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Abstract

Albuquerque Araujo, Igor; Griffiths, Simon (Advisor). The dif-
ferential equations method and independent sets in hy-
pergraphs. Rio de Janeiro, 2019. 89p. Dissertacao de Mestrado —
Departamento de Matematica, Pontificia Universidade Catdlica do
Rio de Janeiro.

In this dissertation, we will discuss Wormald’s differential equations
method, which has recently had many intriguing applications in Combina-
torics. This method explores the interplay between discrete and continuous
mathematics and it can be used to prove concentration in a number of dis-
crete random processes. In particular, we will discuss the H-free process and
the random greedy algorithm to obtain independent sets in hypergraphs.
These processes had been extensively studied through the past few years,
culminating in the recent breakthrough of Tom Bohman and Patrick Ben-
nett in 2016, who obtained a lower bound for hypergraphs with certain
density conditions. We not only reproduce the proof given by them but also
obtain a stronger result (expanding their result to sparser hypergraphs) and
we analyze the case of linear hypergraphs, in order to make progress towards
a conjecture by Johnson and Pinto concerning the ()o-free process in the

hypercube Q.

Keywords

Differential Equations Method; Random Graphs; Martingales;

Random Processes;  Hypergraphs;
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Resumo

Albuquerque Araujo, Igor; Griffiths, Simon. O método de equa-
coes diferenciais e conjuntos independentes em hipergra-
fos. Rio de Janeiro, 2019. 89p. Dissertacao de Mestrado — Departa-
mento de Matematica, Pontificia Universidade Catolica do Rio de
Janeiro.

Nesta dissertacao, discutiremos o método de equacoes diferenciais de
Wormald, que possui muitas aplicacoes recentes em Combinatoria. Esse
método explora a interagao entre a matematica discreta e continua e
pode ser usado para provar concentragdo em uma grande quantidade de
processos aleatérios discretos. Em particular, estudaremos o processo livre
de H e o algoritmo guloso aleatorio para gerar conjuntos independentes em
hipergrafos. Esses processos tem sido amplamente estudados nos tltimos
anos, culminando com o recente grande avanco de Tom Bohman e Patrick
Bennett em 2016, que obtiveram uma cota inferior para hipergrafos com
certas condi¢oes de densidade. N6s nao so reproduzimos sua demonstragao
mas também obtemos um resultado mais forte (expandindo seu resultado
para hipergrafos mais esparsos) e analisamos o caso de hipergrafos lineares,
com o intuito de progredir rumo a uma conjectura de Johnson e Pinto sobre

o processo livre de ()2 no hipercubo Q)y.

Palavras-chave

Método de equgdes diferenciais; Grafos aleatorios; Martingales;

Processos aleatoérios;  Hipergrafos;
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We’ll continue tomorrow - if I live.

Paul Erdos, The Magician of Budapest.
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1
Introduction

1.1
Our goals

In this dissertation, we will discuss the differential equations method,
which has recently had many intriguing applications in Combinatorics. This
method explores the interplay between discrete and continuous mathematics
and it can be used to prove concentration in a number of discrete random
processes. The origins of the method can be found in the work of Kurtz ([1]).
The first application to random graphs is due to Karp and Sipser in 1981 ([2]),
but the general method was set by Nick Wormald in the "90s ([3],[4],[5]).

In particular, a large variety of extremal combinatorics problems can
be stated in terms of maximal independent sets (with some properties) in
hypergraphs. So we are interested in the application of the method to the
random greedy independent set algorithm for hypergraphs, as studied by
Patrick Bennett and Tom Bohman ([6]).

1.2
The probabilistic method

Probabilistic techniques have been widely used in Combinatorics in the
past years. This is mainly due to the difficulty in giving explicit constructions.
One way to avoid this problem, by showing that such a structure exists instead
of defining it, is the so-called probabilistic method. This method consists in
showing that some randomly chosen object has a positive probability of having
the desired properties. While applications of the probabilistic method (due
to Szele and Shannon) appeared in the early 40’s, it was Paul Erdés who
developed the method and showed its true power over the last century.

Building on the ideas introduced by Erdds, the probabilistic method has
become a vital technique for anyone studying discrete mathematics. A good
reference for it is The Probabilistic Method by N. Alon and J. Spencer ([7]),
which gives wide ranging applications and an overview of the method. As we
can see there, a motivation for the method comes from the Ramsey Theory. In

fact, an easy example of the method appears in a paper of Erdos in 1947.
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Chapter 1. Introduction 12

1.2.1
Ramsey numbers

The Ramsey number R(k,?) is the smallest integer n such that in any
(two-)coloring of the edges of a complete graph with n vertices by red and blue,

either there exists a monochromatic red Kj or a monochromatic blue K.

Figure 1.1: A 2-coloring of the edges of K5 without
monochromatic K3, showing that R(3,3) > 6.

The study of these numbers started in 1929 when Ramsey showed that
R(k,?) is finite for any integers k and ¢. Some years later, Erdés obtained
a lower bound for the diagonal Ramsey numbers R(k, k) by showing that the

desired coloring exists in a nonconstructive way, using probabilistic arguments.

Proposition 1.1 (Erdés, 1947). If (2)217@ < 1, then R(k,k) > n. Thus
R(k,k) > |2%/2] for all k > 3.

Proof. Consider a random coloring of the complete graph K, in which each
edge has probability 1/2 to be either colored red or blue, independent of
the other edges. For any set S of k vertices from K,, let Ag be the event
that the subgraph induced by S is monochromatic in our coloring. Then

P(Ag) = 21-(2). Since there are (Z) sets of k vertices in K,,, the probability

that one of the events occur is at most (2)21*(5) < 1. Then, there is a positive
probability that none of the events Ag occur. This means that there exists a
coloring of K, without monochromatic Ky and thus R(k, k) > n. The last part
of the proposition follows noticing that if n = [2%/2], then

k
@2 T e <!
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Chapter 1. Introduction 13

Another way to look at the Ramsey numbers is by considering a graph
G on n vertices rather than a coloring of K, (the red edges corresponds to the
edges of G and the blue ones to the edges not present in GG). In this context, the
proof of Erdés is showing us that the random graph G(n,1/2) (in which each
edge has probability 1/2 of being present) has a positive (high) probability
of both not containing a large clique and having small independence number.
Then the random Erdés-Rényi graph gives the lower bound for the diagonal
Ramsey problem.

Alternatively to the diagonal case R(k, k), the next most studied case is
the so-called off-diagonal problem R(3, k). In 1961 Erdés proved that

by applying a deterministic algorithm to G(n, p). But based on the proof above,
to obtain a lower bound on R(3, k) we could consider a “random” triangle-free
graph G (i.e., a graph that does not have K3 as subgraph) and hope that
it has small independence number with positive probability. In fact, since a
random graph should have smaller independence number than the explicit
known triangle-free graphs, such a graph should indeed represent an extremal
coloring. However, it was only in 1990 (in the “Quo Vadis, Graph Theory?”
conference) when Erdés and Bollobés first suggested the triangle-free process

defined as follows.

1.3
The triangle-free process

Consider the following process: We begin with the empty graph Gy on
n vertices. At each step ¢ we obtain G;.; by adding to G; one edge chosen
uniformly at random from the collection of edges that neither are edges of G;
nor create a copy of K3 with the edges of GG;. The process ends with a maximal
triangle-free graph on n vertices, denoted by G, (M is the random variable
that counts the total number of steps of the process).

In 1995, Kim ([8]) used a similar semi-random process to prove that

]{?2
R(3,k) =%

matching the order of magnitude of a previous upper bound from Ajtai, Komlds
and Szemerédi (from 1980, [9], [10]), refined by Shearer in [11], who obtained

k‘2

R(3,k) < (1+ 0(1))10gk.
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In 2008, Tom Bohman used the differential equations method to show that G,
has asymptotically almost surely M = © (n3/ 2 \/M) edges and independence
number © (W) This result ([12]) not only provides another proof of
the lower bound R(3,%k) = Q(k?*/logk) but also showed that the triangle-free
process is very likely to generate a good Ramsey R(3, k) graph for larger values
of k.

Improving on the results of Bohman for the triangle-free process, Bohman
and Keevash ([13]) and, independently, Fiz Pontiveros, Griffiths and Morris
([14]) proved that G s has

M= <2\1/§ + o(1)> n*2\flogn

edges and independence number at most (v/2 + o(1))y/nlogn with high
probability, which implies that

R(3,k) > (1 _ 0(1)) K

4 log k
(only a factor of 4+ o(1) far from the best known upper bound from Shearer).
Actually, shortly afterwards the result from Bohman that the triangle-free
process is very likely to generate a good Ramsey R(3, k) graph, Bohman and
Keevash ([15]) extended this result, by showing that for any strictly balanced
graph H the number of edges in the final graph obtained in the H-free process

1S

Q <7’L2_1'j<(f‘;’l>)—_f (logn) P<H1>—1> :

Then, in 2015, Bennett and Bohman ([4]) extended this result even further by
considering a random greeedy independent set algorithm on hypergraphs.
Our main goal in the present dissertation is to study this algorithm. By
using the differential equations method we will be able to obtain a lower bound
for the number of steps in the process, which will have many applications (for

instance, not only in Ramsey Theory but in additive combinatorics as well).

1.4
Overview of the dissertation

The layout of the dissertation is as follows. In Chapter 2, we introduce
some standard probability theory. In particular, we discuss martingales, which
play an important role in all applications of the differential equations method.
Also, we name some useful probability inequalities that will be extensively

used throughout the dissertation.
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In Chapter 3, we introduce the differential equations method and a very
general theorem of Wormald (Theorem 3.1, for a recent slightly improved result
see [16]), which applies in a wide variety of contexts. We explore a direct
application of the theorem and conclude by discussing another way of applying
the method (the wholistic approach) which is more versatile in many settings,
including most recent applications of the differential equations method.

In Chapter 4, we define the H-free process and its generalization (the
random greedy independent set algorithm on hypergraphs). We state the main
theorem proved by Patrick Bennett and Tom Bohman (Theorem 4.1) about
this algorithm, giving a lower bound on the size of the independent set obtained
by the process in the case when the original hypergraph satisfies some density
conditions. Furthermore, we show that their result implies a lower bound on
the number of steps of the H-free process when H is a strictly balanced graph
(that is, their result is indeed an extension of the previous result of Bohman
and Keevash).

In Chapter 5, we discuss a variant of the H-free process in which the
original graph of allowed edges is not the complete graph K,,. In particular,
we discuss the results of J. Robert Johnson and Trevor Pinto ([17],[18]) on the
Cy-free process in the hypercube Q4. Furthermore, we obtain a generalization
of one of their results.

In Chapter 6, we reproduce the proof of Theorem 4.1 given by Bennett
and Bohman with small modifications, obtaining a stronger result than the
stated in [6] (see Theorem 6.2). In Chapter 7, we show that the proof may
be adjusted for linear hypergraphs (see Theorem 7.1), in which case we
need weaker density conditions. Finally, in the appendix A, we address some
technical standard results (that we use in Chapter 5) about the well-known

gamma function.
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2
Probabilistic tools

Throughout the dissertation we will use standard Probability Theory
definitions. In particular, we assume the reader is familiar with standard defi-
nitions such as o-fields, probability spaces, random variables and (conditional)
expectation. In this chapter, we recall basic definitions and notation related to
martingales (in Section 2.1), and give a number of useful inequalities related to
deviation probabilities of martingales (in Section 2.2). These inequalities are

essential tools used throughout the dissertation.

2.1
Probability background

Random graph processes

A random process is simply a sequence of random variables X (¢) indexed
by t (we think of ¢ as being time). A random graph process is a sequence of
graphs (Go, Gy, ...) in which every graph G,, is chosen randomly by some
distribution that depends on the previous graphs Gg, G;....,G,_1. Given a
random graph process we can associate a random variable X; (which depends
only on G;) and the natural o-field F; generated by the process.
Martingales

Let F,, be a filtration (an increasing sequence of o-fields). A sequence of
random variables X, (with X,, being F,-measurable for each n) is said to be

a martingale if, for all n,
e E|X,| < oo and
o E[X, 11| F] =X,

If the last condition is replaced by E[X,,,1|F,] < X, then X, is called a

supermartingale. Moreover, if E[X,,1|F,] > X,, X, is called a submartingale.

Remark 2.1. Given a random graph process and a sequence of random
variables associated with the process, we call this sequence a martingale when

it is a martingale with respect to the natural filtration generated by the process.

Stopping time
An important tool that we will use in the next chapters is the notion of

a stopping time for a supermartingale. Given a filtration F,,, a stopping time
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T is any random variable with values in {0,1,2,... } U{oco} such that {T' = n}
is F,-measurable for every n. Denoting min{i, T’} by i A T, the crucial result

about stopping times is the following.

Lemma 2.1. If X; is a supermartingale and T is a stopping time, then X r

s also a supermartingale.

2.2
Useful probability inequalities

If X is a positive valued random variable with finite expectation and
k>0, then as X > k- 1{x>p (here 14 denotes the indicator variable of the

event A), by monotonicity of expectation we obtain Markov’s inequality:
E[X] > k-P(X > k).
Applying it to the random variable (X — E[X])? we obtain that
Var(X) = B [(X - BIX])?| <& P (|X - E[X]? > ).

