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Abstract

Sanabria Villalobos, Rafael Antonio; Alonso Plata, Ricardo José (Advi-
sor). Inelastic Boltzmann equation driven by a particle thermal
bath. Rio de Janeiro, 2020. 87p. Tese de Doutorado — Departamento
de Matematica, Pontificia Universidade Catolica do Rio de Janeiro.

We consider the spatially inhomogeneous Boltzmann equation for inelas-
tic hard-spheres, with constant restitution coefficient o € (0,1), under the
thermalization induced by a host medium with a fixed Maxwellian distribu-
tion and any fixed e € (0,1]. When the restitution coefficient « is close to
1 we prove existence of global solutions considering the close-to-equilibrium
regime. We also study the long-time behaviour of these solutions and prove a

convergence to equilibrium with an exponential rate.

Keywords

Kinetic theory; Boltzmann equation; Non homogeneus equation; Inelas-

tic equation; Forcing term; Thermal bath.
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Resumo

Sanabria Villalobos, Rafael Antonio; Alonso Plata, Ricardo José.
Equacao inelastica de Boltzmann com banho térmico. Rio de
Janeiro, 2020. 87p. Tese de Doutorado — Departamento de Matematica,
Pontificia Universidade Catolica do Rio de Janeiro.

Consideramos a equacgao de Boltzmann espacialmente nao homogénea
para esferas duras inelasticas, com coeficiente de restituicao constante o €
(0,1), sob a termalizagdo induzida por um meio hospedeiro com uma dis-
tribuicdo Maxwelliana fixa e fixando e € (0,1) qualquer. Quando o coeficiente
de restituicdo « é proximo de 1, comprovamos a existéncia de solucgoes globais
considerando o regime proximo ao equilibrio. Também estudamos o comporta-
mento de longo prazo dessas solugoes e comprovamos uma convergéncia para

o equilibrio com uma taxa exponencial.

Palavras—chave

Teoria kinética; Equagao de Boltzmann; FEquagao nao homogénea;

Equacao inelastica; Termo de forca; Banho térmico;
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1
Introduction

The subject of granular matter is a relatively new and expanding field.
Examples of granular matters are very abundant: salt, pepper, sand, cold,
pebbles, planetary rings composed of ice “grains”, and more. Understanding
the flow and packing of such objects is of great practical importance to several
industries, such as construction, chemical, pharmaceutical and agricultural for
instance, and more recently to NASA’s planned Moon and Mars programs.
They need to store, handle and transport granular materials, any problem
that arises in the processing of granular materials can translate into enormous
monetary losses and tragedies. A collection of granular objects is also an
intriguing physical system. The qualitative and quantitative description of
this type of materials pose physical and mathematical challenges which turn
them very appealing to scientists (see [Goldhirsch, 2005] for a more detail

description).

Granular materials exhibit different phases. The grains in a sand pile
are practically stationary. Weak forces may be resisted by a “near elastic”
response. Stronger forces may cost deformation of the material. Meanwhile,
stronger forces will fluidized the entire granular system, resulting in a slow
flow. With even stronger forces it may become a “granular gas”, where the

grains are subject of binary collisions.

The goal of kinetic gas theory is to model any system consisting of
a large amount of particles. There exist different ways to describe such a
system.The microscopic description, for example, studies trajectories of each
particle. Although, this has drawbacks due to the large amount of particles
considered and, for the fact that it does not give access to observables like
mass, mean velocity and temperature. On the other hand, the macroscopic
description focuses on study macroscopic quantities of this system, where

the amounts mentioned above can be effectively measure. Kinetic theory is
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precisely on one level intermediary between these two descriptions, micro-
scopic and macroscopic that is called the mesoscopic description. This is a
statistical description, whose purpose is to describe the “typical” behavior of
a particle, thus simplifying detailed study of the trajectories of each particle

while preserving the information of the system.

Classical kinetic gas theory considers elastic particle collisions, which
implies conservation of mechanical energy. Therefore, it takes a molecular gas
just a few collisions per particle to relax to its equilibrium state, characterized

by a Maxwellian velocity distribution function.

It is tempting to consider the grains of a granular system as molecules
in a solid or fluid. Although, there are fundamental differences between them.
Whereas molecules interact by reversible forces, grains experience friction and
inelastic collisions. This means that in grain collisions energy is lost to internal
degrees of freedom and their description is irreversible. In the pioneering ar-
ticles by Goldhirsch, Zanetti [Goldhirsch et al., 1993] and McNamara, Young
[McNamara and Young, 1993] in 1993 they established that a gas of particles
which collide inelastically behaves qualitatively different compared to a molec-
ular gas. This type of gases are called granular gases and the inelasticity is
based on the fact that these particles are themselves macroscopic bodies with

many degrees of freedom.

1.1
Kinetic model

Dilute granular flows are commonly modelled by Boltzmann equa-
tion for inelastic hard-spheres interacting through binary collisions
[Brilliantov and Poschel, 2010]. Due to dissipative collisions, energy con-
tinuously decreases in time which implies that, in absence of energy supply,
the corresponding dissipative Boltzmann equation admits only trivial equi-
libria. This is no longer the case if the spheres are forced to interact with a
forcing term, in which case the energy supply may lead to a non-trivial steady
state. For such a driven system we consider hard spheres particles described
by their distribution density f = f(t,z,v) > 0, z € T3, t > 0 satisfying

atf+vvzf: Qa(faf)+£(f) (11)

where Q,(f, f) is the inelastic quadratic Boltzmann collision operator, and

L(f) models the forcing term. The parameter o € (0,1) is the so called “resti-
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tution coefficient” that characterized the inelasticity of the binary collisions.

The purely elastic case is recover when a = 1.

We assume the granular particles to be perfectly smooth hard spheres
of mass m = 1 performing inelastic collisions. In the model at stake, the
inelasticity is characterized by the so-called normal restitution coefficient
a € (0,1). The Figure 1.1 below provides a schematic picture of what goes on.
The incoming velocities are v and v,, while v' and v) represent the outgoing
ones and n € S? stands for the unit vector that points from the v-particle
center to the wv,-particle center at the moment of impact, that is the impact
direction. In the elastic case the outgoing velocities would be given by the
dashed arrows. However, because of inelasticity effect, there is some loss of
momentum in the impact direction, resulting in the boldface arrows indicating

the outgoing velocities v’ and v/,.

Figure 1.1: Binary Collision.

The restitution coefficient quantifies the loss of relative normal velocity

of a pair of colliding particles after the collision with respect to the impact
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velocity (see [Brilliantov and Poschel, 2010, Chapter 2]). More precisely, we

have the following equalities

{HU*:UIHZH (1.2)

w-n=—au-n),

where u = v—uv, and, u’ = v'—v,. The velocities after collision are then given by

, I+ a I+«

vV =0V —

(u-n)n, v, =uv,+ (u-n)n.

In particular, the rate of kinetic energy dissipation is

— o?

1
[+ il = ol = Jo* < - (u-n)* <0. (1.3)

It is worth to mention that there exist two limit regimes e =1 and e = 0
respectively correspond to elastic collisions, where there is no loss of energy,

and sticky collisions, where after collision particles travel together.

The velocities v’ have to lie on a certain sphere S with center ¢ and
radius r < |v — v,|/2. Tt is often convenient to parameterize collisions by the
direction o of the vector v’ —¢. This is called the o parametrization. See Figure
1.2 where the dashed line represent the elastic rules of collision. Moreover, o
varies in the unit sphere S? and, if we set 4 = u/|u|, performing in (1.2) the
change of unknown o = @ —2(@-n)n € S?, the post-collisional velocities v’ and
v! are given by

, l+a u—|ulo ,

v = , U, = Uy T+
2 2

l+a u-—|ulo
2 2

Given a constant restitution coefficient o € (0,1), one defines the
weak form of the bilinear Boltzman operator Q, for inelastic interactions
and hard spheres by its action on test functions ¢(v) (see for example
[Canizo and Lods, 2016, Section 2]),

/RB Qalf 9)0(v)dv = /]R s oo L@ [E) = 6()]|o — v.|dodv.dv,
(1.4)

! F)g ()61 + Dt — 3(us) — d(0)]|o — va|dodv.do.

2 JR3 x R3 xS?2

Here the factor |v — v,| is characteristic of the “hard sphere model”: the mean
number of collisions between particles of given velocities is proportional to the
difference of velocities. Furthermore, the parameters x and ¢ do not explicitly

appear in (1.4), this is because collisions are supposed to be localized in space
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Figure 1.2: o parametrization.

and time.

On the other hand, we can consider ('v," v,) the pre-collisional velocities
which result in (v, v,) after collision, that is, the velocities given by
, 1+« , 1+ o

v=u— (u-n)n, v, =uv,+ ”

Note carefully that ‘v and v, do not coincide with " and v/, this means that

the collisions are not reversible.

Using this pre-collisional velocities we can write the Boltzmann operator
in its strong form (see for example [Arlotti and Lods, 2007, Villani, 2006])

o (5 000() — )g(w)) - ndv.dn.

a2

Qu(f,9) =/

R

1.2
Forcing term

In the literature there exist several possible physically meaningful choices
for the forcing term L in order to avoid the cooling of the granular gas. The
first one is the pure diffusion thermal bath, studied in [Gamba et al., 2004,
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Mischler and Mouhot, 2009b, Tristani, 2016], for which

El(f) = :uAvfa

where p > 0 is a given parameter and A, the Laplacian in the velocity variable.
Other fundamental examples of forcing terms are the thermal bath with linear

friction

Lo(f) = pAof + Adiv(vf),

where 1 and A are positive constants and div is the divergence operator with
respect to the velocity variable. Also, we have to mention the fundamental
example of anti-drift forcing term which is related to the existence of self-

similar solution to the inelastic Boltzmann equation:
Ls(f) = —Adiv(vf), A>0.

This problem has been treated in  [Mischler and Mouhot, 2009a,
Mischler and Mouhot, 2006] for hard spheres.

We consider a situation in which the system of inelastic hard spheres
is immersed into a thermal bath of particles, so that the forcing term L is
given by a linear scattering operator describing inelastic collisions with the
background medium. More precisely, the forcing term £ is given by a linear

Boltzmann collision operator of the form

L(f) = Qe(f, Mo), (1.5)

where Q.(-,-) is the Boltzmann collision operator associated to the fixed
restitution coeflicient e € (0,1), and M, stands for the distribution function
of the host fluid which we assume to be a given Maxwellian with unit mass,

bulk velocity ug and temperature 6 > 0:

Mo(v):< ! >gexp <—W> veER?. (1.6)

27790 200

An important feature of the collision operators Q. (f, f) and L(f) is that
they both preserve mass. That is

. Qult v = [ £(Hdv=o.

R3

However, only the operator Q, preserves momentum. Neither the momentum

nor the energy are conserved by the £ operator.
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1.3
Description of the problem and strategy of the proof

Our main result is the proof of existence of solutions for the non-linear
problem (1.1) as well as stability and relaxation to equilibrium for these

solutions.

The existence of smooth stationary solutions F, for the inelastic Boltz-
mann equation under the thermalization given by the forcing term £ has been
proved in [Bisi et al., 2008]. Moreover, uniqueness of the steady state is proven
in [Bisi et al., 2011] for a smaller range of parameters « (see Section 2.4). We
are able to prove an existence theorem in a close to-equilibrium regime (a

precise statement is given in Chapter 5):

Theorem 1.3.1. Consider the functional spaces € = WSLLL(e!®") and
& = WL ((0) @) where b > 0, B € (0,1) and s > 6. For a close to
1, for any e € (0,1], and for an initial datum f € &; close enough to the
equilibrium F,, there erists a unique global solution f € L°(E) N LI(&) to
(1.1) which furthermore satisfies for all t > 0,

||ft - FOéHSO < Ce_at“fin - FO&HSO’

for some constructive constants C' and a.

The relevance of this work relies on the fact that it is one of the few
existence result obtain in the spatially inhomogeneous case in an inelastic
collision regime with thermal bath. Most of the previous results have been
established in an homogeneous framework. The works of Bisi, Carrillos, Lods
[Bisi et al., 2008]; Bisi, Canizo, Lods [Bisi et al., 2011, Bisi et al., 2015] and
Canizo Lods [Canizo and Lods, 2016] are the most relevant ones. On the other
hand, for the inhomogeneous inelastic Boltzmann equation the literature is
scarce. It is worth mentioning the work of Alonso [Alonso, 2009] that treats
the Cauchy problem in the case of near-vacuum data. Recently, Tristani
[Tristani, 2016] studied the existence, stability and relaxation to equilibrium
for the solutions of the spatially inhomogeneous diffusively driven inelastic

Boltzmann equation. That is, the equation (1.1) taking L3 as the forcing term.

In the inhomogeneous elastic case the Cauchy problem is usually handled
by the theory of perturbative solutions. This is based on the study of the
linearized associated operator. However, this strategy was not available in the

inelastic case, due to the absence of precise spectral study of the linearized
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problem. Another well-known theory in the elastic case is the one of DiPerna-
Lions renormalized solutions [DiPerna and Lions, 1989] which is no longer
available in the inelastic case due to the lack of entropy estimates for the

inelastic Boltzmann equation.

The recent work of Gualdani, Mischler, Mouhot [Gualdani et al., 2017]
presented a new technique to the spectral study of the elastic inhomogeneous
regime. They presented an abstract method for deriving decay estimates on
the resolvents and semigroups of non-symmetric operators in Banach spaces
in terms of estimates in another smaller reference Banach space. As a con-
sequence, they obtained the first constructive proof of exponential decay,
with sharp rate, towards global equilibrium for the full nonlinear Boltzmann
equation for hard spheres, conditionally to some smoothness and (polynomial)
moment estimates. Furthermore, they strategy inspired several works in the
kinetic theory of granular gases like [Alonso et al., 2019, Alonso et al., 2017,
Bisi et al., 2011, Bisi et al., 2015, Canizo and Lods, 2016]. Using Gualdani et.
al. approach, Tristani [Tristani, 2016] was able to develop a perturbative argu-

ment around the elastic case in the same line as the one developed by Mischler,
Mouhot [Mischler and Mouhot, 2009a, Mischler and Mouhot, 2009b].

