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Abstract

de Castro Mendes Junior, Paulo Roberto; da Silveira Carvalho,
Márcio (Advisor). Free Surface Flows with Complex Interfa-
ces. Rio de Janeiro, 2019. 66p. Dissertação de Mestrado – Depar-
tamento de Engenharia Mecânica, Pontifícia Universidade Católica
do Rio de Janeiro.

Several processes present free surfaces flows. Some of those processes
go beyond engineering problems, including everyday issues like raindrops
falling from the sky, water flowing down the river or through a faucet.
In industry, extrusion and coating process are two examples of processes
that are strongly affected by the behavior of the interface. The most
commonly used free interface model was developed in the 19th century
and describes as isotropic the behavior of interfaces and dependent on a
single parameter called interfacial tension. Since then, advances in the area
of interfacial rheology have been showing that the interfacial phenomena
are more complex and accurate of more information to be modeled. In
this line of thinking, this work analyzes the effect of interface viscosity
on the dynamics of extrusion and slot coating process, in which the set of
differential equations that governs the problem is solved by Finite Element
method.

Keywords
Extrusion Flow; Slot Coating Flow; Complex Interfaces; Surface

Viscosity.
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Resumo

de Castro Mendes Junior, Paulo Roberto; da Silveira Carvalho,
Márcio. Escoamentos de Superfícies Livre com Interface
Complexas. Rio de Janeiro, 2019. 66p. Dissertação de Mestrado
– Departamento de Engenharia Mecânica, Pontifícia Universidade
Católica do Rio de Janeiro.

Diversos processos apresentam escoamentos com superfícies livres. Al-
guns desses processos vão além dos problemas de engenharia, incluindo ques-
tões cotidianas como gotas de chuva caindo do céu, água fluindo pelo rio ou
através de uma torneira. Na indústria, o processo de extrusão e revestimento
são dois exemplos de processos que são fortemente afetados pelo comporta-
mento da interface. O modelo de interface livre mais comumente utilizado
foi desenvolvido no século XIX e descreve como isotrópico o comportamento
das interfaces e dependente de um único parâmetro, denominado tensão in-
terfacial. Desde então, os avanços na área de reologia interfacial vêm mos-
trando que os fenômenos interfaciais são mais complexos e precisam de mais
informações para serem modelados. Nesta linha de pensamento, este traba-
lho analisa o efeito da viscosidade interfacial na dinâmica do processo de
extrusão e revestimento por slot, no qual o conjunto de equações diferenciais
que governam o problema é resolvido pelo método dos elementos finitos.

Palavras-chave
Extrusão de Fluido; Revestimento em Slot Die; Interfaces Complexas;

Viscosidades interfaciais.
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"Even paradise could become a prison if one
had enough time to take notice of the walls."

Morgan Rhodes .
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1
Introduction

1.1
Motivation

Several processes present free surfaces flows. Some of those processes
go beyond engineering problems, including everyday situations like raindrops
falling from the sky, water flowing down the river or through a faucet.

Extrusion and slot die coating are examples of industrial material pro-
cessing in which the free surface flow is key in the process success. Extrusion
is the forced passage of material through an orifice (or die) [1]. The material
shape conforms to the die’s design. The continuous fluid supply allows the fab-
rication of long objects with constant and complex cross-sections and excellent
accuracy. Copper wires, aluminum bars and even several food doughs are prod-
ucts of extrusion processes. In the extrusion of fluids, typically, a single screw
is responsible for driving the fluid from the feed hopper to the exit orifice.(see
Figure 1.1)

Screw

Die

Hopper

Figure 1.1: Representation of an extrusion flow.

There is no unique extruder design, so that both the diameter and pitch
of the screw and the channel diameter can vary throughout the apparatus. The
design will depend on the materials’ properties and the rate of production. But
in all of them, the rotation speed of the screw defines the flow rate [2].

The extrusion process frequently deals with a swelling of the fluid after
exiting the die. This phenomenon called Die Swell, Extrudate Swell or Baurus
effect and is evident for some non-Newtonian fluids but also occur at a smaller
scale for Newtonian liquids [2, 3, 4]. Long molecule chains are oriented and
uncoiled as they exit the die in the extensional dominated flow. Compressive
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Chapter 1. Introduction 15

normal stresses leads to an expansion of the flow. The flow inside the extruder
assumes the parabolic velocity profile which becomes uniform after leaving the
cavity. This profile transition decelerates the fluid and leads to an increase
in the thickness of the extrudate. The intensity of the swell depends on the
flow rate, cross-section dimensions, and fluid properties. Modifications in the
extrusion operation parameters may change the final diameter of the extrudate.
The Die-swell predictions help in the design of the die as well as in the
evaluation of the energy required for the process.

Another example of manufacturing free surface flow is slot coating flow.
The slot die coating is a process that covers a substrate moving at high speed
with a thin layer of fluid. The apparatus is composed of two metal structures
called lips. When placed together these lips create a narrow channel which
guides the fluid to the substrate. An elongated chamber between the lips
supports the uniform profile flow rate at the exit of the channel (Figure 1.2).

As the die does not touch the substrate, air and fluid fill the gap between
these components. Two menisci separate the air from the coating liquid and
the region between this menisci is called coating bead. The quality of the
coated film is directly affected by the stability of the flow in the coating bead.
A slight vacuum applied at the upstream meniscus enables coating very thin
films [5, 6, 7, 8, 9, 10].

Vacuum

Camber

substrate

Lip
Downstream

Lip
Upstream

Meniscus
Downstream

Meniscus
Upstream

Figure 1.2: Representation of a slot-die coating flow.

Far from the die, the fluid moves in plug flow with the substrate velocity.
The thickness of the liquid layer is set by the imposed flow rate and the velocity
of the moving substrate. As both are independent of other process variables,
slot coating belongs to a class of coating methods known as pre-metered coating
and being ideal for high precision processes used in the production of adhesive,
magnetic tapes, specialty papers, imaging films, and many other products.

The primary coating variables are the die geometry, the flow rate, the
speed of the substrate and the vacuum pressure. For a given material there
is normally an envelope of process conditions which leads to smooth coating.
These condition ranges are known as operating window [6, 5]. Knowledge of
the coating window allows predicting whether a particular method can be used
to coat a given substrate at a prescribed production rate.
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Chapter 1. Introduction 16

Interface rheology is a key concept to model a free surface flow. The most
common hypothesis used for free surfaces flows treats interfacial behavior as
a simple interface. The traction acting along the simple interface is isotropic
and constant. Its value is proportional to a property associated with the pair
of fluids that forms the interface, called interfacial tension. The hypothesis
that an unique property describes the mechanical behavior of a liquid-liquid
interface is valid in many situations. However, in flows involving solutions
of polymer surfactants and others complex interface acting materials, the
interface behavior can be complex. Recent studies on complex interfaces
have shown that they can exhibits viscous and elastic behavior. The traction
along the interface can become non-isotropic and be a function of the surface
deformation and rate of deformation.

The effect of interface rheology is usually not taken into account on the
analysis of free surface flows. Interface rheology may have a strong impact on
the flows behavior and consequently on extrusion and slot coating flows. This
work addresses this problem.