In other words, we obtain Chebyshev’s inequality:

Lemma 2.2 (Chebyshev’s inequality). Let X be a random wvariable with
expectation E[X] and variance Var(X). Then for any k > 0,

P <|X _E[X]| > k;,/var(X)) < ;2

Martingale inequalities

Now, suppose we have a supermartingale Xy, X1, ..., i.e., E[X;1|F] <
X; for every i > 0. Then the increments AX;, = X; — X,_; satisfy
E[AX;|Fi—1] < 0. If we knew that |[AX]| < ¢ for some constant ¢ then by the

convexity of the exponential we would have that (for y € [—c¢, ] and A > 0)

exp(Ay) = exp (AC (; + ch> +(=Ac) (; B 2yc>>

- 6)\0 + 67)\0 N y . 6)\0 o 67)\0
- 2 c 2

and then

]E[e)\AX] < E

6)\0 + e—)\c N AX eAc _ 6—/\c
2 c 2

6)\0 + 67)\0 ]E[AX] 6)\0 _ ef)\c
+
2 c 2
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Ac —Ac
e +e A2c2
< —F—
2

= cosh(Ac) <e 2,
where in the last inequality we used that, for every a > 0,

Now, if |[AX;| < ¢; a.s. for each i, then E [e’\AXmU-"m_l} < eMen/2 and

we can compute, by induction on m,
E [@A(Xm_XO)} =E |:€)\(Z:’il AXi)]
IE[ AAX o, )\(ZZ’LIIAXZ-)]

E

L——

B | e :z;Ax,)leH

1

eA(Z )E{ /\AXm|JT_~m IH

IN

E [eA(ZZ_llAXi)GA%?n/Q]
— 2 m
_ MR {6)‘<Zi=11 AXi):| — exp <)\ ZC >
So, by Markov’s inequality, for all a, A > 0,
P(Xp — Xo > a) = P (X¥m=X0) > ¢}

E [GA(Xm*Xo)]

)\2 m
——— <exp (Zc?—)wz).
et 24

Hence, choosing A =

<

, we obtain (Hoeffding-Azuma inequality) that
Z &

i=1

)\Qm CL2
P(X,, — X < _ 2 _ —
(Xm g>a)_exp<2 ;cz Aa) exp (221 ) l)

Lemma 2.3 (Hoeffding-Azuma inequality). Let X; be a supermartingale such
that |AX;| < ¢; a.s. for all i. Then

d2
23

<m

P(X,, — Xo>d) <exp|—

With a slight modification in the proof above we can get the similar
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Chapter 2. Probabilistic tools 19

bound:

Lemma 2.4 (Asymmetric Hoeffding-Azuma inequality). Let X; be a super-
martingale such that —M < AX; < n a.s. for all i, for some n < 1—]%. Then for

any d < nm we have

d2
— < — .
P(X,, — Xo > d) < exp ( 3mnM)

Sometimes the random variables |AX| have small probability of being
close to the extremal value ¢;, in which cases the above bounds are not good

estimates. In these cases we will then use the following result due to Freedman

([19]).

Lemma 2.5 (Freedman inequality). Let X; be a supermartingale, with
IAX;| < C a.s. foralli, and V(i) := Y Var[AXg|Fg_1]. Then
k<i

2
P[3i: V(i) <v,X; — Xo > d] <exp (‘M) '

We can also note that when we have asymmetric bounds —M < AX <,

but n > M we can use Freedman inequality, together to the following easy fact

Claim 2.6. If X is a random variable such that E[X] < 0 and X € [—a,]
almost surely (with b > a > 0) then Var[X] < ab.

Proof. Since X € [—a,b], we have (X + a)(b — X) > 0 which implies
X2 < (b—a)X + ab and Var[X] < E[X?] < (b — a)E[X] + ab < ab. O

And we obtain the similar estimate
d2
PlX,, — Xy >d| < _ .
[ 0= LeXp( 2n(mM+d)>

Lemma 2.7. Let X; be a supermartingale such that —M < AX <n a.s. for
all i, for some n > M. Then for any d < mM we have

d2
P(X,, — Xo > d) < exp <_4m77]\/[> )
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If the sequence X; is not a supermartingale, but we can bound its
expectation and the absolute value of its increments, we can create a auxiliar
supermartingale and apply the above estimates as follows. Suppose X; is a
sequence of random variables such that E[AX;|F; 1] < b and |AX; — b| < ¢
for every 7. Then, Y; = X; — Xy — b is a supermartingale and we can define
the stopping time T" as being the first ¢ for which Y; > «. Then, by Hoeffding-
Azuma inequality applied to Y;,7, we obtain that

Lemma 2.8. Let Fy, F1,... be a filtration and Xy, X1, ... random variables
with X; measurable with respect to F;, 0 <1 < t. Suppose that for some real b

and constants c¢; > 0,

IE()(Z — Xi—llE—l) < b and
|1 X; — Xi1 =0 <¢ as. foralll <i<t.

Then for all a > 0,

o2
P(H0<:i:<t): X, —Xy>1b < - .
(F(0<i<t):X; 0>1 +oz)_exp< 2202)

J
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3

The differential equations method

In this chapter, we will introduce the differential equations method by
first explaining the purpose of it and introducing a general setting where we
can apply it. Next, we give a number of applications of the method to various
random processes. The main goal here is to make the reader familiar with the
method that will be used in a more intricate setting in the next chapters. Our
main reference is Wormald’s lecture notes ([4]).

The differential equations method is a method to prove that some random
variables associated with a certain random process stay close to a solution of
a system of differential equations calculated based on the expected changes
in the steps of the process. This theory applies to a wide variety of random
processes, in particular in the study of randomized algorithms and random
graphs. The idea is that the solutions of the associated differential equations
offer a deterministic good approximation to the trajectories of the random
variables.

Formally, we consider a sequence of random variables Y (¢) indexed by
time. In all applications, the proof is separated into two parts: the first in
which we consider the expected changes between Y () and Y (¢+1) to obtain a
differential equation whose solution will be the expected path followed by Y’; in
the second part, we make our guess precise by using concentration inequalities

and showing the desired convergence of the variable.

3.1
The general setting

Consider a sequence of discrete time random processes indexed by n. For
simplicity, we omit the dependency on n from the notation. For each n, we
study a sequence of discrete time random variables Y7 (), ..., Y,(t) associated
with a random process. We write JF; for the corresponding natural filtration.
That is, F; =0 ({Yi(s): 1 <i<a,0<s<t})forallt >0.

For many applications, it is better to consider scaled variables and time,
as it will give a single differential equation rather than different equations for

each n. In the main theorem below we scale by a factor of n, which will be
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sufficient for most applications. In some cases, when necessary, we may pre-
scale variables before applying the theorem.

Associated with the process we have random variables Yi,...,Y,
and we consider the stopping time Tp to be the minimum ¢ such that
(t/n,Yi(t)/n,...,Y,(t)/n) & D, where D C R*"! is an appropriate bounded
connected open set. We think of D as being the neighborhood of the predicted
trajectories. So that T is the first time we leave the neighborhood of the
trajectories.

A theorem using the differential equations method can be stated with
great generality but for our purposes, we will prove a simplified version and

discuss how it can be extended to other cases later in this section.

3.1.1
The main result: Wormald’s theorem

Theorem 3.1 (Wormald). Consider a sequence of discrete time random
processes indexed by m and variables Y, associated with the processes (a
sequence of variables indexed by n for each £), for 1 < ¢ < a, where a is
fized, and functions f, : R*™ — R, such that for some constant Cy and all ¢,

we have
|Ye| < Con for all ¢ and all n whenever during the process.

Assume the following three conditions hold, where, in (ii) and (iii), D is some

bounded connected open set containing the closure of
{(0,21,...,24) : P(Y2(0) = zon, 1 < € < a) #0 for some n}.

(i) (Boundedness hypothesis.) For some functions 5 = [(n) > 1 and
v =7(n), the probability that

i [Yi(t 1) = Yi(o)| < 5
conditional upon Fy, is at least 1 —y fort < Tp.
(ii) (Trend hypothesis.) For some function A\ = A\j(n) = o(1), for all ¢ < a

E(Ya(t +1) — Yi(t)|F) — fo (:L KS),--.,Y”:))

fort <Tp.

(1ii) (Lipschitz hypothesis.) Fach function f, is continuous, and satisfies a
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Lipschitz condition, on
DnA{(t,z,...,24) : t >0},

with the same Lipschitz constant for each (.

Then the following are true.

23

(a) For (0,21,...,2,) € D the system of differential equations

@
dx

:f€<I7Z17"-7Za)7 6217

,a

has a unique solution in D for z, : R — R passing through

Zg(()) = fg,

(b)

1 < ¢ < a, and which extends to points arbitrarily close to the boundary
of D;
Let X\ > A\; + Cyny with X = o(1). For a sufficiently large constant C,
with probability 1 — O (nv + gexp (—%3)),
t
Yi(t) = n- 2 () +0(n)
n

uniformly for 0 <t < on and for each {, where z(x) is the solution in
(a) with 2, = 2Y;(0), and o = o(n) is the supremum of those x to which

the solution can be extended before reaching within (°°—distance CA of

the boundary of D.

Remark 3.1. “Uniformly” in the statement of theorem refers to the fact that

the implicit constant in the O(An) term does not depend on t.

Remark 3.2. The theorem also holds when D depends on n but all Lipschitz

constants are uniformly bounded.

Remark 3.3. The theorem also holds when “a” is a function of n changing

the probability in (b) by

1-0 (anv—l—a)\ﬁexp (—g)) ,

and if each function f, depends only on x and zq, ..., 2.
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3.1.2
An application: The coupon collector

As an example of a simple application of the theorem, we will consider
the following process. At each step one of n different labeled coupons is selected
uniformly at random with repetition. It is well-known that the coupon collector
needs, in average, to wait time n log n in order to complete the entire collection.
Here we want to track the number of coupons left to be obtained throughout

the process. Formally, this means that Y (0) = n and, for each 1,

Y (i) —1 , with probability %Z)

Y(i+1)= |
Y (i) , with probability 1 — %
Then we have, for every t,
Y(®)| <n,
Y (t+1)-Y(t)] <1and
Y(t)

]E[Y(t + 1) — Y(t)|]:t] - _T.

Thus, applying Theorem 3.1 with Cy =1, 8 =1, v =0, \; = 0 and the
Lipschitz function f : R? — R given by f(x,y) = —y, we have that the unique

solution of

,%:f(x72>:_z
2(0) =1

is given by z(z) = exp(—=) and then for every A = o(1) > 0, with probability
1-0 (% exp (—n)\3)),
t
Y(t) =n-exp (_n> + O(An).

The choice of A can be made either to make the probability smaller or

to have a smaller error term. For example, setting A = n=3" we get

t
Y t — . _ O 2/3"1‘23
(t) nexp< n>+ (n )
with probability 1 — O <n1/3_5 . exp(—n?’a)) ,
1/3
and letting A = (%) / we have

Y(t)=n-exp (-2) + 0O <n2/3 : (logn)1/3)
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with probability 1 — O (n"%/%- (logn)~"/*).

Remark 3.4. The values of t for which our approximations are still valid
depends on the set D. In this case the function f is everywhere Lipschitz, we
can choose D D [0, A] x [0, 1] and then the approzimation holds fort < An and

it is important to note that the implicit constants on the O(-) terms depend on

A.

3.1.3
Proof of Wormald’s theorem: a piecewise approach

Proof in special case a =1 and v = 0.
The first part of the theorem is well-known from the theory of differential

equations (see [20]). For the second part we will write Y, z and f for Y3, 2

-2

and note we can assume /A < n'/? and A < 1 (otherwise our conclusion

and f1, respectively. Define

is trivially obtained). From now on we assume w > n?3. In order to show
that the trajectory is followed almost surely, we will prove concentration of
Y(t+w)—=Y(t).

For now consider that (%,%) is (*°-distance at least C'\ from the
boundary of D for some large constant C' that will depend only on the Lipschitz
constant of f.!

By the trend hypothesis we have

E[Y(t+k+1)=Y({t+k)|Fr] = f (t ki k, Yt k>> + O(\y).

n n

Then, as for 0 < k < w we have |Y(t+k)—Y(t)| < kS and % = O(\), by the
Lipschitz hypothesis

EY(t+k+1) =Yt +k)|Fur = f (2 Yét)) +O(N)

and there is a function g(n) = O(X) such that (conditioned on F;)

R

Y(t+k)—Y(t)—Fk-f (n’ " ) — k- g(n) is a supermartingale in k.

1Observe then that throughout the proof we will use assumptions (i) and (ii) for

t+w < Tp, since wB/n = O(A).
ZNotice we can choose g such that =Y (t + k) + Y (¢) + kf (%, %) — kg(n) is also a

supermartingale.
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The step changes in these supermartingales are at most

Y(t)

V(e ) =¥ | (5 502) gl < 5 (9400 + 00 < 3

t
na

for some k >0 as g > 1.

ni3

Applying the Hoeffding-Azuma inequality,® we obtain for o = v

n n

P (’Y(t +w)—Y(t) —wf (t, Y(ﬂ)‘ > wg(n) + KBV 2wa ‘ ]:t>

<2exp(—a). (3.1)

Now we want to prove by induction the following claim.

Claim 3.2. Defining k; = 1w for v = 0,1,... 4, with iyp = {‘L—"J Then for

each 1,
L.
P (‘Y(k:]) —z (;) ‘n

where B; = (An + w) [(1 + %)j — 1}.

> Bj for some j < 2) = O(ie™®)

The base case follows from the fact that z(0) = @. For the induction

step, note that

ki
‘Y(k}H_l) —Z ( +1> . n‘ = ’Al +A2 +A3 +A4|

n

where

n n

Az = w? (l@) —|—z<ki> ~n—z<ki+l> n,
n n n

e (328) ()

n’ n
Part I: By the induction hypothesis, we have that ’Y(k:j) -z (%) . n’ <
Bj for all j <7 and

Ay =Y (kipa) =Y (ki) —w - f <ki, Y(ki)> ,

|A1| < B; with probability 1 — O(ie™®). (3.2)

3For this supermartingale and the supermartingale in the previous footnote.
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From now on we will suppose that these events happen.
Part IT: By (3.1) with ¢ = k;, since g(n) = O()\) and Sywa = wA? we
have, for some constant B’ that does not depend on 4,

|As| < B'w with probability 1 — O(exp(—a)). (3.3)

Part III: As z is differentiable, by the Taylor formula we have

. . . 2
(5) = ()5 () e ()
n n n n n

and then, for some constant B” that does not depend on 17,

B// 2
A < 7 (3.4)
n

Part IV: As z is the solution given in (a), we have 2/ (l‘“) =f (ﬁ z (ﬁ))

n n’ n

Since f is Lipschitz, conditioned to (3.2), we conclude (for some constant
B/// > O)

Ayl :w|f (Z Y(:i)> -/ <iz <i>>|

Y (k; k; B"wB;
< B”’w| (ki) _ z ()‘ < 29T (3.5)
n n n

Set B = max{B’, B", B"'}. Then as

B B
n n

by (3.2)-(3.5), with probability 1 —O((i+1)e~?),

all j <441 and we are done with the induction.

Y(k;) = 2 (%) -n| < B; for

To complete the proof, for t < on, we put i = EJ Note that
B; = O(n\ + w) = O(n)\)°, the change from k; to ¢ in Y is at most
Blt — ki| < wp = O(An) and the change in z is at most w(B + A1) = O(An).
Thus with probability 1 — O (g . e’“) we have

O]
Now we discuss how to deduce the full version of Theorem 3.1 from the

4Actually we have {%A—‘ (%‘) and not w, but we will only use the fact that this is
O(w).
®Since (1 + %)m/w =0(1).
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special case proved above. For an arbitrary a > 1 the inductive hypothesis of
the Claim 3.2 is modified to

P <Yg(kj) — 2 (%) n

for every ¢ < a. For the induction step, the statement has to be verified for

> B, for some j < z) = O(aie™®)

all a variables and then the failure probability is multiplied by a. Then the
theorem follows.

