge (or estimation) as
follows:

– Minimum distance detection (MDD)

ŝk = arg min
d∈QNs×1

‖ yk −Akd ‖2 (4-21)

where Ak = WH
BBk

WH
RFk

HkFHBk , and FHBk is the, unknown to the
receiver, submatrix of FRFFBB corresponding to the hybrid precoder of
user k.

– Approximate MDD (AMDD) (assumes that Ak ≈ I(Ns))

ŝk = arg min
d∈QNs×1

‖ ỹk − d ‖2 (4-22)
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– Noise whitening operation followed by MDD (NWMDD)

ŝk = arg min
d∈QNs×1

‖ K−1/2
k (yk −Akd) ‖2 (4-23)

where Kk = σ2
nWH

k Wk.

– Noise whitening operation followed by approximate MDD (NWAMDD)

ŝk = arg min
d∈QNs×1

‖ K−1/2
k (yk − d) ‖2 (4-24)

– Noise and interference whitening operation followed by MDD
(NWIMDD)

ŝk = arg min
d∈QNs×1

‖ K−1/2
k (yk −Akd) ‖2 (4-25)

where Kk = σ2
nWH

k Wk +∑K
j=1
j 6=k

WH
k HkFjFH

j HH
k Wk.

4.6
Numerical results

In the simulations, the users’ channels are generated with Np = 8 multi-
path components, the azimuth and elevation departure angles values are given
by a random variable with uniform distribution in the interval of (0;2π) and
(0;π), respectively. The UPAs have square formats for both transmitter and
receivers, i.e., Nth = Ntv =

√
N t and Nrh = Nrv =

√
N r. The maximum

allowed setting for RF chains number is used for both the BS and for each
MS, so that NRFt = KNs and NRFr = Ns. The results are averaged over 105

channels generations for each user.
Reference [24] proposed an optimization involving the effective base-

band user channel, HBBk = WRFkHkFRF , to find the analog part of the
combiner/precoder. Their authors used the value of log2

(∏KNs
i=1 λ2

i

)
, where λi

is the i-th singular value of the entire effective baseband channel, HBB =[
HT
BB1 · · · HT

BBK

]T
, as the metric to ilustrate the advantages of their pro-

posal. Figure 4.2 presents a comparison using this metric corresponding to
the HBB obtained by [21, 24] and our proposals. The simulation settings are
Nt = 64, Nr = 4, Ns = 2 and K = 4 (K = 8).

From Figure 4.2 it can be observed that [21]-SVD-MMSE and the hybrid
designs proposed here yield the largest eigenvalues of the entire effective
baseband channel. The results evidence that the considered SVD techniques
can maximize the eigenvalues product due to their inherent capability of
diagonalize a matrix. On other hand, despite the high complexity of P-CIA∗-
MMSE∗ there is not a relevant gain if this metric is considered as a measure
of performance.
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Figure 4.2: The value of log2 (∏n
i=1 λ

2
i ), with λ1 ≥ λ2 ≥ · · · ≥ λKNs , of different

equivalent baseband channels

Figure 4.3 shows a comparison in terms of sum rate computed by the
expression

K∑
k=1

log2 det
(
INs + WH

k HkFkFH
k HH

k WkK−1
k

)
(4-26)

where Kk = σ2
nWH

k Wk +∑K
j=1
j 6=k

WH
k HkFjFH

j HH
k Wk. In this figure the BS has

Nt = 64 antennas and sends Ns = 2 streams to K = 4 and K = 8 users
equipped with Nr = 4.

From Figure 4.3, it can be observed that our proposal P-SVD∗-MMSE∗

reaches the second-best sum rate performance for the two considered scenarios,
while [24]-CIA-BD is the best one. In order to show the advantages of the
proposed schemes in terms of BER performance we consider the following
scenarios: in figures 4.4 and 4.5 the BS has Nt = 64 antennas and sends
Ns = 2 streams to K = 4 users, each equipped with Nr = 4. In figures 4.6 and
4.7 the BS has Nt = 64 antennas and sends Ns = 2 streams to K = 8 users
equipped with Nr = 4.

From the above mentioned figures it can be observed that the proposed
P-SVD∗-MMSE∗ achieved the lowest BER values in all considered scenarios
and a simple data estimation, the AMDD, can be used without a relevant
performance loss. Since mmWave systems is a promising solution to short
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Figure 4.3: Achievable sum rate using Nt = 64, Nr = 4, Ns = 2, K = 4 and
K = 8

distance communications, simulations involving a number of users higher than
8 were not considered in this work.

Finally, Figures 4.8 and 4.9 illustrate the performance benchmark
achieved by using NWIMDD in the terminals over the considered scenarios.
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Figure 4.4: BER results obtained with the MDD and AMDD data detectors
and simulation settings Nt = 64, Nr = 4, Ns = 2, K = 4
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Figure 4.5: BER results obtained with the NWMDD and NWAMDD data
detectors and simulation settings Nt = 64, Nr = 4, Ns = 2, K = 4
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Figure 4.6: BER results obtained with the MDD and AMDD data detectors
and simulation settings Nt = 64, Nr = 4, Ns = 2, K = 8
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Figure 4.7: BER results obtained with the NWMDD and NWAMDD data
detectors and simulation settings Nt = 64, Nr = 4, Ns = 2, K = 8

Figure 4.8: BER results obtained with the NWIMDD data detector and
simulation settings Nt = 64, Nr = 4, Ns = 2, K = 4
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Figure 4.9: BER results obtained with the NWIMDD data detector and
simulation settings Nt = 64, Nr = 4, Ns = 2, K = 8
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5
Method to find fairly tight analytic approximations to the
BER performance

Many hybrid beamforming designs have been proposed for the last years,
e.g., [21,24,29,39]. However, to the best of our knowledge, there are no works
presenting exact closed forms expressions for the BER performance in mmWave
system. This chapter proposes a method to find fairly tight analytic approx-
imations to the BER performance using different data detection approaches.
The development of this methodology was based on [38], that describes a BER
analysis for traditional MIMO. Adapting the methodology described in [38] to
mmWave systems, would require the knowledge of the probability density func-
tion (pdf) of the variables involved, which are unknown for mmWave scenarios.
Here, Gamma pdf approximations are used with support of [37], where expres-
sion to evaluate the accurateness of the Gamma/Gaussian approximation to
an unknown random variable are presented. The analytic BER approximations
resulted in differences no larger than 0.5 dB with respect to the simulation re-
sults in high SNR. In addition, a variation of our proposed P-SVD∗-MMSE∗

described in Section 4.4 is included.
The remainder of this chapter is organized as follows: Section 5.1 de-

scribes some semi-analytic expressions to obtain an approximation to the BER
performance; Section 5.2 presents our proposed methodology; and finally, in
Section 5.4 numerical results obtained via simulation and through expressions
are compared.

