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Abstract

De Melo Machado, Aline; Klein, Silvius (Advisor). Limit
Theorems for Uniquely Ergodic Systems. Rio de Janeiro,
2018. 79p. Dissertacao de Mestrado — Departamento de Matema-
tica, Pontificia Universidade Catolica do Rio de Janeiro.

The fundamental results in ergodic theory — the Birkhoff theorem and the
Kingman theorem — refer to the almost everywhere convergence of additive
and respectively subadditive ergodic processes. It is well known that given
a uniquely ergodic system and a continuous observable, the corresponding
Birkhoff averages converge everywhere and uniformly. It is therefore natural
to ask what happens with Kingman’s theorem when the system is uniquely
ergodic. The first objective of this dissertation is to answer this question
following the work of A. Furman. Moreover, we present some extensions
and applications of this result for linear cocycles, which were obtained by
S. Jitomirskaya and R. Mavi. Our second objective is to prove a new result
regarding the rate of convergence of the Birkhoff averages for a certain type
of uniquely ergodic process: a Diophantine torus translation with Holder

continuous observable.

Keywords

Uniquely Ergodic Dynamical Systems; The ergodic theorems; Linear

cocycle; Lyapunov exponents; Rate of convergence of Birkhoff averages.
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Resumo

De Melo Machado, Aline; Klein, Silvius. Teoremas Limite para
Sistemas Unicamente Ergddicos. Rio de Janeiro, 2018. 79p.
Dissertacao de Mestrado — Departamento de Matematica, Pontificia
Universidade Catoélica do Rio de Janeiro.

Os resultados fundamentais da teoria ergoédica — o teorema de Birkhoff
e o teorema de Kingman — se referem a convergéncia em quase todo
ponto de um processo ergddico aditivo e subaditivo, respectivamente. E
bem conhecido que dado um sistema unicamente ergédico e um observavel
continuo, as médias de Birkhoff correspondentes convergem em todo ponto e
uniformemente. Desta forma, é natural também se perguntar o que acontece
com o teorema de Kingman quando o sistema é unicamente ergddico. O
primeiro objetivo desta dissertacao é responder a essa pergunta utilizando
o trabalho de A. Furman. Mais ainda, apresentamos algumas extensoes e
aplicagoes desse resultado para cociclos lineares, que foram obtidas por S.
Jitomirskaya e R. Mavi. Nosso segundo objetivo é provar um novo resultado
sobre taxas de convergéncias de médias de Birkhoff, para um certo tipo de
processo unicamente ergodico: uma translacao diofantina no toro com um

observével Holder continuo.

Palavras-chave

Sistemas Dinamicos Unicamente Ergodicos; Teoremas FErgodicos;
Cociclo linear;  Expoente de Lyapunov; Taxa de convergéncia de médias

de Birkhoff.
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1

Introduction

A dynamical system consists of a space X and a rule that determines
how points in X evolve in time. Time can be either continuous (e.g. indexed
by R) or discrete (e.g. indexed by Z).

In this work, we only consider the case of discrete time. Thus, the law
of our system is a single map 7: X — X and, given z € X we can think of

T"(x) as representing where 2 has moved to after time n € N.

We call the sequence
x,T(x), T*(x),...,T"(x),...

the orbit of x. If T' is an invertible map, then the sequence above is called the

forward orbit of x.

One of the objectives of the area of dynamical systems is to study the
behavior of these orbits. In general it is difficult or impossible to understand
the behavior of every orbit. Instead, we could consider almost every orbit,
with respect to an appropriate measure p on the system. Such a measure is a

T-invariant probability measure, that is, u(X) =1 and

w(E) = u(T7Y(E)), for every measurable subset £ C X.

A measurable subset E of X is said to be T-invariant if E = T-Y(E).
Heuristically, we say that (X,u,T) is an ergodic system if the system is
irreducible, in the sense that any T-invariant subset of X has zero measure
or total measure. We call the triple (X, u, T') a uniquely ergodic system if p is

the only T-invariant probability measure on X.

Since understanding the behavior of orbits may be a very complex
problem, we can use an observable! function to still derive some characteristics

of the system.

Ergodic theory has many applications in other areas of Mathematics

la measurable function which is absolutely integrable.
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Chapter 1. Introduction 11

and Physics. For example, in Physics, we can use methods of ergodic theory
in statistical mechanics to study the long-term average behavior of complex
systems, such as the interactions of vibrating atoms in a crystal or the
behavior of molecules in a gas. Moreover, we can apply the results of ergodic
theory in many other areas of Mathematics. In geometry, it is very useful for
studying geodesic flows on Riemannian manifolds. There are also applications
in probability theory (for example, the theory of Markov chains). Furthermore,
ergodic theory has connections with other fields such as harmonic analysis and

number theory.

One of the first results in ergodic theory is the Poincaré recurrence
theorem, which states that almost all points in any subset of the total space
eventually revisit the set. Henri Poincaré discussed this theorem in 1890 [1]

and Constantin Carathéodory proved it using measure theory in 1919 [2].

Tn—l 'fb/ R Tn—2 T
[

Figure 1.1: Poincaré Recurrence

In 1931, Birkhoff proved one of the most important theorems in ergodic
theory [3]. Namely, given an ergodic system, the time average of a function
along the trajectories converges almost everywhere to the space average. This
result is known as the pointwise ergodic theorem. Moreover, for a uniquely er-
godic system and a continuous observable, the corresponding Birkhoff averages

converges everywhere and uniformly (see [4]).

A subadditive process on (X, u, T) is a sequence { f, }nen of a measurable

functions such that

froom < fo+ frmoT™  forall n,m e N.
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In 1968, Kingman established his subadditive ergodic theorem [5], that
asserts the almost everywhere convergence of subadditive ergodic processes.
That is, given any subadditive sequence {f,}nen in L'(X) (relative to the
map T: X — X) the sequence {%(w)}neN converges to a constant L(f), for
almost every x € X. The constant L(f) is called the Lyapunov exponent of the

subadditive process { fn}nen-

It is natural to ask what happens with Kingman’s theorem when the
system is uniquely ergodic. More precisely, it would be interesting to know
if we have uniform convergence in Kingman’s Theorem when we consider a

uniquely ergodic system, as in the case of Birkhoft’s Theorem.

The first objective of this dissertation is to describe the work of Furman

[6], where this question was answered.?

Theorem 1.0.1 (Furman, 1997). Let (X, i, T) be a compact, uniquely ergodic
system and let { fy}nen be a subadditive sequence of continuous functions on
X. Then, for every x € X

limsup f(r) < L(f)

n—oo

However, for any F, set E (that is, E is a countable union of closed subsets)

with w(E) = 0, there ezists a continuous subadditive sequence {f,}, such that
) 1
lim sup — f,,(z) < L(f).
n

We also present some extensions and applications of this result to linear

cocycles. They were obtained by S. Jitomirskaya and R. Mavi [7].

Given an ergodic system (X, pu,T) and an observable ¢: X — R, we
denote by

n—1

Sap(x) = > o(T7x)

=0
the corresponding Birkhoff sums. We recall that the Birkhoff average +S,¢(z)

converges for almost every x € X to the space average [y pdpu.

Our second objective is to obtain an estimate on the convergence rate
of the Birkhoff averages for certain types of uniquely ergodic systems and
observables. More precisely, we consider a Diophantine torus translation with

a Holder continuous observable.

2This question was posed by Furstenberg.
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Let T = R/Z be the one dimensional torus endowed with the Lebesgue
measure and let 7: T — T, T'x = x+w be the translation on T by an irrational

frequency w, which satisfies a generic Diophantine condition. That is,

C

dist(kw,Z) > — S
(heo, 2) 2 [T og [R])2

for some ¢ > 0 and for all k € Z\ {0}.

We obtain the follow result.

Theorem 1.0.2 (S. Klein and A. Melo). Let ¢: T — R be an observable and
let w € T be an irrational frequency. Assume that o is a-Hélder continuous,
for some a € (0, 1), and that w satisfies the above Diophantine condition. Then

there exists a universal constant K such that for all R >1 and x € T,

1 Rl K (logR)3
— W) — dr| < — 2 [|¢0]lso-
Rjzow(xﬂm /TsO(x) o)<l

In a future work we will consider the same problem for any continuous
observable (instead of Holder); furthermore, we will also consider other types
of transformations (e.g. the higher dimensional torus translation and the skew-

translation).

The rest of this dissertation is organized in three chapters as follows.

In chapter 2 we review basic notions in ergodic theory, such as the con-
cepts and examples of measure preserving dynamical system, ergodic systems
and uniquely ergodic systems. We also present in this chapter some impor-
tant theorems in ergodic theory: Birkhoft’s Ergodic Theorem and Kingman’s

Ergodic Theorem.

In Chapter 3, we present the proof of Furman’s result. We then describe

several consequences of this theorem.

In Chapter 4 we describe some basic results about continued fractions
and the Diophantine condition. Then we present the proof of Theorem 4.1.1
on the rate of convergence of the Birkhoff averages for a Diophantine torus

translation with Holder continuous observable.
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2
Basic Concepts in Ergodic Theory

In this chapter we introduce the basic concepts in ergodic theory which
will be needed in the next chapters. We define the notions of measure preserving
dynamical system (Section 2.1), ergodic system (Section 2.2) and uniquely
ergodic system (Section 2.4). For each of these concepts, we provide some

examples.

We also present some important theorems in ergodic theory, such as the
Birkhoff’s Ergodic Theorem and the Kingman’s Theorem (Section 2.3).

2.1

Measure Preserving Dynamical System
We define below the concept of measure space.

Definition 2.1.1. A measure space is a triplet (X, B, u) where

1. X is a set, which we refer to as the phase space.

2. Bis a o-algebra, that is, B is a collection of subsets of X which contains the
empty set, and which is closed under complements and countable unions.

The elements of B are called measurable sets.

3. u: B — [0,+0¢] is a o-additive function, that is, if Ey, Fy... € B are
pairwise disjoint then g (U E,) = > w(E;). The function p is called the
measure. = =

If u(X) = 1, then we say that p is a probability measure and (X, B, u) is a

probability space.

Definition 2.1.2. Let (X, B) and (Y,C) be measurable spaces. The function
T: X — Y is said to be measurable if T~*(C) € B,VC €C.

Let (M, B, ) be a measure space and T: M — M be a measurable

function.
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Definition 2.1.3. We say that p is a T'-invariant measure on M, or that T
preserves i, if u(T~'E) = u(F), for all measurable subsets £ C M.

Proposition 2.1.1. Let T': M — M be a measurable function and let u be a

measure on M. Then, T preserves u if, and only if,

[odu=[ooTdp

for every p-integrable function ¢: M — R.

Definition 2.1.4. Let T: M — M be a measurable function. We say that
(M, B, i1, T) is a measure preserving dynamical system if p is a T-invariant

probability measure.

We present below examples of measure preserving dynamical system.

Example 2.1.1 (Translation on the unidimensional torus). Consider
the unit circle S* = {(x,y) : 2* + y* = 1} C R?. We may also identify the unit

circle in the real plane as a subset of the complex plane. More precisely,
S'={zcC:|z|=1}={:0<0<1}CC.
Let 6 be a real number, the transformation
Ra: Sl N Sl, 6271'2'0 S 627r7l(9+o¢) _ 627m'0 . eQTria

is called the rotation map of S by 2ra.

R,(2)
RQ(RQ(Z)) ,/_\ ./\

2miw

Figure 2.1: The trajectory of z = e

It is easy to see that Ry is the identity map and R, o R, = R, for all

a,7 € R. In particular, every rotation map R, is invertible and (R,)™' = R_,.
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We define a metric d on the unite circle S* such as

) , 0, — 0 if [0, —6y] <1
d(627r16’17e27r191> _ { | 1 2|7 1 | 1 2| =95 (21>

1—‘61—92|, if %<‘91—92|<1

Hence, the rotation R, is an isometry , that is, d(R.(z1), Ra(22)) = d(21, 22)

for every z;, z € S*.
There is an equivalent system to the rotation on the unit circle S*.

Define the following equivalence relation ~ on the real line R:

r~Yy & x—yE L.

We use the notation [z] € R/Z to denote the equivalence class of any
x € R. Moreover, the space T = R/Z formed by the equivalence classes is

called the 1-dimensional torus. That is,
R/Z={z+Z:2€[0,1)}

then R/Z = [O, 1]/0~1.
The map ¢: R/Z — S' given by

2mix

r—p(r)=e

establishes a one-to-one correspondence between R/Z and S'. The distance d
defined in (2.1), gives the following distance on R/Z, that we also denote with

the same symbol d:
dz,y) =d(z —y,Z) =min{|lz —y — k| : k € Z})

for every x,y € R/Z.

Moreover, given a € R, we may also define T,,: T — R
T.(xr) =x+a mod 1

which is called the translation map of T by a.