For an arbitrary v, we need to condition on the event that
Yt +1) = Ye(t)| <
max |Yy(t +1) - Ye(t)] < 8

holds at each step. This alters the expected change of Y but as |Y| < Cyn it
will be changed by at most Cyny. Then replacing A\; by A\; + Cyny it suffices
to note that the probability of failure throughout the process is O(n~y) and the

theorem follows for arbitrary ~.

3.2
The bounded 2-degree process

Not all applications of the differential equations method are direct
applications of Theorem 3.1. Remarkably, it is not always necessary to formally
define (and solve) the underlying system of differential equations. In this
section, we show that it is sometimes possible to guess the trajectories
corresponding to the random variables Y;(t), which turns out to be equivalent
to solving the system of differential equations. This “guess” is made using
heuristic probabilistic arguments. We then prove concentration of the number
of isolated vertices in the bounded 2-degree process (Theorem 3.3).

The bounded 2-degree process is the process to generate a n-vertex graph
in which at each step an edge is chosen uniformly at random conditioned in the
event that neither vertex has degree more than 2. In other words, you choose
one edge among all (not already added) edges between vertices of degrees 0 or
1. Formally, we set Gy to be the empty graph on the n vertices and G4 is the
graph obtained from G; by adding the edge e;;;, taken uniformly at random
from the set {uv ¢ E(G;) : dg,(u) < 2,dg,(v) < 2}, which we will call the
“available edges”.

Let Y;(t) be the number of vertices of degree j in G, for j = 0,1 or 2.
Note that the number of vertices of the graph is n = Yy(t) + Y31 (t) 4+ Ya(¢) and
by double counting the number of edges in Gy we have t = Z(Y;(t) + 2Ya(2)).
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It follows that n — ¢ = Yy (t) + 5Yi(¢), so

Yi(t) = 2n — 2t — 2Y,(t) (3.6)
and Ya(t) = —n + 2t + Yu(¢). (3.7)

Equations (3.6) and (3.7) tell us that in order to investigate the trajectory of
the number of vertices of every given degree during the process it suffices to

study the number of isolated vertices.

3.2.1
Isolated vertices in the bounded 2-degree process

Let A(t) the number of available edges in G; (i.e., at time t). Note that

a0 = (") - ro,

where F'(t) is the number of edges already present between vertices of degree
less than 2. By the handshake lemma, the number of such edges can be at

most n and, using (3.7), we can write

S0 = Yo(0)? +0(n) = g (2n — 2~ Yy() + O(n).  (38)

At) = 5

The probability of e; 1 to be any given available edge is The number

A(t)
of isolated vertices Yy(t) can drop at each step by two or one, depending on
whether the edge e;;; added is between vertices that previously have both
degree 0 or have degrees 0 and 1, respectively. It follows that the expected

change in Yj is

YY1 (?)

E[Yo(t +1) — Yo(t)|F] = —2
Then, from (3.6)-(3.8), we can compute
Yo(t)
EYo(t+1) = Yo(t)|F] =—2- <A"Et)) 1. %(Q(SS( )
—Yo(t)(Yo( ) — 1) = Yo(t)(2n — 2t — 2Yo(t))
2(2n =2t = Yy(1))? + O(n)
—Yo(t)(2n — 2t — Yy(t) — 1)
$(2n — 2t — Y5(1))2 + O(n)
I OB S o7 = 10
(2n — 2t — Yy()) + O (

m)
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Now, supposing g = 0(1), we can use °
n n
< =o(1
on 2tV = o W
to obtain that
1 _1+0(mp) L 1H0 (w27
and noticing that
0< Yo(t) < not —1
T 2n—2t—Yy(t) T 2n—2t— (n—1t)
2Yy(t) 2(n —1t) n
d < =0
an (2n — 2t = Yo(t))? — (2n—2t — (n —1t))? (n—1t)2%)"
we finally conclude
—2Y(t) + gl
E[Yo(t +1) — Yo(t)| F] = o(t) (2n72t7Y0(t);n
2Yo(t
20+ stem (o (n
2n — 2t — Yy (t) (n—1t)?
—2Y, n
—_ 0 Lol
2n -2t - Y, * ((n—t)2>
vy
= 1).
o =2t~y T

Which suggests that yo(z) ~ 1Yy(zn) satisfies the differential equation

n

o) = —pt) = (3.9)
with general solution
yo(2)(C —logyo()) = 2 — 2.
As yo(0) = YOTEO) =1 we have C' = 2 and conclude
yo(z)(2 — logyo(z)) = 2 — 2. (3.10)

6Here we are using the bound Yy(¢) < n — ¢, which can be inferred from (3.6).
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3.2.2
Probabilistic intuition - How to guess the trajectories

Instead of finding the differential equation (3.9), we could derive (3.10)
directly by estimating the probabilities that a vertex has degree 0, 1 or 2 during
the process. Although by proceeding this way we don’t arrive at a differential
equation we will still call it the differential equations method since it is only
an alternative to find the guessed trajectory of our random variable when we
do not want to (or cannot) compute the expected changes during the process.

We write y; for the continuous approximation of Y;. From (3.8), we know
that

A(t) ~ ;nz&(zﬁ)Z, where a(f) = 1 — y(t).

The probability that a given vertex u (with degree < 2 at step t) is
incident to e;,; is the number of available edges incident to u over the total
number of available edges A(t) and the number of available edges incident to
u is expected to be close to n — 1 — Y3(t) ~ na(t) (neglecting edges already

present between vertices of degree less than 2). So

na(t) 2
A(t)  na(t)

and

IP(u incident to ez 1) ~

2 2
P(u not incident to €41) ~ 1 — — aly P (‘na(t)> '

s—1
Letting A(s) ~ 2 %(t) Then the probability that the vertex u remains
=0

isolated after s steps should be close to

EGXP <_noz2(t)> ~ e (‘i 2@)) ~ exp(=A(s)).

t—o N«

And the probability that it has degree 1 should be

=5 exp (7

We deduce that the functions yy and y; should be

where from (3.6) we obtain

(2 4+ A\z))e @ =2 — 22,
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as in (3.10), which implicitly determine yj.

3.2.3
Wholistic approach

In the proof of the main theorem, we introduced a large enough variable
w and used concentration of Y (t + w) — Y(¢) to show that the variable Y
remains close to its predicted trajectory for multiples of w. However, we are
not required to use this “piecewise” method. As we know that Y (¢) should be
close to n - y (%), we expect that Y(t) —n -y (%) should be close to zero and
summing or subtracting a function f(¢) we would obtain a supermartingale or
submartingale.

This “wholistic” approach can be used when the Lipschitz condition
fails or when we know something more about the solution of the differential
equation. In some cases, we may obtain better approximations for larger values
of t. Formally, the idea of summing or subtracting a function will be made
essentially by applying Lemma 2.8 (see Chapter 2).

Now we are able to state and prove the desired conclusion about the

number of isolated vertices on the bounded 2-degree process.

Theorem 3.3. Take 0 < 0 < min {35,%—1—%}. With probability at least
1 —exp (_Q (n1/3+5’25>),

n—t="Yy(t) <1+O(n6)+log

for all 0 <t < |n—n?3+=].

Proof. As we know that Yg(t) should follow 7y, (t), then remembering (3.10)

n

(2) (oo (2)) 2

and the solution of the differential equation for Yj is

),y (50 ) - 200

n n n

we have

or, rearranging the terms,

Letting F(z,y) = @ + log (%) and v; = (¢,Yp(t)). Then the solution

above is F'(v;) = 2. The idea of the proof will be to show that F(v;) remains
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close to 2 with high probability. But since F'(v;) is not defined if Yy(¢) = 0, we
need to define a stopping time when Y; comes near zero. This can be done by

setting
T = min{t : |F(v;) — 2| > n~%}.

If {,‘0—?5) > logn then

2(n —t)
Yo

Y
+log—0—2210gn+log%—22n’5
n

and |F(v;) — 2| > n~%. This means we can assume Yy(t) > % fort <T.

Asgrad F = (—%, — Q(Z;x) + i) and the second derivatives are all O (y%),

we obtain

Flvr) — F(v;) = (vi01 — v2) - grad F(uv) + O (%) (3.11)

Now we just need to note, by our previous calculations,

Efvir — vl A = (L, E[Yo(t +1) = Yo(1)[F])

- (tmaew o (@)

and (1 LYO) -grad F(v;) = 07. Then

? 2n—2t—Yp

Bl () - P07 =0 (B2 200 ) o ()

~o(s70=5)

logn?

Now, using that Yy >

E[F(ve1) — F(v)|F] =0 <Y02(§—t>>

2
=0 (M) for t <n —nl/?*e. (3.12)

As |Yo(t+ 1) — Yo(t)| < 2 and by (3.11) we also have

2 m — 2 — Y, 1
|F(Ut+1)_F(Ut)|§Yb+2}/(JZ+O<}/E]2>

-0 (”gj) -0 <(1§g_”22> (3.13)

"Since grad F(v;) = (_ Y02(t) : _271—Y20t(;)§2/0(t)>.
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Then, by (3.12) and (3.13) , applying Lemma 2.8 with

)

nl+3e

(=0 ((logn)2> |
n—t

1
and a = =n7?,
2

noticing
2 2
nlogn)” _ (logn)” ¢\ 2ssee
(n . t)g nlt3e
2
.  oste (logn) 1 5
ib+a<(n—n )O<n1+3€ +2n
logn)?) 1 2
1
9 4 _ 2/34¢
and )¢} < O((logn)*)(n —n >n4/3+2e
< O((logn)*n~1372) = O (n_l/?)_g) ’
we obtain

P (Eli (0 <i<to): [F(vi) = Flwo)| = gn_6> < exp (—Q (n1/3+€_25>) ,

As F(vg) = 2, this implies that T' < ¢, with the same low probability and
T > to implies |F(v;) — F(vo)| < n™0 for i < ty as well, the result follows
(changing the implicit constant in the (-) term if needed). O
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4
The random greedy independent set algorithm in dense hy-
pergraphs and the H-free process for strictly balanced graphs

In this chapter, we will study the H-free process for strictly balanced
graphs H. First, we introduce the H-free process for general H and describe an
auxiliary hypergraph H . Next, we see that the H-free process is analogous to
the random greedy independent set algorithm on Hy. We then state the main
theorem, obtained by Bennett and Bohman in [6], which asserts that with high
probability this algorithm produces a large independent set provided that the
hypergraph satisfies certain degree conditions. Finally, we conclude by showing
that this result, when applied to Hpy, generalizes a lower bound, obtained by
Bohman and Keevash in [15], on the number of steps in the H-free process
for strictly balanced graphs. The proof of the main theorem, which uses the
differential equations method to track several variables throughout the process,

is presented in Chapter 6.

4.1
The H-free process

41.1
The process

Let H be a fixed graph. We call a graph G with n vertices a maximal H-
free graph (also called H-saturated graph) if it has no copy of H as a subgraph
and the addition of any new edge to G would create such a copy. The H-free
process is a random process to obtain a maximal H-free graph as follows.

The process generates a nested sequence Gy, ..., Gy, of graphs with the
same vertex set. We begin with the empty graph Go with n vertices. At each
step, we add uniformly at random a new edge (among all edges that would not
create a copy of H) to the graph G; to obtain G,,;. The process stops when
we arrive at a maximal H-free graph Gj;.

As arandom H-saturated graph, Gj; has some interesting properties and

we are particularly interested in the behavior of the random variable M.
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hypergraphs and the H-free process for strictly balanced graphs 36
(d) Step 3
(a) Step 0 (b) Step 1 (c) Step 2
(e) Step 3’ (f) Step 4’

Figure 4.1: The Kj-free process with 4 vertices. Notice that the process
can stop with a different number of edges depending on the chosen edges.

4.1.2
The underlying hypergraph

Associated with the H-free process, we can consider a hypergraph Hpy
with vertex-set the edges of the complete graph K,,,i.e. V = ([;]) and the edge
set being all copies of H in K,.

1 2 1 2 1 2
3" L j |4 3@4

Figure 4.2: The copies of K3 in Kjy.

Figure 4.3: Hg, for n = 4.
The vertex ¢j of Hg, represents the edge connecting 7 and j on Kj.
The edges of Hg, correspond to the triangles of Kj.

In this context, choosing a new edge at random that does not create a
copy of H is analogous to choosing a new vertex at random that does not form

an edge in the hypergraph (i.e., a vertex that forms an independent set with
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the previously chosen vertices). Then, the H-free process can be generalized

in the hypergraph setting by the following algorithm.

4.2
The random greedy independent set algorithm

4.2.1
The algorithm

The random greedy independent set algorithm is the algorithm that forms an
independent set by choosing one vertex at a time such that no edge is entirely
chosen. In other words, at each step, we take uniformly at random a vertex
that does not create an edge together with the already chosen vertices.
Formally we have at the beginning H(0) = H, V(0) = V and I(0) = 0.
Given i > 0, an independent set (i) and a hypergraph #(7) on the vertex-set

V (i), we choose uniformly at random a vertex v;11 € V(7). Then we take
e [(i+1):=1(i)U{v;s1}, which will be an independent set of H with i+ 1
vertices;
e V(i+1), the new vertex-set, is V(i) without v;;; and every other vertex
w such that {u,v;41} is an edge of H(i);
e H(i + 1), the new hypergraph, is H(i) removing v;y; from every edge
that contains v;;; and at least 2 other vertices and removing every edge

incident to vertex (different from v;; ) removed from V(7).

Note that H(i) is no longer an uniform hypergraph.

(a) H(?) (b) H(i+1)

Figure 4.4: When the vertex v;,; is chosen, notice that the vertex u is deleted
and then the red edge that contained u is also deleted.

Remark 4.1. If we arrive at a hypergraph #(7) that has edges e, ¢’ such that
e C € we can remove ¢’ from ‘H without causing any differences in the process,
as the presence of e ensures that we will never have ¢’ C I(j). As a convention,

we will then remove all such €’ edges in the study of the process.
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4.2.2
The main result: Bennett-Bohman’s theorem

For a subset A C V' we define the degree of A in H, denoted deg(A),
as the number of edges in ‘H that contain A. We highlight that by deg(A) we
denote the degree of A in the initial hypergraph #.

Definition 4.1 (Ay(#)). The ¢-maximum degree A,(H) of a hypergraph H

with vertex-set V' is the maximum degree of A over all A € (‘z/)

Definition 4.2 (I'(H)). The (r — 1)-codegree of v and v’ (where v,v" € V and
v # v') is the number of pairs of edges (e, ') such that v € e\e’, v € ¢'\e and

lene|=r—1.

k—) lene|=r—1.

Figure 4.5: The (r — 1)-codegree of v and v’ is
the number of pairs (e, e’) as above.

Then I'(#H) is the maximum (r — 1)-codegree over all choices of v,v" € V.

