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Abstract

Nornberg, Gabrielle Saller; Sirakov, Boyan (Advisor). Methods of
the Regularity Theory in the Study of Partial Differential
Equations with Natural Growth in the Gradient. Rio
de Janeiro, 2018. 136p. Tese de doutorado — Departamento de
Matematica, Pontificia Universidade Catolica do Rio de Janeiro.

In this Ph.D. thesis we study a class of uniformly elliptic partial
differential equations of second order in fully nonlinear nondivergence form
with superlinear growth in the gradient and measurable coefficients. For
equations with quadratic growth, we prove that multiplicity of solutions
occurs when the operator is not coercive. We investigate the qualitative
behavior of the continuums of solutions obtained for a parameterized family
of problems. For this, we extend the Caffarelli-Swiech-Winter C regularity
estimates to equations with at most quadratic gradient growth, showing
that the solutions are continuously differentiable up to the boundary.
Furthermore, we show a priori estimates in the uniform norm using purely
nonlinear techniques in the nondivergence form, such as Harnack type
inequalities and a Vazquez’s strong maximum principle for equations of

our type.

Keywords

Regularity; Multiplicity of solutions; Existence; A priori estimates;

Viscosity.
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Resumo

Nornberg, Gabrielle Saller; Sirakov, Boyan. Métodos da Teoria
de Regularidade no Estudo de Equagoes Diferenciais
Parciais com Crescimento Natural no Gradiente. Rio de
Janeiro, 2018. 136p. Tese de Doutorado — Departamento de
Matematica, Pontificia Universidade Catolica do Rio de Janeiro.

Nesta tese de Doutorado estudamos uma classe de equacoes diferenciais
parciais de segunda ordem, uniformemente elipticas, completamente
nao-lineares na forma nao-divergéncia, com crescimento superlinear no
gradiente e coeficientes mensuraveis. Para equagoes com crescimento
quadratico, provamos que ocorre multiplicidade de solugdoes quando o
operador nao é coercivo e investigamos o comportamento qualitativo
dos continuos de solugoes obtidos para uma familia parametrizada de
problemas. Para isso, estendemos a regularidade e as estimativas C1®
de Caffarelli-Swiech-Winter para equagdes com crescimento, no maximo
quadratico, no gradiente, mostrando que as solugdes sao continuamente
diferenciaveis até o bordo. Além disso, mostramos estimativas a priori
na norma uniforme via técnicas puramente nao-lineares na forma
nao-divergéncia, entre elas desigualdades do tipo Harnack e o principio do

maximo forte de Vazquez para equagodes de nosso tipo.

Palavras-chave

Regularidade;  Multiplicidade de solucoes;  Existéncia; Estimativas

a priori;  Viscosidade.
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1
Introduction

This thesis is devoted to the study of regularity, existence and multiplicity
of viscosity solutions for a class of fully nonlinear uniformly elliptic equations
with quadratic growth in the gradient.

The notion of viscosity solution began to be developed within the
differential equations universe in the 1980s, with the works of Crandall and
Lions [1], [2]. Since then it has been an enormous influence on the study of
fully nonlinear elliptic and parabolic PDEs. This is so because its definition —
weaker, where only continuity of solutions is required — is purely based upon
the maximum principle, which is advantageous when we have an equation in
nondivergence form. The first notion of viscosity solution, namely C-viscosity
[3], had to be improved to cover the case when the coefficients or/and the right
hand side of the equation are no longer continuous but merely measurable,
which lead to the introduction of the LP-viscosity notion [4]. In general, without
the continuity hypothesis on the nonlinearity, the uniqueness is lost even for
the standard Dirichlet problem for linear equations with bounded coefficients
[5]. Therefore, we can expect multiplicity of solutions.