Since 1 is an isometric and bijective map between S! and R/Z, it follows
that the systems (S',d) and (T, d) are topologically conjugated. Hence, from

now on, we only consider the translation map 7, on the torus T.

Define 7: R — T to be the canonical projection such that 7(z) = [z].

We say that a set £ C T is measurable if 7~!(F) is a measurable subset of
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the real line. Let m be the Lebesgue measure on the real line. We define the

Lebesgue measure p on the torus to be given by
wE)=m(r  (E)N[k,k+1)), Vk€Z.

It is clear that p is a probability measure.

Proposition 2.1.2. Let y be the measure defined above. Then, u is invariant

under every translation.
Proof. Let k be the integer part of . First, note that
T E)N[k+1,0+1) = (7 (E)N[k,0)) + 1.

Since m is invariant under all the translation maps,

m((x"HE) - 0)N[0,1) =m((x Y (E)N[I,0 +1))
=m((m Y E)NO,k+1)+m((z  (E)N[k+1,0+1))
=m((z Y E)N[0,k+1))+m(r 1 (E)N[k,0))
=m((z Y E)N [k, k+1)).

On the other hand, by definition, 7=1(T, }(E)) = 7~*(E)—# for all measurable
subset £ C S'. Then, we have that

Ty H(E)) = m(x~ (T, (E) N[0, 1)) = m((z~"(E£) — ) N[0, 1))

=m((r (E)N [k, k+1))
= u(E)
for every measurable subset £ C S*. O

Proposition 2.1.2 shows that (T, u, T,,) is a measure preserving dynamical

system, for any real number a.

Example 2.1.2 (Translation on the higher dimensional torus). As in

example 2.1.1, we can define a space of equivalence classes in RY.

For each d > 1, consider the equivalence relation on R?, given by

(xla"'axd)N(yla--'ayd)@(ml_yla"'axd_yd)GZd’
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We will use the notation [z] or [(z1,...,24)] to denote the equivalence

class of any z = (x1,...,24) € R% Moreover, the space
T = RY/Z = (R/2Z)",

formed by the equivalence classes, is called the d-dimensional torus or, simply,
the d-torus.

Given 0 = (6y,...,04) € R the transformation
Ty: (R/Z)* — (R)Z)*,  Ty([x]) = [z + 0]

is called the translation of T by 6.

Let m be the Lebesgue measure on R?. The map
¢: 0,17 =T, o(x) = [2]

is surjective and allows us to define a Lebesgue probability measure p on the

d-torus, through the following formula:
u(B) =m(¢~'(B)), VBCT

such that ¢~1(B) is a measurable subset on R?.

It is not difficult to see that this measure m is invariant under Tp.

Moreover, we say that a vector 0 = (61,...,0;) € R? is rationally
independent if, for any integer numbers ng, nq,...,ngy, we have that
ng+nib+---+nifbyg=0=>ny=n;=---=nyg=0.

Otherwise, we say that @ is rationally dependent.

Proposition 2.1.3. The Lebesgue measure m is invariant under every trans-

lation map Ty.

Proof. Since Ty is a continuous map, it follows that Ty is a measurable function.
Define
M={FE € B:m(R, (E)) =m(E)}.

We claim that M = B. Indeed, let I? = [a,b]¢ C T be a box, then

RN =[a—0,b—01"=m(R;*(I)) = (b—0—a+0)"=(b—a) =m(?
= I1e M.
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Hence, I € M. On the other hand, let A= I¢UI{U---UI¢ € B be a union

of disjoint boxes. Then, we have that

m(Ry'(A)) =m(Ry ' (I{ U+ U L))
=m(Ry (1) U+ U Ry (I})
m(Ry ' (1)) + - + m(Ry ' (I}))
=m(I}) + -+ +m(I})
=m([fu-- Ul
=m(A).

Then, A € M. That is, the set M contains the algebra of finite unions of
disjoint boxes. Additionally, M is a monotone class. Indeed, let {A,} C M be
a sequence such that A, 7 A then

Ay /A= Ryl (Ay) = By ' (A) = m(Ry ' (An)) — m(Ry ' (A))
= m(A,) = m(R;'(A)).

But, if A, A then m(A,) — m(A). Hence, m(R, ' (A)) = m(A).
Analogously, we can show that if A, \, A, such that A, € M,Vn € N,
then A € M.

Therefore, M is a monotone class which contains the Boolean algebra
of finite unions of boxes. By the Monotone Class Theorem, M contains the

o—algebra generated by this Boolean algebra.

Furthermore, let A C B be a null set. Then, m(A) = 0 and, for each
e > 0, there exists B € M such that A C B and m(B) < e. Hence,

Ry'(A) € Ry (B) = m(Ry ' (A)) < m(Ry'(B)) = m(B) < e = m(Ry'(A)) <e.

Take € — 0, then m(R;'(A)) = m(A) = 0. Hence, A € M.

Therefore, M = B, that is, m is an invariant measure under every

translation map Tjy. O

Proposition 2.1.3 shows that (T9,m, Tp) is a measure preserving dynam-

ical system, for every 6 € RY.
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Example 2.1.3 (The skew-translations on the 2-torus). Let f: T? — T?

be a map on T? such that

f(01,02) = (01 + a, 01 + 6),
where « is an irrational number. Note that f is an invertible function and
f_1(91, 92) = (91 — Q, 92 - 91 + Oé).

Lemma 2.1.4. Let M C R? be an open subset of R? and denote by vol the
restriction to M of the Lebesque measure (volume measure) on R4, A C!
diffeomorphism f: M — M preserves the volume measure vol if, and only
if, |det Df| = 1 at every point.

Proof. First, suppose that |det Df| = 1 at every point. Let £ C M be a
measurable set and B = f~!(FE). Then, applying the change of variables

formula, we have that

Vol(E) = /B|det Df|dz = /B 1dz = vol(B) = vol(f~}(E)).

Hence, f preserves the measure vol.

To prove the second part of the statement, suppose that |det D f(z)| > 1
for some point x € M. Since the Jacobian is continuous, there exist a

neighborhood U of z and some number ¢ > 1 such that
|det Df(y)| >0 >1, VyeUl.
By the change of variables formula, we have that
vol(f(U)) = /U | det Df|dz > /Uad:c > o vol(U).

Denote E = f(U). Since vol(U) > 0, the previous inequality implies that
vol(E) > vol(f~!(E)). Hence, f does not leave vol invariant. Similarly, one
shows that if | det D f(x)| < 1 for some point & € M then f does not leave the

measure vol invariant. O

Proposition 2.1.5. The Lebesgue measure m on the torus is f-invariant,

where [ is the skew-translation map defined above.

Proof. Note that the derivative of f at each point is the matrix

()
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whose determinant is 1, hence the result follows from Lemma 2.1.4. n

Let a be an irrational number and let f: T? — T? be the skew-translation
map defined above. By the previous proposition, (T? m, f) is a measure

preserving dynamical system.

Example 2.1.4 (The Bernoulli shift). Let (X,C,v) be any probability
space and define the probability space (3, B, i) such that

(i) > = XV is the set of all sequences (2, )nen With z € X for all n,

(ii) B = CY is the o-algebra generated by the cylinders
[m; Ay -y Anl = {(2)ien - @ € A;for allm < i@ <n}
where m < n and each A; is an element of C.
(iii) p = v is the product measure, that is,

N([m;Amw e 7An]) - H V(Az)

The map o: > — >, where

o((Tn)n) = (Tnt1)n,

is called the Bernoulli shift. That is, the image of (z,,)neny = (To, 1, -+, Tpy .- )

is the sequence (Z,41)ney = (T1,. .., Tpy - - .).

Observe that the image inverse of any cylinder is still a cylinder, that is,
o ([m; A, . AN) = [m 1A, AL
Hence,

(o7 (s Ay AGD)) = [+ 15 A, A)) = v(Ag) v (Ay)
= u([m; A, ..., AL,
Then, u(E) = p(c~(F)) for every cylinder E in B. Since B is the o-algebra
generated by the cylinders, it follows that u(FE) = u(c~'E) for all £ € B.

Thus, p is a o-invariant probability measure.
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2.2
Ergodic Systems

Throughout this section, unless otherwise noted, we will suppose that p is

an invariant probability measure relative to a measurable function T': M — M.

Definition 2.2.1. Let (M, B, u, T') be a measure preserving dynamical system
and let ¢: M — R be a measurable function.

i) A measurable subset £ C X is said to be f-invariant if T™'E = E.
ii) ¢: M — R is an T-invariant function if p o T = ¢, for p-a.e.

Definition 2.2.2. A measure preserving dynamical system (M, B, u, T') is said
to be an ergodic system if for all T-invariant subsets £ C X, u(F) = 0 or

u(E) =1.

We say that ¢: M — R is a p-a.e. constant function if there exists ¢ € R
such that ¢(x) = ¢ for p-a.e. z € M.

Proposition 2.2.1. Let p be an invariant probability measure under a measu-
rable function T: M — M. Then, (T, ) is an ergodic system if and only if

every invariant integrable function v¥: M — R is constant u-a.e.

The following proposition provides other characterizations of ergodicity.

Proposition 2.2.2. Let T': M — M be a measurable function and let u be a

T-invariant probability measure on M. The following conditions are equivalent:

(a) (T, p) is an ergodic system

(b) For any pair of measurable sets A and B,
1 n—1 ]
lim 3" u(T(4) 1 B) = p(A)p(B)
=0

(c) For every map ¢ € LP(u) and every map ¢ € L(pn), with % + % =1, we

have

lim ZO [tgoTpvdu= [y [y

To prove that the previous examples are also ergodic systems, we begin

with a brief exposition about Fourier series.
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Let (2, M, 1) be a measure space and let p € R with 1 < p < oo, we set
LP(Q) = {f: Q — R : f is measurable and |f|* € L'(Q)}

with

I£ls = 51 = [ ]

In particular, L*(T) is the space of all square integrable functions on T

and L*(T) is a Hilbert space endowed with the inner product
{f,9) = /T /9.

Let e: T — C, e(x) = e*™. It is known that the maps {e, }necz, Where

en(1) = e(nx) = ™"

form an orthonormal basis in L*(T).

Given a function f € L*(T), its n-th Fourier coefficient is
F(n) = /T F(t)en(d) dt = /T F(t)e(—nt) dt.

Thus, any f € L?(T) may be expanded into the Fourier series

f(z) =3 f(n)ea(x),

ne’l

where the convergence (or equality) above is understood in the L? sense.
The interested reader may find all the details regarding the Fourier

analysis concepts used in this dissertation in [8] and [9].

Proposition 2.2.3. The one-dimensional torus translation (T,m,T,) is an

ergodic system if and only if o is an irrational number.

Proof. First, we will prove that if « € Q, then (T, m,T,) is not ergodic.

Let a = § € Q and let I C T be a segment with length less than é.
Then, T4(x) = z,Vz € T and the set

A=TUT,(HU---UTTYI)
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is invariant. That is because

To(A) = To(IUTW(I)U---UTI N (]))
= To()UTI)U---UTT (1) UTYT)
=TUT,(H)UTA(I)U---UTT(I)
=A

and, since T, is a bijective function, we have that T, '(A) = A.

On the other hand,

m(A) =m(IUT,(I)U---UTI (1))
=m(l) + m(Ty(I)) + -+ +m(T (1))
=m(I) + -+ m(])
=q-m(I)
<1

Moreover, if I C A then 0 < m(I) < m(A). Thus, 0 < m(A) < 1 and,

since A is an invariant set, we conclude that T, is not ergodic.

Reversely, suppose that « is an irrational number and let ¢ € L*(T) be
an invariant function. We consider the Fourier expansion of ¢. That is, if we

denote by @(k) the k-Fourier coefficient of ¢, then

o(z) = Z @(k)e%“” in LQ(']I‘).

kEZ

Moreover, if m(k) denote the k-Fourier coefficient of ¢ o T, and

applying the change of variables formula, we have that

—

@ o Ta(/{}> — /H‘gp(x + 06)6_27rik$d$ — /Esp(y)e—QWikyeQWika — @(k)eewika.

Hence,

(poTy)(x) = Z @(/ﬁ)e%ikx _ Z @(k,)eeﬁikQBQWika:'
kez kez

Since ¢ is a T,-invariant function, ¢ = ¢ o T},. On the other hand, the

coefficients of Fourier series are unique, then

@(k) = @(k)e™  for allk € Z.
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But e2™*0 £ 1, for all k # 0 since a ¢ Q. Then, p(k) = 0,Vk # 0. That is,

©(z) = ag for m-a.e. z € T.

In particular, the indicator function ¢ = 14 of any invariant subset
A C T is an m-a.e. constant function. Then, m(A) = 0 or m(A) = 1, that is,
(T,,m) is ergodic. O

This proposition can be extended to the translation map on the d-torus,

for every d > 1.

Proposition 2.2.4. If 0 = (0y,...,04) is rationally independent then the
translation map Ty: T — T? is ergodic.

