
Time Reversal of Acoustoelastic Lamb 

Waves 

 

Alan Conci Kubrusly 

 

Tese (Doutorado em Engenharia Mecânica). Pontifícia Universidade 

Católica do Rio de Janeiro. Rio de Janeiro, 2016. 



Alan Conci Kubrusly

Time Reversal of Acoustoelastic
Lamb Waves

TESE DE DOUTORADO

DEPARTAMENTO DE ENGENHARIA MECÂNICA

Programa de Pós–Graduação em Engenharia
Mecânica

Rio de Janeiro
January 2016

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Alan Conci Kubrusly

Time Reversal of Acoustoelastic Lamb Waves

TESE DE DOUTORADO

Thesis presented to the Programa de Pós-Graduação em Engen-
haria Mecânica of the Departamento de Engenharia Mecânica,
PUC–Rio as partial fulfillment of the requirements for the degree
of Doutor em Engenharia Mecânica

Adviser : Prof. Arthur Martins Barbosa Braga
Co–Adviser: Prof. Jean Pierre von der Weid

Rio de Janeiro
January 2016

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Alan Conci Kubrusly

Time Reversal of Acoustoelastic Lamb Waves

Thesis presented to the Postgraduate Program in Mechanical En-
gineering of the Departamento de Engenharia Mecânica, Centro
Técnico Científico da PUC–Rio as partial fulfillment of the re-
quirements for the degree of Doutor.

Prof. Arthur Martins Barbosa Braga
Advisor

Departamento de Engenharia Mecânica — PUC–Rio

Prof. Jean Pierre von der Weid
Co–Advisor

Centro de Estudos em Telecomunicações — PUC-Rio

Prof. Nicolás Leonardo Pérez Alvarez
Universidad de la Republica Uruguay

Prof. Ricardo Leiderman
Instituto de Computação – UFF

Prof. Miguel de Andrade Freitas
Centro de Estudos em Telecomunicações — PUC-Rio

Dr. Sergio Ricardo Kokay Morikawa
Petrobras

Prof. Márcio da Silveira Carvalho
Coordinator of the Centro Técnico Científico — PUC–Rio

Rio de Janeiro, January 18th, 2016

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



All rights reserved.

Alan Conci Kubrusly

Alan Conci Kubrusly received a B.S degree in electronics and
telecommunications engineering in 2009 and a M.S. degree
in electrical engineering in 2012, both from the Pontifical
Catholic University of Rio de Janeiro (PUC-Rio).

Bibliographic data
Kubrusly, Alan Conci

Time Reversal of Acoustoelastic Lamb Waves / Alan
Conci Kubrusly; advisor: Arthur Martins Barbosa Braga; co–
advisor: Jean Pierre von der Weid. — 2016.

176 f: il. color. ; 30 cm

Tese (doutorado) - Pontifícia Universidade Católica do
Rio de Janeiro, Departamento de Engenharia Mecânica, 2015.

Inclui bibliografia.

1. Engenharia Mecânica – Tese. 2. Ultrassom. 3. Ondas
guiada. 4. Ondas de Lamb. 5. Acoustoelasticidade. 6. Inversão
Temporal. 7. M.E.F. I. Braga, Arthur Martins Barbosa. II. von
der Weid, Jean Pierre. III. Pontifícia Universidade Católica do
Rio de Janeiro. Departamento de Engenharia Mecânica. IV.
Título.

CDD: 621

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Acknowledgments

To my advisers, Prof. Arthur Martins Barbosa Braga and Prof. Jean
Pierre von der Weid, my deep and sincere gratitude for guidance, incentive
and opportunity.

To CNPq for financial support.
To all members of the examination board for agreeing to participate,

their time and effort in evaluating this thesis and valuable comments.
To Prof. Nicolás Leonardo Pérez Alvarez for continuous advices, priceless

discussions and fruitful partnership.
To Prof. Julio Cezar Adamowski for his time and hospitality during the

visits at the Ultrasound Laboratory of Polytechnic School of the University of
São Paulo, and also for his suggestions.

To Prof. Marco Aurélio Brizzotti Andrade and Tiago dos Santos Ramos
for their help with Ansysr.

To Timóteo Francisco de Oliveira for manufacturing the piezocomposite
transducers.

To Profs. Marcelo Roberto Baptista Pereira Luis Jimenez and Miguel de
Andrade Freitas for their constant encouragement.

To colleagues Bruno César Cayres Andrade and Abel Arrieta Castro for
their help to study for the qualify exam.

To Aura Conci for valuable discussions, Carlos Kubrusly for careful
revision and Jessica Kubrusly for the help with the data.

To all the colleagues of CPTI for companionship.
To Chewbacca and Wolverine for faithful friendship and company during

the writing of the thesis.

And foremost to my wife, Anna, my constant support, companion and
love. Whose smile never let me give up.

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Abstract

Kubrusly, Alan Conci; Braga, Arthur Martins Barbosa; von der
Weid, Jean Pierre. Time Reversal of Acoustoelastic Lamb
Waves. Rio de Janeiro, 2016. 176p. PhD Thesis — Departamento
de Engenharia Mecânica, Pontifícia Universidade Católica do Rio
de Janeiro.
The acoustoelasticity studies the variation of the elastic waves velocity

in bodies subject to an initial stress state. The acoustoelastic theory consists
of non-linear relationship between stress and strain that rules the dynamic
response superimposed to the initial pre-deformation. The acoustoelastic
theory applied to guided waves is a very new branch of study. The theoretical
development of this theory for Lamb waves was completed in 2012, which
enabled the calculation of velocity variation as a function of stress. Lamb
waves are elastic waves that propagate in plates obeying the boundary
conditions on the surface. These waves are a priori dispersive. Finite Element
Method (FEM) is an useful tool for ultrasonic waves propagation analysis.
In order to address the acoustoelastic effect employing FEM one can use
the effective elastic constants. By these effective constants it is possible
to assemble an equivalent anisotropic stiffness tensor, which can be the
material stiffness input in commercial software. The time reversal process
is a well-known method for obtaining focused acoustic waves in both time
and space. In the case of Lamb waves, the use of time-reversed signals
compensates the dispersion of each propagation mode, recompressing the
wave and producing a focused signal at the reception position. In this thesis
the new branch of acoustoelasticity for Lamb waves is thoroughly analyzed
and its state of the art is reviewed. The possibility of using effective elastic
constants for determination of the velocity dependence on stress and the
errors in this approximation are investigated. The use of FEM in Ansysr is
validated for single mode under uniaxial tensile stress. Then, the simulations
of wideband multi-mode acoustoelastic Lamb waves is carried out in the
numerical software, the time-reversal focusing ability is verified and the
effect of uniaxial load on the focus is investigated. Finally, experiments
were performed in an aluminum plate longitudinally loaded. The feasibility
of using the time reversal focus characteristics in order to measure the strain
is concluded and its limitations are pointed out.

Keywords
Ultrasonic; Guided Waves; Lamb waves; Acoustoelasticity; Time-

Reversal; F.E.M.;
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Resumo

Kubrusly, Alan Conci; Braga, Arthur Martins Barbosa; von der
Weid, Jean Pierre. Inversão temporal de ondas de Lamb
acoustoelásticas. Rio de Janeiro, 2016. 176p. Tese de Doutorado
— Departamento de Engenharia Mecânica, Pontifícia Universidade
Católica do Rio de Janeiro.

A acoustoelasticidade estuda a variação da velocidade de ondas elásticas
em corpos sujeitos a um estado de tensão inicial. A teoria da acoustoelast-
icidade consiste-se de um relação não-linear entre tensão e deformação que
rege a resposta dinâmica de uma onda elástica sobreposta à pré deform-
ação inicial. A teoria da acoustoelasticidade aplicada a ondas guiadas é um
ramo de estudo extremamente novo. Seu desenvolvimento teórico para on-
das de Lamb foi concluída em 2012, o que permitiu o cálculo da variação
da velocidade em função da tensão. Ondas de Lamb são ondas elástica que
propagam-se em placas de faces paralelas obedecendo às condições de con-
torno nas superfícies. Essas ondas são a princípio dispersivas. Modelagem
por elementos finitos (MEF) é uma ferramenta útil para a análise das ondas
ultrassônicas. A fim de abordar o efeito acoustoelástico utilizando método de
elementos finitos pode-se utilizar as constantes elásticas eficazes. Por meio
dessas é possível montar um tensor de rigidez anisotrópico equivalente, que
por sua vez pode ser utilizado como a entrada de rigidez do material em
softwares comerciais. O processo de inversão temporal é um método bem
conhecido para a obtenção de ondas acústicas focalizadas no tempo e no
espaço. No caso de ondas de Lamb, o uso de sinais de inversão temporal
compensa a dispersão de cada modo de propagação, recomprime e focaliza
a onda na posição de leitura. Nesta tese, o novo ramo da acoustoelasti-
cidade em ondas de Lamb foi analisado e seu estado da arte revisado. A
possibilidade de utilizar constantes elásticas eficazes para determinação da
dependência da velocidade com a tensão e os erros nesta aproximação foram
investigados. O uso do programa de elementos finitos Ansysr foi validado
para propagação de ondas de Lamb monomodo em uma placa submetida a
tração uniaxial. Em seguida, simulações de propagação de ondas de Lamb
multimodais acoustoelásticas foram realizadas através do software e o efeito
da carregamento na focalização foi analisado numericamente. Finalmente,
experimentos foram realizadas em uma placa de alumínio carregada longit-
udinalmente. A viabilidade e limitações da utilização das características de
focalização por inversão temporal a fim de medir a tensão são apontadas.
Palavras-chave

Ultrassom; Ondas guiada; Ondas de Lamb; Acoustoelasticidade;
Inversão Temporal; M.E.F;
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Summary of notations
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ρ Mass density. Unity: kg/m3
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1
Introduction

Monitoring and measuring the state of deformation of a mechanical
structure is an important branch of study in mechanical engineering. The
introduction of sensor networks to monitor the mechanical strain and stress
state of structures as subsea risers [1–5], wellbores [6–8], airplane wings [9–11],
bridges [12] and metal cranes [13], are becoming a common practice reducing
risk and saving money.

Ultrasonic methods [14] are widely used in nondestructive evaluation
(NDE), specially aiming to identify some kind of damage [15]. It offers
advantages as low-cost, robustness and easiness to install, allowing the design
of sensor networks distributed along the structure [16–18].

The interpretation of the ultrasonic signals is complex when the propaga-
tion occurs in mechanical structures that behave as waveguides, as the case of a
simple metallic plate due to the appearance of various guided waves modes [19].
Depending on the wavelength to plate thickness ratio, these waves are called
Rayleigh or Lamb waves [20]. Moreover, Lamb waves may be dispersive, hinder-
ing the use of conventional signal processing techniques.

When a body is subject to stress, the velocity of ultrasonic waves
propagating inside of it is altered. This is the acoustoelastic effect [21]. The
most immediate manifestation of this phenomenon is time-of-flight change. The
acoustoelastic effect can be used in order to determine the initial stress in a
body by time-of-flight measuring [22,23] or using more sophisticated principles
such as its applications to guided waves [10, 24], and the correlation of the
speckle images [25]. This principle can be very useful when concerns monitoring
both strain and some kind of damage, as cracks [26]

The acoustoelastic effect can be addressed in the deformed or undeformed
frames of reference. Which are commonly named initial and natural frames,
respectively [27]. In the natural frame, the geometric variation due to the
initial strain is already included in the velocity, whereas in the initial frame
the velocity is related to the deformed geometry. The choice relies on the chosen
problem. Addressing a problem in natural frame is more convenient when one
has access to its natural configuration, as when the ultrasonic actuators are
bonded on the body that goes through subsequent deformation. The initial
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Chapter 1. Introduction 16

frame is convenient when the deformed body is accessed as for analyzing
residual stresses or when non-contact transducer are used.

The use of numerical approaches as finite element method (FEM) is a
useful tool for ultrasonic waves propagation analysis [28]. Commercial FEM
programs cannot straightly simulate the acoustoelastic effect. An alternative is
to use an equivalent anisotropic medium by means of effective elastic constants
(EEC) [29]. Addressing the acoustoelastic effect by means of EEC allows
assembling an equivalent anisotropic stiffness tensor, which can be the input in
commercial FEM simulation software. This approximation however introduces
an inherent imprecision. There are few works simulating the acoustoelastic
effect [30], specially on Lamb waves. [31–33].

The acoustoelastic theory applied to guided waves is a very new branch of
study. Measurement of load by means of time-of-flight shift of Lamb modes is
possible since Gandhi developed the theory of acoustoelasticity for Lamb waves
in 2012 [34] and enabled the theoretical calculation of velocity variation as a
function of stress [24]. In order to analytically obtain the velocity dependence
on stress, the whole dispersion relationship has to be calculated for each mode.
The velocity variation is complex, depends on the frequency and mode. The use
of this theory in order to absolutely measure the initial stress requires using
correct materials constants in order to precisely obtain the velocity change.
Not only the elastic constants, as Young modulus and Poisson coefficient, or
equivalently the Lamé constants, need to be known, but the third order elastic
constants, as the Murnaghan constants [35] are also need to be known. There is
however great divergence on the literature regarding the values of this constants
for the same material [36–42].

If the exactly constants are not available the alternative is to use relative
methods. For instance, time-of-flight shifts relative to a reference stress state.
In this approach the use of cross-correlation for determining the time-of-flight
shift is convenient and disseminated [43–45]. The time-reversal technique is
also feasible for this usage [46,47].

The time reversal process is a well-known method for obtaining focused
acoustic waves in both time and space [48]. In the case of Lamb waves, the
use of time reversed signals compensates the dispersion of each propagation
mode, recompressing the signal and producing a focused signal at the reception
point [49, 50]. The time-reversal technique can be viewed as a physical cross-
correlation and introduces the advantage of high gain.

If acoustoelasticity of Lamb modes is used for stress measuring it is
natural to look for exciting and sensing a single Lamb mode [10,24,34]. The use
of many modes, that can be excited by a broadband pulse, can render the time-
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Chapter 1. Introduction 17

shift measurement quite a puzzling task to analyze due to mode overlapping
and dispersion of different kinds for each mode. If one uses the time-reversal
approach this is not necessarily true, as the technique recompress the signal
regardless the number of modes, their dispersion characteristics, and even
possible reflections [51]. Moreover, if many modes propagates with different
velocity sensitivity to stress, then the focus amplitude decrease may occur in
addition to time shift.

In an early work these effects on the time-reversal signal were verified [52,
53]. In that work the phenomenon was evaluated using a pair of conventional
piezoelectric transducers, showing low gain and low sensitivity in the amplitude
changes, and no theoretical approach by the acoustoelastic theory was adopted.
Such a preliminary result encouraged the author to continue the research on
this topic.

The main limitation in the preliminary implementation was the quasi-
monochromatic transfer function introduced by using conventional trans-
ducers. Thus, it has been initially investigated the use of wider band trans-
ducers. For this purpose 2-2 piezocomposite transducers were experimented,
these transducers present wider frequency band than single ceramic trans-
ducers. It has been observed that wider band setups presented a higher amp-
litude sensitivity, showing correlation with the focusing energy efficiency of the
time-reversal process, as presented in chapter 9. These results were published
in [54–56].

Then it has been investigated the application of signal processing al-
gorithms in order to synthesize a more sensitive reference signal to perform
the time-reversal process. This allows to obtain higher sensitivity in the time-
reversal signal for strain variations. Preliminary result on this research were
published in [57].

The sequel of the research focused however on better understanding
the acoutoelastic phenomenon in guided waves specially by addressing it in
a formal mathematical background. This path has been chosen due to its non-
trivial and motivating theory, presented in chapters 3 to 5, and also aiming to
build up the necessary framework to simulate the phenomenon in commercial
finite element software, assessed in chapter 6. This is a contribution by itself
and allow to enhance and evaluate the applicability of the time-reversal method
through computational designing, as analyzed in chapter 8.

This thesis has then two main objectives. First, to investigate the
acoustoelastic theory applied to Lamb waves, and then to understand its
effect on the time reversal process, specially related to the system complexity
(spectral content and amount of modes). Finally, to analyze the feasibility and
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limitations of using the time reversal focus characteristics in order to measure
the strain.

In order to achieve them, the acoustoelasticity has been studied. The new
branch of acoustoelasticity for Lamb waves has been thoroughly analyzed and
its state of the art reviewed. The possibility of using effective elastic constants
for determination of the velocity dependence on stress and the errors in this
approximation has been investigated in both natural and initial frames of
reference. The use of FEM in Ansysr has been validated for single mode
under uniaxial tensile stress. Then the simulations of wideband multimode
acoustoelastic Lamb waves was carried out in Ansysr, the time reversal
focusing ability has been verified; the effect of uniaxial load on the focuses has
been investigated in some different scenarios. Finally, the numerical results
were compared to the experiments performed in an aluminum plate where
three pair of 2-2 piezocomposite transducers are bonded at its extremities.

This thesis is organized as follows:

– Chapter 1 introduces the problem and objectives.

– Chapter 2 briefly reviews the most significant aspects of LambWaves and
present the signal processing techniques useful for dispersion analysis, as
dispersion compensation and extraction, and for Lamb waves, as mode
separation.

– Chapter 3 reviews the theory of acoustoelasticity and derive the wave
equation in both the natural and initial frames of reference.

– Chapter 4 reviews the theory of acoustoelasticity applied to Lamb waves
and the theoretical procedure for obtaining the velocity dispersion curves
in a loaded medium by means of the partial wave technique. The simpli-
fication for axial loading is developed as well as the approximation for
effective anisotropic medium by means of the effective elastic constants.

– Chapter 5 calculates the velocity dispersion curves for longitudinal loaded
medium based on the theory of the preceding chapter. The calculations
are performed for both natural and initial frame of reference. The validity
of the EEC approximation is investigated.

– Chapter 6 simulates the fundamental Lamb wave modes in a loaded
plate and compares the extracted dispersion curves in order to validate
the simulation of acoustoelasticity by means of EEC.

– Chapter 7 reviews the Time Reversal theory and develops the theoretical
effect of strain on the time reversal signal.
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– Chapter 8 simulates the time reversal of wideband multi-mode Lamb
wave in a longitudinally loaded body. The effect of the initial stress on
the time reversal signal is investigated in several scenarios.

– Chapter 9 presents the experiments performed with the piezocomposite
transducers in an aluminum plate longitudinally loaded.

– Chapter 10 concludes the work.

– Appendix A demonstrates the symmetries on the second and third order
stiffness tensors and on accoustoelastic tensors.

– Appendix B lists the published papers related to the thesis.

The main contributions of this thesis are (i) to clearly determine the
validity of the EEC approximation for Lamb waves; (ii) to demonstrate the
feasibility of using commercial FEM programs in order to simulate the load
effect on Lamb wave propagation and point out its precision limits; (iii) to
investigate and understand the effect of initial stress on the time reversal signal
by means of simulation and experiments; and (iv) to analyze the feasibility of
using this signal in order to monitor the stress state.

This work also points out an imprecision, and suggest the correction, on
the literature reference for Lamb waves acoustoelasticity that introduces errors
in the calculation of Lamb wave velocity at different conditions, for instance
in other frame of reference.
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2
Guided waves in plates

Bulk waves propagate in a material volume where dimensions are big
enough to ensure that surface reflections do not occur or can be neglected. In
an uniform plate a wave front that propagates inside of it can hit the surfaces
and then be reflected. The superposition of the many wave fronts, due to the
many reflections, assembles a wave guide packet, called guided wave mode.

From a mathematical point of view, guided waves are ruled by the
same differential equations as bulk waves. The difference lies on the boundary
conditions. Guided waves must satisfy the boundary conditions at the surface,
while bulk waves are free to propagate in an unbounded medium.

There are several kinds of guided waves. Between them, the Lamb waves
are those that propagate in a plate, that when immersed in vacuum must obey
null stress boundary conditions at the surfaces. The Lamb wave modes are
composed by longitudinal and transverse shear waves that inter-convert among
themselves. There are a countably infinite number of Lamb waves modes along
the frequency spectrum. A very strong characteristic of this guided waves is
to be dispersive. Dispersive waves are those such that the velocity changes
as a function of frequency. Thus a pulse shape (that contains a non-unitary
frequency component) changes its shape as it propagates.

In this section the most important equations and developments for Lamb
wave and for the work sequel are exposed. The complete development can be
found in well-known textbooks as Rose [14,58] and Achenbach [59]. At the end
of the chapter some useful signal processing methods for guided waves analysis
are presented.

2.1
Wave equation for elastic media

This section derives the equation of motion for elastic media, this is
done under the assumption of infinitesimal strain. This development is based
on three equations, the Newton’s second law, the strain definition and the
constitutive equation.
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Newton’s second law is expressed in index notation by

∂σij
∂xj

+ ρfi = ρ
∂2ui
∂t2

. (2.1)

Where σ represents the stress tensor, ρ represents the material density,
u is the displacement, x is the position vector, and f is the body force per
mass unity applied to the material.

The second equation relates strain with displacement. The strain tensor,
ε, is a second order tensor defined by the symmetrical part of the displacement
gradient, as shown in (2.2)

εij = 1
2

(
∂ui
∂xj

+ ∂uj
∂xi

)
. (2.2)

The third expression is the generalized Hooke’s law that relates stress to
strain through the stiffness tensor C. This is expressed by

σij = Cijklεkl . (2.3)

As fourth order tensor, the elastic tensor may have, a priori, 34 = 81 in-
dependent components. However considering that the stress and strain tensors
are symmetric, it can be concluded that the elastic tensor has a maximum of
21 independent components. Thus presenting the following symmetries.

Cijkl = Cjikl , (2.4a)
Cijkl = Cijlk , (2.4b)
Cijkl = Cklij . (2.4c)

More on the symmetries of the stiffness tensors is found in Appendix A.
For an isotropic medium the stiffness tensors are represented by [14]

Cijkl = λδijδkl + 2µIijkl , (2.5)

where λ and µ are, respectively, the first and second Lamé constants, δ is the
Kroenecker delta function given by

δij =

1 , i = j

0 , i 6= j
(2.6)

and the tensor I defined by

Iijkl = δikδjl + δilδjk
2 . (2.7)

Applying (2.3) in (2.2) and then in (2.1) leads to
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∂Cijkl
1
2

(
∂uk
∂xl

+ ∂ul
∂xk

)
∂xj

= ρ
∂2ui
∂t2
⇒

1
2

(
Cijkl

∂2uk
∂xl∂xj

+ Cijkl
∂2ul
∂xk∂xj

)
= ρ

∂2ui
∂t2

,

(2.8)

where the body forces are considered null. The symmetry (2.4b) allows
permutation of indexes k and l, thus

Cijkl
∂2uk
∂xl∂xj

= ρ
∂2ui
∂t2

. (2.9)

This is the wave equation that admits solution as

ui = Uie
ı̇(κmxm−ωt) , (2.10)

where κ is the wavevector and ω the angular frequency, which is related to the
ordinary frequency by

ω = 2πf . (2.11)
Considering the direction of propagation as x1, the wave in the compon-

ent u1 is classified as a primary, or longitudinal, wave, because it is polarized
in the direction of propagation, and called P wave. A wave in u2 is a second-
ary, or transverse, horizontal wave; called SH. Finally, a wave in which the
displacement vector is u3 is a secondary, or transverse, vertical wave; called
SV.

For isotropic medium the wave velocity is independent on the propagation
direction. There are however different velocities depending on the polarization.
The velocity cL is the veloctiy of P waves and cT is the velocity of SH and SV
waves. These are given by

cL =
√
λ+ 2µ
ρ

, (2.12a)

cT =
√
µ

ρ
. (2.12b)

2.2
Lamb waves

In this section it is studied the particular case of a parallel face plate
arranged as shown in Fig. 2.1.a. The plate thickness is d = 2h, the surfaces
of the plate lie in the planes x3 = h and x3 = −h. Lamb waves are guided
by multiple reflection on the top and bottom surface of the plate, propagating
longitudinally, i.e. in x1 direction, as illustrated in Fig. 2.1.b.

This kind of wave respect the boundary condition of free stress on the
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(a) (b)

Figure 2.1: Plate geometry (a), adapted from [14], and Lamb waves generation
(b), adapted from [60].

plate surfaces, i.e.,
σi3|x3=±h = 0 . (2.13)

There are some methods for solving this problem. For an isotropic
medium the most common is the method of displacement potentials [59]. For
anisotropic medium the partial wave technique or the propagation matrix are
more adequate. The partial wave technique is further explained in chapter 4; a
detailed explanation on the propagation matrix method can be found in Braga
and Hermann [61].

For isotropic medium the SH waves decouple from P and SV waves. It
is then possible to occur the mode conversion between P and SV, which does
not occur between P and SH or SV and SH. The Lamb waves are commonly
restricted to P-SV waves guided inside the plate.

There are two kinds of Lamb waves modes, symmetric and antisymmetric.
This classification stands for u1 displacement related to the plane x3 = 0. Fig.
2.2.a shows the modes shapes.

(a) (b)

Figure 2.2: First order modes shape. (a) symmetric (b) antisymmetric. Adapted
from Disperse software [62]
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For isotropic medium the solutions are given by the well-known Rayleigh-
Lamb equations, (2.14) for symmetric modes, and (2.15) for antisymmetric
modes. Each solution consists of a pair of wave number (κ) and angular
frequency (ω) that represents a possible propagation condition [19, 58]. The
equations assume the following expression

tan(qh)
tan(ph) = − 4κ2pq

(q2 − κ2)2 and (2.14)

tan(qh)
tan(ph) = −(q2 − κ2)2

4κ2pq
, (2.15)

where p2 = ω2/c2
L − κ2, q2 = ω2/c2

T − κ2. There is propagation only for the
pairs, ω and κ, that solves the equations above.

At a given angular frequency ω (or frequency, f), there can be several
solutions for the wave number κ. Related to the different modes. There is
no analytical solution for (2.14) and (2.15). Solving them is only possible
numerically.

The wave is said to be dispersive if either the group or phase velocity
depend on frequency. This happens for Lamb waves. The phase velocity
represents the velocity of each individual phase, whereas the group velocity is
the velocity of the wave packet, it is also the velocity of energy transportation.
Those velocities are given, respectively, by

cph(f) = ω

κ
= 2πf

κ
and (2.16)

cgr(f) = dω

dκ
= 2π df

dκ
. (2.17)

The group velocity can be expressed in term of the phase velocity by

cgr =
c2
ph

cph − ω ∂cph
∂ω

=
c2
ph

cph − f ∂cph∂f

. (2.18)

The modes distribution along the frequency range can be observed in the
dispersion curves. These are commonly expressed as a function of the frequency
times the plate thickness. Fig. 2.3 shows the dispersion curve for group and
phase velocity for an aluminum plate. Only the fundamental symmetrical and
antisymmetrical modes, S0 and A0, respectively, are present for all frequencies.
Higher order modes are not present for low frequencies, they can only propagate
from their respective initial cut-off frequencies. As the frequency increases,
more modes arise, and there are a countably infinite number of them.

The velocity behavior for each mode can vary widely with the frequency.
Regions where the velocity is very dependent on the frequency are more
dispersive, as for example from 0 to 0.6MHz × mm for the A0 mode, from
1.5 to 3MHz×mm for the S0 mode, and for higher order modes around their
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(a) (b)

Figure 2.3: Phase (a) and group (b) velocity dispersion curves for an aluminum
plate. Solid lines stands for antissymetrical modes and dashed lines for sym-
metrical. Black lines are fundamental modes, blue first order modes, red second
order, green third order and pink forth order modes.

cut-off frequencies, among other regions observable in Fig. 2.3. For these, a non-
monochromatic traveling pulse has its shape distorted during the propagation.
Due to a broadband excitation, many modes can propagate in the plate, each
of them arriving at the measuring position at different times, with a different
relative phase; their pulses may overlap in time domain, depending on the
receiver position, rendering signal interpretation complicated.

2.3
Signal processing for guided waves analysis

In this section useful signal processing methods for guided waves analysis
are presented, such as dispersion characterization and compensation as well as
mode identification and separation. Only those methods which are used in this
work are explained.

2.3.1
Extracting dispersion from sensed signal

The are several techniques dealing with extracting dispersion parameters,
such as phase and group velocities or wavenumber, from sensed wave signals.
These can be based on two-dimension Fourier transform [63–65], phase spectral
analysis [66], time-frequency decompositions such as short-time Fourier trans-
form [67], wavelet transform [67–72], S transform [73,74] and pseudo Wigner-
Ville distribution [67, 75]. The first two, i.e. two-dimension Fourier transform
and phase spectral analysis are explained below.
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2.3.1.1
Two-dimension Fourier transform

The most straight technique is basically to perform a two-dimension
Fourier transform (2DFT) of a a time-space dependent signal, say s(x, t),
where t represents the time variable and x the space one. This signal s(x, t) may
represent any possible dynamical response (e.g., strain, stress or displacement)
which are easy obtained in simulation, or, in real cases, electric signals sensed
by transducers. In the latter case many sensor should be distributed on the
specimen in order to obtain an adequate spatial sampling (respecting Nyquist
criterion [76]).

The one-dimension Fourier Transform (FT) of a time dependent signal,
s(t), is defined as [76]

ŝ(ω) =
∞∫
−∞

s(t)e−ı̇ωt dt . (2.19)

The transform of s(t), i.e ŝ(ω) or ŝ(f), represents the signal in the
frequency domain, and roughly speaking, shows the contribution of each
exponential oscillation (eı̇ωt) in the signal.

The 2DFT of s(x, t) is the extension for FT to the R2, defined as [77]

ŝ(ω, k) =
∞∫
−∞

∞∫
−∞

s(t)e−ı̇(ωt+kx) dt dx , (2.20)

where k is the angular spatial frequency. The 2DFT of a signal represent it in
the ω × k plane, and thus shows the contribution of each double exponential
in the signal. If one sets κ = −k then the double exponential becomes the
wave function, eı̇(κx−ωt), where κ is the wavenumber. Ideally ŝ(ω, κ) of a wave
signal is non-zero only for those (ω, κ) pairs that correspond to a wave solution
contained in the signal. Thus, if a signal arising from wave propagation is
available as a function of both, time and space, one can obtain its wavenumber
× frequency dispersion characteristics by performing the 2DFT and simply
flipping the spatial frequency variable then, i.e by setting κ = −k.

The dispersion curve can be associated with the maxima on amplitude
spectra as done in [63, 64]. The major disadvantage of this technique is the
necessity of capturing the signal as a function of position, in the adequate
sampling rate.
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2.3.1.2
Phase spectral analysis

This technique was proposed by Sachse and Pao [66]. It operates with
sensed signals from two different position along the propagation path, say s1(t)
and s2(t), sensed at x1 and x2 respectively, where x1 < x2; let ` = x2 − x1

be the distance between position 1 and 2. It basically consists of assuming
that the Fourier spectrum of the signal at x2 is a phase shifted and attenuated
version of the one in x1, thus

ŝ2(ω) = ŝ1(ω) e−ı̇κ(ω)`e−α(ω)` , (2.21)

where κ(ω) is the frequency dependent wavenumber and α(ω) the frequency
dependent attenuation.