5.1
Semi-analytic approximated BER expression

The processed received signal can be rewritten as follows

yk = WH
k HkFksk +

∑
j 6=k

WH
k HkFjsj + WH

k nk (5-1)

= Bksk + ñk

where F = FRFFBB =
[
F1 · · · FK

]
, Wk = WRFkWBBk , Bk = WH

k HkFk

and ñk = ∑
j 6=k WH

k HkFjsj + WH
k nk. The first term of ñk corresponds to the
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interference signal, and the second term represents the noise.
Consider a general scheme of data detection applied to (5-1) as follows

ŝk = arg min
m∈QNs

‖ A−1/2
k

(
yk − B̂km

)
‖2 (5-2)

where B̂k is an estimate of Bk and Ak is a Hermitian symmetric matrix given
by the selected data detection approach. Some options for this matrix requiring
different levels of parameter knowledge (or estimation) are described below.

– Minimum distance detection (MDD)

Ak = INs (5-3)

– Noise whitening operation followed by MDD (NWMDD)

Ak = σ2
nWH

k Wk (5-4)

– Noise and interference whitening operation followed by MDD (NI-
WMDD)

Ak = K̃k = E
[
ñkñHk

]
= σ2

nWH
k Wk + Kik (5-5)

where Kik = E[ikiHk ], with ik = ∑
j 6=k WH

k HkFjsj.

Given the data detector in (5-2) and assuming that signal sk was transmitted,
then a symbol error occurs when ŝk 6= sk, that is when

{‖ A−1/2
k

(
yk − B̂ksk

)
‖2>‖ A−1/2

k

(
yk − B̂kŝk

)
‖2} (5-6)

Thereby a pairwise error event for user k can be expressed as

{si → sj} = {‖ A−1/2
k

(
yk − B̂ksi

)
‖2>‖ A−1/2

k

(
yk − B̂ksj

)
‖2} (5-7)

= {−R{
(
∆(k)

ii −∆(k)
ij

)H
A−1
k ñk} >

∆(k)H
ij A−1

k ∆(k)
ij −∆(k)H

ii A−1
k ∆(k)

ii

2 }

where ∆(k)
ij = Bksi − B̂ksj. If the interference term is a Gaussian vector1

statistically independent of the noise vector with a covariance matrix Kik ;
then

1In fact the interference term can be modeled as a Gaussian vector in a pessimistic case,
i.e., large number of users, through the central limit theorem.
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−R{
(
∆(k)

ii −∆(k)
ij

)H
A−1
k ñk} ∼ N

0,

(
∆(k)

ii −∆(k)
ij

)H
A−1
k K̃kA−1

k

(
∆(k)

ii −∆(k)
ij

)
2


(5-8)

where K̃k given by (5-5). Therefore, the pairwise error probability, P (si → sj |
Ak,Bk, B̂k, K̃k), can be computed as follows

P (si → sj | Ak,Bk, B̂k, K̃k) = Q


√√√√√√

(
∆(k)H

ij A−1
k ∆(k)

ij −∆(k)H
ii A−1

k ∆(k)
ii

)2

2
(
∆(k)

ii −∆(k)
ij

)H
A−1
k K̃kA−1

k

(
∆(k)

ii −∆(k)
ij

)


(5-9)
Using the upper bound to the probability of a union of events, the BER

performance system is upper bounded by

L = c
K∑
k=1

M∑
i=1

M∑
j 6=i

dbijE
[
P (si → sj | Ak,Bk, K̃k)

]
(5-10)

where c = (KMlog2(M))−1; M is the number of possible transmitted symbol
vectors for the users; dbij is the Hamming distance between the equivalent bit
representation of the symbol vectors si and sj, where si ∈ QNs ∀i. It must
be noted however that due to the Gaussian interference assumption, treating
(5-10) as an upper bound is more appropriate in the case of a large number of
users. In other cases it does not necessarily represent an upper bound, and is
tested here as an approximation to the BER performance:

BER ≈ L = c
K∑
k=1

M∑
i=1

M∑
j 6=i

dbijE

Q

√√√√√√

(
∆(k)H

ij A−1
k ∆(k)

ij −∆(k)H
ii A−1

k ∆(k)
ii

)2

2
(
∆(k)

ii −∆(k)
ij

)H
A−1
k K̃kA−1

k

(
∆(k)

ii −∆(k)
ij

)



(5-11)
The approximation (5-11), where the expected value in (5-11) is esti-

mated by Monte Carlo method, i.e., the mean value is obtained over a large
number of independent realizations of the random quantities involved, is re-
ferred hereafter as "Semi-analytic B̂k".

Taking as particular case B̂k = Bk, then, (5-11) becomes

BER ≈ c
K∑
k=1

M∑
i=1

M∑
j 6=i

dbijE

Q

√√√√√ (

dHijBH
k A−1

k Bkdij
)2

2dHijBH
k A−1

k K̃kA−1
k Bkdij


 (5-12)

where dij = si−sj; and si ∈ QNs ∀i. The Monte Carlo estimates obtained with
(5-12) are referred hereafter as "Semi-analytic Bk".
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5.2
Analytic approximate BER expression

A further approximation explored here corresponds to evaluating the
effects of the detection noise-plus-interference vector nd = A−1/2

k ñk, with
covariance matrix A−1/2K̃kA−1/2, by those of a white noise vector with the
same total energy E [‖ nd ‖2]. We then replace matrix A−1/2

k K̃kA−1/2
k in (5-12)

by σ̃2
kINs , where σ̃2

k = 1
Ns

tr{K̃kA−1
k }. (Note that such replacement is formally

correct if Ak = K̃k, as in the NIWMDD detection procedure). Approximation
(5-12) then becomes

BER ≈ c
K∑
k=1

M∑
i=1

M∑
j 6=i

dbijE

Q

√√√√dHkjBH

k A−1
k Bkdkj

2σ̃2
k


 (5-13)

The Monte Carlo estimates obtained by (5-13) are referred hereafter as
"Semi-analytic ". In addition, when the product BH

k A−1
k Bk is a diagonal matrix,

then the system has no inter-symbol interference, and the detection in (5-2)
can be made symbol by symbol separately, thus (5-13) can be written as

BER ≈ c̃
K∑
k=1

Ns∑
l=1

N∑
i=1

N∑
j 6=1

d̃bijE

Q

√√√√γ

(k)
l ‖ d̃ij ‖2

2σ̃2
k


 (5-14)

where (γ(k)
1 , ..., γ

(k)
Ns ) = diag(BH

k A−1
k Bk); c̃ = (KNNslog2(N))−1; N is the

size of the signal constellation Q; d̃bij is the Hamming distance between the
equivalent bit representation of the symbols of the constellation si and sj;
d̃ij = si − sj; and si ∈ Q, ∀i.