Proof. Suppose that § = (4, ...,60,) is a rationally independent vector and let
@: T4 — C € L*(T?) be an invariant map, that is, ¢ o Ty = ¢ for m-a.e.

We consider the Fourier expansion of ¢. That is, if we denote by @(k)
the k-Fourier coefficient of ¢, then

px) = > @(k)e*™*,  in L*(T7)

kezd

where x = (21, ...,24) € T4 k = (ky,..., kg) € Z4and k-2 = kyxy+- - -+ kqxq.
Analogously by Proposition 2.2.3, we may prove that

— —

o Ty(k) = p(k)e*™*?.

Hence,

(poTp)(z)= > oo Ty(k)exiks = 3 (k) e2mikd 2mik-e.

kezd kezd

Since ¢ is an invariant map, the above equations are equal. Moreover,

since the coefficients of Fourier series are unique, we have
gp/(E)eQ’”k'e = go/(E), for allk € Z.
But e2™* 0 =£ 1 for all k # 0 since § = (6;,...,0;) is rationally independent.

Then, go/(E) = 0,Vk # 0. That is, p(z) = ao for m-a.e. z € T%

Hence, the indicator function ¢ = 14 of any invariant subset A C T is

an m-a.e. constant function. Then, (Tp, m) is ergodic. O

Proposition 2.2.5. Let f be the skew-translation map defined in FExample

2.1.5. Then f is ergodic (relative to the Lebesque measure m).
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Proof. Let ¢: T? — R be a function in L?(T?). If we denote by @(k) the

k-Fourier coefficient of ¢, then the Fourier expansion of ¢ is given by
_ Z @(n)GZWi’wQ’ in LQ(TQ)
nez?
where 0 = (01,0;) € T?,n = (n1,n2) € Z? and n - 0 = ny0; + nobs.

Moreover, by the Plancherel theorem

> 120 = [ lp(6r, 62)d0rdb; < . (2.2

nez?

Furthermore,

£(01,05)) = > @(n)ermimGrta)tna0at6r))

nez?

)

— @(n)e27rin1a627ri(n191+n2(02+01))

nez?
_ Z 90 27rm104 27rz((n1+n2)91+n292)

nez?

Suppose that ¢ is f-invariant, that is, ¢ o f = ¢, for m-a.e. Hence, by the

uniqueness of the Fourier coefficients, we have that
@(n)e*™™* = 3(L(n)), for alln € Z* (2.3)

where L(n) = (ny + ng, ng).

Then, |@(n)] = |p(n)e*™™| = |@p(L(n))|. By (2.2), we conclude that
@(n) = 0 for all n € Z? such that the orbit L7(n), j € Z is infinite. In particular,
@(n) = 0 where n = (ny,ny) with ny # 0. On the other hand, if n = (n4,0)
then L(n) = n. Hence, the relation (2.3) becomes

-~ 2mini o

P(n)e™™™" = @(n).

Since « is an irrational number, $(n) = 0 when n = (ny,0) with n; # 0.

Hence, ¢ is m-a.e. constant function and we conclude that f is ergodic. O]

The next lemma is a technical step towards proving the ergodicity of the
Bernoulli shift.

Lemma 2.2.6. If B and C are finite unions of pairwise disjoint cylinders,

then for every j € N large enough,

(BN o (C)) = u(B)u(o(C)) = n(B)u(C).
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Proof. First, suppose that B and C' are cylinders, that is,
B=1k;Bg,...,B)] and C=[m;C,,...,C,].
It is easy to check that
o (C)=[m+j;Crn,...,Chl.
Take j large enough such that m + j > [ for some [ € N. Then,

BNo(C)={(xp)n: 7k € B,..., 11 € B, Zmtj € Cry ooy Tpgj € O}
== [k;Bk,...,Bl, X,...,X, Cm770n]
—_————

m~+j—Il—1times

Hence,

wW(BNa(C)) = u(lk; B, ...,Bi, X,...,X, Cpy...,Cp])
N————’

m~+j—I—1 times

- 11v(5) : ﬁl v(x) T v(Cy)
= 115 I v
= u(B) - p(C)

since v(X) = 1.
This completes the proof when A and B are cylinders. The general case

follows from the fact that p is finitely additive. m

Proposition 2.2.7. Let o be the Bernoulli shift defined in the Example 2.1.4.

Then, o is ergodic.

Proof. Let By be the algebra of all unions of pairwise disjoint cylinders and let

A € By be a o-invariant measurable subset of 3.

Applying the Lemma 2.2.6 with B = C' = A, we obtain
WA 07 (A)) = u(AY?

for j large enough.

Since A is invariant, (AN o7 (A)) = u(A). Hence, u(A) = u(A)?, and,
consequently, ;(A) =0 or pu(A) = 1.
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Now, suppose that A C ) is any o-invariant measurable subset. For
every € > 0, there exists B € By such that u(A A B) < e, recalling that
AAB:=(A\B)U(B\ A). Fix j such that

WBNo(B)) = u(B)u(c™(B)) = u(B)*.
Observe that
(AAB)U (07 (A) Ao i(B)) = (AAB)Us I(AA B)
and
(ANo(A) A(BNno(B) C (AAB)U (0 (A) Ao (B)).
Hence,

(AN o™ (A)) = u(BNo(B))| = [u(X\Y) = u(Y \ X)|

< [(XN\Y)] 4 [p(Y\ X))
=|n(Ano™(A )) (BNno™(B))|
<p((AAB)U(c77(A) Ao (B)))

< ,u(AAB)<26

since p is a o-invariant measure.

Combining all of the above, we conclude that
|1(A) = p(A)?] < 4e.

By the arbitrariness of ¢, it follows that u(A) = u(A)?, that is, u(A) =0
or u(A) = 1.

2.3
The Pointwise and Subadditive Ergodic Theorems

In this section, we present the proof of one of the most important
results in ergodic theory, Birkhoff’s pointwise ergodic theorem. We follow the
argument of Y. Katznelson and B. Weiss [10] since it is more related to the
spirit of this dissertation. However, other proofs are available, see for instance
the book of M.Viana and K. Oliveira [4].
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We also formulate Kingman’s subadditive ergodic theorem, whose proof

in [10] is similar to that of Birkhoff’s ergodic theorem.

We start with the pointwise ergodic theorem.

Theorem 2.3.1 (Birkhoff for measure preserving transformations). Let
(X, B, 1, T) be a measure preserving dynamical system and let f: X — R
be an integrable function. Then, the limit

i L@+ f(T2) + -+ [T 2)

n—oo n

— F (@) (2.4)

exists for almost every x € X. Moreover, f* is a T-invariant function and

Jx [fdp =[x fdp.

Proof. (Following [10]) Suppose that f is a non-negative function and define

T . 71
oy H) ) 4t T )
n
We need to show that the limit lim on(x) exists for p-a.e. v € X.

Define

f(z) = ligl_}s;}p op(z) and f(x) = lim inf on(x).

Hence, f(z) < f(z) for every z € X.

Observe that

1 mn
Fuia(2) = — 2 (@) + F(T2) o+ F(T7)
= n(TT).
n+1f(x)+ n—l—la (Tz)
Since, lim f(z) =0 and lim =1, we have

f(z) =limsup 0,41 () = limsup o, (Tx) = f(Tz).

n— oo n—oo

Similarly, f(z) = f(Txz), that is, f and f are T-invariant functions.

We want to prove that f(z) = f(x) for p-a.e. z € X. First, we will show

e [ Fdu< [ gan< [ san. (2.5)

We only prove first inequality in (2.5), as the proof of the second inequality is

analogous. We claim that

[ Fap < [ fdu+ ot (2.6)
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for every € > 0. Indeed, for this, we will prove that

2:: F(Ti) < 7 3 f(T72) + Oe).

b' \

We can suppose that there exists M € R such that f(z) < M for every x € X.
Otherwise, define fy/(z) = min{f(z), M}. Then, fy;  f and the function
far is T-invariant since f is T-invariant. Hence, if the function fy; satisfies
the inequality (2.6) then the same inequality is true for f by the monotone

convergence theorem.

By the definition of f, for every x € X, there exists n € N such that
B 1 n—1 )
fla) =< -3 f(17)
j=0

that is, nf(z) < f(z) + -+ f(T"'2) + ne.
Since f is a T-invariant function, we have that

Fa) = (Ta) = - = [("'2) = nf(2) = J(@) + [(Tw) + -+ [T ).
Then, for each z € X, there exists n € N such that
n— n—1
1 f(Tz) <> f(T7z) + ne. (2.7)
Jj=0 Jj=0

Let n(z) be the first n such that the inequality (2.7) is satisfied. Then,

n(z)-1 ' n(z)—1 ‘
f(Mz) < > f(T7%) + n(x)e.
=0 j=0

For each N € N, define Ay = {z € X : n(z) < N}. Hence, Ay /X
since for each x € X, there exists n(x) € N. Consequently, p(A,) — p(X) = 1.
Thus, there exists N € N such that u(X \ Ay) < ¢/M.

Fix N € N such that p(X \ Ayx) < ¢/M and put A = Ay. Hence, if
r € Athen 1 <n(x) <N and

Z: f_TJ < > f(T7z) 4+ n(x)e.

Fix z € X. We define a sequence of indices {n;} and points {z;} by the
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following rule:

n(xy), ifz € A

r1 =z, and ny; =
1, lfl’1¢./4

And, for j > 1, define

n(zrjs1), ifzjgeA

Tjt1 = TanL‘j, and Njy1 = .
1, ifr; ¢ A

that is, x4 = T™ g

Fix L € N such that L > N - % > N. Since 1 < n; < N, it follows that
the sequence a, = 3_7_; n; is such that a, / oo. Hence, there exists p € N
such that
ng+---+n, <L<ng+- -+ nppa,

that is, there exists K € {0,...,n,41} such that L = ny+---+n,+ K. Observe
that

L-1 _ ni-1 _ ni4no—1 mtetnp—-l
Yo f(TMx)= > f(TPx)+ > f(Tzx)+---+ > [(Tx)+
Jj=0 j=0 j=n1 J=na i1
L—1 o
+ Z f(Tx).
Jj=ni+-+np

Denote, respectively, by Si(x), Sa(z), ..., Sp(x), Spr1(x) the p + 1 sums

in the previous equality. From (2.7), we get

z1)— z1)—
Z Tja;l ) < Z f(T21) +n(x))e, ifr;=a€A

but, if 2, = 2 ¢ A then n; = 1 and S;(z) = f(2,) < M. On the other hand,

<i f(T7z) +n1€> Ly(z) < i f(TPz) + nye
Jj=0 =0

since we assume that f > 0. Hence,

.1') < (nlz__: f(T]I') +7L1€) + M - ILX\A(xl)-

For the second sum, take j = n; + 1 with [ = 0,...,ny — 1. Then, we can
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rewrite the sum as:

ni+ngs—1 _ no—1 no—1 _
So(z) = > f(TPz)= > f(T'Tz)= Y f(T'z
J=n1 =0

and we can use a similar argument as the first sum S;(z).

Hence,

Sa(x) < (”223 f(T'zy) +n2€> + M - Ix\a(z2).

=0

Inductively,

np—1
(Zf l'p +np>+M-llX\A(xp)

and, since f(z) < M for every x € X, we have that

L-1 o nmtotny+K-1
Spra(z) =Y. f(TVz)= > f(T"z2) <M -k<M-N<L-e
Jj=ni+-+np Jj=ni+-+np

Observe that

Lva(zi) + -+ Ixvalzy) = Ixya(z) +--- + ILX\A(T"1+"'+"IJ$1)

L-1
< Z Lx\a(T"x).
§=0
Hence,
L_ -
Y f(T7x) = (Si(x) + -+ + Sp(x)) + Spya ()
7=0
ni+-+np—1 p
< Y f(Ta) 4+ (na+-+ny)e+ MY Lyala) + Le
Jj=0 i=1
L—1 .
<Y f(TPz)+L-e+ M- (Lxa(zr)+ -+ Lx\a(zy)) + Le
§=0
L1 . L1 .
<> f(T72) + L(2e) + M - > T\ a(TVz).
§=0 §=0
Then,

=0 j=0 Jj=0

LS i) < 23 F(TI) M (1 S 1oa(Tia )) 4o (28)
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for every x € X.

Since the transformation 7" preserves the measure u, we have that for
every j € N, [y f(T7x)du(z) = [ fdu, [x f(T?2)dp(z) = [y fdu and
Jx Ixa(T?z)du(z) = [x Ix\adp

Integrating the inequality (2.8) and using the fact that L is independent

of x, we have that

/deuzig/xf(ﬁw)
1L—1

<7 > /Xf(zj) + M- (ig)/x ILX\A(ijc)> + 2¢

S/ fdp,—f-M/ ﬂX\Ad,u—f-QE
X X
- /X ey + 26 + Mu(A°)

g/ Fdp + 3e.
X

Letting € — 0, we conclude that

J Fan< [ ran.