Theorem 4.1 (Bennett-Bohman [6]; proof in Chapter 6). Let r and € > 0
be fized. Let H be a r-uniform, D-reqular hypergraph on N wvertices such that

D> Ne. If .
Ay H)<Dr—="° fort=2,....,r—1 (4.1)

and T'(H) < D'=¢ then the random greedy independent set algorithm produces

an independent set I in H with

=0 (N . <10§)N>Til> (4.2)

with probability 1 — exp{—N*1},

4.3
Strictly balanced graphs

Definition 4.3 (Strictly balanced graph). We call a graph H = (Vy, Eg)

strictly balanced if it has at least 3 vertices, 3 edges and

€H[W]—1<€H—1

for all W C Vi such that |W]| > 3, (4.3)
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where vy = |Vp| is the number of vertices in H, ey = |Ey| is the number
of edges in H and egpy) is the number of edges in the subgraph H[W] of H
induced by the subset W.

We will see that the hypothesis (4.1) is valid for Hy if and only if H
is strictly balanced. Hence, Theorem 4.1 is a generalization of the following

result due to Bohman and Keevash.

Theorem 4.2 (Bohman-Keevash [13]). Let H be a strictly balanced graph and
G be the mazximal H-free graph on n wvertices obtained by the H-free process.

Then, with high probability, the number of edges of G is at least

Q (anjgl (log n)H11> :

First, let’s see that eq.(4.1) holds for Hpy if and only if H is strictly
balanced. For a > 2, let v, be the minimum number of vertices spanned by a
edges of H. The degree of a set of a vertices in Hy is O(n¥) where v is the

number of vertices not present in the correspondent a edges of H. So
v —, (ve—2) {17;“177—22}
Ay(Hy)=6© (n" ") =0 (n m2] )
Also, Hy is D-regular with D = © (n*#~2) and

DE g (n“f,;““) e <n(vH_2) [1‘%‘14) .

Comparing above equations, we have that (4.1) is valid for Hy (for some
e > 0) if and only if 5;:22 > e‘;;ll for all @ > 2, which holds if and only if (4.3)
holds.

Now, to prove Theorem 4.2, let H be strictly balanced and take

vg — 2 1 Vg — 2 a—

5<min{ :fora112§a<eH}.

2 Tog—2vg—2 ey—1

The result will follow by applying Theorem 4.1 to Hpy. Notice that Hy
has N = (’;) vertices, is eg-uniform and D-regular with D = © (n#~2). Since
5<“HT_2,W6haveD>N5.

As we discussed above, Hy satisfies (4.1) because H is strictly balanced.

To be precise, since ¢ < 22=2 — &=L for 9]l 2 < a < ey
vg—2 eg—1 9

Ao(Hn) = © (n(”“) WM) <o <n<”“> = 4) _ pime
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As H is strictly balanced, it has no isolated vertices nor vertices with
degree 1. Then two distinct copies of H with ey — 1 edges in common can
together span at most vy vertices. This means that I'(Hy) = O(n#~3). And,
since € < UHl—z implies that Zfl—:g =1- qu—2 < 1 — ¢, we conclude that

I'(Hy) =0n"3) <O (n(vH72)(175)> _ pl-e
As all hypotheses of Theorem 4.1 are satisfied, we have that the number

of edges of the maximal H-free graph obtained in the H-free process is at least

T -
Q (N- <IO%N> . ) =0 (nz_egl(logn)eflll) :
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5
The random greedy independent set algorithm in linear hy-
pergraphs and the H-free process on a host graph F'

In this chapter, we will give a lower bound on the number of vertices
obtained in the random greedy independent set algorithm by computing
just some of the vertices added. This method covers the case of linear
hypergraphs (i.e., hypergraphs H such that Ay(#H) = 1). However, the bound
is a logarithmic factor far from the right order of magnitude guessed by the
differential equations heuristic. Then we introduce the H-free process where
we have a host graph F instead of the complete graph K.

Our first theorem is a generalization of the lower bound on the number
of edges in the the Q),-free process on the hypercube ()4 given by J. Robert
Johnson and Trevor Pinto in [17], which we obtain in Section 5.2.1 as a
corollary. The proof of the general theorem (Theorem 5.1) is obtained by a
direct adaptation of the proof by Johnson and Pinto.

5.1
A different approach - Counting good vertices

We will produce a random permutation of the vertices of the hypergraph
‘H by considering independent random variables T,, for each vertex v, dis-
tributed uniformly in [0, 1]. We think of the random algorithm as adding the
vertices in order from the smaller variable to the greater. We call a vertex good
if it is not the last vertex of any of the edges of H. With this definition, a good
vertex will always appear in the final independent set. To bound the number
of edges obtained in the random greedy algorithm we will bound the number

of good edges as below.

Theorem 5.1. Let r > 2 be a fized integer. Let H = (V, &) be a r-uniform
hypergraph with N wvertices such that Ao(H) = 1. Suppose that the r-degree
of each vertex v € V is denoted by d(v) and the minimum degree 0 satisfies

0 — o0 as N — oo. Let A be the maximum of such degrees. Then, with

A- ( Z d(v))
probability 1 — O vev Y
Fo )
veV

, the number of good vertices in a uniformly
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distributed random permutation of the vertices of H is © <Z d(v)r11>.
veV

Before we prove the theorem above, we will state some lemmas about the
Gamma function that we will need to use. The proofs of these lemmas can be

found in Appendix A.
Definition 5.1 (The Gamma function). The gamma function is defined for

complex numbers with positive real part by

Lemma 5.2. For all complex numbers a, b with positive real part the following
equation holds
1+ Hre+1)

rb+1+1)

/01(1 — 29 dox =

Lemma 5.3. Let o be a positive real number. Then

lim I'(n+a) _

Proof of Theorem 5.1. Let A, be the indicator variable of v being good and

A = > A,. Hence, conditioning on the event that T, = x, the probability
veV

that v is the last vertex added to an edge is " ~t. Also, as Ay(Hpy) = 1, the
events of v being the last vertex of different edges are independent since these

events depend on variables T, for disjoint sets of vertices u. Then

1
P(A, = 1) = /0 (1 — 2" 1)4®) g

(14 4) D) + 1)
- T (dw) +1+ L)

NF( r11>ﬂw_““

where we used Lemmas 5.2 and 5.3 as well as the fact that d(v) — oc.

By linearity of expectation,

=0 (;Vd(v)fl) .

As Ag(H) = 1, the event A, depends only on variables T, for at most
(r — 1)d(v) values of u different from v. Then A, is independent of all but at
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most (r —1)A - (r — 1)d(v) other A;. Therefore

Var(A) = > Var(A,) + > Cov(4,,4,) <E[A] + (r —1)?A- ) d(v).

veV uFv veV

By Chebyshev’s inequality we have

P (14~ BlA]| 2 kyVar(4) ) < le

and (choosing ky/Var(A) = % for example we have 7 = M) we ob-

= E[A]?
. A- < Z d(v))
tain that A = © ( > d(v)_r—l> with probability 1 — O L . O
veV

2
(Z d(v)rll)
veV

The previous theorem is very general but in most applications we work
with regular hypergraphs. So we will state the very same result for D-regular
hypergraphs, in which case the statement is cleaner. Notice that in this case

we have A = D and d(v) = D for all v € V.

Corollary 5.4. Let v > 2 be a fixed integer and D be a function of N.
Let H = (V,&) be a D-regular r-uniform hypergraph with N wvertices such

_2
that Ay(H) = 1. Then, with probability 1 — O (D%T—l >, the number of good

N
vertices in a uniformly distributed random permutation of the vertices of H is

e) (ND‘rTll).

Remembering that a good vertex will always appear in the final indepen-
dent set obtained by the random greedy algorithm, we have that the number of
good vertices is always a lower bound on the number of steps of the algorithm

and then we obtain the following:

Corollary 5.5. Let H be a D-regular, r-uniform hypergraph with N vertices
and such that Ag(H) = 1. Then, with probability 1 — O (N_lD ), the
random greedy independent set algorithm creates an independent set of size
Q(ND 7).

2r
r—1

It is important to note that as we obtain not only lower bounds but also
upper bounds in Theorem 5.1 and Corollary 5.4 it shows us that we cannot
expect to obtain better results using this approach. In other words, by counting
good vertices we can only obtain the lower bound €2 (N D_r%l>. As we saw in
the statement of Bennett-Bohman’s theorem and we will see later when we
compute the differential equations heuristic, this is a logarithmic factor far

from the estimated correct value.
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5.2
The H-free process on a host graph F

In the H-free process, we consider a fixed graph H and we create a
random H-saturated graph. Instead of creating a general graph with no copy
of H, we can try to find such a graph as a subgraph of other given graph
F'. The classical H-free process is viewed now as the H-free process on the
complete graph K, and for a general graph F' on n vertices we have the H-free
process on the host graph F' as follows.

The process generates a nested sequence Gy, ..., Gy of graphs with the
same vertex set of . We begin with the empty graph Gy with n vertices. At
each step, we add uniformly at random a new edge (among all edges of F' that
would not create a copy of H) to the graph G; to obtain G;;1. The process
stops when we arrive at a maximal H-free subgraph of F.

As before, we can associate a hypergraph to the H-free process on F.
Hy p will denote the hypergraph with vertex-set the edges of F,i.e. V = E(F)
and the edge set being all copies of H in F'. Now, the H-free process on F' is

analogous to the random greedy independent set algorithm on Hpy p.

5.2.1
The ()>-free process on the hypercube (),
Theorem 5.6 (J. Robert Johnson, T. Pinto [17]). The Q2-free process on the

hypercube Qg with high probability generates a (QQo-free subgraph with at least
Q(d?32%) edges.

Proof. Consider the hypergraph Hg, g, As Qg4 has d2?7! edges (and @, has 4
edges), this hypergraph is 4-uniform and has d2?-! vertices. Also, every edge
of (g is contained in d —1 @)2’s and those )2 share only one edge. Thus Hg, ¢,
is (d — 1)-regular and Ay (Hg,.0,) = 1.

Applying Corollary 5.5 to Hg, g, (with N = d277!, D =d—1and r = 4)
we then obtain that with probability 1 — O (dfd—/_gl) (i.e., with high probability)
the QQo-free process on (), generates a graph whose number of edges is at least

(32l e
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6
Random greedy independent set algorithm

In this chapter, we present the proof of Theorem 4.1 by Bennett and
Bohman as in [6]. We recall that the theorem asserts that with high probability
this algorithm produces a large independent set provided that the hypergraph
satisfies certain density conditions. As we saw in Chapter 4, this result
generalizes a lower bound on the number of steps in the H-free process obtained
by Bohman and Keevash in [15]. In fact, we will see that the proof actually
gives a stronger result (see Theorem 6.2).

The method used here is a more sophisticated version of the “wholistic
approach” presented in Chapter 3. In fact, we want to track the number of
vertices V(i) of the hypergraph during the algorithm. For this, we will find
variables that together, when controlled, allow us to study the corresponding
martingale. Besides that, those variables must form a “closed system” (in the
sense that we can be able to write the expected values and variances of changes
in those variables only in function of them) and then we will calculate the right
error functions to obtain auxiliary supermartingales.

The chapter is presented as follows. First, we define the variables we
will track and compute their expected trajectories by assuming that our
independent set should look like a random set. We then will be able to state
claims that together clearly imply the theorem. Last, we will finally be able to

prove these claims, always following the ideas presented in Chapters 2 and 3.
6.1
Bennett-Bohman’s theorem

We restate Theorem 4.1 for convenience.

Theorem 6.1 (Bennett-Bohman). Let r and ¢ > 0 be fized. Let H be a r-
uniform, D-reqular hypergraph on N vertices such that D > N°¢. If

AH) <D= fort=2...r—1 (6.1)

and T'(H) < D¢ then the random greedy independent set algorithm produces

an independent set I in H with

=0 (N- (10%]\[)’”11) (6.2)
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with probability 1 — exp{—N®*D},

First, we want to remark that the hypothesis of Theorem 6.1 implies that
H is not too dense. To see this we can double count the number of edges |H]|:
The number of pairs (v, e) where v is a vertex and e an edge such that v € e is
ND = r|H|. The number of triples (v, v, e) where v and v" are vertices incident
to the edge e is |H| (g) < (g) Ay (H). Then we have, using Ay(H) < D=ie

ND 1 (N r—2
:|H|§T< )DMS_
T (2) 2

And it follows that

N >1+(r—1)D7" =Q(D=1"%), (6.3)

This estimate, which we use throughout this chapter, corresponds to
r—1
D=0 N1+E(T—1>>. Since this is o( N"~1), this means that H is not too dense,
as stated before.

We also want to remark that we will prove the theorem with (6.2)

logD*%1
NN=9n.
1 ( () )

this means, with log D instead of log N. Although Bennett and Bohman proved

replaced by

their theorem with log N, these results are equivalent since we are assuming
D > N¢ and, as we will see later on the heuristics (Section 6.4), we hope that
the result with log D can be extended for smaller D, while the result with
log N can only hold when D is at least polynomial in N (otherwise, |I| would
be even greater than V). Furthermore, we will be able to obtain our estimates

without using that D > N¢, obtaining the stronger version:

Theorem 6.2. Let r and € > 0 be fixed. Let H be a r-uniform, D-reqular
hypergraph on N wertices. If

AH) <D= forl=2,...r—1

and T'(H) < D¢ then the random greedy independent set algorithm produces

an independent set I in H with

“'ZQ(N. (10%D>51>

with probability 1 — NW . exp{— DV},
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Remark 6.1. We highlight that the probability in Theorem 6.2 is trivial unless
D is at least a power of log N. In fact, a careful examination of our proof can
lead to the result that, if D > (log N)* (here we made no attempt in finding
the best constant in the exponent), then the probability of failure is at most
exp(—(log N)'*2M)). On the other hand, under the stronger condition that the
hypergraph is linear (i.e., Ay(#H) = 1) we may obtain the constant 2(r —1)+o,

for any o > 0, see Theorem 7.1.

6.2
Scope of proof

The idea of the proof is as follows: First, we will use the differential
equations method to define the trajectories that several variables ought to
follow during the process. Then we will bound one step changes of each of these
variables so that we can use martingale deviation inequalities as lemmas.

With these lemmas in hand (see Chapter 2) we will be able to prove
concentration of |V (¢)| (i.e., prove that with high probability |V ()| remains
close to the expected trajectory guessed by the differential equations method),
which is our main goal since this is the number of vertices that remain in the

hypergraph. For this, we will have to track some other variables as well.

Definition 6.1. For every vertex v € V(i) and £ € {2,...,r}, let di(i,v) =
dy(v) be the number of edges of cardinality ¢ in H(i) that contain v.

Definition 6.2 (Degrees of Sets). For a set A of at least 2 vertices, let da(i)

be the number of edges of size b containing A in H(i).