The strategy in this paper consists in combine the main ideas
adopted in [Tristani, 2016] with the arguments given by [Bisi et al., 2011]
and [Canizo and Lods, 2016]. To develop a Cauchy theory for the equa-
tion (1.1), we first study the linearized problem around the equilibrium.
Thus, we linearize our equation with the ansatz f = F, + h. Let us
denote by %, the linearized operator obtained by this ansatz. That is
Zo(h) = Qu(Fu,h) + Qu(hy F,) + L(h) — v -V, h (see Section 2.5).

The study of the elastic case consists in deducing the spectral properties
in L' from the well-known spectral analysis in L?. This can be done thanks
to a suitable splitting of the linearized operator as ., = A + B, where A
is bounded and B is “dissipative” operator, which are defined through an
appropriate mollification-truncation process. This process is done in the same
line as [Gualdani et al., 2017] but incorporating the ideas of [Bisi et al., 2011]
for the splitting of the forcing term L£. We conclude that the spectrum of the
linearized elastic operator is well localized. That means, it has an spectral gap

in a large class of Sobolev spaces.

A crucial point in our approach is that it strongly relies on the under-
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standing of the elastic problem corresponding to a = 1. Due to the properties

of the equilibrium Fy, presented in [Bisi et al., 2011], we are able to prove that

L =24 =0(1—a), (1.7)
for a suitable norm operator. Thus, one deduces the spectral properties of £,
from those of the elastic operator by a perturbation argument valid for « close
enough to 1. Notice that we only restrict the range of «, e is independent of

a and can be taking in (0, 1].

Moreover, as in the case of the linearized operator, we obtain an split-
ting ., = A, + B,, where B, enjoys some dissipative properties and A,
some regularity properties. Combining this with the well localization of the
spectrum of % and (1.7) allow us to deduce some properties of the spectrum
of £, valid for « close to 1. Moreover, we are able to obtain an estimate on

the semigroup thanks to a spectral mapping theorem.

Respect to the nonlinear problem, one can build a solution by the use
of an iterative scheme whose convergence is ensure due to a priori estimates
coming from estimates of the semigroup of the linearized operator. A key
element is an estimate for the bilinear collision operator established by Tris-
tani [Tristani, 2016]. For a sufficiently close to the equilibrium initial datum,
the nonlinear part of the equation is small with respect to the linear part
which dictates the dynamic. Therefore, we can recover an exponential decay

to equilibrium for the nonlinear problem.

1.4
Organization of the thesis

The organization of this paper is as follows. In Chapter 2, we proceed
to define the function spaces as well as some spectral notations and defini-
tions. The main known results are presented in Section 2.4. In Chapter 3 we
introduce the splitting of our forcing term £ as the sum of a regularizing
part and a dissipative part. Moreover, we prove existence of a spectral gap for

the elastic linearized operator as well as decay rate for the linearized semigroup.

In Chapter 4 we see the inelastic linearized operator is a small pertur-
bation of the elastic one. We also make a fine study of spectrum close to 0,
which allows us to prove existence of a spectral gap. Furthermore, we obtain a
property of semigroup decay in W21W21((v) *®”) with b > 0 and 8 € (0, 1).
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Finally, we go back to the nonlinear Boltzmann equation in Chapter 5 and

prove our main result.
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2

Preliminaries

We begin by fixing our notation and presenting the Sobolev spaces we are
considering through this work. We also present here the main known results
regarding the existence and uniqueness of the equilibrium state. Finally we

present the linearization of the equation (1.1) around the equilibrium.

2.1
Function spaces

Let us introduce the Sobolev spaces we shall use in the sequel. Through-
out the paper we shall use the notation (v) = /1 + |v|2. For any p,q,r > 1
and any weight m > 0 on R® we define the weighted Lebesgue space

LEL,((0)m) == {f : T® x R®* = R measurable : || f|| 1z s (yam) < +00},
where the norm || f{| 121y ((wyam) is defined by

1 |2z 2y ymmy == [H1LF 5 o)l (o) m(w) |l g.-

The weighted Sobolev space WEPW" ((v)? m(v)) for any p,q,r > 1 and
0,5 € N is defined by the norm

I lwzrwer (wymm) =
> VSV F o)l () m(o)ll;-
0<s'<s,0<0’<0,s'+0' <max(s,0)
Now we want to define the fractional weighted Sobolev spaces
WEPWr ((v)?m) with s > 1 any real number. We start by fixing the frac-
tional exponent v € (0,1). Consider a function g : T*> — R, and let us define

the function

G (g)(,y) = D) = 9W)]

=yl
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Hence, we define W as follows

Wyri={geL:G,(g) € L}, (T* x T9)}.

(=,y)

That is, an intermediary Banach space between L2 and Wl? endowed with

T )

the natural norm

1/p
gllwyr == / |f|”d:r:+/, G, (g)Pdady)
R3 R3 x R3
where the term

l9(x) — g(y)I?
xR |z — y[itr

ohwze = [, Gy (g)dedy = | dady,

is the so-called Gagliardo (semi) norm of g.

Moreover, if s > 1 and is not an integer then we write s = ¢ + v, where
t € Z and v € (0,1). In this case, the space W3? consist of those equivalence
classes of functions g € WP whose distributional derivatives VZg, with |3| = t

belong to W)P. This is a Banach space with respect to the norm

1/p
lolhwee = (I hase + [, 16V Pdrdy) "

The weighted Sobolev space WEPW" ((v)? m(v)) for any p,q,r > 1 and
oc€Nand s=t+~ witht € Nand v €[0,1), is defined by the norm

||fHW;’pr’T(<v)qm) =
> Ve Ve £ 0)llwge (0) m(o) |z,

0<s'<s,0<0'<0,s'+0'<max(s,0)

where WP := [2. We refer the reader to [Di Nezza et al., 2012] for a further

discussion about the fractional Sobolev spaces.

2.2
Notations and definitions

We now proceed to give the basic notations and definitions of spectral

theory that will be needed along this work.

Given a real number a € R let us defined

A, ={z€C:Rez > a}l.
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For some given Banach spaces (F, || - ||g) and (F, || - ||r), we denote the
space of bounded linear operators from E to F' by #(E,F) and we denote
by || - lla@we) or || - || : E — E the associated operator norm. We write
B(E) = B(E,FE) when F = E. Moreover, we denote by C(E, F') the space
of closed unbounded linear operators from F to F' with dense domain, and
C(F)=C(E,FE) in the case F = F.

For a Banach space X and A € C'(X) its associated semigroup is denoted
by Sa(t), for t > 0, when it exists. Also denote by D(A) its domain, by N(A)
its null space and by R(A) its range. Let us introduce the D(A)-norm defined

as
[ lpay = I Fllx + Al x for fe D(A).

More generally, for every k£ € N, we define
k .
£ lpary = DI fllx,  f € D(A®).
=0

Its spectrum is denoted by ¥(A), and the resolvent set p(A) := C\(X(A)).

So for any z € p(A) the operator A — z is invertible and the resolvent operator

is well-defined, belongs to #(X) and has range equal to D(A). A number
¢ € X(A) is said to be an eigenvalue if N(A—() = {0}. Moreover, an eigenvalue
€ € ¥(A) is said to be isolated if there exists r > 0 such that

N N{[zeC:lz =&l <r} = {£}-

If ¢ is an isolated eigenvalue we define the associated spectral projector

1

e =55

/ ‘ Rp(z)dz € B(X),

z—&|=r'

which is independent of 0 < 7’ < r since z +— Ra(2) is holomorphic. It is
well-known that H%’g = II5 ¢ so it is a projector and the “associated projected

semigroup” is

1

2w

Sne(t) == / Rz, 10,
z—¢&|=r'
which satisfies that for all ¢ > 0
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When the “algebraic eigenspace” R(II, ¢) is finite dimensional we say that &
is a discrete eigenvalue, written as & € ¥4(A). For more about these results we
refer the reader to [Kato, 2013, Chapter I11-6].

Finally for any a € R such that 3(A) N A, = {&, ..., &} where &, ..., &

are distinct discrete eigenvalues, we define without ambiguity
Mpa =g 4+ Hag,.

If one considers some Banach spaces X7, X5, X3, for two given functions
Sy € LYR,, B(X1,X5)) and Sy € L' (R, (X3, X3)), the convolution

Sl * SQ € Ll(R+,%(X1,X3>>,
is defined for all ¢ > 0 as
t
(S) % S) (1) = /0 S(5)S1(t — s)ds.

When S; = S, and X; = Xy = X3, S® is defined recursively by
St = § and for any [ > 2, S¢) = § 5 SE(=1),

2.3
Hypodissipative operators

Let us introduce the notion of hypodissipative operators. Consider a
Banach space (X,]| - ||x) and some operator A € C(X), (A — a) is said to
be hypodissipative on X if there exists some norm ||| - |||x on X equivalent to
the initial norm || - || x such that for every f € D(A) there exist ¢ € F(f) such
that

Re (o, (A —a)f) <0,

where (-, -) is the duality bracket for the duality in X and X* and, F(f) C X*
is the dual set of f defined by

F(f):={¢ e X" (o, 1) = ll¢ll

xe = [[If1lx}- (2.1)

The following theorem is a non standard formulation of the classical
Hille-Yosida theorem on m-dissipative operators and semigroups. It summa-

rizes the link between PDE’s, the semigroup theory and spectral analysis.

Theorem 2.3.1. Consider X a Banach space and A the generator of a C°-
semigroup Sy. We denote by Ry its resolvent. For given constants a € R,

M > 0 the following assertions are equivalent:
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1. A — a is hypodissipative;

2. the semigroup satisfies the growth estimate for everyt > 0

1520l zx) < Me™;

3. B(AN)NA, =0 and for all z € A,

M

IR < s =g

4. B(AN) N (a,00) = 0 and there exist some norm ||| - ||| on X equivalent to
the norm || - || such that for all f € X

A< THLANT < M

and such that for every A > a and every f € D(A)

1A =N fI = (A =a)lll£1]]-

For the proof of this result we refer the reader to [Pazy, 2012, Chapter 1],
and for more about hypodissipative operators see [Gualdani et al., 2017, Sec-
tion 2.3] and [Mischler and Scher, 2016, Section 2.1].

2.4
Main known results

The existence of smooth stationary solutions for the inelastic Boltzmann
equation under the thermalization given by (1.5) has already been proved
by Bisi, Carrillo, Lods in [Bisi et al., 2008, Theorem 5.1] for any choice of
restitution coefficient oo. Moreover, the uniqueness of the solution was obtained
by Bisi, Canizo, Lods in [Bisi et al., 2011, Theorem 1.1]. These results can be

summarized as follows:

Theorem 2.4.1. For any p > 0 and o € (0,1], there exists a steady solution
F, € LLY({(v)?), Fo(v) > 0 to the problem

Qa(FomFa> +£(Fa) = 07 (22)
with [gs Fo(v)dv = p.

Moreover, there exists ag € (0, 1] such that such a solution is unique for

a € (g, 1]. This (unique) steady state is radially symmetric and belongs to
C>(R?).
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Let us denote by ¢, the set of functions F,, solutions of (2.2) with mass 1,
that satisfies [gs F,(v)dv = 1. We recall a quantitative estimate on the distance
between F, and the Maxwellian M:

3/2 v — U
Aavy:<2;%) emp{—(iwu)}, (2.3)

with 9% = }fgeo where 6 is defined in (1.6). This Maxwellian is the unique
solution of (2.2) in the elastic case, i.e. when a = 1, (see [Bisi et al., 2011,
Theorems 2.3 and 5.5]).

Theorem 2.4.2. There exist an explicit function n(a) such that
lim, 1 71 () = 0 and such that for any ag € (0, 1]

sup [|[Fo — Mlly <m(a), Vae (1]

Here, Y = L}({v) e?"") with a > 0 and s € (0,1).

The weak form of the collision operator Q. suggests the natural splitting

between gain and loss parts £ = £t — £~ For the loss part notice that

Lo(fg)ne)y= | . — v.|dodv.dv = (fL(g), 0) |
(L(fg)e)= [, L 9@)F@@)e = vldodvd = (fL(g),¥)
where (-, -) represents the inner product in L? and L is the convolution operator

L(g)(v) = 4= (| - | * g)(v). (2.4)
Remark 2.4.3. Notice that L and L~ = Q_ are independent of the restitution

coefficient.

Let us introduce the collision frequency v, := L(M,) and consider

VY = inf v.(v) > 0. (2.5)

¢ veT3
It is easy to see that v(v) ~ (v). In other words, there exist some

constants v, o, Ve > 0 such that for every v € R3

0 < Ve < Ve (V) <1e(v) <1y (). (2.6)
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Indeed, notice that

o= [ Mool = o

Am
> 15 s Mowa) (bl = oo

<47T/ Mo (vs dv*> <'Z’> — ?;; - Mo (vs)|vs|dvy,
e vl 1
~ ey TRy

where Ky = 47 [gs Mo(vi)dv, and Ky = 47 [gs Mo(vs)|vi|dv,. Therefore, if
K’ = min{ Ky, K}, taking Ry big enough for every R > R, and if |v| > R we

v(v) [ R? 1
—— > Ky, =K ——=|>0.
Wy =772 <R2 +1 R

If [v] < R then taking v defined in (2.5) we have

have

v(v) 0
> = =: K3 > 0.
(v) “VIitR
Let ve := min{ Ky, K3} > 0 hence v.(v) > .o (v). On the other hand,
since |v — v, | < 2(v) (v,)

ve(v) < 8 (v) /IR Mo(v.) () dv, < vy (0).

where v, 1 = 87 [gs Mo(vs) (vs) dv,.

Consider the space # = L}(M~Y2). Arlotti and Lods in
[Arlotti and Lods, 2007, Theorem 3.7] performed the spectral analysis of
L in . Moreover, Mouhot, Lods and Toscani in [Lods et al., 2008] give some
quantitative estimates of the spectral gap. These results can be summarized

in the following;:

Theorem 2.4.4. Consider -,-) ,, the inner product in the Hilbert space € .
Then we have the following description of the spectrum of L:

1. LY is compact in F.

2. The spectrum of L as an operator in € consist of the spectrum of —L~

and of, at most, eigenvalues of finite multiplicities. Precisely, we have

SL)={AeR: A< YU {N, :neT},
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where I C N and (\,), is a decreasing sequence of real eigenvalues of

L with finite algebraic multiplicities: \g = 0 > Xy > Ag--- > Ay > -+,
0

e

which unique possible cluster point is —v

3. L is a nonnegative self-adjoint operator and there exists p, > 0 (the

spectral gap) such that
— (h, L(h)) s = prellh — pr M| e

where pp, = [ hdv.