Similarly, we can prove that [y fdu < [y fdu. Hence,

J Fan< [ fan< [ fan.

Moreover, we know that [y fdu < [y fdu. Hence, [y fdu = Jx fdp and,
consequently,
JF=Ddu=0=F=1 pac.,
that is, liminf o, () = lim sup o, ().
n—00 n—00

Then, the limit lim on(2) exists and f* = f. Moreover,
n—0o0

[ rrdn= [ fan= [ fap.

If f is not a non-negative function, then we can write f = f* — f~, with
f*,f~ >0 and apply the result above to f* and f~.

]

In particular for ergodic system, we obtain the following.
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Corollary 2.3.1 (Birkhoff’s Ergodic Theorem for ergodic transformations).
Let (X,B,u,T) be an ergodic system. Then, for every integrable function
f: X = R, we have that

lim f@)+ f(T) + -+ fT ) - /X f(x)du(x)

n—oo n

for p-a.e. v € X.

Proof. By the Birkhoff Ergodic Theorem for measure preserving transforma-
tions, the limit
T . Tn—1
i f@) 4 f(T2) + - 4 f(T" ) (o)

n—oo n

exists for p-a.e. x € X. Moreover, f* is a T-invariant function and
[ fdu= [ sap. (2.9
X X

Since T is ergodic, there exists ¢ € R such that f*(z) = ¢ for p-a.e.

xr € X. Hence,
/ ffdu=c-u(X)=c (2.10)
X

Thus, from (2.9) and (2.10) we get [y fdu = c. Then, for almost every
reX,

lim S (@) == [ fdp

n—oo
"o

which is the conclusion we were looking for. O]

The quantity in (2.4),

n—1

Suf(x) =Y f(Tx)

j=0

is called the Birkhoff sums of the observable ! f with respect to the map T .

In general, a subset of total measure which satisfies the convergence (2.4)

in the Theorem 2.3.1 depends of the observable f considered.
However, in some cases it is possible to choose this subset independently

of this function. A useful example of this situation is the following:

Theorem 2.3.2. Let M be a compact metric space and T: M — M be a

continuous map. Then, there exists a measurable subset G on M with total

la measurable function which is absolutely integrable.
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measure ((G) = 1 such that

1 n—1

lim > f(T"(x)) = f*(2)

n—oo n, P
for every x € G and every continuous function f: M — R.
Proof. See pp. 73 - 74 in [4]. O

The Birkhoff ergodic theorem has many applications in different areas of
mathematics. One of them is the quantitative version of Poincaré’s recurrence

theorem. More precisely, we have that

Proposition 2.3.3. Let (X,B,u,T) be an ergodic system and let E be a
measurable subset of X with positive measure p(E) > 0. Then, for almost

every x € X, we have that

. Card{0<k<n-—1:Trtzx e E}
lim =

n—oo n

p(E).

In other words, if n is large enough then
Card{0 < k<n—1:Trz € E} ~n-u(E).

Proof. Let E be a measurable subset of X. It is enough to apply the Birkhoft’s
ergodic theorem (Theorem 2.3.1) to the integrable function f = 1. Indeed,
note that

n—1
Card{0<k<n—1: Tz e E} =) 15(T*z).

k=0
Thus, by Theorem 2.3.1, we have that

177,—1
lim = S 1,(T* :/Ild: E
nggon’;) 5(T"2) = | lpdp=pu(E)

for p-a.e. r € X.

Thus, for almost every x in E the limit of the frequencies of visits exists

and is equal to p(E):

. Card{0<k<n-—1:Trtzx e E}
lim =

n—oo n

1(E).
0

Before we formulate Kingman’s theorem, we introduce some terminology.
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Definition 2.3.1. We say that a sequence of functions ¢,: X — R is
subadditive with respect to the transformation 7: X — X if for all (or a.e.)
r e X,

Pmin(T) < () + 0n(TT)
for all n,m € N.

Example 2.3.1. Let A: X — SLy4(R) be a continuous function and let
T: X — X be a transformation. Define

A () = A(T" 'x)--- A(Tx)A(x).
Then, the sequence o, (z) = log ||[A™ (z)|| is subadditive. Indeed, note that

A () = AT Y (T™x)) - - A(T™x)A(T™ ) - - A(Tx) A(x)
= AW(T™g) - A (x).

Hence,

Pmin(x) = log AT (T™z) - A™ ()|
< log ([[AM(T™a)|| - A (x)]])
< log [ACH(T™ )| + log [ A (z)]| = @m(x) + ou(T™x)

for all m,n € Nand z € X.

Theorem 2.3.4 (Kingman for measure preserving transformations). Let
(X, pu,T) be a measurable preserving dynamical system. where p is a proba-

bility measure, and let {,} be a subadditive sequence of measurable functions
on L' (u).

Then, the sequence (5‘;—”) converges to a T-invariant measurable function
p: X — [—o0,+00) for p-almost every x € X. This function ¢ is such that
p(z) = inf, Jo5(2), where ¢, = [x pndp.

Moreover, ¢t € L*(u) and

n—oo

1 1
/(pd,u: lim g/gpndu:i%fﬁ/gondu.

The proof of Katznelson and Weiss presented in [10] follows the same

approach they used in the proof of Birkhoff’s theorem.

As a consequence of theorem 2.3.4, there is a version of Kingman’s

Theorem for ergodic systems. More precisely,
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Corollary 2.3.2 (Kingman’s for ergodic transformations). Let (X, u,T) be
an ergodic system and let {on}n>1 be a sequence of subadditive measurable
functions. Then, the sequence (‘%") converges to a constant L(p) for p-almost
every x € X. Furthermore, we have

1
L(p) = lim —

n—oo n,

1
/gpnd,u = inf—/@nd,u.
non

Definition 2.3.2. The constant L(yp) on the Theorem 2.3.2 is called the

(maximal) Lyapunov exponent of the subadditive process {@, tn>1.

2.4
Uniquely Ergodic Systems

Definition 2.4.1. We say that a measure preserving dynamical system
(X, p, T) is uniquely ergodic if T: X — X is a homeomorphism and g is

the unique T-invariant probability measure on X.

Observation 1. If (X, u,T) is a uniquely ergodic system, then necessarily p
is ergodic. Indeed, suppose that there exists an invariant subset A in M with
0 < u(A) < 1. Thus,
p(ENA)
pa(E) =
p(A)
is a different T-invariant probability measure on X, contradicting the hypoth-

esis that p is the unique 7T-invariant measure on X.

The following proposition gives several equivalent ways of defining unique

ergodicity.

Proposition 2.4.1. Let f: X — X be a continuous map. The following

conditions are equivalent:

(a) f admits a unique invariant probability measure.
(b) f admits a unique ergodic probability measure.

(c) for every continuous function ¢: X — R, the sequence of averages along a
n—1

trajectory — Z(gbofk)(x) converges to a constant for almost every x € X.
" k=0

(d) for every continuous function ¢: X — R, the sequence of averages along
n—1
a trajectory — Z Qo fk converges uniformly to a constant.
k=0

Proof. See p. 160 in [4]. O
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Observe that the item (d) in Proposition 2.4.1 is a version of Birkhoff’s

Theorem for uniquely ergodic system. More precisely,

Theorem 2.4.2 (Birkhoff’s ergodic theorem for uniquely ergodic systems). Let
(X, B, 1, T) be a uniquely ergodic system and let f: X — R be a continuous

function. Then, the convergence of the Birkhoff averages
1 n—1 )
lim = S f(Tx) = / d
m 5 A1) = [ s

is uniform on X.

Observation 2. Let (X,C,14) and (X,C,v,) be two probability spaces and
o the Bernoulli shift defined in the Example 2.1.4. Thus, we may define two

probability measures p; = v} and py = ) which are o-invariant.

Then, the Bernoulli shift is not a uniquely ergodic system.

Let us prove that other examples described earlier are uniquely ergodic.

Proposition 2.4.3. Fiz d > 1 and let § = (04,...,0;) € R? be a rationally

independent vector. Then the translation map Ty: T¢ — T? is uniquely ergodic.

Proof. By the Proposition 2.4.1, we just need to show that for every continuous

function p: T¢ — R, there exist ¢, € R such that the sequence

converges to c,, for every point z € T

Take ¢, = [@du. By Birkhoff’s Theorem, the limit lim, o ¢, = ¢,
exists for almost every x € X. In particular, lim,,_,» ¢,(z) = ¢, for a dense

set of values z € T¢.

Let d the distance on the torus T¢ = R?/Z? that is, the distance
between any two points on T? is the minimum of the distance between their

representatives on RY. It is clear that
d(Ty(2), Ty(y)) = d(x,y), Y,y e T

So, , ,
d(T3(x), Tj(y)) = d(z,y), Y,y €T, Vj>1. (2.11)
Since ¢ is a continuous function, it follows that for any € > 0, there exists
0 > 0 such that d(z,y) < 0 = d(p(z),p(y)) < e. Therefore, using (2.11), if
d(x,y) < 0 then |p(Tp(z)) — ©(Ty(y))| < €, for every j > 0.
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It follows that for all x,y such that d(x,y) < 0, we have that

1 n—1 ) )
[Pn(@) = enly)l = |~ D lpoTi(x) = po Ti(y)]
=0
1 n—1 ) )
< =D lpoTy(x) —poTy(y)|
n i
1 n—1
< — € — €
n =

for all n € N. Hence, the sequence (@, ),en is equicontinuous.

Now, suppose that there exists 7 € T¢ such that (p,(Z)) does not
converges to c,. Then, there exist ¢ # ¢, and a subsequence (ny) such that
im0 0, () = ¢. We can suppose that the sequence (¢, )i is uniformly
convergent. Let ¢ such that limy_,~ ¢, = . Then, 9 is a continuous function
such that ¢(z) = ¢, for a dense subset of T? and ¢(Z) = ¢ # c,. Hence, we

get a contradiction. O

Lemma 2.4.4. Let m: T? — T be the projection map w(01,05) = 01. If p is an

invariant probability measure for f then the projection measure wp = pomw !

coincides with the Lebesque measure m on T.

Proof. Let E be any measurable subset on T,

(me)(fo () = pln ™" f5 H(E)).

Since mo f = fyom and pu is a f-invariant measure, we have that

pr [ 1 (B)) = p(f a7 H(E)) = p(r™(B)) = (mup)(E).

Hence, (m.u)(fy *(E)) = () (E) for every measurable subset E, that is,
is an fp-invariant probability measure. Since fy is uniquely ergodic, it follows

that m.u coincides with the Lebesgue measure m on T. O

Proposition 2.4.5. If u and v are probability measures on a metric space M

such that
/ dp = / e dv

for every bounded Lipschitz function ¢: M — R, then p = v.

Proof. See pp.449 - 450 in [4]. ]
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Proposition 2.4.6. Let f be the skew-translation defined in the Example 2.1.5.

Then, the Lebesque measure on T? is uniquely ergodic for f.

Proof. We can rewrite T? = T! x T! and
frTEx T = T x T f(61,00) = (fo(6h), 01 + 0y)
where fo(0;) = 61 + «. By Proposition 2.4.3, the transformation
fo: TH —T!

is uniquely ergodic.

Now, suppose that there is an f-invariant probability measure p which
is also an ergodic measure for f. Let G(u) be a subset of T? where G(u) is a
set of values 6 € T? such that

1 n—1 ]
lim = > o(fz) = / @wdu for every continuous function p: T? — R.
n X
7=0

By Theorem 2.3.2 and the ergodicity of skew-translation, G/(u) has total

measure. Define

Go(n) ={0 € T: G(n) N ({0} x S%) # 0}

In other words, Go(p) = m(G(u)). It is clear that 71 (Go(i)) contains G(p)
and, then, 77'(Go(p)) has total measure.

By Lemma 2.4.4,

m(Go(p)) = (mot)(Go(p)) = p(r ™ (Go(n))) = 1.

Similarly,

m(Go(m)) = (m.m)(Go(m)) = m(z =" (Go(m))) = 1.

A consequence of the above equalities is that the intersection of Go(u)
and Go(m) has total measure. In particular, theses subsets can not be disjoint.
Let 6y € Go(p) N Go(m). By definition, G(u) N ({6} x S*) # 0. On the other
hand, we can prove that G(u) contains {6y} x S*.

Hence, G(u) and G(m) intersect at some point of {6y} x S;. By the

definition of G(p), this implies that the two measures p and m have the same
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integral for every continuous function. By Proposition 2.4.5, ;1 = m, which is

the conclusion we were looking for. O
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Furman’s Theorem

In section 2.3 of chapter 2, we described a version of Birkhoff’s Theorem
for uniquely ergodic systems. In this chapter, we answer the following question:
is there an analogous result for Kingman’s theorem? This question was posed

by Furstenberg and answered by Furman.

Hence, the goal of this chapter is to formulate and to prove the results
obtained by Furman in [6]. We begin with some preliminaries (see section 3.1)

then present Furman’s Theorem in section 3.2.