The computation of the expected value in (5-14) requires the knowledge
of pdf of γ(k)

l , which is mathematically challenging. However, the work in [37]
describes a methodology to evaluate the accurateness of the Gamma/Gaussian
approximation to an unknown pdf of a random variable. The authors of [37]
present a couple of expressions for the approximation error, Eapp, and for
the maximum allowed error, Eub. Thus, if Eapp ≤ Eub the approximation is
considered as good.

A Gamma distribution can take only positive values, while Gaussian
distribution takes positive and negative values. The selection between these
two options is according to the considered problem. data. Since γ(k)

l ≥ 0,
a Gamma pdf approximation is considered. This approximation has already
being used in performance evaluations of traditional MIMO, e.g. [38]. Here, we
considered the approximation γ(k)

l ∼ gamma(α(k)
l , β

(k)
l ). The expression of the

pdf of γl is given by (we dropped the index k for easiness of notation)

f(γl | αl, βl) =


β
αl
l

Γ(αl)
γαl−1
l e−βlγl , γl ≥ 0

0, γl < 0
(5-15)
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where Γ(α) is the Gamma function defined as

Γ(α) =
∫ ∞

0
xα−1e−xdx (5-16)

and the parameters αl and βl are related as follows: E[γl] = mγl = αl
β1
, and

E[(γl −mγl)2] = σ2
γl

= αl
β2
l
.

Considering the fact that the Q(·) function is tightly upper bounded as
Q(x) ≤ 1

6e
−2x2 + 1

12e
−x2 + 1

4e
−x2

2 [38]. The expected value in (5-14) is upper
bounded by

E
[
Q
(√

bijγl
)]
≤ E

[1
6e
−2bijγl + 1

12e
−bijγl + 1

4e
−bij

2 γl

]
(5-17)

where bij = ‖d̃ij‖2

2σ̃2
k
. Expression (5-17) requires the computation of expected

values of the form E
[
ae−bγ

]
, where the index l was dropped for easiness

notation, derived next

E
[
ae−bγ

]
=

∫ ∞
0

ae−bγ
βα

Γ(α)γ
α−1e−βγdγ

= a
∫ ∞

0

βα

Γ(α)γ
α−1e−(β+b)γdγ

= aβα

(β + b)α
∫ ∞

0

(β + b)α

Γ(α) γα−1e−(β+b)γdγ

= aβα

(β + b)α = g(a, b, α, β) (5-18)

Note that
∫∞

0
(β+b)α

Γ(α) γ
α−1e−(β+b)γdγ =

∫∞
0 f(γ | α, β + b)dγ = 1 (see (5-15)).

Using (5-18) in (5-17) yields

E
[
Q
(√

bijγl
)]
≤ g(1

6 , 2bij, αl, βl)+

g( 1
12 , bij, αl, βl) + g(1

4 ,
bij
2 , αl, βl)

(5-19)

5.3
Hybrid design

In this section we consider a variation of the hybrid beamforming P-
SVD∗-MMSE∗ described in Chapter 4, that implements the well known Zero
Forcing linear precoder as FBB. This proposed HB is referred hereafter as
P-SVD∗-ZF.

Algorithm 9 resumes the steps to generate the hybrid combiner and the
analog part of the precoder is obtained by (5-20) according to Chapter 4.
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Algorithm 9 Hybrid combiner
1: Description of the inputs and outputs

Inputs: Hk

Output: WRFk , WBBk

2: Compute the analog beamforming combiner
[Vk,Λk,VH

k ] = svd
(
HkHH

k

)
WRFk = 1√

Nr
Ψ((Vk):,1:NRFr )

3: Compute the digital beamforming combiner
[Ṽk, Λ̃k, ṼH

k ] = svd
(
WH

RFk
Hk(WH

RFk
Hk)H

)
WBBk = Ṽ:,1:KNs

FRF = 1√
Nt

Ψ
(
V:,1:NRFt

)
(5-20)

where [V,Λ,VH ] = svd
(
HHWWHH

)
, with H =

[
HT

1 · · · HT
K

]T
and

W = blkdiag (W1, ...,Wk).
For the digital part of the hybrid precoder the ZF linear precoder is

considered as function of the residual users channels, H̃k = WH
k HkFRF , as

follows

FBB = H̃H
(
H̃H̃H

)−1
(5-21)

where H̃ =
[
H̃T

1 · · · H̃T
K

]T
. Furthermore, in order to satisfy the power

constraint, a normalization constant is included such that ‖ FRFFBB ‖2
F=

KNs.
Note that when P-SVD∗-ZF is used the interference term in (5-1) is

eliminated, and therefore Kik = 0.

5.4
Numerical results

In the simulations, the users’ channels are generated with Np = 10 multi-
path components, the azimuth and elevation departure angles values are given
by a random variable with uniform distribution in the interval of (0,2π) and
(0,π), respectively. The UPAs have square formats for both transmitter and
receivers, i.e., Nth = Ntv =

√
N t and Nrh = Nrv =

√
N r. The minimum

allowed setting for RF chains number is used for both the BS and for each
MS, so that NRFt = KNs and NRFr = Ns. The results are averaged over 105

channel realizations for each user.
For Figures 5.4-5.10 two hybrid system are considered with the following

characteristics: the BS has Nt = 64 antennas and sends Ns = 2 streams using
modulation QPSK to K = 4 (K = 8) users equipped with Nr = 4 (Nr = 16).
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Figures 5.1 - 5.3 present BER simulation results obtained with the
detection scheme in (5-2) and the BER values estimated by (5-11) using
the three different options of Ak described in Section 5.1 and B̂ = INs .
Figure 5.1 shows the results considering [45]-SVD∗-ZF, and Figures 5.2 and
5.3 considering P-SVD∗-MMSE∗.