1.2
Literature Review

The first model of an interface is also the simplest model. The Young-
Laplace equation comes from the hypothesis that the traction along the
interface is isotropic and proportional to the interfacial tension between the
two liquid phases. A direct consequence is that there is pressure difference
between the two phases equal to the interfacial tension times the interface
curvature. This model works very well for pure fluid surfaces and explains the
capillary action that causes fluids to move against atmospheric pressure in
capillary tubes. An important dimensionless parameter in free surface flow is
the capillary number, which represents the ratio between viscous to interfacial
forces, defined as:

Ca = viscous drag forces
surface tension forces = µV

σ
, (1-1)

where µ represents the fluid viscosity, V represents a characteristic velocity and
σ represents the surface tension. Therefore, Young-Laplace interfacial model
assumes that the interface does not depend on either the history of deformation
or the rate of deformation, which makes this model too simple to represent
interface populated by particles, long molecules or other complex surface active
compounds.

The surfactants, for example, are substances that usually reduce the
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Chapter 1. Introduction 17

surface tension. The surface-active agents or surfactant is an amphipathic
structure consisting of a lyophobic part that has an "affinity for solvent" and
a lyophobic part with an "aversion to solvent" [11]. At low concentration,
when the molecules do not interact with each other, the surfactants orient
themselves forming a monomolecular layer at the interface that decreases the
attraction between the molecules of the surface. The lower cohesion between
the interfacial molecules decreases the energy to create new areas. Therefore,
the surface tension decreases. Still considering the low amount of solvents
adsorbed to the surface, more molecules on the surface means less surface
tension. However, the free surface is subject to expansions and contractions
during a flow. Gibbs published in 1878 a relationship between the changes in
concentration of a molecules in contact with a surface and the changes in the
surface tension This equation takes into account the area of the surface [12]. So,
even for a constant number of molecules, the concentration of surfactants can
change because the distribution of molecules respond to the surface motion.
So a single value of the surface tension is no more sufficient to describe the
interface behavior because it is at least a function of concentration.

The physicochemical Hydrodynamics couples the interface and the bulk
in a nonlinear dynamics that can lead to regions of non-homogeneous molecules
inducing a displacement of fluid trying to balance the gradient of molecule con-
centration. Marangoni explained this phenomenon, which received his name
[13]. The molecule-poor region has a higher surface tension than the rich
molecule region. This difference of tensions induces a net force that spread out
the molecules at the high concentration region reducing molecular concentra-
tion while compressing the low concentration region increasing the molecular
concentration. That is the case of Lower molecular weight (LMW) surfactants.
Sternling and Scriven have shown the importance of molecular concentration
on the stabilization of liquid phases in contact with a plane interface. When
a drop of clean fluid is carefully placed on the surface of another molecule-
populated fluid or vice versa, a disturbance to the surface arises. The re-
searchers were able to explain the appearance of these perturbation based
on the Marangoni effect.

The interaction between the molecules and the interface strongly depends
on the type of molecules adsorbed on it. The LMW surfactants have a small size
and do not self-assemble into complex microstructures [14]. LMW surfactants
usually lower the surface tension more than the bigger molecules, but proteins
adsorb better on the surface [15]. The proteins are macromolecules and surface-
active compounds of long polymer chains. Both types of molecules stabilize the
surface in which they are adsorbed. LMW surfactants induce the Marangoni
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Chapter 1. Introduction 18

displacement by lowering surface tension. Although the proteins also decrease
the surface tension, its stabilization mechanism is due to the formation of a
viscoelastic monolayer on the interface [16].

The non-linear response to the deformations are characteristics of com-
plex rheological interfaces (or complex interfaces). Complex interfaces are fa-
miliar to live systems, foods and the environment. This rheological character-
istic is essential to such bio-process as the ones that occur in the lung and
biological membranes [17, 18].

Recently, Shirazi et al. [19] have used the pendant drop method to char-
acterize the interface mechanical behavior of a Laponite based Pickering films
of the oil drop in water. Laponite is a synthetic smectite clay composed of
monodisperse thick disks.The laponite layer behavior changes in the presence
of salt due to molecular interactions. The salt increases the maximum con-
centration of laponite at the interface of the drop and with that increases the
elasticity and viscosity moduli. In their experiments, the effect of aging time
increased the elastic modulus up to approximately 600 mN/m a suspension of
1.5 wt% of Laponite in 0.1 M NaCl.

Shirazi et al. [20], shown in another study the impact of this behavior
on the Laponite stabilization of the oil-water emulsion. Oil drops coalescence
did not occur and the solution remained stable during more than one month
in the salty medium.

Rosenfeld and Fuller[21] and Bhamla et al. [22], motivated by the stability
of the tear film in the eye, have compared the impact of the insoluble layer
characteristics on the dewetting time of a silicon wafer. They explored a mix
of wax esters, cholesterol esters, and fatty acids called meibum that covers
our eyes with a film of proteins and mucins. This mix of molecules performs
significant biological roles. Patients with these lipid deficiencies suffer from
early dryness of the tear film leading to irritations and inflammation in the
cornea. The study focused on the effect of three insoluble surfactants with
different interfacial rheological properties. They have shown that meibum
with viscoelastic properties, in which the elastic modulus exceeds the viscous
modulus, expressively increased the dewetting time in comparison with a
viscoelastic monolayer with high viscous modulus and a viscous interface.

Complex interfacial become relevant in systems with large interfacial
areas. Boussinesq was the first to propose the necessity of taking into count
the length scale [17, 18]. The Boussinesq number is a dimensionless group that
couples the surface shear stress, the bulk stress and the length scale evaluating
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the importance of the surface on the flow [23].

Bq = surface shear viscosity
bulk viscosity × length scale = µΓ

µL
(1-2)

Here µΓ represents the surface shear viscosity, µ represents the bulk
shear viscosity and L a characteristic length. This phenomenon has also be
studied by others researches. Scriven rewrote Boussinesq’s equations in terms
of an arbitrary moving surface and deforming coordinate system in a more
convenient mathematical model [18, 24]. The Boussinesq-Scriven law is forces
balance on the surface write in tensor form, which takes into account not only
the shear viscosity but also the dilatational viscosity on the surface.

The shear viscosity, as well as the dilatation viscosity, are properties that
respond to the velocity gradients and can have a significant effect on the flow
behavior strongly influencing the dynamics of the surface. The shear viscosity
is that viscosity measured at a constant area. The dilatational viscosity is
measured compressing or dilatating the volume but keeping the original shape.

This dynamic property has a substantial impact on thin films as extrusion
of fluid and slot-die coating, and it has received little attention in the literature.

In addition to shear and dilatational interfacial deformation modes there
are bending and torsion modes that are usually neglected. (For this and more
information about deformation modes in complex interface consult [25, 26])

1.3
Objective

As described, isotropic interface models are widely used to describe free
surface micro-flows. The objective of this work is to determine the effect
of interface rheology on free surface flow dynamics. The working fluid was
considered as Newtonian with a viscous interface. A Newtonian fluid was used,
such that all atypical behavior can be attributed to the interfacial viscosity.
This choice allows concentrating on the viscous interface instead of giving too
much attention to the bulk phase.

This analysis was done numerically with finite element method and
diffusion-like dynamic mesh, to solve the free boundary problem. The next
section presents more discussions on the mathematical model used.

The solution obtained has enable to understand better the effect of
interfacial viscosity on the extrusion of fluids and slot-die coating
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2
Mathematical Formulation

This chapter presents the model that describes the free surface flows
taking into account viscous behavior of liquid-gas interface. The model is used
to study the effect of interface rheology on die-swell and slot coating flow.

Mass and the momentum conservation equations describe the flow. Both
coating and extrusion operate in steady-state and at a constant temperature.
So the liquid properties can be approximated as constant values.