4. 0 is a simple eigenvalue of L with N(L) = Span{M}

2.5
Preliminaries on steady states

As mentioned in Section 2.4, there exist ag € (0, 1] such that for every
o € (ag,1], F, is the unique solution of (2.2) in L!((v)®) with mass 1.
We linearize our equation around the equilibrium F, with the perturbation
f = F, + h. That is, by substituting f in (1.1) we obtain

Oth = Qu(h, h) + Z,(h). (2.7)
where Z,(h) = Qu(Fo,h) + Qu(h, Fy) + L(h) — v - V,h.

If we consider only the linear part we obtain the first order linearized

equation around the equilibrium F,
Oh = £, (h). (2.8)

Throughout the paper, we shall consider

m(v) := exp (b (v)ﬁ) ,

with b > 0 and 8 € (0,1). Our weights will be of the form (v)?m(v) for some
q > 0. The polynomial weights are important in kinetic theory for the study
of stadistical moments of the density function. Meanwhile, optimal tails for

the inelastic case are exponential. Thats why we consider this kind of weights.

Let us state several lemmas on steady states F, that will we needed in
the future.
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First of all, we prove an estimate for the Sobolev norm

Lemma 2.5.1. Let k,q € N. Then there exist § € (0,1) and C > 0 such that
1Eallwer wyom < €

Proof. First we recall that by [Bisi et al., 2011, Theorem 3.3] there exist some
constants A > 0 and M > 0 such that, for any « € (0, 1] and any solution F,
to (2.2) one has

/11{3 Fy()e™dv < M.

Using the inequalities of Cauchy and Bernoulli we get that, if 65 < A we
obtain

[, Fulym(e)do < 90201 = ¢,

and
12 6(6%+1) 17 _.
/R3 Fy(v)m“(v)dv <e M =: C,.

Moreover, from [Bisi et al., 2011, Corollary 3.6] we know that for any
k € N, there exist Cp > 0 such that |[F,||gx < Cy. Thus, if we denote
k' =8k + 7(1 + 3/2), using Lemma A.2.1 we get

HFa”Wi’I((v)qm) < 001/8011/803/4 = Cla

that concludes our proof. O

Here and subsequently we will consider 5 € (0,min{1, A}). We now
proceed to estimate the difference between F,, and the elastic equilibrium M,

which is the Maxwellian given in (2.3).

Lemma 2.5.2. Let k € N, ¢ € N. Then there exists a function n(a) such that
for any o € (ap, 1]
||Fa - MHval((U)qm) < 77(04)7

with n(a) — 0 when a — 1.

Proof. By Theorem 2.4.2 there exists an explicit function 7;(a) such that
lim m(a) = 0 and such that for any o € (0, 1]
a—

1Fo = MllLywym) < m(a).
Since, 1 < (v) for every v € R?

1Fa = MllLyem) < m(@).
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We denote k' = 8k + 7(1 + 3/2). Then, using Lemma A.2.1 and the proof of

Lemma 2.5.1 we get
1o — Mlyrt gy < C(203:)8(20,) 302 4 (@) =: n(a),

which concludes our proof. O
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Spectral properties of the linearized elastic operator

The purpose of this chapter is to prove the localization of the spectrum
of the elastic linearized operator .Z;. The key ingredient in our proof will be
the Enlargement Theorem C.0.1. So we aim to find a splitting of the linearized
operator . = A; + B; where A; and B; satisfy the assumptions of the
Enlargement Theorem. Namely, hipodissipativity of B; and boundedness A;

for suitable Sobolev spaces.

Consider the following Banach spaces for s > 2

Ey = WP () m),
Ey = E = WSW2H({(v) m),
E =W (m).

As mention in the previous chapter, it is well-known that 0 is a simple
eigenvalue associated to the eigenfunction M for the operator £ and it admit
a positive spectral gap in # = L2(M~'/2), where M is defined in (2.3) . The
aim of this chapter is to show that the same is true for £} in the larger spaces
Eq, Ey.

3.1
The forcing term and its splitting.

Before given the decomposition of the linearized operator, we focus on
the study of the forcing term L. First, we are going to define a decomposition

for £ ans then, use this decomposition to defined the one of 7.

Recall the definition of the collision frequency v, := L(M,) given in
Section 2.4 where L is the convolution operator defined by (2.4).
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Let us decompose the operator £ in the following way £ = A, s+ B, 5. We
want to choose this operator so they satisfy the assumption (B.2) and (B.1) in
the Enlargement Theorem C.0.1. In order to do this, for any ¢ € (0, 1) consider
the bounded (by one) operator ©5 = O5(v, v,,0) € C°°, which equals one

{]v[ <6 h26<|v—v]<d! and |cosf) §1—25},
and whose support is included in
{]v! <2515 <|v—wv] <207 and |cosd)| §1—(5}.

The introduction of the parameter ¢ in this truncation function will allow
as to prove the properties we are looking for. Namely, regularity of A.s and

hypodissivativity of B, s.

We can now give the following decomposition of the forcing term cL:
L(h)(v) = L (h)(v) + Li(h)(v) = ve(v)h(v),

where £ is the truncated operator given by ©s and £} the corresponding

reminder. By this we mean that for any test function :

<£§(h), w> = /]R3 R Osh(v)Mo(v.)p(v)|v — vi|dodv.dv,

and,

(Ch(h),v) = /]R o L= ORI Mo )(v) | = v.|dodv.do.

Hence we can give a decomposition for the linearized operator
L(h) = Acs(h) + Bes(h) where A.s5(h) := LE(h) and B.s(h) is the re-
mainder. That is B.s(h) = L5(h) — v.h.

By the Carleman representation for the inelastic case ( see
[Arlotti and Lods, 2007, Theorem 1.4] and [Mischler and Mouhot, 2006,
Proposition 1.5])

L (h)(v) = /R kv, v)h(w.)do.,
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where k. is given by

ke(v, vy) (3.1)
C. -1 v — ug|? — |vs — ug|? 2
— —( —, ,
‘U_U*|exp{890 R e

for some constants C,, u > 0 depending only on e. Furthermore, we can write

the truncated operator £ as

A, s(h)(v) = /R Ees(v,v)h(v.)do, (3.2)

for some smooth kernel k.5 € C>(R® x R*). The smoothness of the kernel

allow us to prove a the following regularity estimate on the truncated operator

Ae,é-

Lemma 3.1.1. For any s > 0 and any e € (0,1], the operator A.s maps L.
into HST! functions with compact support, with explicit bounds (depending on
§) on the L} — HT' norm and on the size of the support. More precisely,

there are two constants Css and Rs such that for any h € L},

K :=supp Acsh C B(0,Rs), and |Acgs|

() S Cosllhlly-

In particular, we deduce that A.s is in B(E;) for j = 0,1 and A.s is in
B(EE).

Proof. 1t is clear that the range of the operator A, ;s is included into a com-
pactly supported functions thanks to the truncation. Moreover, the bound on

the size of the support is related to 9.

On the other hand, the proof of the smoothing estimate follows from
[Alonso and Lods, 2013b, Proposition 2.4] since £ is the gain part of the
collision operator associated to the mollified collision kernel B = O;|v — v,|.

2n+s+4
T for any

Even though their original statement is for functions in L!((v)
n > 0, as they mention in their proof, in the case of compact support of the
collision kernel it can be proved for functions in L!((v)"). Therefore, taking

n = 0 we obtain our result.
O]

Furthermore, notice that from [Tristani, 2016, Lemma 2.6] we have that
the operator £ is bounded from W W5 () m) to WHWH((v)?m) for
any ¢ > 0. Hence, is bounded from FE; to Ej.
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3.2
Hypodissipativity of B, ;

Lemma 3.2.1. Let us consider k > 0, s > k and g > 0. Then, there existd > 0
and ag > 0 such that for any e € (0, 1], the operator B s+ aq is hypodissipative
in W3WHEL((v)Tm).

Proof. We consider the case W, ({v)?m). The higher-order cases are treated

in a similar way.

Consider a solution h to the linear equation 0;h = B, 5(h) given an initial
datum hg. The main idea of the proof is to construct a positive constant ag and

a norm || - ||, equivalent to the norm on W} ((v)?m) such that there exist 1)
in the dual space (W;;((@q m))* such that ¢ € F(h), where F'(h) is defined

in (2.1), and
Re (V, Besh) < —agl|hl.. (3.3)

We have divided the proof into four steps. The first one deals with the
hypodissipativity of Bes in LLLL((v)**'m), while the second and third deal
with the x and v-derivatives respectively. In the last step we construct the

|| - ||+ norm and prove that it satisfies (3.3).

Step 1: Notice that, for & = 0, the hypo-dissipativity of B.; simply

reads

Lo, Bes(h)sign(h) ()" m(v)dadv < =ab 1Al 1301

for some positive constant ay. Which means that, for k = 0, B, s is actually

dissipative.

Let us recall that B, s(h) = L(h) — v.h. Consider Qs the set where Os
equals 1 that is

Qs = {|U| <6 hH25<|v—wv|<0' and |cosfh| <1— 25}.
Our proof starts with the observation that Q§ = Q} U Q2 U Q3 U Qf where

Q5 = {[o| > 67},

Q2 = {26 > Jv—w.l},
Q3 = {|U—U*| > 5_1},
Q3 = {|cosf] > 1—25}.
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Hence, we have that 1 — ©5 < lge. Thus, using the weak form of the
collision operator for 1 (v) = sign(h) (v)? m(v)

s LE(h)Y(v)dv = / (1 —0s)h(v)Mo(vs)|v — ve|th(v")dodvdu,

R3 x R3
4
< Z/ |h(v)| Mo (vi)|v = vi] (V) m(v')dodvdo,
=17%
= Il—|—]2+13+f4.

Let us first prove that there exist a constant C; > 0 such that
(W) m(v') < Cg () m(v) (v.)* m(v.). (3.4)
Indeed, by the kinetic rate of energy dissipation (1.3) we have that
[ < [l + o ?
and, since 3 € (0,1),

W < )+ (v,)°. (3.5)

Moreover, for every q > 0 there exist a constant C;, > 0 such that

()" < C({0)" + (v)) < 204 (0) ()1 (3.6)
Thus, using (3.5) and (3.6) we get (3.4) with C;, = 2C7.

We first deal with the integral ;. Notice that in this case, using the

inequality presented in (3.4), one has
I = / |h(v)| Mo (ve) v — vi] (VY m(v)dodvdu,,
25
< 25/ |h(v)| Mo(v,) (V') m(v')dodvdv,,
%3
gz&g/|umm%@9@wm@mem@mmwmﬁ
< 8nC, 5/ Mo (vi) (v ) m(v,) dv*/|h m(v)dv,

< CQ(SHhHLI Y4m) s (37)

where Cy = 87TCq||M0||L}J((v>qm)

We now turn to I,. Notice that |u| <2 (v) (v,) combining this with (3.4)

there exist some positive constant Cj such that

o= o] (v)"m(v') < O ()" m(v) (0.) " m(w,). (3.8)
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Then using (3.8) we have

Iy = /94 |h(v)| Mo (v) v — vi] (VY m(v)dodvdu,, (3.9)

)

<] /94 |h(0)|[Mo(v,) (0) m(v) (0)T m(v,)dodvdo,,

< CAW) - [, Mo(v.) (o) m(v)dv. - [ |A(0)] (o) m(v)dv,
< CoA () [l 1 (uya+r

m)’

where Cy = C}||Mol|£1((y3m) and A(d) is the measure of Qf on the sphere S?

which goes to zero as § goes to zero.

We can now proceed to analyze the integral 3. The general case follows
in a similar manner. According to the kinetic rate of energy dissipation (1.3)
and Lemma A.1.1

B/2
"8 2 2 ‘U;P /
< (o + e =SR]

B/2
8/2 v,
< (o4 1ep) - (155)

< (Pl? + oal?) = Chlol)?,

where in the last inequality we use the fact that 5 € (0, 1). Therefore, we have

that for some positive constant C}
Mo(v.)m(v') < Cim(v) exp {blo.|® — Bolv.|* = bCh|L |},

here we are using the fact that M(v) < C.eP0l*F* for some positive constants

Bo and C.. Thus, on account of Lemma A.1.2, for any v > 0, we get
Mo(v)m(v') < Cyem(v) exp {~ylo.|” — bChlvl)"}

Take v = 2bC}, and since ((1 +e)|u-n[)/2 < |v.| + [v.], where u = v — v,, we
can conclude that
exp {—[unl? — Colol |} < exp {—bChlu.? — bCh(Ju.] + [01)°}

bC
< exp {—bC’g|U*|B — T;]u : n\ﬁ} :
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Hence, using (3.6), we have that for C5 5 = 4C3 exp(2bC})

Iy = [ 1h@)Mo(e)lv = v.] () m())dodvd.,
S

£
98

= Cy4 / Ljus5-13 /()] ()7 (0.)7m(v) exp {—bCh[v.|” } [ul Jdv.dv, — (3.10)

< Gy [ Luppsn )] (0} (02) m(v) exp {—b%\v*rﬂ ~ n|ﬁ} juldndo.do,

where J is the integral J = [g exp{—(bCé/25)|u : n|5}dn. Hence, recalling
that @ = u/|u| and (@ - n) = cosf we get that

w/2
J= 2/ eXp{—(Cg/2ﬁ)|u|ﬁ|cosQ]ﬁ}sinﬁdn.
0

Take C; = bC}/2° Now consider the change of variables z = cosf and then

w = |u|z which transform the integral J into
1 Ju
J = 2/ e G’ gy = 2|u|_1/ e du < C|ul ™t
0 0

It is easy to see that Ly, ~s-13 < 6|u|. Substituting the above inequality into
the integral in (3.10) and using (3.8) we obtain

Iy < Cy.5C [ Vguss ()] 0} () m(v) exp {~Cfo. |} du.dv,
<l / exp {~Csfv. |’} (0.) ! dv, / Ih(0)] () m(v)do,

S C35||h||L1(<,U>q+lm). (311)

Concerning the term [I; we recall the idea from the proof of
[Bisi et al., 2011, Theorem 5.3] that for all h € L.((v)?m) there holds

L < /Ql |h(v)| Mo (v.)|v — vi] (V)Y m(v)dodvdv,,
= [ L7 (Lguss-1y]Bl) ) (0) m(v)dv,
= [ ) m) /{ o R0, v ) o,

</ h(v,)|H (vy)duvs,
<[ )IHE)

where H(v,) = [gske(v,v,) (v)?m(v)dv for every v, € R®. Hence, using

Proposition A.2.4, there exists some positive constant K such that
L < K/{| sy |h(v)] (1 + [0 77) (0.) T m(v,)dv,. (3.12)
V| >0

Let us recall the by (2.6) we have 0 < v g|v| < v (v) < ve(v). Therefore,
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using (3.12), we have that

5_&%@mewwwu

<K AL+ o] 77) () m(v.)do,
{oel>5-1}

—veo [, () ()] () m(v)dv,
<o f L N mE)d

" /{|v|>51} [h(v)] (K(l T Mliﬂ) - Ve,0’U|) (WY*m(v)dv.