Figure 5.1: Simulated and estimated values of the BER performance using
P-SVD∗-ZF. Common simulation settings Nt = 64, Ns = 2 and B̂ = INs

The usual hierarchical order of the different data detection schemes
according to their BER performance, which is also related to their complexity,
is NIWMDD, NWMDD and MDD, where NIWMDD is the best in terms of
BER performance but the worst in terms of complexity. However, from Figures
5.1 - 5.3 it can be noted that when B̂ = INs , which means B̂ 6= Bk, the
hierarchical order changes to MDD, NWMDD and NIWMDD. The detection
scheme presented in this text explores brute force to take out an estimate of
the received data, where each candidate is rotated by the product A−1/2

k B̂k in
(5-2) to obtain an alignment to the signal A−1/2

k yk. However when A−1/2
k B̂k =

A−1/2
k , the resulting rotation could be rough even for P-SVD∗-ZF, which has

Bk = WkHkFk ∝ INs .
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Figure 5.2: Simulated and estimated values of the BER performance using P-
SVD∗-MMSE∗. Simulation settings Nt = 64, Ns = 2, K = 4, Nr = 4, and
B̂ = INs

Consider the following notation: "Analytic - Ns" computes the equation
(5-14) using the Ns random variables γ

(k)
l . "Analytic - 1" considers that

γ
(k)
l = γ̄(k), l = 1, ..., Ns, where γ̄(k) = 1

Ns

∑Ns
l=1 γ

(k)
l and uses (5-12). In this

case (5-13) is used directly with BH
k A−1

k Bk = γ̄(k)INs and the expected value
is computed using (5-19). Note that the Hamming distances in (5-13) can be
larger than those in (5-14), resulting in lower values of the BER estimates
obtained with "Analytic - Ns" for low values of SNR. d̄bi,j is the Hamming
distance between two symbol scalars, whereas dbi,j is the Hamming distance
between two symbol vectors.

Note that all expressions derived so far can be applied to an arbitrary
modulation and precoding/combining [45]. However, if the modulation QPSK
or BPSK is used, an approximation to the BER performance of the system is
given by
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Figure 5.3: Simulated and estimated values of the BER performance using P-
SVD∗-MMSE∗. Simulation settings Nt = 64, Ns = 2, K = 8, Nr = 16, and
B̂ = INs

BER ≈ 1
K

K∑
k=1

E

Q

√√√√ γ̄(k)

σ̃2
k

 (5-22)

The values of the BER performance estimated by (5-22) computing the
expected value through (5-19) are referred as "Analytic - QPSK".

Figures 5.4 - 5.7 present the simulated and estimated values of the BER
performance using P-SVD∗-ZF resumed in Section 5.3 and the different data
detectors considered.

From Figures 5.4 and 5.7, it can be observed that it does not exist a
relevant difference between the BER performance results shown in Figures 5.4
and 5.5, probably because the product WH

k Wk ∼ INs , resulting in a noise
term essentially white. Note that when P-SVD∗-ZF is used the interference
covariance matrix Kik = 0, therefore in this case the BER performances
obtained with both the NWMDD and the NIWMDD detection schemes are
the same.
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Figure 5.4: Simulated and estimated values of the BER performance using P-
SVD∗-ZF. Simulation settings: MDD, Nt = 64, Ns = 2, K = 4, Nr = 4 and
B̂k = Bk.

Figures 5.8 and 5.13 present the results of the BER performance of the
P-SVD∗-MMSE∗, resumed in Section 5.3, using the considered data detectors
and its semi-analytic approximations.

From Figures 5.4 - 5.13 it can be observed that all values estimated via
Monte Carlo method are very close to the simulated values, specially when the
SNR and number of users are high. On the other hand, the labeled "Analytic"
expressions obtained with the proposed gamma approximation approach yield
values very close to each other, and in high SNR they tend to the BER
performance values obtained by simulation.

Tables 5.1, 5.2 and 5.3 present the mean, me, and variance, σ2
e , of the

absolute value of the BER differences, ∆BER, between the approximations and
simulations results presented in Figures 5.4-5.10.

From Figures 5.4-5.10 and Tables 5.1-5.3 it can be observed that "An-
alytic - QPSK" yields values closer to the simulated values than the other
labeled "Analytic" expressions.
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Figure 5.5: Simulated and estimated values of the BER performance using
P-SVD∗-ZF. Simulation settings: NWMDD (NIWMDD), Nt = 64, Ns = 2,
K = 4, Nr = 4 and B̂k = Bk.

For Figure 5.14 the simulation settings are: the BS has Nt = 64 antennas
and sends Ns = 2 streams using 16QAM to K = 4 users equipped with Nr = 4
using the NMDD to estimate the data.

For the settings adopted in this figure, the "Analytic Ns" provided more
accurate results than the other approximations, even more than the semi-
analytic expression for low SNR values.
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Figure 5.6: Simulated and estimated values of the BER performance using P-
SVD∗-ZF. Simulation settings: MDD, Nt = 64, Ns = 2, K = 8, Nr = 16 and
B̂k = Bk.

Table 5.1: Approximated BER accurateness in terms of mean and variance of
the | ∆BER | when MDD is used

K = 4, Nr = 4 K = 8, Nr = 16
P-SVD∗-ZF P-SVD∗-MMSE∗ P-SVD∗-ZF P-SVD∗-MMSE∗

me σ2
e me σ2

e me σ2
e me σ2

e

SA Bk 1.4837e-02 6.0119e-04 5.7392e-03 1.1789e-04 7.3386e-03 1.8048e-04 2.8468e-03 2.7378e-05
SA 1.4683e-02 6.0120e-04 6.3818e-03 1.3426e-04 7.1008e-03 1.7316e-04 2.7049e-03 2.6780e-05
A - 1 3.1478e-02 2.2710e-03 1.4637e-02 5.2060e-04 1.8626e-02 8.9905e-04 7.4225e-03 1.4934e-04
A - Ns 1.5666e-02 4.2598e-04 9.2341e-03 1.5432e-04 8.2921e-03 1.3828e-04 4.6289e-03 4.5973e-05

A - QPSK 1.0250e-02 1.4145e-04 3.4420e-03 1.3399e-05 4.6304e-03 3.1557e-05 2.2315e-03 8.2159e-06
Notation: SA and A mean Semi-analytic and Analytic, respectively.

Table 5.2: Approximated BER accurateness in terms of mean and variance of
the | ∆BER | when NWMDD is used

K = 4, Nr = 4 K = 8, Nr = 16
P-SVD∗-ZF P-SVD∗-MMSE∗ P-SVD∗-ZF P-SVD∗-MMSE∗

me σ2
e me σ2

e me σ2
e me σ2

e

SA Bk 1.4039e-02 5.4305e-04 5.3080e-03 1.0208e-04 7.0893e-03 1.6976e-04 2.7965e-03 2.6511e-05
SA 1.4206e-02 5.5247e-04 5.6228e-03 1.1270e-04 6.9488e-03 1.6505e-04 2.5917e-03 2.5040e-05
A - 1 2.9256e-02 1.9971e-03 1.4444e-02 5.1607e-04 1.7929e-02 8.4040e-04 7.3757e-03 1.4902e-04
A - Ns 1.5492e-02 4.0614e-04 8.0815e-03 1.1969e-04 8.1841e-03 1.3300e-04 4.3651e-03 4.1481e-05

A - QPSK 9.4478e-03 1.2276e-04 3.3615e-03 1.3167e-05 4.3674e-03 2.8228e-05 2.2195e-03 8.3526e-06
Notation: SA and A mean Semi-analytic and Analytic, respectively.
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Figure 5.7: Simulated and estimated values of the BER performance using
P-SVD∗-ZF. Simulation settings: NWMDD (NIWMDD), Nt = 64, Ns = 2,
K = 8, Nr = 16 and B̂k = Bk.