Definition 6.3 (Co-degrees). For a pair of vertices v, v, let cqu—k(v, V', 1)
be the number of pairs of edges e, €', such that v € e\e/, v € €'\e, |e| = a,
|| =a' and [eN€| =k and e, e’ € H(i).

Figure 6.1: For example, ¢563(v,v") counts
the number of pairs (e, e’) as above.
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6.3

Notation and conventions

Before we start, here are some notation and conventions we will use
throughout the proof: AX represents the one-step change of a variable X, this
means AX := X (i + 1) — X (7). Since all expectations are conditional on the
first steps we omit this conditioning for brevity, i.e., we write E[-] instead of
E[-|Fi] (where Fo, Fi,...,F;, ... is the natural filtration associated with the
process).

We use a £ b to denote the interval [a — b, a + b]. If f and ¢ are functions
of D with the property that f is bounded from above by g times some poly-
logarithmic function (in D) then we write f = O(g). Furthermore, if f is
bounded from below by ¢ times some poly-logarithmic function (in D) then
we write f = Q(g).

6.4
The differential equations heuristic

Vertices

To guess the trajectories of our variables we will assume that our
independent set behaves like a binomial random set. So let S(i) denote the
random vertex set such that each vertex v is in S(i) independently with
probability p = p(i) = i/N. Then, for a fixed vertex v, the expected number
of edges e € H such that v € e and e\{v} C S(7) is

,l’ r—1
oy~ =p(5) -

Then we can think the probability of a vertex to be in V(i) as ¢ ~

\r—1
1-D (ﬁ) and we must have |V (i)| &~ ¢N. It turns out that the natural

parametrization of time is

So we want to prove a bound of the type
V(i) e Ng+= ND™°f,, (6.4)

where 0 > 0 is a constant and f, is a function of ¢ that is small enough so

that the error term is little-o of the main term. Actually, we set ¢ = ¢(i) :=
exp <—D (;})r_l> or, in other words, ¢ = q(t) := exp (—t"71).
Degrees of vertices

Because the expected number of edges of size ¢ is the number of possible

l-edges, which is D<Zj>, times the probability that a given f-set forms an
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edge, which is ¢*~1p"*, d(v) should follow

r—1\ ., ,_
Sy ::D<€_1>qe L=+,

However, it will be easier to separate the positive and negative contri-
butions to the variable. Formally, we will write dy(v) = d (v) — d; (v), where
df means the number of edges of size ¢ containing v that are created and

destroyed (respectively) during the process. And we have that

r—1 t Tt r—1 ¢
H=D - 0—1 _ - Driltrfé 0—1
=0, )i (5=) = (120

satisfies the differential equation

s — User1 — (£ —1)se82
0= 1 :
qu

Indeed, remembering ¢ = exp (—t"!), we have that ¢ = —(r — 1)t"?q,

i (tr—ﬁqﬂ—l) = (r— E)tr—ﬁ—lqﬁ—l + tr—é(g _ 1)q6—2( —(r— 1)tr—2q)

at
— g ((r ) — (=D — 1)157“—1)

and also

-1
€3£+1 = g(r 0 )Drfltr—f—lqé

-1
= (r—1) <; B 1) Drflt”’é’lqé and

—1 —1 -1 1
(6 — 1)5252 = ([ _ 1) (; ) 1) r | >D£1 Drfltrf€+rf2q€.

Therefore

lspi1 — (0 —1)sps9 =

(Z - DDrelt?“fqu((r — 0 — (=) (r— 1)tr1) = Drig(sy).

We then define

et [P lsen(7) - e () = D P —1)se(7)s2(7) -
i) =p7 | o oa)=D J a7
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so that
sp="(s1) = (s¢),
we have s, = s/ — s, and claim that di ~ si". We then want to prove bounds

of the type
df(v) € sf + D%_éfg for ¢=2,...,r and all v € V (7), (6.5)

where 6 > 0 is a constant (the same § from (6.4)) and fs,..., f, are functions
of t that are small enough so that the error terms are little-o of the main terms.
Degrees of sets and co-degrees

For d a4, we can give an upper bound: it should follow (letting a = |A])

r—a

r—a
deg(A) <b B a) qb—apr—b S Aa(H) (b - a) qb—apr—b‘

And, since we have the condition A,(H) < D™=17% and p = tD 71, the

function d 443 should satisfies

r—a
damp < Aa(H)< )qbaprb

b—a

< Dt (Z B a) ¢t DT

—a
< Dg:‘; —& <T - a’> qb—atr—b’
b—a

which gives a hint of how the upper bound on d 4, must look like.

Similarly, we can bound ¢, ok (v, v, ) using the co-degree of the pair of
vertices v, v’ in the original hypergraph H and derive how the upper bound on
Ca,a'—k should look like but, for briefness, we will omit these calculations.

For those variables, we want to prove only upper bounds of the type

Vi
daty < Doy for2<a<b<randall A € ( c(zz>> (6.6)
Caa—k(V,0) < Cpuoy  forall v,v' € V(i) (6.7)

where Dy, and C, o) are functions of D (and not of ¢).
Stopping time

Finally we introduce a constant ¢ > 0 that will be chosen so that
( € § < ¢ (meaning that given £ > 0 we choose 0 > 0 sufficiently small and
then ¢ > 0 sufficiently small with respect to ¢) and we claim that the variables
with high probability follow their trajectories until time ¢,,.x := C logfll D (i.e.,
Tmax = CND*ﬁ logr%l D). Hence, let the stopping time 7" be the minimum
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between i,y and the first step when any of (6.4), (6.5), (6.6) or (6.7) fails to
hold.

We know that, for all i > 0 (as long as our heuristic assumptions are good
approximations), ¢ and i+ |V (4)| are lower and upper bounds to the number of
steps of the algorithm. We then highlight that i, is the natural choice of a end
time because it is the moment when we expect |V ()| and ¢ to have the same
order of magnitude. This is the main difference between the proof from [6] and
the present one. Bennett and Bohman considered i, = (N D_fll(log N )%
because this is when |V (i)| ~ constant. The issue with this choice is that
we need to believe our heuristic assumptions are good approximations for a
much longer period, which may not be the case for smaller D. By setting
Imax = CIN D_fll(log D)ﬁ we are able to obtain a more general result (for
instance, D can be poly-logarithmic in N and does not need to be at least
polynomial in N).

Summarizing

Formally, we prove Theorem 6.2 by proving that P(T < ipax) <
NOW exp{—~ DV}, For this, it suffices to bound the probability of any of
inequalities to fail for some ¢+ 1 given that all of them hold for smaller values
of i. In the following claims, we then understand the bounds on P(3iA4;) as
being bounds on the conditional probability of A;y; to occur given all (6.4),
(6.5), (6.6) and (6.7) hold. So Theorem 6.2 is a consequence of the following

claims:

Claim 6.3. Let2 <a<b<r, \=¢/8r and

Doy = Dl;:‘; —e+2(r=b)X

Then

P <E|z' < lnaz and A € (VC(LZ)> such that d gy > DATb)

< N°O) . exp {_DQ(l)} _

Claim 6.4. Let 2 < a,a’ <r and 1 <k < a,d be fizred. Let A =¢/8r and

Coar = or ) TEEE=2 e (4r—2a—2a)A
a,a’—k +— .
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Then

P (3i < iz and v,0" € V(i) such that cq ok (v,0',1) > Coar—)

Claim 6.5. Setting

foi= (1 + t2) cexp(at + Bt - ¢,
where o, B are constants that depends only on r, we have

Pr (Eli < lmaz Such that |V (i)| & Nq + ND_‘sfv) < N°W . exp {—DQ(I)} .

Claim 6.6. Setting
fo= (1 + t’"_fﬂ) exp(at + pt"1) - ¢,

where «, B are constants that depends only on r (in fact that will be chosen the

same constants as in Claim 6.5), we have

P (Eli <ipans 0 € {2,...,7} and v € V(i) such that df (v) € s7 + D%_ng)
< NOW . exp {—DQ(I)} .

Claims 6.3 to 6.6 imply that, with probability 1 — N . exp {—Dﬂ(l)},
|V (imax)| > 0 and then the independent set obtained in the random greedy
algorithm has size at least typa = (N D logrfll D, as desired.

We break the proof into several parts. We first prove Claims 6.3 and
6.4 in Section 6.5 and then we prove Claims 6.5 and 6.6 in Section 6.6
using some auxiliary supermartingales and concentration inequalities for these

supermartingales. To this, we will need to bound the martingale increments.

Remark 6.2. The martingales Z that depends on a vertex v or a set of vertices
A are frozen in the sense that Z(i) = Z(i — 1) if the vertex v or some of the
vertices of A are not in V (i). Also, when we write Z(i) we actually work with
Z(iNT).
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6.5
Proof of the theorem: Part |

Since we may choose ¢ > 0 sufficiently small relatively to e, and
q(tmax) = €xp (—((logﬁ D)’"‘1> = D¢ we can let ("' < X so that
Nq(tmax) > ND™ +r and then

V(i) > ND™ 4 r (6.8)

is valid whenever we have (6.4). In this section we will assume that this holds
to prove Claims 6.3 and 6.4.
Since we are also assuming (6.5), it is important to note that it is an easy

calculus exercise to show that

1 1\
se(t) = (2_1>D gl < (;_JDHH

implying we can also assume

r—1 £—1 £—1
dy < D1 < D1
£= <€—1> -

6.5.1
How many /-edges a fixed set of vertices belongs to

Proof of Claim 6.3: Bound on dasp.

The proof is by reverse induction on b. The base case is for b = r where we
have, by definition of d 44, and the hypothesis on maximum degrees of Theorem
6.1,

dapr(i) < Ay(H) < D=17° = Dy,

and the desired bound is valid.

Now let b < r and A € ( ) be a fixed set. Assume that Claim 6.3 is true
for b+ 1. We define N;(7), the number of vertices in V' (7) and not in A that
appear in j edges counted by daw+1(7) (i-e., the vertices v such that there is
jJ edges with b+ 1 vertices containing A U {v}). Note that N;(i) can be non-

(L+1Tb+1

zero only for 0 < j < Dg,y14p+1. Hence we have that Z N;(i) counts the
vertices in V'(¢) not in A (we then have that Y N;(i) = |V( )| — a). Moreover,
J

we can double count the pairs of vertex and edge (v, e) where v € eand v ¢ A
by

Dayi11b41

Z jN b+1_a)dATb+1a

1 : _ (r—1 r—4 =l =
Careful calculations show us I?Zag( se(t) = (571) (e(ril)(éil)) D1,
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and using the induction hypothesis we have (with probability 1 —
NOW exp (—DQ(U))

Day11p+1

Z jN b +1-— a)DaTbH. (610)

We have that da4, can increase at most j when a vertex v counted by
N, (i) is chosen at the next step of the algorithm. So define the auxiliary random
variable X by X (0) =0 and

N;(9)
V(@) —a
As observed above we have that P(Adaw > j) < P(AX > j) (in other
words, Adap, is stochastically dominated by AX) and to bound daw (i) is
sufficient to bound X (7).

Bounds on the one step change

P(AX(i) = j) =

Before applying Freedman’s inequality (Lemma 2.5), we need to calculate

(b+1—a)Dapi1

BIAX) = [, SiM 0 <

and, since we are assuming (6.8), we have

(b+1—a)Darps1 < T psl @21

<
ElaX] < ND— - N

Thus we define the supermartingale
Y (i) = X (i) — %Db?‘%—ﬁ(zr—zb—l))\ i

and calculate (using (6.8) and (6.10))

1 Dgy11p41

Var[AY] = Var[AX] < E [(AX)?] = m S 5AN,(0)

+1Tb+1 +1Tb+1
IN; < -rD

= VG- i)l -

T b—a b+l—a
< . Dmf€+2(7'7b71))\ . D — *€+2(T‘7b71))\
— ND—*

< L p2PAH —2e+(4r—4b-3)A

- N
Applying Freedman’s inequality
Letting C' = Dyq19p+1 = DFEE=eHCr=2-DX w0 have that AY (1) < C for
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all 2. We set

(log D)DQi ?a—25+(4r 4b— 3))\’

and then, for i < iy = (N D 10gi D and sufficiently large D (when

r > 2; for r = 2 we choose ( sufficiently small),

ZVar[AY(k;ﬂ}“k] S Lp%ﬂw(zlr—szfs)x
k<i N
2b—2a

—C?"logr 1 D D 1 —2e+(4r—4b—3)\ <.

¢ e (2r—26—1)A

Applying Freedman’s inequality with d = D we conclude

d2
T —e+(2r—20—-1)A < o _
| <exp < 2(U+Cd)>

P [3i: Y(i) > D

D 2b=2a 94 (4r—4b—2)\

exp

2 ((log D)Dmr)ja —2e+(4r—4b=3)A | ISt (2r-2b-2)A (2r72b71)/\)
DX
-0 (o)
Then we have
r o1 ba DX
P [Hi X (1) > (NDrlq; + 1) DH6+(2r2b1))\] < exp <_2<(1ogD)+1>>

and we also have (%Dﬁ -1+ 1) < (CT . logi D+ 1) < D for sufficiently
large D. Therefore, taking the union bound over all choices of set A with
‘A’ =a,

P [Eli and A € <V<Z)> daw(i) > Dapp| <
a
<N>1P X(i) > Dayy — Dt et 2b))\}

P HZ X() < Dr—1 IZ+1> Di? +(2r—2b— 1))\]

= (N> o (‘szmn) |

(0|

N——

6.5.2
Controlling codegrees

Proof of Claim 6.4: Bound on cqq—(v,0").
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First we note that Claim 6.4 follows from Claim 6.3 except for a = o’ =
k+1.1If a’ > k + 1 then we have that ¢, o (i-e., the number of pairs (e, €)
counted by this variable) is at most the number of edges e of size a that contains
v times the number of ways of choosing the edge ¢’ given the specific choice of
the k vertices of e that belongs to €’ too. Hence we have

a—1

Ca,ar—h(V, V') < da(v) - ( k ) “Diy1par

As dy(v) < D=1 TE29X (hy (6.9)) and (“;1) < 2% <27, we conclude

Ca,a'—k (U, /U,) S
a—1

'—(k+1) ata’ —k—2
D7,71+(2r—2a))\ LT D%—E—&-Q(r—a’))\ — 2rDif1—a+(4r—2a—2a’))\7

. ata’—k=2_ 4r—2a—2a’ . .
and, since 2"D 1 et(dr-20-2a)%  _ Cow—k, we are done in this case.

Note that supposing a > k + 1 we have the similar bound c, o (v,v") <
dor (V) - (“/k_ 1) - Dy1+114 and this case is completely analogous.

