
 

APPENDIX A  
Generalization with respect to second-stage problems 

 

 

An essential part of the methodology proposed in this work – namely the 

linearization of the product of binary variables using the properties of the 

logarithm – lies on the piecewise linear approximation of the exponential function 

which may be represented in the optimization problem as linear constraints. 

However, if the objective function value of the optimal solution of a second stage 

problem is negative, the first stage problem clearly becomes unbounded and this 

would represent a limitation to the applicability of the concepts discussed 

afterwards.  

This Appendix describes how to address this situation so that the 

methodology remains valid, regardless of the values of the optimal solutions of 

the second-stage problems. In summary, the next two sections discuss that a 

constant term may be added to the value of the optimal solution of all second 

stage problems without affecting the solution of the original problem. 

 

A.1  
Problems solved with full scenario enumeration 

 

In the case where one is able to enumerate all the possible scenarios of 

network configuration, the objective function (3.12) may be re-written as follows: 

 

෍ ௘ݔ௘ݎ
௘אா

൅ ෍ ҧ݃௦̂݌௦
௦אௌ

െ ҧ݃ (9.1)  

 

where  ҧ݃௦ ൌ ݃௦ ൅ ҧ݃ and ҧ݃ is such that ҧ݃௦ ൐ 0, ݏ׊ א ܵ. Expression (9.1) is clearly 

equivalent to: 

 

෍ ௘ݔ௘ݎ
௘אா

൅ ෍ ݃௦̂݌௦
௦אௌ

൅ ෍ ҧ݃ · ௦̂݌
௦אௌ

െ ҧ݃ (9.2)  
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On the one hand, the algebraic sum of the third and fourth terms of 

expression (9.2) will always amount to zero since ∑ ௌא௦௦̂݌ ൌ 1. On the other hand, 

the sum of the first and second terms above is the exact expression of the original 

objective function. The alternate objective function (9.1) assumes the exact same 

values as the original one (3.12) for all feasible values of the decision variables 

and, consequently, problem (3.12) – (3.17) is equivalent to problem (9.1) – (3.13) 

– (3.17). 

 

A.2  
Problems solved with a sample of scenarios 

 

Following the methodology proposed in the thesis, large-scale problems are 

solved using the formulation (5.3) – (5.8). Using the same rationale as above, the 

objective function (5.3) may be re-written as: 

 

෍ ௘ݔ௘ݎ
௘אா

൅
1

|ܵ| ෍ ҧ݃௦ ൬
௦̂݌

௦݌
ூேூ൰

௦אௌ

െ ҧ݃ (9.3)  

 

which is equivalent to: 

 

෍ ௘ݔ௘ݎ
௘אா

൅
1

|ܵ| ෍ ݃௦ ൬
௦̂݌

௦݌
ூேூ൰

௦אௌ

൅
1

|ܵ| ෍ ҧ݃ ൬
௦̂݌

௦݌
ூேூ൰

௦אௌ

െ ҧ݃ (9.4)  

 

If we denote by ܦ the set of distinct scenarios in the sample and by ݊ௗ the 

number of occurrences of each one of them, the third term may be written as: 

 

ҧ݃ ෍
݊ௗ

|ܵ| ቆ
ௗ̂݌

ௗ݌
ூேூቇ

ௗא஽

 (9.5)  

 

As |ܵ| ՜ ∞, ௡೏
|ௌ| ՜ ௗ݌

ூேூ and expression (9.5) converges to ҧ݃ · ∑ ஽אௗௗ̂݌ . Since 

∑ ஽אௗௗ̂݌ ՜ 1, the result is analogous to that obtained in the previous Section.  
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APPENDIX B 
Solution robustness 

 

 

The solution of two-stage stochastic programs depends, essentially, on 

balancing the trade-off between deterministic first-stage costs and the expected 

value of probabilistic second-stage costs. It is thus imperative that we have a 

reasonable estimate of second stage costs in order to be able to have confidence in 

the quality of the solution obtained.  

On the one hand, the larger the set of sampled scenarios, the better the 

estimate of second stage costs will be. On the other hand, having fewer scenarios 

makes the problem smaller and solution times are usually faster. Anyhow, once a 

solution is found for a given set of scenarios, a Monte Carlo simulation – in which 

the probability distribution of the edges’ availabilities takes into account the 

determined first-stage decisions – may then provide a confidence interval against 

which the estimate of the expected costs of the second-stage can be compared in 

order to assess the need for a larger number of samples. This suggests the 

following algorithm, detailed below: 

  

1 Initialize the set of cuts ܭ ൌ  and ߝ define the maximum percentage error ,׎

the confidence level for the estimator of the mean second stage costs 

(expressed in terms of the number of standard deviations ߠ) 

2 Initialize the lower bound ܤܮ ൌ െ݂݅݊, upper bound ܷܤ ൌ ൅݂݅݊ 

3 While ̂ߤௌ ב ሼ̂ߤெ െ ߠ · ,ఓෝಾߪ ெߤ̂ ൅ ߠ ·  ఓෝಾሽߪ

 Generate a new sample ܵ௔௨௫ of network configuration scenarios based 

on the initial probability distribution of the edges’ availabilities 

 For each scenario ݏ א ܵ௔௨௫ 

 Solve problem (3.1) – (3.4) and obtain the corresponding value ݃௦ 

 End For 

4 Set ܵ ൌ ܵ ׫ ܵ௔௨௫ 

5 While |ሺܷܤ െ ሻܤܮ ⁄|ܤܷ ൐  ߝ

6 Solve problem ଷܲ  defined by (5.3) – (5.18) with the currently 

defined set of cuts ܭ and scenario sample set ܵ 
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7 Set ܤܮ ൌ ሺݒ ଷܲሻ 

8 Set ܷܤ௔௨௫ ൌ ∑ ௘ݔ௘ݎ
כ

௘אா ൅ ଵ
|ௌ|

∑ ݃௦ ቀୣ୶୮ሺ௪ೞ
ሻכ

௣ೞ
಺ಿ಺ ቁ௦אௌ  

9 If ܷܤ௔௨௫ ൏ ܤܷ set ,ܤܷ ൌ  ௔௨௫ܤܷ

10 For each scenario ݏ א ܵ  

11 Add the cut defined by ߙ௞ ൌ expሺݓ௦
ሻכ · ሺ1 െ ௦ݓ

ሻכ  and 

௞ߚ ൌ expሺݓ௦
 ܭ ሻ to the cut setכ

12 End For 

13 End While 

14 Compute ̂ߤௌ ൌ ଵ
|ௌ|

∑ ݃௦ ቀୣ୶୮ሺ௪ೞ
ሻכ

௣ೞ
಺ಿ಺ ቁ௦אௌ  

15 Generate a sample ܯ ሺ|ܯ| ب |ܵ|ሻ of network configuration scenarios 

based on the probability distribution of the edges’ availabilities which 

results from the determined first stage decisions 

16 For each scenario ݉ א  ܯ

17 Solve problem (3.1) – (3.4) and obtain the corresponding value ݃௠ 

18 End For 

19 Obtain the estimator of the mean of second stage costs and its standard 

deviation: ̂ߤெ and ߪఓෝಾ, respectively 

20 End While 
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