Observe that, if neither κ nor α are frequency dependent in (2.21), then
this is equivalent, in the time domain, to a simple time shift, i.e.,

s2(t) = s1(t− `/c) e−α` , (2.22)

where c is the phase velocity defined in (2.16). This a direct consequence of
the time-shift property of the Fourier transform [76].

Writing the spectra as the product of the amplitude and phase, (2.21)
becomes

|ŝ2(ω)|e−ı̇φ2(ω) = |ŝ1(ω)|e−ı̇φ1(ω) e−ı̇κ(ω)`e−α(ω)` , (2.23)
where φ1(ω) and φ2(ω) are the phases of ŝ1(ω) and ŝ2(ω), respectively. As both
the amplitude and phase equalities must hold in (2.23), then this can be split

|ŝ2(ω)| = |ŝ1(ω)|e−α(ω)` , (2.24a)
φ2(ω) = φ1(ω) + κ(ω)` . (2.24b)

The wavenumber can be found by rearranging (2.24b) as

κ(ω) = φ2(ω)− φ1(ω)
`

, (2.25)

or, equivalent, by using (2.16) one can calculate the phase velocity as

cph(ω) = ω`

φ2(ω)− φ1(ω) . (2.26)

This last equation states that by knowing the Fourier transform of two sensed
signals and the distance between them, the dispersion relationship can be
obtained by the phase different of their Fourier transform.

One important remark concerning this technique is that it is supposed
that the signals are composed of just a single mode with no reflection. If the
signal time-trace present more than one mode or any reflection one can use
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this only if they are resolved in time, by setting a time window that keeps only
the echo of interest. Otherwise, if echoes overlap in time, one should not use
this, because (2.21) do not hold any more.

2.3.2
Dispersion compensation and mode separation

Compensating the dispersion effect is possible if one knows the theoretical
dispersion curve. It basically consists of multiplying the Fourier transform of a
signal received at a certain distance (ŝ1(ω)) from the source by a phase factor
that correspond to the back propagation operator, i.e.,

ŝ(x, ω) = ŝ1(ω)e+ı̇κ(ω)x , (2.27)

where ŝ1(ω) is the Fourier transform of the signal sensed, and ŝ(x, ω) is the
artificially back propagated spectrum of the signal for a distance x. Computing
the inverse Fourier transform of (2.27) yields to

s(x, t) = 1
2π

∞∫
−∞

ŝ1(ω)eı̇κ(ω)xeı̇ωtdω . (2.28)

If the distance x is set as a variable then one has a function of both time and
space; evaluating it at the instant t = 0 the resulting space dependent function
is

s(x) = 1
2π

∞∫
−∞

ŝ1(ω)eı̇κ(ω)xdω . (2.29)

This last space dependent signal is a compressed pulse in the position cor-
responding to the source, as the original signal was applied in that position.
By this process one transforms a time dependent disperse signal in a space
dependent signal in which dispersion is compensated.

This technique was proposed by Sicard et al. [78] and complemented by
Wilcox [79] who minutely explained the numerical implementation. Imprecision
in the theoretical dispersion curves leads to failure in the compensation.
Wilcox [79] showed that error in the phase velocity, as what happens if incorrect
material properties are used, implies predominantly in spatial shift; whereas
error in the frequency×thickness axis, due to adopting incorrect thickness for
instance, can imply in no compensation at all.

The technique exposed above consider that the signal is composed by a
single mode. Xu et al. [80] proposed a similar technique for multimodal signals
in order to identify and separate them.

If (2.28) is evaluated at the origin position, say `, then a time dependent
signal is kept, as
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s(t) = 1
2π

∞∫
−∞

ŝ1(ω)eı̇κ(ω)`eı̇ωtdω . (2.30)

In the case where the original excitation was sharp in time, as a spike, this
compensation, based in time dependent signal, recompress the signal into a
sharp one.

Xu’s idea is to apply (2.30) to a signal that can contain several modes,
but using the wavenumber function, κ(ω), of just a single mode of interest. If
this mode is contained in the signal, then a sharp pulse appears at t = 0. The
remainder of the signal, composed by the other modes, when passes through
(2.30) results in low amplitude and long duration signal around the sharp
pulse, because the compensation simply does not match to those other modes.

Identification can be done by processing (2.30) to all modes that can
possibly compose the signal; acute peak at the origin occurs only for the modes
that are contained in the signal. This technique relies on knowing the exact
material properties (correct dispersion curve), propagated length and plate
thickness.

Mode separation is also feasible. When compression is complete, a time
window around the origin (with time length of about the original pulse) is used
to nullify the content outside of it. Forward propagation is then done with the
windowed signal, resulting in a signal composed of this specific mode only.

A variation of this technique is to artificially calculate a signal that is
the result of spike that is back propagated for a certain distance, i.e., a spike
with reversal dispersion. This signal is used to excite the actuator. The signal
will naturally propagate and disperse the exactly amount in order to recover
the original spike. This idea was first used by Yamasaki [81] in steel wire and
formally proposed in wideband formulation for plates by Xu et al. [82]. This
is similar to the time-reversal principle, however the signal used for excitation
is calculated by means of a known dispersion curve, instead of measured.
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3
Acoustoelastic equations of motion

The acoustoelasticity studies the variation of the elastic waves velocity in
bodies subject to an initial stress state [83]. The acoustoelastic theory consists
of non-linear relationship between stress and strain that rules the dynamic
response superimposed to the initial pre-deformation [84].

The modern theory of acoustoelasticity was completed by the general
theory of finite deformation presented by Murnaghan [35], in which the third
order elastic constant was introduced. One of the first works to calculate the
velocity of ultrasonic bulk waves as a function of the stress was done by Hughes
and Kelly [21].

The effect of pre-strees on the propagation of acoustic waves can be
treated by the theory of exact non-linear elasticity, which can be found in
well-known literature [84, 85]. It relies on the proper strain energy density
function that describes the constitutive relationship of a given material [86]. A
comprehensive list of the most relevant strain energy functions is available in
chapter two of De Pascalis thesis [87]. This approach is general and allows one
to consider large deformation [88] and is often used to describe soft solids [89].

On the other hand, the theory of weakly non-linear elasticity considers
the strain energy function expanded, typically, up to third order terms. This
approach is commonly treated in a more straightforward, but less general,
development which is as well consolidated [83,90–92]. It is employed to describe
the acoustoelastic effect in ordinary stiff solids, as metals, with small pre-stress,
and experimentally used to measure applied and residual stresses through
ultrasonic techniques [92]. There are also some other variations, as for instance,
the development of the acoustoelasticity in non-homogenous media [93,94].

The approach adopted here is the one develop by Pao and Gamer [91],
within the eakly non-linear elasticity, whose work derives the equations of
motion and, by some approximations, linearizes them for the initial stress
state. In other words, an equivalent stiffness and constitutive tensor arises as
a function of the initial stress, which act as a stiffener for a new equivalent
medium. The main points are reviewed; the most important derivations are
analyzed in detail here because in that work some important equations are not
thoroughly developed.
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The main objective of this chapter is to derive the acoustoelastic tensors
used in the wave equation and in the incremental constitutive equation; these
are necessary to obtain the dispersion curves for Lamb wave propagating in
a pre-stressed plate, presented in the next chapter. The derivations are done
in both the natural and initial frame of reference in order to consolidate the
theoretic framework of elastic wave under initial stress.

3.1
Finite deformation elasticity

Three states of reference are required in order to develop the acous-
toelastic theory of motion. A body is deformed from its natural (undeformed
or unstressed) state to the statically deformed state, called the initial state.
Wave motion is superimposed to the initial state leading to the final state. The
following notation is used for representing the coordinates of a material point
at each of the states. Greek letters refer to the natural state (ξα, α = 1, 2, 3);
Capital roman letters to the initial state (XI , I = 1, 2, 3); and primed lower
case roman letters to the final state (x′i, i = 1, 2, 3). Deformations between the
states are classified as the initial deformation from natural to initial states,
final deformation from natural to final state, and the incremental deformation
from initial to final. The corresponding displacements are given respectively
by

ui = X− ξ , (3.1a)
uf = x′ − ξ , (3.1b)
u = x′ −X = uf − ui , (3.1c)

the initial deformation is the only static deformation, both final and incre-
mental are dynamic as the final state is time varying. Fig. 3.1 illustrates the
states and deformations.

The equations of motion can be derived in both natural or initial frames
of reference. The initial frame is the one where the body actually resides.
That is, the velocity related to the initial frame takes into account the actual
distance per propagated time. On the other hand, the problem treated in
the natural frame considers the natural length per propagated time, and thus
the calculated velocity is not the physical wave velocity. One may see the
latter as an artificial velocity. Nevertheless, this can be very handy depending
on problem. The propagation phenomenon is separated from the statical
deformation (or stress) when addressed at the initial frame, whereas when
addressed at the natural frame the static deformation is already embedded in
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Figure 3.1: Three states configuration. Natural ξ, initial X, and final states x′.
Adapted from [34]

the formulation. The choice of which frame of reference is more convenient
depends on the problem. The natural frame is more convenient when one has
access to its natural configuration, as in experiments where the wave actuators
are fixed on the body that goes through successive deformation. The initial
frame is better suited when it is not possible to access the natural state of a
material, due to residual stresses, or when non-contact transducers are used
with fixed distance between emitter and receiver, for instance.

The theory of acoustoelasticity assumes that the body is hyperelastic at
all the three states. It also assumes that the strain energy function, W , is well
approximated by two terms polynomial expansion in strain, as

W = 1
2CαβγδEαβEγδ + 1

6CαβγδζηEαβEγδEζη , (3.2)

where E is the Lagrangian strain at initial (Ei) or final (Ef ) states, Cijkl and
Cijklmn are the forth and sixth order stiffness tensor, respectively.

For an isotropic medium the forth order stiffness tensors is given by (2.5),
and the sixth order is [35]

Cijklmn = (2l − 2m+ n) δijδklδmn
+ (2m− n) (δijIklmn + δklImnij + δmnIijkl)

+ n

2 (δikIjlmn + δilIjkmn + δjkIilmn + δjlIikmn) ,

(3.3)

where l, m and n are the Murnaghan constants, δ is defined in (2.6) and I in
(2.7).

The second Piola-Kirchhoff stress is given by the energy derivative,

si or fαβ = ∂W

∂Ei or f
αβ

, (3.4)
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and thus the stress-strain relation in an hyperelastic medium is given by

si or fαβ = CαβγδE
i or f
γδ + 1

2CαβγδζηE
i or f
γδ Ei or f

ζη . (3.5)

The second Piola-Kirchhoff stress tensor describes the stresses relative
to a original reference; in this notation, the natural. Roughly speaking, the
implicit area is taken from the natural coordinates. These tensors can be at
the initial (siαβ) or final states (s

f
αβ). The initial one relates the stresses involved

in the initial deformation; the one necessary from taking the body from the
natural to the initial state. The final one relates the stresses involved in bringing
the body from natural to final state. It is also possible to define the second
Piola-Kirchhoff stress related to the initial state. Thus sfIJ is the stress used
to take the body from the natural to the final state, per initial area.

The Cauchy stress tensor is also useful, here symbolized by t. It describes
the stresses relative to the actual reference, either initial or final here. Hence,
tiIJ relates the stresses involved to take the body from the natural to the initial
state, related (per area) to the initial states, whereas tfij relates the stresses
involved to take the body from the natural to the final state, related to the
final state.

These tensors are related through a coordinate transformation by

tij = 1
det(F)FilFjk slk , (3.6)

where F is the Gradient of Deformation that is defined as the derivative of the
actual coordinate by the original. Using the notation adopted here it is

FIα = ∂XI

∂ξα
. (3.7)

Its determinant can be showed to be the ratio of the volume in the actual to
the original states [95], or if the mass is constant, the ratio of the density in
the original to the actual states. Thus the following relationship can be stated
for the configuration of interest here:

tiIJ = ρi

ρ0
∂XI

∂ξα

∂XJ

∂ξβ
siαβ , (3.8a)

tfij = ρf

ρi
∂x′i
∂XK

∂x′j
∂XL

sfKL , (3.8b)

tfij = ρf

ρ0
∂x′i
∂ξα

∂x′j
∂ξβ

sfαβ , (3.8c)

sfKL = ρi

ρ0
∂XK

∂ξα

∂XL

∂ξβ
sfαβ , (3.8d)

where ρ0, ρi, ρf are the density in the natural, initial and final frames,
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respectively. Equation (3.8d) is a consequence of (3.8b) and (3.8c). Note that
none of the above stresses are incremental (take forces from initial to final).
The incremental stresses are obtained by subtraction,

Tαβ = sfαβ − siαβ , (3.9)

is the stress to take the body from initial to final states related to the natural
state, whereas

TIJ = sfIJ − tiIJ , (3.10)
is the stress to take the body from initial to final states related to the initial
state.

3.1.1
Equilibrium condition and motion equation

The equilibrium condition for the initial displacement in the natural and
initial frame respectively are

∂

∂ξβ

(
siαβ

∂Xγ

∂ξα

)
= 0 , (3.11a)

∂tiJL
∂XL

= 0 . (3.11b)

The equation of motion for the final displacement in the natural and initial
frame respectively are

∂

∂ξβ

(
sfαβ

∂x′γ
∂ξα

)
= ρ0∂

2x′γ
∂t2

, (3.12a)

∂

∂XL

(
sfKL

∂x′I
∂XK

)
= ρi

∂2x′I
∂t2

. (3.12b)

It is worth to highlight that the equations of motion must consider the final
stress, and not the incremental one. Using just the incremental stress would
mean neglecting the influence of the initial stress on the motion condition.

Applying the (3.1a) into (3.11a)

∂

∂ξβ

(
siαβ

∂(uiγ + ξγ)
∂ξα

)
=

∂

∂ξβ

[
siαβ

(
∂uiγ
∂ξα

+ δγα

)]
=

∂

∂ξβ

(
siαβ

∂uiγ
∂ξα

+ siγβ

)
= 0 ;

(3.13)

applying (3.1b), (3.1c) and (3.9) into (3.12a)
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∂

∂ξβ

(
sfαβ

∂(ufγ + ξγ)
∂ξα

)
= ρ0∂

2x′γ
∂t2

⇒

∂

∂ξβ

[
sfαβ

(
∂ufγ
∂ξα

+ δγα

)]
= ρ0∂

2uγ
∂t2

⇒

∂

∂ξβ

(
sfαβ

∂ufγ
∂ξα

+ sfγα

)
= ρ0∂

2uγ
∂t2

⇒

∂

∂ξβ

(
sfαβ

∂(uiγ + uγ)
∂ξα

+ sfγα

)
= ρ0∂

2uγ
∂t2

⇒

∂

∂ξβ

(
sfαβ

∂uiγ
∂ξα

+ sfαβ
∂uγ
∂ξα

+ sfγα

)
= ρ0∂

2uγ
∂t2

⇒

∂

∂ξβ

(
(Tαβ + siαβ)

∂uiγ
∂ξα

+ (Tαβ + siαβ)∂uγ
∂ξα

+ Tγβ + siγβ

)
= ρ0∂

2uγ
∂t2

⇒

∂

∂ξβ

(
Tαβ

∂uiγ
∂ξα

+ siαβ
∂uiγ
∂ξα

+ Tαβ
∂uγ
∂ξα

+ siαβ
∂uγ
∂ξα

+ Tγβ + siγβ

)
= ρ0∂

2uγ
∂t2

⇒

∂

∂ξβ

(
Tαβ

∂uiγ
∂ξα

+ siαβ
∂uiγ
∂ξα

+ siαβ
∂uγ
∂ξα

+ Tγβ + siγβ

)
= ρ0∂

2uγ
∂t2

,

(3.14)
where the term containing the incremental stress times the incremental dis-
placement is neglected because involves the product of two incremental entities
and thus a small term of higher order. Subtracting (3.13) from (3.14) results
in the equation of motion for the incremental displacement in natural frame
of reference :

∂

∂ξβ

(
siαβ

∂uγ
∂ξα

+ Tαβ
∂uiγ
∂ξα

+ Tγβ

)
= ρ0∂

2uγ
∂t2

. (3.15)

The same is done for the initial frame. Applying (3.1c) and (3.10) into
(3.12b) leads to

∂

∂XL

(
sfKL

∂(uI +XI)
∂XK

)
= ρi

∂2x′I
∂t2

⇒

∂

∂XL

[
sfKL

(
∂uI
∂XK

+ δIK

)]
= ρi

∂2uI
∂t2

⇒

∂

∂XL

(
sfKL

∂uI
∂XK

+ sfIL

)
= ρi

∂2uI
∂t2

⇒

∂

∂XL

(
(TKL + tiKL) ∂uI

∂XK

+ TIL + tiIL

)
= ρi

∂2uI
∂t2

⇒

∂

∂XL

(
TKL

∂uI
∂XK

+ tiKL
∂uI
∂XK

+ TIL + tiIL

)
= ρi

∂2uI
∂t2

⇒

∂

∂XL

(
tiKL

∂uI
∂XK

+ TIL + tiIL

)
= ρi

∂2uI
∂t2

,

(3.16)

where the term containing the incremental stress times the incremental dis-
placement is neglected again. Subtracting (3.11b) from (3.16) results in the
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equation of motion for the incremental displacement in initial frame of refer-
ence, as follows

tiKL
∂2uI

∂XL∂XK

+ ∂TIL
∂XL

= ρi
∂2uI
∂t2

. (3.17)

The initial stress goes out of the derivative because (3.11b) claims that it is
constant relative to the initial coordinate.

Equations (3.15) and (3.17) rules the motion of an incremental displace-
ment in a pre-stressed body. In order to arrive to wave-like equations one needs
to use the constitutive relationship. This is done below.

3.1.2
Incremental constitutive and wave equations

The Lagrangian strain is related to the Lagrangian referential; in this
notation, the natural one. There are thus the Initial and Final Lagrangian
strains, both related to the natural states. They are defined as [95] :

Ei
αβ = 1

2

(
∂uiα
∂ξβ

+
∂uiβ
∂ξα

+ ∂uiλ
∂ξα

∂uiλ
∂ξβ

)
, (3.18a)

Ef
αβ = 1

2

∂ufα
∂ξβ

+
∂ufβ
∂ξα

+ ∂ufλ
∂ξα

∂ufλ
∂ξβ

 . (3.18b)

The difference between the final and initial Lagrangian strains is the incre-
mental strain. Considering (3.1c), it can be written as

Eαβ = Ef
αβ − Ei

αβ

= 1
2

∂ufα
∂ξβ

+
∂ufβ
∂ξα

+ ∂ufλ
∂ξα

∂ufλ
∂ξβ
−
(
∂uiα
∂ξβ

+
∂uiβ
∂ξα

+ ∂uiλ
∂ξα

∂uiλ
∂ξβ

)
= 1

2

∂ufα
∂ξβ

+
∂ufβ
∂ξα

+ ∂ufλ
∂ξα

∂ufλ
∂ξβ
− ∂uiα
∂ξβ
−
∂uiβ
∂ξα
− ∂uiλ
∂ξα

∂uiλ
∂ξβ


= 1

2

∂(ufα − uiα)
∂ξβ

+
∂(ufβ − uiβ)

∂ξα
+ ∂ufλ
∂ξα

∂ufλ
∂ξβ
− ∂uiλ
∂ξα

∂uiλ
∂ξβ


= 1

2

[
∂uα
∂ξβ

+ ∂uβ
∂ξα

+ ∂(uiλ + uλ)
∂ξα

∂(uiλ + uλ)
∂ξβ

− ∂uiλ
∂ξα

∂uiλ
∂ξβ

]

= 1
2

[
∂uα
∂ξβ

+ ∂uβ
∂ξα

+
(
∂uiλ
∂ξα

+ ∂uλ
∂ξα

)(
∂uiλ
∂ξβ

+ ∂uλ
∂ξβ

)
− ∂uiλ
∂ξα

∂uiλ
∂ξβ

]

= 1
2

[
∂uα
∂ξβ

+ ∂uβ
∂ξα

+ ∂uiλ
∂ξα

∂uiλ
∂ξβ

+ ∂uiλ
∂ξα

∂uλ
∂ξβ

+ ∂uλ
∂ξα

∂uiλ
∂ξβ

+ ∂uλ
∂ξα

∂uλ
∂ξβ
− ∂uiλ
∂ξα

∂uiλ
∂ξβ

]

= 1
2

[
∂uα
∂ξβ

+ ∂uβ
∂ξα

+ ∂uiλ
∂ξα

∂uλ
∂ξβ

+ ∂uλ
∂ξα

∂uiλ
∂ξβ

+ ∂uλ
∂ξα

∂uλ
∂ξβ

]

≈ 1
2

[
∂uα
∂ξβ

+ ∂uβ
∂ξα

+ ∂uiλ
∂ξα

∂uλ
∂ξβ

+ ∂uλ
∂ξα

∂uiλ
∂ξβ

]
,

(3.19)
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where the double incremental derivative (the last term of the last but one
equality) is neglected because it is supposed the wave motion produces a small
perturbation.

The second Piola-Kirchhoff stress tensors are given by (3.5). The incre-
mental stress is defined in (3.9) to be the difference of the final stress to the
initial one; using these equations and (3.19) leads to the following expression
for the incremental stress.

Tαβ = sfαβ − siαβ =
[
CαβγδE

f
γδ + 1

2CαβγδζηE
f
γδE

f
ζη

]
−
[
CαβγδE

i
γδ + 1

2CαβγδζηE
i
γδE

i
ζη

]
= Cαβγδ(Ef

γδ − Ei
γδ) + 1

2Cαβγδζη(E
f
γδE

f
ζη − Ei

γδE
i
ζη)

= CαβγδEγδ + 1
2Cαβγδζη

[
(Ei

γδ + Eγδ)(Ei
ζη + Eζη)− Ei

γδE
i
ζη

]
= CαβγδEγδ + 1

2Cαβγδζη
[
Ei
γδE

i
ζη + EγδE

i
ζη + Ei

γδEζη + EγδEζη − Ei
γδE

i
ζη

]
= CαβγδEγδ + 1

2Cαβγδζη
[
EγδE

i
ζη + Ei

γδEζη + EγδEζη
]

= CαβγδEγδ + Cαβγδζη

[
Ei
γδEζη + 1

2EγδEζη
]

,

(3.20)
where in the last row the symmetry of the sixth-order stiffness tensor Cαβγδζη =
Cαβζηγδ is used (the symmetries on stiffness tensor are demonstrated in
Appendix A.1.2, this particular one is found in (A.14b)). The last term can be
neglected because contains the product of two incremental entities, resulting
in the simpler form:

Tαβ = CαβγδEγδ + CαβγδζηE
i
γδEζη . (3.21)

Further considering that the product of initial strain and incremental strain
can be approximated by their linear parts, the relationship below is finally
obtained:

Tαβ = CαβγδEγδ + Cαβγδζη εγδ eζη , (3.22)
in which ε and e are the linear part of the initial and incremental strains,
respectively, and given by

εαβ = 1
2

(
∂uiα
∂ξβ

+
∂uiβ
∂ξα

)
, (3.23a)

eαβ = 1
2

(
∂uα
∂ξβ

+ ∂uβ
∂ξα

)
. (3.23b)

The constitutive relationship between the initial stress and initial strain is the
linear usual one given by the infinitesimal elasticity, and stated in (2.3). In the
current notation this is written as

siαβ = Cαβγδ εγδ . (3.24)
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Developing (3.22) by substituting (3.19) and (3.23b) in it we get

Tαβ = Cαβγδ
1
2

[
∂uγ
∂ξδ

+ ∂uδ
∂ξγ

+ ∂uiλ
∂ξγ

∂uλ
∂ξδ

+ ∂uλ
∂ξγ

∂uiλ
∂ξδ

]

+ Cαβγδζη εγδ
1
2

(
∂uζ
∂ξη

+ ∂uη
∂ξζ

)
,

(3.25)

considering the symmetries Cαβγδ = Cαβδγ and Cαβγδζη = Cαβγδηζ , (3.25)
simplifies to

Tαβ = Cαβγδ

(
∂uγ
∂ξδ

+ ∂uiλ
∂ξγ

∂uλ
∂ξδ

)
+ Cαβγδζη εγδ

∂uζ
∂ξη

, (3.26)

further considering the symmetry Cαβγδζη = Cαβζηγδ, (3.26) results in the
incremental stress-strain relationship in the natural frame of reference, which
is given by

Tαβ = Bn
αβγδ

∂uγ
∂ξδ

, (3.27)

where the tensor Bn is

Bn
αβγδ = Cαβγδ + Cαβλδ

∂uiγ
∂ξλ

+ Cαβλδζη εζη . (3.28)

Applying the constitutive relationship (3.27) into the equation of motion
(3.15), where the original index γ was replaced by µ, imply in

∂

∂ξβ

[
siαβ

∂uµ
∂ξα

+Bn
αβγδ

∂uγ
∂ξδ

∂uiµ
∂ξα

+Bn
µβγδ

∂uγ
∂ξδ

]
= ρ0∂

2uµ
∂t2

⇒

∂

∂ξβ

[
siαβ

∂uµ
∂ξα

+
(
Bn
αβγδ

∂uiµ
∂ξα

+Bn
µβγδ

)
∂uγ
∂ξδ

]
= ρ0∂

2uµ
∂t2

,

(3.29)

which introduces a new tensor, namely,

Γµβγδ = Bn
αβγδ

∂uiµ
∂ξα

+Bn
µβγδ . (3.30)

Developing the tensor Bn and neglecting second order term of the initial strain,
results in

Γαβγδ = Cαβγδ + Cαβλδ
∂uiγ
∂ξλ

+ Cλβγδ
∂uiα
∂ξλ

+ Cαβλδζη εζη . (3.31)

Noticing that in (3.29) the index α in the first term is isolated from the second
term and then can be replaced, (3.29) becomes

∂

∂ξβ

[
siδβ

∂uµ
∂ξδ

+ Γµβγδ
∂uγ
∂ξδ

]
= ρ0∂

2uµ
∂t2

(3.32)

as the tensor siδβ is symmetric
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∂

∂ξβ

[
siβδ

∂uµ
∂ξδ

+ Γµβγδ
∂uγ
∂ξδ

]
= ρ0∂

2uµ
∂t2

⇒

∂

∂ξβ

[
siβδδµγ

∂uγ
∂ξδ

+ Γµβγδ
∂uγ
∂ξδ

]
= ρ0∂

2uµ
∂t2

⇒

∂

∂ξβ

[(
siβδδµγ + Γµβγδ

) ∂uγ
∂ξδ

]
= ρ0∂

2uµ
∂t2

.

(3.33)

The parenthesis in the equation above is defined as the tensor

Anµβγδ = siβδδµγ + Γµβγδ , (3.34)

adding the constitutive equation for the initial stress siαβ declared in (3.24)
into (3.34)

Anµβγδ = Cβδζη εζηδµγ + Γµβγδ (3.35)
or, renaming indexes,

Anαβγδ = Cβδζη εζη δαγ + Γαβγδ . (3.36)

For an homogenous medium where either the initial stress and the first
initial displacement derivative

(
∂uiα
∂ξβ

)
are constant throughout the medium, a

typical wave equation is reached

Anαβγδ
∂2uγ
∂ξβ∂ξδ

= ρ0∂
2uα
∂t2

. (3.37)

This last equation is the wave equation for a pre-stressed body in the natural
frame of reference. The tensor An plays the role of the fourth order stiffness
tensor in an unstressed medium. It is worth to note that differently from the
unstressed medium the constitutive equation and the wave equation do not
share the same tensor. Incremental stress-strain are ruled by the tensor Bn by
means of equation (3.27) whereas the wave relation by the tensor An.

Similar development leads to the constitutive equation and wave equation
in the initial frame of reference. The incremental stress is obtained calculating
(3.10) by means (3.8d) and (3.8a), then it is used in (3.17) in order to obtain the
wave equation. The incremental stress-strain relationship in the initial frame
of reference is given by

TIJ = Bi
IJKL

∂uK
∂XL

, (3.38)

where the tensor Bi is

Bi
IJKL = CIJKL + CMJKL

∂uiI
∂XM

+ CIMKL
∂uiJ
∂XM

+ CIJML
∂uiK
∂XM

+ CIJKM
∂uiL
∂XM

− CIJKLεNN + CIJKLMN εMN .

(3.39)
With the same homogeneity condition, the wave equation for the initial

frame of reference is reached:
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AiIJKL
∂2uK

∂XJ∂XL

= ρ0∂
2uI
∂t2

, (3.40)

where the tensor Ai is

AiIJKL = CJLMN εMN δIK + CIJKL εNN +Bi
IJKL (3.41)

and the following relationship between the density in natural and initial frames
was used: ρi

ρ0 = 1− εii . (3.42)

3.2
Particular case of null rotational on strain

As done by Gandhi et al. [34, 96] it will be assumed that the rotation
term on the strain is null, i.e.,

rαβ = 1
2

(
∂uiα
∂ξβ
−
∂uiβ
∂ξα

)
= 0 , (3.43)

implying that
εαβ = ∂uiα

∂ξβ
, (3.44)

and thus the tensors can be simplified from (3.36) to

Anαβγδ = Cβδζη εζη δαγ + Cαβγδ + Cαβλδεγλ + Cλβγδεαλ + Cαβλδζη εζη (3.45)

and from (3.28) to

Bn
αβγδ = Cαβγδ + Cαβλδεγλ + Cαβλδζη εζη . (3.46)

In order to simplify the tensor at the initial frame one needs to relate ∂uiI
∂XJ

to εIJ . It is convenient to use the Gradient of Deformation defined in (3.7)).
Developing this by applying (3.1a) into it leads to

FIJ = ∂(uiI + ξI)
∂ξJ

= ∂uiI
∂ξJ

+ ∂ξI
∂ξJ

= ∂uiI
∂ξJ

+ δIJ , (3.47)

and in the particular case of (3.44),

FIJ = εIJ + δIJ , (3.48)

Expanding now ∂uiI
∂XJ

with (3.1a) one gets

∂uiI
∂XJ

= ∂(XI − ξI)
∂XJ

= δIJ −
∂ξI
∂XJ

, (3.49)

where by definition (3.7) the last term is the inverse of the Gradient of
Deformation, and thus

∂uiI
∂XJ

= δIJ − F−1
IJ , (3.50)

in this special case one reach the relationship
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∂uiI
∂XJ

= δIJ − (εIJ + δIJ)−1 . (3.51)

This last equation means that the terms necessary for calculating the acous-
toelastic tensor Bi, and then Ai, at the initial frame of reference can be ob-
tained from the conventional initial infinitesimal Lagrangian strain.