We claim that, since 8 > 0 there exists dy sufficiently small such that

_ Ve,
KO+WPB%ﬂ@W4§—2°@%

for every |v| > 67! with 0 < § < dg. Indeed, if we take dy small enough so

%+%<*ﬂ
1-6, ~ 2K

we have that for every |v] > 6! with 0 < § < d since |v| — (v) > —1

K1+ [o]'™7) < veollo] = 1) < 22l = (),

we can conclude our claim. Therefore,

Ve
Ahm—kwﬂ@m@wwm@mmg—TMMMMWM (3.13)
Gathering (3.7), (3.9) (3.11) and (3.13) we obtain that for any 0 < § < d
/" B, s(h)sign(h) () m(v)dzdv
R3 xT3

ye
< ((Co+ Co)6 + CaA©) = <) Il sy oy

Hence, we choose 0 < §; < §y close enough to 0 in order to have

(Z6 = — ((C2 + 03)51 + C4A(51) — V;O) > 0. (314)

Therefore, for any 0 < 6 < 01, we have
AMW&MW%MWW@VWW@S—%MMMWW%p
where we deduce that B s + aj is dissipative in LLL}({(v)?m).

Step 2: Since the z-derivatives commute with B, 5, using the proof of
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Step 1 we have

/]]{3 T3 8:1: (Be,é(h)) Slgn(axh) </U>q m(v)dﬂ?dv S _GIOHVthL;L%«v)quIm).

Step 3: In order to deal with the v-derivatives, let us recall the following

property
8,27 (f,9) = Q2 (0uf. 9) + QE (£, Dug)- (3.15)

Using this and the fact that £} = L£7(h) — L{(h) = LT(h) — A.s5(h) we

compute

0uBes(h) = 0y (Lf(h) — veh)
=0, (Q (h, Mo) = Acs(h) = weh)
= Q:(auh, Mo) + Q:(h@v, Mo) — 81}./46,5(h) — U, - Oyh.

Therefore, adding and subtracting the term A, 5(0,h) we obtain
0,Bes(h) = (LT (9uh) — Acs(0uh) — ve - 9,h) + R(h),
where

R(h) = QF (h, 0,Mg) — 0y Acs5(h) + A 5(0uh). (3.16)

Performing one integration by parts and using Lemma 3.1.1, we have

100Acs) (P 1 13 qwpomy + 1 (Aes) QP s s yomy < CsllllLyLyw)tm)-

Using this and the estimates of Proposition A.2.2 on the operator QF we

obtain, for some constant Cs > 0

IR | Lx 21 (twyrmy < CsllAll 21 r1 (uya+1my- (3.17)

Hence, using the proof presented in Step 1 and (3.17) we have

/Rg - oDu (Bes(h)) sign(@yh) (v)" m(v)dv

= (Bes(0ph) + R(h)) sign(d,h) (v)? m(v)dv,

R3 xT3

< _aE)HVUhHLiL})((v}GHIm) + C(S||h||LiL}J(<U>q+1m)'

where af, is defined in (3.14). Notice that here ¢ is fixed small enough to

guarantee that aj > 0.
Step 4: For some ¢ > 0 to be fixed later, we define the norm

1Rl = 1Pl i cswyom) + [Vahll oy wyom) + €l Vol Lo wyom)-
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Notice that this norm is equivalent to the classical W ((v)?m)-norm. We
deduce that

/  Bus(h)sign(h) () m(v)dadv
R3 xT3
+ / 0, (B..5(h)) sign(9,h) (0)? m(v)dadv
R3 xT3
+ 6/ Oy (Bes(h)) sign(9,h) (v)! m(v)dadv
R3 xT3
< —aq (HhHL}EL})((v}‘”lm) + ”VthL;L%(@)q“m) + €||vvh||L913L})(<v)q+lm)>
te (OEHhHLgCL,g(@w“m)) ;

< (—ag +o(e)) (HhHL;L;(@WHm) + ”Vxh”L;L},(@w“m)é”VvhHL;L},(@w“m)) )
< (—agp + o(e))[| Al

where o(g) = ¢ - Cs and goes to 0 as € goes to 0 and we choose ¢ close enough
to 0 so that ag = aj — o(e) > 0. Hence, we obtain that B, s + ag is dissipative

in W, ((v)?m) for the norm || - ||, and thus hypodissipative in W} ((v)?m).

m
The following result comprises what we proved above:

Lemma 3.2.2. For any e € (0, 1], there exist ag > 0 and 0 > 0 such that the
operator B, 5 + ag s hypodissipative in E;, j = 0,1 and £.

3.3
Splitting of the linearized elastic operator .,

We now focus into the study of the linear equation 0;h = Z(h)
introduced in (2.8) for h = h(t,x,v) with z € T%, v € R* and o = 1. First of
all let us recall the definition of .2} given by (2.7):

Zi(h) = QM h) + Qi(h, M) + L(h) —v - V,h, (3.18)

where M is defined in (2.3).

In the elastic case, i.e. & = 1, we can define the collision operator in

strong form

Qu(f,9) = [, IF@)gel) = F@)g(w.)]lo = v.|dv.do.

R3 xS2

Therefore, using the function ©4 defined in Section 3.1 we can give the following

decomposition of the linearized collision operator Ti(h) := Q1(M,h) +
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Q1 (h, M):

Ti(h) = Tir(h) + T1.s(h) — vh,
where v is a collision frequency defined in a similar way as .. More precisely,
v = L(M), with L defined as in (2.4) and M is given by (2.3). T; ¢ is the
truncated operator given by ©; while 7; g is the corresponding reminder. By

this we mean

Tis(h) = / 05 [M(V)h(v) + M()h(v)) = M(v)h(v.)] v — v.]dv.do

R3 xS2
and,

T n(h) = /R o (1= 8) MDA + MA() = M()h(v.)] [o=v.|de.do.
(3.19)

Hence we can give a decomposition for the linearized operator .%;:

Zi(h) =Ti(h) + L(h) — v V;h,
= Tir(h) + Tis(h) — (v +ve)h + LL(R) + LE(R) — v - V,h,
= (Tis(h) + Acs(h)) + (Tir(h) —vh+ B.s(h) —v-V,h),
= Ay 5(h) + Bis(h).

where A; 5(h) := T1 s(h) + Ac5(h) and By s(h) is the remainder.

As in the case of the operator £, by the Carleman representation for the
elastic case ( see [Bisi et al., 2011, Theorem 5.4], [Villani, 2002, Chapter 1] or
[Gamba et al., 2009, Appendix C])

TE0) = [ kv, v)h(v.)dv,

where k; is given by

C 1 —ugl? = |u, — ug? 2
IR p— exp{wov—v*u‘“ tol” — v “')} (3.20)

v = v

for some constant C7; > 0. Moreover, following the same construction from

[Gamba et al., 2009, Appendix C], we can write the truncated operator

Tis(h)(v) = /R3 k1,5(v, vi)h(vy)doy,
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where ki s = ki 5+ kis — ki 5 € C(R* x R?) with

Ci
|v — vi| Jvo-(v—v)=0

ki (v, 0,) = /RS Os - M(vy)|v — vi|duy;

ki,é(va U*) =

Os5 - M (Vo + Q) dVadv,, fori=1,2;

where Q@ = v+ ((a — 1)/(a + 1)) (v« — v). Therefore,

Avs(h)(v) = /R ks (v, v.) (0, )dv., (3.21)

where ks = k15 + ke s with k. s defined by (3.2).

Gualdani, Mischler and Mouhot [Gualdani et al., 2017, Lemma 4.16]
proved a regularity estimate on the truncated operator 77 g. Gathering this
result with the one presented in Lemma 3.1.1 we get the following regularity

result for A; ;.

Lemma 3.3.1. For any s € N and any e € (0,1], the operator A,
maps LL((v)) into HS functions with compact support, with explicit bounds
(depending on &) on the LL({v)) — H? norm and on the size of the support.

More precisely, there are two constants Cs5 and Rs such that for any h €

Ly ((v))
K = supp ./4175h C B(O,R(s), and HAl,zSHHg(K) < CS,5HhHL}J(<v>)'

In particular, we deduce that Ay is in B(E;) for j = 0,1 and A4 is in
B(EE).

Furthermore, Gualdani, Mischler and Mouhot [Gualdani et al., 2017,
Lemma 4.14] study the hypositivativity of the operator Bj 5 := Ti,r(h) — vh —
v - V,h. More precisely, they proved that there exist a constant Ay > 0 such
that Bi(; + Ao is hypodissivative in E; with j = 0,1 and in £. Thus, following
their proof jointly with the one of Lemma 3.2.2, we are led with the following:

Lemma 3.3.2. For any e € (0,1], there exist a; > 0 and 6 > 0 such that the
operator By s + a1 is hypodissipative in E;, j = 0,1 and £.

Proof. 1t is enough to see that, by the definition of B, s
Bis(h) = (Tir(h) + L(h)) = (v + ve)h — v - V,h.

Notice the divergence structure of the last term in the x-coordinate. Hence,
when integrating over T? the last term vanish. Therefore, proceeding as in the

proof of Lemma 3.2.1 we conclude our proof. O
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3.4
Regularization properties of T;,

In this subsection we prove the key regularity results for our factorization

and enlargement theory. Consider the operators
T(t) = (A158,,) "™ (1),

for n > 1, where Sp, ; is the semigroup generated by the operator By s and *
denotes the convolution. We remind the reader that the T,,(¢) operators are
merely time-indexed family of operators which do not have the semigroup

property in general.

Remark 3.4.1. As we will see below, thanks to Theorem 2.4.4 and Theorem
3.5.1, the operator £ generates a Cy-semigroup in HSHI(M™'). Therefore,
jointly with the hypodissipativity of By s this guarantees that the operator B s
also generates a Cy-semigroup in E; for j = 0,1. We refer the reader to the
proof of [Gualdani et al., 2017, Theorem 2.13] for a further discussion about
this matter. Moreover, a direct proof can be perform as the one presented in

Appendixz B for a similar operator.

Thanks to Lemma 3.3.1 we know that the operator A, 5 provides as much
regularity as we want in the v-coordinate. We now want to see how much

regularity we gain in the z-coordinate with the 7;, operator. More precisely:

Lemma 3.4.2. Let us consider ay as in Lemma 3.3.2. The time indexed family
T™ of operators satisfies the following: for any a’ € (0,a1) and any e € (0, 1],

there are some constructive constants Cs > 0 and Rs such that for any t > 0
supp T, (t)h C K := B(0, Rs),

and

-~ Ifs>k>1 then

e
||T1(t)h||W§+1,1W5,1(K) < CTHhHWQf’lW,}’l((v)m)‘ (3.22)
— If s>k >0 then

HT2<t>hHW;+1/2’1Wf’1(K) S C’e_“ tHhHleL}J((v)m) (323)
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Proof. Let us consider hy € WL ({(v)m), s € N. Since the z-derivatives

commute with A; 5 and B 5, using Lemma 3.3.1 we have

HTl( ) ”WS twhkl(k H‘Al 55515( )hOHWaf’le’l(K)’
S CllSs, s (O hollyws1 11 sy
< OBy s O hollyw= 11 ((oym)-

Since Bj s + a; is hypodissipative in W' L ({(v) m) from Theorem 2.3.1

we have .
| T31(t)h \|W51Wk+11 (K) < (Ce ™™ ||h0||WIS,1W5,1(<U>m). (3.24)

Now let us assume hg € W'WEH ((v)m) and consider the function
g = Sg, ;(t)(9%hy), for any |3] < s. Notice that, since 8,(Sg, ;) = B1,s58, ,,

this operator satisfies
Ogr = L1t — A1s9: = Ti(gr) + L(gr) — v - Vg — A1 561

Introducing the differential operator D; := tV, 4+ V,, we observe that D,
commutes with the free transport operator 0;+v-V,, so that using the property
(3.15) we have

Ot(Dige) +v - Vi(Dige) = Dy (Org: +v - Vage)
= Dy (Ti(g:) + L(g:) — A16(9r)) ,
= Ti(Digi) + L(Digs) + Qui(gt, VoM) + Qi (Vo M, g1)
+ Qc(gt, VoMo) — Di(Av59:).

Using the notation in (3.21) we obtain

Dy( A, 59:) = /R ks(v, 0.tV 09y () du, + /R (Voks(v, v.)) ge(vs)do,,
= [ kso,0) (Dug) (0)du. + [ (Tobs(0,0.)) g0l0, )
_ /R3 ks(v, 0.) Ve, gt (v4)do, ,
= [ ksv,0) (D) 0)de. + [ (Tobs(0,0.)) g0(0.)d
n /R (Vo ks (0, 0.)) e (02,
= A1s(Digr) + At 5(9:) + A3 5(90)

where in the third equality we have performed one integration by parts. All
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together, we may write 0,(D;g:) = B1s(D:gt) + Zs(g:), where

Zs(g9:) =Q1(g, VoM) + Q1(V, M, gt) + Qe(gr, Vo Mo)
- Ai,a(gt) - Aia(gt)-

Hence, since A} ; stands for the integral operator associated with the
kernel V,ks and A7 5 stands for the integral operator associated with the kernel

V.+ks, using Lemma 3.3.1 and Proposition A.2.2 75 satisfies

1Zs(ge)l L3 (oym) < Cllgell 21 oyzm)-

Arguing as in Lemma 3.2.1, and by the hypodissipativity of B; 5, we have

T
dt Jr3 xT3

- R3 xT3 at(Dtgt) Slgn(Dtgt) <U> m(U)dxd'U,

N B1,5(Digr) sign(Dige) (v) m(v)dzdv + (| Zs(ge) [ 1 L3 ((wym).