Now we can turn to case a = o’ = k+1 and proceed by reserve induction
on k. The base case k = r — 1 follows from the definition of ¢, ,_,,_1 and the

hypothesis on I'(#) in Theorem 6.1:
Cror—r—1 S F(H) < Dl_a S QTDl_E = Cr,r—>r—1-

Assume k < r —1. Note that c;11 41k can increase when the algorithm
chooses one vertex of the following:
e In the intersection of a pair of edges counted by cxiokrokt+1(v,0');
e Not contained in the intersection of a pair of edges counted by

Ck:+2,k;+1—>k(va U’) or Ck+1,k+2—>k(v» U')-

L)) ® L0 ® L)) ® 3
oUit+1 Vit+1e
€ el € el (& e
Vit+1
o
o o o o o o
L] o o
(a) Case (I) (b) Case (II) (c) Case (III)

Figure 6.2: Illustration of the three cases when k = 3.

Then when cj41 p4+1-% increases, it can increase at most by 3Dap12 =
b ke . .
3DT=1 e 20 =h=2A og choosing a vertex u can increase ¢y k+1-k(v,v’) at most

by
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a) The number of edges e of size k + 2 that contains {u,v} (and then the
choice of €’ with k+2 vertices, k+1 in common with e and not containing

v is at most unique);

b) The number of edges e of size k + 2 that contains {u,v} (and then the
choice of ¢ with k + 1 vertices, k in common with e and not containing

w and v is at most unique);

¢) The number of edges €’ of size k + 2 that contains {u, v’} (and then the
choice of e with k + 1 vertices, k in common with ¢’ and not containing

u and v’ is at most unique).

For 0 < j < 3D1 =t2r=k=2X 1o N; (i) denote the number of vertices

from V(i) that would increase c¢j41 ;+1-%(v,v’) by j if chosen in the next step
3Dotg 42
of the algorithm. Then > N;(i) = |V({)] — 2 and, double-counting the
=0

number of vertex and edges (u,e,e’) that would increase cpy1 1% (in the

sense that they are as in items a), b) or ¢) above), we have

> N (i) < (k + 1)Crioproktt + Crrzpriok + Crttpro—k

_or . Dripet(r—4k—6)A ((k +1)D 4 2) .

We have that (k + 1)D~?* <1 for D sufficiently large and it follows that

Y JN;(i) <3-2"- D e+ (r—ak—6)x

Defining X (7) by X(0) = 0 and

N; (i)

P(AX (i) =j) = W,

we have that Acgi1 g+1-k(v, v, 7) is stochastically dominated by AX (i) and in
order to prove our desired bound on ¢y k41 it’s sufficient to prove it for X.
Bounds on the one step change

Hence

1 32" kt1
E AX N — N (7) < Drf*€+(47'74k76))\
T

we define the auxiliary supermartingale

Y (i) = X(i) — ?’]'VQTD’Lﬂ—a+(4r—4k—5)>\ i
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and calculate

Var[AY] = Var[AX] < E[(AX)?] =
1

2 2Tk+2
=V 2 ZJ N;(i) < ND 5 Z N
ke (2r—2k—4)A
< 3DT71 +( K ) 3 2T‘Dr —€+(47” 4k—6)A
- ND-

T
9-2 2 24 (6r—6k—9)A

N

Applying Freedman’s inequality
Letting C' = 3Dgt 40 = 3Dm1 et @r=2k—DX wo have that AY (1) < C for
all 7. We set
— (log D) - D2+ (6r—6k— 9\

and then, for ¢ < iy, = (N D1 logi D and sufficiently large D (when

r > 2; for r = 2 we choose ( sufficiently small),
: 9-2" 2l ooy (6rek-9)A
> Var[AY (k)| Fr] < imax - ———D T
k<i N

_9. QTCIOgﬁ D . D2+ (6r—6k—9)x _ (log D) - (6r—6k—9)\

= .

b —et(4r—4k—5)A

Applying Freedman’s inequality with d = D~ we conclude

2
v

_ D 2e+(8r—8k—10)A

exp

2 ((log D)D%_25+(67_6k—9))\ + 3D7‘%_5+(2T_2k_4))‘ .

D@r—2k—1)x
- (‘2<<1ogD> n 3)) '

(4r—4k—5))\)

Then we have

IP[H@‘:X(Z')Z(ZS;T =y 1)

_ ),\]

D@r—2k—1)A
< -
= exp( 2((log D) +3>>

and we also have (%Dﬁz + 1) < (3 220 ¢ logi D + 1) < 2"D* for
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sufficiently large D. Then, taking the union bound over all choices of v and v/,

P (i and v,v" € V(i) : Chp1pr1-k (0,0, 8) = Criyrpr1on] <

k

N ) ) r —& r—A4k—
< < >]P [Elz 1 X (1) > Crprprror = 2" D71 +(4r—ak 4)>\}

2

< (J;[ )]P [az L X (i) > (3N2 D¥Ti 4 1) Drk1‘5+(4’”‘4"3‘5”}

[

6.6
Proof of the theorem: Part Il

Until now we only obtained upper bounds for the variables d4 and
Ca.a'—k(v, V). From now on, we will need upper and lower bounds for the main
variables |V (i)| and dy(v), while the previous upper bounds obtained will be
used as auxiliary estimates.

In this section, to prove the upper bounds in (6.4) and (6.5) (this means,
upper bounds in Claims 6.5 and 6.6) we will define auxiliary supermartingales
and, since they will have initial values negative and relatively large in absolute
value, with the help of some martingale deviation inequalities we will obtain
that is very unlikely them to ever be positive. For the correspondent lower
bounds we will need analogous random variables, then similar arguments and

calculations will apply the desired claims.

6.6.1
Auxiliary supermartingales

Consider
Zy(i) :==|V(i)] — Nq(t) = ND™° f,(t);

ZF(0,0) ==d (v,i) — s (t) = D) (t),  for2<0<r—1;
%75&(15), for 2 <0 <

where f,(t) and f,(t) are functions which will be chosen such that each of Zy,

Z} and Z; are supermartingales.

Lemma 6.7. If

fot) = (1+ 1) -explat + Bt"") - ¢* and
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folt) = (1+72) -explat + ") - ',

with « and B sufficiently large (depending only on r), then Zy, Z; and Z;

are supermartingales.

Next, we will address conditions on the function f, and f, (for 2 < ¢ <r)
so that the variables above are supermartingales. Then in subsection 6.6.2 we
will see that the chosen functions satisfy the desired conditions (completing the
proof of Lemma 6.7) and in subsection 6.6.3 we will use auxiliary lemmas to
complete the proof of the upper bounds in Claims 6.5 and 6.6. Throughout our
estimates we will keep in mind that our error functions are chosen so that they
all evaluate 1 at t = 0, are increasing in ¢t and are well-behaved in the sense that

they are smooth (then we can differentiate and use Taylor approximations).

6.6.1.1
Controlling the number of vertices

Zy is a supermartingale
Let S; = N/Dﬁ and recall that ¢t = i/S;. We write

AZy = ([V(i+D)|=[V(@)) = N(a(t+1/S) —aq(t)) = ND~°(f,(t+1/S) — fu(1)),

(6.11)
and make use of the Taylor approximations

at+1/8) — ity = L8 o <q> (6.12)

S, S2
folt+1/8y) — fu(t) = f,s(j) -0 <£;> (6.13)

where ¢” and f] are understood to be bounds on the second derivative that
hold uniformly in the interval of interest. Remembering ¢(¢) = exp (—¢"!) and
So(t) = (r — 1)Dﬁt’"*2 - q, we have that

q(t)=—(r—1)t"2exp (—t’"_1> = —s9(1) - DT (6.14)

¢"(t) = ((r =1’ = (r = 1)(r = 2)£"*) - q(t) = O(1) (6.15)

Where the last equality we obtain because ¢”(t) is a continuous function

that satisfies ¢”(0) = 0 and ¢”(¢) tends to 0 as ¢ goes to infinity, then ¢” is
bounded (with bounds that depend only on r). 2

Then, by (6.12), (6.14), (6.15) and the definition S, = N/Dw1,

2Using that ¢”(t) < (r — 1)2(t""1)2e="""" for t > 1 by example, it’s an easy calculus
exercise to show that ¢’ < (r — 1)2.
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2
D1
7)

(6.16)

N (qlt+1/5) — () = NPT o (DN‘J) = —5:(1)-0 (

Now using (6.13) and S; = N/Dﬁ we have

25 ¢
fi(t) -0 (DNf) (6.17)

To estimate E[AZy] we need first to estimate E[A|V(7)|]. Notice that if
we choose a vertex v in the next step of the algorithm the number of vertices
of the hypergraph deleted are dy(v) 4+ 1 and then

76(fv<t + 1/St) - fv(t)) =

E[A[V ()] = S (da(v) + 1) < —s5(t) + 2D fo(t),  (6.18)

veV (3)

V(@)

where we make use of the estimate dy(v) > so(t) — 2D~ fo(t).
Finally, remembering (6.3), we have O( ) ( —r 6) and, by
(6.11), (6.16), (6.17) and (6.18),

E[AZy] <
< —55(1)+2D7 7 fo(t) +85(t) = D (1) +0 (D7) 40 (D=0 £
<DF2fy— fll+ O (D0 E 4+ D7) L (6.19)

From the above estimate we conclude that Zy is a supermartingale so

long as € > § and

" = o(DF) (6.20)
fi > 3fs. (6.21)

6.6.1.2
How many /-edges containing a fixed v are created

Z,} is a supermartingale
Now we turn to Z; (v) for 2 < ¢ <r — 1 and a fixed vertex v. We write

AZF (v) = Adf (v) (s} (t+1/5) = sF (1)) =D (fu(t+1/8) — fult)) (6.22)

and make use of the Taylor approximations

- 10 o()

[t +1/5) = folt) = (@ O <<ff)”> (6.24)



DBD
PUC-Rio - Certificação Digital Nº 1712695/CA


PUC-Rio- CertificagaoDigital N° 1712695/CA

Chapter 6. Random greedy independent set algorithm 62

where again (sj) and (fy)” are understood to be bounds on the second

derivative that hold uniformly in the interval of interest. Remembering s,(t) =

(Z DDT T¢r=Lgt=1 and s (t) = D71 f} fs‘fq“ dr, we have that

(st) (1) = p=r 2enill)

q(t)
and then / sy,
(sj) (t)y D Tt ‘;(t)() s (t) (6.25)
S ND = Nq(t) '
We also have that
Y q(t)(se1)'(t) — se41(t)
(SE) () [ q(t)g
5 (((HD)spi0—Lse182 _ 7
g [ () o]
e

() =)ot (== 1=t = e a0 .

As in (6.15), we conclude that (sf e) l(t

r—1

that depend only on r) and for ¢ = 2

(s8)’ (t)’ =2 (r R 1) D)2

If » = 3 we have

is bounded if ¢ > 2 (with bounds

(r —3)q(t) —2(r — Dt"q(t) — t|
2 '

= 2D% |4tq(t) + 1| = O (D3).

(s3)" () =20 —4tq<t>—t|

If r =4 we have

q(t) = 6t%(t) — t| = O (D3t]) .

(s5)" (t)‘ — 6D?

If r > 4 we have

(s1)" )| =

:2<7“;1>D

S (r = Bale) — 207~ 1 ae) 1

=0 (D7|t[?) .
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In any case, as [t| < tpnax = ¢ (log D)ﬁ we have that

(53)" = O (D7 (tnax)"™) = O ((log D)= D7) = O (D7)
and then R "
(Séf) =0 (D]&; ) : (6.26)

To compute E[Ad] (v)] we need to notice that by choosing the vertex
v in the next step of the algorithm we create dg,)1e41 new edges of size ¢

containing v. Thus

E[Ad] (v)] =

Z d{u,U}T€+1

VOl vev’ o)

and double-counting the triples (v, u,e) where {u,v} C e and |e|] = £+ 1 we
have that

> dpupyrert = Ll (v),

ueV (i)\{v}
therefore we conclude gy (
+1(v)
E[Ad/ (v)] = |v+(1¢)| . (6.27)
Gathering (6.22)-(6.27) we obtain
E[AZS (v)] =
bdgi1(v) B Csp41 - D’“fl_éf/ +0 Dﬁﬂ +0 M
IV (3))| Ngq N 7t N2 N2

14 (Sz+1 + 2D$*5f£+1) lspiq Dﬁ_5 f

- - ¢

<
- Nqg— ND-f, Nq N

¢ ¢
[ Dr—1¢ Dmféfs
+ O ( ~ ) +0 (N ,f’) :

where we used the bounds |V (i)| > Nqg— ND™°f,, dos1 < sp41 + 2Dﬁ_5f£+1
and N = Q (Dﬁ%). As

e
14 (5€+1 + 2D 5f£+1) _ Lsp — %D%*éf@rl]\fq +lsg i ND7°f,

Ng— ND-4f, Ngq Nq(Nq— ND-f,) ’
1 1 140 (D¢ £,) |
Ng—ND=f,  Nq(1— D¢ 'f,) Ng o

-1 _
s = (2 - 1>Df}tr—eqe—1
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we conclude 3

D7
N

l%qlf@rl + £<T z 1>trzlqﬁ2fv _ fé + 0(1>]

~ rfl —€ Drfl —0—e
o (22 o (2.

Whence we have that Z,(v) is a supermartingale so long as § < ¢ and

E[AZ ()] <

7 = o(D°) (6.29)
fr > 5l foia (6.30)
f;>2l (T ; 1>t7““q“ fo. (6.31)

6.6.1.3
How many /-edges containing a fixed v are destroyed

Z, is a supermartingale

As before, but for Z, (v), we analogously write
AZy (v) = Ady (0) = (57 (t+1/5,) =57 (1) = D= (fult+1/8,) — fi(t)) (6.32)

and make use of the Taylor approximations (6.24) and

Sp(t+1/S:) — s, (t) = (82@ -0 (Glj)) (6.33)

"
where again (s[) is understood to be a bound on the second derivative that

hold uniformly in the interval of interest. We now have

(SE_>/ (t) _ D_ril (f — 1)q<9é()t)32<t) _ (5 N 1)(7“ _ 1) <2 : 1>Df_it2r—£—2q£—1

and (s[)// (t) =
O(1) - D= [(2r — £ = 2t ~3¢! 1 — (0= 1)(r — 1) 1g ]
—0 (Dfij) :

3Here we used that the functions f, and f; are sufficiently small, we will see that this
will follow from the choice of ¢ sufficiently small with respect to a and .
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which implies

— (6.34)

-\ 041
(3‘;2 _ (DJ\;) (6.35)

Gathering (6.24) and (6.32)-(6.35) we obtain

T g = S AV
AZ; () = Ady (v) - LD DTG (D )*0 (w)

Ngq N N2 N?