At the end of this chapter (see section 3.3), we also present some
extensions and applications of this result to linear cocycles. They were obtained
by S. Jitomirskaya and R. Mavi in [7].

3.1

Preliminaries

Let (X, B, 1, T) be an ergodic system and let SL4(R) be the linear group

of invertible d x d matrices with real coefficients and determinant 1.

Definition 3.1.1. A linear cocycle of (X, B, u, T) is a skew-product map

Fp: X xR? = X x R
(x,v) = (Tz, A(x)v)
where A: X — SL4(R) is a measurable map.

Define
A (z) = AT 'z) - A(Tx)A(z).

It is easy to verify that the iterates of F)4 are given by:
F(x,v) = (T"z, A™ (2)v).
Definition 3.1.2. Let M be a metric space. We say that a subset E on M is

an F, set if £ = U F}., where F}, is a closed set in M for all k € N.
keN
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Definition 3.1.3. Let A and B be disjoint closed subsets of a topological
space X.

a) We say that A and B are separated by neighbourhoods if there are neigh-
bourhoods U of A and V of B such that U NV = 0.

b) We say that A and B are separated by a function if there exists a continuous
function f: X — [0, 1] such that f(a) = 0 for every a € A and f(b) = 1 for
every b € B.

Definition 3.1.4. We say that a topological space X is a normal space if any

two disjoint closed subsets of X can be separeted by neighbourhoods.
Example 3.1.1. A metric space is a normal space.

Lemma 3.1.1 (Urysohn). A topological space X is a normal space if, and
only if, any two disjoint closed subsets of X can be separated by a continuous

function.

Proof. See p. 115 in [11]. O

Definition 3.1.5. Let (X, d;) and let (X, ds) be metric spaces. We say that

f: X — Y is a uniformly continuous function if
Ve > 0,30 > 0; Vo,y € X, di(z,y) < d = do(f(x), f(y)) <e.

Definition 3.1.6. Let M be a metric space. We say that f: M — R is an

upper semicontinuous function at a point x € M if limsup f(y) < f(z), that
Y=

is,

Ve > 0,30 > 0;ly —z| < d = f(y) < f(z) +e

Observation 3. A function f: M — R is upper semicontinuous if and only

if f~!(—o00,c) is an open subset of M, for every ¢ € R.

Proposition 3.1.2. Let (M,d) be a metric space and let {f,} be a sequence
of upper semicontinuous functions on M. Define the function f: M — R such
that f(a) == 1r>1§ fnla) is the pointwise infimum of these functions. Then, f is

also an upper semicontinuous function.

Proof. We need to show that the set f~'(—o0,c) is a open subset of M, for
every ¢ € R. Note that

flz) <ce H;flfn(a:) <ceImeN; f(r)<ce IneNxe f, ' (—o0,c).
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Hence, f~!(—00,c) = | f, (0, ).

neN
By hypothesis, f, is an upper semicontinuous function for every n € N,

so f1(—o0,c) is an open subset of M.

Hence, f,}(—o0,c) is also an open subset of M. O

3.2

On the subadditive ergodic theorem for uniquely ergodic systems

In this section, we formulate and prove Furman’s theorem regarding
the convergence in Kingman’s subadditive ergodic theorem for a continuous

subadditive process on a compact, uniquely ergodic system.

Let us recall that a subadditive process on (X, u, T) is a sequence {f,,} of

measurable functions such that

fn+m§fn+fmoTn, Vn,m € N.

Throughout this section, unless otherwise noted, we will assume that X

is a compact metric space.

Theorem 3.2.1 (Furman). Let (X, u,T) be an uniquely ergodic system, where
X is a compact metric space. Let {f,} be a subadditive process on X, where

each function f, is continuous. Then, for every x € X,

lim sup :Lfn(x) < L(f)

n—oo

uniformly on X. That is, for every e > 0, there exists N € N such that
1
—fu < L(f)+€ Vn> N, Vo e X.
n

However, for any F, set E with u(E) = 0, there exists a continuous subadditive

sequence { f,} on X, such that
. 1
lim sup Efn(x) < L(f), VxekE.

Proof. Fix e > 0. By Theorem 2.3.2, for u-a.e. x € X, there exists n € N such

that 1
ﬁfn(x)—e< L(f). (3.1)

Let n(x) be the first n such that the inequality (3.1) is satisfied. That is,
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for p-a.e. x € X, define
n(z) =inf{n € N; f,.(z) < n(L(f) +¢)}.

On the remaining set of measure 0, we may put n(x) = 1.

For each N € N, define the set

C=

Av={ze X;n(x) < N} = |J{z e X; fu(x) <n-(L(f) +¢€)}.

1

n

Hence, Ay X since for each z € X, n(z) € N and pu(Ayx) — pu(X) = 1.
Fix N € N such that u(X \ Ay) < e.

For every x € X we define a sequence of indices {n;} and points {z;} by

the following rule:

n(xy), ifz € Ay

r1 =z, and n; =
1, lfﬂil ¢ AN

For j > 1, define

n(a:j+1), if Tjt1 € AN

Tjy = Tnjl'j — T"1+'~'+nj$, and Njp1 = ]
1, ifr;1 ¢ An

Let M > N - ||fi||co/€. Since 1 < n; < N, it follows that the sequence

a, = 2?21 n; is such that a,, /* 0o. Hence, there exists p € N such that

n1+"'+np71§M§nl+"'+npa

that is, there exists K € {0,...,n,} such that M =ny + -+ +n,_; + K.
Observe that
fK(:Cp) = f1 4+ 1(:Up) < fKﬂ(l'p) + fl(TKflxp)

———

K times

< filzp) + fioT(zp) +---+ fu OTK_l@p)
< filloo + -+ L fills < Nl fill

K times

since K < n, < N. By subadditivity,

() = fiomttnpr)+x(T)

S fn1+~~+np_1<w) + .fK(Tnl—i_m—i_np_lx) = fn1+~~+np_1(x) + fK<xp)‘
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On the other hand,

f(n1+--.+np,1)(x) S fn1+~~+np_2 (:E) + fnp_l(Tnl-i-""i‘nP—?x)
< f(n1+-~-+np,2)(x) + fnp_l(xpfl)'

Inductively, we have
p—1 p—1
2) <D fuy () + fre(wp) < D foy(25) + N - || filloo-
j=1 j=1

Observe that
Sy (x5) <ng(L(f) +e€), ifz; € Ay
but, if z; ¢ Ay, then n; = 1 and f, (2;) = fi(z;) < || fils. Hence,
foy(@5) <y (L(F) 4 €) - Day () + [ filloo - Txvay (25)-
Then, we obtain

7fM *anj(z) ;) +* [ filloo

N
+€) - Lay(x5) + | filloo - Lxvay (@5)] + M||f1||oo

IN
&=

[ &m
S

-1

1 2! 17
< M;(nj<[/(f>)+€)+ [ f1lloo - i > Ixvay x])+*||f1|loo

7=1

1 M . N
< (L(f) + &) + I filloo - i Z; Ly\ay (T72) + MHleoo

M
<L+ + Alle 17 3 Ly (TVr) e

j=1

It remains to estimate
1 M .
— > Ly, (TVx)
M = N

We claim that for M sufficiently large, the summand 17 >3, 1x\ 4, (T72)
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is uniformly bounded by O(e). Indeed, note that

X\ Ay ={z € X;n(z) > N}

=N {rexisful) 2 )+

n=1

Since f, is a continuous function for every n € N and since X is a
compact metric space, {I € X;1f.(x) > L(f)+ e} is a closed subset of X and,
consequently, X \ Ay is also a closed subset of X. Hence, by the regularity of
the Borel measure, there exists an open subset U of X such that X \ Ay C U
and pu(U) < p(X \ Ax) + €.

Define L = X \ U. Then, by Lemma 3.1.1, there exists a continuous
function g: X — [0, 1] such that g|;, = 0 and g|x\4, = 1.

Since u(X \ An) < €, we have that

/gduz/gdu+/gdu§u(U)SM(X\ANHGS?G-
X L U

Then, for M sufficiently large, and by Theorem 2.4.2,
M M '
Z X\-AN T] Z Tjﬁ) < /gd,u + € < 3e.

Combining all of the above, we conclude that for M sufficiently large and
for each x € X, we have that

) < LU+ 0(0),

for all n > M. This proves the first statement of the theorem
For the second statement, let £ = U E, C X, where Ej is a closed

k>1
subset of X and p(FEy) = 0, for every k € N. By Lemma 3.1.1, there exists a

continuous function g: X — [0, 1] such that g.[5 =1 and
1(gr) = /X grdp < 2772,

For each n € N, define

n—1n—1

—> > g(Tx)

j=0 k=0

We note that f, is a continuous function and {f,} is a subadditive
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sequence. Indeed,

D) fn(z) = = S S g (T
ii) fn(x) = Z Zk 01 Qk:(zj)

x)

48

m+n—1m+n—1

i) fu(IT™z) = Zk ogk(Tm+j37) Zm+n lzk ogk(
But,

m—1m—1 ] m+n—1n—1 ] m—1m+n—1

Yo a(Mr)+ Do Y a(Mr) <> Y g(Tx)+ Y
7=0 k=0 j=m k=0 7=0 k=0 j=m

m+n—1m+n—1

oY g(TVx)

j=0 k=0

Hence,

fm—l—n(x) S .fm(x) + fn(Tmm)
On the other hand,

n—1n—1
lim — /fndu = lim — / Z Z ge(Tx

n—oo n, n—oo n, =0 k=0

n—1n—1

:—hm—ZZ/ngj

n—oo
520 k=0

nlnl

= _nlgroloﬁzzgkﬂ

jOkO

:—hm— nz

n—oo n, 21€+2

- _7;)2714-2'

Then, by Theorem 2.3.2,

1

L) = Jim [z =3 =

But, for any € E, we have

lim sup ifn(a:) <-1< —; < L(f).

n—oo

Hence, this proves the second statement of the theorem.

Z AVAED
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Corollary 3.2.1. Let (X, u,T) be a compact, uniquely ergodic system and let
A: X — SL4(R) be a continuous function. Then, for every x € X

1
lim sup — log || A" (z)|| < L(f)
n—oo T
uniformly on X.

Proof. Take f,(z) = log||A™(z)||. By Example 2.3.1, {f,} is a subadditive
sequence. Then, applying Theorem 3.2.1, we have the inequality desired. [J

Observation 4. By Theorem 3.2.1, we conclude that there exists a continuous,
subadditive sequence { f,,} such that (’%") does not converge to L(f) uniformly
on X.

3.3

Uniform upper semicontinuity of the Lyapunov exponent

Let (X,u,T) be an ergodic Borel probability space and let I'(X) be
the space of all T-subadditive sequences f = {f,}, where f, is a continuous

function for all n € N.

By Theorem 2.3.2 we have that for almost every = € X,

L(f) = lim 1

n—oo n,

1
[ fud =it~ [ Fdp.
non

L(f) is called the Lyapunov exponent of the process f = {f,}.
Define d: T'(X) x I'(X) — R such that

L lgn — fallo
dgaf = n
( ) 7;2711"‘”971—]%“00

where

[flloe = max | f ()]

feX

It is easy to verify that (I'(X), d) is a metric space.

Proposition 3.3.1. Let (X, u,T) be an ergodic system, where X is a compact
metric space, and let f = {f,} € T'(X). Then, the Lyapunov exponent function

L:T(X) — R is upper semicontinuous with respect to the metric d.

Proof. We claim that {f} — %fX fndp is a continuous map for each n € N.
Indeed, fix n € N.
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Let € > 0. Then for § = 2,1(;26”), it is easy to see that

d(g,f) <0 = |lgn — fullo < en.

Hence,

1 1 1 en
’/ fnd,u_*/ gndﬂ‘ S */ an_gn||ood#<7:€7
nJx nJx nJx n

which proves our claim.

Then, by the arbitrariness of n, {f} — L [ f,dp is a continuous map
on (I'(X), d), for every n € N. Consequently, by Proposition 3.1.2,

(it [ () = L0

is a upper semicontinuous map in (I'(x), d). O

Combining these properties with Theorem 3.2.1, we obtain the following
result due to S. Jitomirskaya and R. Mavi (see [7]).

Theorem 3.3.2. Let (X, u,T) be a compact, uniquely ergodic system and let
f=Af} € T(X). Then, the Lyapunov exponent function L: T'(X) — R is
uniformly upper semicontinuous with respect to the metric d. That is, given
€ > 0, there exist d.,n., such that for all g = {g,} € I'(X) with d(f,g) < 0.,
for allm > n. and for all x € X, we have

Tllgn(x) < L(f) +e.