2
< —a /RB - | Dege| (v)” m(v)dadv + Cs|gell 11 11 ((oy2m)»

Dygi| (v)y m(v)dzdv (3.25)

and

(jt s oo |g¢| (v) m(v)dzdv = /R3 - 0i(g¢) sign(g;) (v) m(v)dzdv,  (3.26)

< [, Bisla) sign(g:) (v) m(v)dadv,

2
<—a [, ol (o) m(v)dedo.

Combining the differential inequalities (3.25) and (3.26) we obtain, for any

a’ € (0,a4] and for € small enough

& (e [ED@] + Lo ) mio)dade) <,

which implies

1Degell Ly L oymy + 1920l 3 Lacym) < €7 e [ hollys i oy - (3.27)

Now, notice that since the z-derivatives commute with 4, 5 and B; 5 we
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have

tVoT1(t) (92ho) = tVaA15S5, ,(t) (97he)
= AL& (tvmgt) )
= A1,5 (Dtgt - Vugt) )

= [ ks(0,0) (Dugn) ()dv, + [ (Tuks(v,0.)) g1(0.)dv.,
= Ais5(Digr) + A%,é(%)'

Thus, using (3.27) we get

HIVLTi(®) (0000 ll2arac) < Cs (I1Degell s s opmy + el 223 ccopmy ) »

< Cse™ e | hollysr i (oym-

Since 0 < @’ < aq, using the last inequality together with (3.24) and Lemma
3.3.1, for s > 0 we have

Ce—a’t

Ty (%) (afh()) \|W;,1W5,1(K) < 5 Hho‘|W£’1W,,1’1((v)m)'

This concludes the proof of (3.22).

In order to prove (3.23) we interpolate between the last inequality for a

given s i.e.

Ce—a’t
1Ty () Rollws ey < = lhollwzrws (wpmy

and

T2 ollyps vy ey < Ce™ ™ Nollyzypza guymy:

obtained in (3.24) written for the same s, it gives us
||T1(t)h0||W;+1/2,1W§,1(K) (328)

ot /2 12
SC( t> (=) Mholle oy

efa/t
< O Wollwztwit ymy


DBD
PUC-Rio - Certificação Digital Nº 1613102/CA


PUC-Rio- CertificagaoDigital N° 1613102/CA

Chapter 3. Spectral properties of the linearized elastic operator 45

Putting together (3.24) and (3.28) for s > 0 we get

“TQ(t)hO HW;JA/Zle’l(K)

t
- /0 T3t = 7)Ta() ol yye 1720y 00 ey AT
t 6_ (t_T)
< O/o = Mol wmdT

t e_a/(t—T —ai1T
<o ([ e Wz
—a't t p—(a1—a’)7)
s O\ —vr= 47 ) Ihollwz oy om

< CleiatHhOHWE’IL},“wm)'

This concludes our proof.

]

Summarizing we just proved that every time we apply 77 we gain one
derivative in the z-coordinate, while when we apply 75 we gain 1/2. Hence,
combining Lemma 3.3.2 and Lemma 3.4.2 we get the assumptions of Lemma

C.0.2. We have thus proved the following result:

Lemma 3.4.3. Let us consider a; as in Lemma 3.3.2. For any a' € (0,a,),
there exist some constructive constants n € N and Cp > 1 such that for all
t >0 and

1T ()| #0,0) < Care™"

3.5
Semigroup spectral analysis of the linearized elastic operator

This section will be devoted to prove some hypodissipative results
for the semigroup associated to the linearized elastic Boltzmann equation.
Namely, we are going to prove the localization of the spectrum of the op-
erator .7, as well as the decay estimate for the semigroup. This result will

be used in the next chapter to prove similar properties for the spectrum of .%,,.

Let us first recall an important result due to Gualdani, Mischler, Mouhot
[Gualdani et al., 2017].

Theorem 3.5.1. [Gualdani et al., 2017, Theorem 4.2] Consider the operator

A

Zh) =Ti(h) —v - V..
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Let &' = H:HS(M™1) where s,0 € N with o < s. Then there exist constructive
constants C' > 1, A > 0, such that the operator 2 satisfies in E':

S(A) C {z € C:Re(z) < —AyU{0},
N(Z) = Spam{M, M, vaM, vs M, [v|> M}.

It is also the generator of a strongly continuous semigroup hy = S g, (t)hiy in
&', solution to the initial value problem Oyh = £ (h), which satisfies for every
t>0:

1he = Mhinller < Ce™ i — iy er,

where 11 stands for the projection over N(jl). Moreover \ can be taken equal

to the spectral gap of A in H3(M™Y) with s € N as large as wanted.

We can now formulate the main result of this section.

Theorem 3.5.2. For any e € (0, 1], there exist constructive constants C' > 1,
as > 0 such that the operator £ satisfies in Ey and FE;:

(A NA_,, ={0} and N(Z)= Span{M}.

Moreover, £, is the generator of a strongly continuous semigroup h(t) =
Sg hin in Ey and Ey, solution to the initial value problem (2.8) with a = 1,
which satisfies that for allt > 0 and j = 0,1:

Hsfl (t)(ld _H$1,0)||@(Ej) S Ce_“2t

Proof. The idea of the proof consist in deducing the spectral properties in £}
from the much easier spectral analysis in H ;:v(/\/l_l/ 2). More precisely, we will
see that the assumptions of a more abstract theorem regarding the enlarge-
ment of the functional space semigroup decay are satisfied. We enunciate this

result in Theorem C.0.1.

Consider & = E; and E' = H5 (M™") with ' large enough so E' C &'.
The assumptions in (B.) in Theorem C.0.1 are a direct consequence of the
Lemmas 3.3.2, 3.3.1 and 3.4.3. Indeed, from Lemma 3.4.2 and Lemma C.0.2

we have for instance

IT. ()l gy < Ce™ Rl Ly, ()m)»

U
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and so
| Tsill e < Ce"||h]er.

So we are left with the task of verifying that (A.) is satisfied. However,
this is a direct consequence of Theorem 2.4.4 and Theorem 3.5.1 taking
ay € (0,a1), where a; is given by Lemma 3.3.2. Therefore, the result follows
by the Enlargement Theorem C.0.1.
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4
Properties of the linearized operator

We now focus into the study of the linear equation
Oh = Zy(h) = Qu(Fy,h) + Qu(h, Fy) + L(h) —v - V,h,

introduced in (2.8) for h = h(t,z,v) with 2 € T% and v € R®.

First, we want to find a splitting of the linearized operator .Z, = A, + B,
where A, and B, satisfy the assumptions of the Spectral Mapping Theorem
C.0.3 for the Sobolev spaces F;, Ey defined in the previous chapter. Namely,
hipodissipativity of B, and boundedness A, in E; for j = 0,1. We are able to
do this by a perturbative argument around the elastic case. Once we obtain
the localization in the spectrum and exponential decay of %, in E = E, we,
once again, apply the Enlargement Theorem C.0.1 to obtain this properties in

the larger space &.

4.1
The linearized operator and its splitting.

In this section we give a decomposition of the linear operator .Z,. In
order to do this, for any § € (0,1) consider the bounded (by one) operator
Os defined in Section 3.1. We also need to consider the collision frequency
Vo = L(F,), where F,, is given by Theorem 2.4.1.

Let us define the operator 7, by To(h) = Qu(Fu,h) + Qu(h, Fy).
Therefore, using the weak formulation we have for any test function 1
[ Talhyode
RS
= Fo(u)h(vlo = v [(vy) + () = (v) — ¥(v)] dodv.dv.

R3 x R3 xS2
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Now we can give the following decomposition of the linearized collision operator
Ta(h):
Ta(h) = Ta,r(h) + Tas(h) — vah,

where 7, g is the truncated operator given by ©5 and 7, r the corresponding

reminder. By this we mean:
7:1,S<h) = 2,S(h7 Fa) + Q;F,S(Favh) - Q(;,S(Favh‘)a

where Q7 ¢ (resp. Q ) is the gain (resp. loss) part of the collision operator
associated to the mollified collision kernel ©5B8. More precisely, for any test

function

<Qi,s(h, £y), ¢> = /]R s s MO Ea(v:) (O - lv —v,]) ¥(v)dodv.dv.

In a similar way
%,R(h) = :,R(h’ Fa) + Q;R(Fm h) - Qc_v,R(FOH h)?

where QF 5 (resp. Q ) is the gain (resp. loss) part of the collision operator
associated to the mollified collision kernel (1 — ©4)B.

Hence we can give a decomposition for the linearized operator .Z, in the

following way:

Zo(h) = Ta(h) + L(h) —v - V,h,
= Ta.r(h) + Tas(h) — (va + ve)h + LE(R) + LE(h) — v - V,h,
= (Ta,s(h) + Acs(h)) + (Ta,r(h) — voh + Bes — v -V, h),
= Aas(h) + Bas(h).

where A, s5(h) := Tas(h) + Acs(h) and B, s(h) is the remainder.

Moreover, by the Carleman representation for the inelastic case given
by Arlotti Lods in [Arlotti and Lods, 2007, Theorem 2.1] we can write the

truncated operator as

Aus(B)(©) = [ ks(v,0)h()do, (4.1)

where ks = ko + kes with k.5 is defined in (3.2), and k,s is the kernel
associated to T, g. Furthermore, from the proof of [Arlotti and Lods, 2007,
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Theorem 2.1] we have that ks = kb5 + k25 — k2 5 € C°(R® x R?) with

Ce
v — V.| Jva- (v —v)=0

kS 5(v,v.) / Oy - Fio(vi)|v — vi|dus;

ké,é (Ua 7}*) =

Os - F, (Vo + Q) dVodv,,, fori=1,2;

where Q =v+ ((a — 1)/(a+ 1)) (vx — v).

Notice that by Lemma 3.1.1 we obtain a regularity estimate on the

truncated operator A, ;.

Lemma 4.1.1. For any s € N, any o € (0,1] and any e € (0, 1], the operator
Ans maps LL({v)) into H:T' functions with compact support, with explicit
bounds (depending on &) on the LI ((v)) — H™' norm and on the size of the
support. More precisely, there are two constants Cs s and Rs such that for any

h € Ly((v))

K :=supp A, sh C B(0,Rs), and | Ausl

sy < Ol

In particular, we deduce that A, is in B(E;) for j = 0,1 and A.s is in
B(E,E), where the spaces E; and £ were defined in Chapter 3.

Proof. 1t is clear that the range of the operator A, is included into a com-
pactly supported functions thanks to the truncation. Moreover, the bound on

the size of the support is related to 4.

Notice that,the proof of the smoothing estimate for the gain terms Q;r, gin
the definition of A, s follows as in [Alonso and Lods, 2013b, Proposition 2.4].
On the other hand, the regularity estimate is trivial for the loss term since we

can decompose the truncation as ©; = 0}(v)0%(v — v,)O3(cos ), and we can

write
(Qas(Fa)) = [ Falo)h(u)d(v) (Os]o = v.]) dodv.do,
= [, Ohw) Fulv) (05 ) w(w)dv,

where (5 := O%(v — v,)O3(cos 0)|v — v,| which clearly has compact support.

Moreover, since the regularity of A.; is given by Lemma 3.1.1 we

conclude our proof. O
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Notice that from [Tristani, 2016, Lemma 2.6] we have that the operators
7. and £ are bounded from W'WH((0) m) to W WE((v)?m). Hence,
using the fact that the operator v - V, is bounded from F; to Ey, we can

conclude that the operator %, is bounded from F; to Ej.

4.2
Hypodissipativity of B, s

The aim of this section is to prove the hypodissipativity of B, s.

Lemma 4.2.1. Let us consider k > 0, s > k and ¢ > 0. Let 6 > 0 be given
by Lemma 3.5.2. Then, there exist oy € (o, 1] and ag > 0 such that for any
a € [aq,1] and any e € (0,1], the operator Bas + ag is hypodissipative in
WAWEL (0 m).

Proof. We consider the case W, ({v)?m). The higher-order cases are treated

in a similar way.

Consider a solution h to the linear equation d;h = B, s(h) given initial
datum hg. The main idea of the proof is to construct a positive constant asz and
a norm || - ||, equivalent to the norm on W} ((v)?m) such that there exists ¢
in the dual space (W;;((@q m))* such that ¢ € F(h), where F(h) is defined

in (2.1), and
Re (¢, Besh) < —asl|h.. (4.2)

We have divided the proof into four steps. The first one deals with the
hypodissipativity of Bas in LEL!((v)*"" m), while the second and third deal
with the x and v-derivatives respectively. In the last step we construct the

|| - ||« norm and prove that it satisfies (4.2).

Step 1: The main idea of the proof is to compare B, s with B; ;5 defined

in Section 3.3. In order to do this notice that
Ba,§ - 81,5 - (7:1,R - 71R) - (Va - V) h.

Moreover, it is easy to see that the definition of 77 g given in (3.19) coincides

with the definition of 7, g with o = 1. Thus, we can write

Tor(h) = Tin(h) = (Qi a(h, Fa) = Qf g(h, Fu)) + (QF a(Fas h) — Qf p(Fa, )
- (Q;,R(Faa h) — Qi (M, h)) + Q1+,R(h> Fo— M)+ QT,R(Fa — M, h).
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Therefore, if we take ¥ (v) = sign h(v) (v)?m(v) and denote by v/, the

post collision velocity for the restitution coefficient o, we have that

/R3 ( oy Fo) = fR(l%Fa)) P(v)dv
= [ (1 — O5)h(v)Fo(vs)|v — va| ((v]) — (V) dodv.dv,

R3 x R3 xS2
< [ ]Qih Fa) = 1 (b F)| () m(v)dv,
= (1Q% (h Fa) = QF (b, ) iy,
< Pl = 1) Fallygs oyt Il g oy
< (-l oy (4.3)

Here we used Proposition A.2.3, where p(r) is a polynomial going to 0 as r

goes to zero. Hence, (o) — 0 as o — 1.