Table 5.3: Approximated BER accurateness in terms of mean and variance of
the | ∆BER | when NIMDD is used

K = 4, Nr = 4 K = 8, Nr = 16
P-SVD∗-ZF P-SVD∗-MMSE∗ P-SVD∗-ZF P-SVD∗-MMSE∗

me σ2
e me σ2

e me σ2
e me σ2

e

SA Bk 1.4062e-02 5.4424e-04 5.2617e-03 1.0041e-04 7.0788e-03 1.7143e-04 2.4446e-03 2.2160e-05
SA 1.4229e-02 5.5365e-04 5.6060e-03 1.1160e-04 7.0334e-03 1.6986e-04 2.4340e-03 2.2092e-05
A - 1 2.9278e-02 1.9993e-03 1.4194e-02 4.9809e-04 1.8061e-02 8.5501e-04 6.4830e-03 1.1822e-04
A - Ns 1.5514e-02 4.0720e-04 8.1117e-03 1.2012e-04 8.2523e-03 1.3637e-04 4.2231e-03 3.8882e-05

A - QPSK 9.4704e-03 1.2335e-04 3.2725e-03 1.2329e-05 4.4148e-03 2.9370e-05 1.8389e-03 5.8644e-06
Notation: SA and A mean Semi-analytic and Analytic, respectively.
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Figure 5.8: Simulated and estimated values of the BER performance using P-
SVD∗-MMSE∗. Simulation settings: MDD, Nt = 64, Ns = 2, K = 4, Nr = 4
and B̂k = Bk.
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Figure 5.9: Simulated and estimated values of the BER performance using
P-SVD∗-MMSE∗, Simulation settings: NWMDD, Nt = 64, Ns = 2, K = 4,
Nr = 4 and B̂k = Bk.
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Figure 5.10: Simulated and estimated values of the BER performance using
P-SVD∗-MMSE∗,. Simulation settings: NIWMDD, Nt = 64, Ns = 2, K = 4,
Nr = 4 and B̂k = Bk.
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Figure 5.11: Simulated and estimated values of the BER performance using P-
SVD∗-MMSE∗,. Simulation settings: MDD, Nt = 64, Ns = 2, K = 8, Nr = 16
and B̂k = Bk.
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Figure 5.12: Simulated and estimated values of the BER performance using
P-SVD∗-MMSE∗,. Simulation settings: NWMDD, Nt = 64, Ns = 2, K = 8,
Nr = 16 and B̂k = Bk.
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Figure 5.13: Simulated and estimated values of the BER performance using
P-SVD∗-MMSE∗,. Simulation settings: NIWMDD, Nt = 64, Ns = 2, K = 8,
Nr = 16 and B̂k = Bk.

DBD
PUC-Rio - Certificação Digital Nº 1622008/CA



Chapter 5. Method to find fairly tight analytic approximations to the BER
performance 66

Figure 5.14: BER performance of P-SVD∗-ZF and P-SVD∗-MMSE∗ using
NWMDD. Simulation settings: Nt = 64, K = 4, Nr = 4, Ns = 2, and
modulation 16QAM
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6
Three stages hybrid precoder proposal

Hybrid precoders, which combine large dimensional analog processing
with lower dimensional digital processing, are the most promising approach
for reducing the hardware cost in massive mmWave MU-MIMO systems and
enabling the next-generation wireless communication. This chapter proposes
a novel hybrid precoder design made by three stages, where the first stage
performs the analog part of the beamforming that maximizes the effective
channel gain, while the second and third states perform the digital part of the
precoder. The second stage applies a low-dimensional baseband precoder to
manage the inter user/symbol interference and the third stage allocates power
to decrease the instantaneous BER values. Numerical results show a superior
BER performance of our proposal when compared to other hybrid precoders
proposed recently.

The remainder of this chapter is organized as follows: Section 6.1 is
dedicated to describe our proposal, and in Section 6.2 numerical results and
some observations are presented.

6.1
Hybrid precoder proposal

The hybrid beamforming is divided in two parts, the analog part and
digital part as stated before. Our proposal to design these parts reflects the idea
that the analog part should lead to an equivalent baseband user channel close
to a diagonal matrix with large entries values, while the digital part performs
a low baseband linear precoder reducing the inter user/symbol interference.

In order to minimize the BER of the system, we consider the design of
the digital part of the hybrid precoder in two stages, where the first stage
implements a low baseband linear precoder and the second stage effects an
algorithm to allocate the available transmit power. Thus, the digital part of
the precoder is written as follows

FBB = FBB1FBB2 (6-1)
where FBB2 = blkdiag(Φ1, ...,ΦK), with ΦK = diag(φ1,k, ..., φNs,k), φl,k ∈
R+,∀ l, k and tr{FBB2} = ET .
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This section is organized as follows: Subsection 6.1.1 presents the main
steps for generating the matrices WRFk , WBBk , FRF and FBB1 according to
Chapter 4 and 5, which have shown a superior BER performance when com-
pared with different hybrid designs described in the literature; and Subsection
6.1.2 is dedicated to explain our proposal for the generation of the allocated
power matrix.

6.1.1
Hybrid design review

Algorithm 10 and 11 resume the steps to generate the hybrid combiner
and hybrid precoder, respectively, according to Chapters 4 and 5.

Algorithm 10 Hybrid combiner
1: Description of the inputs and outputs

Inputs: Hk

Output: WRFk , WBBk

2: Compute the analog beamforming combiner
[Vk,Λk,VH

k ] = svd
(
HkHH

k

)
WRFk = 1√

Nr
Ψ((Vk):,1:NRFr )

3: Compute the digital beamforming combiner
[Ṽk, Λ̃k, ṼH

k ] = svd
(
WH

RFk
HkHH

k WH
RFk

)
WBBk = Ṽ:,1:KNs

Algorithm 11 Hybrid precoder
1: Description of the inputs and outputs

Inputs: Hk, WRFk , WBBk

Output: FRF , FBB

2: Compute
H =

[
HT

1 · · · HT
K

]T
W = blkdiag (W1, ...,Wk) with Wk = WRFkWBBk

3: Compute the analog beamforming combiner
FRF = 1√

Nt
Ψ
(
V:,1:NRFt

)
where [V,Λ,VH ] = svd

(
HHWWHH

)
.