Proof. Fix e. By Corollary 2.3.2, there exists ny € N such that
1
— [ fuolw) dyp < L(f) + €.
Ng JX

By Theorem 2.4.2 and Theorem 3.2.1, there exists m € N such that for every
reX,

1 m—1

LS 1) < [ fula)du(de) + e < no(L(H) +20. (32)
k=0
Take M = ngm. Since {f, }nen is a subadditive sequence,

F3t(®) = Fom(®) < Fao(@)+ Fon-1mo(T™°) < Fg(@)+ Fag (T™2)+ Fn-2yng (T72).
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Hence, by induction and by the inequality (3.2), we have that

m—1
*fM i Z Fuo(TF02) < L(f) + 2¢

for every x € X.
As in the proof of Proposition 3.3.1, since M is fixed, there is §. > 0 such
that if d(f,g) < d. then ||gy — farlloo < €. Then in particular, for all z € X,

Lou(r) < 22 ful@) 7 < L) 426+ 5 < L) 43 (33)

Put C == sup,cy |g1(x)| < oo, since ¢; is continuous and X is compact.

Let n > M. Then, there are k € N and r € {0,..., M — 1} such that
n = kM + r. By subadditivity, we have

m(z) + g(k—l)M-Hn(TMJ})
m (@) + 90 (T 2) + gr—ayrrgr (T ).

Grm4r(x) <

Then, by induction and using (3.3),

(T v (T™M2) + g, (T"Mz) < kM (L(f) + 3¢) + Cr.

||M?r

Divide both sides by n = kM + r to get:

“gnlw) < L(f) + e+

BV < L(f)+ 4e

since n is large enough.

This completes the proof. n

Proposition 3.3.3. Let
C(X)={A: X — SL4(R) : A continuous}

endowed with any distance dist such that dist(A, B) > ||A — B]|.
Given A € C(X) and n € N, define f2 = log||A™|, and denote by

fA = {f2}en the corresponding subadditive sequence.

Then the function
(C(X),dist) 3 A — fa € (I'(X),d)

s uniformly continuous.
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1
Proof. Let e > 0. Since Z — < 00, there exists N € N such that

n= 1

s 1
2. i <

n=N+

l\.’)\m

Take § = & and take A, B € C(X) such that dist(A, B) < 6. Then,

|A — B|leo < 0. By the mean value theorem, there exists ¢ € R such that
min{[|A™], [[B®]} < ¢ < max{[[A®], [ B™]|} and

A B
4= 121 = [tog A — 1og 5| = WAZI =12
1A — B
= [ A [BO]]
<A - B,

Here we used the fact that if a matrix g has determinant 1, then its operator

norm ||g|| > 1.

On the other hand, note that

|A® — B®)|| = ||A(Tx)A(x) — B(Tz)B(x)|
< |A(T2)[[[[A(z) — B(z)|| + [[A(Tz) — B(Tz)|| | B(z)]
< 2¢d

where ¢ = max{||A]|, || B]|}
By induction, it is easy to show that for alln > 1, ||A™ —B®|| < nc*~16.
Therefore,
£ = f7] <m0,

Observe that

fa = 2 N O e i — 1
_n Jnl <1l= —< <
R ST N I

l\:)\m
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Hence, since § < ¢/n and 1+ |f* — fB] > 1,V1 < n < N, we have that
=1 f =12
d A’ By _ = n n
U= L= g
N1 A_ (B o q A_ (B
|f f | + E: Qn |f% f%|

AN I N A i R o U W el
n—16 €
< _

N o1
- 9 4
_712232 1+ |f — fB]
ic"*1 +e
— on 2
1 — 2NN €
— Z—0(e).
‘ <2NCN1(1 - 2c)> T3 =0

Since € was arbitrary, we conclude that (C(X), dist) — (I'(X), d) is a uniformly

continuous map. O

n=1

Corollary 3.3.1. Let (X, u,T) be a compact, uniquely ergodic system. Then,
given A: X — SL4(R) and € > 0, there exist n. € N and §. > 0 such that for
every B: X — SLy(R) with dist(B, A) < 6., for all n > n and for all x € X,

1
- log HB(”)(JE)H < L(A)+e€
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A convergence rate for Birkhoff sums of Diophantine torus
translations

In this chapter we answer the second question formulated in the introduc-
tion: can we estimate the convergence rate of the Birkhoff averages for certain

types of uniquely ergodic systems and observables?

We first introduce the relevant concepts, formulate the main theorem and
describe some related results (Section 4.1). In Section 4.2 we review some basic
facts about continued fractions, then we discuss the concept of Diophantine
condition following [12] (Section 4.3). In Section 4.4 we present an intuitive
idea of the proof of the rate of convergence result for Diophantine translations
on the torus with Holder observables, then we give a formal proof in Section

4.5. We end the chapter with the description of some related future problems.

Throughout this chapter, we denote by 7, the set of trigonometric

polynomials of degree < n.

Moreover, if x € R, we use the notation e(x) = ¢*™@ € S where S! is

the unit circle regarded as a subset of the complex plane C.

4.1

Introduction and statement

Let us recall that for a uniquely ergodic system, given a continuous
observable, the corresponding Birkhoff averages converge everywhere and

uniformly.

A natural question is then: can we estimate the convergence rate of
the Birkhoff averages for certain types of uniquely ergodic systems and

observables?

We obtain a positive answer to this question in the case of a Diophantine

torus translation with a Holder continuous observable.

Let T = R/Z be the one dimensional torus endowed with the Lebesgue
measure and let 7: T — T, T'x = x+w be the translation on T by an irrational

frequency w, which satisfies the Diophantine condition


DBD
PUC-Rio - Certificação Digital Nº 1713260/CA


PUC-Rio- CertificagaoDigital N° 1713260/CA

Chapter 4. A convergence rate for Birkhoff sums of Diophantine torus
translations 5}

C

|kw|| := dist(kw, Z) > —F——
|k|(log |K[)?

(4.1)

for some ¢ > 0 and for all k£ € Z \ {0}.

Moreover, in section 4.3, we prove that almost every w € [0, 1) satisfies
the above Diophantine condition for some ¢ > 0 (with respect to the Lebesgue

measure) (thus this condition is generic in a measure theoretical sense).

We say that a map u: T — R is a-Hélder continuous if there exist non-

negative real constants C' and « such that
u(z) —uly)| < Clz —y|*, Yo,y eT.

We denote by C%(T) the set of all a-Holder continuous functions on T.

Given a continuous observable u: T — R and n € N, recall that

|
—

n n—1

Spu(z) =Y u(T’z) = (z + jw)

0 j=0

<.
Il

are the corresponding Birkhoff sums. Moreover, recall that the Birkhoff aver-

ages 75’ wu(z) converge uniformly to the space average [pu

We estimate the convergence rate of the Birkhoff averages for Diophantine
torus translation with a Holder continuous observable. More precisely, we

obtain the follow result.

Theorem 4.1.1 (S. Klein and A. Melo). Let u: T — R be an observable and
let w € T be an irrational frequency. Assume that u is a-Hélder continuous,
for some a € (0, 1), and that w satisfies the Diophantine condition (4.1).

There exists a universal constant K such that for all R > 1 and x € T,

R—

E Z u(x + jw) /Tu(x)dx

K (log R)’

< ey
¢ Roa+t

oo -

Results of this type are well know for observables with more regularity.

For example, given an observable v € C'™(T) (meaning that u is

differentiable and v’ is a-Holder), by means of solving the homological equation
gla+w) = g(@) = ula) [ u.

one can establish a rate of convergence of order }% for the Birkhoff sums (see
sections 8.9 and 8.10 in [13]).

Moreover, the classical Denjoy-Koksma inequality provides a similar
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type of decay for observables of bounded variation, when choosing only the
subsequence of Birkhoff sums corresponding to the denominators ¢, of the

principal convergents of w (see [14]).

The main ingredient of the proof of Theorem 4.1.1 is to combine the decay
of the Fourier coefficients of the observable and the Diophantine condition
(which helps control small denominators). The idea of the proof and the formal

proof may be found in the section 4.4 and section 4.5, respectively.

4.2

Continued fractions

Let ag,aq,as,... be independent variables. Define inductively pairs of

polynomials

Pn :pn<a0a"‘7an) and dn = qn(a07"'aan)

starting with py = ap and g = 1. We denote the quotient p, /g, by

Pn

= lag, ..., ap].
an

Suppose that we already defined pg, qr with £ < n, and n > 1. We use the

notation

. =pe(a,...,a,) and ¢, = qlai,...,a,).

Moreover, we define inductively

Dn = aop;fl + qu—l and ¢, = p;fl'

Then, by definition,

Y A 1 1 1
[a07'--7an]:£:M:ao+/ = aqyt+—F——— = ap+
qn p' _1 Pn_1 Pn(at,..,an) [ala . 7an]
" a,_4 gn(ai,...,an)
which, written in full, is equal to
. 1
ag+ —.
ay + a;r__

The sequence of fractions {p,/q,} is called a continued fraction.
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Theorem 4.2.1. For n > 2, we have that

Dn = ApPn-1 + Pn-2,
Gn = GnQn-1 + Gn—2-

Proof. It is easy to see that the assertion is valid for n = 2. Assume that the
expression is valid for n — 1 and, for n > 2, assume inductively the following

equalities

/ / /
Prn_1 = GnPp_o + pn—37

Gy = g + G5

Hence,

Pn = aop:z—l + Q;L—1
= ao(anPr_s + Pp3) + Anlp_s + @3
= an(A0Pr—3 + Gn_2) + A0Pn_3 + Gn_3
= UpPn—1 + Pn-2-

Similarly, we have that

On = GnGn-1 + Gn—2,

which is the conclusion we were looking for. O]

Theorem 4.2.2. For n > 0, we have that

@nPn—1 — Pnln-—1 = (—1)".

Proof. We use induction in n. It is easy to see that for n = 0 the above equality

is satisfied. Thus, suppose that it is valid for n, that is,

@nPn-1 — Pndn—1 = (—1)".

By Theorem 4.2.1, we have that

P+l = Qni1Pn + Pn-1 = Pnt1Gn = Qni1PnGn + Pn—19n,

Qn+1 = Gpt1Gn + Gn-1 = Gn+1Pn = Oni1GnPn + Gn—1Pn-

Subtracting the first expression from the second and using the induction by,
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we have that

n41Pn — Pnt1n = Pnln—1 — GnPn-1 = —(@nPn—-1 — Pnn—1) = (—1)"*",
which is the conclusion we were looking for. O]
Corollary 4.2.1. Forn > 1, we have that

Pn—1 _ Zﬁ _ (_1>n

Gn—1 qn Qnanl'

Proof. To obtain the above expression it is sufficient to divide the expression

in Theorem 4.2.2 by ¢,,qn—1- O

Corollary 4.2.2. Ifay,as, ... are positive integers, then p, and g, are relative

primes, and 0 < q; < go < ... forms a strictly increasing sequence of integers.

Proof. By Theorem 4.2.1,
Gn—1 < AnQn—1 S AnQdn—1 + Gn—2 = Qn = Gn—1 < Qnavn € N.

On the other hand, by Theorem 4.2.2,

n

GnPn—1 — PnQn—2 = (_1) )
so p, and ¢, are relative prime. O
Theorem 4.2.3. Forn > 1, we have
nPn—2 — Pndn—2 = (_1)n_1an~

Proof. By Theorem 4.2.1,

DPn = ApPpn—1 + Pn—2 = PpQn—2 = QpPn—1qn—2 + Pn—2Qn—2,
n = nQn-1 + Gn-—2 = GuPn—2 = GnQn-1Pn—2 + Gn—2Pn—2-

Subtracting the first expression from the second and applying Theorem 4.2.2,

we have that

GnPn—2 — Pndn—2 = @nQn—1Pn—2 — QnPn—1qn—2
- an(Qn—lpn—Q - pn—1Qn—2)
= (_1)n_1anv

which is the conclusion we were looking for. O]
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Corollary 4.2.3. Forn > 2, we have that

Pn—2 . pi o (_1>n71an

n—2 qn GnQdn—2

Proof. To obtain the above expression it is sufficient to divide the expression

in Theorem 4.2.3 by ¢,¢n_2. ]

Corollary 4.2.4. If ay,as,... are positive numbers, then, for even n, the
sequence P, /qn s strictly increasing and, for odd m, the sequence py,/qn 1is

strictly decreasing.