3.3
Tensor symmetries

The acoustoelastic tensors shown above do not present a priori the same
full symmetry condition as the second order stiffness tensor, given by (2.4). For
a naturally anisotropic medium the symmetries for the acoustoelastic tensors
at the natural frame of reference are

Anαβγδ = Anγδαβ , and in general
Anαβγδ 6= Anβαγδ 6= Anαβδγ ,

(3.52a)

Bn
αβγδ = Bn

βαγδ , and in general
Bn
αβγδ 6= Bn

αβδγ 6= Bn
γδαβ ,

(3.52b)

at the initial frame

AiIJKL = AiKLIJ , and in general
AiIJKL 6= AiJIKL 6= AiIJLK ,

(3.53a)

Bi
IJKL = Bi

JIKL = Bi
IJLK = Bi

KLIJ . (3.53b)

As it can be seen, just the tensor Bi presents the full symmetry; the
symmetry condition for the An and Ai are the same.

In order to understand the physical meaning of this lack of symmetry it
is convenient to first investigate the initial frame of reference. The initial stress
has two effects that can be a source of asymmetry, namely constitutive and
motion effects.

The constitutive effect is the change in the incremental stress-strain
relationship. This if manifested by the Bi tensor that becomes different
from the usual stiffness tensor C, which holds for the unloaded medium, see
(3.39). Since by addressing the problem at the initial frame, the motion and
constitutive phenomena take place at the same state as the reference does,
i.e. the initial one, there is no reason for this tensor to present any lack of
symmetry; Bi present the full symmetry condition (3.53b). In other words, the
initial stress just acts as an additional stiffener, it can even causes anisotropy
to the material, but this tensor still has the physical meaning of an constitutive
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tensor for the incremental stress-strain related to this very state; it thus does
not lose any of the symmetries that any material must present.

The motion effect comes from the motion equation (3.12b), which must
be expressed in terms of the final stress, due to the Newton’s second law (i.e. the
net force must be used in the motion equation). This equation was developed
up to (3.17), where it is clear that the initial stress is present (first term of
the left side), as well as the incremental one (last term of the left side). The
incremental stress is replaced by the constitutive incremental equation (3.38),
in order to express the equation by means of the incremental displacement.
Then, in order to reach a wave-like equation, the initial stress term (first term
in 3.17) is added to the tensor Bi resulting in a new tensor Ai. This tensor,
however, has no physical meaning of an stiffness tensor. It is just the sum of
the new stiffness tensor with the initial stress. All the lack of symmetry in Ai

comes from the motion effect; the symmetries presented in Ai are the same as
those encountered in the initial stress term of 3.17.

At the natural frame, the interpretation is less straightforward. The
motion effect is still a reason for the lack of symmetry. The first term in (3.15)
plays the role of the first term in (3.17) for the initial case. However there is
additionally the second term (3.15) that is not present in (3.17). Moreover,
the constitutive effect at this frame results in additional lack of symmetries in
Bn. These asymmetries are consequences of relating the physical phenomena of
wave motion and incremental constitutive relationship to a state different from
the reference one (the phenomena take place at the initial frame, whereas the
reference frame is the natural). In other words, in order to embed the statical
initial deformation in the resulting velocity, additional terms arise which force
the tensors, both Bn and An, to not comply with the usual symmetries.

There is a particular case in which the tensor An presents the following
additional symmetry:

Anαβγδ = Anγδαβ ,

Anαβγδ = Anβαδγ , but in general
Anαβγδ 6= Anβαγδ 6= Anαβδγ .

(3.54)

This can be understood as if the motion and the constitutive effects mutually
compensate each other, ensuring less loss of symmetry. This only happens at
the natural frame because at the initial frame the unique source of asymmetry
is the motion effect (first term in 3.17). Thus, there is no other term that
could possibly help in compensating the lack of symmetry of Ai. This can be
an advantage as noted Duquennoy et al [29]. All the symmetries stated in this
section are prooved in Appendix A.
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A comprehensive analysis of anisotropy induced by the load is carried out
in Fuck and Tsvankin [97]. This study is however restricted to the assumption
in which the tensor A is composed just by the sum of the fourth and sixth
order stiffness tensors, i.e. the first and last terms of (3.31) or (3.39) only. In
this case the tensor must present the full symmetries. In other words, under
this assumption load can cause anisotropy but does not cause loss of the basic
symmetries.

3.3.1
Numerical example

In order to allow visualization of the above symmetries it is convenient to
report a numerical example. These are fourth order tensor, thus writing then
in two dimension paper sheet is not possible, it is necessary some artifice. It is
used here the extended Voigt notation that consists of writing a fourth order
tensor, with a total of 81 (= 3 × 3 × 3 × 3) entries in a 9 × 9 matrix. In this
notation m represent the two indexes ij together and n represents kl, by the
following rule in Table 3.1.

Table 3.1: Extended Voigt notation.

ij or kl m or n
11 1
22 2
33 3
23 4
13 5
12 6
32 7
31 8
21 9

The numerical example presented here stands for a naturally isotropic
aluminum material subjected to a tensile stress of σ11 = 120MPa with the
constants elastic and acoustoelastic constants presented in table 3.2.

Table 3.2: Aluminum constants [40].

ρ λ µ l m n
kg/m3 GPa GPa GPa GPa GPa
2700 54.9 26.5 −252.2 −324.9 −351.2

The tensors An and Ai assume the values in (3.55) and (3.56), respect-
ively, where color was used to highlight symmetry breaks, and the row and
column header refer to the ij and kl indexes, respectively.
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An =



11 22 33 23 13 12 32 31 21

11 105.91 54.51 54.51 0 0 0 0 0 0

22 54.51 108.24 55.06 0 0 0 0 0 0

33 54.51 55.06 108.24 0 0 0 0 0 0

23 0 0 0 26.59 0 0 26.59 0 0

13 0 0 0 0 26.31 0 0 26.25 0

12 0 0 0 0 0 26.31 0 0 26.25

32 0 0 0 26.59 0 0 26.59 0 0

31 0 0 0 0 26.25 0 0 26.31 0

21 0 0 0 0 0 26.25 0 0 26.31



GPa

(3.55)

Ai =



11 22 33 23 13 12 32 31 21

11 106.27 54.57 54.57 0 0 0 0 0 0

22 54.57 108.12 55.00 0 0 0 0 0 0

33 54.57 55.00 108.12 0 0 0 0 0 0

23 0 0 0 26.56 0 0 26.56 0 0

13 0 0 0 0 26.28 0 0 26.28 0

12 0 0 0 0 0 26.28 0 0 26.28

32 0 0 0 26.56 0 0 26.56 0 0

31 0 0 0 0 26.28 0 0 26.40 0

21 0 0 0 0 0 26.28 0 0 26.40



GPa

(3.56)
It is clearly seen that An has the symmetry Anijkl = Anjilk while Ai has

not.
This example also illustrates that load makes an isotropic medium to

behave anisotropically. However, wave propagation in loaded body is still
distinct from wave in anisotropic media by two important facts. First, the
tensor A, in both references, still miss the full set of symmetries present in
anisotropic media. Second, the constitutive equation uses other tensor, B. In
the infinitesimal elastic theory both wave motion and stress-strain relationship
share the same stiffness tensor, regardless the natural anisotropy it may
present.
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3.4
Relationship between velocity at initial and natural frames for bulk waves

The velocities at the natural and initial frame of reference for a bulk wave
can be related by [27,91,98]

ci = cn + c0εi , (3.57)

where cn is the bulk wave velocity of interest (with the specified polarization)
in the natural frame of reference, c0 is the corresponding velocity for the null
stress condition, ci is the bulk wave velocity of interest in the initial frame of
reference, and εi is the principal initial infinitesimal strain in the direction of
the wave propagation. The difference between the velocities is then

ci − cn = c0εi . (3.58)

For a wave propagating in ξ1 direction (3.58) becomes

ci − cn = c0ε11 (3.59)

and propagating along the ξ3 direction is written as

ci − cn = c0ε33 . (3.60)

These relationships are used in the next chapters as an approximation
for the Lamb wave velocity; its validity is also analyzed.
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4
Acoustoelastic Lamb waves

The acoustoelastic theory applied to guided waves is a relatively new
branch of study. An initial attempt of addressing the acoustoelastic effect for
guided waves was done by Chen and Wilcox [33] and Loveday et al. [32,99,100],
where the acoustoelastic formulation was not complete because finite strain was
considered but the third order elastic constants were not. The acoustoelastic
effect on Lamb waves in plates has been completely developed firstly by
Gandhi et al. [34], where the theoretical framework has been developed,
and experimentally evaluated, for a general biaxially applied stress. That
work allowed one to analytically obtain the velocity dependence on stress,
by calculating the dispersion curves for each mode. Some very recent work
also developed the acoustoelastic theory for Lamb waves as done by Pau and
Lanza di Scalea [101] for longitudinal and transverse applied stress, and by
Mohabuth et al. [102] for longitudinal applied stress only. Where in both works
the acoustoelastic approach is different from Gandhi et al. but the results are
coherent.

There are few experimental works specifically on measuring stress on
plates using acoustoelasticity of Lamb waves. Murayama et al [103–105], used
non-contact EMAT transducer in order to measure the acustoelastic effect of
a tensile load, independent of geometry change, in a metallic plate for the S0
Lamb wave mode propagated at 500kHz×mm; the acoustoelastic sensitivity
were experimentally obtained and then used in order to measure stress by
time-of-flight observation. Zangrai et al. [106] measured the acoustoelastic
effect for longitudinal and perpendicular stress for an aluminum plate for
A0 and S0 modes at frequencies from 300kHz×mm up to 500kHz×mm,
and also investigated the tightness assessment of bolted joints by means of
acoustoelastic effect. Amjad et al. [107] determined the time-of-flight shift
for A0 and S0 modes at several frequencies concluding high dependence on
frequency. Shi et al. [24] used the Gandhi’s theory in order to absolutely
estimate biaxial stress applied in an aluminum plate using the S0 mode around
1.3kHz×mm. In all these works the system was excited by a narrow band tone
burst in a predefined central frequency, in order to allow propagation of a single
Lamb mode and strain measurement was performed by time-shift observation,
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either by zero crossing or cross correlation.
It is worth to point out that Gandhi et al. [34] work is considered pioneer

for the traditional acoutoelasticity within the weakly non-linear theory. Never-
theless, under the exact non-linear elasticity the propagation of waves in pre-
stressed plates has been widely studied over the last decades, a comprehensive
reference collection can be found in Kayestha et al. [108]. Great attention has
been drawn to incompressible [109] and compressible [110] bodies, specially
for soft materials, through many different constitutive theories. Stability and
asymptotic characteristics have also been relevant concerns [111,112].

In this chapter the theory of Lamb wave propagation in a material under
initial deformation is developed by applying the equations of motion developed
in chapter 3 into the theory of Lamb wave propagation in anisotropic plate. It is
reviewed here the work of Gandhi et al. [34], where it has been used the partial
wave technique approach for the acoustoelastic Lamb wave propagation under
biaxial initial stress. Then simplifications are made for the case of longitudinal
stress. Special attention is given to some generalizations discovered on that
work that preclude the use of this procedure for obtaining the dispersion curves
in difference conditions as the ones originally used, for instance, at the initial
frame of reference. These were corrected here. In the chapter’s last section,
the partial wave technique for anisotropic media is presented and shown to
be a particular case of the general procedure for acoustoelastic waves. Then,
the use of Effective Elastic Constants for an equivalent anisotropic medium is
analyzed as an approximation for the full procedure. This theoretical basis is
relevant in the sequel.

4.1
Partial wave technique for acoustoelastic Lamb wave propagation

In order to obtain the dispersion curves, it is used the partial wave
technique. The curves can be referred to the natural or initial frame of
reference. All the following development can be expressed in both frames of
reference, defined in the last chapter. It is used lower case roman letters for
the coordinates, i.e., x may be equal to ξ or X; the tensors are not specified
in any frame of reference, thus A and B may be An and Bn or Ai and Bi,
respectively.

The partial wave technique assumes solution for the displacement of the
form

um = Ume
ı̇κ(x1+αx3−ct) , (4.1)

where κ is the wavenumber in x1 direction, α · κ is the wavenumber in the x3,
and c is the phase velocity. The displacement um represents a partial wave, and
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its amplitude is Um. In order to reach a Christoffel equation, (4.1) is applied
into the wave equation, either (3.37) or (3.40) and rewritten here as

Aijkl
∂2

∂xj∂xl
uk = ρ0 ∂

2

∂t2
ui . (4.2)

Then it can be arranged in matrix form as

KU = 0 or

Kik Uk = 0 .
(4.3)

The derivation of this equation is carried out below. Initially, it is
necessary to calculate the spatial and temporal derivatives of uk as follows.

∂2um
∂xj∂xl

= −κ2umδ1jδ1l − ακ2um(δ1jδ3l + δ3jδ1l)− α2κ2umδ3jδ3l

= −κ2um
[
δ1jδ1l + α(δ1jδ3l + δ3jδ1l) + α2δ3jδ3l

] (4.4)

and the time derivative is simply

∂2um
∂t2

= −c2κ2um . (4.5)

Applying (4.4) and (4.5) into (4.2) we get

−Aijkl κ2uk
[
δ1jδ1l + α(δ1jδ3l + δ3jδ1l) + α2δ3jδ3l

]
= −ρc2κ2ui , (4.6)

and rearranging,

ρc2κ2ui − Aijkl κ2uk
[
δ1jδ1l + α(δ1jδ3l + δ3jδ1l) + α2δ3jδ3l

]
= 0⇒

ρc2κ2ukδik − κ2uk
[
Ai1k1 + α(Ai1k3 + Ai3k1) + α2Ai3k3

]
= 0⇒[

ρc2κ2δik − κ2
[
Ai1k1 + α(Ai1k3 + Ai3k1) + α2Ai3k3

]]
uk = 0 .

(4.7)

Thus applying (4.1) into (4.7),[
ρc2κ2δik − κ2

[
Ai1k1 + α(Ai1k3 + Ai3k1) + α2Ai3k3

]]
Uke

ı̇κ(x1+αx3−ct) = 0 ,

(4.8)
where the squared wavenumber and exponential oscillation can be eliminated,
leading to (4.3) in which the coefficients of K are

Kik = ρc2δik − Ai1k1 − α(Ai1k3 + Ai3k1) + α2Ai3k3 . (4.9)

Because A presents the symmetry condition Aijkl = Aklij in any frame of
reference, stated in (3.52a) and (3.53a), it can be verified that K is symmetric,
that is,

Kki = ρc2δki − Ak1i1 − α(Ak1i3 + Ak3i1)− α2Ak3i3

= ρc2δik − Ai1k1 − α(Ai3k1 + Ai1k3)− α2Ai3k3 = Kik .
(4.10)
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Each entry is presented below

K11 = ρc2 − A1111 − α(A1113 + A1311)− α2A1313

= ρc2 − A1111 − 2αA1113 − α2A1313

K22 = ρc2 − A2121 − α(A2123 + A2321)− α2A2323

= ρc2 − A2121 − 2αA2123 − α2A2323

K33 = ρc2 − A3131 − α(A3133 + A3331)− α2A3333

= ρc2 − A3131 − 2αA3133 − α2A3333

K12 = K21 = −A1121 − α(A1123 + A1321)− α2A1323

K13 = K31 = −A1131 − α(A1133 + A1331)− α2A1333

K23 = K32 = −A2131 − α(A2133 + A2331)− α2A2333 .

(4.11)

For the particular case of a naturally isotropic material submitted to
biaxially stress on the plane x3 = constant (or plane 1-2), the material shows
this plane as a plane of symmetry, behaving at least monoclinically, nullifying
the stiffness entries that couple shear in x3 direction to those at x1 and x2

directions. A more detailed discussion about the types of anisotropy and their
manifestation in the stiffness tensor is found in Jones [113]. Using this fact K
is simplified to

K11 = ρc2 − A1111 − α2A1313

K22 = ρc2 − A2121 − α2A2323

K33 = ρc2 − A3131 − α2A3333

K12 = K21 = −A1121 − α2A1323

K13 = K31 = −α(A1133 + A1331)
K23 = K32 = −α(A2133 + A2331) .

(4.12)

The non trivial solutions are given by the pairs c and α that make the
determinant of K null. Each solution to this polynomial represents a partial
wave which combine together in order to form the guided wave packet. For a
fixed c the determinant is, a priori, a 6th order polynomial in α. Actually the
polynomial is bi-cubic because α is squared in the equations (4.9), (4.11) and
(4.12), thus roots present the following properties

α1 = −α2 ,
α3 = −α4 and
α5 = −α6 .

(4.13)

This means that there are six partial wave, one for each root of the K
determinant. This partial waves propagates in the 1-3 plane with different
wavenumber ratio, i.e., α. The resultant displacement is them the sum of each
partial wave field.
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um =
∑
q

Umqe
ı̇κ(x1+αqx3−ct) (4.14)

For each partial wave q, one can define the displacement ratios

Vq = U2

U1
(4.15)

and
Wq = U3

U1
, (4.16)

Inverting (4.3), expressions for Vq and Wq are found to be

Vq = K11K23 −K13K12

K13K22 −K12K23
(4.17)

and
Wq = K11K23 −K13K12

K12K33 −K23K13
(4.18)

Using the displacement ratios in (4.15) and (4.16) in the resultant wave
equation (4.14), it becomes

u1

u2

u3

 =
∑
q


1
Vq

Wq

U1qe
ı̇κ(x1+αqx3−ct) . (4.19)

The incremental stress-strain relationship is given by (3.27) or (3.38).
By applying these equations in (4.1) one can obtains the incremental stress
field. For the boundary conditions of null stresses at the surfaces, one needs to
obtain the stress components T33, T13 and T23. These are given by

Ti3 = Bi3kl
∂uk
∂xl

= Bi3kliκ(δ1l + αqδ3l)uk = iκ(Bi3k1 + αqBi3k3)uk . (4.20)

Introducing (4.14) in (4.20) the stress assume the expression:

Ti3 =
∑
q

iκ(Bi3k1 + αqBi3k3)Ukqeı̇κ(x1+αqx3−ct) , (4.21)

By using the displacement ratios in (4.15) and (4.16) and expanding the
implicit sum on k we get

Ti3 =
∑
q

iκ[(Bi311 + αqBi313)U1q + (Bi321 + αqBi323)U2q

+ (Bi331 + αqBi333)U3q ]eı̇κ(x1+αqx3−ct)

=
∑
q

iκ[(Bi311 + αqBi313) + (Bi321 + αqBi323)Vq

+ (Bi331 + αqBi333)Wq]U1qe
ı̇κ(x1+αqx3−ct) .

(4.22)

Arranging these three surface stress in a vector leads to
T33

T13

T23

 =
∑
q

iκ


D1q

D2q

D3q

U1qe
ı̇κ(x1+αqx3−ct) , (4.23)
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where

D1q = (B3311 + αqB3313) + (B3321 + αqB3323)Vq + (B3331 + αqB3333)Wq ,

D2q = (B1311 + αqB1313) + (B1321 + αqB1323)Vq + (B1331 + αqB1333)Wq ,

D3q = (B2311 + αqB2313) + (B2321 + αqB2323)Vq + (B2331 + αqB2333)Wq .

(4.24)
The same argument used for A can be applied here to nullify some entries;

(4.24) simplifies to

D1q = B3311 +B3321Vq + αqB3333Wq ,

D2q = αqB1313 + αqB1323Vq +B1331Wq = αq(B1313 +B1323Vq) +B1331Wq ,

D3q = αqB2313 + αqB2323Vq +B2331Wq = αq(B2313 +B2323Vq) +B2331Wq .

(4.25)
Applying the free-stress boundary condition at the surface x3 = ±h =

±d/2, i.e., evaluating (4.23) at x3 = ±h = ±d/2 and setting it to zero, it
results in 

0
0
0

 =
∑
q

iκ


D1q

D2q

D3q

U1qe
ı̇κ(x1±αqh−ct)

= ı̇κeı̇κ(x1−ct)
∑
q


D1q

D2q

D3q

U1qe
±ı̇καqh

=
∑
q


D1q

D2q

D3q

U1qe
±ı̇καqh .

(4.26)

Note that this equation can be arranged as matrix multiplication

D11E1 D12E2 D13E3 D14E4 D15E5 D16E6

D21E1 D22E2 D23E3 D24E4 D25E5 D26E6

D31E1 D32E2 D33E3 D34E4 D35E5 D36E6

D11Ẽ1 D12Ẽ2 D13Ẽ3 D14Ẽ4 D15Ẽ5 D16Ẽ6

D21Ẽ1 D22Ẽ2 D23Ẽ3 D24Ẽ4 D25Ẽ5 D26Ẽ6

D31Ẽ1 D32Ẽ2 D33Ẽ3 D34Ẽ4 D35Ẽ5 D36Ẽ6





U11

U12

U13

U14

U15

U16


=



0
0
0
0
0
0


(4.27)

where Eq = e+ı̇καqh and Ẽq = e−ı̇καqh. The non-trivial solutions (where the
partial wave displacement amplitudes, U1q , are not all null) are found by setting
the determinant of the matrix equal to zero.

Evaluating the determinant, and by some algebraic manipulation, the
following equations are found.
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D11(D23D35 −D33D25) cot
(
ωd

2c α1

)
+D13(D31D25 −D21D35) cot

(
ωd

2c α3

)

+D15(D21D33 −D31D23) cot
(
ωd

2c α5

)
= 0 ,

(4.28)

D11(D23D35 −D33D25) tan
(
ωd

2c α1

)
+D13(D31D25 −D21D35) tan

(
ωd

2c α3

)

+D15(D21D33 −D31D23) tan
(
ωd

2c α5

)
= 0 .

(4.29)
The roots of (4.28) and (4.29) are the solutions for the symmetrical and

antisymmetrical modes respectively; i.e., the pair (ωd,c) corresponding to a
propagable mode.

4.1.1
Note on symmetry assumptions

In this section it is highlighted some assumptions noticed in Gandhi et
al. [34,96,114]. Despite of being harmless for their work, it precludes the use of
this approach for the initial frame of reference and for non-naturally isotropic
medium. It is worth saying that Gandhi et al. work is correct as it is restricted
to the natural frame of reference of a naturally isotropic medium, in which all
their assumptions are valid.

The first one is found in equation (4.12). Comparing it to the expression
presented by Gandhi et al. one can observe that in their equation it has been
used A1212 instead of A2121 at K22, A1313 instead of A3131 at K33, A1112 instead
of A1121 at K12 and A1233 instead of A2133 at K23. As concluded in (3.52a)
and (3.53a) this permutation (Aijkl = Ajilk) does not hold a priori. However,
it does hold in the natural frame for the special case of initially isotropic
medium, as stated in (3.54), which is demonstrated in section A.2.1, and further
exemplified for uniaxial tensile in section 3.3.1. This means that the above
replacement had no effect on the cited work. However, when generalized for
the initial reference case, it introduces errors and inconsistencies. In order to
correctly obtain the curves at the initial reference one needs to use the precise
entries developed in (4.12).

The imprecision is indeed relevant. For instance when using A1212 and
A1313 instead of A2121 and A3131, the term sijlδik in (3.34) has its principal
components swapped (si22 and si33 in the former case and si11 in the correct
case), this amount in the stiffness is significant because it is equal to the initial
load. The numerical example in (3.55) and (3.56) illustrates it; examples of
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what happens in the dispersion curve if the former expression is used are
shown in the next chapter.

The second equation is (4.25). When compared with the work of Gandhi
et al. it reveals, again, that some entries on D are different here from what
is there. These are, B3312 instead of B3321 in D31 , B1323 instead of B2313 and
B1332 instead of B2331 in D3q . This makes no effect on the initial frame as Bi

presents full symmetry. For the natural frame, used by Gandhi et al., this are
not permutable a priori. However, at least for the case of naturally isotropic
material, one can easily compute these specific entries and conclude that they
are equal. Again, this leads to no effect in their work, but it may not allow a
generalization for naturally anisotropic medium. If one wants to safely work
with anisotropic media in their natural configuration, the expression (4.24)
should be used.

4.2
Computational routine

There is no analytical solution for solving (4.28) and (4.29) as a function
of c and ωd. Thus a computational routine, as zero-finding [115], should be
used. In this section the main procedure is summarized. More details in its
implementation are found in [34, 96]. The procedure can be summarized as
follows.

1. Fix a velocity values, say c0.

2. Calculate the determinant of K in (4.11) or (4.12) and find the six values
of αq that render it null.

3. Calculate Vq and Wq for all values of αq by means of (4.17) and (4.18),
respectively.

4. Calculate the vector Dq in (4.24) or (4.25) for all the six values of q using
the αq, Vq and Wq.

5. Assemble the functions (4.28) and (4.29) using the the entries of Dq.

6. Seek for values of ωd which nullify (4.28) and (4.29). This should be done
by a zero finding routine. The possible roots, say ωdi, together with c0

form a pair of frequency×thickness-velocity for mode i.

7. Repeat steps 2 to 6 for other fixed velocity.

The procedure schematized above allows one to find all the
frequency×thickness-velocity for the possible modes.
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4.3
Particular case of longitudinal applied load in naturally isotropic medium

In the case where the initial stress is uniaxial in the direction of the
wave propagation in an naturally isotropic material, some simplifications can
be introduced in the development of section 4.1. This is done in this section
because this particular case is of practical interest in the sequel.

This simplifications were checked to match the very recent work of
Mohabuth et al. [102] in which Lamb wave propagates in uniaxial stressed plate
under the initial frame of reference. In that work the acoustoelastic background
is different. It is developed over the large acoustoelastic theory proposed by
Ogden [85,88,116]. Basically the stiffness tensor is found by other means.

Under longitudinal stress (4.12) can be further simplified because some
entries of A are null, resulting in

K11 = ρc2 − A1111 − α2A1313 ,

K22 = ρc2 − A2121 − α2A2323 ,

K33 = ρc2 − A3131 − α2A3333 ,

K12 = K21 = 0 ,

K13 = K31 = −α(A1133 + A1331) ,

K23 = K32 = 0 .

(4.30)

Consequently, the matrix K naturally decouples as it can be seen below where
(4.3) is rewritten as 

K11 0 K13

0 K22 0
K13 0 K13



U1

U2

U3

 =


0
0
0

 . (4.31)

Decoupling it yields K11 K13

K13 K13

U1

U3

 =
0

0

 and (4.32a)

K22U2 = 0 . (4.32b)

Equations (4.32b) implies in the Shear Horizontal (SH) waves, which for
this case decouple from the Lamb wave, as in isotropic medium. One may note
that defining V , as in (4.15), makes no sense for this case. However, W is still
defined in same way as in (4.16), but it assumes the expression

Wq = −K33

K13
. (4.33)

Developing the determinant of (4.32a) leads to
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det(K) = K11K33 −K2
13 , (4.34)

which is a forth order polynomial in α; not sixth order any more. Actually, it
is a bi-quadratic polynomial, i.e.,

det(K) = K11K33 −K13 = P4α
4 + P2α

2 + P0 . (4.35)

Introducing the entries of K from (4.30) into (4.34) allows one to calculate the
polynomial coefficients. The values are

P4 = A1313A3333 , (4.36a)

P2 = −ρc2(A1313 + A3333) + A1313A3131 + A1111A3333

− A1133A3113 − A1133A3113 − A1133A3311

− A1331A3113 − A1331A3311 ,

(4.36b)

P0 = ρ2c4 − ρc2(A1111 + A3131) + A1111A3131 . (4.36c)

Because the polynomial is bi-quadratic, the roots are still symmetrical, i.e.,
the first two lines of (4.13) continue to hold.

One should retain only the first and second entries on the vector D, which
become

D1q = B3311 + αqB3333Wq ,

D2q = αqB1313 +B1331Wq .
(4.37)

and the matrix in (4.27) reduces to
D11E1 D12E2 D13E3 D14E4

D21E1 D22E2 D23E3 D24E4

D11Ẽ1 D12Ẽ2 D13Ẽ3 D14Ẽ4

D21Ẽ1 D22Ẽ2 D23Ẽ3 D24Ẽ4




U11

U12

U12

U13

 =


0
0
0
0

 . (4.38)

Finally the equations for symmetrical and antisymmetrical roots in (4.28) and
(4.29) reduce to

D11D23 cot

(
ωd

2c α1

)
−D13D21 cot

(
ωd

2c α3

)
= 0 , (4.39)

D11D23 tan

(
ωd

2c α1

)
−D13D21 tan

(
ωd

2c α3

)
= 0 . (4.40)

The procedure is the same as the one exposed in section 4.2, by using
the equations derived here instead of the ones for the general case.
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4.4
Partial wave technique for anisotropic medium

The above procedure can be used for a general anisotropic medium,
without any pre-stress. This is done simply using the normal second order
stiffness tensor C instead of both tensors, A and B, on the above procedure. As
the normal stiffness tensor possesses the full symmetries, several simplifications
are possible; it can be expressed by means of the conventional Voigt notation.

The conventional Voigt notations allows one to write a fourth order
tensor, Cijkl, in a 6 × 6 matrix, Cmn, by means of the tensor symmetries.
In this notation m represent the two indexes ij together and n represents kl,
by the following rule.

Table 4.1: Voigt notation.

ij or kl m or n
11 1
22 2
33 3

23 or 32 4
13 or 31 5
12 or 21 6

Applying this simplifications to the partial wave technique developed at
section 4.1, i.e., setting A = B = C, considering the symmetries and using
Voigt notation, the K matrix and D vector become equal to

K11 = ρc2 − C11 − 2αC15 − α2C55 ,

K22 = ρc2 − C66 − 2αC64 − α2C44

= ρc2 − C66 − 2αC46 − α2C44 ,

K33 = ρc2 − C55 − 2αC53 − α2C33

= ρc2 − C55 − 2αC35 − α2C33 ,

K12 = K21 = −C16 − α(C14 + C56)− α2C54

= −C16 − α(C14 + C56)− α2C45 ,

K13 = K31 = −C15 − α(C13 + C55)− α2C53

= −C15 − α(C13 + C55)− α2C35 ,

K23 = K32 = −C65 − α(C63 + C45)− α2C43

= −C56 − α(C36 + C45)− α2C34 ,

(4.41)

and
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D1q = (C31 + αC35) + (C36 + αC34)Vq + (C35 + αC33)Wq

= (C13 + αC35) + (C36 + αC34)Vq + (C35 + αC33)Wq ,

D2q = (C51 + αC55) + (C56 + αC54)Vq + (C55 + αC53)Wq

= (C15 + αC35) + (C36 + αC34)Vq + (C35 + αC33)Wq ,

D3q = (C41 + αC45) + (C46 + αC45)Vq + (C45 + αC43)Wq

= (C14 + αC45) + (C46 + αC45)Vq + (C45 + αC43)Wq .

(4.42)

These two last equations are exactly the ones presented in the work of
Nayfeh and Chimenti [117] and recently reviewed by Verma [118], where the
partial wave technique was applied to obtain the dispersion curves for a general
anisotropic medium.

All the remainder procedure presented in in section 4.1 is the same. In
other words the case of anisotropic waves in plates can be viewed as particular
case of the procedure for acoustoelastic waves in plates where both tensor
coincide and possess the full symmetries.