2.1
Conservation Equations

The Navier-Stokes (NS) and the mass conservation equations govern the
flow of a Newtonian fluid. NS arises from the Cauchy equation of motion
that is the result of linear momentum conservation [27]. The Cauchy equation
is a partial differential vector equation that describes the dynamics of any
continuous media,

ρ
Du

Dt
= ρg + ∇ · T , (2-1)

where ρ is the fluid density, u is the flow velocity, t is the time dependency and
ρg is the body force per unit of volume and T is the stress tensor. Equation
2-1 is a force balance where the left side represents the mass times acceleration
of the fluid while the right side is a sum of the body and surface forces. For a
Newtonian fluid, the stress tensor is:

T = −pI + µ[∇u+∇uT ]− 2
3µ∇ · uI, (2-2)

where µ is the viscosity of the fluid, u is the flow velocity and p is the
fluid pressure. However, the system is still incomplete. The mass conservation
complete the algebraic system,

∂ρ

∂t
+∇ · (ρu) = 0. (2-3)
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Chapter 2. Mathematical Formulation 21

The density is constant for a incompressible fluid. Mass conservation
equation becomes:

∇ · u = 0. (2-4)

In steady state, the time dependency of u is zero, and the material derivative is
equal to the convective term. In the absence of body forces, the eq 2-1 becomes:

ρu · ∇u = −∇p+ µ∇2u. (2-5)

The section 2.2 presents the viscous interface model and section 2.3 the
other boundary conditions.

2.2
Viscous Interface Modeling

The Boussinesq-Scriven constitutive Law describes viscous interface be-
haviour [28]. The surface stress is written as,

σΓ = [τ + (λΓ − µΓ)∇Γ · u]P + µΓP (∇Γu+ (∇Γu)T )P , (2-6)

where τ is the interfacial tension and µΓ and λΓ are the the shear and
dilatational interface viscosity. P = I − nnT is the projection tensor, with
n being the local unit normal vector. ∇Γv = P∇v is the velocity gradient
along the interface. ∇Γ · v = tr(∇Γv) is the divergent along the interface.

Considering two dimensional flows, theses operators can be simplified by
rewriting them as function of the surface unity tangent vector t. Since P = ttT ,
it is possible to show that P∇ΓvP = P (∇Γv)TP = (∇Γ · v)P . So equation
2-6 becomes:

σΓ = [τ + (λΓ + µΓ)∇Γ · u]P (2-7)

If the interface viscosity is equal zero, the model recovers the isotropic
interface model. In the case of liquid-gas interface, for gas pressure equal to
pg, force balance along the interface leads to:

n · T = −pgI +∇Γ · σΓ, (2-8)
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Chapter 2. Mathematical Formulation 22

The effect of interface viscosity is noted on regions where the fluid
is being deformed. Deformation occur where the interface points move at
different speeds. The surface divergence of the velocity measures the interface
deformation rate. If the velocity increases with the arc length, the interface
expands or contracts if the speed is decreasing.

From the point of view of the arc length, the divergent along the interface
becomes a simple derivative. Rewriting equation 2-8 in terms of the arc length
allows a better understanding of the effect of interface viscosities on the forces
along the meniscus.

∇Γ · σΓ = d

ds

[(
τ + (λΓ + µΓ)d|u|

ds

)
t

]
(2-9)

∇Γ · σΓ =
(
dτ

ds
+ (λΓ + µΓ)d

2|u|
ds2

)
t︸ ︷︷ ︸

tangential direction

+
(
τ + (λΓ + µΓ)d|u|

ds

)
dt

ds︸ ︷︷ ︸
normal direction

(2-10)

Eq 2-10 represents the tension force acting on the interface, and it has
a normal and a tangential direction components. The normal component is
proportional to the curvature and leads to the Young-Laplace equation, for
a non-viscous interface. The additional term on the normal component is
proportional to the interfacial viscosities and modifies the value of interfacial
tension, which leads to "apparent interfacial tension". This apparent interfacial
tension is a function of the variation of the module of the speed along the
arc. If the interface decelerates along the arc, the apparent interfacial tension
decreases. In this case, a mechanical process is responsible by the variance
of the surface tension. On the tangential term, the derivative of the surface
tension is zero when the concentration of surfactants is constant. Therefore,
the additional term on the tangential component can induce the displacement
of fluid, also for a constant concentration of surfactants hypothesis.

2.3
Boundary Conditions

2.3.1
Extrusion Flow

Figure 2.1 shows a sketch of the flow domain. Liquid flows between two
parallel plates until reaching the end, from which a free surface is formed.
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The shape of the free surface is unknown a priori and is a function of liquid
properties and flow conditions.

Fixed
wall

Inlet

Line of
Simmetry

Free
Surface

Outlet

Figure 2.1: Representation of the boundary conditions of extrusion flow.

This flow is symmetric, the set of equations is solved only in half of the
domain. The physical domain is bounded by five boundaries listed below and
displayed in Figure 2.1.

1 - Inlet: The flow at the entrance is assumed developed as consequence
of the omitted part of the die. Fixing the flow rate Q, the velocity profile is:

u(x = 0, y) = 3Q
2H

1− y2

H2

i (2-11)

2 - Line of Symmetry: Absence of flux through this line and zero
tangential force:

n · u = 0 ; n · T · t = 0 (2-12)

3 - Outlet: The outlet is not actually a physical boundary but just
an artificial limit of domain. It must be far enough so the flow becomes well
developed. The pressure is fixed and equal to pg.

n · ∇u = 0 (2-13)

p = pg (2-14)

4 - Free Surface:
Along the liquid-gas interface, two boundary conditions are imposed,

there is no flux across the interface and the liquid traction must balance the
interface force.
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n · v = 0 (2-15)

n · T = −pgn+∇Γ · σΓ (2-16)

5 - Fixed Wall: The top of the channel is a fixed wall which refers to
the condition of non-slip and non-penetration.

u = 0 (2-17)

2.3.2
Slot Coating Flow

The complete simulation of this process should consider the entry from
the fluid inlet to the region comprised between the two menisci. However
simulation of the downstream is sufficient to determine the effect of the
surface viscosity along the downstream meniscus, which is the objective of
this analysis.

 Fixed
 wall

Inlet

 
 

Free

 

Surface

 

Outlet

 Moving
 wall

Figure 2.2: Representation of the boundary conditions on slot-die coating flow.

The physical domain is bounded by five boundaries listed below and
displayed in Figure 2.2.

1 - Inlet: The inlet velocity profile now has to respect the velocity
conditions at the extremes. u(x = 0, y = H) = 0 and u(x = 0, y = 0) = VSi

in addition to the known flow rate Q.

u(x, y = 0) = 6Q
H

( y
H

)
−
(
y

H

)2
i (2-18)

2 - Moving Wall: The flow on the bottom moves adhered to the wall
respecting the condition of no-slip and no-penetration. So the condition is:
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u(x, y = 0) = VSi (2-19)

3 - Outlet: The outlet is not actually a physical boundary but just
an artificial limit of domain. It must be far enough so the flow becomes well
developed. The pressure is fixed and equal to pg.

n · ∇u = 0 (2-20)

p = pg (2-21)

4 - Free Surface: Along the liquid air interface, two boundary conditions
are imposed, there is no flux across the interface and the liquid traction must
balance the interface force.

n · v = 0 (2-22)

n · T = −pgn+∇Γ · σΓ (2-23)

5 - Fixed Wall: The top of the channel is a fixed wall which refers to
the condition of non-slip and non-penetration.

u = 0 (2-24)

2.4
Dimensionless Groups

As the inertia can be neglected in both flows, the capillary and the
Boussinesq numbers suffice to define the stokes problem.