Proof. We claim that, for even n, the sequence is strictly increasing. Indeed,

replace n by 2n, then

n— P2(n— p2n A2n,
d2nP2(n—1) — P2nq2(n-1) = (_1)2 1a2n = £2An—l) — =
q2(k—-1) q2n q2nd2(n—1)
p2(n 1) ]ﬁ _ Q2n
QQ(k 1) qon d2nq2(n—-1)
Hence, Pan-1) < @ which is the conclusion we were looking for.
q2(n—1) Q2n

Similarly, we can prove that, for odd n, p,/q, is a strictly decreasing

sequence. ]

Corollary 4.2.5. Let a denote the rational number o = |ag, . .., Gpio]. Then

(_1)nan+2

qn® — Pp = ——————————.
Qn+t2Qn+1 T Gn

Proof. By Theorem 4.2.3,

" —1)"Hg,
qn+2Pn — Pnt+29n = (_1)n+1an+2 = Pn — D2 gn = ( ) “ +2.
qn+2 qn+2

On the other hand, by Theorem 4.2.1, g,1 2 = ani2¢ni1 + ¢, and, by the

definition, o = Z nt2  Thus,

(=1)""2ans2 (=1)"ans2
qn — Pn = - .
An+2Qqn+1 + Gn Ap+2Qdn+1 + Gn

Next we define and study the continued fraction of a real number.
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Let a be a rational number and let ag be the largest integer < a. If « is
not an integer then

a=ay+ —,
a1

where oy > 1 is a rational number. Inductively, we let

1

Qn41

Qy, = QA +

with a, being the largest integer < «,, and a,y; > 1. Observe that if « is
a rational number, then the process will stop after a finite number of steps.

Indeed, if a;,, = a/b is a rational number such that o, ¢ Z. Then

a—ba, c

Ay — Ap = b = 5
Note that
c=a—ba, <b—ba,=0b(1—a,) <b.
——
<1
Hence, a,1 = % is a fraction whose its denominator is smaller than the

denominator of a.. So, the process stops, and « can be written as
a=lag,...,a,)

with ag,...,a, € Z and a; > 1, for 1 > 1.

Now, consider « be an irrational number. As before, we can determine a
continued fraction for «, that is, we can write & = ag + 1/, with ag being

the largest integer < «. Inductively, we let

1

)
Q41

Q= Ay +

where a,, is the largest integer < «,, and «,,; > 1. Since « is irrational, the

sequence (a,) does not end and we can represent o by
a = lag,ay, .. .|,

which we call its continued fraction expansion.

Thus, by Corollary 4.2.2, we obtain a sequence of relatively prime integers

PnsQn with Gn = 1. Let
Pn

an

Then, the fraction p,/q, is called the n-th principal convergent of « and a,, is

= [ag, . . ., ap).
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called the n-th partial quotient of «.

Theorem 4.2.4. For even n, the n-th principal convergents of a form a strictly
increasing sequence converging to «. On the other hand, for odd n, the n-th
principal convergents of o form a strictly decreasing sequence converging to «.
Furthermore, we have

1 1 1

< < |gna — pn| < .
20011 Qo1+ Gn o nl Gni1

Proof. In Corollary 4.2.4, we proved the first part of the theorem. So, it is

sufficient to prove the above inequalities.

1 1

< .
2Qn+1 n+1 + Gn
By Corollary 4.2.2,

a)

1
< .
2%L+1 Gn+1 + dn

n+1 + @ < Gnt1 + Q1 = 2G4 =

1
b) ————— < |gaa — pal.
Gn+1 + dn
First, note that
Gn 1 1

any2 2 1= <1l= g+ < Qi1+ = < -

Ap42 Q42 qn+1 + qn qn+1 + ani2
Therefore, applying Theorem 4.2.1 and Corollary 4.2.3, we have that
’ Dn Dnt2  DPn Ant2 An+2 1
o — — > - | — - - qn °

qn qn+2 Qn qn+24n (an+2Qn+1 + Qn)Qn <Qn+1 + ani2 )Qn
Hence,
| > 1 < 1
qnQ — Pn >~ .
" Gn+1 + 0312 Gn+1 + Gn
1
¢) |gna —pnl| <

qn+1
Since ¢pi1 < @na1 + aqiy by Corollary 4.2.5, we have that

| ‘ an+2 1 1

n® — Pn| = = ™ .

Gnt1 + Ani2@n Gni1 + 5F 5 I
O]

The following picture illustrate the Theorem 4.2.4
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Po2m—2 DP2m - Pom+1 P2m—1
q2m—2 q2m q2m+1 q2m—1

Figure 4.1: Theorem 4.2.4 illustration
4.3
The Diophantine condition

Let « be a real number. We denote by ||a]| the distance between o and

the nearest integer.

Definition 4.3.1. Let « be a real number. We say that a fraction §, (¢ >0),

is a best approximation to « if
lgall = lgor = p| and [[g'all > [[qa]]

for every 1 < ¢’ < q.

Theorem 4.3.1. The best approximations to « are the principal convergents.

In fact, gn41 is the smallest integer ¢’ > g, such that ||¢'a| < ||gnc]|.

Proof. Le a/bbe a reduced fraction, which is a best approximation to «, where
b > 0. We claim that a/b is a principal convergent, that is, a/b = p,/q,, for

some n € N.

First, suppose that a/b < py/qo = ag. Since gy = 1, we have that

ba —a
b

a
oz—p0|:|a—a0|<‘oz—
4o

lgoax — po| = b < [ba — al.

Thus, ||goa| = |goar — po| < [bav — a| = ||ba||, contradicting the hypothesis
because gy < b. Suppose, now, that a/b > p;/q;. Thus,

a
b>§1:>aq1>bp1:>GQ1—bP1>O:>CLQ1_bp121
1

because a,b,p1,q1 € Z, so aq1 — bp; € Z. But, by Theorem 4.2.4, a < py/q,
then,

1 1
a—a’> a_n > — = |ba—al > —.
b b ¢ bqy q1
Hence, by Theorem 4.2.4,
_ Po| |0 — Po L1 1
la —ag| = |la——| = < =—=—
do do Goqg1 ¢1 a1
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Then

b —a| > — = — > |a — ay
g1

again contradicting the hypothesis. Now, suppose that a/b is such that
pn—l/Qn—l < CL/b < pn+1/qn+1. Then

1
an—l o

1
qndn—1

a Pn—1

b - qn—1

Dn Pn—1

qn Gn—1

by Theorem 4.2.2. Therefore, g, < b. But,

Pn+1 a

Qn+1 b

1
<
an+1

< |la——|.

b

‘ a

Again, by Theorem 4.2.4, we have that

< b\a - Z] — b — a| = ||gaal| < |[bed], gn < b

[gnedll = |gna — pa| < <
n+1

contradicting the hypothesis. Thus, there exists n € N such that a/b = p,/q,.

The second half of the Theorem, is proven by induction on n. It is obvious
for n = 0, because ¢y = 1 and there is no ¢ € N such that 1 < ¢ < ¢qo. Hence,
Po/qo satisfies the the definition of best approximation by vacuity.

Assume that our assertion is valid for p,/q,, with n > 0. We will show
that p,+1/¢ns1 is a best approximation. Let ¢ be the smallest integer > ¢,
such that ||ga|| < ||gn]|, and let p be such that ||ga|| = |ga — p|. Then, by
the inductive property, we conclude that p/q is a best approximation to a.
By the first part of the Theorem, p/q = p,/qn, for some n € N. Since ¢ is
the smallest integer > ¢ such that ||qa|| < ||gnal|, we conclude that ¢ = ¢,41.
Thus, p = pny1, thereby proving our theorem. O]

Corollary 4.3.1. ]f§ is a principal convergent to o and m € 7 is such that

1 <m < gq, then ||ma| > 2%.

Proof. Suppose that ¢ = ¢,,. By Theorem 4.2.4,

1
— < |@n®x — Pyp| = n— .
2 gm0 = pn| = || @n—10]

Since m < ¢, and applying Theorem 4.3.1, we have that ||¢,—1¢| < [[ma||.

]

Definition 4.3.2. We say that an irrational number « satisfies a Diophantine
condition if for some ¢ € R,¢ > 0 and for all k € Z \ {0},
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C

kal| = dist(ka,Z) > ——F.
Ikall = dist(ho, 2) 2 Grice a2

(4.2)

Theorem 4.3.2. Almost every number o € [0,1] satisfies a Diophantine

condition for some ¢ > 0. In other words, for almost every a € [0,1) there is

only a finite number of solutions k € Z to the inequality ||ka|| < s
k| (log [k[)

1
Proof. Define 9(q) 5+ Let

~ [ql(log a])

B ={a€0,1]: |jqo| < %(q) has infinitely many solution}.

We have to show that A(B) = 0, where A denotes the Lebesgue measure.

Given € > 0, take gy € N such that the Z ¥(q) < €. This is possible

42490
since the series converge.
For every q > qo, consider the intervals
I ( U(q) zb(q))
o=\
q q
1 1
I - ( B 1/)(41)’7 N ¢(Q)>
q qa g q

; +

(q;l_@/};@ q;l w;Q))

If @ € B then « € [, for some j € {0,...,q— 1} since ||ga|| < 9¥(q) and

’a _p|_ v
q q
q—1
Since B C U I}, we have that
k=0

A(B) < A (U [k) = qwq(‘I) < 2

which is the conclusion we were looking for. O

Lemma 4.3.3. Assume that w be an irrational number which satisfies the

Diophantine condition (4.2) Then, for every large enough integer R, there
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exists a best approrimation § to w such that

R(log R)?

Moreover, if 1 < j < q then ||jw]|| > 217;'

Proof. Let w be a irrational number which satisfies the Diophantine condition

and consider its continued fraction representation w = [ag, ay, ..., ay,...|. For
every n > 1, let

Pn

— = [ag,al,...,an]

dn
be its n-th principal convergent. By Theorem 4.2.4,

1
5o < lanoll = lgnw = paf < ——. (4.3)
n+1 n+1

Then, for any R € N sufficiently large, let n+ 1 be the first integer j such that
¢; > R. Then, ¢, < R < ¢y+1, and using the inequalities (4.3) and (4.2), we

have that . | ) Rlow BY?
< 4n(loggn) _ (log )'

lgnwll = ¢ c

nt1 <
Let the fraction g be a best approximation to w, that is, ||qw|| = |qw — p| and
ljw[l > llgw]| forall 1<j<gq.

By Theorem 4.3.1, ¢ = q,,.1 for some n > 0, thereby

R(log R)?

Moreover, for every 1 < j < g = gn41, we have that [[jw|| > [|g.w]. It follows
from the inequality (4.3) that

1
qrw|| > = —.
lgne] 20n+1 2q

Hence, if % is a best approximation to w, we have that
. 1 .
ljw|| > — forall 1<j<gq
2q

which is the conclusion we were looking for. O]
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4.4
Convergence rate of Birkhoff sums: idea of the proof

In this section we give an intuitive idea of the proof of Theorem 4.1.1.

Recall that a function v: T — R is a-Hdélder continuous if there exist

non-negative real constants C' and « such that
|u(x) - U’(y)l < C|(L’ - y|a7 Vfﬂ,y eT.

We denote by C*(T) the set of all a-Hélder continuous functions on T.

Given a function u € C*(T), its Fourier series

u(z) =Y a(k)e*™ ™

kEZ

converges for every x € T, where

is the k-th Fourier coefficient of w.

Then
a(0) = / u(w)de.
T
Hence
u(z) = / u+ > ak)e* .
T k0
Since

(Sru) () = ule) + u(z +w) + -+ ulz + (R — ),

we have that

F(Sru) () = [+ 3 (k) 5 Sale). (4.4)

k0

A simple calculation shows that

1 . L1 R
7SR(627rzkx) — 627rzkm - Z €2mjkw'
R R &

Denotin
& 1 627riRkw -1

Fr(kw) := R e2miko _ |
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and substituting the above in (4.4), we obtain

1 .
SRu / u=">"a(k)Fp(kw)e*™* (4.5)
k£0

Thus
@) = ] < 3 (a0 Fai)

k#0
uniformly in x € T.

Hence we have to stimate the right-hand side on the previous inequality.
Note that

1 1
|Fr(kw)| < min {1, — } .
R [[kw]]
Since w satisfies the Diophantine condition (4.1), we have that

L _ [kl(og k)
Trall = e

Then

1 1 1 |k|(log|k|)?
| Fp (k)| <m1n{1 } < L [klos [K|)" (4.6)
R c
On the other hand, since u € C*(T), its Fourier coefficients have the

decay
) < (47)

These two pieces of information alone, the decay of the kernel Fgr(kw)
(provided by the Diophantine condition) and the decay of the Fourier coeffi-
cients 4(k) (provided by the Holder regularity of the observable), while helpful,
are not enough to establish the desired uniform estimate. That is because of

the following two issues.

1) The right hand side of (4.5) is an infinite sum, so when k is of order R (or
higher), the upper bound (4.6), as written, will stop being useful.

2) When the order « of the Holder class is very close to zero, the decay rate

(4.7) becomes too weak.