In the same manner we can see that there exist functions 7, («) going to

0 as « goes to 1, such that

L (@ a(Fas ) = QF pl(Fas 1) (00 < (@) 1Bl gy (44)

Furthermore, using Proposition A.2.2 we have that

/R?’ (Q;,R(FOM h) - QiR(M, h)) @Z)(U)dl)
— (1 = Os)h(vy) (Folv) — M) |v — v.|tp(v)dodv,dv,

R3 x R3 xS2

< |h(ve)] | Fo(v) — M| v — vi|tp(v)dodu,dv,

R? x R? x§2
< [, Qi (1Fu = ML.1) () m(v)dv.
= 191 (1Fe = M1 D)l
< Conl o~ Ml Mo
= (o1 (45)

By Lemma 2.5.2 we know that 73(a) converges to 0 when o — 1.

Analogously, applying Lemma 2.5.2 we obtain a function n4(a) converg-

ing to 0 when a — 1 such that

L (@1 alhs Fa = M) + Qf a(Fu = M 1) (0)dv < ma(@)l|Al] o1,

(4.6)
Hence, taking 75 := 11 +- - - + 14, gathering (4.3), (4.4), (4.5) and (4.6) we have

that
/RS (Ta,r(h) = Ti,r(R)) v (v)dv < ns()[|B]] 1y (yrttm)- (4.7)
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We have proved that there exist n5(«) converging to 0 when o — 1 such
that

/3Ba75(h)sign(h) () m(v)dv
R
< [ Bus(h)sign(k) (o) m(v)dv + n5(@) Al (-t
+ [, ral) = v 1] @) m(v)do.
Finally, since |v — v.| < (v) (v,) we have
al®) = v () < [0 = vl Fa(v) = M()lde. < (0) |1Fa = Mllzsggom.

Then, we deduce from Lemma 2.5.2 that

L I7a®) = vl h(@)] @) m(w)do < 16(@) 1) 11 yre1,y

with lim,_1 76(cr) = 0. To summarize, there exists a function n = 75 + 7

converging to 0 when o — 1 such that
/IR B s(h)sign(h) ()" m(v)dv
< [, Bratsign(h) (o) m(w)do + (@) 1] o

Thus, fixing 6 > 0 as in Lemma 3.3.2, this inequality becomes
[, Bas(ysian(h) (o) mle)dzdv < ((0) — )bl 1530054

Taking «y big enough we can suppose that for any a € [ay, 1] we have

n(a) < a; and therefore
as == a; —n(a) > 0. (4.8)
With this we can conclude

/]RS s Bas(R)sign(h) (v)* m(v)dedv < —as||Rlly 1y oyr+1m)-

where we deduce that for any o € [ay,1], Bas + af is dissipative in
LLLY((0)™ " m).

Step 2: Since the z-derivatives commute with B, s, using the proof of


DBD
PUC-Rio - Certificação Digital Nº 1613102/CA


PUC-Rio- CertificagaoDigital N° 1613102/CA

Chapter 4. Properties of the linearized operator 54

Step 1 we have

Ly o @ B () siEn(@h) (o) m(v)drdv < a5 [V ah 315 gy051

Step 3: In order to deal with the v-derivatives, we proceed analogously

to the proof of Lemma 3.2.1 to see that
0uBos(h) = 0y (Ta.r — Vah + Bes — v - Vi h) = B, 5(0,h) — 0:h + R'(R),
where, recalling that R(h) is given by (3.16),

R'(h) = QF(h,0,F,) + QY (0,F., h) — Q. (0,F,, h) (4.9)
- (avE,S) (h’) + 7;75'(81)}1) + R(h)

Proceeding as in the proof of Lemma 4.1.1 and performing one integration by

parts, we have

||(8v7:1,5) (h)HL;L%«wqm) + ||7;,5(8vh)||Lgch}J(<v)qm) < C5||h||L}CL}J(<v>qm)~

Using this, the estimates of Proposition A.2.2 on the inelastic operators QF

and the bound of R(h) given in (3.17), we obtain for some constant C, 5 > 0

IR (B[ 2223 (wyam) < Casllhll 1 £ oyt (4.10)

Thus, using the bounds found in (4.10) and the proof presented in Step

1 we have

/RS 00 (Bas(R)) sign(@uh) (v)" m(v)dwdv

< _agvahHL}CL})((v)q‘Hm) + Ca,5||h||L}cL}}((v)q+lm) + ||vzh”Lch},(<u>q+1m)-
where aj is defined in (4.8).
Step 4: Now, for some € > 0 to be fixed later, we define the norm
1l = Al acwyom) + 1Vahllsswyzm) + llVohl Ly wyom)-

Notice that this norm is equivalent to the classical W, ({v)?m)-norm. We
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deduce that

B s(h)sign(h) (v)* m(v)dzd
L. Bus(h)sign(n) (v} m(v)dzdo
+ / 0, (Bas(h)) sign(9,h) (0)? m(v)dzdv
R3 xT3
+e / 8, (Bas(R)) sign(8,h) ()" m(v)dzdv
R3 xT3
< —aj (||h||Lgle})(<v)q+lm) +IVahll g1y yo+im) + 5||Vvh||L;L}J((v>q+1m))
t+e (Ca,6||h||L;ch)(<v>q+1m) + ||th||) )

< (—a3+o(e)) (||h||Lg:L%(<v><I+1m) + vahHL;ng((v)qﬂm
+€vahHL;L},(<U>Q+1m)) ;

where o(¢) — 0 as € goes to 0. We choose ¢ close enough to 0 so that
a3 = ay—o(e) > 0. Hence, we obtain that Bs+as is dissipative in W} ((v)?m)

for the norm || - || and thus hypodissipative in W, ((v)?m). O
The following result comprises what we proved above:

Lemma 4.2.2. There exist ay € (g, 1], § > 0 and a3 > 0 such that for any
a € [ay,1] and any e € (0,1], the operator B, s + as is hypodissipative in Ej;,
j=0,1and€&.

4.3
Regularization properties of T,, and estimates on ., — %,

Let us recall the notation
T (t) == (AasSs.,) "™ (t),

for n > 1, where Sp, , is the semigroup generated by the operator B, s
and * denotes the convolution. The proof of the fact that B,; generates a

Cp-semigroup can be found in B.

Notice that the proof of Lemma 3.4.2 remains valid in this case. There-
fore, combining Lemma 4.2.2 and Lemma 3.4.2 we get the assumptions of

Lemma C.0.2, so applying it we get the following result:

Lemma 4.3.1. Let us consider oy and az as in Lemma 4.2.2 and let o be in
[ag,1). For any a’ € (0,a3) and for any e € (0, 1], there exist some constructive
constants n € N and C, > 1 such that for allt > 0

/

| T ()] (0, 20) < Cpe @t
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Moreover, using estimates from the proof of Lemma 4.2.1, we can prove

the following result:

Lemma 4.3.2. There exists a function n(«) such that it tends to 0 as o tends
to 1 and the difference £, — £, satisfies for any e € (0, 1]

%6 = 21l 251, 50) < m().
Proof. First of all notice that

G B =TT,
(Q+ (h, Fa) = QF (h, F)) + (QE (Fash) — QF (Fa 1))
Q(hF M)+ Qu(Fs — M. 1),

(T2 (h) = Tyt () + Qu(h, Fo = M) + Qi (Fo — M, h).

Therefore, by Proposition A.2.3 we have 7, («)

176" (h) = T (W)l o) < ()Rl g qopettim (4.11)

with 71(a) — 0 when o — 1. Moreover, by Proposition A.2.2 and Lemma
2.5.2 there exist ny(«) such that

1Q1(h, Fo — M)l L3 (qyom) + Q1 (Fa — My A)| L1 (yamy < m2(@) [Pl £ gya+imys
with 72(a) — 0 when o« — 1. Thus, taking ' = 1y + 1, we have

1Te = Tillawyomy < 1 (@)A1l L (uyatr

m)*

Furthermore, using (3.15) we have that

0y (L (h) = 41 (h) = 0, (T (h) = T (h))
= T (0h) = T (0,h) + (Q% (h, 0,Fs) — OF (h, 0,F))
+ (QL(0uFu, h) = Qf (0, Fu b)) + Q1(uh, Fy — M)
+ Q1 (F, — M, d,h).

Thus, by (4.11) we have that
175" (@) = Ti" (Ouh) | awyrm) < ma(@)|Ouhll 1y yetm)-

Proceeding as before by Proposition A.2.3 we have that there exist 73
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converging to 0 as a goes to 1 such that

HQI(h, avFa) - QT(}% avFa)“L%((v)qm) + HQI(avFa» h) - Qi‘_(avFaa h)”L},((v)qm)
< m3(@) |2l £y gyt -
And using again Proposition A.2.2 and Lemma 2.5.2 there exist n4(a) such
that
1Q1(h, 0u(Fo = M) + Qi(0uh, Foe = M) Ly () 7m)
< ma(a) (”h”L},(@)q"'lm) + HévhHLg«wq“m)) :

For higher-order derivatives we proceed in the same way and we can

conclude that there exist 1 such that it tends to 0 as a tends to 1, and satisfies
12 = Alle, < n(@)|hle,.

In a similar way we obtain
1% — Zille, < n(@)||h] z,-

]

For now on we fix § as in Lemma 4.2.2 and we write A = A,; and
B=DB.s.

4.4
Semigroup spectral analysis of the linearized operator

This section is dedicated to present some results regarding on the ge-
ometry of the spectrum of the linearized inelastic collision operator for a

parameter close to 1.

Proposition 4.4.1. There exists as € [0,1) such that for any o € [as,1) and
any e € (0,1], %, satisfies the following properties in E = W'W2((v) m),
s € N*:

(a) ¥(Z,) NA_,, = {0} where ay is given by Theorem 3.5.2. Moreover, 0
simple eigenvalue of £, and N(Z,) = Span{F,}.

(b) For any a € (0,min(ag,as)), where ag is given by Lemma 4.2.2, the
semigroup generated by £, has the following decay property
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1Sz, () (I — g, o)l a0 < Ce™™, (4.12)

for allt > 0 and for some C' > 0.

The proof of the proposition stated above is a straightforward adaptation
of one presented in [Tristani, 2016, Section 2.7]. We shall only mention the
main steps of the proof and we emphasize the few points which differs here

(due to the replacement of the diffusive term by a linear scattering operator).

Proof. Step 1: Localization of the spectrum of £, and dimension

of eigenspaces.

Notice that, by the result [Tristani, 2016, Lemma 2.16] (which we get
due to Lemmas 4.2.2, 4.3.2, 4.3.1 and Theorem 3.5.2) we know that there exist
o/ > o such that %, — z is invertible for any z € Q, = A_,,\{0} and any

a > . Moreover, we have that
S(Z6) N A, € B(0,7/(),

where 17’ goes to 0 as a goes to 1. Furthermore, by [Tristani, 2016, Lemma 2.17]
which remains true in our context as a result of Lemmas 4.2.2 and 4.3.2, there

exist a function 7”(a) such that

Mg, —ay — M —ar B0 < 1" (@), (4.13)

with " (a) — 0 as @ — 0. Hence, by Theorem 3.5.2, it implies that for « close
to 1, we have
dim R(H.fa,—al) = dim R(H,%,—al) = 1.

Therefore, there exist as > o' such that n”(a) < 1 for every a € (g, 1].
Also there exist &, € C such that

E<$a) NA_g = {ga}'

Let us prove that £, = 0. We argue by contradiction and assume that for «
close to 1 we have &, # 0. Let ¢, be some normalized eigenfunction of .Z,

associated to &,, i.e. satisfies .Zypa = Eaa. Integrating over R? we get that

/R3 Yo(v)dv = 0.
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For any h € Ej there exist p = p(a, h) and p' = p'(h) such that [I¢, ¢ h = pp,
while I1 ¢, oh = p' M. Hence, we have

/R3 Mg ¢, hdv=0 and /R3 g ohdv = p',

which contradicts (4.13). Therefore, £, = 0. Furthermore, 0 is a simple eigen-

value of .Z,, since F,, is the unique steady state of £, satisfying [zs Fodv = 1.
Step 2: Semigroup decay.

In order to prove the estimate on the semigroup decay (4.12) we apply

the Spectral Mapping Theorem C.0.3 with a = max{—ay, —az} < 0.

First of all notice that F; C D(£?) C E,. Moreover, by the results
presented in Lemmas 4.2.2, 4.1.1 and 4.3.1 the assumptions (i), (ii), and (iii)
of Theorem C.0.3 are satisfied.

Furthermore, the condition (A) in Theorem C.0.3 is also satisfied by
Step 1. Thus we have the decay result (4.12) for any o’ € (0, min{as, as}).
This concludes the proof of Proposition 4.4.1.

[l

Combining the results of Lemmas 4.2.2, 4.1.1 and Proposition 4.4.1 we
fulfilled the assumptions of Theorem C.0.1. Therefore, we have a localized

spectrum and exponential decay of the semigroup of .Z,, in a larger space:

Theorem 4.4.2. There exist as € (0, 1] such that for any o € [ag, 1) and any
e € (0,1], &, satisfies the following properties in € = W1L1(m), s > 2:

1. The spectrum ¥(.%,) satisfies the separation property: ¥(ZLn) N A_,, =
{0} where ay is given by Theorem 3.5.2 and N(%£.) = {F.}.

2. For any a € (0,min{as, as}), where az is provided by Lemma 4.2.2, the
semigroup generated by £, has the following decay property for every

t>0
1Sz, ()(id —ILz,0) | ey < Ce™, (4.14)

for some C' > 0.
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The nonlinear Boltzmann equation

The aim of this chapter is to prove our main result. Namely, the existence

of solutions of (1.1) in the close-to-equilibrium regime:

Theorem 5.0.1. Consider constant restitution coefficients o € [, 1], where
ag is given by Theorem 4.4.2 and any e € (0,1]. There exist constructive

constant € > 0 such that for any initial datum f;, € € satisfying

Hfm - Fa”$ S g,

and f;, has the same global mass as the equilibrium F,,, there exist a unique
global solution f € L(E) N LH (&) to (1.1).

Moreover, consider a € (0,min{as, asz}), where ay is given by Theorem
3.5.2 and az by Lemma 4.2.2. This solution satisfies that for some constructive
constant C' > 1 and for everyt > 0

If = Falle < Ce™ || fin — Falle-

We are going to build a solution by the use of an iterative scheme
whose convergence is ensure due to a priori estimates coming from estimates
of the semigroup of the linearized operator. First, we need to see that for a
sufficiently close to the equilibrium initial datum, the nonlinear part of the
equation is small with respect to the linear part which dictates the dynamic.
Hence, we begin by given some bilinear estimates and a dissipative norm for
the full linearized operator. Then, we can define the iterative scheme, see its

convergence and, thus, prove our result.