4.4.1
Approximation for acoustoelastic case using Effective Elastic Constants

Applying the concept of Effective Elastic Constants (EEC) one can use
the equations (4.41) and (4.42) in order to obtain an approximated procedure
for the dispersion relationship. The EEC can be basically summarized by
choosing one of the possible entries on Aijkl in order to assemble Cmn, the
stiffness tensor written using Voigt notation [29]. As stated above A do not
possesses the necessary full symmetries, implying that the conventional Voigt
tensor can never be built (only the extended Voigt notation presented in Table
3.1). The entries where the symmetries fail are said to split. The procedure
to obtain an approximate Voigt tensor is to choose between one of the split
entries.

The choice must be done consistently. That is, if the loading process
brings some structural symmetry (as the case of monoclinic symmetry, due to
biaxial loading, treated in section 4.1 or even transverse isotropic symmetry,
due to uniaxial longitudinal loading, treated in section 4.3) the EEC tensor has
to maintain these symmetries. For example, in the case of longitudinal loading
in x1 direction, if one chooses C55 = A1313, then C66 = A1212, and not A1221

or even A2121 as this can introduce an artificial stiffness asymmetry, degrading
the approximation.

For a naturally isotropic material under longitudinal tensile stress, there
are two possible EECs choices. The EEC1 case is defined as the Voigt notation
build by choosing the index m and n as 32, 31 or 21, whereas the EEC2
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case is defined as choosing m as 32, 31 or 21 and n as 23, 13 or 12 (or vice-
versa). Continuing the numerical example of an aluminum body under stress
of σ11 = 120MPa, presented in section 3.3.1, the two EECs cases assume the
following values for the natural frame

An
EEC1 =



11 22 33 32 31 21

11 105.91 54.51 54.51 0 0 0

22 54.51 108.24 55.06 0 0 0

33 54.51 55.06 108.24 0 0 0

32 0 0 0 26.59 0 0

31 0 0 0 0 26.31 0

21 0 0 0 0 0 26.31


GPa ,

(4.43)

An
EEC2 =



11 22 33 32 31 21

11 105.91 54.51 54.51 0 0 0

22 54.51 108.24 55.06 0 0 0

33 54.51 55.06 108.24 0 0 0

23 0 0 0 26.59 0 0

13 0 0 0 0 26.25 0

12 0 0 0 0 0 26.25


GPa

(4.44)
and for the initial frame

Ai
ECC1 =



11 22 33 32 31 21

11 106.27 54.57 54.57 0 0 0

22 54.57 108.12 55.00 0 0 0

33 54.57 55.00 108.12 0 0 0

32 0 0 0 26.56 0 0

31 0 0 0 0 26.40 0

21 0 0 0 0 0 26.40


GPa ,

(4.45)
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Ai
ECC2 =



11 22 33 32 31 21

11 106.27 54.57 54.57 0 0 0

22 54.57 108.12 55.00 0 0 0

33 54.57 55.00 108.12 0 0 0

23 0 0 0 26.56 0 0

13 0 0 0 0 26.28 0

12 0 0 0 0 0 26.28


GPa .

(4.46)
Note that the use of EEC in order to trace a dispersion curve for

an equivalent anisotropic medium brings inherent errors due to the loss of
information. The asymmetry in the stiffness tensor is a consequence of the
load. The correct procedure exposed in section 4.1 makes distinctions between
the stiffness entries, as for example in (4.12) where there is A1313 and A1331.
The choice between one of the split entries will never depict the phenomenon
as precise as the original approach. Other source of imprecision is the merge
of A and B. In the next chapter dispersion curves obtained by means of EEC
approximation are confronted with those by the precise framework in order
to illustrate the approximation validity and its errors. The error of the EEC
dispersion curves, related to the exact theoretical solution, is used in order to
choose between EEC cases.

The use of the EEC in order to calculate the dispersion curves may
appears with no purpose as the precise procedure has been presented at the
beginning of the chapter. The reason for considering it here is to provide the
necessary theoretical background in order to compare the acoustoelastic Finite
Element results of chapter 6.
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5
Acoustoelastic Lamb waves dispersion curves

In this chapter it is shown the dispersion curves obtained with the
procedure exposed at chapter 4 for both frames of reference. As the main
interest here is longitudinal load, only the case of tensile stress in the direction
of wave propagation is analyzed. The approximation for the effective elastic
case is compared with the exact solution.

The calculations are performed for an aluminum plate with the constants
presented in table 3.2. The frequency times thickness interval used for calcu-
lation was from 0 up to 10MHz×mm in steps of 1kHz×mm and the velocity
interval from 0 up to 10000m/s in steps of 1m/s. In order to illustrate dispersion
curves behavior under longitudinal stress, several calculations were performed
for different stress values. The stress and corresponding strain state used at
each calculation are shown in table 5.1. It is presented the longitudinal stress
(σ11) and the normal strains (ε11, ε22, ε33), as all the remaining stresses and
strains are null.

Table 5.1: Stress and strain states used at calculations.

σ11 ε11 ε22 ε33
MPa µm/m µm/m µm/m

0 0 0 0
30 423 −143 −143
60 847 −285 −285
90 1270 −428 −428
120 1693 −571 −571
150 2117 −714 −714

5.1
Natural reference frame

The acoustoelastic dispersion curves, computed at the natural frame of
reference, are investigated here. The A0 and S0 modes are investigated in
details; at the end of the section higher order modes are studied as well.
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5.1.1
A0 mode

The phase velocity curves for the A0 mode is shown in Fig. 5.1.a for
the full frequency range, from DC up to 10MHz. As it can be seen, the
dispersion change under stress is relatively small compared to the velocity value
at any stress condition. The most significant change occurs at low frequencies
as detailed in Fig. 5.1.b, where the higher the tensile stress the higher the
velocity. Under tensile stress the velocities tend to a limit non-zero value as
the frequency approaches to zero. This phenomenum is also present when
addressing the problem by the Euler-Bernoulli beam theory [119] imposing
an axial traction in the motion equation. This theory is a good approximation
for very low frequency as noticed in [33].

This behavior is better noticeable expressing the curves in terms of the
velocity difference given by

∆cph,gr(f, σ) = cph,gr(f, σ)− cph,gr(f, 0) (5.1)

or by the relative difference as

∆cph,gr(f, σ)
cph,gr(f, 0) , (5.2)

where cph,gr(f, σ) is either the phase (subscript ph) or group velocity (subscript
gr) at the current stress state, σ, and c(f, 0)ph,gr is the velocity at null
stress state. Fig. 5.1.d and 5.1.g show the phase velocity differences for low
frequencies. It is clear that the difference tends to the velocity DC value,
because for null stress the velocity is null at DC frequency. Thus, the relative
difference tends to infinity at DC.

On the contrary, for high frequencies (Fig. 5.1.c) the behavior is the
opposite, i.e., the higher the tensile stress, the lower the velocity, suggesting
that a zero-crossing must occur somewhere in the frequency range. This
is detailed in Fig. 5.1.e where the zero cross frequency-thickness is about
246kHz×mm. The remainder of the frequency-thickness spectrum, excluding
the very low frequency range, is exhibited in Fig. 5.1.f. The huge velocity
difference that happens in frequencies below the cross frequency (Fig. 5.1.g) is
replaced by differences at the order of some tenths of a percent in magnitude,
as shown in Fig. 5.1.h, but negative in sign, i.e., the velocity decrease with
tensile stress.

The group velocity behavior has also been calculated, by means of
expression 2.18, and is shown in Fig. 5.2.a. The DC value of group and phase
velocity must be the same (as it can be concluded from (2.18)). This is reported
in Fig. 5.2.b, where the velocity increases as the tensile load increases, for a very
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Figure 5.1: Acoustoelastic phase velocity dispersion curves for A0 at natural
frame of reference under tensile stress. (a) Full frequency range. (b) Low
frequencies. (c) High frequencies. (d) Velocity difference from null stress
condition, low frequencies. (e) Velocity difference, zero crossing region. (f)
Velocity difference, mid and high frequencies. (g) Velocity relative difference,
low frequencies. (h) Velocity relative difference, high frequencies.
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short and extremely low frequency range. It is then followed by a quick zero
crossing around 1.2kHz×mm for the group velocity difference (Fig. 5.2.c and
5.2.e), reaching a maximum negative difference. Then the difference increases,
but still negative for the remainder of the frequency spectrum (Fig. 5.2.d). For
high frequencies the group velocity difference (Fig. 5.2.f) reaches about the
same values as the phase velocity difference, because this is a low dispersive
region implying that phase and group velocities tend to be equal.

It is convenient to express the velocities behavior in terms of the its
sensitivity to tensile stress or strain, as done by Chen and Wilcox [33]. It is
defined by the relative velocity difference per imposed tensile stress or strain.
Thus

sσgr,ph(f) = ∆cgr,ph(f, σ11) / cgr,ph(f, 0)
σ11

, (5.3)

for the tensile stress sensitivity and

sεgr,ph(f) = ∆cgr,ph(f, ε11) / cgr,ph(f, 0)
ε11

, (5.4)

for the tensile strain sensitivity, where the velocity is treated as a function
of strain instead of stress. This definition represents the fractional change in
velocity to applied stress, or strain. For the special case treated here of uniaxial
tensile stress the sensitivities are related by,

sεgr,ph(f) = Esσgr,ph(f) , (5.5)

where E is the Young modulus. One can notice that if the sensitivity is constant
for a range of stresses (resp. strain), i.e., does not depend on stress (resp.
strain), then the relationship between velocity and stress (resp. strain) is linear,
otherwise not linear.

It is also used the length normalized time-of-flight sensitivity [107] instead
of group velocity sensitivity. It is defined as

sσt/`(f) = ∆t(f, σ11) / `
σ11

(5.6)

or
sεt/`(f) = ∆t(f, ε11) / `

ε11
, (5.7)

where ` is the natural distance, t the time-of-flight for this distance and ∆t
the time-of-flight shift. This sensitivity can be related to the group velocity
sensitivity. In order to achieve this relationship, it is convenient to develop the
variation of group velocity. In the natural frame of reference the elongation is
not considered, and so

∆cgr = −`∆t
t2

= −`∆t
t2
`2

`2 = −`∆t
`2
`2

t2
= −∆t

`
c2
gr . (5.8)

Applying this last equality into (5.3), we get
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Figure 5.2: Acoustoelastic group velocity dispersion curves for A0 at natural
frame of reference under tensile stress. (a) Full frequency range. (b) Low
frequencies. (c) Velocity difference from null stress condition, low frequencies.
(d) Velocity relative difference, mid and high frequencies. (e) Velocity relative
difference, low frequencies. (f) Velocity relative difference, high frequencies.

sσgr,ph(f) = (−∆t(f, σ11) / `) cgr,ph(f, 0)
σ11

= −sσt/`(f)× cgr,ph(f, 0) ,

(5.9)

and equivalently for (5.4)

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Chapter 5. Acoustoelastic Lamb waves dispersion curves 65

sεgr,ph(f) = −sεt/`(f)× cgr,ph(f, 0) . (5.10)

The sensitivity curves for the A0 mode are shown in Fig. 5.3.a. and 5.3.c.
for phase and group velocity, respectively. It is used a log scale for the frequency
in order to ease visualization at very low frequencies, below 1kHz×mm. It is
visible that the sensitivity for each loading condition differ at low frequencies,
meaning that the velocity-stress relationship is nonlinear for frequencies below
1kHz×mm. At this range the sensitivity is huge, reaching up to 12000 per
strain (or 0.012/(µm/m)) or 0.17/MPa. For higher frequencies the curves do
overlap, implying a linear relationship, this is even more clear in Fig. 5.3.b. and
5.3.d. where attention is given to low sensitivity at middle to high frequency
range, in a linear frequency scale.
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Figure 5.3: Acoustoelastic velocity sensitivity for A0 mode at natural frame
of reference under tensile stress. (a) Phase velocity sensitivity in logarithmic
frequency scale. (b) Phase velocity sensitivity in linear frequency scale. (c)
Group velocity sensitivity in logarithmic frequency scale. (d) Group velocity
sensitivity in linear frequency scale.
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5.1.2
S0 mode

The S0 mode velocity behavior under stress is simpler. Fig. 5.4.a shows
the velocity curves for each tensile load. The velocity difference and relative
velocity difference are presented in Fig. 5.4.b and 5.4.c. This mode does not
present the huge difference at low frequency, as A0, there is no zero crossing,
and the difference is always negative; i.e., for tensile loading, phase velocity
decreases as load increases. For this mode, the low frequency regions is almost
non-dispersive and the velocity relative difference is almost constant up to
2000kHz×mm (see Fig. 5.4.c). Comparing the modes behavior at the frequency
range above the A0 zero crossing, S0 mode present higher difference than
A0 mode (see Fig. 5.1.f and 5.4.c). At the high frequency region, above
3000kHz×mm both differences, A0 and S0, tend to the same values (and
differences) as both modes velocity converge to the Rayleigh surface wave
velocity [14].
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Figure 5.4: Acoustoelastic phase velocity dispersion curves for S0 at natural
frame of reference under tensile stress. (a) Phase velocity dispersion curves.
(b) Velocity difference. (c) Velocity relative difference.

The group velocity change is depicted in Fig. 5.5.a, as well as its difference
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and relative difference, Fig.5.5.b and 5.5.c, respectively. For low frequencies
the group and phase differences exhibit the same differences, as this are a low
dispersive region for this mode and thus the velocities should coincide. At the
most dispersive region, around 2500kHz×mm, the group velocity difference
changes its sign.
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Figure 5.5: Acoustoelastic group velocity dispersion curves for S0 at natural
frame of reference under tensile stress. (a) Group velocity dispersion curves.
(b) Velocity difference. (c) Velocity relative difference.

The sensitivity is shown in Fig. 5.6.a for phase velocity and 5.6.b for
group velocity. Is is clear the linear behavior between velocities and stress as
the curves essentially coincide for all the loads. By comparing Fig. 5.6.a to
5.3.b it is again clear that for the middle to high frequency range the phase
velocity sensitivity of the S0 mode is higher, in absolute value, than that for
the A0 mode. At high frequencies they converge to the same value of about
−3× 10−5/MPa.

The group velocity sensitivity has the same value as the phase velocity
for the low dispersion regions; at low and high frequencies, as expected. For
the middle frequency, where dispersion is relevant, the sensitivities differ. The
group velocity sensitivity is positive around 2500kHz×mm.
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Figure 5.6: Acoustoelastic velocity sensitivity for S0 mode at natural frame of
reference under tensile stress. (a) Phase velocity sensitivity. (b) Group velocity
sensitivity.

5.1.3
Higher order modes

The velocity change under stress was analyzed for the modes A1, S1, A2
and S2. Its results are briefly reported here. Analyzing the obtained dispersion
curves it is concluded that, all these modes present linear relationship between
velocity difference and stress. The phase and group velocity sensitivity curves
for all the modes are shown in Fig. 5.7.
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Figure 5.7: Acoustoelastic phase (a) and group (b) velocity sensitivity for up
to second order modes at natural frame of reference.

As it can be seen, higher order modes always present negative sensitivity
for phase velocity; the sensitivity is higher, in absolute value, than the
fundamental ones, except for the A0 mode at very low frequencies. Close to
the cut-off frequency the sensitivity is elevated. Considering group velocity, as
it happens for the S0, there is also inversion of sign in the sensitivity for some
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regions. Other interesting characteristics is the highest sensitivity, in absolute
value, for the regions where the group velocity has its peak (see Fig. 2.3.b).

5.2
Initial reference frame

The velocity variation under tensile stress was calculated with respect to
the initial frame. In general, the curves present the same shape as those related
to the natural frame of reference. Fig. 5.8 and 5.9 show the most significant
aspects of A0 mode phase and group velocities, respectively. In Fig. 5.8.a one
can see that the same non-zero velocity for DC frequency present in the natural
frame (Fig. 5.1.b) happens for the initial frame. Differences between them
appears in the frequency where the zero crossing occurs, zoomed in Fig. 5.8.c;
at the initial frame it is about 420kHz ×mm whereas 240kHz×mm at the
natural frame. The velocity at high frequency is lower at the initial frame than
at the natural frame, as one can see in the Fig. 5.8.d.
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Figure 5.8: Acoustoelastic phase velocity dispersion curves for A0 at initial
frame of reference under tensile stress. (a) Low frequencies. (b) Velocity
difference, low frequencies. (c) Velocity difference, zero crossing region. (d)
Velocity difference, mid and high frequencies.
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Figure 5.9: Acoustoelastic group velocity dispersion curves for A0 at initial
frame of reference under tensile stress. (a) Low frequencies. (b) Velocity relative
difference, high frequencies.

The sensitivity at very low frequencies is as high as in the natural frame
as the velocity DC value is the same. For higher frequencies the sensitivity,
both in phase and group velocity, are lower compared to the natural frame.
The sensitivities are shown in Fig.5.10.
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Figure 5.10: Acoustoelastic phase (a) and group (b) velocity sensitivity for up
to second order modes at initial frame of reference.

In section 4.1.1 it was commented that discrepancies would arise if the
original procedure proposed by Gandhi et al. [34] was used at the initial frame
of reference. The most evident manifestation of this imprecision is at a very
low frequency. The non-zero velocity at DC is not achieved if the original
expression for the matrix K proposed by Gandhi is used instead of the correct
one stated in (4.12). If the original expression is used, the behavior is like when
EEC approximation is used, analyzed in the section 5.4 ahead.

Phase and group velocity relative difference for the S0 mode are shown
in Fig. 5.11, the sensitivities are shown in Fig. 5.10. The velocity difference
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and its sensitivity are lower than the natural frame.
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Figure 5.11: Acoustoelastic phase and group velocity relative difference for S0
at initial frame of reference under tensile stress. (a) Phase velocity. (b) Group
Velocity.

For the higher order modes it is analyzed only the sensitivity. The phase
and group velocity sensitivity for all modes are shown in Fig. 5.10. As for the
fundamental modes, sensitivity is less negative in the initial frame of reference.
The regions where the group velocity is positive, is more positive than in the
natural frame.

5.3
Relationship between velocity at initial and natural frames

At a first sight it seems that the velocity differences (given by (5.1) or
(5.2)) related to the initial frame are a positively offset version of the curves
at natural frame. This would make sense because in this particular case of
uniaxial stress parallel to propagation direction, a longitudinal distance in the
natural coordinate is shorter than the corresponding distance in the initial
frame, thus, for the same propagation time, the velocity in the initial frame
must be greater than the velocity in the natural frame.

In order to quantitatively analyze how the velocities at initial and natural
frames are related, it is convenient to observe the velocities difference from
the initial to the natural frame of reference. For the A0 mode, this difference
for phase and group velocities is shown in Fig. 5.12. For the S0 mode the
differences are shown in Fig. 5.13.

As reported in section 3.4 for bulk waves the difference from initial
to natural wave velocity propagating along x1 axes is given by (3.59). This
relationship is not valid for guided waves because Lamb waves are composed
by the contribution of several partial waves that propagate in the x1-x3 plane.
Thus, in fact, one should use a combination of (3.59) and (3.60) where the
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Figure 5.12: Acoustoelastic velocity difference from initial to natural frames for
A0. The curves color stand for the same loading as precedent figures, dashed
lines represent the approximation given by (5.11). (a) Phase velocity difference.
(b) Group velocity difference.
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Figure 5.13: Acoustoelastic velocity difference from initial to natural frames for
S0. The curves color stand for the same loading as precedent figures, dashed
lines represent the approximation given by (5.11). (a) Phase velocity difference.
(b) Group velocity difference.

term related to the null stress velocity should be each partial wave that
propagate in either x1 or x3 direction, respectively. In order to reach this
exactly relationship one must know the partial waves propagation direction
as a function of frequency. However, one can calculate a version of (3.59) for
frequency dependent velocity, as Lamb waves, propagating along x1. It would
be

cigr,ph(f, σ11)− cngr,ph(f, σ11) = cgr,ph(f, 0) ε11 , (5.11)
where the additional superscript i or n means that the velocity is related to
the initial or natural frame, respectively. This is, however, an approximation.
For non-dispersive regions, where the propagation behavior is close to a bulk
wave, (5.11) may present an acceptable value. This comparison is shown in
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Fig.5.12 and 5.13 by the dashed line. It is observable that for low dispersive
regions, i.e., high frequency for A0 mode and low frequency for S0 mode, the
difference from initial to natural frames are very close to the approximation
given by the dashed lines.

If the approximation introduced by (5.11) is applied into the sensitivity
equation for initial frame (5.3), then the following is reached.

si,σgr,ph(f) =
[cigr,ph(f, σ11)− cgr,ph(f, 0)] / cgr,ph(f, 0)

σ11

≈
[cngr,ph(f, σ11) + cgr,ph(f, 0)ε11 − cgr,ph(f, 0)] / cgr,ph(f, 0)

σ11

=
[cngr,ph(f, σ11)− cgr,ph(f, 0)] / cgr,ph(f, 0) + ε11

σ11

=
[cngr,ph(f, σ11)− cgr,ph(f, 0)] / cgr,ph(f, 0)

σ11
+ ε11

σ11

= sn,σgr,ph(f) + 1
E

,

(5.12)

and thus
si,σgr,ph(f)− sn,σgr,ph(f) ≈ 1

E
. (5.13)

The same derivation can be done for the strain sensitivities leading to

si,εgr,ph(f)− sn,εgr,ph(f) ≈ 1 . (5.14)

The approximation for the sensitivities are plotted in Fig. 5.14 and
5.15 for the A0 and S0 modes respectively. Again, one may see that the
approximation is valid for the low dispersion region, whereas the errors increase
for the more dispersive parts, as predicted.
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Figure 5.14: Acoustoelastic sensitivity difference from initial to natural frames
for A0. The curves color stand for the same loading as precedent figures, dashed
line represent the approximation given by (5.13) or (5.14). (a) Phase velocity
sensitivity difference. (b) Group velocity sensitivity difference.
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Figure 5.15: Acoustoelastic sensitivity difference from initial to natural frames
for S0. The curves color stand for the same loading as precedent figures, dashed
line represent the approximation given by (5.13) or (5.14). (a) Phase velocity
difference sensitivity. (b) Group velocity difference sensitivity.

5.4
Effective Elastic Constants approximation

In this section the dispersion curves for the acoustoelastic Lamb wave
propagation are calculated using the approximation introduced by adopting the
Effective Elastic Constants (EEC) into the partial wave technique procedure,
as explained in section 4.4.1. The reason to analyze this approximation is
to qualify the FEM simulation to be presented in chapter 6. The material
constants are the same as above. For axial loading the two EEC cases exposed
in sections 4.4.1 are analyzed here.

5.4.1
Approximation at natural reference frame

The phase velocity dispersion curve for the A0 mode for the EEC1 case
is presented in Fig. 5.16. Comparing this last figure with Fig. 5.1 it can be
seen that the use of the EEC cannot reproduce the complex behavior of the
A0 mode under stress. Specially, as shown in Fig. 5.16.a and 5.16.b, the DC
value for stressed medium is always null; the zero crossing is not present in
the curves obtained by means of EEC and the velocity difference is negative
for all the frequency range (see Fig. 5.16.c). At high frequency the behavior is
close to the exactly solution, where the higher the stress the lower the velocity,
suggesting that EEC approximation tend to the exactly value.

The group velocity present the same lack of precision, as shown in Fig.
5.17. There is no zero crossing (Fig. 5.17.a); the velocity difference is always
negative (Fig. 5.17.b), and at high frequency the approximation appears to
tend to the exactly solution.

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Chapter 5. Acoustoelastic Lamb waves dispersion curves 75

0 10 20 30 40 50

0

100

200

300

400

500

600

700

800

fd [kHz × mm]

c
 [

m
/s

]

 

 

σ
11

 = 0MPa

σ
11

 = 30MPa

σ
11

 = 60MPa

σ
11

 = 90MPa

σ
11

 = 120MPa

σ
11

 = 150MPa

0 10 20 30 40 50

−5

−4

−3

−2

−1

0

1

fd [kHz × mm]

∆
c
 [

m
/s

]

 

 
σ

11
 = 0MPa

σ
11

 = 30MPa

σ
11

 = 60MPa

σ
11

 = 90MPa

σ
11

 = 120MPa

σ
11

 = 150MPa

(a) (b)

0 2000 4000 6000 8000 10000
−0.8

−0.6

−0.4

−0.2

0

0.2

fd [kHz × mm]

∆
c
 /

 c
0
 [

%
]

 

 
σ

11
 = 30MPa

σ
11

 = 60MPa

σ
11

 = 90MPa

σ
11

 = 120MPa

σ
11

 = 150MPa

(c)

Figure 5.16: Acoustoelastic phase velocity dispersion curves for A0 at natural
frame of reference, EEC1 approximation under tensile stress. (a) Low frequen-
cies. (d) Velocity difference at low frequency. (c) Velocity relative difference.
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Figure 5.17: Acoustoelastic group velocity dispersion curves for A0 at natural
frame of reference, EEC1 approximation under tensile stress. (a) Low frequen-
cies. (b) Velocity relative difference.

For the S0 the use of EEC is, however, less precarious. Fig. 5.18.a
shows the phase velocity relative difference from null stress obtained by EEC1
approximation, as it can be seen, the overall shape is the same as Fig. 5.4.
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For the group velocity (Fig. 5.18.b) a little discrepancy arises at the positives
differences around 2500kHz×mm, as it can be seen by comparing it with 5.5.c;
the former presents lower values.
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Figure 5.18: Acoustoelastic phase and group velocities relative difference from
null stress for S0 at natural frame of reference, EEC1 approximation. (a) Phase
velocity. (b) Group difference.

It is then helpful to inspect the error introduced by the use of EECs.
The relative error from the exactly solution and the one obtained by EEC is
defined as

errorEEC(f, σ) =
cph,gr(f, σ)− cEECph,gr(f, σ)

cph,gr(f, σ) , (5.15)

where cEECph,gr(f, σ) is the velocity obtained by the use of either EEC1 or EEC2.
The phase and group velocity errors for A0 mode are shown in Fig.

5.19 where full lines stand for EEC1 and dashed lines for EEC2. Because
EEC cannot reproduce the non-zero velocity at DC component, the error for
low frequency is tremendous, ideally 100%. Fig. 5.19.a shows the error in a
logarithmic frequency axes making visible the values at quasi-DC frequency.
The error diminishes as frequency rises. At higher frequency it is possible to
distinguish the effect of using EEC1 or EEC2 (Fig. 5.19.b). It is notable that
EEC1 is better than EEC2 for A0 mode at natural frame of reference, because
the error tend to decrease faster as frequency increases.

For the group velocity the errors are shown in Fig. 5.19.c and Fig. 5.19.d.
The advantage of using EEC1 is also evident.

The errors for S0 mode are shown in Fig. 5.20. The zero error frequency
range is at low frequency, where there is low dispersion. As for the A0 mode,
one can also conclude that for S0 mode the EEC1 approximation is better.
Error decrease faster from its peak value, between 2000 and 2500kHz×mm for
both phase and group velocities, when using the EEC1 than EEC2. One can
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Figure 5.19: EEC velocity error for A0 mode at natural frame of reference
under tensile stress. Full lines stand for EEC1 and dashed lines for EEC2. (a)
Phase velocity error in logarithmic frequency scale. (b) Phase velocity error
Linear frequency scale. (c) Group velocity error in logarithmic frequency scale.
(d) Group velocity error Linear frequency scale.

conclude that the errors are more significant at high dispersion regions; EEC1
case is better.

If one compares the order of magnitude of the errors with the velocity
relative difference, in Fig. 5.1.h and 5.4.c, one can see that, despite of being ab-
solutely small, the errors are not negligible compared to the velocity difference
due to stress in the exactly solutions. This implies in sensitivity error, which
can be quantized. Fig. 5.21 brings the error in the phase velocity sensitivity
for fundamental, first and second order modes.

The only zero error region is for S0 mode at low frequencies. For the
fundamental modes the error is elevated in high dispersive regions; for low
dispersive it tends to a constant value, about 16% for EEC1 and 40% for
EEC2. The error for higher order modes vary considerably along the frequency
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Figure 5.20: EEC velocity error for S0 mode at natural frame of reference
under tensile stress. Full lines stand for EEC1 and dashed lines for EEC2. (a)
Phase velocity error. (b) Group velocity error.

range, due to the high dispersion of these modes. The order of magnitude of
the EEC1 for these modes is about 10%. For all modes the error using EEC1
is lower than by EEC2.

If one uses an equivalent anisotropic material to simulate the load effect
this imprecision is present. The use of EEC is however quite convenient when
using numerical approach as finite element or finite difference, specially for
commercial software. This kind of numerical simulation is particular useful
for complex structures (as non-regular cross section pieces, material with
damages as cracks and notches, for instance) or if a multi-modal scenario is
of interest, where there is different energy distribution among the modes and
mode conversion. Thus one must be aware of the inherent imprecision in the
use of EEC approximation.
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Figure 5.21: Sensitivity error for EEC1 and 2 at natural frame of reference. (a)
A0 mode (b) S0 mode (c) A1 mode (d) S1 mode (e) A2 mode (f) S2 mode

5.4.2
Approximation at initial reference frame

The same analysis was done for the initial frame of reference. Results are
close to the natural case. The phase velocity sensitivity error is shown in Fig.
5.22. The error for the fundamental modes are much higher in either EEC1
and 2. For higher order modes the EEC2 shows in general lower error.
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Figure 5.22: Sensitivity error for EEC1 and 2 at initial frame of reference. (a)
A0 mode (b) S0 mode (c) A1 mode (d) S1 mode (e) A2 mode (f) S2 mode

5.5
Review of literature results

It is worth to confront the results presented above with other works
found in the literature. Gandhi et al. [34] emphasized some aspects of A0 and
S0 modes that are in perfect agreement with the ones brought here. This are
the high differences at low frequencies, zero-crossing and low difference for
high frequencies for the A0 phase velocity; and the phase velocity difference
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behavior for the S0 mode.
The fact that for low frequencies the phase velocity increases with tensile

load but the group velocity decreases is presented by Loveday and Wilcox [99],
despite they do not consider the complete accoustoelstic formulation, as they
included finite strains but neglected the third order elastic constants (their
work is based on the basic Mott’s guided wave acoustoelastic theory [120,121]).
The A0 mode sensitivity at very low frequencies for phase and group velocities
do agree with the work of Chen and Wilcox [33], which used the same
acoustoelastic considerations as [99]. The most relevant aspects are the non-
constant sensitivity with stress (non-linear relationship of velocity variation
with stress) for quasi-DC frequencies and the zero-crossing of the group velocity
about 1kHz ×mm.