(Option 1 - P-SVD∗-MMSE∗)
FBB1 =

(
H̃HH̃ + tr{σ2

nWHW}
ET

FH
RFFRF

)−1
H̃H

where H̃ =
[
H̃T

1 · · · H̃T
K

]T
, and H̃k = WH

k HkFRF

(Option 2 - P-SVD∗-ZF)
FBB1 = H̃H

(
H̃H̃H

)−1

4: Compute a normalization constant such that ‖ FRFFBB1 ‖2
F= ET = KNs.
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6.1.2
Power allocation matrix proposal

Many power allocating matrices have been proposed in the literature.
The majority of them look for the sum rate maximization of the system.
However, few works are focused on decreasing the BER performance. Our
proposal applies a methodology similar to the one presented in [52] to our
considered problem described below.

Considering (6-1) the processed received signal given by (2-2) can be
written as

yk = WH
k HkFkΦksk +

∑
j 6=k

WH
k HkFjΦjsj + WH

k nk (6-2)

where
[
F1 · · · FK

]
= FRFFBB1 . The first (second) term correspond to the

wanted (interference) signal, and the third term represents the noise.
The expression (6-2) can be rewritten as

yk = WH
k HkFkΦksk + ñk (6-3)

where the equivalent noise ñk = ∑
j 6=k WH

k HkFjΦjsj + WH
k nk has covariance

matrix Kk = E[ñkñHk ] = σ2
nWH

k Wk + Kik , with Kik = E[ikiHk ], and ik =∑
j 6=k WH

k HkFjΦjsj. If the interference term is a Gaussian vector1 statistically
independent of the noise vector, then, ñk ∼ CN (0,Kk) and the ML estimate
of the received data can be obtained by

ŝk = arg min
m∈QNs

‖ A−1/2
k (yk −BkΦkm) ‖2 (6-4)

where Bk = WH
BBk

WH
RFk

HkFk, and Ak = Kk. Considering (6-4) it can be
shown that given Hk and Φk, (k = 1, ..., K), the pairwise error probability
based upper bound of the conditional BER of the system is

CBER ≤ c
K∑
k=1

M∑
i=1

M∑
j 6=1

dbijQ

√dHijΦH
k BH

k K−1
k BkΦkdij

2

 (6-5)

where c = (KMlog2(M))−1; M is the number of possible transmitted symbol
vectors for the user k; dbij is the Hamming distance between the equivalent bit
representation of the symbol vectors si; sj; dij = si − sj; and si ∈ QNs ∀i.

Considering Kik ≈ K̃ik = E[̃ik̃iHk ], with ĩk = ∑
j 6=k WH

k HkFjsj, then
Kk ≈ K̃k = σ2

nWH
k Wk + K̃ik and therefore, the product BH

k K−1
k Bk ≈

BH
k K̃−1

k Bk. If this product is a diagonal matrix, then the system has no inter-
1In fact the interference term can be modeled as a Gaussian vector in a pessimistic case,

i.e., large number of users, through the central limit theorem.
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symbol interference, and the detection in (6-4) can be made symbol by symbol
separately, and the upper bound (6-5) can be written as

CBER ≤ c̃
K∑
k=1

Ns∑
l=1

N∑
i=1

N∑
j 6=1

d̃bijQ


√√√√γ

(k)
l ‖ d̃ij ‖2 φ2

l,k

2

 (6-6)

where (γ(k)
1 , ..., γ

(k)
Ns ) = diag(BH

k K̃−1
k Bk); c̃ = (KNNslog2(N))−1; N is the

size of the signal constellation Q; d̃bij is the Hamming distance between the
equivalent bit representation of the symbols of the constellation si and sj;
d̃ij = si − sj; and si ∈ Q, ∀i.

If the QPSK or BPSK modulation is used, an approximation to the
conditional BER of the system can be obtained through

CBER ≈ 1
KNs

K∑
k=1

Ns∑
l=1

Q

(√
γ

(k)
l φ2

l,k

)
(6-7)

Thus, we consider the following problem

min
φl,k

1
KNs

K∑
k=1

Ns∑
l=1

Q

(√
γ

(k)
l φ2

l,k

)
(6-8)

s.t.
K∑
k=1

Ns∑
l=1

φ2
l,k = ET

Considering the fact that the functionQ(
√
x) ≈ αe−βx, with α = β = 0.5,

and making use of the Langrange method, the cost function of (6-8) can be
written as

ξ = 1
K

K∑
k=1

Ns∑
l=1

αe−βγ̃
(k)
l
φ2
l,k + µ

(
K∑
k=1

Ns∑
l=1

φ2
l,k − ET

)
(6-9)

where µ represents the Lagrange multiplier. Taking the derivative of (6-9) with
respect to φl,k

∂ξ

∂φl,k
= −2αβγl(k)φl,k

K
e
− 1
σ̃2
k

βγl
(k)φ2

l,k + 2µφl,k (6-10)

and equating (6-10) to zero yields

φ2
l,k = lnγl(k) − µ

βγl(k) (6-11)

Substituting (6-11) in the power constraint in (6-8) yields

µ =

∑K
k=1

∑Ns
l=1

lnγ(k)
l

βγ
(k)
l

− ET∑K
k=1

∑Ns
l=1

1
βγ

(k)
l

(6-12)

Note that the above solution does not take into account the inherent
inequality constraints, φ2

l,k ≥ 0,∀l, k . Therefore, when one or more of these
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constraints are not satisfied, the Lagrange multiplier should be found via
waterfilling algorithm. Algorithm 12 presents an option to implement the
waterfilling algorithm for a general case [40]. In order to apply Algorithm
12 to our particular problem (6-11), we introduce a restriction in (6-11) by
defining

φ2
l,k =

µ− ln 1
γl(k)

βγl(k)


+

(6-13)

Algorithm 12 Waterfilling algorithm

1: This algorithm solves φ2
k =

(
µ− xk

)
+
, ∑K

k φ
2
k = ET

2: Description of the inputs and outputs
Inputs: xk, ET Output: φ2

k

3: [x(↑), i(↑)] = sort(x)
4: for k = K : −1 : 1

µ = 1
k

(
ET +∑k

i=1 x
(↑)
k

)
pi = µ− x(↑)

i , i = 1, ..., k,
if pi ≥ 0, i = 1, ..., k
return

return φ2
i
(↑)
i

=
{
pi i = 1, ..., k
0 i = k + 1, ..., K

———————————————————————-
Notation: ak represents the k-th component of the vector a.The function
[a(↑), i(↑)] = sort(a) sorts the elements of a in ascending order, a(↑), and
stack the ordering index in a vector, i(↑), such that a(↑)

k = a
i
(↑)
k

.