2.4.1
Extrusion Flow

Using the inlet mean velocity as characteristic velocity that can be
calculated as a function of the flow rate Q and the half cross-section height H.
The capillary number assume the form:
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Ca = µV

σ
= µQ

σH
(2-25)

The Boussinesq number also uses the half height H as the length scale
for the extrusion flow.

Bq = µΓ

µH
(2-26)

A dimensionless pressure was constructed using the bulk shear viscosity,
the characteristic velocity and length.

P = µQ

H2PDimensionless (2-27)

2.4.2
Slot Coating Flow

The capillary number can be calculated directly in function of the
substrate velocity VS.

Ca = µVS
σ

(2-28)

The Boussinesq number uses the coating gap as H the length scale for the
slot coating flow. (Note that H represents the length scale for both problems.
But it assumes different values for each flow.)

Bq = µΓ

µH
(2-29)

A dimensionless pressure was constructed using the bulk shear viscosity,
the substrate velocity and coating gap.

P = µQ

H2PDimensionless (2-30)

A dimensionless flow rate can be defined as the ratio between the feed
flow rate and the flow rate required to coat a substrate with a film having a
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thickness H. This is useful because the dimensionless flow rate is equal to the
ratio between the thickness of the coated film and H.

Q

VSH
= film thickness

H
(2-31)
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3
Numerical Solution

3.1
Finite Element Method

The Finite Element Method is based on the Weighted Residual Method
that writes the approximate solution of a differential equation as a linear
combination of continuous and differentiable functions. The method arises
from the integral (weak or variational) form of the problem that transforms
the linear combination of functions in a projection of the real solution on the
subspace of these functions.

The attractiveness of Finite Element Method (FEM) lies on using basis
functions that are different from zero in only a part of the domain, which allows
describing the approximated solution in various geometries without additional
difficulties. The FEM’s robustness and efficiency made it famous in problems
of modeling by differential equations such as fluid dynamics.

When the weighting functions used to calculate the residual of the
equations are equal to the basis functions used to approximate the unknown
fields, the FEM is known as Galerkin’s Finite Element Method (GFEM).
Just as in FEM, GFEM also generates a projection of the solution in the
function space. Nevertheless, in the second case, this projection is orthogonal.
The GFEM and some slight variations including numerical stabilizations
techniques, such as the Streamline-Upwinding Petrov-Galerkin formulation,
have been widely used to solve many problems in fluid mechanics in the last
few years, including coating and free-surface flows of Newtonian and non-
Newtonian liquids.

3.2
Mesh

The formulation described in the previous section is a free surface
problem since the domain where the flow occurs is unknown. The position
of the interfaces depends strongly on the velocity and pressure fields that
depend on the interfacial position. To solve this problem, the system of
differential equations and the boundary conditions formulated in the physical
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domain will be transformed into an equivalent system defined in a reference or
computational domain Ω0. This transformation is done by mapping x = x(ξ)
(direct mapping) that connects the two domains (Ω0 → Ω). The physical
domain is parameterized by the position vector x = (x, y) and the reference
domain by ξ = (ξ, η) [29, 30].

To write the equations that govern the problem in the weak form, the
derivatives with respect to the coordinates of the physical domain (x, y) must
be represented by derivatives with respect to the coordinates of the reference
domain (ξ, η). The Mapping Deformation Gradient Tensor is defined, in the
2D case as:

∇ξx = ∂x

∂ξ
=


∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η

 (3-1)

∇ξx is also the Jacobian matrix and its determinant must be different
from zero to guarantee the transformation is invertible. Another restriction to
the mapping the boundary of the computation domain on the boundary of the
physical domain. With respect to this requirement, correction of the elemental
area in the weak formulation integrals is allowed using dΩ = |∇ξx|−1dΩ0.
Moreover, any function α written according to the computational coordinates
can be transformed into physical coordinates as follows:


∂α

∂x
∂α

∂y

 = |∇ξx|−1


∂α

∂ξ
∂α

∂η

 (3-2)

In the case of flows with free surfaces, the position of the mesh is not
known a priori. The mesh must allow a relaxation of the physical domain.
This makes the mapping part of the solution of the problem. The approach of
a mobile mesh is detailed in the next section.

3.2.1
Formulation of Free Surface Problems

A set of the elliptical diffusion like equation has been successfully used
in mapping free interface problems and was used in this work. Benjamin [31]
proposed a generalization of the method developed by Christodoulou [32] and
Christodoulou & Scriven [33], which bases on minimizing the functional that
measures the smoothness, orthogonality and density of the mesh(Eq 3-3).
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∫
Ω

(Dξ|∇ξ|2 +Dη|∇η|2)dΩ = 0 (3-3)

The symbols Dξ and Dη are the diffusion like coefficients of the coor-
dinates potentials that control the spacing between the curves of constant ξ
and η. The equations that minimize this functional are a pair of elliptic partial
differential equations, similar to those found in heat transfer problems with
variable thermal conductivity.

∇ · (Dη∇η) = 0; ∇ · (Dξ∇ξ) = 0 (3-4)

Equations 3-4 are formulated in the physical domain. When the diffusion
like coefficients are constant, equations 3-4 are reduced to the Laplace equa-
tion. The set of boundary conditions required to solve these pairs of partial
differential equations is as follows.

Boundary Conditions for The Mapping

For both flows analyzed in this work, the following boundary conditions
were applied.

1. Fixed nodes: used when the position of the nodes is known a priori.
2. Nodal distribution prescribed: used when the position of the nodes

is known a priori and they respect functions of distribution.

ξ = f−1(s), η = g−1(s) (3-5)

3. Sliding over the boundary: used when the nodes free to slide over
a line which the equation is known.

f(x) = 0 (3-6)

5. Kinematic condition: used when there is no liquid flux across the
interface. This condition couples the flow and the equations of the elliptic mesh
generation method.

n · u = 0 (3-7)
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3.3
Weighted Residual Form

The NS (eq.2-5) is discretized to set of equations 3-8 in the weak residue
form, where each weighing-function φi generates one equation.

Rmi
=
∫

Ω
ρ(u · ∇u)φidΩ +

∫
Ω
T : ∇φidΩ −

∫
Γ
(n · T )φidΓ︸ ︷︷ ︸

B.I.

(3-8)

The first two integrals refer to the interior of the domain computing
the behavior of the fluid type defined in T . The integral marked with B.I.
(Boundary Integral) compute the derivative boundary conditions (Neumann
boundary condition) as in the definitions of developed flows, lines of symmetry
and free surfaces.

The following step details the construction of the boundary integral along
the liquid-gas interfaces. Let ω be the weight function.

B.I. =
∫

Γ

(
n · T

)
· ω ds

B.I. =
∫

Γ

[
∇Γ ·

(
− pI + σΓ

)]
· ω ds

B.I. =
∫

Γ
∇Γ ·

[(
− pI + σΓ

)
· ω
]
ds−

∫
Γ

(
− pI + σΓ

)
: ∇Γω ds

B.I. =
[(
− pI + σΓ

)
· ω
]∣∣∣∣∣
sf

si

−
∫

Γ

(
− pI + σΓ

)
: ∇Γω ds

The weak form of the mass and the diffusion like coefficients complete
the set equations associated to the bulk.