Interestingly in [33] it is stated that the only mode that presented non-
negligible velocity difference is the A0 mode. As presented above, and on
others works [34,107], the S0, and higher modes, do present velocity difference,
that depending on the frequency can be even greater than that for A0. They
did state that, because on their work only the very low frequency range is
analyzed and, as seen above, at this short interval A0 presents a huge velocity
difference. However, the use of this frequency range may imply some hampering
as this is an extremely dispersive regions (thus for conventional time difference
measurement approach should imply in narrow band pulses which in turn
imply in poor time localized signals). Moreover, the sensitivity is non-linear
on stress.

Amjad et al. [107] experimentally investigated the A0 and S0 modes
under tensile stress. They concluded the zero crossing in the A0 mode about
200kHz×mm and the absence of zero-crossing in the velocity difference for S0
mode.

It is not common that the papers precisely state in which frames the
curves are calculated. However, following the development it is possible to infer
it. Two very recent works on the literature calculated the dispersion curves at
the initial frame of reference. Mohabuth et al. [102] used Ogden’s acoustoelastic
approach. Their work presented few qualitative results but the curve for the
relative phase velocity difference at S0 mode do agree with the one presented
here revealing a DC value of about 0.4% for σ11 = 60MPa. For the A0 mode
it is only possible to visualize the high change at very low frequencies and zero-
crossing for phase velocity. Pau and Lanza di Scalea [101, 122] also calculated
the dispersion curves at initial frame of reference by deriving the equations
of motion from the finite stress tensor. They highlighted the fact that the
higher the tensile stress the lower the phase velocity, but do not commented
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on the different behavior of A0 at low frequencies; they concluded also the
linear relationship between velocity variation and stress; and that the group
velocity difference may presents sign variation along the frequency range, as
happens for the S0 mode (see Fig.5.11.b). A numerical value reported on that
work is about −4/(µm/m) of sensitivity at 1000kHz ×mm for, probably, the
S0 mode. This fits well with the sensitivity presented in Fig. 5.10.b.

There are very few works analyzing higher order modes acoustoelasticity.
Pau and Scalea [101] calculated the acoustoelastic effect for many modes but
in its absolute value instead of difference or sensitivity rendering interpretation
not straightforward. A general characteristic is negative phase velocity sens-
itivity for all higher modes, sign inversion for group velocity sensitivity and
it was commented the fact that where group velocity is maximum as it is its
sensitivity. Gandhi et al. [34] calculated the absolute phase velocity difference
for the first order modes but not the sensitivity; as far as it can be compared,
the results match.

There is just one work [96] comparing the use of EEC with the exactly
solution in the natural frame. However, this is not done in a systematic
way as no velocity difference along the frequency range nor sensitivity were
calculated. Results were shown by superposed curves, which hides quantitative
conclusions. It was commented that EEC1 showed better results what agrees
with the present results.

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



6
Lamb waves simulation

Finite Element Method (FEM) is a useful tool for ultrasonic waves
propagation analysis [123,124], and specially for guided wave analysis [15,28].
For simple models, such as a plates and also rods and cylinders, there are
well-known theoretical equations that provide the necessary information. For
instance, the dispersion curve. However, for more complicated geometries or
non-homogenous media, solution may be only feasible by numerical methods,
as FEM. Other situation where FEM is very convenient, and highly concerns
NDE, is when geometries with defects, such as cracks, notches or delamina-
tions, are modeled. FEM is also handy for simulations where there are several
simultaneous modes; this is analyzed in chapter 8 ahead.

The acoustoelastic effect imply in a non-linear relationship between
stress and strain, as states (3.5). Thus it is a priori impossible to simulate
it by the linear relationship between stress and strain used by the linear
elasticity theory adopted in the FEM analysis of commercial softwares. An
alternative is to use an equivalent anisotropic medium by means of EEC [30].
There are few works simulating the acoustoelastic effect on Lamb waves. Chen
and Wilcox [33] and Ferrari [31] used this but not on the full acoustoelastic
framework, i.e., neglecting third order elastic constants. The other possibility
is non-commercial FEM codes, as the Semi Analytical Finite Element (SAFE),
[32,99,100] where the element stiffness matrix is modified in order to include its
dependence on the stress. Also the works that used SAFE for acoustoelasticity
did not address the phenomenon in the complete framework.

In order to analyze the wave propagation in the time domain, dynamic
transient analysis [125] is convenient. Temporal and spatial resolution are
important concerns in FEM simulation. If resolutions are improperly chosen
then the convergence of results may fail. The spatial resolution (i.e., the
distance between nodes) must be chosen ensuring that waves can be spatially
resolved. That is, a theoretical minimum node distance (le) is determined by
Nyquist criterion, i.e., le = λmin

2 [64]. It is, however, not recommended to use
such a low resolution (long node distance) and it is often established rules of
thumb for the maximum distance as
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le ≤
λmin
N

, (6.1)

where it is recommended that N be at least 8 to 10 [124], 20 [28] up to 50 [15].
The time step of a transient simulation must be less than the ratio of the

minimum distance between nodes and the fastest wave speed [15, 124], thus
the minimum sampling rate should be

fs ≥
lemin
cmax

. (6.2)

It has also been recommended in [28] that the sampling frequency should be
greater than 20 times the highest frequency of interest.

It is used the ANSYSr Academic Research, Release 12.1 [125,126] in this
work. A two-dimensional 3mm thick plate was modeled (in x − y plane), as
shown Fig. 6.1, using the plane element PLANE182 (Ref. [127] sec. 4, [128]) in
plane-strain mode, because the plate on the transverse coordinate (z) is infinite.
It is worth noticing that the simulation in ANSYSr for two dimensional
problems uses the x−y plane. Despite the fact that all the development in the
previous chapters has been done for waves propagating in the x− z plane, in
a plate infinite in z direction, the coordinates y and z can be interchanged (on
the input stiffness data and on the obtained results) without loss of generality.

It was used the Anisotropic Elastic Material Model (option ANEL in
Ref. [127] sec. 2.5.7) where the material is specified by the whole stiffness
matrix, in order to enable anisotropy when using EEC for a pre-stressed
medium. The input for ANEL option are the 21 constants of the stiffness
tensor. It is important to highlight that the order the stiffness matrix entries
are input in ANSYSr is not the one used in Voigt notation. Data must be
input according to Table 6.1 instead of Table 4.1. Note that index 4, 5 and 6
are permuted in Ansys notation related to the Voigt notation.

Table 6.1: Ansys notation for stiffness matrix.

ij or kl m or n
11 1
22 2
33 3

12 or 21 4
23 or 32 5
13 or 31 6

The material constants are the same given in Table 3.2. The stiffness
tensor is calculated by (2.5) for a unloaded body or by (3.36) for stressed
medium in the natural frame of reference and by (3.41) in the initial frame of
reference. Then, the 21 constants are obtain consulting of Table 6.1.
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Figure 6.1: Example of modeled geometry. (a) Modeled plate plate, 3mm thick
800mm long (x = [−50; +750]mm and y = [−1.5; 1.5]mm ). The blue regions
at the extremity of the plate are the absorbers (200mm long each, left end:
x = [−250;−50]mm, right end x = [+750; +950]mm ). (b) Mesh zoom.

Wave excitation was done by imposing a time-dependent out-of-plane
displacement (uy) on the surface node at position (x = 0). Mode selection
can be made in the excitation step by imposing simultaneously displacement
in both surfaces in the same longitudinal position [15]. In other words, by
applying the exactly same excitation at coordinates (x = 0, y = +h) and
(x = 0, y = −h), where h = d/2 is half of the plate thickness, then only
antisymmmetrical modes are excited, for instance the A0 mode. On the
contrary if it is applied the negative pattern on the opposite surfaces, +uy
at (x = 0, y = +h) and −uy at (x = 0, y = −h), then the symmetrical modes
are excited, for instance the S0 mode. If excitations is applied only at one
surface, either top or bottom, then both types of modes propagate.

If a wave front hits the plate end, then reflection occurs. In order to
avoid it, there are some subterfuges. The simplest is to model the medium
long enough so that, for the propagating wave velocity, reflections are not
sensed at the position of interest for the chosen time window. This approach
may imply in big models and enormous computation effort. The other is to
model absorbers at the ends. There are some ways to do this [129–139]. The
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methodology used herein is the one presented by Shen and Giurgiutiu in their
very recent work [139], which is a modification of the well-known Lysmer-
Kuhlemeyer method from 1969 [129] for better absorption of Lamb waves.

The original Lysmer-Kuhlemeyer method uses spring-damper element
(as COMBIN14 element see Ref. [127] sec. 4) at the end in which absorption
is wanted, either in longitudinal and transverse direction. Spring constant
is nullified and the damper constants is set proportional to the longitudinal
and shear velocities respectively, in order to match the incident energy [135].
This implementation is commonly named Lysmer-Kuhlemeyer non-reflective
boundary (LK-NRB).

LK-NRB is not effective for Lamb mode because these are formed by
the interference and superposition of many partial longitudinal and trans-
verse waves undergoing multiple reflections between the surfaces. Thus the
simple LK-NRB implementation cannot totally absorb the incident Lamb wave
modes. The new method proposed by Shen and Giurgiutiu, named as Mod-
ified Lysmer-Kuhlemeyer non-reflective boundary (MLK-NRB), implements
dampers at the top and bottom surface along a certain distance at the plate’s
end, say La. In this absorber region the damper constant is increasing accord-
ing to the function f(xa) where xa is the distance in the absorber. At the
absorber end, x = La, dampers are included at the plate cross section, as the
original technique. Fig. 6.2 schematizes the absorber.

Figure 6.2: MLK-NRB absorber. Adapted from [129]
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The damping constant are then set to

CN =

f(xa)leρcL , at the surfaces,

leρcL , at end section,
(6.3a)

CT =

f(xa)leρcT , at the surfaces,

leρcT , at end section,
(6.3b)

(6.3c)

where CN and CT are the longitudinal and transverse damper constant, le is
the element size, ρ the density, cL and cT the longitudinal and shear waves
velocity, respectively, given by cL =

√
C11/ρ, cT =

√
C44/ρ, in which Cij is the

material stiffness tensor.
The half Hanning window is used in this work as damping function, as

recommended by Shen and Giurgiutiu. Its expression is

f(xa) = δ

2

[
1− cos

(
π
xa
La

)]
, 0 ≤ xa ≤ La , (6.4)

where δ is a constant set to 0.3. More details on the absorption implementation
and performance are found in [139].

6.1
Validation for unstressed medium

Initially simulations for the unstressed medium were performed in order
to validate the simulation procedure. Either the A0 and S0 mode were
independently excited by the double imposed out-of-plane procedure exposed
above. A broadband signal was used for excitation, such that the maximum
frequency of the signal was set lower than the cut-off frequency of the first
order modes, A1 and S1, respectively, in order to ensure propagation of just
the fundamental modes. The response is the displacement and it is collected
at every node on the surface.

6.1.1
A0 mode

For the A0 mode the excitation is a sinc-like signal where the DC
component was filter-out. This was done because the low frequency region
has low-velocity (see Fig. 5.2.a), thus a very long time window should be used
in order allow observation of these components wave-fronts. This excitation
signal is shown in Fig. 6.3, in both time and frequency (its Fourier transform)
domains. It is a bandpass signal with −6dB bandwidth from 50kHz up to
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400kHz. This frequency range excite the low-frequency and high dispersive
region of this mode, up to 1200kHz×mm (see Fig. 5.1.a).

Figure 6.3: A0 excitation signal. (a) Signal in time domain. (b) Signal in
frequency domain.

It is reported below the result of a simulation performed with sampling
frequency of 40MHz and spatial resolution of 0.1mm, which is equivalent to
about 50 times the minimum wavelength. The plate length in this simulation
is 330mm. As the A0 modes has a predominant out-of-plane motion, it is
convenient to observe the out-of-plane displacement (uy). Fig. 6.4 shows the
propagated wave sensed as out-of-plane displacement at the top surface. In
Fig. 6.4.a a grayscale map is used to plot the wave for every node at the
surface, gray color means zero displacement, white means maximum positive
displacement, whereas black means maximum negative displacement. One can
see that the wavefront spread as it propagates, this happens due to dispersive
behavior of the A0 mode. Dispersion is even more clear in Fig. 6.4.b, where
time-traces for some surface positions are plotted versus time in a seismogram-
like plot. It is clear that the sinc-like signal applied at the origin has it low
frequency components spreads at greater time instants (low velocities) and
high frequency at low time instants (high velocities), as is the behavior of the
A0 mode dispersion curve (see Fig. 5.1).

From the sensed signal one can obtain the dispersion curve by the
methods presented in section 2.3.1. The two dimension Fourier transform and
the phase spectral analysis are tested here. As stated in section 2.3.1.1 the
two-dimension Fourier transform of a wave signal represents the wavenumber-
frequency pair of this wave. This is verified in Fig. 6.5.a, where it is shown the
absolute value of the two-dimension Fourier transform of the A0 mode out-
of-plane displacement, in reverse grayscale map (maximum is black, minimum
is white). The theoretical dispersion curve is superposed to the frequency-
wavenumber plane. As one can see, the theoretical curve seems to coincide
with the maxima of the two-dimension Fourier transform. However, extracting
the dispersion by taking the (κ,f) points that are the maxima provides a curve
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Figure 6.4: A0 propagation sensed as out-of-plane displacement at top surface.
(a) Grayscale map. (b) Seismogram-like plot.

that is limited to the resolution of both, frequency and wavenumber. This can
be verified in Fig. 6.5.b where the maxima were extracted.
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Figure 6.5: A0 dispersion extraction by two-dimension Fourier transform. (a)
Two-dimension Fourier transform absolute value in reverse grayscale map
and theoretical dispersion curve represented by the blue line. (b) Extracted
dispersion curve.

Phase spectral analysis method explained in section 2.3.1 is performed.
The wave form in two different position are necessary for extracting the phase
velocity curve. In this case, it was used the signal at positions x = 0.0275m
and x = 0.0285m, as shown in Fig. 6.6.a for a time window from 10 up to 60µs.
In this plot the signal time traces and their Fourier transform are reported. In
the time-trace plot it is clear that the two waves are time shifted. The Fourier
transform absolute value presents no difference because there is no attenuation
in the simulation. Their phase show, however, considerable difference. The
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phase difference is used in (2.26) in order to obtain the phase velocity, which
is plotted in Fig. 6.6.b. In this last figure the theoretical phase velocity curve,
calculated by means of the theory explained in section 5 is confronted with
the extracted curve. It is clear that they match. This procedure provide more
precise values than the two-dimension Fourier transform.

(a) (b)

Figure 6.6: A0 dispersion extraction by phase spectral analysis. (a) Signal
at two surface positions, in time domain, top, and their Fourier transform,
bottom, in both amplitude, blue lines, and phase, green lines. (b) Extracted
phase velocity dispersion curve.

In order to ensure that the FEM geometrical and temporal parameters
provide accurate enough results, the simulation and dispersion curve extraction
by the phase spectral analysis procedure was repeated for some resolutions.
The absolute root-mean-square error (rmse) of the extracted phase velocity,
related to the theoretical one, and the normalized root-mean-square error
per mean velocity was used to judge the model goodness. These values are
reported in Table 6.2. It is also reported in the table the sampling frequency
to the minimum propagation time between nodes ratio (fs/(cmax/le), the
sampling frequency to the maximum frequency ratio (fs/fmax), thickness to
nodes distance ratio (d/le), and minimum wavelength to nodes distance ratio
(λmin/le). Recall that fs and le must satisfy (6.2) and (6.1), respectively.

It was used conservative values for calculating the table parameters. The
minimum wavelength (λmin) considered is 5.075mm which is the value at the
maximum frequency (fmax = 500kHz). The maximum frequency is taken
as the frequency where the signal spectrum is surely vanished (see Fig. 6.3
and 6.6.a). The maximum velocity (cmax) is 3170m/s, which is the maximum
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between the maximum phase and group velocity for the A0 mode (see Fig. 5.1
and 5.2 recalling that plate thickness is d = 2h = 3mm).

Table 6.2: FEM A0 results.

le fs
fs

cmax/le

fs
fmax

d

le

λmin
le

rmse rmse
mean

(mm) (MHz) (m/s) (%)
0.300 20 1.89 40 10 16.92 10.3835 0.5266
0.300 40 3.79 80 10 16.92 11.0129 0.5585
0.150 40 1.89 80 20 33.83 2.2381 0.1135
0.100 40 1.26 80 30 50.75 0.6829 0.0346
0.100 60 1.89 120 30 50.75 0.7840 0.0398
0.075 60 1.42 120 40 67.67 0.5980 0.0303

These results reveal that thinner spatial resolutions provide more accur-
ate results. It is then suggested that nodes distance lower than 20 times the
minimum wavelength (N ≥ 20 in (6.1)) is recommended, because when exceed-
ing this value the error significantly diminishes. All the simulations respected
condition (6.2) with fs/(cmax/le) ≥ 1. Simply increasing the temporal resolu-
tion, without increasing the spatial resolution, when condition (6.2) is already
satisfied brings no benefit. This is illustrated in experiments le = 0.300mm at
fs = 20MHz and fs = 40MHz, which present practically equivalent results,
actually the highest frequency provided a slightly worse result. The exactly
same behavior happened for the experiments le = 0.100mm at fs = 40MHz

and fs = 60MHz.

6.1.2
S0 mode

For the S0 mode the excitation signal is a sinc with a −6dB bandwidth
up to 800kHz in order to encompass the high dispersive region at about
2000kHz×mm. This signal is exhibit in Fig. 6.7

Figure 6.7: S0 excitation signal. (a) Signal in time domain. (b) Signal in
frequency domain.
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Fig. 6.8 shows the in-plane displacement response, for a model with
le = 0.100mm and sampling frequency of 60MHz. The modeled plate is
450mm long. As this mode velocity is higher than the velocity of A0 mode, for
the chosen time window (102.4µs), reflections may occur at the plate edge. Fig.
6.8.a and Fig. 6.8.b shows the in-plane (ux) response, in a grayscale map and
seismogram-like plot respectively, for the model without absorbing boundary
condition, i.e., where reflections are free the occur. It is possible to observe
the reflected wave at the positive plate end propagating toward the origin,
at the top right corner of Fig. 6.8.a, and the reflected wave at the negative
end, at the bottom right corner of Fig. 6.8.a. The same model with absorbing
boundary condition was simulated. Its response is shown in Fig. 6.8.c and Fig.
6.8.d. The absorbing capability introduced by MLK-NRB method is notable
as no reflected waves are detectable. This methodology allows one to simulate
an infinite medium.
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Figure 6.8: S0 propagation sensed as in-plane displacement at top surface. (a)
and (b) without absorbing boundary condition, (c) and (d) With absorbing
boundary condition. (a) and (c) Grayscale map. (b) and (d) Seismogram-like
plot.
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As it was done for the A0 mode, the two-dimension Fourier transform
and phase spectral analysis were performed. Fig. 6.10 shows the two-dimension
Fourier transform and the respectively extracted curve.
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Figure 6.9: S0 dispersion extraction by two-dimension Fourier transform. (a)
Two-dimension Fourier transform absolute value in reverse grayscale map
and theoretical dispersion curve represented by the blue line. (b) Extracted
dispersion curve.

The phase velocity is directly extracted from the time-trace responses
for the S0 mode by the phase spectral method. Fig. 6.10.a shows the in-plane
displacement for the positions x = 0.0561mm and x = 0.0571mm for a time
window from 10 to 60µs, and their Fourier transform amplitude and phase.
The extracted phase velocity for the signal bandwidth is shown in Fig. 6.10.b
together with the theoretical value. Again both results coincide, and phase
spectral analysis gives better results than the two-dimension Fourier transform.

One can note that the signal shape for the S0 mode is far from the initial
sinc pulse used for excitation. This is because this signal is the in-plane (ux)
wave that is generated by the mechanical system, i.e., the plate, in response
to the out-of-plane (uy) excitation. Nevertheless, if one is willing to analyze
dispersion effects, this is irrelevant because both waves (ux) or (uy) suffer
dispersion.

The same procedure to analyze the model accuracy was done for the S0
mode. The results for some resolutions are shown in Table 6.3. The minimum
wavelength (λmin) considered is 3.956mm at 900kHz, which is the maximum
frequency (fmax), the maximum velocity (cmax) is 5442m/s. Plate thickness
(d) is still 3mm.
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(a) (b)

Figure 6.10: S0 dispersion extraction by phase spectral analysis. (a) Signal
at two surface positions, in time domain, top, and their Fourier transform,
bottom, in both amplitude, blue lines, and phase, green lines. (b) Extracted
phase velocity dispersion curve.

Table 6.3: FEM S0 results.

le fs
fs

cmax/le

fs
fmax

d

le

λmin
le

rmse rmse
mean

(mm) (MHz) (m/s) (%)
0.300 20 1.10 22.22 10 13.19 6.5163 0.1239
0.150 40 1.10 44.44 20 26.37 0.4317 0.0082
0.100 40 0.74 44.44 30 39.56 1.5454 0.0293
0.100 60 1.10 66.67 30 39.56 0.1951 0.0037

6.2
Simulation for natural reference frame

In this section the simulation of a loaded plate is performed using the
EEC approximation. Note that the accuracy limit for acoustoelastic FEM
simulation is the same that was thoroughly examined in section 5.4, and the
errors highlight in Figs. 5.19, 5.20 are inherent.

It was performed simulations for both the A0 and S0 mode under
120MPa of axial longitudinal stress (σ11) in the natural frame of reference,
i.e., the stiffness matrix is An approximated by EEC. It is here used EEC1
as it was shown to be better suited for this loading case. Thus, for this case
the input stiffness matrix is the one presented in (4.43) with the rows and
columns 4, 5 and 6 permuted according to the rule set out in the Table 6.1.
The excitation is the same as unstressed case, shown in Fig. 6.3 for A0 mode
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and 6.7 for S0.
Fig. 6.11 shows the out-of-plane displacement for A0 mode under un-

stressed and stressed medium at position x = 140mm for a time window from
40 to 100µs.

Figure 6.11: A0 FEM response at position x = 140mm for a time window from
40 to 100µ s. Black line is unstressed medium and pink line is for longitudinal
axial stress of 120MPa for EEC1 approximation case.

The dispersion curve is extracted in the same way as it was done for
the unstressed medium. Fig. 6.12.a shows the dispersion curves extracted from
the simulation for both unstressed and under σ11 = 120MPa stress, together
with the theoretical curves. For the stressed case it is shown both theoretical
curves, exactly solution and EEC1 approximation. Observing the wide vision
shown in Fig. 6.12.a the curves almost overlay. Figs 6.12.b and c show zoom for
low and high frequencies respectively, where it is clear that the simulation for
the stressed case match EEC1 approximation and not the exactly solution, as
expected. In both zoom regions the curve for stresses medium obtained through
FEM are lower than the curve for unstressed medium, as is the behavior of
EEC approximation, shown in section 5.4 (Fig. 5.16.b and c). That is, it is not
possible to obtain the non-zero velocity for DC components (see Fig. 5.1.b) and
the crossing patterns (see Fig. 5.1.e), which are present in the exactly solution,
by means of the FEM simulation. As already stated, this is because the FEM
simulates an anisotropic medium with stiffness tensor given by EEC1, and
thus cannot behave differently from the theoretical curves obtained by this
approximation.

The extracted dispersion velocity curve for the S0 mode is shown in Fig.
6.13.a. As the difference from the EEC approximation and exactly solution are
more accentuated for higher frequencies (see Fig. 5.20), a zoom at the higher
frequencies is shown in Fig. 6.13.b. As for the A0 mode the FEM results match
the EEC1 approximated theoretical curve.

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Chapter 6. Lamb waves simulation 96

(a)

(b) (c)

Figure 6.12: A0 dispersion extraction for stressed medium. Full lines are
exactly theoretical curves, dashed lines EEC1 approximation, circles extracted
from FEM simulation. Black color stand for unstressed medium, pink for
σ11 = 120MPa. (a) Full signal bandwidth and (b) zoom at low frequencies
and (c) zoom at high frequencies.

The resolutions that presented the best results for the unstressed medium
(Tables 6.2 and 6.3) were tested for accuracy assessment also for the stressed
medium. These are presented in Table 6.4 for A0 mode and in Table 6.5 for
S0, where the error is related to the theoretical curve obtained for EEC1
approximated. As it can be seen, the error for each resolution are virtually
identical than those for unstressed medium.
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(a) (b)

Figure 6.13: S0 dispersion extraction for stressed medium. Full lines are
exactly theoretical curves, dashed lines EEC1 approximation, circles extracted
from FEM simulation. Black color stand for unstressed medium, pink for
σ11 = 120MPa. (a) Full signal bandwidth and (b) zoom at high frequencies.

Table 6.4: FEM A0 results for stressed medium.

le fs
fs

cmax/le

fs
fmax

d

le

λmin
le

rmse rmse
mean

(mm) (MHz) (m/s) (%)
0.150 40 1.89 80 20 33.83 2.2370 0.1135
0.100 40 1.26 80 30 50.75 0.6813 0.0346
0.100 60 1.89 120 30 50.75 0.7831 0.0397

Table 6.5: FEM S0 results for stressed medium.

le fs
fs

cmax/le

fs
fmax

d

le

λmin
le

rmse rmse
mean

(mm) (MHz) (m/s) (%)
0.150 40 1.10 44.44 20 26.37 0.4138 0.0078
0.100 40 0.74 44.44 30 39.56 1.5098 0.0287
0.100 60 1.10 66.67 30 39.56 0.2083 0.0040

6.3
Simulation for initial reference frame

One can simulate the effect of load in the initial frame of reference. For
that, the tensor Ai from (3.41) must be used as the stiffness matrix using an
EEC approximation. Extra attention should be drawn to the model geometry,
because when addressing a problem in the initial state, the initially stressed
body must be known. This mean that the geometry where the excitation
is applied is supposed to represent the initially stressed body. If one does
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not know the deformed geometry, and still wants to address the problem in
the initial frame, then the deformed geometry should be initially obtained.
This can be done by calculating the initial dimensions, by means of the
linear elasticity theory, or even by statical FEM analysis if the geometry is
considerably complicated. Then the new (initial) model can be used for the
wave propagating analysis. It is important to highlight that all results obtained
are thus related to the initial geometry, i.e., if velocity is extracted, then this
is the velocity in the initial frame.

The A0 and S0 mode have been simulated. The model has been redefined
due to the initial deformation. This means that the new length is elongated to
Li = L0(1 + ε11) and the new thickness to di = d0(1 + ε22), where L0 and d0 is
the natural length and thickness respectively. In the present cases d0 = 3mm.

The same procedure as before was done. The extracted velocity from
simulation match the EEC1 theoretical curves. The finest resolutions were ex-
amined for the accuracy, related to the theoretical EEC1. The error values
are the same, as shown Tables 6.6 and 6.7. This concludes that this proced-
ure allows to simulate the acoustoelastic wave propagation under the EEC
approximation.

Table 6.6: FEM A0 results for stressed medium at initial frame of reference.

le fs
fs

cmax/le

fs
fmax

d

le

λmin
le

rmse rmse
mean

(mm) (MHz) (m/s) (%)
0.100 40 1.26 80 30 50.75 0.6829 0.0346
0.100 60 1.89 120 30 50.75 0.7857 0.0399

Table 6.7: FEM S0 results for stressed medium at initial frame of reference.

le fs
fs

cmax/le

fs
fmax

d

le

λmin
le

rmse rmse
mean

(mm) (MHz) (m/s) (%)
0.100 60 1.10 66.67 30 39.56 0.2048 0.0039
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7
Time reversal of acoustic waves

The time reversal principle claims that for each wave emitted from
a source (which propagates in the medium, suffering possible reflections,
refractions and spreading), there is a set of waves that back propagates in
the exactly same path, but in opposite sense. These waves coherently arrive in
the original source position, as if time was running backwards.

The time reversal of acoustic waves was originally proposed by Mathias
Fink at the end of the eighties as a method to obtain focused acoustic
waves [48]. In the case of guided Lamb waves, the use of time reversed signals
compensates the dispersion of each propagation mode, recompressing the signal
and producing a focused signal at the reception point as showed by Ing et
al. [51], which was one of the first applications of the time reversal technique
on Lamb waves. In that work, Lamb modes have been excited in a thin plate
by a short pulse with large frequency spectrum. An array of elements was
used as sensor for time reversing and retransmitting the set of signals. The
initial short pulse was successfully re-compressed, showing the time focusing
capability. It was also demonstrated that the finite plate width combine both
guidance principles, by the width and thickness, and so enhances the focusing
quality.

The time reversal technique applied to Lamb waves found a promising
field in NDE area. When the time reversal is applied to Lamb waves excited
by a narrow-band tone burst, the original signal is completely regenerated
for a defect free plate, but the received signal differs from the original in
the presence of a defect. Therefore, it provides a baseline-free procedure in
NDE, where no information of an undamaged specimen is needed [140–144].
In Jeong et al. [145] it was shown that the multi-path caused by reflections at
a defect generates side lobes at the time reversal focused signal. Positioning
the defect was possible by correlating the lobe position with the phase and
group velocities.

It is worth to point out that, due to the transfer function amplitude
dependence on frequency for the Lamb waves, it is necessary to use a narrow
band excitation if one is interested in recovering the original signal. Wang et
al. [140] and Park et al. [49] analytically investigated this dependency by means

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Chapter 7. Time reversal of acoustic waves 100

of the Mindlin plate theory [146].
Wang et al. [140] used the time reversal principle in a sensor network for

a continuous health monitoring system. Park et al. [142] also used the time
reversal in plates, with two transducer and detailed described the process in the
case of a narrow band excitation [49]. In Poddar et al. [144] a thorough selection
for better frequency and mode values were performed aiming to enhance signal
reconstruction; the effects on the time reversal signal for different types of
defect was also observed. In Kerbrat et al. [147] it is used a phased array
transducer with a variant of the time reversal technique in order to detect
and focus in multiple defects in a plate. More recently, Xu et al. [82] proposed
a wideband dispersion reversal technique in order to separate the dispersion
effect of each mode.

7.1
Time reversal in plates

In this section, the time reversal process in transmission-reception mode
is described. The emphasis is placed on the frequency domain.

Both emitter and receiver are fixed transducers, called Te and Tr,
respectively. The transfer function that relates the signal emitted by Te and
received by Tr is named Her. Due to the reversibility of the piezoelectric effect
and the reciprocity in the wave propagation [148], the transfer function Her is
assumed to be equal to Hre and henceforth named H.

For better understanding, the time reversal process can be split into four
steps. In the first step, a short impulse signal x0(t) is emitted by Te. The
acoustic field produced by this first pulse propagates according to the medium
characteristics. Such as, attenuation, phase and group velocity, dispersion,
possible modes distribution and reflections.

Next, at step 2, the received signal at the opposite transducer Tr, say
y0(t), is recorded. It is defined a practical acquisition window that starts at
the instant t0 and ends at t0 + ∆T . Steps 1 and 2 are illustrated in Fig. 7.1.