(6.36)
Finally, we need to estimate the changes Ad, (v). To this note that there

are 3 ways of removing an edge e from the count d, by choosing a vertex
y e V(i):

1. If the vertex y is contained in e.
2. If there exists « with {z,y} € H(i) and {z,v} Ce.

3. If there exists €/ € H(i) such that y € €/, |¢/| > 3 and ¢'\{y} C e.

oyl
°
° U2°
°
(& °
° ’03'
°
v
°

Figure 6.3: The vertices v', v? and v illustrates the cases 1, 2 and 3,
respectively. If one of them is chosen to be v; 1, then the
edge e will be removed from the count of dg(v).

The number of vertices of the first type are £ — 1 and the main term in
the expectation will come from the other ways of deleting an edge. First note
that the sums

> do(x)+ D dagjam

zee\{v} ACe,|A|>2
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count each vertex in cases 2 and 3 at least once and at most 2 times (the
number of subsets of e is 2¢). Also the number of vertices that are counted
more than once in the first sum is at most <€gl) C39-1. Then the number of

vertices that make e deleted is 4

-1
Z da(x) + O (Cz 251 T Z DkaJrl)

zee\{v} k=2

Therefore

E[Ad- (v)] = W(l)'{ S Y e (dé [02,2%1+521DWHD}.

e€d;(v) zce\{v} k=2

Recordmg that Cyoy = — or DT sHEr=—8)X , D1 = Drret@r=2k-2)X 4
dy < D1 ter=20A (the last by (6.9)) we have

/-1

de- |Cops1 + Z Dkﬂc—&-l} =0 (

) -o(p).

using dy < s;+ QD%f‘sfg and |V (i)] > Nqg — ND7f, we have

S Y ) < (0—1)-(se + 2D%76f€) (52 + 2D$76f2)
2 >
14 ( )| e€dy(v) z€e\{v} Nq— ND=°f,

where it is concluded that

- (0=1) - (se+2D7T7"f;) - (52 +2D77 fy) D1%
Elad )] < Ng—NDf, e ( )

Now by (6.36) and (6.37) we get

1 a
(€ 1) (s¢+2D7 ) (524 2D7T°R) (4~ 1)s, - s
Ng— ND-If, Ngq
D £-¢ Dé.ﬂ DIZJrl
1"

_ ) 14+0(D~°q7 1,
Using again that Nq_NlDf(st - ol qu )

E[AZy (v)] <

D71

and s, = (Z:i)pfiitr—eqeq

“Here we write the number of vertices as being a + O(b) meaning that it’s bounded from
below by a — O(b) and from above by a + O(b).
®Notice here we used our choice of \ = &/8r.
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we conclude ©

E[AZ; (v)] < Dt l2(£— 1)<r 1>t’“ G200 - 1)(r — DT,

¢ e o1 S
Dr—1"1 Dr=1 Dr—1
+0 ( + + g’) (6.38)

Whence we have that Z, (v) is a supermartingale so long as § < £ — A,
/= o(D?) and

==, e (6:39
f1>6(0—1)(r—1)t"2f, (6.40)
fé>3(€—1)(r—1)<€_i>t2’” 242, (6.41)

6.6.2
Choosing the error functions

Recalling that the functions f, and f, are chosen

fi= (1 + t’“‘”z) -exp(at + Bt - ¢,
fo= (1 + t2) -exp(at + Bt 1) - ¢

Then *

fr= ((T — 0+ 2)t" “1) exp(at 4+ St - '+
(1 +t e+2) (r — 1Bt ) exp(at + Bt - ¢'+
(1 +t' £+2) exp(at 4 Bt - (=L(r — D" 2)¢" >

o+ (8= 0)(r = )] -explat + Bt"") - ¢
Analogously

fozla+(B=2)(r—1)t"] - exp(at + pt"") - ¢*.

Using the above estimates in the variation equations (6.21), (6.30), (6.31),

6 Again we used that the functions f,, and f; are sufficiently small, which will follow from
the choice of (.
"Note that here we use we will take 3 > /.
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(6.39), (6.40), (6.41) we see that the exponential terms are equal in both left
and right-hand size of each inequality, remaining to check the polynomial term.

This means, we are only left to, respectively, check

a+(B=2)(r—1)t">3(1+1")
a+(B—=00 =Dt > 50 (144

a+ (=0 -1t > 21( ) 1)#‘“ (1+1%)

T e 1)(2_ 1)# LAt

at+(B=0F Dt >600—1)(r—Dt"2 (1+t2)

+ (80— 1) = 3(0— 1)(r - 1)<€:1>t2’“‘5‘2 (1+12)

and all the variation equations hold because we choose o and [ sufficiently
large depending on 7.

Differentiating one more time we have f; is still of the form: a polynomial
in ¢ times exp(at + (8 — £)t"1)8. As ta = ¢ (log D)Tf11 we get exp(t'l) =

D¢, Then we have that all fo, f,, / and f are O(D/BCT Ho(l ) Thus,

choosing ¢ such that
3¢ <6 (6.42)

we obtain the estimates f;, f/ = o (D*) and

D7 f, [fe+1+t7”““fv}

g7 (DT )
6—1fv[tr€€2f 4 2f+t21‘Z2Z2 }
D™’ q lfe

(D25CT I _§+o(1 ) :0(1)
(D35CT 1 —25+0(1 ) _ 0(1)
O(
=0

O (D3¢~ 1 5+o(1))

nga I _6+o( 1))

implying the estimates that were remaining in (6.28) and (6.38).

6.6.3

Applying martingale variation inequalities

We recall we want to prove Claim 6.5, i.e., the bounds

|V (i)] € Ng= ND~°f,.

8And the same changing 8 — ¢ to 3 — 2 for f/.
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In order to obtain the upper bound in Claim 6.5 we use the Hoeffding-Azuma

inequality.

Proof of Claim 6.5: Upper bound on |V (i)].
As we saw in subsection 6.6.1, choosing the vertex v at step 7 makes
AV = —1—dy(v) € —s9 £ Dﬁ_‘sfg and NS—‘Z/ = 9, where we derive

2

=1 M 26 ¢n
IAZy| < D170 f, 40 (D qu ) + D 40 <Dle>

=0 (D=1 + 1))

Then Hoeffding-Azuma inequality (Lemma 2.3) with d = Zy(0) =
—ND7% shows that for each m < ip. = O (NDWTll(log D)r%l) the prob-

ability that Zy (m) is positive is at most

(ND-9)?
m [DF 0y + 1))

< exp (_Q < 1 (]V;Dié)i )) -
ND 5 (log D) (D7 (1, + 1))

ND 71 . o
xp [ =0 - — exp (=0 (D257 oM
P ( ((ng)”(fQ + fé)2)) ’ p< ( >)

where we used N = ) (Dfllﬁ) and fy, f, = O (Dﬂcplﬂ(l)) to get the last
equality. O

<

exp | —Q2

Remark 6.3. To show the lower bound we need to use the auxiliary variable
Yy = —|V(i)| + N¢g— ND°f,
and, similar to subsection 6.6.1, we obtain the estimates

E[AYy] <
215 L5 g 1 _¢ L5y
sa(t) + 2D71 7 fo(t) — sy(t) — DT f(t) + O (D7) + O (D=0 f)
< DF2fy = fi) 4+ O (DF 0 f 4 DF),

where we conclude that Yy is a supermartingale since 6 < ¢, f! = o(D?)
and f! > 3f;. To finish the proof, using Hoeffding-Azuma inequality, we
only need to see that the bound |AYy| = O (Dé_(s(fz + f{))) still holds and

Yy (0) = =N D~°. Then the same calculations above shows the desired result.
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We recall we want to prove in Claim 6.6, the bounds
df(v) & st + D=0 .

Now to infer the upper bounds in Claim 6.6 we use Lemma 2.7.

Proof of Claim 6.6: Upper bound on df (v).

As all di, s and f; are increasing functions we have that
—Asf — DA Sy < |AZE(v)] < Adf(v)

It’s sufficient now to note that choosing the vertex u at step ¢ makes

Ad; (v) = dpypyres1 and by our previous estimates in subsection 6.6.1.2 we get

£—1

Adf (v) < Doy < D172,

£—1

/-1
Ady (v) <O (Dzw + Z Cf,k+1~>k> =0 (Dr71—§) and
k=1

1 L _5 [
+ %_5 . + / Drfl , Drfl . Drfl
Ast + D Afg—O((sg>- vt Ty )—O(N).

Since
ZE(0) = —D= ",
D
N :o(ij_% and

4
Dr—l

£4—1

and d = D17

we obtain that the probability that Z;(v) is positive at a time m < iy, is at
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most

D%f%

<exp{ Q| ——F .
(log D)1

m

Remark 6.4. To obtain the lower bounds in Claim 6.6 we use the asymmetric
version of Hoeffding-Azuma inequality (Lemma 2.4).

The auxiliary variables in this case will be

Y P (0) = —df(v) +sf — D 0f,  for2<(<r-—1;
Y, () i=—d; (v)+s; —D=0f,  for2<l<r.

and, similar to subsection 6.6.1.2, we obtain the estimates

L5
—{ <Sg+1 — 2D 1 fe+1) €5g+1 DT o,

+ < B
Y )€y e iy
D’ =1
< N [2lq_1fé+1 — f( 0 )tr ! va fg +o(1 )]
D £1—€ D%—é—s
+0( . )m(Ng).
and

—(l—1)(s ——2])%5%_5 s __21);%1—5 B '

]E[A}/Zf(v)] < ( )( ¢ f@}(s( 2 f2> 4 (f 1)52 So
Nq—ND}, Ng
L L _ ¢ L4+1 041
D% D+i~i Dwvi  Dri %
- fi+0 ( Ng t o T z)

r£1*‘S
< DN l (€—1)<€_1>t’" G 200 = 1) (r = DR,
1

—(t—1)(r — 1)(2_ X

>t2r€2q€2fv . fé + 0<1)‘|
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where we conclude that Yf are supermartingales by our established conditions
on f, and f,.

Again as all dF, s and f; are increasing functions we have that

14
€ -1 D1
e, (Drfl’ﬁ) = —Adf(v) — DAL, < |AYE(W)| < AsE =0 ( ) :

N
Since Y;5(0) = —D+= and the hypotheses of Lemma 2.4 are valid
Dr% =1 e =1 5 D% . .
because “w— = O(D"—l 2) and D=17° = o =5 * imax |, the probability

that Y;*(v) is positive at a time m < 4.y is at most

)
exp ¢ —{2 1 T ; 7 —1_<
ND r—1 (].Og D)'rfl . NDT71 . Drfl 2
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7
Random greedy independent set algorithm in linear hyper-
graphs

In this chapter, we will discuss the issues of making the differential
equations heuristics rigorous in a sparse setting. Precisely, we will present the
argument given by Robert Johnson and Pinto [17] in the Qq-free process on Q4
in Section 7.1 and extend it to the random greedy independent set algorithm
setting for linear hypergraphs.

Then, we will follow the proof given in last chapter to obtain that
the random variables associated with the random greedy independent set
algorithm follow their expected trajectories for D-regular linear hypergraphs
when D > (log N)2"=D+? for some ¢ > 0. In Section 7.2, we state our
result and highlight some differences from the proof of Bennett and Bohman.
Finally, in Sections 7.3 and 7.4 we present the estimates that are different
from the previous chapter. Through this chapter, we will use the definitions

and notations from the previous ones.

7.1
()o-free process on the hypercube (), revisited

Remembering that dy counts the number of 2-edges in the random greedy
independent set algorithm, we can consider the variable ds(uv) for an edge uv
in @4 (which corresponds to a vertex in Hg, ,). This variable is zero while

the vertices u and v are isolated during the ()o-free process. Then

| <d2d—}—2d)
P(dy(uv,i) = 0) > %
(“57)
(d24=1 —4) ... (247 —2d + 1 — j)
(d24=1) ... (d29 — 2d + 1)

- 2d—1
J
2 (1 B d2d—1>

J
> e (53)
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where j(7) is the number of edges chosen in the Q)s-free process to have i edges
added. If j(i) < cd2?~! then

P(day(uv,i) = 0) > exp (—2cd) .

In expectation, we have at least d2¢ !exp (—2cd) edges with dy = 0. Then
we have high probability that, for some edge uv, ds(uv) doesn’t follow its
trajectory for a constant proportion of the process.

For a general D-regular and r-uniform linear hypergraph H, the analogue
of the vertices u and v being isolated would be to consider a vertex v and two
vertices from each r-edge that contain v. Then we bound the probability that
dy = 0 by the probability that none of those 2D vertices (together with the

vertex v) is chosen among the first j vertices. Therefore, we conclude

P(dy(v,7) = 0) > G|

(V)

. 2D+1
J

>(1-2L

> (1- %)
j(2D +1)

> _

SN

So, with high probability, for some v, dy(v) doesn’t follow its expected
trajectory for a constant proportion of the process when D = O(log N). This
means our approach can only prove that all variables follow their trajectories
when D > log N. However, we will be able to prove our heuristics when D is

a power of log V.

7.2
The theorem

Theorem 7.1. Let 0 > 0 and r > 3 be fized. Let H be a r-uniform, D-reqular
hypergraph on N wvertices such that Ay(H) = 1. If D > (log N)Xr=D+7 then

the random greedy independent set algorithm produces an independent set I in

H with log D .
|I|:Q(N.<O%> ) (7.1)

with probability at least 1 — O((log N)*+¢M).

Remark 7.1. We encourage the reader to compare this result with Theorem

6.2. The current result requires a weaker condition on D, provided H is linear
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(i.e., Ao(H) = 1). Furthermore, the linearity condition helps us simplify some
aspects of the proof.

First, we want to remark that for linear hypergraphs N = Q(D). To
see this we can double count the number of edges |#H|: The number of pairs
(v,e) where v is a vertex and e an edge such that v € e is ND = r|H|. The
number of triples (v, v’ e) where v and v’ are vertices incident to the edge e is

H1(3) < (3)As(#). Then

And it follows that
N>1+(r—1)D=Q(D). (7.2)

We will use this estimate throughout this chapter.

Remark 7.2. Note that (7.2) is one of the differences between last chapter
setting and the current one. We highlight that we did not use the previous
bound N = 2 (Diﬁ) to obtain most of the estimates.

The heuristics from the last chapter still hold in our setting, with the
difference that dsy < 1 for every set A with at least two vertices and that

Caa—k(v, V") = 0if k > 2. We then want to prove that

|V (i)] € N¢g= ND°f,, (7.3)

dE(v) e sE£D=1f, forl=2,... randallve V(i), (7.4)

Caa—1(0,0") < Cpwy forall v,0" € V(i) (7.5)
As before we consider the stopping time T as the minimum between
Imax = (N D1 (log D)fll and the first ¢ such that any of the above equations

fail to hold. Theorem 7.1 is a consequence of the following claims:

Claim 7.2. Let 2 < a,d <r. Then

Caar—1(0,0") < (a—1)-dy(v)
Caa—s1(v,0") < (a' = 1) - dy (V).
Claim 7.3.