DBD
PUC-Rio - Certificação Digital Nº 1613102/CA


PUC-Rio- CertificagaoDigital N° 1613102/CA

Chapter 5. The nonlinear Boltzmann equation 61

Due to the results presented in Chapter 4 the proof of this theorem
follows as [Tristani, 2016, Theorem 3.2]. For the convenience of the reader we
present the relevant material here, with some adaptations for our case, thus

making our exposition self-contained.

5.1
A dissipative norm and bilinear estimates.

Let us fix the integer s > 6. Consider the Banach spaces

Er = WLy ((v) m),
E = leLi(m)

Consider the following norm in £

+o0o
lInlle = mllalle + [ 1S, ()T = g, o)hllsdr, (5.1

for n > 0. This norm is well-defined thanks to estimate (4.14) for « close to 1.

Furthermore, we define [|-[|., as in (5.1) for the space &;.

For this Banach norm the semigroup is not only dissipative, it also has
a stronger dissipativity property: the damping term in the energy estimate

controls the norm of the graph of the collision operator. More precisely:

Proposition 5.1.1. Consider o € [ag,1). There exist n > 0 and K > 0
such that for any initial datum hs, € & satisfying Il ¢, ohi, = 0, the solution
hi := Sg (t)hiy to the initial value problem (2.8) satisfies for every t > 0

d
@thtﬂlg < KAl g, -

Proof. The proof of this result follows as in [Tristani, 2016, Proposition 2.23]
and [Gualdani et al., 2017, Proposition 5.15]. Let us present their arguments

here.

First of all, notice that from the decay property of %, provided in (4.14)

we deduce that the norms || -||¢ and ||-||; are equivalent for any n > 0. Indeed,
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from (4.14) we have

+oo
kll = nliblle + [ 1Sz, () = Tz 0)hlledr.
+o0
<ollalls+ [ Ce hlledr,

< Cm)hlle-

Let us now compute the time derivative of the norm |||-|||; along h, which
solves the linear evolution problem 2.8. A fundamental observation in our case
is that

Iy, ohe =g, 0S% hin = Se g, ohin = 0.

Since the z-derivatives commute with the linearized operator, without
loss of generality we can set s = 0. We thus first treat the case LLL!(m). We
have that

d _ < 0
lWeillesssny = [, ([, Zalhe) sign(ude ) mdv + [~ 2ol sy
=1 + Is.

Concerning the first term I, due to the dissipativity of B proved in

Lemma 4.2.1 and the bounds on A in Lemma 4.1.1 we get
fi=n [, ([, (A + Bh) sign(hu)dz) mdo,
= n(Cllhellzrzyomy) — Kllhell iz wym))s

for some constants C', K > 0.

The second term is computed exactly:

o 0
[2 :/0 5t||ht+r||L}cL},(m)dT7

o 0
= /0 87 Hht+THLiL%(m)dT7

T

—[[hellL1 2 m)-

By choosing 1 small enough, the combination of the last two equations

yields to
d
gilfellle < =K,

Finally the case of a higher-order v-derivative is treated by an argument

close to the one in Lemma 4.2.1. For instance, the case s = ¢ = 1 is proved by
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introducing the norms

12l « = l7lle + VAl + el Vohlle,
I7lle, e = WPlle, +WVarlle, +llVohlle,,

for some ¢ > 0.

Therefore, arguing as before one has

d
7 (|||ht’”L}c’v(m) +|Hvxht|‘|Li,v(m)) ’

< =Ky (el s cgopmy + IVl 1oy -

And for the v derivatives we have

d
Dbl oy
< — K (H‘vvhtH’L;m((v)m) FIVahalll gy |y + H’,R’(ht)H’L}cqv(mQ ;

where R(h) is given by (4.9). Proceeding as in the proof of Lemma 4.2.1 and
using the equivalence of the norms || - ||¢ and |[||-[||; we have for some constant
C>0

IRz oy < Cllelll s oy

Therefore, we deduce that for € > 0 small enough
d
gilfellle.e < = KslliRulle, -

The higher-order v-derivatives are treated in a similar way. Thus, we conclude

our proof. O

In order to guarantee the convergence of the iterative scheme defined
in the proof of Theorem 5.0.1, we need to recall the bilinear estimates on
the nonlinear term Q,(h, h) of the equation (2.7). This estimates have been
established in [Tristani, 2016, Lemma 3.1]:

Lemma 5.1.2. Denoting X9 := W2'W2((v)?m) with s,0c € N, s > 6 and

q €N, and X in a similar way. The collision operator Q, satisfies

19a(f, 9)llxa < C (lgllxarl[fllxa + [lgllxall fllxesr)

for some constant C' > 0.
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Remark 5.1.3. The assumption s > 6 is a technique condition that guar-

antees the continuous embedding of W2/?1 C L°(T3) in the proof of the lemma.

5.2
Proof of Theorem 5.0.1

Let us now begin with the proof of our main result. We begin the proof

by giving a key priori estimate.

Lemma 5.2.1. [Tristani, 2016, Lemma 3.5] Under the assumptions of The-
orem 5.0.1 a solution f; to the Boltzmann equation (1.1) formally writes
fi = Fo + hy € €& with I1¢, ohy = 0. Then, h, satisfies the estimate

d
Jillfellle < (Clielle = K e,

for some constants C, K > 0.

Proof. We are going to consider only the case LLL!(m) since the other cases

follow in a similar way.
Notice that, as in the proof of Proposition 5.1.1 we have
d
%”mtmL;L%(m) =1 + Iy,
with

L :==n s (/TB Zo(hy) sign(ht)dx> mdv

+ /Ooo /R3 (/TS Sq (1) % (h) sign(Se, (T)ht)dl’> mdvdr,

and,

I :=n /R3 (/11‘3 Qo (hy, hy) sign(ht)d:c> mdv

+ /OOO /R3 < T3 S, (7)Qa(he, hy) sign(Se, (T)ht)dJI) mduvdr.

From Proposition 5.1.1 we know that for n small enough

L < =K [Pl 21 21 (oymy
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for some K > 0.

For the second term, since Il ¢, Q4 (e, hi) = 0, we have that

b < [ 11Qahes k)llymdv+ [ [ 1S, () Qu(hi, ho) |y mavdr,
< 0| Qalh ho) lyymy + [ 12,7 Qallts )l 13

= 1Qa (s, h)ll s £ (-

Therefore, we deduce that

d
SilBell s py gy < =B WAl 2y 2 (oymy + 1 QaCPres Bl 1 3 -

Using the bilinear estimate presented in Lemma 5.1.2 and the semigroup

decay from (4.14) we have

11Qa(has ha)ll 1 13 oy < C 1B 2 L3 o 1Pl 21 L3 oy
o0
n /O Cae™ || Qalhe, he) || L2 £ oy AT
< (Cm+ 03/0 e—‘”dr> 1Rl 21 23 (m) | e || 22 L3 () )

< Cl[hell Ly om 1ol 3 23 ((oym) -

Therefore, we conclude that

d
gplPelzspyony < =B MAell sy oymy + Clllellyzom el rzsopm.

which concludes our proof. O

We now proceed to prove Theorem 5.0.1. We will construct solutions

through the following iterative scheme
Op™t = Z.h" Qo (R RT), n>1,

with the initialization 9;h° = Z,h%, h) = hy,. We also assume |||, || < /2.

Due to the study of the semigroup in Theorem 4.4.2, the functions h"
are well-defined in £. We are now in a position to show the stability estimates.
In order to do this we we divide our proof into three steps. The first two steps
establish the stability and convergence of the iterative scheme. The third step

consists of a bootstrap argument in order to recover the optimal decay rate of
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the linearized semigroup.
Step 1: Stability of the scheme.

Let us prove by induction the following control: if ¢ < K/(2C') then, for

every n > 0 t
sup (Il + K [ 12 1lg dr) <= (52

The case n = 0 follows from Lemma 5.2.1 and the assumption that

[[inllle < /2. More precisely, for every ¢ > 0 we have

t
w2l + 5 )|
Thus we can conclude,
0 t
sup ([ + < [ |

We now proceed by induction. Let us assume (5.2) is satisfied for any
0 <n < N for some N € N*. The task is now to prove it forn = N + 1. A

hO

o7 < il <

hO

dT) <e.
&1

similar computation as in Lemma 5.2.1 yields

87

d
all e+ £

<o)

for some constants C, K > 0. Thus, since ¢ < K/(2C) and by the induction

hypothesis, we can deduce

]+ [ e

o < Wil + [ [|Qatn

DI

ng,

N

dr,

N N
K B
1

< Wil + € (sup|

7>0

IN

IN

Hence, the induction is proven.
Step 2: Convergence of the scheme.

Let us now denote d" := h"*! — h"™ and s" := h"™! + h" for n > 0. They
satisfied
od™ = Lod™ + Qo (d", 5") + Qu(s", d™),

for every n > 0 and, 9;d° = Z,d° + Q,(h°, h°).
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Let us denote
(0= sw (2l + K [ Izl )
By induction, we can prove that for every ¢t,n > 0,
A™(t) < (Coe)™*2,
for some constant Cy > 0.

Hence for e small enough, the series 3-,-¢ A"(t) is summable for any
t > 0, and the sequence h™ has the Cauchy property in L{°(E), which
proves the convergence of the iterative scheme. Let us call the limit of A" as

n goes to infinity by A. This limit satisfies the equation in the strong sense in &.
Step 3: Rate of decay.

From Step 1, by letting n goes to infinity in the stability estimate, one

can deduce that t
sup (Il + 1€ [ lleclleyr ) <=
t>0 0

Now we can apply the a priori estimate from Lemma 5.2.1 to our solution
h with e < K/(2C'") we get that

d
glhellle < (CliRelle = K e,
< (Ce = K[|l ,

K
< _5|||ht|||gl- (5-3)

Hence, this implies that

K
lalle < exp (=5t WAl

Since ||| converges to zero as t goes to infinity, integrating (5.3) above from

t to oo we have

K [~ K
o [ Ml dr <l < exp (=5t Wbl
Which implies that

o0 2 K
[ el < g bdle < exp (=5t ol (54)
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For the decay rate of the solution h; we will perform a bootstrap argument
in order to ensure that it enjoys to same optimal decay rate as the linearized
semigroup in Theorem 4.4.2. That is, O(e~*) with a € (0, min{as, az}), where
ag is provided by Lemma 4.2.2 and as is given by Theorem 3.5.2. Assuming

the solution is known to decay
Ihelle < Cre™", (5.5)

for some constant C'; > 0. Let us prove, using Theorem 4.4.2 and Lemma 5.1.2,
that indeed it decays
[l < Ce™",

with a” = min{a’ + K/4,a}.
Assume (5.5) and write a Duhamel formulation:
t
he = Sg, (D him + / Sy (t —7)Qulhs, ho)dr.
0
From Theorem 4.4.2 and Lemma 5.1.2, for any a € (0, min{as, as}) we have
t
Ihelle < Ce™ |l hinlle + C/O e | he el e, dr.
Assume o’ < a and ¢” = min{a’ + K/4, a}. Hence we estimate
! —a(t—7)
| e el el
t "(p— g
< [ e Dl ey,

" t "_ o\
< et ([ el ) e

Integrating by parts and using (5.4) for some positive constant C’ we obtain

t 1" !

| e

0

< t‘h H d " / t (a"—a’)T t h d / d
< [ Irller + @ = a) [ @[l ar

t " /
< Cllhinlle + (0" = ) ([ (£ = 7)== F17r ) e,

< C'hinle-
Therefore, we deduce

lhelle < Ce"||hinlle-
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This proves the claim and concludes the proof of the estimate
elle < Ce™|lhinlle,

where a > 0 is the sharp rate of the linearized semigroup in Theorem 4.4.2.

69
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A
Inequalities

In this chapter we are going to present several inequalities and norm

bounds that we need along this work.

Al
Useful inequalities

Lemma A.1.1. Let C5 =2%/2 — 1, then if z < a/2 we have
(a — x)ﬁ/2 < af? - Cg:vﬂ/Q.
Proof. Since z < a/2 then 2 <y = a/z and
(a — x)5/2 — :c'B/Q(y _ 1)ﬁ/2.
Recall that if 0 < p < 1 then for every A, B > 0 we have that |AP — BP| <

|A — B|P. Thus
(A— B)? < —|A? — BP| < —BP + AP,

Hence, taking A =y > 2 = B we get
ly =1 =1 <|(y =1 =17 <y — 2" <y - 2.
Therefore, if p = (/2
(a — x)ﬁ/Q < $5/2(y5/2 — 2P 4 1),

taking Cs = 2°/2 — 1 we conclude our result.
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Lemma A.1.2. Given any v > 0 there exist a positive constant C, > 0 such
that
blus|” = Bolve* < O = Alv.|”.

Proof. Given v > 0 for x > 0 consider the function

f(@) = (b+7)2? = Boa®.

It is easy to see that this function attains its maximum when 2?77 =
B(b+)/(26p). Therefore, it is enough to take C., as this maximum. O

A.2
Interpolation Inequalities and norm bounds

Let’s recall an interpolation inequality given by [Mischler and Mouhot, 2009a,
Lemma B.1] which can be easily extended to other weights of type (v)?m

Lemma A.2.1. For any k,q € N, there exists C' > 0 such that for any
h e H¥ N LY (m'?) with k' = 8k +7(1 + 3/2)

1/8 1/8 3/4
) < Ol g NI iy N7

HhHWkl ya HK

m

Now we present an wuseful result given by Mischler Mouhot in
[Mischler and Mouhot, 2009a, Proposition 3.1]. Although, they proved it for

a different type of weights it can we extended to our case.