To overcome these issues, we use approximations of the observable u by

trigonometric polynomials, whose Fourier series expansions are finite.
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By Jackson’s Theorem, there exists a universal constant C' < oo and for

all n > 1, there exists a trigonometric polynomial p, of degree n such that

Hu - anoo <Cn™®

Let p be such a trigonometric polynomial of degree n, so

n

p(x) = > pk)e*m .

k=—n

The calculation done above for u, applied to p yields

)@~ [1] < X 10 FRk)] (48)

0<|k|<n
where again

Frp(kw) <mindl, —  — \ < Vo lm/

Moreover, we have the stronger Fourier coefficients bound

(0] < 7

where the constant C' is of order n ||p||co-

The key idea of the proof is to choose, for every R (the length of the
Birkhoff sum) an appropriate n (degree of polynomial approximation) and
to work with the corresponding trigonometric polynomial p, instead of the
original observable u. In other words, for every iterate R, we choose a different
observable p,, € T, (where n is related to R) which approximates u well (so the
resulting error is small) and avoids the issues mentioned above. The relevant

estimate for the approximant p,, is formalized in the technical result below.

Lemma 4.4.1. Let p € T, and let w € T. Assume that w satisfies the
Diophantine condition (4.2) and let R € N be such that logR < n < R.

Then a R)
(log

sw=[ 4], < -

|5 - ol

The idea of the proof of Lemma 4.4.1 is to use approximations of w by

continued fractions.
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In Section 4.3, we prove that for large enough integers R, there exists a

best approximation g to w such that

qg>logR but g~logR.

Hence, we split the right hand side of the sum in the equality (4.8) as:

Yo PENFr(k) = >+ > 4+ > (4.9)

0<|k|<n 0<|k|<log R log R<|k|<q q<|k|<n

Moreover, in Section 4.5, we prove that for any interval I C Z of size

< ¢, we have that 8¢
> |Fr(kw)| S 7 log R. (4.10)

kel
Thus, in order to obtain a sharp upper bound, we divide the last sum in

(4.9) into sums of sizes < ¢,

=2 >

a<|k|<n  1<s< sq<|k|<(s+1)q

which are estimated individually using (4.10).
The following picture illustrates the division into the three sums in (4.9).

0 logR ¢ 2q 3q n

Figure 4.2: Illustration of the proof

4.5

Convergence rate of Birkhoff sums: formal proof

In this section we establish Theorem 4.1.1 on the convergence rate for
the Birkhoff sums of a Holder observable, over a Diophantine torus translation.
Our approach follows ideas used in the study of quasi-periodic linear cocycles,

see for instance [15]. To the best of our knowledge, this result is new.

We recall that a function w: T — R is said to be a-Hdélder continuous if

there exist non-negative real constants C' and « such that
|U($) - U’(y)| < C1|:B - y|a7 VZL’,y eT.

We denote by C%(T) the set of all a-Hélder continuous functions on T.
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Our approach uses approximations of the observable by trigonometric
polynomials. We recall bellow two important results that will be crucial in our
proof (see p.49 in [13])

Theorem 4.5.1 (Jackson). If u € C*(T) then, there exists a universal
constant C < oo and for all n > 1, there exists p, trigonometric polynomial
of degree n such that

[t = palloc < Cn77

Theorem 4.5.2 (Bernstein). If p, is a trigonometric polynomial of degree n,
then

D5 lloe < 7lPnlloc-

The key ingredient in our proof is combining the decay of the Fourier

coefficients of the observable and the Diophantine condition.

We recall that given a function u € L?(T), its k-th Fourier coefficient is

where e(x) = 2™,

We recall that 7, is the set of all trigonometric polynomials of degree
< n. In other words, if p € 7,,, then

p(z) = > ape(kz)
k=—n
where a;, € C with k = —1,...,n. It is easy to verify that in fact a; = p(k)
for all k, where p(k) is the k-th Fourier coefficient of p.

Lemma 4.5.3. Let p € T, and let p(k) be the k-th Fourier coefficient of p.

Then,

A an”oo
k)| < —/—/——=.
() < 0l

Proof. Let k € Z. Since p € 7T, we can write p as

o) = 3 plk)e(kz).

k=—n

Then, by the definition of the Fourier coefficients and using integration
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by parts, we have that

pk) = /01 p(x)e(kz)dr = /Olp(x)e(—k::v)d:v
o p(a)e(—ke)|

)dx

T orikt " orik Jo

- / —
=5 ) P (x)e(—kz)dx.

Hence, by Theorem 4.5.2,

nlpll
— < .
- 2mk:/ [P (z)e(=ka)ldr < 27 |k|

[]

—kx)dx| <

k)| = ’ 2mik

Lemma 4.5.4. Let p € T, and let w € T. Assume that w satisfies the
Diophantine condition (4.2) and let R € N be such that logR < n < R.
Consider the translation map T,,, where T ,(z) = x + w. Then,

12 logR)
sw= 1] = “
| 5w - ol

where (Sgp)(x) = p(z) + p(Tpx) + -+ + p(TE 'z).

Proof. Since p is a trigonometric polynomial of degree n, we have that

=Y pR)elkn) =50 + Y p(kelka

k=—n 0<|k|<n

—/p+ > (k)

0<|k|<n

Then, for j € Z,

plotjw) = [p=3 Bkl +jw) = Y pk)e(jhw)e(ka).

0<|k|<n 0<|k|<n
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1 1 &l
=(Sm)(@) — [p=2 X ple+jw) - [p
R R oy
1 R—-1
== > e+ jw) — [ )
R =
1 R—1
=3 Z p(k)e(jkw)e(kz)
J=0 \0<|k|<n
1 R—-1
= p(k) = > e(jkw) | e(kz).
0<|k|<n Jj=0

Consider the Féjer-type kernel of order 1:

1 Bl
r(t) = = Z e(jt)

=0

<.

It follows that

| Rl
EZPQH_]W /p— > p(k)Fr(kw)e(kz). (4.11)

j=0 0<|k|<n

Hence, it is enough to estimate the right hand side of the equality (4.11).
By Lemma 4.5.3,

A an”oo
k)| < . 4.12
() < "l (.12

We also have to estimate Fgr(kw). Since Fgr(kw) is the sum of a finite

geometric sequence, it follows that

| Fr(t)] =

e |_1’1—6(Rt)|< 1
e(t)—1| R|1—e() |~ Rl

On the other hand, |Fg(t)| < 1, then the kernel Fg(t) satisfies the bound

1
|[Fr(t)] < min {1, } .
f Rt

Hence, we have two cases:

: 1)
° mm{l, W} 1=1< RlltH = R|t|| <1=[Fr(t)] <1< 1+RHt||

: 1 1 2
o min {1, g b = zhn = 7t < 1= 14 R||tl]| < 2R|[t] = 7l <

Rlltll RHtII 1R[]

Therefore,
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1 2
|Fr(t)] < min{l, } < : (4.13)
" R|t] L+ R

Since w satisfies the Diophantine condition, it follows from Lemma 4.3.3
applied to the integer |log R| that there exists a best approximation g to w
such that

log R[log(log R)|?

C

logR < g < (4.14)

Moreover, j
ljwll > 2=, 1<j<gq (4.15)

2q
Split the right hand side of the sum in the equality (4.11) as:

> bk Fr(kw)e(kr) = >+ >+ Y (4.16)

0<|k|<n 0<|k|<logR logR<|k|<q ¢<|k|<n

Denote by Si(x), Sa(x) and S3(z) the three sums on the right side of the

equality (4.16). So, we will each of estimate these three sums separately.

From (4.12) and (4.13), we get

R n[|pll 1
1Si(x)| < Y [p(R)|Fr(kw)| < > :
0<|k|<log R 2R i See R || [[ e |
Using the Diophantine condition (4.2), we have that
c 1 (oglk)?
e < .
| k| (log [k[)? ||| kwll ¢
Then, for every x € T,
2R See R | K[ e 2rRe i Tear
n||p|ls 2
< > [og(logR)]
2r Re 0<|k|<log R
n||plo 2
< =2 - [log(1 )
< S g logft-[log(log B)]

To bound Sy(x) and S3(x) we need the following estimate.

Let I C Z be any interval of size |I| < ¢. Then, for every k, k' € I with
k # k', we have that |k — k’| < |I| < q. Hence, the inequality (4.15) implies

1
o = Kool = (k= Ko > 5 (4.17)
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Divide T into the 2¢q arcs

g gtt
7297 2g

with size |C}| = 2%1. By the observation in (4.17), each arc C; contains at most

one point kw, with k£ € I.

Moreover, if z € C}, with 0 < 57 < ¢—1,thenz € {0 1) and, consequently,
|z]| > 2. On the other hand, if z € Cy, with ¢ <k < 2¢ — 1, thus = € [ 1).
In thls case, lz|| > 1— k;;l =% 25“. Take j =2¢—k—1, then k =29 —j—1
and

<k<2q—1=0<2q—k—-1<qg—-1=0<j<qg—-1

Hence, if z € C}, with ¢ < k < 2¢ — 1, it follows that x € Cy,_;_1 with
0 < j < g—1. On the other hand, note that

1 1
< .
CE RIS 1R ()

kol > L =1+ Rk >1+R(L) =
2q 2q

for any kw € C; and kw € Cyy—j_1, with 0 < j < ¢ — 1.
On the other hand,

e R>2e1+ 8 <Relog(l+4) <logRe %log (1+4) < %logR.

Then, by the observations above and the inequality (4.13), we have that
q—1

Z|FR<kw>|éZ1+TM 2 (*)

kel kel j=o 1+

</q4dm
~Jo 1+R(2£q)

-1 l81og <1+R (22))]2
_ % [810g (1 T gﬂ

< iglogR.

Hence, for any interval I C Z of size < g,

8
S [ Fr(kw)| < 22 o log R (4.18)

kel
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Using the inequalities (4.18) and (4.14), it follows that for every = € T,

[Sa(@)[ < X [P FR(kw)]

log R<|k|<q

1P|l
< > |FR(k’w)|

2m logR§|k|<q|k|

n|[plloo
=< > |Fr(kw)]

2mlog R 1<Ikl<q

llpllo  8a, R < 4n|lplls log R - [log(log R)]?
~2rlogR R -~ 7R c '

Similarly,
n|[plloo
Sa@)| < X PR IFake)| < DL S k)

q<|k|<n q<|k|<n

_””;’“m > ( > |||FR<kw>|)

1<s<" sq<|k|<(s+1)q
< Mipllo v L
o 2m 1<s<n ®
_ Anlpllo |
¢R il
TR Z n S

Anl1pllo An|1plo
TR q TR
Hence, using the estimates obtained for S (z), Se(z) and S3(z), we have

Sup) — ” (k) Fr(kw)e(ka)

|5

O<|k\<n

< [Si(@)] + [92(x)] + [S5(2))|

n||plloo 2 4n||p|| oo 5
< - [log(1 -1 — .1 - [log(1
<R [log(log R)]” - log R + n logR [log(log R)]

4 0
_i_M.logR.logn

TR

nlpllee (1 o , 4log R - [log(log R)? 2
< N )
-7 5 log R - [log(log R)]” + . + 4(log R)

n|pl s (1 3, 4 3, 4 3)
< MPle (2 2 .
<R 5, (log )"+ — - (log R)” + — - (log )

12 (log R)?
< By n - Qe8d

T

since [log(log R)] <log R and 0 < ¢ < 1. This completes the proof. O
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Theorem 4.5.5. Letu € C*(T), where 0 < a < 1 and let w € T. Assume that
w satisfies the Diophantine condition (4.2). There exists a universal constant
K such that for all R > 1,

K (log R)?
< — a [eleX)
HR (Su) /T“Hoo— =l

where (Sgru)(z) = uw(z) +u(z + w) + - +u(z + (R — 1)w).

Proof. Take n = Ra+T,

By Theorem 4.5.1, there exists a universal constant C' < co and there

exists a trigonometric polynomial p of degree n such that

«

|l — pllo < Cn~

Hence, applying Lemma 4.5.4, we have that

1
HR (Sgru) — / H HR (Sru) — R(SRp)Jr(SRp)—/er/p—/UHOO
HRSM— I+ [gsw - [ol_+ | fo-u]
R— , 12 (log R)?
= Z u(@ + jw) = pe + jo)l|o + = - [plln - o=+ [ 1o = )l
20 LQH loon (log R)?
= na Plloo R
2C° 12 log R)?
<2 2 BB
1 12 log R)?
:R“<ZC 2§ ))
a+1 C ™
K (logR
<& L.,
a+1

where K = 12C'. Hence, we obtain the conclusion that we were looking for. [

4.6
Related problems

Let us end with some natural questions related to the main result proved

in this chapter.

1. Is the Diophantine condition strictly necessary? Can one consider weaker

arithmetic conditions (e.g. Brjuno)?
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2. What happens when w is say, the golden ratio (thus satisfying a very
strong Diophantine condition), do the estimates get better?

3. What happens in the opposite context, that of a Liouville number w,
does the result fail to hold?

4. Is it possible to obtain a better rate of convergence in Theorem 4.1.17
What is the optimal rate?

5. What if instead of a Holder observable we consider any continuous
observable u, can we derive a rate of convergence of the Birkhoff sums

that depends explicitly on the modulus of continuity of u?

6. Are results of this type valid for other uniquely ergodic systems, such as

the higher dimensional torus translation or the skew-transltion?

We intend to answer some of the questions above in future works.
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