P (Eli < bpmag and v, 0" € V(i) such that ca g1 (v,v',1) > 2- D2<7'11>>

< exp (—(log N)Hﬂ(l)) :
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Claim 7.4. Setting

foi= (1 + t2) exp(at + Bt"1) - ¢,
where a, B are constants that depends only on r, we have

P (Hi < ez Such that |V (i)| ¢ N¢+ ND™° fv) < exp (_(10g N)lmm) _

Claim 7.5. Setting
fo=(14+77) - explat+ ") - ¢,

we have

P (EIZ' < ipmans L € {2,...,7} and v € V(i) such that df (v) &€ sf + D%_‘ng)
< exp (—(log N)HQ(l)) )

Claims 7.2 to 7.5 imply that, with probability 1 — exp (—(log N)HQ(U),
|V (imax)| > 0 and then the independent set obtained in the random greedy
algorithm has size at least 4. = (N DT logri11 D, as desired.

Most of the estimates from the previous chapter are analogous for this
case. For the sake of brevity, we omit them and focus only on the different
computations in this new setting. We prove Claims 7.2 and 7.3 in Section 7.3

and then we prove Claims 7.4 and 7.5 in Section 7.4.

Remark 7.3. The martingales Z that depends on a vertex v are frozen in the
sense that Z(i) = Z(i — 1) if the vertex v is not in V(7).

7.3
Proof of the theorem: Part |

Since we may choose ¢ > 0 sufficiently small relatively to r, and
q(tmax) = €xp (—(Clogrfll D)T_l) = D' we can let (" < A = 4(7}71)
50 that q(tmax) > D~ and then

V(i) > ND™ 4 r (7.6)

is valid whenever we have (7.3). As in the previous chapter, we also obtain
that
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dy =0 (D) (7.7)

is valid from (7.4). In this section we will assume that these equations hold.

7.3.1
Controlling codegrees
Proof of Claims 7.2 and 7.3: Bound on cqq—i(v,0).

First we note that Claim 7.2 follows from As(H) = 1. Indeed, we have
that ¢, 01 (i-e., the number of pairs (e, ¢’) counted by this variable) is at most
the number of edges e of size a that contains v times the number of ways of
choosing the edge €’ given the specific choice of the one vertex of e that belongs

to €’ too. Hence we have

-1
Caar—k(V,0") < dgy(v) - (a ) )

Notice we have the similar bound d, (v) - (al; 1).

!/

Now we can turn to case k = 1 and @ = a’ = 2. Note that cy5-,1 can

increase when the algorithm chooses one vertex of the following:

e Not contained in the intersection of a pair of edges counted by ¢3 9,1 (v, ')

or ¢a3-51(v,v").

Vi+1 Vi+1
o o

Ve o/ Ve o,/

Figure 7.1: In each case, when the vertex v;,; is chosen, it increases
/
o1 (v, V).

Then when ¢y, increases, it can increase at most by 2.

For 0 < j < 2, let N;(i) denote the number of vertices from V(i) that
would increase ¢o9-,1(v,v") by j if chosen in the next step of the algorithm.
Then Ny(i) + N1(7) + No(i) = |V (i)| — 2 and, double-counting the number of

vertex and edges (u, e, €’) that would increase c¢o 2,1, we have

N1(8) 4 2N5(1) = c3951(0,0') + 25351 (v, 0) < da(v) + dp(v)) < 2 D71,
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Vi1
( }

Figure 7.2: This is the only case when ¢y2,1(v,v") can increase by 2.
Defining X (z) by X(0) = 0 and

N;(4)
PAX(i) = j) =
V()| -2
we have that Acg o1 (v, v, 7) is stochastically dominated by AX () and ir order
to prove our desired bound on ¢y 5_,; it’s sufficient to prove it for X.
Bounds on the one step change

Hence

E[AX(i)] = mzj:]Nj(l) < |‘2/(Zl))|r__12 = = D]\Tf1 ’

we define the auxiliary supermartingale

. 1"—1+)‘
Y (i) = X(i) — 2 DN i
and calculate
Var[AY] = Var[AX] < ]E[(AX)Q] =
1 o 4. Dt
— (<2 E <=

Applying Freedman’s inequality
Letting C' = 2 we have that AY (i) < C for all i. We set

v = (log D)ﬁDA,
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and then, for ¢ < iy = QND_TTH 10gﬁ D,

V(i) := 3 Var|AY (k)| Fi) < imay - = 4¢(log D)7 D> < .

k<i

Applying Freedman’s inequality (Lemma 2.5) with d = DT we

conclude

1 2
P [3@ LY (i) > Dwn] < exp (—2( iCd))
v

D'r‘fl
2 ((log D)=TDN 4 2. le—n)

=exp | —

< exp <—Q <D2(rl—1)>> < exp (—(log N)H—Q(l)) ‘

Then we have

2 . Dr11+)\

P
N

i X(0) >

R D2<T11>] < exp (—(log N)HQ(U)

and we also have

2. D1t

~—— i+ DT < (log D)7 D + DT < 2. DD

for sufficiently large D.

Then, taking the union bound over all choices of v and v/,

P [Eli and v,v" € V(i) : cany1(v,0',i) > 2- D2<'f'11>}

< <];[>]P [3@';)((@') zz.m#—n}

<(2)r

2.Dri1+)\ 1
Ji: X)) > ———— .Z'_|_D2(r1):|

N

< exp (—(log N)HQ(U) :

[]
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7.4
Proof of the theorem: Part Il

In this section, to prove the upper bounds in (7.3) and (7.4) we will use

the auxiliary supermartingales

Zy =|V(i)] = N¢— ND™° f,;

-1

Zf (v) :=dj (v) — sf — D=17°f,, for2<i<r—1;

=1 _

Z[(U) izd[(v) — s, — D1

fe, for2<e<r.

We obtain analogous estimates for Zy and Z,:

E[AZy] < —s(t) + 2D fy(t) + so(t) — DFT 01 (1)

v

D71 D0 g
+0< - )m(N )

2

—1 ﬁ—& "
< D=2f,— fi]+ 0 (D 2 f”) - (78)

N N

b

N

r—1

lzm‘lfm + é( , )tr“‘lq“% — fi+ 0(1)]

241 415
~ D'r—l Dr—l ”

For Z,, it is a little different because we have to use our bound on ¢z 24

E[AZ/ (v)] <

to estimate the changes Ad, (v). For completeness, we repeat the arguments
to bound the increments Ad, (v). Note that there are 2 ways of removing an

edge e from the count d, by choosing a vertex y € V (i):
1. If the vertex y is contained in e.
2. If there exists x with {z,y} € H(i) and {z,v} C e.

The number of vertices of the first type are £ — 1 and the main term in
the expectation will come from the other way of deleting an edge. First note
that the sum

Y. da(x)

zee\{v}
count each vertex in case 2 at least once and at most ¢ times. Also the number

of vertices that are counted more than once in the sum is at most (é;1> Coo1.
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o

Figure 7.3: The vertices v! and v? illustrates the cases 1 and 2, respectively.
If one of them is chosen to be v;,1, then the edge e
will be removed from the count of dg(v).

Then the number of vertices that make e deleted is *

> do(z) + O (Caoma).
zee\{v}

Therefore

E[Ad£(> ]V() { Z Z dz +O dg 022~>1)}

e€dy(v) zee\{v}

Recording that Cy9 1 =2+ D2<T1*1) and dy = O (D%) we have

df . 02’2_” =0 <D7£1_2(7‘1—1)) .

Then, as before, we conclude that

D r—1
E[AZ; (v)] < [ (5—1)( >tr Ty 200 — 1) (r — DR,
N ‘-
HE= 00 =0 - g ot ]
+O(D“}\;;WU+D]\;2 S g’) (7.10)

Finally, remembering (7.2), we have O (%) = O (D7), the conditions

'Here we write the number of vertices as being a + O(b) meaning that it’s bounded from
below by a — O(b) and from above by a + O(b).
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on ¢ for Zy, th to be supermartingales are then

1

1-— A1
0 < — (7.11)

1 1
0< ———— A= 7.12
S 20— 1) A0 —1) (7.12)

We also need that
U =o(D"7) (7.13)
/=o(D"7) (7.14)
and the variaton equation, as before,
Il > 3fa. (7.15)
fo>5lq™" frp (7.16)
—1
fi> 21<T ) )t’"“q“ fo- (7.17)
/ r=1\ oo
I (] (A (718)
f1>6(—1)(r—1)t"2f, (7.19)
-1

fi1>30—1)(r—1) (2 - 1)152’4_2(](_2]% (7.20)

7.4.1
Choosing the error functions

As before, all the variation equations hold because we choose o and f3
sufficiently large depending on 7.

Since f, fo, fi and f” are O (D/BCTA*O(D), choosing ¢ and d such that
28¢" < § (for the estimates in (7.9) and (7.10) to hold) and

1

26" <1~ =

(7.21)
we obtain f/, f/' =0 (Dl_r%l).

7.4.2
Applying martingale variation inequalities

7.4.2.1
Controlling the number of vertices

Proof of Claim 7.4: Bound on |V (i)].
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Again, we will use the computations from the last chapter for brevity.
Choosing ¢ such that 23¢" ! < 1— ﬁ, we have 1— ﬁ—QﬁC“l > ﬁ As
before, by Hoeffding-Azuma inequality, the probability that Zy (m) is positive

for some m < 7,5 1S at most

. ([ ND™ 7 ~ 1 a1
< exp (—(1og N)1+9<1>) .

The same applies for the supermartingale
Yy = —|V(i)|+ N¢g— ND°f,,

which gives us the lower bound on |V (7)]. O

7.4.2.2
How many /-edges a fixed vertex v belongs to

Proof of Claim 7.5: Upper bound on dj (v). Now to infer the upper bounds in
Claim 7.5, we note that

—AsE — DAY, < |AZE(W)] < AdE()
and

Adf (v) < Daper1 <1,

Ad; (1) £ O (Coarn) = O (D7)

L
—1 Dr—l
Ast +D=19Af, =0 ( ¥ ) .

£4—1

1 = 11
Since Z;(0) = —Df—l_‘s’ D=2 — O(Dﬁl 2(7-11)) and D=1 —

N

_L
0 (@'max . D;Vl), we obtain that the probability that Zj(v) is positive at a

time m < 4. 1S at most

expq —f2

< exp {—Q (D?(rl—l)_%)} < exp (—(log N)1+Q(1)) )


DBD
PUC-Rio - Certificação Digital Nº 1712695/CA


PUC-Rio- CertificagaoDigital N° 1712695/CA

Chapter 7. Random greedy independent set algorithm in linear hypergraphs 84

Note that we can choose 20 < 2(7}_1) — 2(r—11)+a' to obtain the last

expression. ]

Remark 7.4. To obtain the lower bounds in Claim 7.5 we use the asymmetric

version of Hoeffding-Azuma inequality to the supermartingales

Y, (v) :z—d}(?})%—sj—D%_ﬁf& for 2 <0 <r—1;
Y, (v) i =—d; (v)+ s, — D%_‘ng, for2<e<r.

For Y, (v), we have

=11 D1
-0 (DT_1 2(7«_1)> < |AY, (v)] < O( N )

and the same calculations above apply.

For Y,"(v), we have

4 4
Dr—1 Dr—1
0| ——| < + <
O( I )_|AY€ (v)|_0( N)

and, by the Hoeffding-Azuma inequality, the probability that Y," is ever

positive is at most

) (Dfii—5)2

exp ¢ —f2 - —
ND 7. (%ng

< exp {—Q (N . Dfﬁ)} < exp (—(log N)HQ(I)) )
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A
Gamma function

The goal of this appendix is to give a proof of the lemmas used in Chapter
5 about the gamma function. Just for completeness, we remember the definition

of Gamma function and the statement of the lemmas.

Definition A.1 (Gamma function). The gamma function is defined for

complex numbers with positive real part by

I'(z) = /Oo uw”le ™ du.
0

Lemma A.1. For all complex numbers a, b with positive real part the following

equation holds

/1(1_xa)b o 1+ re+1)
0 rp+1+1)

Lemma A.2. Let a be a positive real number. Then

lim I'(n+ «) _

To prove the first lemma, we need to show a property of the gamma
function and we will introduce the beta function. Then, the result will follow
from standard calculus computations.

By integrating by parts, with v = ¢t* and u = —e™!, we have

oo

I'z+1) = /0 tre Tt dt = {—e’ttz} + z/o wle !t dt

t=0

t

and, using that lim e™*t* = 0, we conclude that

t—o00

I'(z+1) ==2[(2). (A1)

Definition A.2 (Beta function). The beta function is defined for complex

numbers x and y with positive real part by

1
B(z,y) = /0 w1 — )t du.
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Let x and y be complex numbers with positive real part. We will see that

['(2)C(y)
Nz +y)
We will prove that I'(x)I'(y) = I'(x + y) B(x, y). Begin with

[(x)'(y) = (/OO e vyt du) : (/Oo e YVt dv)
/ / e vt du du,

and changing variables by u = f(z,t) = zt and v = g(z,t) = z(1 — t) we have

that
/ / #(2t)" Y )y_l‘J(z,t)} dt dz
= / / e Pyl — 1) dt d,
o Jo

Bla,y) = (A.2)

t
where |J(z,t)] = L “ | = 2 is the Jacobian determinant of the change of
—t —z

variables u = f(z,t) and v = g(z,t). Then we conclude

['(z)T(y) = (/OOO ety dz) (/01 71— )t dt) =I(z+y)B(z,vy).

Proof of Lemma A.1. Changing variable by z = u'/* we have

1 11
/ (1—2)° dox = / “ue (1 —u)® du,
0 0

a

and then using the definition of beta function, (A.2) and (A.1) respectively,

we obtain

tﬁﬂ—ﬁf@;ﬂ3<amﬂ>:ﬂwﬂr@+D:FO+DF®+D
0 a \a F(b+1—|—%) F(b+1+%)

]

To prove the second lemma we need to use Stirling’s approximation

formula Fe \/% (Z)z <1 L0 <i)> (A.3)

Proof of Lemma A.2. Using (A.3) we have

F(;(Z)a) N\/HTOC(}:;" N nj_a e (n—ga)” (n+ ).
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Appendix A. Gamma function

Then, remembering that (1 +

r
lim 7(71%—04) =e *. (

1i
n—00 F(n) - ne n1—>Holo (

n
%) — e* when n — oo, we conclude

n -+ a\" . n—+a« a—3
> > hm( > =1.
n n—oo n

89
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