Rci
=
∫

Ω
(∇ · u)ζidΩ (3-9)

Rξi
=
∫

Ω
∇ · (Dξ∇ξ)φidΩ (3-10)

Rηi
=
∫

Ω
∇ · (Dη∇η)φidΩ (3-11)

Velocity and pressure fields expanded in terms of the basis functions

Each unknown field of the problem is expanded in a linear combination
of a finite number of basis functions. For this work, the basis functions attend
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the quadrangular elements with nine degrees of freedom as Figure 3.1.

1 2

34

5

68

7

9
ξ

η

Figure 3.1: Representation of the quadrangular element.

To obey the Babuska-Brezzi condition [34, 35], the basis functions were
nine Lagrangian biquadratic functions, φ1,2..9, for the mesh and velocity, and
three linear discontinues functions, ζ1,2,3, for the pressure. Therefore, the mesh,
velocity and pressure variables assume:

x =
x
y

 =
∑9

j=1(Xjφj);∑9
j=1(Yjφj)

 , (3-12)

u =
u
v

 =
∑9

j=1(Ujφj);∑9
j=1(Vjφj)

 , (3-13)

and

p =
3∑
j=1

(Pjζj). (3-14)

The coefficients used in the linear Pj, Uj, Vj, Xj, and Yj are unknown
and part of the solution.

3.4
Solution Method

The integrals of the residual formulation are solved in the reference
domain, Ω0, using the Gaussian Quadrature Method with three points of
integration in each direction. The weighted residual method together with a
linear interpolation of the unknown fields give rise to a system of non-linear
algebraic equations which is solved with Newton’s method with a numerical
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Jacobian. This system can be treated as R(c) = 0, where c = c(u, p,x) is the
global solution vector and R is a global residual vector. Newton’s method
linearizes the system of non-linear algebraic equations and consists in the
solution of this linear system by means of the following iterative procedure:

c = c0

while |R(c)| > ε do
J∆c = −R
c = c+ ∆c

end while
Here, ε is the numerical tolerance of the method, c0 is an initial guess and

J is the Jacobian matrix that denotes the sensibility of each residual equation
in relation to each unknown vector variable of the problem c.

Jij = ∂Ri

∂cj
(3-15)

3.5
Mesh Construction

3.5.1
Extrusion

An advantages of using dimensionless parameters is to bring together
several simulations in a few. Both the capillarity and Boussinesq numbers take
the dimensions of the flow into account (indirectly in the case of capillarity).
Thus, the length of the section within the die only needs to ensure that the
inflow boundary is far enough to not affect the flow near the exit of the channel
and the outflow plane is far enough for the flow to become fully developed.

The differences between these two regions make natural split the mesh in
two parts, which one with its own length, numbers of elements and boundary
conditions. Figure 3.2 shows the division of the mesh to fit the physical domain
(Figure 2.1). Region 1 is associated with the interior of the die and region 2
is associated with the free surface flow. The length of the die is eight time the
channel height (8H) and the free flow length is ten times the channel height
(10H). These two measures must be checked according to the hypotheses. The
values n1, n2 and n3 symbolize the number of elements in each division. They
are, respectively, the number of horizontal elements in region 1 (n1), region 2
(n2) and the number of vertical elements of both regions (n3).

DBD
PUC-Rio - Certificação Digital Nº 1712558/CA



Chapter 3. Numerical Solution 34

(10,0)

(10,1.1)

(-8,0)

(-8,1)

(0,0)

(0,1)

n1 n2

n3

1 2

Figure 3.2: The division of the mesh adjusted the physical domain. In paren-
theses are the coordinates of the vertices of the mesh. The values n1, n2 and
n3 symbolize the amount of elements in each division.

For our extrusion flow analysis, the capillary number will not exceed
2 and the Boussinesq will not exceed 15. Then, the mesh using these two
values covers the whole set of values investigated in the results and discussions
section. Four meshes were constructed to evaluate the solution and check the
mesh independence. The first analysis discuss about the length to achieve the
fully developed flow state. Four meshes with different free flow lengths were
tested: 10H, 16H, 20H and 24H. The number of elements n2 is proportional to
this values. The table 3.1 summarizes the details of mesh construction.

Table 3.1: Test meshes characteristics for the extrusion flow.
Properties mesh 1 mesh 2 mesh 3 mesh 4

Capillary (Ca) 2 2 2 2
Boussinesq (Bq) 15 15 15 15

Free Flow Lengths 10H 16H 20H 24H
n1 25 25 25 25
n2 35 42 70 84
n3 15 15 15 15

Figure 3.3 shows mesh 1 and is representative of the four meshes because
they only differ in the number of element.

Figure 3.3: Mesh 1: region 1 with 25X15 and region 2 with 35X15.
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    -8.000     -3.500      1.000      5.500     10.000

    -0.000

     0.529

     1.059
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Figure 3.4: The final position of the mesh 3. The rearrangement of this mesh
is representative of the three meshes due the very similar performance.

Again, Figure 3.4 shows the flow configuration obtained with mesh 3
because it is representative of the three meshes that had a very similar
performance. Figure 3.4 also demonstrates the operation of the mesh. The
mobile mesh allowed the line defining the boundary of the fluid in region 2
to form an arched profile while the elements just below this line have been
redistributed so as to homogeneous division of the elements. As expected, the
guessed value for the expansion of the mesh was altered by the numerical
iterations.

Table 3.2: Test meshes characteristics for the extrusion flow (more refined).
Properties mesh 1 mesh 2 mesh 3 mesh 4
Length 10 16 20 24

Final Thickness 2.9648 3.0742 3.0899 3.0854

Table 3.2 presents the final position of the surface for each mesh. The
final position of the surface varied slightly for each domain. Since the number of
vertical elements was not tested, a second set of meshes was made to evaluate
if the final position oscillation can be attenuated by increasing n3. For this
test, only the n3 was altered form 15 to 20 in all meshes, as shown in table
3.3.

Table 3.3: Test meshes characteristics for the extrusion flow (more refined).
Properties mesh 1 mesh 2 mesh 3 mesh 4

Capillary (Ca) 2 2 2 2
Boussinesq (Bq) 15 15 15 2

Free Flow Lengths 10H 16H 20H 24H
n1 25 25 25 25
n2 35 42 70 84
n3 20 20 20 20
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Table 3.4 shows that the meshes have a better agreement. For this test,
the meshes 2, 3 and 4 had a minor variation in the final thickness. So, mesh 2
is enough to analyze the interfacial viscosity in the next session.

Table 3.4: Test meshes characteristics for the extrusion flow (more refined).
Properties mesh 1 mesh 2 mesh 3 mesh 4
Length 10 16 20 24

Final Thickness 3.0510 3.0812 3.0849 3.0832

3.5.2
Slot Die Coating

Because we are mostly interested on the dynamics of the film formation
region and on the low flow limit, we restrict our analysis on the downstream
meniscus of a slot coating process, as done by Romero et al [6]. The flow
domain is divided in three regions, as shown in Figure 3.5. The variables n1,
n2, n3 and n4 represent the number of elements on each boundary side. The
number of horizontal elements of region 1 and region 2 are respectively n1 and
n2 and the vertical elements of region 1 and region 2 are respectively n3 and
n4. The region 3 that is connected with regions 1 and 2 has n4 elements at
horizontal and n3 elements at vertical.

1
3

2

n1 n2

n3
n4

(0.3, 0.065)

(0, 0.1)(-0.15, 0.1)(-1, 0.1)

(-1, 0) (0, 0) (1.5, 0)

(1.5, 0.5)

Figure 3.5: Slot Die regions distribution.