At step 3, the last signal is time-reversed and retransmitted from Te to
Tr. Note that it is exactly the same as transmitting from Tr to Te, due to
reciprocity. The reversed signal can be expressed as

x1(t) = y0(t0 + ∆T − t), t0 ≤ t ≤ t0 + ∆T, or simply, (7.1)
x1(t) = y0(−t), where the shift delay is omitted. (7.2)

Finally, at step 4, the signal y1(t) is received at the transducer Tr and
recorded. Steps 3 and 4 are illustrated in Fig. 7.2.
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Figure 7.1: Time reversal process, steps 1 and 2. At the left, a sharp pulse
is used for excitation (step 1). At the right, the forward propagated signal is
received (step 2) due to medium propagation characteristic as dispersion and
multi-modal behavior.

The signal received at step 2, i.e., the forward propagation signal, can
be represented by the series link between the electric-acousto response of
transmitting transducer (atx), acoustic system response (g), and acousto-
electric response of receiving transducer (arx), i.e.,

y0(t) = x0(t) ∗ atx(t) ∗ g(t) ∗ arx(t), in time domain, or (7.3)
ŷ0(f) = x̂0(f) · âtx(f) · ĝ(f) · ârx(f), in frequency domain, (7.4)

where ∗ is the convolution operation. The last three terms in (7.4) is the system
transfer function. In the frequency domain this is given by

Ĥ(f) = âtx(f) · ĝ(f) · ârx(f) , (7.5)

where it is clear that the transfer function depends on the acousto-electric
responses of both transducers and the physics of wave propagation, represented
by ĝ(f). In the plate, this is formed by the contribution of the Lamb wave
modes.

Thus, the received signal at the second step is written in the frequency
domain as

ŷ0(f) = x̂0(f)Ĥ(f) . (7.6)
The negative sign in time domain, −t, is equivalent to the conjugate

signal of its Fourier transform in the frequency domain. This is the time-
reversal property of the Fourier transform [76]. So, at the third step, the
spectrum of the retransmitted signal is the complex conjugate of the received
signal, times a global phase factor that arises because of the time shift. In the
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Figure 7.2: Time reversal process, steps 3 and 4. At the left the time-reversed
signal is used as excitation (step 3). At the right the focused signal is received
(step 4).

same way as done for the time-domain expression, the global phase factor for
the frequency-domain will be omitted. Considering this, (7.2) is written in the
frequency domain as

x̂1(f) = ŷ∗0(f) . (7.7)
The transmitted signal at step 3 passes again by the system transfer

function as it propagates. Considering it, the received signal at step four is

ŷ1(f) = x̂1(f)Ĥ(f) , (7.8)

and applying (7.6) and (7.7) into (7.8) results in the following expression

ŷ1(f) = x̂∗0(f)Ĥ∗(f)Ĥ(f) . (7.9)

One can observe that the time-reversal process can be computed in the
frequency domain as the product of the transfer function, Ĥ(f), by its complex
conjugate, which is equal to the square of transfer function amplitude.

Analytically, the signal can be returned to the time domain by using
inverse Fourier transform as,

y1(t) =
∞∫
−∞

x̂∗0(f)
∣∣∣Ĥ(f)

∣∣∣2 eı̇2πft df . (7.10)

In order to ensure flat frequency content inside a predefined bandwidth,
one can use a sinc pulse as x0(t). In this case ŷ0(f), in step 2, is proportional to
Ĥ(f), inside the excitation bandwidth (see (7.6)). Considering this particular
case, the spectrum of the initial pulse is assumed constant, say equal to X0, if f
belongs to the bandwidth BW and is zero otherwise, and then (7.10) simplifies
to
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y1(t) = X0

∫
BW

∣∣∣Ĥ(f)
∣∣∣2 eı̇2πft df . (7.11)

It can be noticed that for the instant t = 0 all frequency components
have the same null phase. This implies that all frequency spectra are placed
in phase at this instant, resulting in a focused signal. This justifies how the
time reversal process can compensate the intrinsically dispersive behavior of
the guided waves, as illustrated in Fig.7.2. At this time, the amplitude of the
focused signal is maximum and proportional to the energy of the system, as
can be directly observed from (7.11). Other property that can be observed
directly from the equations is the symmetry related to the peak instant.

Actually, the focusing time is not really zero, it is equal to the final instant
of the temporal acquisition window of received signal at step 2, i.e., t0 + ∆T ,
which has been omitted in the above expressions.

The time reversal process can also be interpreted from the propagation
point of view. When one uses the time-reversed signal as excitation, in step 3,
the exact reversal dispersion and relative delay for each mode is imposed in
order to compensate the dispersion and the modes separation at the receiver
position resulting in a coherent sum at the proper time, composing the
signal received in step 4. In other words, all modes and all mode frequency
components arrive coherently at the receiver position.

Expressions (7.9) and (7.11) are valid only for linear time invariant
systems. However, external factors, such as temperature or mechanical strain,
can introduce changes in the frequency response. In the forthcoming section
7.4, the effect of initial strain on the time reversal process is theoretically
analyzed.

7.2
Time reversal energy efficiency

As can be expected from expression (7.11), the time reversal focusing
technique concentrates more energy the wider is the original signal spectrum.
One might use the spectrum bandwidth for comparing the spectrum content.
However, in a practical case, the spectrum shape is far from regular; it may
contain many peaks and valleys (some real experimental transfer functions are
presented Chapter 9). Thus, a simple bandwidth comparison is not obvious
because it may consider regions of no spectrum relevance, or even neglect some
frequency parts that may yet present some importance. To quantify the time-
reversal temporal focusing quality, the energy focusing efficiency is proposed
here. Time reversal energy focusing efficiency (TREF) is defined as the ratio
of the energy in the central peak divided by the global signal energy. The
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central peak is here defined as the signal part between the two zeros crossing
immediately before and after the main positive lobe, as illustrated by the
filled areas in Fig. 7.3, where an artificial signal is shown. Its formal definition
is stated in (7.12),

TREF{ytr(t)} = Epk
Etot

, (7.12)

where Etot is the total signal energy and Epk is the energy in the focused
interval defined, respectively, as

Etot =
∞∫
−∞

y2
tr(t) dt (7.13a)

Epk =
t2∫
t1

y2
tr(t) dt , (7.13b)

where t1 and t2 are the two zeros crossing immediately before and after the
main positive lobe; which define the peak interval.

t
2

t
1

Figure 7.3: Example signal for time reversal energy efficiency. The instants t1
and t2 and the area used for energy calculating are shown.

A Dirac delta signal would represent a perfect time reversal and its ratio
would be unitary, as the whole energy is confined in the central peak. On
the other hand, for a totally unfocused signal, such as a sine wave where the
bandwidth is null, no energy is focused and the ratio approaches zero. This
definition is close to the signal to noise ratio. However, in this case, the energy
out of the focus is not really noise, but rather a deterministic signal produced
by the time reversal process. This measure represents a way of indirectly
measuring the spectral equalization level, or even its richness, without either
analyzing its frequency content or concerning its possible irregularities.
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7.3
Time reversal spatial focusing

The spatial focus of the time reversal process represent the specificity of
focusing to the position. In other words, it represents how intense is the wave
field around the proper focus position. It is normally measured as the peak, or
the peak-to-peak, value versus the distance from the focus position, in some
axis of interest. In order to measure it one has to sweep the sensing transducer
around the focus position. It typically exhibits a pattern like the one shown in
Fig. 7.4.

position

Figure 7.4: Example of typical spatial focus pattern. Abscissa is the distance
from the focus position and ordinate is the peak value.

The thinner is the main focus lobe in the spatial focus, the more specific is
the spatial focus (or the better the focus). It was experimentally demonstrated
that for Lamb waves the more dispersive is the working setup, the higher is
the spatial focusing quality [51].

7.4
Effect of longitudinal strain on time reversal signal

The theory exposed in the previous section assumes that the system is
time-invariant. This means that the transfer function H, identified in the first
step, is the same in the next instants, when the signal is retransmitted. In this
section the explicit dependence of the time reversal signal on the strain level
is introduced. Without external stress, the transfer function is designated as
Ĥ(0, f) whereas the transfer function at strain level ε is Ĥ(ε, f).

The focusing ability of the time-reversal process is based on the fact that
the transfer function is the same in both halves of the process. Thus, the phase
is nullified at the focusing time and the signal is maximized. If the transfer
function is altered during steps 3 and 4, related to steps 1 and 2, then there
is no more guarantee of the matching of the retransmitted signal with the
original transfer function, which implies loss of focusing. This is illustrated in
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Fig. 7.5, in which a different stress condition for steps 3 and 4 is represented
by the red arrows.

Figure 7.5: Time reversal process under longitudinal, steps 3 and 4. At the
left the time-reversed signal is used as excitation referenced to the null
strain condition (step 3). The plate is now strained, represented by the red
longitudinal arrows. At the right the focused signal is received (step 4), the
red signal represents the lose of focusing quality compared to the black signal,
received for the same strain conditions as the reference.

The strain effect on the time reversal signal is explicit if the expression
of the received signal at step 4, given by (7.9), is modified for accounting for
this assumption, as follows

ŷ1(ε, f) = X0Ĥ
∗(0, f)Ĥ(ε, f), or, (7.14a)

ŷ1(ε, f) = X0|Ĥ(0, f)||Ĥ(ε, f)|eı̇[φ(ε,f)−φ(0,f)] , (7.14b)

where φ(ε, f) is the phase of the transfer function at the ε strain level. The
phase is not canceled independently of the frequency and a phase error is
present at the received time reversal signal, degrading the focus.

How the strain change the transfer function is understood by analyzing
the changes of propagation condition. The main effect of the tensile load
over the signal is a phase shift that depends on the frequency and on the
propagation mode. The phase difference occurs due to the dimension variations
and velocity changes induced by the stress state, as explains the acoustoelastic
theory exposed in Chapter 4.

The transfer function can be expressed by the sum of the Lamb modes
as

Ĥ(ε, f) =
∑
j

mj(f)e−ı̇κj(ε,f)` =
∑
j

mj(f)e−
ı̇2πf`
cj(ε,f) , (7.15)
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where mj(f) is the amplitude of mode j as a function of the frequency, κj(ε, f)
is the wavenumber of mode j at the strain ε, and cj(ε, f) its phase velocity
and ` the natural propagation distance. Here the acousto-electrical responses
are neglected because it is assumed that they are not strain dependent, and
so their phases are compensate by the time reversal process. The distance
dependence on strain is not included because the velocity is considered at the
natural frame of reference, and thus one should use the natural coordinates.

The precise value of the transfer function modulus, H(ε, f), and phase,
φ(ε, f), is to be found by evaluating the expression (7.15). The phase depend-
ence on strain is known (derived in Chapter 5). The amplitude distribution of
each mode is not a priori defined. If there is just one mode, then the trans-
fer function modulus is the mode amplitude and the phase coincides with the
mode phase.

One can introduce a further simplification on the (7.14b) by assuming
that strain would introduce meaningful changes in the spectrum phase, holding
constant the amplitude of each component. That is, the phase difference
is predominant over the changes in the amplitude of the transfer function.
By introducing this additional hypothesis, expression (7.14b) is modified as
follows.

ŷ1(ε, f) = X0|Ĥ(0, f)|2eı̇∆φ(ε,f) , (7.16)
where ∆φ(ε, f) = φ(ε, f) − φ(0, f), is the phase difference of the transfer
function between the initial zero strain state and the deformed state at strain
level ε. Expression (7.16) can be transformed into the time domain as in (7.11).

y1(ε, t) = X0

∫
BW

∣∣∣Ĥ(0, f)
∣∣∣2 eı̇∆φ(ε,f)eı̇2πft df , (7.17)

As the phase difference is not constant over the frequency range, expres-
sion (7.17) explains why there exists a significant peak amplitude decrease, in
addition to a global time-shift, in the focused signal, which is achieved by the
broadband time reversal break due to strain. Fig.7.6 shows the ideal behavior
of the focus changes due to the applied traction.

As stated in section 7.2, the wider is the signal band, more modes are
able to participate in the time reversal process. Also the wider is the signal
band, more modes can introduce a mismatch on the focusing. Thus, it could
be hypothesized that the strain sensitivity shares the same condition of the
focusing quality. That is, the higher the TREF, the higher the focusing quality,
and also the sensitivity to strain. This relationship is investigated in the next
two chapters.
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time

 

 

zero strain state

strain ε

Figure 7.6: Ideal variations of the time reversal focus when an external strain
ε is applied. Observe the decrease of the maximum and the shift in the
focalization time

7.5
One-bit time reversal in plates

The one-bit variation of time reversal sets the amplitude of the exciting
signal to ±1 depending on the sign of the signal received. This version of the
time reversal is technically easier to implement since just a voltage switch
is required instead of a full analog synthesizer used in the normal technique
[149–151].

This variation just uses the sign of signal x1(t), at step 3, to be inverted
and transmitted back [149]. This means that the signal to be retransmitted
presents the values 1 or −1 only, i.e., no amplitude information is considered,
and just instantaneous phase is transmitted. Actually, the admissible values are
the excitation voltage used in the equipment, say ±V . So, step three becomes

x1bit(t) = V sign{y0(−t)} , (7.18)

and thus the signal received at step four is

y1bit(t) = V sign{y0(−t)} ∗ y0(t) =
∫
V y0(τ)sign{y0(t+ τ)}dτ . (7.19)

The major advantage, besides simplicity, is that the focus gain is max-
imized [150]. This characteristic can be concluded by analyzing the response
to an arbitrary signal, say x(t), and

y(t) = x(t) ∗ y0(t) =
∫
x(τ)y0(t− τ)dτ , (7.20)

at the time of focus, becomes

y(0) =
∫
x(τ)y0(−τ)dτ ≤

∫
|x(τ)||y0(−τ)|dτ . (7.21)

Applying the constraint that the absolute maximum value of x(t) be less than
or equal to V,
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y(0) ≤
∫
V |y0(−τ)|dτ =

∫
V sign{y0(−τ)}y0(−τ)dτ , (7.22)

and the last equality is the response to the one-bit time-reversed excitation as
in (7.18), concluding that the excitation signal that produces the maximum
amplitude at the focus instant is the one-bit time-reversal. The above devel-
opment concerns the amplitude at the focus (t = 0) and no other assumption
regarding the overall signal shape, as its symmetry or, level outside the focus,
or TREF, can be concluded from it. These parameters are dependent on the
system. No relationship in the frequency domain is straightforwardly obtained
as in (7.9).

Considering that the effect of strain is mainly present in the signal phase,
then it affects both the conventional and one-bit versions of the method. In
the one-bit implementation, the sign of the reference null strain signal is
transmitted; the received signal at the last step for the strained medium is
expressed by

y1bit(ε, t) = V sign{y0(0,−t)} ∗ y0(ε, t) =
∫
V y0(ε, τ) sign{y0(0, t+ τ)}dτ .

(7.23)
In this case, an expression that relates the dependence on the time-reversal
signal with the relative phase differences, introduced by the strain, is not
available, as in (7.14b). However, the focusing properties were shown to be
quite similar to those of the traditional time-reversal [149].
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8
Simulation of wideband time reversal of Lamb waves under
longitudinal stress

The results in chapter 6 validate the simulation framework for the
sequence here exposed. In this chapter the propagation of wideband multi-
modal Lamb waves is investigated through finite element analysis. Then the
response at a predefined position is used for the time reversal process. The
time reversal signal is obtained and its focusing characteristics are observed
for different strain levels. The correlation implementation is confirmed to be
equivalent to the physical phenomenon and so it will be treated from then
on. The acousto-electrical effect of the transducer is simulated by applying
band limited filters to the received signal. Two main situations are used: finite
length plate, were reflections do happen, and infinite length plate, simulated
by including the absorbers, as introduced in chapter 6.

The modeled geometry is a L = 800 mm long, d = 3 mm thick plate
shown in Fig. 6.1. The absorbers are included if an infinite length plate is
to be simulated. The wideband exciting signal is a sinc signal with −6 dB
bandwidth up to 2.5 MHz that is applied as out-of-plane displacement at top
surface and origin of x coordinate, i.e., at x = 0, y = +h. This signal is shown
in Fig. 8.1 in both time and frequency domains.

Figure 8.1: Wideband excitation signal. (a) Signal in time domain. (b) Signal
in frequency domain.

Within this frequency band there are some possible Lamb modes able
to propagate. These can be identified by observing the modes distribution in
a dispersion curve chart, as the one shown in Fig. 2.3. For convenience, it is
shown here the dispersion curves with the frequency-thickness scale tuned to
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a 3 mm thick plate in Fig. 8.2. The modes for which the cut-off frequency lies
inside the excitation bandwidth consist up to the second order modes. The
third order modes are almost outside the useful bandwidth, so very unlikely to
be detect because their energy should be tiny and the group velocity of their
frequency components very low.

(a) (b)

Figure 8.2: Phase (a) and Group (b) velocity dispersion curves for a 3 mm thick
aluminum plate. Solid lines stands for antissymetrical modes and dashed lines
for symmetrical. Black lines are fundamental modes, blue first order modes,
red second order, green third order and pink forth order modes.

8.1
Infinitely long plate

The propagated waves for the infinite plate (with absorbers) are seen in
Fig. 8.3 as out-of-plane displacement at the top surface, in either grayscale
map (a) and seismogram-like plot (b). The observable time window is up to
949.1µs.

As it can be seen, the wave propagation is far more complex than
presented in Fig. 6.4 and Fig. 6.8 due to the multi-mode propagation. In order
to clearly identify the modes, the back propagation dispersion compensation
technique proposed by Xu et al. [80] (explained in section 2.3.2) is used. The
back propagation has been implemented for the signal sensed at 700 mm using
the theoretical phase velocity curves. Back propagation was performed to all
modes up to third order ones. The original received signal is shown in Fig. 8.4
and the dispersion compensated signals in Fig. 8.5.

The compensation is clear for the fundamental modes, where the peak
at the origin (t = 0) is accentuated. The mode S1, A1 and S2 also compensate
to an acute signal at the origin. The remainder modes do not compensate and
their presence in the sensed signal is negligible.
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Figure 8.3: Wideband Lamb waves propagation sensed as out-of-plane displace-
ment at top surface. (a) Grayscale map. (b) Seismogram-like plot.

Figure 8.4: Wideband sensed signal at x = 700mm in time domain (a) and
frequency domain (b).

The signal sensed at x = 700mm is used for a time-reversal simulation.
For this purpose this signal (Fig. 8.4) is time reversed and set as the excitation
signal for a new simulation. Only the time window from the first wavefront
arrival (S0 mode) is used for excitation, this correspond to the instant t0 =
130µs. The window length is ∆T = 819.1µs, resulting in a time window equal
to the interval t = [130; 949.1]µs. The resulting propagation is shown in Fig.
8.6, where it is observable the time-reversal focalization into a sharp pulse for
exactly the position where the original signal has been collected at the instant
equal to the temporal length of the original signal. That is, x = 70mm and
t = 949.1µs, respectively. As predicted by the time-reversal theory exposed in
section 7. The signal at this position is detailed in Fig. 8.7, where three zoom
levels around the focus are shown.

The correlation implementation of the time reversal technique is per-
formed for the signal sensed at x = 700mm (Fig. 8.4). This is done by con-
volving this signal with its time reversed version, as indicated in (7.9). This
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Figure 8.5: Dispersion compensation for fundamental to third order modes. (a)
S0, (b) A0, (c) S1, (d) A1, (e) S2, (f) A2, (g) S3 and (h) A3. Different scales
were used to ease peak visualization.
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Figure 8.6: Wideband time reversal Lamb waves propagation sensed as out-
of-plane displacement at top surface. (a) Grayscale map. (b) Seismogram-like
plot.

calculation was performed and shown in Fig. 8.7 together with the physical
implementation, i.e., the simulation by means of time reversed excitation. As
it can be seen, the overall behavior is the same despite existing some small
differences, more clearly seen in the closest view (Fig. 8.7.c).

It is worth noticing the equivalence between both implementations by
comparing some characteristics of the focus quality, for instance the peak and
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TREF values. These values are reported in Table 8.1 for both implementations,
physical and correlation.

Table 8.1: Wideband time reversal focus characteristics.

Peak value TREF
Implementation (Norm.) (%)

Physical 0.092 87.6
Correlation 0.085 87.8

600 800 1000 1200
−0.05

0

0.05

0.1

u
y
 [

N
o

rm
.]

time [µs]

 

 

physical

correlation

900 950 1000
time [µs]

945 950 955
time [µs]

Figure 8.7: Wideband time reversal signal sensed at x = 700mm. Red line
is the physical time reversal implementation and black line is correlation
implementation, in three zoom levels.

8.1.1
Effect of longitudinal stress on time reversal

The effect of stress on the time reversal signal is simulated by modifying
the medium stiffness according to EEC1 approximation of tensor An. This
implementation was validated in Chapter 6 for single mode Lamb waves. It is
observed the time reversal signal at the focused position and instant. As in the
examples above, the chosen position is x = 700mm. Fig. 8.8 shows the focused
instant for some stress levels. Both physical and correlation implementations
were performed for low stress values (up to 10MPa); for higher stress, only the
correlation implementation was done. Both implementations use the signal
received under null stress as reference. In the physical implementation this
signal is time-reversed and then set as excitation into the modified medium,
whereas in the correlation implementation this reference is post-processed with
the received forward propagated signal from the modified medium.

As for the unstressed plate, the physical and correlation implementations
present almost the same signals, both are sensible to stress. The two more
evident characteristics are peak amplitude decrease and a peak time shift, as
predicted in the theoretical section 7. These characteristics are traced versus
the stress level in Fig. 8.9. The peak decrease is reported related to the no-stress
reference peak value for each implementation, respectively. For those stress
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Figure 8.8: Wideband sensed focus at x = 700mm for several longitudinal
stress levels. Color stands for stress level.

levels where both implementations were simulated the difference between them
are very small. The linear rate for the peak decrease is −0.020%/µm/m and for
the time-of-flight shift it is 0.60ns/µm/m for the correlation implementation.
The strain sensitive is reported in Table 8.3.
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Figure 8.9: Time reversal focus behavior under stress at x = 700mm. Time
shift (top) and amplitude relative decrease (bottom). The abscissa is either
longitudinal strain, in µm/m unit, or longitudinal stress, in MPa unit.

The behavior for low and high stresses is about the same. Both present
the same linear trend for peak time and value. However, one can easily conclude
that a linear trend on peak decrease is not possible regardless the stress value,
because it would imply in less than 100% of decrease, what makes no sense.
There is, thus, a stress limit in which this measure can be used. In addition, if
the peak value is far too low, then the time shift cannot be detected. Fig. 8.8
suggest that this limit is close to the highest stress imposed, since the peak
of the highest stress response is almost mistaken by the side peaks presented
in this signal. In this case, stress is so high that the focusing characteristic is
almost lost.
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8.1.1.1
Analytical model

The expression (7.15) can be used to calculate the system transfer
function as the sum of the modes. However, the amplitude of the modes
as a function of the frequency need to be known. Here an approximation
is introduced in order to investigate this model. The mode amplitudes are
supposed to be constant along the frequency range but with different weights
for each mode. These weights are estimated from the back propagated signals
in Fig. 8.5. The amplitude of the peak around the origin of each mode in Fig.
8.5 is used as each respective weight.

The numerical propagation is performed for all modes. For this purpose,
the original sinc signal (see Fig.8.1) is multiplied by the respective chosen
weights, and then propagated to a distance of 700mm using expression (7.15).
Then all modes responses are summed. This is assumed as the system transfer
function. The propagation is performed using the theoretical dispersion curves
calculated in Chapter 5 for the unstressed medium and for longitudinal stress.
Then, the response for the unstressed medium is time reversed and convolved
with the stressed response, as indicates (7.14a). The resulted focused signals
are shown in Fig. 8.10

600 800 1000 1200 1400

−0.05

0

0.05

u
y
 [
N

o
rm

.]

Time [µs]

 

 

σ
11

 = 0MPa

σ
11

 = 30MPa

σ
11

 = 60MPa

σ
11

 = 90MPa

σ
11

 = 120MPa

930 940 950 960 970
Time [µs]

945 950 955
Time [µs]

Figure 8.10: Wideband focus at x = 700mm for several longitudinal stress
levels calculated from analytical model. Color stands for stress level.

The main difference from the simulated waves relies in the assumption
of flat spectrum for the modes. The simulated response by finite element
distributes the initial pulse energy for all modes properly, according to the
mechanical characteristics of the medium. In other words, the plate really
acts as mechanical filter, implying the correct amplitude along the frequency
spectrum. This is noticeable by comparing the focused signals in Fig.8.8 and
Fig. 8.10. In the former, the system possesses high energy for the lower
frequencies (see spectrum in Fig.8.3.b), and thus the focused signal present
a larger focus spot compared to the latter.

Nevertheless, the stress effect is about the same because we tried to mimic
the modes intensity. The peak value and its shift are reported in Fig. 8.9 with
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squares symbols. One can see that both measures coincide with the simulation.
To be consistent with the simulation the model calculation was performed using
the the dispersion curves obtained by means of EEC1 approximation.

In order to evaluate the effect of the EEC approximation on the time-
reversal process, the model was carried out with the exact dispersion curves.
This is reported in Fig. 8.9 with diamond symbols. It is evident that the
peak decrease is the same, whereas the time-shift is lower when using the
exact dispersion curves. Recall that the theoretical errors in the phase velocity,
reported in Fig. 5.21, are negative, and thus the velocity differences obtained
with EEC1 are higher than the exact ones. Then, the global delay obtained by
EEC1 should be greater than the one obtained by the exact dispersion curves.
The time-of-flight shift rate for the EEC1 approximation is 0.59ns/µm/m; with
exact dispersion it is 0.51ns/µm/m. The difference is 14 %, which is about the
mean error on the sensitivity reported in Fig. 5.21. The peak decrease, on
the other hand, present no difference. This is explained by the fact that the
decrease on the amplitude is caused by the different phase sensitivities along
the frequency range of each mode and between the modes, as predicted in
section 7.4. A global difference on the sensitivity, as is the case for the EEC
approximations, is relevant for the time-shift but introduces minor effects on
the amplitude decrease.

8.1.1.2
Influence of sensing position

The influence of the sensing position on the stress sensitivity is analyzed.
The positions on the plate surface shown in the seismogram-like plot in Fig.
8.3.b are used for performing the time reversal experiment. For this, just
the correlation implementation was performed. It is used a time window for
reversion and excitation with the same length as the one used for the original
experiment, i.e., ∆T = 819.1µs for all positions. The initial time instant, t0, is
however set in order to assure detection of the first wave front, according to the
following linear rule: t0 = 185.714 × xµs/m, where x is the sensing position.
The time reversal focused signal for some positions is shown in Fig. 8.11.

The focus overall shape seems to show no big difference. The focus
characteristics reported in Table 8.1 are about the same, showing no trend
with the sensing position. The focus sensitivity present however less preeminent
changes for closer positions. This behavior is clearly shown in Fig. 8.12, where
the sensitivities of peak decrease and shift versus the sensing positions are
shown. It is observable a conclusive trend; the more distant is the sensing
position, the higher is the sensitivity for both time-of-flight shift and amplitude.
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Figure 8.11: Wideband Lamb waves time reversal for several sensed position
propagation in different zoom levels. (a) x = 210mm, (b) x = 420mm and (c)
x = 560mm.
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Figure 8.12: Wideband time reversal sensitivity of Lamb waves for several
sensed position. Time-of-flight sensitivity (top) and Peak sensitivity (bottom).

The linear fit is superimposed with calculated sensitivities in Fig. 8.12.
Their coefficients are 0.86ns/m/µm/m and -0.0265%/m/µm/m for time-of-
flight shift and peak decrease, respectively.

This time-of-flight shift rate can be compared with a group velocity
sensitivity. For that a global group velocity is assumed as the sensed position
divided by the peak time instant minus the transmitted signal length, i.e.,
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cTRg = x/(tpeak − ∆T ). The ∆T subtraction is necessary for discounting the
time needed for transmitting the time-reversed excitation. Using this value into
equation (5.10) one obtains the value of −4.65 × 10−6/µm/m =-4.65/m/m.
This value can be compared with the group velocity sensitivity chart in
Fig. 5.7.b. For convenience the sensitivities are shown in Fig. 8.13 with the
frequency axis tuned to 3mm thick plate. As it can be seen this value is higher,
in absolute value, than the sensitivity for low dispersive regions and lower than
the high sensitivity regions, commonly at high dispersive regions (except for the
S0 mode at low frequency). This suggests that the sensitivity for the wideband
time-reversal is composed by weighted contribution of each mode as indicated
in (7.17).
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Figure 8.13: Acoustoelastic phase (a) and group (b) velocity sensitivity for up
to second order modes at natural frame of reference for a 3mm thick plate.

8.1.1.3
Band limited propagation

The focus characteristics and sensitivity are highly dependent on the
signal bandwidth. In this section this fact is illustrated by passing the original
sensed signal through some bandpass filter. Three different filter were used.
The filter central frequency and bandwidth are reported in Table 8.2.

Table 8.2: Filter parameters.

Filter Central Frequency -6dB Bandwidth
label (kHz) (kHz)
(a) 438 326
(b) 690 187
(c) 883 371
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The filtered signals are shown in Fig. 8.14. It is possible to infer the
modes contribution in each of these signals by observing their time-traces and
confronting their spectra with the modes dispersion curves in Fig. 8.2.

For the signal filtered by filter (a), only the modes A0, S0 and A1
can propagate because their cut-off frequency are inside the signal nonzero
amplitude spectrum. The latter is only possible in a very low group velocity.
However, observing the signal in the time domain, it is clear that the A1
contribution is less preeminent because the oscillation for greater times (low
group velocity) present very low amplitude. The A0 mode contribution is
evident as it is responsible for high amplitude just after 200µs, and the S0
is the lower amplitude just before 200µs.

The filtered signal by filter (b) enhances the participation of mode A1
by reducing the amount of energy in the low frequency region.

The last signal, due filter (c), has also mode S1. This mode cut-off
frequency is about 1000kHz, where there is a high amplitude in the signal
amplitude spectrum. At the time domain one can see the strong wave front at
about 400µs followed by long tail due to this mode low group velocity around
the cut-off frequency.

Figure 8.14: Filtered signals in time domain (left) and their Fourier transform
(right) by filter (a), figures (a) and (b); filter (b), figures (c) and (d); and filter
(c), figures (e) and (f).

The time reversal process is performed with the filtered signals, either by
the correlation process or by the physical implementation. The correlation
implementation was done by filtering the reference signal for null stress
condition and the signal related to the stressed medium. Then the reference
signal is time reversed and both are correlated. The physical implementation is
done by filtering the signal twice. This is necessary because the focused signal
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is the result of the reference signal passed through the system. Thus if one
wishes to reproduce the effect of using a band limited signal, due to filtering,
one must filter the physically obtained focused signal twice. The time reversal
signals are shown in Fig. 8.15.
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Figure 8.15: Filtered time reversal signals by filters (a), (b) and (c), respect-
ively, in three zoom levels.