Proposition A.2.2. For any k,q € N there exist C' > 0 such that for any
smooth functions f,g (say f,g € S(RY)) and any o € [0,1] there holds

195 (F, D llwit ymy < Cranllf it oyt 191wt gyt 1,my-

Proof. Let us begin by considering Q_ . Recall that
(Q(frw) = [, . gw)f @) = v.|dodv.dv = (FL(g),0).
where L(g)(v) = 47 (| - | * g)(v). Hence, since

L(@)| < 47 () gl 1

we have that

190 (Fs Ly wyomy < 47 llgll iy uyattomy 1Nl 22 oy
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Moreover, using (3.15) we obtain a constant C' > 0 such that

100Qq (f, 9) | 1 (wyrmy < Cllgllywrt oyattom | F It oyattm -
((v) ) (v)

We continue in this fashion obtaining our result.

We proceed to estimate the gain term. By duality we have
195U lzzm = s [ QF(S0)w(0) (' me)d
7

= sup /R gl = /S O () m(v)dodv,dv,

Il =1

= sup I(1).
1]l =1

Hence, using (3.8) we can assert that for some positive constant C4

W) < ¢

R3 x R3

F@)9(0.) (o) m(v) (0. m(v.) [ () dodv.dv.

SQ

Let us call S(¢) = [s2 1 (v")do. In fact, we split S(1)) into two parts Sy (¢))
and S_ (1) where

Ss)= [ d()do

By [Gamba et al., 2004, Proposition 4.2] we have that the operators
Sy L'(R®) — L=(R%, L"(R?)),
S_: L'(R%) = L¥(R; , L"(R}))

are bounded for every 1 < r < oco. Therefore, we conclude

192 (f, 9) |22 (wyem)
< sup Cl/Rnggf(v)g(v*) () m(v) (0) T m(v)(S4 (V) + S-(¥))dv.dv,

Il pr=1

< CollFll Ly yorrm 191 Ly oy 1my -

For the derivatives we proceed analogously to the proof for the loss term. [J

The following result may be proved in much the same way as
[Mischler and Mouhot, 2009a, Proposition 3.2].

Proposition A.2.3. For any o,/ € (0,1], and any g € Li((v)q“ m),
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f e Whi((w)* ' m) there holds

194 (f,9) = Qur(fs Dl awyrmy < Pl = Il oy 191 Ly oy 1y

and

194 (9, f) — Qi (9, P wyam) <p(04_04>‘|fHW“ )‘1+1m)Hg”L})(<v>q+1m)'

Where p(r) is an explicit polynomial converging to 0 if r goes to 0.

Proof. The proof of this proposition follows exactly as in [Mischler and Mouhot, 2009a,

Proposition 3.2], due to (3.8). Let us just remark that in our case
[Mischler and Mouhot, 2009a, Lemma 3.3] reads as follows. For any § > 0 and
« € (0,1) there holds that if ¢ € S* and sin? € > ¢, where cos€ = |o - (w/|w])|
and w = v + v, # 0, then

m(v') < ebm®(v)ym*(v,), (A1)
where k = (1 — §/160)%/2.
Moreover, from the proof of [Mischler and Mouhot, 2009a, Lemma 3.3]

we have that
0> < (1= 6/160)(Jv* + |v.[?).

This, together with (v)” < 1+ |v]? concludes the proof of (A.1). O

The next result is a reformulation of [Bisi et al., 2011, Proposition A.2]

for our weight function.

Proposition A.2.4. Set m(v) = exp(b (v)") with b > 0 and 5 € (0,1) and let
H(v,) /k v, V) m(v)dv Vw € T,

Then, there exist a constant K = K (e, b, 3) > 0 such that
H(v.) < K(1+ [ou]'77) (v.) m(v.),

for every v, € T3.

Proof. Consider m(v) = exp(b|v|?). It is easy to see that
m(v) < m(v) < ebm(b),. (A.2)

Furthermore, there exist a constant C}, > 0 such that (v)? < Cf (1 + [v]?),
we have that
H(v.) £ Cyp [ ulv,02)(1+ ol (o) do,
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— b
where Cyp, = €"Cy .

Let us recall that k. is given by (3.1) with ¢g = 1/(86p). Here we will

assume ug = 0 to simplify the computations, the general case follows in a

similar manner. Taking into account that M — v — v = 2757 vy, we
! [v—vy| ’
can rewrite k. as
2
C V — Uy
ke(vy) = “—expd —co | (24 p)v— v +2 - U, :
v — v, v —
Moreover, performing the change of variables u = v — v, and using

spherical coordinates with p = |u| and p|v.|y = u - v, one gets
H(v.) = Co [ F(p.y)dpdy
with A = [0, +00) x [—1,1] and
Flp,y) = [1+ (0 + [0.? + 2plv.ly)"?] px
exp {—co ((2-+ o+ 2lunly)® +b (0 + 0. + 2plunly) "]
Let us split A into two regions A = Ay U Ay where
Ay ={(p,y) € A:3|v.ly > —2p} and Ay := A\A;.

We first compute the integral over A;. Notice that since y < 1 and
B € (0,1) we get that for every (p,y) € A

exp {b(” + v + 2p|uly)*? } < exp (b(p + [v-])’)
< exp (bpﬂ) exp (b|v*|ﬂ) )

Moreover, since (2 + u)p + 2|v.|y > (1 + 2/3)p for any (p,y) € A; we have

+oo
/A F(p,y)dpdy < Chglv.]2e™” /0 pexp (—co(2/3 + 1)*p* + bp”) dydp
1

+o0o
+ Cy gl / " exp (—co(2/3+ p)*p* + bp” ) dydp,
0
< Gy () (v,
< € o) (), (A3)

for some constant C'; > 0, since the integrals are convergent.
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On the other hand, for every (p,y) € Ay we have

’2_1 2

3
P+ 10’ + 2plvly < oo — 2p* and p < Sfu.ly.

In that case, using the change of variables z = (2 4 u)p + 2|v.|y we get

/A F(p,y)dpdy

2

o [ o 1 aan ! 2
< Cay ) [ pesp (bllon? = 50)72) dp- [ exp (—eol(2+ o+ 2unly)?) dy,

1 (3/2)|v-| 1 +00
< Csq- : <U*>q/0 P EXp (b(|v*\2 - 3/02)5/2) dp - / exp <—COZ2> dz,

2|U*| —00

1 (3/2)|v«] 1
< o *q/ ( *2_2,8/2>
< Cuy o] (o) | pexp (b(lvel” = 5p7)77 ) dp,

since the integral over z is finite. Finally, setting w = |v,|? — p?/3 we obtain,

/A F(p,y)dpdy

2

|vs|?
< Cuy g [ exp () du

2|v.] val2/4
3 q vs|? 5/
< Cyy- m (V) /0 exp (bw ) dw,
3 2 B
< Cug- m () %|U*|2 ﬁeXp(b|U*|5),

< Gy (0) i (v o7,
< Gy (0) " m(v) o7, (A.4)

for some positive constant Cy. Thus, putting together (A.3) and (A.4) we get
the result.
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B
Semigroup Generators

The aim of this section is to prove that the operator B, s generates a
Co-semigroup in L;7v(<v>q m) for any ¢ > 0. Moreover, the same proof remains

true in the spaces E; with j = —1,0,1 and &.

The proof presented here follows the one in [Alonso et al., 2019, Ap-
pendix C], with some adaptations due to the definition and splitting of the

operator B, s presented here.

Let us recall the definition of the operator B, s:
B.s(h) :=Tor(h) + LE(h) —Sh —v - V,h,

where ¥ = v, + v, with domain D(B,s) = W;7’5(<v)q+1 m). Moreover, recall
the definition of 7, z and L},

E,R(h) = I,R(ha Fa) + Q;R(Faa h) - Q;,R(Fow h)>
L3 (h) = Q p(h, Mo),

where QF p, QFp (resp. QF ) is the gain (resp. loss) part of the collision

operator associated to the mollified collision kernel (1 — Oy)B.

Consider the operator
Ap(h) == =Xh —v -V h.

Notice that, by a similar argument as in (2.6), we have that there exist

09,01 > 0 such that

0<o09<0y(v)<X(v) <oy (v),
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for every v € R®. Therefore, the domain of A, coincides with the domain
of v -V, h wich is W;j((@q“ m). It is easy to see that A, generates a Cp-
semigroup {U(t) : t > 0} given by

U(t)h(z,v) == e ZOh(z — tv,v),

which satisfies
1U ()R] L1, (wymy < €7 NAl L, (wyrm)-

In particular {U(t) : ¢ > 0} is a nonnegative contractive semigroup in
Ly o ((v)*m).

Lemma B.0.1. For any o >0, ¢ >0 and A > 0

B0 Mz, () m). L (0 my) < — (B.1)

and, 1
[ Rao (M 221, ((wy1m)) <

. B.2
)\—FO'O ( )

Proof. Since, {U(t) : t > 0} is a nonnegative semigroup Ra,(A) is also non-

q

negative. Moreover, since the positive cone of L ,((v)?m) is generating (i.e.

q

every element in L} ({v)?m) is the difference of two elements in the positive

cone), it is enough to consider h nonnegative.

Let g = Ra,(A)h. Thus, we have

h = (A — Ag)Ra, (N = (A — Ag)g,
=A+X)g+v-V,g.

Multipling by the weight and integrating over R®* xT? we get
Lo O+ S@)g(a,0) () mv)dvde = A1y oy
Hence, since o (v) < ¥(v) we have
Mallzy ,wym) + oollglle ,(wyreimy < 10l (@)7m)

which concludes our proof. O

The next step is to split 7g := To .z + L% into positive and negative parts

=1
=
I
@)
St
oy
>
g
+
\®)
S+
I
gﬁj
=
_|_
o
EYRs
=
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By a similar argument as the one presented in [Canizo and Lods, 2016,

Proposition B.2] one has the following lemma:

Lemma B.0.2. For any q > 0 there exist (0) going to 0 as § — 0, and such
that for ever h € L, ,({v)*m)

IR (M lLs wyomy < BRIz ((0y+1m):
and that Tg, is bounded in Ly ,((v)!m).

Let us introduce the operator A; := Ay + T . We want to prove that
Al — Ay is invertible. In order to do this, notice that

)\I — Al = (A] - AO)(I - RAQH)?

so it is enought to see that I — R4, 75 is invertible. By the lemmas B.1 and
B.0.2 we have that for every A > 0

HﬁRAo(A)hHL;,U(wm <k

/\

O Rao(MA Ly (ot my» (B.3)
)

/\

||h||L1 (0)Tm) -

Thus, taking J small enough we have k(J) < op, so one deduces that
R* C p(A;) and, for every A > 0, [ — Ra, T4 is invertible. Moreover, by
the Neumann series (see [Banasiak and Arlotti, 2006, Remark 2.34]) one has

Ra,(\) = Ra, > (Tif Ray(V)
=0
Therefore, according to (B.2)
: 1
Jim [[Ray (Ml (yom) < Jim Nton 0

Finally, notice that B, s = Ay — Ty . Since T is bounded, one can take
A large enough such that

1Tz llacs, (wyimn 1 BA (M1, (@yrm)) < 1.

Hence, one deduces that A\I —B,, ; is invertible for A large enough. This, together
with the hypo-dissipativity ensures that B, s generates a Cy-semigroup due to
Lumer-Phillips theorem (see [Banasiak and Arlotti, 2006, Theorem 3.19] or
[Pazy, 2012, Theorem 4.3]).
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C
Spectral theorems

In this section we present a more abstract theorem regarding enlarge-

ment of the functional space semigroup decay. More specifically:

Theorem C.0.1. [Gualdani et al., 2017, Theorem 2.13] Let E' &' be two
Banach spaces with E' C &' dense with continuous embedding, and consider
LeC(E), LeC(&) with L|, =L and a € R. Assume

L

A. L generates a semigroup e'* in E', L — a is hypodissipative on

Range(id —11,, ,) and

E(L) M AG = {& - &} C Ba(L).

B. There exist A, B € C(&') such that L = A+ B, A|lp = A, Bl = B,
somen >1 and C, > 0 such that

(B.1) B — a is hypodissipative in &',
(B.2) A€ B(E') and A € B(FE'),
(B.3) T, := (ASp)"™ satisfies | T,(t)|| z(er )y < Coe®.

Then L is hypodissipative in E' with
k
1Sc(t) = > Se(t)e |l mey < Cot™e™,
j=1
for allt > 0 and for some C! > 0.
Actually, the assumption (B.3) follows from [Gualdani et al., 2017,

Lemma 2.17] which yields an estimate on the norms ||T,| %, g,,,) for
j=-1,0:
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Lemma C.0.2. Let X,Y be two Banach space with X C Y dense with
continuous embedding, and consider L € B(X), L € B(Y) such that L] = L,

L=A+ B and a € R. We assume that there exist some intermediate spaces
X=&C&1C---&ECE =Y,
with J = 2, such that if we denote A; = Alg and Bj = B,
1. (Bj — a) is hypodissipative and A; is bounded on &; for j =1,..,J.

2. There are some constantsl € N*, C' > 1, K € R, v € [0,1) such that for
allt >0 forj=1,..,J—1

oKt
| Ti () || ae;.6,00) < CW'

Then for any o' > a, there exist some constructive constants n € N, Cy > 1
such that for allt >0

I7(2)

a't
5,850 < Cae®”.

Furthermore, we state a quantitative spectral mapping theorem. A proof
for this result can be found in [Tristani, 2016, Proposition 2.20]. A more

general version of this theorem can be found in [Mischler and Scher, 2016].

Theorem C.0.3. Consider a Banach space X and an operator A € €(X) so
that A = A+ B where A € % and B — a is hypodissipative on X for some
a € R. We assume furthermore that there exist a family X;,1 <37 <m, m > 2

of intermediate spaces such that
X, CDAN)CXp1C--XoC X=X,
and a family of operators A;, A;, B; € €(X;) such that
Aj=A;j+B;, A=Ay, A=Ay, Bj=Bly,,

and that there holds
(i) (B; — a) is hypodissipative on X;;
(i) Aj € B(X;);

(1ii) there exist n € N such that T, (t) == (ASp(t))*" satisfies

T ()| 2(x,x0m) < Ce™.
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Hence, the following localization of the principal part of the spectrum

(A) There are some distinct complex numbers &1, ..., & € Ay, k € N such that
E(A> N Aa = {517 7§k} C Zd(A)7

implies the following quantitative growth estimate on the semigroup:

(B) for any ' € (a,00)\{Re&;,j = 1,...,k}, there exist some constructive
constant Cyr > 0 such that for every t > 0

< Ca/ealt.
A(X)

Sa(t) — ; SA(t) g,
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