The distribution of elements in the mesh is n1 = 25, n2 = 80, n3 = 15
and n4 = 15. The mesh with equally spaced elements is shown in Figure 3.6.

Figure 3.6: Slot Die elements distribution.
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In our tests, the capillary number will not exceed 2 and the Boussinesq
will not exceed 15. Then, the mesh using these two values covers the whole set
of values investigated in the results and discussions section. Different from the
extrusion problem, the coating velocity and the position of the interface at the
end of the domain are known a priori. The mesh 1 is defined at tab 3.5 and
answer the boundary conditions at the end of the domain.

Table 3.5: Test meshes characteristics for the slot die coating flow
Properties mesh 1

Capillary (Ca) 2
Boussinesq (Bq) 15

Dimensionless Flow Rate 0.5
Coated Layer Thickness 0.5H

Free Flow Length 20H
n1 25
n2 80
n3 20
n4 20

The figure 3.7 shows the mesh 1 after the simulation.

    -1.000     -0.250      0.500      1.250      2.000

         -0.000
          0.050
          0.100

Figure 3.7: Mesh 1: region 1 with 25X20, region 2 with 80X20 and region 3
with 20X20.

Figure 3.8 shows that the surface velocity reaches the substrate velocity
at the end of the domain, which means that the outflow profile is uniform.

Figure 3.9 shows that the interface reaches the defined height as 0.05.
For this operating conditions, the length of twenty times the gap to the liquid
layer was sufficient to guarantee the development of the flow. But for higher
values to the Boussinesq number or lower to the capillarity number, this length
should be increased to enhance the reliability of the simulation.
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Figure 3.8: Velocity profile of mesh 1.
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Figure 3.9: Interface profile of mesh 1.

After the constructions of the meshes for extrusion and coating flows, the
chapter of results and discussions deals with how the dimensionless numbers
affect each flow.
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4
Results and Discussions

This chapter presents the results for both the extrusion and slot coating
flow. The focus is to study the effect of the interface viscosity, represented by
the Boussinesq number (Bq) on the flow pattern.

4.1
Extrusion Flow

For Newtonian fluid, the flow inside the die has a parabolic velocity
profile, after it goes out the exit, it gradually becomes a plug flow. The
extrudate swelling can be observed in the mesh test of the previous section.
The increasing of the thickness is not expected to exceed 10% for Newtonian
case [3].

Characterized by a over dilatation of the extrusion dimensions, the Die-
Swell is a phenomenon that occurs in extrusion of polymers. The extra swell
is associated with the rheological behavior of the liquid. Here we focus on
die-swell flow of Newtonian liquids (bulk) with complex interface.

High capillary numbers can be generated by high speed or a very low
surface tension. In both cases, the flow is dominated by viscous forces. Higher
viscosity leads to stronger internal stress and consequently a greater swelling
effect. Even for a high speed, the scale of the problem makes the Reynolds
number lower than unit and guarantees the hypotheses of stokes problem. As
the mathematical formulation was done considering the fully Navier Stokes
problem, the Stokes was recovered considering the specific mass of the fluids
equals zero in the NS equation.

For Bq � 1, the flow is dominated by the bulk stress and for Bq � 1
the surface stress becomes relevant to the flow behavior. So three values
were selected to be examined corresponding to a flow dominated by the bulk
viscosity (Bq = 0), another dominated by interface viscosity (Bq = 10) and a
last one in which both forces have the same order of magnitude (Bq = 1).

To investigate what happens when the fluid is Newtonian but with a
complex interface different values of the surface viscosity were defined while
the others parameters were kept constant.
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4.1.1
Low Capillarity Number

At low capillary number, the flow is dominated by surface tension forces.
The viscous normal force that is responsible for the extrudate swell is weak
compared to the surface tension. As a consequence, the free surface is almost
flat and intensity of extrudate swell is very small. We analyzed the effect of
Bq at Ca equal to 10−3, as indicated in Table 4.1.

Table 4.1: Dimensionless group for the low capillary extrusion flow.
Properties Case 1 Case 2 Case 3

Capillary (Ca) 10−3 10−3 10−3

Boussinesq (Bq) 0 1 10

The results obtained for the flow field are present in Figures 4.1, 4.2 and
4.3. The color contours represent the dimensionless pressure field. The color
code is the same for the three graphs and shows that the inlet pressure increases
as the interface viscosity increases. Near the exit of the die, the inclination of
the streamlines is higher in the non-viscous surface. When the interface is
viscous, the liquid acceleration along the interface is slower, as show in Figure
4.4. The terminal velocity is also smaller for high Bq, which leads to a stronger
die swell, as show in Figure 4.5. It is important to note that at the low Ca, the
extrudate swell is small for all cases.
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Figure 4.1: Pressure field and Streamlines for Bq = 0 and Ca = 10−3
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Figure 4.2: Pressure field and Streamlines for Bq = 1 and Ca = 10−3
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Figure 4.3: Pressure field and Streamlines for Bq = 10 and Ca = 10−3
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Figure 4.4: Velocity profile along the interface of the extrusion flow for different
Boussinesq numbers and Capillarity number equal 1 · 10−3.
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Figure 4.5: Surface profile extrusion flow for different Boussinesq numbers and
Capillarity number equal 1 · 10−3.

The surface viscosity generates friction that slows down the flow near
the surface and propagates into the flow. This connects the surface shape with
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the velocity profiles. The velocity in the beginning of the free surface is zero
because of the no-slip condition at the wall of the channel and asymptotically
grows to the terminal mean velocity at outlet. As the average velocity decreases
affected by surface friction, the film thickness increases to preserves to the
mass. In addition, since flow is retarded, development occurs farther from the
outlet of the channel. Hence the smoothing of the speed curves is also related
to the friction of the surface.

4.1.2
High Capillary Number

The behavior of the surface is quite different when the capillarity is
increased. The influence of viscous forces further expand the film thickness
and provides larger curvatures. This test uses the capillary number equal 1,
which is 1000 times the value of the previous test, and a large swelling is
expected. Table 4.2 resume the simulations.

Table 4.2: Dimensionless group for the high capillary extrusion flow.
Properties Case 1 Case 2 Case 3

Capillary (Ca) 1 1 1
Boussinesq (Bq) 0 1 10

Figures 4.6, 4.7 and 4.8 show that the difference between the swelling is
notorious and very pronounced for the higher Boussinesq number. The film
thickness of a Newtonian fluid with a viscous interface increased over the
expected value of Newtonian fluids with simple interface. This behavior was
similar to extrusion of non Newtonian fluids. The pressure field also shows that
the inlet pressure increases as the interface viscosity increases. Near the exit
of the die, the inclination of the streamlines is much higher in the non-viscous
surface than in the previous simulation because they follow the deformation of
the surface.
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Figure 4.6: Pressure field and Streamlines for Bq = 0 and Ca = 1
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Figure 4.7: Pressure field and Streamlines for Bq = 1 and Ca = 1
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Figure 4.8: Pressure field and Streamlines for Bq = 10 and Ca = 1

The dimensionless pressure scale is the same for all three graphs. Figure
4.6 shows that the top of the channel output (x = 0) is a low pressure region.
Comparing with Figure 4.7, when the moderate surface viscosity was included,
A low pressure region takes place of the higher pressure region. It means that
pressure has increased and that the pressure gradient has decreased. The same
region in Figure 4.8 is occupied by low pressure values.