The focus shape and its sensitivity differ for each filter. In order to ease
interpretation of the peak amplitude and of the time of arrival behaviors, these
are shown in Fig. 8.16.a for low stress range, and in in Fig. 8.16.b for high stress
range.

Observing the low stress behavior, one may conclude that there is a slight
trend in the time-of-flight delay. The greater the amount of modes, the lower
is the delay. The peak decrease behaves in the opposite direction: the greater
the amount of modes, the higher is the peak decrease. This is as predicted in
Chapter 7.

This last figure also highlights the fact that the behavior of the peak
decrease is different for low and high stresses. This is specially clear for the
filtered signals where the value for high stresses is visibly not in a straight line
(observe how signal (c) evolves in Fig. 8.16.b compared to the raw signal).

For the low stress range, the angular coefficient of a linear fit for peak
decrease and time-shift were used to compare the results as a mean sensitivity.
These rates are reported in Table 8.3.
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Figure 8.16: Time reversal focus behavior for filtered signals. Time shift (top)
and amplitude relative decrease (bottom). The abscissa is either longitudinal
strain, in µm/m unit, or longitudinal stress, in MPa unit. Black points stand
for raw signal. (a) Low stress range. (b) High stress range.

Conventional Time Reversal One-bit time reversal
Focus Quality Low Stress Sens. Focus Quality Low Stress Sens.

Filter Implem. Peak val. TREF Peak decr. ∆TOF Peak val. TREF Peak decr. ∆TOF
(Norm.) (%)

(
%

µm/m

) (
ns

µm/m

)
(Norm.) (%)

(
%

µm/m

) (
ns

µm/m

)
(a) Phys. 0.0036 53.3 0.000244 0.709 — — — — — — — — — —

Corr. 0.0035 53.4 0.000212 0.744 0.017 18.3 0.000222 0.780

(b) Phys. 0.0017 11.0 0.000648 0.709 — — — — — — — — — —
Corr. 0.0017 11.0 0.000416 0.709 0.0089 6.54 0.0000922 0.744

(c) Phys. 0.0057 12.7 0.00933 0.588 — — — — — — — — — —
Corr. 0.0055 12.8 0.00888 0.581 0.024 4.64 0.0167 0.481

Raw Phys. 0.092 87.6 0.0228 0.510 — — — — — — — — — —
Corr. 0.085 87.8 0.0196 0.510 0.32 74.1 0.0501 0.234

Table 8.3: Filtered time reversal focus and sensitivity characteristics, conven-
tional and one-bit.

8.1.1.4
One-Bit Time Reversal

The one-bit time reversal, explained in 7.5, as a possible simplification
for the technique is analyzed here. This was done only in the correlation
implementation by taking the sign of the time-reversed reference signal before
the correlation, as indicated by (7.18). The amplitude of the one-bit signal is
set to the maximum of the signals received, i.e., the amplitude V in (7.18), is
set as V = max{|y0(t)|}. Fig. 8.17 shown the one-bit time-reversed version of
the raw signal, which is shown in Fig. 8.4 to illustrated the process.

The resulting time reversal signal obtained by using the the one-bit
excitation is shown in Fig. 8.18 for the raw signal and in Fig. 8.19 for the
filtered signals, presented in the previous section.
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Figure 8.17: Wideband one-bit time-reversed signal. Full length reversed signal
(left) and zoom for a 50µs time window (right).
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Figure 8.18: Wideband One-Bit Time Reversal signal, in three zoom levels.

The effect of the one-bit excitation is noticeable by comparing Fig. 8.8
with Fig. 8.18. The most evident effects are lack of symmetry, higher energy
outside the focus, and a considerable amplitude gain on the focus, 3.48 times,
as predicted in the theory of section 7.5. The degradation on the focus can
be measured by the TREF value, which, due to the loss of information in the
one-bit procedure, is lower than in the conventional time reversal. The focusing
characteristics are reported in Table 8.3.

The effect of the one-bit time reversal on band-limited signals are more
severe. One may see that the signal shapes in Fig. 8.19 are far from the ones in
Fig. 8.15. The TREFs are less than half of the conventional values, see Table
8.3; the peak values is always higher.

The stress effect does not show an homogenous trend for the one-bit
variation. Fig. 8.20 shows the peak and time of flight shift. Filter (a) and (b)
present a very low amplitude reduction, almost constant behavior, whereas in
the filter (c) and raw signal amplitude decrease increases. Table 8.3 reports
the linear rates for the low stress range.

The effect of high stress is so intense that signals may not match at all,
depending on the spectral content, as is the case of filter (c), shown in Fig.
8.19.c. For this, the peak instant for high stress is before the peak instant for
no stress, i.e., it presented negative time-shift, and its point is not visible in
Fig. 8.20.b. This illustrates the fact that if the peak decrease is too intense
then determination of its instant may be compromised.
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Figure 8.19: Filtered one-bit time reversal signals by filters (a), (b) and (c),
respectively, in three zoom levels.
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Figure 8.20: One-bit time reversal focus behavior for filtered signals. Time
shift (top) and amplitude relative decrease (bottom). The abscissa is either
longitudinal strain, in µm/m unit, or longitudinal stress, in MPa unit. Black
points stand for raw signal. (a) Low stress range. (b) High stress range.

8.2
Finite length plate

In this section the propagation in a finite length plate is analyzed.
Its geometry is the one presented in Fig. 6.1 without the absorber, thus
from x = −50mm to x = 750mm. Excitation is still applied at the origin.
The propagated waves are shown in Fig. 8.21. The reflections are evidently
observable. As no damping has been included in the simulation, the reflected
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echoes seem to present about the same intensity, differently from what should
be expected in a real experiment, where the wavefronts that travel longer
distance are weaker, due to attenuation.
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Figure 8.21: Wideband Lamb waves propagation in finite plate sensed as out-
of-plane displacement at top surface. (a) Grayscale map. (b) Seismogram-like
plot.

The sensed signal at x = 700mm is shown in Fig. 8.22. The propagation
response to the time reversed excitation is shown in Fig. 8.23.

Figure 8.22: Wideband sensed signal at x = 700mm finite length plate in time
domain (a) and frequency domain (b).

The signal detailed at the focus position (x = 700mm), in both physical
and correlation implementations, is shown in Fig. 8.24. The focus character-
istics are reported in Table 8.4. Again both implementations are practically
equal.

Comparing this focused signal with the one obtained for the infinite
length plate (Fig. 8.7), two main characteristics are evident. First, for the finite
length medium there are considerable side lobes in focused signal, which makes
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Figure 8.23: Wideband time reversal Lamb waves propagation for finite length
plate sensed as out-of-plane displacement at top surface. (a) Grayscale map.
(b) Seismogram-like plot.

Table 8.4: Wideband time reversal focus characteristics finite length plate.

Peak value TREF1
Implementation (Norm.) (%)

Physical 0.584 46.3
Correlation 0.563 39.1
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Figure 8.24: Wideband time reversal signal sensed at x = 700mm for finite
length plate. Red line is the physical time reversal implementation and black
line is correlation implementation in three zoom levels.

TREF to be considerable lower. Second, the focused peak for the finite length
plate, where there are reflections, is higher than for the infinite length plate
(6.42 times in the physical implementation and 6.60 times in the correlation
one). In the infinite medium the wavefront passes the sensing position and
continues indefinitely (actually, the present implementation absorbs it). On
the contrary, for the closed medium (finite length plate) each propagated wave
is confined in the plate ad infinitum, as no damping has been simulated. Thus
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all the initial energy is kept inside the system and must be found at the focused
signal.

8.2.1
Effect of longitudinal stress on time reversal

As done for the infinite plate, the stress effect on the focusing capability
of the time reversal process is investigated for the finite length plate. Fig. 8.25
shows the focused instant for some stress levels at position at x = 700mm.
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Figure 8.25: Wideband sensed focus at x = 700mm for several longitudinal
stress levels in a finite plate. Dashed lines are physical time reversal imple-
mentation, straight lines correlation implementation. Color stands for stress
level.

Comparing this behavior with the focusing degeneration due to stress in
the infinite medium (Fig. 8.8), it is noticeable that the effects are more severe in
this latter scenario. This is even more visible in Fig. 8.26, where peak decrease
and time-of-flight shift are shown as a function of strain. For higher loads
the signal is already degenerated and peak measurement is compromised. The
linear rates for low sensitivity are -0.130%/µm/m for the peak decrease and for
the time-of-flight shift it is 1.11ns/µm/m in the correlation implementations.
Much higher than in the infinite plate.

The higher sensitive obtained for the finite length plate is due to
the higher complexity of the medium. In the first case the only sources of
mismatches are the several propagating modes that are differently affected
by stress, due to the different sensitivity of each of them, as theoretically
demonstrated in Chapter 4. While for the closed medium the time reversal
process must match not only the direct propagated modes but also all the
reflected echoes from both ends. Thus it become more sensitive to the external
perturbations, in this case, the stress.
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Figure 8.26: Time reversal focus behavior under stress at x = 700mm in a
finite plate. Time shift (top) and amplitude relative decrease (bottom). The
abscissa is either longitudinal strain, in µm/m unit, or longitudinal stress, in
MPa unit.

8.2.1.1
Influence of sensing position

The influence of sensing position for the time reversal sensitivity to
stress in the finite length plate is analyzed by means of the correlation
implementation. The focused signal for some positions is shown in Fig. 8.27.

The time-of-flight and peak decrease sensitivity is shown in Fig. 8.28 for
the low stress range. The behavior for the finite plate is completely different
from the infinite plate (Fig. 8.12). Initially, one can see that for any position
both sensitivities (time-of-flight shift and amplitude decrease) are more intense
in the finite plate than in the infinite one, at least 84.3% for time-of-flight and
400% for amplitude. Differently from the infinite medium, the time-of-flight
increases a just little with the position, but not linearly, and the peak decrease
is almost constant for all positions.

This indicates that the sensing position is not relevant for a finite plate
as, generally speaking, for all positions the same amount of information due
to direct and reflected wave is received. If a position is closer to the emitter,
and should be less sensitive to the direct received waves, then it presents a
longer path for the reflected waves, and consequently higher sensitivity for
reflected waves. In other words, the overall sensitivity remains nearly constant,
regardless the distance between emitter and receiver.

In this closed medium, the time length of the signal used for the time-
reversed excitation would be a possible source of influence for the focusing
quality and its sensitivity. The longer the time window, more echoes are
detected and can participate in the focusing process. This effect in the focusing
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Figure 8.27: Wideband Lamb waves time reversal for several sensed position
propagation in finite plate in different zoom levels. (a) x = 210mm, (b)
x = 420mm and (c) x = 560mm
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Figure 8.28: Wideband Lamb waves time reversal sensitivity for several sensed
position propagation in finite plate

quality of a closed cavity was studied by Pérez et al. [152].
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8.2.1.2
Band limited propagation

The same filters used for the infinite medium (Table 8.2) were used for
the finite length plate. The filtered signals are shown in Fig. 8.29 and the
focused signals are shown in Fig. 8.30.

Figure 8.29: Filtered signals for finite plate in time domain (left) and their
Fourier transform (right) by filter (a), figures (a) and (b); filter (b), figures (c)
and (d); and filter (c), figures (e) and (f).

As for the raw signal the focus center region presents the same shape, but
the main peak is significantly higher and there are more energetic side echos.

The peak value and instant against stress are shown in Fig. 8.31. The
complex behavior for higher stresses is even more clear. Observing the high
stress region in 8.31.b, one can see that the peak decrease is not monotone any
more. This is very like the spatial focusing pattern of a acoustic cavity [153–156]
or even of Lamb waves in plate [51], which was illustrated in Fig. 7.4. One can
then treat this phenomenon as new kind of time reversal focus.

Analogue behavior between this focus and the spatial focus makes sense
if one thinks that the stress in the medium induces strain, and then positioning
change. This is the geometric effect. However, in addition to this effect, velocity
changes, as stated by the acoutoelastic effect, explained in detail in the previous
chapters. Thus, this focus does not entirely correspond to the spatial focus,
but is rather more complex.

The former cases, in the infinite long plate, do not present this pattern
because this new focus widths are very large in those case (they present a
low decay rate, see the linear decay rate for low stress in Table 8.3). Thus,
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Figure 8.30: Filtered time reversal signals for finite length plate. (a) filter a (b)
filter b (c) filter c.

the characteristic pattern does not appear. It is predicted that, if larger stress
values were applied one could then visualize the same behavior.

The linear rates for low stress and time focus characteristics are sum-
marized in Table 8.5. The same overall behavior as the one observed for the
infinite length plate is present in this finite medium case, the same ordina-
tion regarding the filtered signals are found. However, the sensitivities are all
higher.

Conventional Time Reversal One-bit time reversal
Focus Quality Low Stress Sens. Focus Quality Low Stress Sens.

Filter Implem. Peak val. TREF Peak decr. ∆TOF Peak val. TREF Peak decr. ∆TOF
(Norm.) (%)

(
%

µm/m

) (
ns

µm/m

)
(Norm.) (%)

(
%

µm/m

) (
ns

µm/m

)
(a) Phys. 0.038 20.8 0.0314 1.76 — — — — — — — — — —

Corr. 0.037 18.6 0.0310 1.72 0.21 15.3 0.0339 1.94

(b) Phys. 0.014 7.63 0.0723 1.42 — — — — — — — — — —
Corr. 0.014 6.94 0.0722 1.41 0.054 6.22 0.0767 1.52

(c) Phys. 0.040 9.62 0.0843 1.02 — — — — — — — — — —
Corr. 0.040 9.87 0.0851 1.01 0.14 7.32 0.106 1.06

Raw Phys. 0.58 46.3 0.140 1.07 — — — — — — — — — —
Corr. 0.56 39.1 0.128 1.11 2.8 37.8 0.138 1.20

Table 8.5: Filtered time reversal focus and sensitivity characteristics, conven-
tional and one-bit, for finite length plate.
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Figure 8.31: Time reversal focus behavior for filtered signals in finite length
plate. Time shift (top) and amplitude relative decrease (bottom). The abscissa
is either longitudinal strain, in µm/m unit, or longitudinal stress, inMPa unit.
Black points stand for raw signal. (a) Low stress range. (b) High stress range.

8.2.1.3
One-bit time reversal

The one-bit variation has been tested for the finite length plate as well.
The one-bit time reversal signal is shown in Fig. 8.32 for the raw signal and in
Fig. 8.33 for the filtered signals.
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Figure 8.32: Wideband One-Bit Time Reversal signal for finite length plate, in
three zoom levels.

The main effects of one-bit implementation are still found in the finite
length medium (amplitude gain, loss of symmetry and lower TREF). However,
the one-bit time reversal signal is closer to the conventional time reversal in
the finite length plate than in the infinite plate (See TREF in Table 8.5). The
reason for this behavior, is because the system response is less sparse in the
time domain in the finite plate, due to the reflections, and thus there are less
intervals where the the maximum excitation, ±V , correlates with region of
negligible amplitude; which happens for the infinite medium. This confirm the
work of Derode et al. [149] where one-bit time reversal were used in a complex
medium (a random set of steel rods) and the focalization properties were shown
to be quite similar to those of the traditional time reversal.
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Figure 8.33: Filtered One-Bit Time Reversal signals for finite length plate by
filters (a), (b) and (c) respectively.
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Figure 8.34: One-bit time reversal focus behavior for filtered signals in finite
length plate. Time shift (top) and amplitude relative decrease (bottom). The
abscissa is either longitudinal strain, in µm/m unit, or longitudinal stress, in
MPa unit. Black points stand for raw signal.

Regarding the load effects, the peak behavior is shown in Fig. 8.34. The
sensitivity for low stress is shown in Table 8.5. There is a consistent slight
increase in both peak decrease and time-of-flight delay sensitivity for all cases.
The one-bit simplification shows to be feasible for this case, i.e., finite plate
under low stress.
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9
Experiments

Experiments were performed in an 3-mm thick, 800-mm long and 100-
mm wide aluminum plate. The plate is mounted over a bridge structure where
a variable traction condition is applied. Fig. 9.1.a sketches the experimental
setup, the aluminum plate is mounted over the bridge and fixed at its two ends;
at the left end, it is screwed to the main structure (letter F in Fig. 9.1.a) while
the right end is fastened to a moving support (H). This support is linked to
a threaded rod (C). Tensile stress is imposed onto the plate by threading the
hex nut (D). The mounting brackets (E) are used as guidance, at the structure
top and bottom, preventing the plate from twisting. As a reference, the actual
strain value is measured by a resistive strain-gauge (G) placed in the center
of the plate. This setup permits imposing a low value strain range up to 150
µm/m in the used specimen.

Fig. 9.1.b shows one end of the plate, to which three transducers are
glued. The other element of each pair is glued to the opposite extremity of the
plate, spaced by L = 700mm,(points A and B in Fig 4).

(a) (b)

Figure 9.1: Experimental setup. (a) Tractioning bridge. (b) Transducers bon-
ded at plate.

To generate and to receive arbitrary ultrasonic signals, a commercial
ultrasound equipment is used (Open System, LecoeurElectronique, Chuelles,
France). This equipment is able to transmit arbitrary waveforms; presents
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a 12-bit analog to digital converter receiver coupled to an ultra-low noise
preamplifier with programmable gain up to 80dB in a frequency band up to
25 MHz and receiving buffer of 8192 samples [157]. A USB interface allow
controlling the equipment from a PC by MATLABr [158] codes written by the
user, as illustrated in Fig. 9.1.a. This ease the bench setup by incorporating
the functionalites of an arbitrary waveform generator, power amplifier, pre-
amplifier and oscilloscope, necessary for the experiment.

9.1
Piezocomposite transducers

Three pairs of 2-2 piezocomposite transducers were constructed in order
to test the influence of the transfer function on the strain sensitivity. They were
made at the Ultrasound Laboratory of Polytechnic School of the University
of São Paulo (EPUSP). The fabrication processes is the standard dice and fill
procedure, commonly used in piezocomposite manufacturing. The piezoelectric
ceramic chosen is PZ37 from Ferroperm [159]. This material was developed for
NDE applications. It has very low acoustic impedance and a high thickness
coupling coefficient. 2-2 piezocomposite transducers are constructed by cutting
the ceramics in one direction, making parallel bars and filling the space between
the bars with polymer [160]. This transducer type has lower impedance and
a wider frequency band than single ceramic transducers. To make the final
assemblage more robust and easy to handle, each sample is glued into a small
aluminum base as shown in Fig. 9.1.b. Table 9.1 summarizes the constructive
characteristics of the transducers.

Nominal Ceramic Element Polymer Pitch
Frequency thickness (mm) width (mm) width (mm) (mm)
500kHz 1.75 1.0 0.2 1.2
1MHz 1.43 0.2 0.06 0.26

2.25MHz 0.65 0.1 0.04 0.14

Table 9.1: Piezocomposites constructive characteristics.

In a piezocomposite material, the final resonant frequency is lower than
the one corresponding to a single ceramic of the same thickness. This is
explained because the material presents intermediate properties between the
ceramic and the polymer. As the propagation speed in the polymer is lower
than that of the ceramic, the final frequency in the piezocomposites is lower
than in the original ceramics used for their construction, depending on the
volume fraction of ceramic in the composite [161]. The most important fact
in the use of composite is a higher bandwidth to excite the different modes in
the plate. The transfer functions are exhibited in Fig. 9.2, where the frequency
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content of the systems is visible. The frequencies of the ceramics are still used
to tag the piezocomposites in the remainder of the text.

During the loading process practical issues arose related to the trans-
ducers bonding on the plate. It has been observed that the signal received was
varying considerably between repetitions of the same experiments. After some
time spent investigating this issue, it was discovered that the transducers were
not properly bonded on the surface. The loading and unloading process made
them to progressively become loose. The bonding process needs to be done
properly to resist to the loading.

To overcome this, a better bonding process was achieved by proper
cleaning and sanding the specimen surface before bonding the transducers.
Then, an overnight curing time under pressure was adopted. After that
the transducers seemed to be tighten to the surface. Some repetitions were
performed and the results showed to be coherent, confirming the quality of
adhesiveness. The former experimental results were disregarded and a complete
new set of experiments were acquired.

9.2
Time reversal in plates

Initially, a sinc pulse was used to excite the transmitting element, Te.
This pulse is the same used in the simulations, see Fig. 8.1, presenting a flat
bandwidth in the working frequency range, up to 2.5MHz. Then the signal
received at the opposite element Tr is equivalent to the impulse response,
and its Fourier transform is the system transfer function. The observable time
window is the same used in simulation, i.e., ∆T = 819.1µs, from t0 = 130.0µs,
when the wave front from the fastest mode arrive, up to t0 + ∆T = 949.1µs.

Fig. 9.2 shows the signal received using different transducers for null
strain condition, corresponding to the impulse response and the transfer
function for each pair.

The signals at zero strain state, shown in Fig. 9.2, are then time-reversed
and used as a reference to be retransmitted from Te. A new signal y1(t) is
received at Tr as a response to the reversed reference signal, as calculated in
(7.11) or (7.9). The resulting focused signals for null strain can be observed
in Fig. 9.3.a, c and d; a zoom on the focus region are shown in Fig. 9.3.b, d
and e, respectively. Time reversal characteristics can be observed, such as time
compression, high focus amplitude and signal symmetry.

Fig. 9.3 allows us to observe the different focus quality achieved with
each transducer pair. The TREF values of each setup are summarized in Table
9.2, as well as the signal-to-noise ratio (SNR). The following definition was
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Figure 9.2: Received forward signals and their Fourier spectra for 0.5MHz, (a)
and (b); 1MHz, (c) and (d); and 2.25MHz, (e) and (f), transducers
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Figure 9.3: Received time reversal signal. The 0.5MHz, 1MHz and 2.25MHz
transducer responses are shown in (a), (c) and (e), respectively. Zooms on
focused time are shown in (b), (d) and (f), for their respective transducer
pairs.

adopted
SNR = 10 log10

(
Es
En

)
, (9.1)

where SNR is expressed in dB, En is the mean noise energy of the equipment
and transducer, and Es is the energy of the signal. It is considered here the
energy of the peak as for the signal, hence Es = Epk as defined in (7.13b).
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9.2.1
Strain sensing

To evaluate the changes in the time reversal process, a set of signals are
acquired at Tr for the whole traction range, always transmitting the original
time-reversed reference signal by Te. The tensile load is applied in steps from
zero up to about 150µm/m. For each traction level, a time reversal response
is acquired and recorded.

When traction is applied, the time reversal signal is altered due to the
changes imposed on the plate. The behavior of the focus amplitude and the
focalization time-shift, as a function of the principal strain value, are shown in
Fig. 9.4 for the whole experiment of each transducer pair. The experiment
is performed by increasing and decreasing the mechanical load, recovering
the initial condition at the end of the cycle. Fig. 9.4 allows observing that
both time-of-flight and amplitude were recovered when the plate returns to
the initial zero strain level. This behavior indicates that for the experiment
duration, the strain dependence is more relevant than any other varying
condition, such as temperature variation.
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Figure 9.4: Time reversal strain sensitivity. Peak reduction (bottom) and time
of flight shift (top) for conventional time reversal for the whole traction range
applied. The right arrow indicates the load is going up and the left one that
the load is going down. The dashed lines represent the linear fit for each setup.

For each experiment, a linear coefficient for the amplitude reduction
and focalization time delay is calculated. These values are also reported in
Table 9.2. The SNR and TREF for null strain state are presented in the
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first and second columns, respectively; in the peak column, the estimated
(mean) sensitivity for the amplitude decreases and its standard deviation (std.)
in percent per imposed strain; in the ∆TOF column, the estimated (mean)
sensitivity for the time-of-flight delay and its standard deviation (std.), in ns
per imposed strain.

The experimental results were also analyzed for linearity assessment. The
Coefficient of Determination (R2) for the linear fit of the experimental data
was calculated and reported in Table 9.2, in the R2 column. The Coefficient
of Determination is defined in (9.2) and is frequently used to judge the model
goodness [162,163],

R2 = 1−

∑
i

(Di −Mi)2

∑
i
D2
i

(9.2)

where D represents the data; here, either the amplitude decrease or the time-
of-flight shift, and M, the fitted values by the linear model. R2 varies from
0 to 1; the better the model fits the data, the closer the value of R2 is to 1.
The definition in (9.2) is more suited for a fit trough origin [162], which has
been used here, since there is no physical reason to present a non-zero constant
term.

Peak decrease ∆TOF
Experiments SNR TREF mean std. R2 mean std. R2

(dB) (%)
(

%
µm/m

) (
ns

µm/m

)
0.5MHz 64 14.7 0.096 0.00055 0.980 0.29 0.0076 0.701
1MHz 71 8.73 0.029 0.00024 0.963 0.58 0.0044 0.969
2MHz 66 12.3 0.086 0.00060 0.976 0.41 0.0038 0.960

0.5MHz & 2MHz 66 23.3 0.103 0.00054 0.982 0.33 0.0032 0.942

Table 9.2: Sensitivity Results.

Regarding linearity and goodness of fit, it is clear that no linearity is
present in the time delay observation for the 0.5MHz experience, whose R2

value are about 70%, indicating that it does not behave linearly with strain.
This case was the only experimental measure that presented a value below 90%.
Lower linearity for low frequency at low strain has been reported elsewhere
[164], where it was hypothesized that specimen fixation accommodation due
to stress may influence the echoes; this effect is also possible in the present
setup as reflected echoes from the plate end, where it is fixed to the bridge,
are free to occur and can be detected by the receiver transducer. This measure
presented the greatest uncertainty, highest standard deviation; all the others
have standard deviation of about 1% of the estimated value. The remainder
∆TOF are more linear, but tend to present a lower R2 than the corresponding
peak decrease for the same experiment. The peak observation showed to be

DBD
PUC-Rio - Certificação Digital Nº 1321776/CA



Chapter 9. Experiments 140

quite linear, especially for the 0.5MHz and 2.25MHz transducers experiment,
in which TREF was higher.

Note that the resolution in time-shift presented in Fig. 9.4 and Table 9.2
is better than the interval introduced by the period of the 10MHz sampling
frequency. These more precise values were obtained by performing a low-pass
interpolation in the raw data by a factor of 100, preceded by a low-pass filtering.
Low-pass interpolation is possible due to the band limited spectrum in the
transfer function, see Fig. 9.2. Thus, the time resolution is equivalent to a
sampling rate of 1GHz and a time resolution of 1ns is reached.

9.2.2
Transducer combination

Aiming to enhance the received signal spectrum content, and its amp-
litude sensitivity, a combination of transducers was used. When a 1MHz trans-
ducer pair was used simultaneously with any other pair, or even all three to-
gether, no significant improvement was achieved. This is because the 1MHz
transducer has higher impulse response gain, about twice as high as the oth-
ers. In this way, the spectrum signature of the latter predominates and no
benefit of the combination arises. However, the 0.5MHz and 2.25MHz trans-
ducer pairs present similar amplitude in the transfer function. Thus, when used
together, they produce a richer spectrum. Fig. 9.5 shows its impulse response,
both in time and in frequency domain. One can clearly see that the two main
spectrum regions have almost the same intensity. As the amplitude gains of
both are about the same, there is not any response standing out over the other
and both equally collaborate to the impulse response.
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Figure 9.5: Received forward signals (a) and their Fourier spectrum (b) for
combination of 0.5MHz and 2.25MHz

The time reversal signal is shown in Fig. 9.6. Is is clear the sharpest
focus peak when compared to the former experiments; i.e., higher time reversal
efficiency than all others experiments. The TREF values and the sensitivity
are shown in the last row of Table 9.2. This configuration presented the highest
amplitude sensitivity, about 0.1%/µε.
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Figure 9.6: Received time reversal signal for combination of 0.5MHz and
2.25MHz transducers, response are shown in (a), zoom on focused time are
shown in (b).

9.3
Strain sensing by one-bit time reversal in plates

The same procedure was used for the one-bit time reversal as explained
in section 7.5. Fig. 9.7 presents the focused signals obtained using one-bit time
reversal for each transducer pair. Comparing to Fig. 9.3, one can observe an
amplitude gain of 3.5 times (increasing the SNR in about 11dB, see Table 9.3)
compared to the conventional time reversal experiments and loss of symmetry,
as expected. However, the focusing capability is verified to be maintained
in the neighborhood of the focus; see the zoomed signals in Fig. 9.7. The
energy efficiency indicates how the one-bit procedure degenerates the focus.
As expected, the TREF values calculated for the conventional time reversal
are always greater than the corresponding value for the one-bit time reversal
version. For example, in the 0.5MHz setup, the TREF value for conventional
time reversal is 14.7%, whereas for the one-bit variation, it decreases to 13.7%.
Table 9.3 summarizes the TREF.

For the one-bit procedure, the plate structure is subjected to longitudinal
strain. The sensitivity is observed in the time reversal signal by means of the
peak amplitude decrease and the delay in the focalization time, exactly in
the same way performed for the conventional procedure. The trend for the
amplitude and time-of-flight versus strain is quite similar to the conventional
technique as observed in Fig. 9.8. The sensitivities are also presented in Table
9.3.

Despite the lower TREF, the amplitude sensitivities revealed to be
slightly higher than their normal time reversal version, at least 10% depending
on the transducer, and the one-bit time reversal showed to be a suitable
improvement for strain monitoring. This is possibly explained by the fact that
on the one-bit variation, the time reversal must match the sign of the reference
signal, highlighting phase differences. Hence, a phase-shift has a more severe
effect on the correlation integration, see (7.23), causing the overall mismatch
to be higher. The R2 value for the one-bit version is a little lower than its
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Figure 9.7: Received one-bit time reversal signal. The 0.5MHz, 1MHz and
2.25MHz transducer and 0.5MHz and 2.25MHz combination responses are
shown in (a), (c), (e) and (g) respectively. Zooms on focused time are shown
in (b), (d), (f) and (g), for their respective transducer pairs.

counterpart in the conventional time reversal, also probably due to more severe
phase effect on the signals focus highlighted by the one-bit excitation.

Peak decrease ∆TOF
Experiments SNR TREF mean std. R2 mean std. R2

(dB) (%)
(

%
µm/m

) (
ns

µm/m

)
0.5MHz 75 13.7 0.121 0.00085 0.971 0.35 0.0088 0.701
1MHz 82 7.97 0.063 0.00048 0.969 0.58 0.0059 0.945
2MHz 77 11.4 0.094 0.00079 0.966 0.44 0.0046 0.951

0.5MHz & 2MHz 76 22.4 0.127 0.00074 0.978 0.36 0.0039 0.931

Table 9.3: Sensitivity Results for One-bit time reversal.
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Figure 9.8: One-bit Time reversal strain sensitivity. Peak reduction (bottom)
and time of flight shift (top) for one-bit time reversal experiment. The right
arrow indicates the load is going up and the left one that the load is going
down. The dashed lines represent the linear fit for each setup

9.4
Strain sensing by correlation implementation of time reversal in plates

As indicated in section 7, the time reversal process is a physical imple-
mentation for the cross-correlation operation. For the case of a single emitter
and receiver, it is straightforward to compute a numerical equivalent for the
time reversal process, i.e., there is no need to perform an analogical emission
to obtain the equivalent time reversed signal. The impulse response for the
null strain and the impulse response at each strain state can be acquired and
then these two signals are used to perform the cross correlation as exposed in
section 7. In practice, the main difference is between the cost and complexity
of the evolved electronics. In the traditional time reversal, an analog emitter is
needed. But in the numerical post-processing, more computational resources
are used for cross correlation implementation, implying more time and power
consumption. Also, the numerical implementation does not enjoy the bene-
fit of high SNR in the focused signal intrinsically obtained by the physical
implementation.