Finally, in order to satisfy the power constraint on the whole hy-
brid precoder, a normalization constant have to be computed such that
‖ FRFFBB1FBB2 ‖2

F= KNs. Note that two options for FBB1 were presented in
Algorithm 11, therefore to distinguish the different resulted hybrid precoders,
the following notation is used: P-SVD∗-S1+PA, where S1 ∈ {MMSE∗,ZF}.

6.2
Numerical results

In the simulations, the users’ channels are generated with Np = 10
multi-path components, the azimuth and elevation departure angles values
are given by a random variable with uniform distribution in the interval
of (0,2π) and (0,π), respectively. The UPAs have square formats for both
transmitter and receivers, i.e., Nth = Ntv =

√
N t and Nrh = Nrv =

√
N r.

The minimum allowed setting for the number of RF chains is used for both
the BS and for each MS, so that NRFt = KNs and NRFr = Ns. The results are
averaged over 8× 105 channel realizations for each user. In addition, the three
data detection approaches presented in Chapter 4 was considered: Minimum
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distance detection (MDD) : Ak = INs in (6-4); Noise whitening operation
followed by MDD (NWMDD) : Ak = σ2

nWH
k Wk in (6-4); and Noise and

interference whitening operation followed by MDD (NIWMDD) : Ak = Kk

in (6-4).
For Figures 6.1 and 6.2 the simulated hybrid system has the following

characteristics: the BS has Nt = 64 antennas and sends Ns = 2 streams using
modulation QPSK to K = 4 users equipped with Nr = 4.

Figure 6.1: BER performance comparison between our proposals P-SVD∗-
MMSE∗+PA and P-SVD∗-MMSE∗. Nt = 64, Nr = 4, Ns = 2 and K = 4

For Figures 6.3 and 6.4 the simulation settings are: the BS has Nt = 64
antennas and sends Ns = 2 streams using modulation QPSK to K = 8 users
equipped with Nr = 16.

Figures 6.1 - 6.4 show that the addition of the proposed power allocating
matrix to the considered hybrid precoders gives a improvement in the BER
performance, which satisfies the target of the methodology proposed in this
chapter. Figures 6.1 and 6.2 evidenced the greatest improvements, which means
that proposed power allocating matrix is more efficient when the number of
users is low.
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Figure 6.2: BER performance comparison between our proposal P-SVD∗-
ZF+PA and P-SVD∗-ZF. Nt = 64, Nr = 4, Ns = 2 and K = 4

Table 6.1 presents a counter of the number of times that the water
filling was used to compute the lagrange multiplier over the 8 × 105 channel
realizations.

The values in Table 6.1 evidence that for P-SVD∗-MMSE∗+PA the
Lagrange multiplier value was found through (6-12) in the large majority of
cases. However, it is observed that when the number of users increases and
the SNR value decreases, this counter tends to increase. In contrast, P-SVD∗-
ZF+PA did not require the water filling algorithm in all considered simulation
settings.
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Figure 6.3: BER performance comparison between our proposals P-SVD∗-
MMSE∗+PA and P-SVD∗-MMSE∗. Nt = 64, Nr = 16, Ns = 2 and K = 8

Table 6.1: Number of times that the water filling algorithm was used

Simulation settings P-SVD∗-MMSE∗+PA
SNR = 0 dB SNR = 2 dB

Nt = 64, Nr = 4, Ns = 2 and K = 4 19 2
Nt = 64, Nr = 16, Ns = 2 and K = 8 114 4
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Figure 6.4: BER performance comparison between our proposals P-SVD∗-
ZF+PA and P-SVD∗-ZF. Nt = 64, Nr = 16, Ns = 2 and K = 8
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7
Conclusions

In Chapter 3, we studied the mutual information rate for downlink
massive MU-MIMO mmWave system. Our research was focused on finding an
hybrid precoder such that maximizes the mutual information’ upper bound.
This problem has already studied in mmWave systems for the last years, e.g.,
[1,21,23,24,29,32], the majority of the proposed solutions try to decrease the
distance between the hybrid precoder and a digital one but, that methodology
generally leads to iterative complex algorithms. However, the considered
problem in this chapter has been widely studied for traditional MIMO system,
thus, our research was focused on the adaptation of a traditional solution
achieving a good performance. Particularly, Chapter 3 presents the adaptation
of [30] to mmwave MU-MIMO scenarios. Numerical results in terms of mutual
information rate showed the improvement obtained by our proposal in relation
to the other considered hybrid precoders. However, when the BER was used
as performance metric, it could be observed that our hybrid precoder proposal
did not achieve a good performance due to its low capacity of interference
management. Precoder designs through techniques that maximizes the mutual
information could lead to solutions also increase the inter user interference.
Consequently, the resulted interference in this case could not be mitigate even
using an all digital combiner. Therefore, other precoding strategies have to be
taking into account to obtain a better BER performance.

Chapter 4 described a new hybrid precoding/combining strategy based on
the MMSE linear precoder and the maximization of the mutual information.
Using this approach four hybrid combiner/precoder for downlink mmWave
massive MU-MIMO systems were proposed. The designing of the hybrid
combiner/precoder was divided in two parts, analog and digital. Previous
designs of the analog part of the combiner/precoder are focused in the
increasing of the SNR, since theses analog parts are not very useful to manage
the inter user/symbol interference. In contrast, in our approach, we noticed
that the ideal equivalent baseband user channel is a diagonal matrix with large
entries, such that our designs try to reach an approximation of this desire result.
Numerical results showed that addressing the beamforming phases to a digital
precoder (combiner) based on SVD could be a good strategy to construct the
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analog part part of the precoder (combiner). Then, since the digital part of
the combiner and precoder do not have constraints for their construction, their
designs can be based on traditional signal processing that takes into account
the colored noise vector in the received signal.

Furthermore, Chapter 4 presents a exact derivation of the MMSE linear
precoder to be used as the digital part. Numerical results illustrate the BER
performance improvement obtained through the proposed hybrid designs. In
addition, for P-SVD∗-MMSE∗, which shown the best performance, a simple
detection approach can be used to estimate the transmitted data without a
significant performance loss.

Chapter 5 derived a general expression to get an upper bound of
the BER performance and proposed a method to find fairly tight analytic
approximations to the BER performance using different data detectors. Three
analytic expressions were derived through our proposed method. Specifically,
the presented results shown that when the modulation QPSK or BPSK is used,
the most exact and accurate approximation is given by "Analytic - QPSK" for
the two considered hybrid precoders and the three data detectors. However,
when other kind of modulation is considered, "Analytic - QPSK" should not
be used. According to the results using 16QAM, "Analytic - Ns" gave very
close approximations of the BER performance even better than the BER
performance upper bound expression, here referred as "Semi-analytic Bk".