Figure 4.9 shows the surface profile for these three cases. The profile for
the higher viscosity stands out against the other two. The velocity distribution
along the free surface, in Figure 4.10, clearly show that viscous interfaces slows
down the acceleration of the liquid along the free surface.
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Figure 4.9: Surface profile of the extrusion flow for different Boussinesq
numbers and Capillarity number equal 1.
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Figure 4.10: Velocity Surface profile of the extrusion flow for different Boussi-
nesq numbers and Capillarity number equal 1.

Analyzing the previous results, it is already possible to observe that,
in general, the interfacial viscosity softens the velocity and pressure gradient
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Figure 4.11: The profile of the interface divergent of velocity for the extrusion
flow for Capillary number equal 10−3 and different Boussinesq numbers.

functions. This can lead to a significant increase in the extruded layer and a
decrease in the speed of production. Figures 4.11 and 4.12 set the graph of the
divergent of velocity along th interface for the capillarity 10−3 and 1.

Figure 4.11 shows that, for the three values of Boussinesq number, the
interface divergent of velocity is a decreasing function that assumes zero at
the end of the domain. The interface divergent of velocity depends on the
projection of the velocity gradient along the surface. As the velocity gradient
decreases, the divergent also has to decreases along the domain. The graph
also shows that resistance to stretching appears when the surface viscosity is
considered, holding the initial acceleration of the interface and at delaying the
plug flow.

The oscillation of the free surface for the non-viscous interface occurs
because the interface divergent is too intense. The absence of coupling between
the divergent and the system of equations allows a greater variance of the speed
and makes the mesh poor to compute this magnitude. The oscillations could
be solved with a more refined mesh, but this was not the focus of this work.

As expected, Figure 4.12 shows that the surface bends more when
the capillary increases, although the interface divergences of velocity along
the interfaces are more intense in the simulations with the low number of
capillarity. This function measures the difference of the displacement in the
direction of the flow and responds to the stretching or shrinking. That is
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Figure 4.12: The profile of the interface divergent of velocity for the extrusion
flow for Capillary number equal 1 and different Boussinesq numbers.

different to measure whether the surface is bending. So according to the results,
the interface stretches less for a more significant capillarity numbers, and the
stretching occurs closer to the die. Therefore, the low capillarity may prevent
the bending of the surface, but pushes forward the development of the flow.

Figure 4.13 shows a plot that summarizes the behavior of the viscous
surfaces. The complex behaviour creates a resistance to stretching and reduces
the speed of the flow, and as a consequence due to mass conservation increases
the film thickness. In the case of low numbers of capillarity, surface tensions
limits the deformation of the surface. Then the effect of viscosity is more
evident for high capillarity. The scale is a semi-log. Then the graph also
shows that the influence of the surface viscosity can be more significant to the
terminal thickness than the capillarity. For much higher numbers of Boussinesq,
the interface expands over the domain.
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Figure 4.13: Maximum film thickness vs capillary number for various Boussi-
nesq number values.

4.2
Downstream region of Slot Coating Flow

The slot die coating is a pre-metered coating method, because the film
thickness is setted by the flow rate and web speed area, and it is independent
of the other process condition. This section studies how the interfacial viscosity
changes the flow pattern in the film formation region.

4.2.1
Low Capillarity Number

Low capillary number flows are dominated by surface tension forces.
High surface tensions leads to small interface curvature. Then, the interface
should have a smooth transition between the contact line with the die and the
terminal height of the film. The dimensionless flow rate was set as 0.5. Then,
the film thickness is the half of the gap. The first simulation analyzes this
fact maintaining the capillary number equal to 10−3 and varies the Boussinesq
number between 0, 1 and 10, as shown in table 4.3.
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Table 4.3: Dimensionless group for the low capillary slot die coating flow.
Properties Case 1 Case 2 Case 3

Capillary (Ca) 10−3 10−3 10−3

Boussinesq (Bq) 0 1 10
Dimensionless Flow Rate 0.5 0.5 0.5

The flow field results are presented in Figures 4.20, 4.21 and 4.22. The
color contours represent the dimensionless pressure field. The color code is
the same for the three graphs and shows that the inlet pressure increases as
the interface viscosity increases. Then, the pressure gradient decreases as the
Boussinesq number is increased. Near the exit of the die, the inclination of
the streamlines is also higher in the non-viscous surface. When the interface is
viscous, the liquid acceleration along the interface is slower, as show in Figure
4.18 and the curvature is also smaller for high Boussinesq numbes, as show in
Figure 4.17.
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Figure 4.14: Pressure field and Streamlines for Bq = 0 and Ca = 10−3
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Figure 4.15: Pressure field and Streamlines for Bq = 1 and Ca = 10−3
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Figure 4.16: Pressure field and Streamlines for Bq = 10 and Ca = 10−3

The gap between the slot die and the substrate was fixed and for all cases
the interface profile start at the same point. As the flow rate and the substrate
velocity are the same for the test, all the curves end at the same point. The
difference among the curves is due to the curvature of the meniscus. Figure
4.17 shows the interfacial position for the three values of surface viscosity. As
the fluid takes longer to speed up, the film takes longer to reach the terminal
thickness.

Figure 4.18 shows the graph of velocity on the free surface. All the curves
start from zero because of the no-slip condition at the wall and grows until
the substrate velocity reaches an asymptotic value. The difference between
the speed and interface profiles shows that the surface viscosity delayed the
development of the flow.

The divergent of velocity on the surface is a key concept to understand
this phenomenon. It defines the location and the intensity of the tension. The
graph on Figure 4.19 shows that the interface deformation is greater near the
channel output where the fluid accelerates from zero to the substrate velocity.
The extra tension generated by the divergent holds the deformation what
makes the initial value of the curve be smaller for the cases with interfacial
viscosity. On the other hand, the deformation occurs for a larger length. Near
the end, the divergent tends to zero. So the difference among the three cases
tends to disappear far from the slot die. Higher the number of Boussinesq,
greater the resistance of the surface to the deformation. At the plug flow when
the surface is not deforming, there is no extra surface tension, even for high
values of Boussinesq.
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Figure 4.17: Surface profile of the slot die coating flow for different Boussinesq
numbers and Capillarity number equal 10−3.
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Figure 4.18: Velocity profile of the slot die coating flow for different Boussinesq
numbers and Capillarity number equal 10−3.
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Figure 4.19: The profile of the interface divergent of velocity for the slot coating
flow for Capillary number equal 10−3 and different Boussinesq numbers.

4.2.2
High Capillary Number

For high capillary number, the flow is dominated by viscous forces leading
to increase of the curvatures. This simulation reduced the surface tension such
that the capillary number is equal to 1. The Boussinesq number varies between
0, 1 and 10, as shown in the Table 4.4.