The numerical implementation was experimentally investigated. The
focused signal for either conventional and one-bit time reversal are shown in
Fig. 9.9 and Fig. 9.10, respectively. As for the simulations, the correlation and
physical implementation showed to be equivalent also for the real experiments.
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Figure 9.9: Correlation implementation of time reversal signal. The 0.5MHz,
1MHz and 2.25MHz transducer and 0.5MHz and 2.25MHz combination
responses are shown in (a), (c), (e) and (g) respectively. Zooms on focused
time are shown in (b), (d), (f) and (g), for their respective transducer pairs.

The sensitivity results are almost the same for the physical time reversal
and for the correlation implementation. Table 9.4 summarizes the results of
the numerical implementation. For the sensing procedure presented here, it
was confirmed that the choice is between the use of an analog hardware in the
emission to reverse and to retransmit the signal or more processing power
to post-process the signals. Also regarding the sensitivity uncertainty and
the deviation from linearity, the same overall conclusions could be drawn,
guaranteeing no additional issues for the numerical usage.

Conventional Time Reversal One-Bit Time Reversal
Peak decrease ∆TOF Peak decrease ∆TOF

Exp. TREF mean std. R2 mean std. R2 TREF mean std. R2 mean std. R2

(MHz) (%)
(

%
µm/m

) (
ns

µm/m

)
(%)

(
%

µm/m

) (
ns

µm/m

)
0.5 15.2 0.094 0.00027 0.995 0.28 0.0070 0.727 13.6 0.118 0.00057 0.986 0.31 0.0081 0.700
1 8.62 0.035 0.00022 0.980 0.59 0.0042 0.971 5.68 0.074 0.00054 0.970 0.59 0.0058 0.950

2.25 11.1 0.090 0.00030 0.994 0.44 0.0038 0.964 9.64 0.113 0.00047 0.992 0.47 0.0046 0.955
0.5 & 2.25 20.6 0.101 0.00036 0.992 0.35 0.0032 0.951 17.6 0.135 0.00051 0.991 0.37 0.0037 0.940

Table 9.4: Sensitivity results for correlation implementation.
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Figure 9.10: Correlation implementation of one-bit time reversal signal. The
0.5MHz, 1MHz and 2.25MHz transducer and 0.5MHz and 2.25MHz com-
bination responses are shown in (a), (c), (e) and (g) respectively. Respective
zooms on focused time are shown in (b), (d), (f) and (g).

9.5
Comparison between experiments and simulation

In this section the experimental signals and results are compared to the
FEM simulation in Chapter 8, specially for the finite length plate, in section
8.2. The filters designed in that chapter, (a), (b) and (c) (see Fig. 8.29),
have about the same spectral content of the spectrum main regions of the
experimental signals, transducers 0.5MHz, 1MHz and 2.25MHz, respectively
(see Fig. 9.2). However, the signals obtained in the simulation are far from the
experimental ones. There are several reasons for this.

The most evident is that the reflected echoes in the real signals are not
so intense as in the simulation. This happens due to damping, that makes the
more distant echoes to attenuate; also energy escapes from the plate to the
mounting structure, and, in minor effect, to the surrounding atmosphere. This
implies that reflected waves are less intense than the direct ones.

Other factor is the nature of reflections near the end. In the real system
there may be several reflections in each ending, due to the mounting of the
plate on the structure by screws and nuts. The presence of the transducers,
bonded on the plate, reflect waves as well. Thus the reflection at the real plate
should be far more complex than the flat end that has been modeled in the
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simulation.
The finite width of the plate leads to a difference between simulation and

real experiment, which is an additional possible source of discrepancy. In the
experimental setup wave fronts can be reflected by the finite width. Thus there
are two guidance principles, by the thickness, that imply in the Lamb modes,
and by the width.

The vibration principle of the transducers is different. In the simulations,
a single out-of-plane excitations has been applied in just one point. In the
experiment, the piezoelectric actuator has finite dimensions; it may introduces
strain into the medium in all the directions and orientations depending on its
electro-mechanical constitutive equations and geometry [15,165,166]. The same
is valid for the receiver, i.e., the electric signal that is sensed is the result of
the mechano-electrical coupling, and not of a simple out-of-plane displacement
as used in the simulations. Thus, not only the excitation but also the filtering
used in the simulation are rough approximations for the effect of the transducer
on actuating and reading the waves. Nevertheless, they do illustrate the effect
of wider/narrower bandwidth in the propagation of the Lamb waves. Even
so, the filtered signal bands do not present the spectral content outside their
main lobe. As for the real signals, it is observable meaningful amplitude on
Fourier transform in regions outside the center lobe, as at 700kHz for Fig.
9.2.b; 400kHz and 1200kHz for Fig. 9.2.d and 500kHz and 1500kHz for Fig.
9.2.f. These are not presented in the simulated filtered signals.

The elastic constants used in simulations, either second and third order
ones, were taken from tabulated values and not measured of the specimen
sample. As it was said before, there is a great divergence in the values of third
order elastic constants. Thus a precision comparison, specially in the time-of-
flight shift, is not possible without the exact set of constants.

Despite these differences some general results can be compared. The
peak sensitivity for the experiments (Table 9.2) and finite length simulation
(Table 8.5) show values about the same order. Additionally, if one considers
the transducer combination as possibly corresponding to the raw signal in
experiments, these values also show about the same order.

The time of flight shift, on the other hand, shows much higher sensitivity
in the simulation than experiments and seems to be more consistent with the
infinite length plate (see Table 8.3). This suggests that in the experiments the
reflection at the plate end are not so intense as in the ideal finite length plate
that has been simulated. The energy that escapes to the mounting structure
and due to damping is relevant.

Other source of difference is the fact that the simulations were carried
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out by EEC approximation. By the sensitivity error curves in Fig. 5.21 it is
clear that EEC sensitivities are more negative than the exact ones. That is,
the phase velocity is more sensitivity, in absolute value, to stress in the EEC
approximation. This can lead to more sensitive peak shift in the simulations
and may not necessary influence the peak decrease. This is due to the fact that
for the peak to decrease, what is relevant is the different sensitivities on each
component of the signal. This is exactly as noticed in section 8.1.1.1 where the
analytical model for the time reversal obtained by EEC approximation was
compared to the one obtained by means of the exact dispersion curves.

One important characteristics is that in both, finite length simulation and
experiments, the peak decrease and time-of-flight shift behave on the opposite
direction. That is, where peak decrease is more accentuated, the time shift is
less preeminent.

Comparing the one-bit implementation the same overall trend is present
in both the simulation and experiment. That is, amplitude gain and a slightly
higher sensitivity for peak decrease and shift. This happens for all the trans-
ducer pair, or filters in the case of simulation.

A relevant difference from experiment and simulation is the high peak
decrease for the 0.5MHz transducer pair, which is not reproduced by simula-
tion. This is the only case where the sensitivity ordination is different between
simulations and experiments. One can speculate that for the low frequency
the predominant A0 mode present huge error when addressed by the EEC
(see Fig.5.19), where the non-zero velocity for DC component is not reprodu-
cible by EEC. The considerable difference occurs for frequencies up to about
200kHz in a 3mm thick plate (equivalent to 600kHz × mm where in Fig.
5.19.b and 5.21.a the errors predominate). Thus, this effect on the simulated
signal filtered by (a) (see signals spectrum in Fig.8.29) or, equivalently, by the
0.5MHz experiment (see Fig.9.2.a), can be relevant.

The experimental results exhibit a clear trend. The higher the TREF,
the higher is the amplitude decrease. This corroborates the assumption that
the sensitivity shares the same condition as the focusing quality, stated
in section 7.4; suggesting TREF as a figure of merit for the sensitivity.
However, the simulations do not confirm it. The simulation results indicate
that the sensitivity is more complex. It is ruled by the sensitivity of each
participating mode, as theoretically examined in Chapter 5. The presence of a
high sensitivity mode can enhance the amplitude decrease without, necessarily,
enlarging TREF. However, a final conclusion could not be drawn because the
sensitivity of the A0 mode is compromised in the simulations, as observed in
the paragraph above. Further investigation on this relationship is needed.
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Conclusion

By means of the acoustoelastic theory and through the partial wave
technique, dispersion curves can be calculated for Lamb wave under stress.
This can be done either at natural or initial frame of reference, if the precise
derivation is done considering the asymmetries in the stiffness tensor induced
by the load. The choice of the frame of reference relies on the treated problem.
Velocities are dependent on the initial stress. The most expressive way of
reporting this dependence is by the sensitivity chart, as reported in the Fig. 5.7
at the natural frame of reference and in Fig. 5.10 at the initial one. The velocity
variation at natural and initial frame cannot be related by the same expression
used for bulk waves, however this expression is valid for low dispersive regions.

The use of an equivalent anisotropic stiffness tensor by effective elastic
constants, introduces errors when compared with the exact solution. These
errors depend on frequency and mode as clearly pointed out in Fig. 5.21 and
5.22. This approximation is however useful, as for numerical simulation, for
instance. By adopting effective elastic constants it is possible to simulate loaded
medium in commercial programs simply by treating them as an anisotropic
medium. Finite element analysis in commercial software for Lamb waves modes
has been validated confronting the theoretical curves for A0 and S0 modes in
a longitudinally loaded plate. It has been demonstrated that the FEM results
correspond to the theoretical dispersion curves obtained for the respective
EEC.

This approach allow investigating the load effect in ultrasonic waves
in complex media, such as complicated geometries, non-homogeneity and
bodies with defects, for instance, where closed form analytical models are not
available. It also allows to numerically investigate the load effect on the time
reversal process of wideband multi-mode Lamb waves, specially on its focus.
This was done here.

Two main effects are observable in the time reversal focus, peak amplitude
decrease and time-of-flight shift. There is an intrinsic trade off between them.
If peak decrease is accentuated, then it may not be possible to detect its precise
instant and thus time-of-flight measurement becomes unfeasible. Results show
that the sensitivity is very depended on the complexity of the medium and
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the nature of propagation. This is due to the fact that the focus changes
are ruled by the mismatch, between forward and backward propagation, of
each component present in the signals. If all components have the same phase
sensitivity thus only time-of-flight shift occurs. Otherwise, if each component
present different phase sensitivities, then the mismatch is manifested also as
peak decrease. The peak amplitude behavior as a function of load showed to
be similar to the spatial focus pattern. When end reflections are detectable
the sensitivity is much higher because the reflections act as a mode multiplier
increasing the complexity of the medium.

The effect of using the EEC approximation is more serious in the time-
shift than in peak decrease. Amplitude decrease of wideband propagation
shows the same behavior with EEC or with exactly dispersion curves, because
about the same relative mismatch between components are present in both
version. This was verified by using the analytical model with estimated modes
intensity.

Experiments were performed with three different 2-2 piezocomposite
transducers. Despite of the intrinsic differences between experiments and
simulations pointed out in section 9.5, the main behavior does agree. This
suggest that the methodology proposed for simulations is able to reproduce
the effects of load in guided wave propagation, specially its influence on the
time reversal process.

The one-bit simplification is possible in more complex cases, as finite
length plate. Where almost the same results were obtained; actually a little
increase in sensitivity is present in this implementation. For simpler cases, as
infinite medium with few modes, the sparsity in the signal makes the one-bit
correlation to poorly match the medium response and thus the obtained time
reversal signal may not focus. For practical applications in the complex media
the one-bit variation reveals an important enhancement for the methodology.
Besides requiring simpler hardware, it presented higher SNR (about 11 dB)
and sensitivity. The correlation approach was also verified to be equivalent to
the physical implementation of the time reversal, either in simulations as in
experiments.

The experimental results show improvements in the feasibility of
the method when compared with previous work using a single commer-
cial transducer [53]. The monoelement transducer provided a sensitivity
of 0.041%/µm/m. A greater sensitivity was achieved here; up to about
0.120%/µm/m for the highest sensitivity obtained, and the amplitude level
of the focus is up to tenfold higher, increasing 19 dB in SNR, when using the
conventional time reversal setup. For the case of one-bit tim reversal, the SNR
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is increased by 30 dB.
For low strains both time-of-flight and amplitude reduction of the time

reversal signal are sensitive to strain. However, time-of-flight shift observation
requires high sampling frequency due to the order of magnitude of the
sensitivity. Sampling rates as high as 200MHz [164] up to 1 GHz [167] are
used in the literature. Here a low pass interpolation was used to obtain a
resolution of about 1ns using a sampling frequency of 10MHz. Moreover, the
amplitude sensitivity is technically simpler to be implemented, as a voltage
resolution of the order of a few hundredths of percent is easier to obtain than
a GHz sampling frequency. Therefore, for practical applications, amplitude
observation at a low sampling rate is a desired feature for the method, and
higher amplitude sensitivity is an important property.

For high strains, peak measurement is not possible as the peak totally
vanishes. In this case it is recommended measuring by time-shift observation
by single mode propagation, as done in former works [24, 103–107, 164, 167].
Nevertheless, peak value observation for high stress has a practical importance
to detect sudden changes in the strain level in order to predict mechanical
breaks in systems subjected to high loads. As in this case, the peak of the
focused signal would totally vanish, as it was shown by the simulations. A
simple threshold detector can be used to trigger an alarm, for example. Thus,
it is feasible to use it for structural failure detection applications, for instance,
breaking of riser wires.

10.1
Future works

Several works can be suggested as continuation of this study. The most
relevant are summarized below.

– Investigate a non-reflective experimental setup in order to confirm the
simulated results. Special attentions should be drawn to the time delay,
in order to analyze if its order of magnitude will be closer to simulation.

– Perform a more realistic simulation by including the transducer into the
model. This can be done by including a piezoelectric element in the
software (option PIEZ in Ref. [127] sec. 2.5.7). In addition, to provide a
more realistic simulation, with the proper transducer characteristics as
its bandwidth, for instance, this would allow to investigate the possible
reflections on the bonded transducer. A bonded mass on the plate surface
reflect incident waves and causes mode conversion [17,60,168–170]. This
is more relevant for the finite length plate were multiple reflections
between the plate end and the transducer can be detected.
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– As a variation of the above item, one can simulate the effect of an EMAT
transducer [171] in the FEM [31]. In this case acoustoelasticity should
be addressed at the initial frame of reference as the distance between the
transducers would not depend on the initial strain [105].

– Validate the acoustoelastic simulation also for finite-difference programs
as Simsonic [172]. Simsonic is a free software specially designed for time-
domain ultrasonic simulations in either two or three dimension.

– The influence of the geometric complexity of the medium on the time
reversal focus characteristics and sensitivity can be studied by non-
regular bodies as plates with holes or different thickness along its length.
This can be done either in simulation or by experiments.

– A more representative simulation can be performed by three-dimensional
geometry where the finite plate width can be modeled. This also allows
to simulate the guidance by the width.

– Using simulation software one can numerically study the stress effect on
the polarization of Lamb waves. This can be done as a function of the
propagating angle if three dimensional geometry is modeled. Something
like a stress induced slowness diagram for Lamb modes can be then
created.

– In this work just the influence of the stress state on the Lamb wave
velocity was studied. However, it also depends on the temperature in a
very similar fashion than the stress dependence. That is, different velocity
sensitivity for each mode and frequency [173, 174]. However, differently
from the stress dependence, the temperature effect is isotropic [175,176].
One can then investigate the applicability of using two pairs of transducer
on the plate surface positioned in such a way that their propagation
paths have the same distance but are perpendicular. This would be a
setup like the one used by Shi et al. [24]. As the temperature dependence
is isotropic the time-of-flight in both paths should be the same regardless
any temperature variation. The difference between the time-of-flights
would be a function of the stress state only.

– A theoretical framework for the temperature influence was done by
Dodson and Inman [173,174]. One could then combine Dodson-Inman’s
development with the development exposed here in order to assemble an
equivalent stiffness tensor that is a function of temperature and stress.
This would allow numerical simulations as the ones performed here.
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A
Verification of stiffness and acoustoelastic tensors symmetries

This appendix analyzes the possible symmetries on the second and third
order stiffness tensors and on accoustoelastic tensors.

A.1
Stiffness tensors

The symmetries on the second and third order stiffness tensors are veri-
fied here for a naturally isotropic material. However, the symmetry relationship
states are valid for a general anisotropic medium.

A.1.1
Second order stiffness tensor symmetries

As can be straightly observed the Kroenecker delta tensor (2.6) is
symmetric, i.e.,

δij = δji . (A.1)
The I (2.7) tensor possesses the following symmetries

Iijkl = Ijikl = Iijlk = Iklij , (A.2)

this can be verified computing the above I tensor permutations.

Ijikl = δjkδil + δjlδik
2 = Iijkl ,

Iijlk = δilδjk + δikδjl
2 = Iijkl ,

Iklij = δkiδlj + δkjδli
2 = δikδjl + δjkδil

2 = Iijkl .�

(A.3)

It is also evident that the δ product presented on the first term of equation
(2.5) present the full symmetries as the I tensor. This implies that second order
stiffness tensor possesses the well-known full symmetry [14],

Cijkl = Cjikl = Cijlk = Cklij . (A.4)
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A.1.2
Third order stiffness tensor symmetries

In order to analyze the symmetry on the third order stiffness tensor (3.3)
it is convenient to separate the analysis on its terms. Let I be the third term
tensor of (3.3), i.e.,

Iijklmn = δikIjlmn + δilIjkmn + δjkIilmn + δjlIikmn , (A.5)

its symmetries are

Iijklmn = Ijlklmn = Iijlkmn = Iijklnm = Iklijmn and
Iijklmn = Iijmnkl = Imnklij .

(A.6)

This can be verified computing the above permutations as,

Ijiklmn = δjkIilmn + δjlIikmn + δikIjlmn + δilIjkmn = Iijklmn ,

Iijlkmn = δilIjkmn + δikIjlmn + δjlIikmn + δjkIilmn = Iijklmn ,

Iijklnm = δikIjlnm + δilIjknm + δjkIilnm + δjlIiknm

= δikIjlmn + δilIjkmn + δjkIilmn + δjlIikmn = Iijklmn ,

Iklijmn = δkiIljmn + δkjIlimn + δliIkjmn + δljIkimn

= δikIjlmn + δjkIilmn + δilIjkmn + δjlIikmn = Iijklmn .

(A.7)

To see the remainder symmetries one needs to unpack the tensor I inside I as

Iijklmn = 1
2

[
δik (δjmδln + δjnδlm) + δil (δjmδkn + δjnδkm)

+δjk (δimδln + δinδlm) + δjl (δimδkn + δinδkm)
]

,
(A.8)

thus the symmetries on the second line of (A.6) can be verified:

Iijmnkl = 1
2

[
δim (δjkδnl + δjlδnk) + δin (δjkδml + δjlδmk)

+δjm (δikδnl + δilδnk) + δjn (δikδml + δilδmk)
]

= 1
2

[
δik (δjmδnl + δjnδml) + δil (δjmδnk + δjnδmk)

+δjk (δimδnl + δinδml) + δjl (δimδnk + δinδmk)
]

= 1
2

[
δik (δjmδln + δjnδlm) + δil (δjmδkn + δjnδkm)

+δjk (δimδln + δinδlm) + δjl (δimδkn + δinδkm)
]

= Iijklmn ,

(A.9)
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Imnklij = 1
2

[
δmk (δniδlj + δnjδli) + δml (δniδkj + δnjδki)

+δnk (δmiδlj + δmjδli) + δnl (δmiδkj + δmjδki)
]

= 1
2

[
δki (δmjδnl + δnjδml) + δli (δmjδnk + δnjδmk)

+δkj (δmiδnl + δniδml) + δlj (δmiδnk + δniδmk)
]

= 1
2

[
δik (δjmδln + δjnδlm) + δil (δjmδkn + δjnδkm)

+δjk (δimδln + δinδlm) + δjl (δimδkn + δinδkm)
]

= Iijklmn .�

(A.10)
Let I be the second term tensorof (3.3), i.e.,

Iijklmn = δijIklmn + δklImnij + δmnIijkl . (A.11)

It presents the same symmetries as the precedent tensor, i.e.,

Iijklmn = Ijiklmn = Iijlkmn = Iijklnm = Iklijmn and
Iijklmn = Iijmnkl = Imnklij ,

(A.12)

This can be verified as,

Ijiklmn = δjiIklmn + δklImnji + δmnIjikl

= δijIklmn + δklImnij + δmnIijkl = Iijklmn ,

Iijlkmn = δijIlkmn + δlkImnij + δmnIijlk

= δijIklmn + δklImnij + δmnIijkl = Iijklmn ,

Iijklnm = δijIklnm + δklInmij + δnmIijkl

= δijIklmn + δklImnij + δmnIijkl = Iijklmn ,

Iklijnm = δklIijmn + δijImnkl + δmnIklij

= δklImnij + δijIklmn + δmnIijkl = Iijklmn ,

Iijmnkl = δijImnkl + δmnIklij + δklIijmn

= δijIklmn + δmnIijkl + δklImnij = Iijklmn ,

Imnklij = δmnIklij + δklIijmn + δijImnkl

= δmnIijkl + δklImnij + δijIklmn = Iijklmn .�

(A.13)

At the first term of (3.3), the triple δ product, present the same symmetries
as can be straightforward observed. Concluding that the third order stiffness
tensor possesses the symmetries

Cijklmn = Cjiklmn = Cijlkmn = Cijklnm = Cklijmn , and (A.14a)
Cijklmn = Cijmnkl = Cmnklij . (A.14b)
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A.2
Symmetries on acoustoelastic tensors

The symmetries on the acoustoelastic tensors are carried out for a general
anisotropic medium. This is done from the symmetries on the stiffness tensors.

In order to analyze the symmetry on the tensors An, Bn, Γ, Ai and Bi,
it is convenient to observe that, if a tensor presents some part that is known
to exhibit the full symmetry condition (let it be called the full symmetrical
part), then it is sufficient to analyze the symmetry of the remainder part.
The symmetry of whole tensor is equal to the symmetry of the remainder
part, because the full symmetrical part does not break any symmetry nor
compensate any lack of it on the remainder part.

The tensor Bi (3.39) possesses the full symmetry. To conclude this one
can observe that the first and last two terms on (3.39) possesses the full
symmetry, i.e., they are the symmetrical part of Bi. The remainder terms
should be analyzed together. Let them be Bi

B
i

IJKL = CMJKL
∂uiI
∂XM

+CIMKL
∂uiJ
∂XM

+CIJML
∂uiK
∂XM

+CIJKM
∂uiL
∂XM

. (A.15)

The symmetries are verified considering the known symmetries on Cijkl from
(A.4):

B
i

JIKL = CMIKL
∂uiJ
∂XM

+ CJMKL
∂uiI
∂XM

+ CJIML
∂uiK
∂XM

+ CJIKM
∂uiL
∂XM

= CIMKL
∂uiJ
∂XM

+ CMJKL
∂uiI
∂XM

+ CIJML
∂uiK
∂XM

+ CIJKM
∂uiL
∂XM

= B
i
IJKL ,

B
i
IJLK = CMJLK

∂uiI
∂XM

+ CIMLK
∂uiJ
∂XM

+ CIJMK
∂uiL
∂XM

+ CIJLM
∂uiK
∂XM

= CMJKL
∂uiI
∂XM

+ CIMKL
∂uiJ
∂XM

+ CIJKM
∂uiL
∂XM

+ CIJML
∂uiK
∂XM

= B
i
IJKL ,

B
i
KLIJ = CMLIJ

∂uiK
∂XM

+ CKMIJ
∂uiL
∂XM

+ CKLMJ
∂uiI
∂XM

+ CKLIM
∂uiJ
∂XM

= CIJML
∂uiK
∂XM

+ CIJKM
∂uiL
∂XM

+ CMJKL
∂uiI
∂XM

+ CIMKL
∂uiJ
∂XM

= B
i
IJKL .�

(A.16)
Thus, both Bi and Bi possess the full symmetry, i.e.,

Bi
IJKL = Bi

JIKL = Bi
IJLK = Bi

KLIJ . (A.17)

In the tensor Ai (3.41) the second term is just the stiffness times a constant
and thus present the full symmetry. Let Ai be the first term, it clearly does not
present the symmetries on IJ nor KL. However, the third symmetry holds, as
can be verified.

A
i
KLIJ = CLJMN εMN δKI = CJLMN εMN δIK = A

i
IJKL � . (A.18)
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Concluding that the tensor Ai presents just the symmetry

AiIJKL = AiKLIJ , and in general
AiIJKL 6= AiJIKL 6= AiIJLK .

(A.19)

Differently from the tensor Bi, the tensor Γ (3.31) presents just the
following symmetry

Γαβγδ = Γγδαβ , and in general
Γαβγδ 6= Γβαγδ 6= Γαβδγ .

(A.20)

To conclude this, one can observe that the first and last terms on (3.31)
possesses the full symmetry. The remaining terms should be analyzed together.
Let them be Γ

Γαβγδ = Cαβλδ
∂uiγ
∂ξλ

+ Cλβγδ
∂uiα
∂ξλ

. (A.21)

The symmetry is verified as

Γγδαβ = Cγδλβ
∂uiα
∂ξλ

+ Cλδαβ
∂uiγ
∂ξλ

= Cλβγδ
∂uiα
∂ξλ

+ Cαβλδ
∂uiγ
∂ξλ

= Γαβγδ .�

(A.22)

The other symmetries are not satisfied due to the lack of the other terms, that
are present at Bi, necessary for equalizing the permutations, concluding thus
(A.20).

The first term in An (3.36) is identical to that at Ai (3.41), confirming
the symmetry condition of Γn (3.31) on An (3.31), concluding that

Anαβγδ = Anγδαβ , and in general
Anαβγδ 6= Anβαγδ 6= Anαβδγ .

(A.23)

However, the non-symmetrical part of An may combine to Γn and provide
some more symmetry to An. In sections A.2.1 a particular case where this
happens is presented.

Observing Bn at (3.28) one can notice that the first and last term com-
pose the full symmetrical part, and the middle term only presents symmetry
on αβ, restricting it tensor to present

Bn
αβγδ = Bn

βαγδ , and in general
Bn
αβγδ 6= Bn

αβδγ 6= Bn
γδαβ .

(A.24)
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A.2.1
Acoustoelastic tensors for naturally isotropic medium

Considering that the medium is isotropic in it natural unstressed state
and that the null rotation condition on strain holds (3.43), the symmetries on
the tensors can be extended. It is demonstrated here that, in this case, the
tensor An possesses the following symmetries

Anαβγδ = Anγδαβ ,

Anαβγδ = Anβαδγ , but in general
Anαβγδ 6= Anβαγδ 6= Anαβδγ .

(A.25)

The other tensor symmetries are the same.
To conclude that it is convenient to write An as

Anαβγδ = Ãnαβγδ + ˜̃Anαβγδ , (A.26)

where
Ãnαβγδ = Cβδζη εζη δαγ + Cαβλδεγλ + Cλβγδεαλ , (A.27)

and ˜̃Anαβγδ = Cαβγδ + Cαβλδζη εζη . (A.28)
The ˜̃An is easily identified as the full symmetrical part, i.e., possessing the full
symmetries. Ãn is analyzed considering the material as naturally isotropic, i.e.,
replacing the fourth order stiffness tensor by (2.5). Developing it, leads to

Ãnαβγδ = [λδβδδζη + µ(δβζδδη + δβηδδζ)]εζη δαγ
+ [λδαβδλδ + µ(δαλδβδ + δαδδβλ)]εγλ
+ [λδλβδγδ + µ(δλγδβδ + δλδδβγ)]εαλ
= λδβδδαγεζζ + µ(δαγεβδ + δαγεδβ)
+ λδαβεγδ + µ(δβδεγα + δαδεγβ)
+ λδγδεαβ + µ(δβδεαγ + δβγεαδ)
= λεζζδβδδαγ + λ(δαβεγδ + δγδεαβ)
+ µ[δαγ(εβδ + εδβ) + δβδ(εγα + εαγ) + δαδεγβ + δβγεαδ)] .

(A.29)

The symmetry is verified

Ãnβαδγ = λεζζδαγδβδ + λ(δβαεδγ + δδγεβα)
+ µ[δβδ(εαγ + εγα) + δαγ(εδβ + εβδ) + δβγεδα + δαδεβγ)] = Ãnαβγδ ,

(A.30)
where the symmetry on the strain tensor ε is used on the last two terms. The
other symmetries (Anαβγδ 6= Anβαγδ 6= Anαβδγ) still not holding because at least
at the first term (δαγδβδ) they fail. Concluding (3.54). �

The tensors Bn keeps its symmetry. To check it one can analyze its middle
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term (3.28), that is the unsymmetrical part of it, say,

B̃n
αβγδ = Cαβλδ

∂uiγ
∂ξλ

= Cαβλδεγλ = [λδαβδλδ + µ(δαλδβδ + δαδδβλ)]εγλ , (A.31)

that still presenting no other symmetries than (A.24).
The same is done to Ai. Its symmetrical part is the tensor Bi, that

already present the full symmetry, and thus its unsymmetrical part is Ai,
defined a (A.18). For the particular case it is written as

A
i

IJKL = CJLMN εMN δIK

= [λδJLδMN + µ(δJMδLN + δJNδLM)]εMN δKI

= λδJLδKIεMM + µδKI(εJL + εLJ) ,

(A.32)

again only the symmetries on (A.19) are valid.
Concluding that when the medium is naturally isotropic there is an

additional symmetry on An, given by (A.25), that is not present on Ai.
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Publications

In this appendix the published papers related to this work are listed.
One paper was published in Conference Proceedings in 2015. This is:

Mechanical Strain Monitoring in Plates Using Wavelet Coherence Based Filter
of Wideband Ultrasonic Guided Waves [57], which was presented by poster at
the the 2015 ICU International Congress on Ultrasonics, Metz, France.

Two papers were published in Conference Proceedings in 2014. These are:
Development of a mechanical strain sensor based on time reversal of ultrasonic
guided waves [54] orally presented at 2014 IEEE International Instrumentation
and Measurement Technology Conference, Montevideo, Uruguay, and Applic-
ation of one-bit time reversal technique to mechanical strain monitoring in
plates [55], presented by poster at the 2014 IEEE Ultrasonics Symposium,
Chicago, USA.

The paper Mechanical strain sensing by broadband time reversal in plates
[56] was published in the IEEE Transactions on Ultrasonics, Ferroelectrics, and
Frequency Control.
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