From the numerical results it could be observed that the entries of the
diagonal of BH

k A−1Bk have a pdf quite similar to the gamma distribution,
which facilitated the derivation analytic approximations as functions in terms
of the mean and variance of these entries. However, computing these two
statistics in an analytic way is mathematically challenging, and therefore, they
were obtained via Monte Carlo method.

Finally, in Chapter 6 we proposed a hybrid precoder design made by three
stages. The fist stage maximizes the effective channel gain, the second stage
applies a low dimensional baseband precoder and the third stage performs an
allocated power algorithm to decrease the instantaneous BER performance.
The first two stages were took from Chapter 4 due to their superior BER
performance when compared to other hybrid precoders from the literature.
The results presented in this paper show performance gains when the proposed
third stage is added with a low complexity increase of O(KNs). Particularly,
when the number of users is low a better BER performance improvement is
obtained especially for the considered hybrid Zero Forcing.

This work can be extended in different manners. Below follows a list of
possible options as future works:
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– Considering uplink mmWave MU-MIMO. Note that this whole work is
focused on the performance behavior in downlink mmWave MU-MIMO
systems.

– We proposed just some possible options for the hybrid processing in both
BS and MS, however, this is a field that is still in discussion. We want
to invite the readers to propose their own hybrid precoders/combiners,
and we hope that this text helps them in this process.

– Trying sub-connected architectures i.e., an RF chain is connected to
a group of antennas. Therefore, the antenna array in the transmitter
or receiver is built it using many antenna arrays (an array of arrays).
Considering this kind of architectures, the matrices corresponding to the
analog parts of the hybrid processing have zeros that represent the no-
connection, which produces its design more challenging.

– The designing problem of the analog part of hybrid processing can be
formulated as a selection problem. A group of fixed beams is defined
for the precoder or combiner. This group is known as a codebook.
Here two approaches can be researched, the first one is about finding
an appropriate codebook design to face the adverse channel conditions
presented in mmWave scenarios, and the second one is to propose a beam
selection criterion. This last topic can be approached by tools of artificial
intelligence field as deep learning, or reinforcement learning.
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A
Appendix

A.1
General linear constrained MMSE Precoding

Here we consider that the MIMO system consists of a linear precoder
with precoding matrix F at the transmitter, which is constrained by a complex
matrix B. The output signal of the detector is described by

x̃ = HBFx + n, (A-1)

where H is the MIMO channel, x is the input signal and n is the additive
Gaussian noise vector. The input signal x has covariance matrix E

[
xxH

]
= Rx.

The noise n has covariance matrix E
[
nnH

]
= Rn. Because the transmit energy

is constrained, the received signal is scaled by a factor β at the receiver, which
is part of the optimization.

The MMSE precoder is obtained from the following optimization problem

{FMMSE, βMMSE} = arg min
F,β

E[‖ x− βx̃ ‖2] (A-2)

s.t. E[‖ BFx ‖2] = tr
{
AFRxFH

}
≤ ET ,

where A = BHB and ET is the total transmit energy. The necessary conditions
for the precoder filter F and weight β ∈ R+ can be found by constructing the
Lagrangian function

L (F, β, λ) =E[‖ x− βx̃ ‖2] + λ (tr {AFRxF} − ET ) (A-3)

=tr {Rx} − β E
[
xHH̄Fx

]
− β E

[
xHFHH̄Hx

]
+ β2 E

[
xHFHH̄HH̄Fx

]
+ β2 E

[
nHn

]
+ λ

(
tr
{
AFRxFH

}
− ET

)
.

where H̄ = HB and λ is the Lagrangian multiplier. By making use of the
trace operator and its properties, the Lagrangian function can be rewritten as
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follows

L (F, β, λ) =tr {Rx} − β tr
{
H̄FRx

}
− β tr

{
H̄HRxFH

}
(A-4)

+ β2 tr
{
H̄HH̄FRxFH

}
+ β2 tr {Rn}

+ λ
(
tr
{
AFRxFH

}
− ET

)
.

Then, setting its derivatives to zero

∂L (F, β, λ)
∂F∗

=2β2 H̄HH̄FRx − 2β H̄HRx + 2λAFRx = 0 (A-5)

∂L (F, β, λ)
∂β

=− tr
{
H̄FRx

}
− tr

{
H̄HRxFH

}
(A-6)

+ 2β tr
{
H̄HH̄FRxFH

}
+ 2β tr {Rn}

=− 2 tr
{
H̄HRxFH

}
+ 2β tr

{
H̄HH̄FRxFH

}
+ 2β tr {Rn} = 0

We obtain from (A-5) that

β−1 H̄H =
(
H̄HH̄ + λβ−2A

)
F (A-7)

thus resulting for the precoder filter the structure

F = β−1
(
H̄HH̄ + λβ−2A

)−1
H̄H (A-8)

Multiplying from the right 2β RxFH in (A-7) and using the trace operator
yields

2 tr
{
H̄HRxFH

}
=2β tr

{(
H̄HH̄ + λβ−2A

)
FRxFH

}
(A-9)

=2β tr
{
H̄HH̄FRxFH

}
+ 2λβ−1 tr

{
AFRxFH

}
Using (A-6) in (A-9) we have that

λβ−2 = tr {Rn}
tr {AFRxFH}

(A-10)

Equation (A-10) evidences that λ takes values grater than zero, and
therefore the solution of F is in the border of the admissible search space,
meaning that equality holds in (A-2), tr

{
AFRxFH

}
= ET , and
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λβ−2 = tr {Rn}
ET

(A-11)

Substituting (A-11) in (A-8), we obtain

F = β−1
(

H̄HH̄ + tr {Rn}
ET

A
)−1

H̄H (A-12)

and the equality constraint

β−2 tr

A
(

H̄HH̄ + tr {Rn}A
ET

)−1

H̄HRxH̄
(

H̄HH̄ + tr {Rn}A
ET

)−1
 = ET

(A-13)
yields the expression for the scaling factor β−1 in (A-12)

β−1
MMSE =

√√√√√ ET

tr
{
A
(
H̄HH̄ + tr{Rn}A

ET

)−1
H̄HRxH̄

(
H̄HH̄ + tr{Rn}A

ET

)−1
}

(A-14)
Therefore, the general linear constrained MMSE precoding is given by

FMMSE =
√√√√√ ET

tr
{
A
(
H̄HH̄ + tr{Rn}A

ET

)−1
H̄HRxH̄

(
H̄HH̄ + tr{Rn}A

ET

)−1
}

(A-15)

×
(

H̄HH̄ + tr {Rn}
ET

A
)−1

H̄H
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