Table 4.4: Dimensionless group for the low capillary slot die coating flow.
Properties Case 1 Case 2 Case 3

Capillary (Ca) 1 1 1
Boussinesq (Bq) 0 1 10

Dimensionless Flow Rate 0.5 0.5 0.5

Figures 4.20, 4.21 and 4.22 display the results of this simulation. The
increase of the capillary number anticipated the development of the coating
flow and accentuated the differences in curvatures due to surface viscosity. The
pressure values also have changed, but the pressure gradient still decreases as
the Boussinesq number is increased.
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Figure 4.20: Pressure profile and Streamlines for Bq = 0 and Ca = 1
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Figure 4.21: Pressure profile and Streamlines for Bq = 1 and Ca = 1
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Figure 4.22: Pressure profile and Streamlines for Bq = 10 and Ca = 1

Figure 4.23 shows the interfacial position and Figure 4.24 the velocity
along the downstream meniscus for the three values of surface viscosity.
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Although the position of the interface has changed, the interfacial viscosity
have reduced the flow acceleration and delayed flow development.
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Figure 4.23: Surface profile of the slot die coating flow for different Boussinesq
numbers and Capillarity number equal 1.
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Figure 4.24: Velocity profile of the slot die coating flow for different Boussinesq
numbers and Capillarity number equal 1.
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The surface bends more when the capillary increases. So according to
the graph in Figure 4.25, interface stretches more for significant capillarity
numbers. Increasing the Boussinesq number pushes forward the development
of the flow.
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Figure 4.25: The profile of the interface divergent of velocity for the slot coating
flow for Capillary number equal 1 and different Boussinesq numbers.

Up to now, the behavior of the coating process has been similar to that
of the extrusion of fluid. This shows that the mechanism of action of interfacial
viscosity is the same that the extrusion. The divergent on the surface does not
measure whether the surface is bending or flatting, but if it is stretching or
shrinking. The graphs of the divergent on the surface for the capillarity 10−3

and 1 show the deformations are still occurring near to die.
For both capillarity numbers considered here, the fluid extrusion and

coating simulations maintained the constant flow rate and varied the surface
tension. This partly explains the similarity in the results, since for the extrusion
process, the film terminal thickness is not determined only by the capillarity, as
in the case of coating. The next subsection will deal with the coating behavior
when the flow rate is reduced to very small values.

4.2.3
Low-flow limit

Increasing the speed of the substrate while maintaining a constant flow
rate, decreases the terminal height of the film and allows productions of
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thinner films. The excessive film thickness reduction may initiate a failure
mechanism called Low-flow limit [6]. A insufficient volume of fluid feeding the
apparatus generates entrance of fluid in the cavity leading to irregularities and
compromising the coating uniformity.

This low-flow limit is preceded by an intensification in the curvature of
the meniscus downstream. Figure 4.26 shows a schematic representation of the
downstream meniscus bending that may lead to coating bead breakup. The
downstream contact angle θ is a measure of the meniscus retreat. This section
analyzes how the interfacial viscosity affects the entrance of fluid in the cavity,
by monitoring the contact angle and varying the flow rate while fixing the
capillary number.

   

�
 t

 H

Figure 4.26: Low Flow Limit Scheme

A set of simulations was done to evaluate the response of the angle as
a function of flow rate for different values of Boussinesq numbers. The mesh
of theses simulations was the same as the previous section and the capillary
number was equal to 0.2. The Boussinesq number varies between 0, 1, 5 and
10, as shown in table 4.5.

Table 4.5: Dimensionless group for the low capillary slot die coating flow.
Properties Fluid 1 Fluid 2 Fluid 3 Fluid 4

Capillary (Ca) 0.2 0.2 0.2 0.2
Boussinesq (Bq) 0 1 5 10

The results of the simulations are shown in Figure 4.27 where the vertical
axis shows the downstream static contact angle and the horizontal axis shows
the ratio between the gap size and the film thickness H

t
. As the gap H is

constant, thinner film thickness leads to right positions in abscissa.
All curves have an asymptotic value, which indicates that there is a

minimum thickness above which it is possible to coat a substrate. The graph
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Figure 4.27: A set of simulations that evaluate response of the angle of
reentrance and the thickness to the flow rate and the Boussinesq number.

also shows that it is possible to reduce the minimum thickness by increasing
the surface viscosities.

The result in Figure 4.28 shows that this thickness also depends on the
interfacial viscosities since different values of minimum width can occur for the
same flow rate.

An important fact arising from the non-linearity of the flow is that a small
viscosity has the effect of increasing that minimum thickness. This shows that
even a tiny interfacial viscosity may not be negligible.

Figure 4.29 shows the velocity field in the region between the meniscus
and the downstream lip for Ca equals to 0.1 and the dimensionless flow rate
equals 0.16. The Boussinesq number varies between 0, 1, 5 and 10, as shown
in the table 4.6.

Table 4.6: Dimensionless group for the low capillary slot die coating flow.
Properties Case 1 Case 2 Case 3 Case 4

Capillary (Ca) 0.2 0.2 0.2 0.2
Boussinesq (Bq) 0 1 5 10

Dimensionless Flow Rate 0.16 0.16 0.16 0.16

The coating at this dimensionless flow rate induces a recirculation under
the downstream lip. The viscous force resisting to the deformation along
the free surface alter the velocity of fluid near the surface. As the interface
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Figure 4.28: The relation between the minimum thickness and the interfacial
viscosity for a continuous capillary number equal to 0.2.

viscosity rises, the intensification of this effect drives this recirculation into
the cavity. The meniscus follows the recirculation retraction, which causes the
angle to decrease with increasing interfacial viscosity. This tendency remains
until the influence of viscosity produces another recirculation near the interface
separating the two recirculations. For higher values of Boussinesq, the behavior
of the angle decreases monotonically.
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4.29(c): Bq = 1
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Figure 4.29: Velocity profile for the entrance for Ca equals to 0.1 and the
dimensionless flow rate equals 0.16. The number of Boussinesq varies between
0, 1, 5 and 10.

These results show that the liquid formulation may be altered in order to
achieve a desired surface viscosity, which makes possible coating thinner films.
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5
Conclusion

5.1
Final Remarks

A numerical solution based on the Galerkin finite element method
enabled the analysis of free surface flow with complex interface. This solution
involved the use of the Boussinesq-Scriven model to describe the behavior of
viscous free surface. The model was used to study extrusion and slot die coating
problems for Newtonian fluids with a viscous interface.

The solution improved the understanding of the effect of interfacial
viscosity on extrusion and slot coating flows and showed the strong effect
of the interfacial viscosity on the flow behavior. Another conclusion is that
capillarity and surface viscosity affect the flow near free surfaces differently.
The interfacial tension limits the surface from bending while the viscosity
reacts to the surface stretching. So, the effects of interfacial viscosity may not
be noticeable by analyzing only the interface displacement.

In the case of extrusion, if the free surface has a viscous behavior, the
intensity of the extrudate swell is increased. Moreover, the surface viscosity
effect can be more intense than the capillarity in the final film thickness. This
effect has a significant influence on the precision of extrudates. The delay in
plug flow due to the expansion of the film thickness reduces the extrusion
speed.

For the slot coating, the viscous surface increased the development length
of the flow, increasing the region of influence of the die. The possibility
to reduce the minimum thickness by increasing the surface viscosity allows
manufacturing thinner coated layers for a fixed gad between the substrate and
the slot lips.

As a conclusion of this work, others research topics arise and might be
answered in future works.
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5.2
Future works

Naturally, future experimental works should evaluate if these results are
consistent, investigating if the retardation of the development flow and its
consequences may be attributed to the interface viscosity.

Experiments could be designed with liquids with different surface vis-
cosity to evaluate the effect of interfacial rheology on die swell and minimum
thickness in slot coating process.

One important limitation of the model used here is that is does not
consider the dynamics of adsorption/desorption of large molecules and particles
in the interface. Interface rheology is a function of interface aging time, which
is neglected in this work. The inclusion of this important phenomenon will
improve the quality of the model.

The elasticity is another interfacial property that can play an essential
role in fluid flow. Different interfacial constitutive model could be used to
include the effect of surface elasticity.
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