On the other hand, the study of quasilinear elliptic equations with
quadratic dependence in the gradient also had its beginning in the ’80s,
essentially with the works of Boccardo, Murat and Puel [6], [7] and became
a relevant research topic which still develops. This type of nonlinearity
often appears in risk-sensitive stochastic and large deviation problems, hence
their practical importance. Moreover, the set of equations under the form
Lu = g¢g(x,u,Du), where L is a second order general operator and ¢ has
quadratic growth in the gradient, is invariant with respect to smooth changes
of the function u and variable z, what makes this class also theoretically
important. This fact was first observed by Kazdan and Kramer in [8] and
it is responsible for this class to be usually referred as having natural growth

in the gradient.
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Chapter 1. Introduction 11

To acquaint ourselves with the notation, we consider the following
model equation which features a second order uniformly elliptic operator with

quadratic growth in the gradient
Lu+ ¢(x)u + (M(x)Du, Du) = h(x) (ME)

in a bounded C*! domain € in R” with a Dirichlet boundary condition u = 0
on 0. Here, ¢, h € LP(Q), p > n > 1, ¢ # 0 and the matrix M satisfies the
nondegeneracy condition 0 < p I < M < psl; with solutions of this Dirichlet
problem understood as being continuous up to the boundary, so bounded.
In [6], [7] the authors carried out a rather complete study of solvability of
strictly coercive equations in divergence form, that is, when L is the divergence
of an expression of z, u, and Du. Strictly coercive for (ME) means that
c(x) < ¢y < 0, and then uniqueness of solutions is to be expected, see [9],
[10]. For weakly coercive equations (when ¢ < 0), existence and uniqueness
can be proved only under a smallness assumption on ¢ and M, as was first
observed by Ferone and Murat [11]. All these pioneering works use the weak
integral formulation of PDEs in divergence form.

In [12] Sirakov showed that the same type of existence and uniqueness
results extends to general fully nonlinear coercive (i.e. proper) equations in
nondivergence form, with superlinear growth in the gradient and unbounded
coefficients, by using techniques based on the maximum principle. Moreover,
C regularity results were developed there for fully nonlinear uniformly elliptic
equations with at most quadratic growth in the gradient, in the most general
setting of measurable coefficients for LP-viscosity solutions.

In that paper it was also observed, for the first time and with a simple
example with the Laplacian (specifically for L = A, c =1, M = I, h = 0),
that the solution set may be very different in the nonproper case ¢ > 0, and
in particular more than one solution may appear. This example leveraged the
study of such equations over a new research strand, whose main objective is the
qualitative analysis of the set of solutions. Subsequent results were established
in [13], [14], [15], [16], [17], [18], still using energy methods.

This Ph.D. thesis can be seen as a natural continuation of the regularity,
existence and multiplicity results initiated in [12]. In particular, our work
attempts to contribute to the theory of nondivergence fully nonlinear equations
with superlinear gradient growth and unbounded coefficients, in the setting
of LP-viscosity solutions. This thesis covers and develops the results of the

following research articles
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[19] Nornberg, G.; Sirakov, B. A priori bounds and multiplicity for fully

nonlinear equations with quadratic growth in the gradient. arXiv:1802.01661;

[20] Nornberg, G. S. CY* regularity for fully nonlinear elliptic equations
with superlinear growth in the gradient. arXiv:1802.01643.

We stress that nondivergence (fully nonlinear) equations with natural
growth are particularly relevant for applications, since problems with such
dependence in the gradient are abundant in control and game theory [21], and
more recently in mean-field problems [22], where Hamilton-Jacobi-Bellman and
[saacs operators appear as infinitesimal generators of the underlying stochastic
processes.

The greatest challenge in these studies is to obtain regularity and a priori
estimates for the solutions. We establish complete results of this nature for fully
nonlinear uniformly elliptic equations in nondivergence form. In chapter 3 we
compile the general C'1® regularity and estimates for fully nonlinear equations
with superlinear growth in the gradient and unbounded coefficients.

Our results are valid when L in (ME) is a general Hamilton-Jacobi-
Bellman operator. However, to accommodate the reader and to elucidate the
main ideas, let us give the statement of some of our results for LP-viscosity
solutions of (ME), in the very particular case when L is a second order

uniformly elliptic linear operator in nondivergence form; namely
Lu = tr(A(x)D*u) + b(x) - Du, (1.1)

where A is a matrix function which is continuous up to the boundary and
whose eigenvalues belong to some finite and closed interval in (0, +00) and b is
some bounded vector function. Consider €2, ¢, h and M under the assumptions

above (actually, for the regularity results, M can be any bounded matrix).

Theorem 1.1 (CY* Regularity) Let u be an LP-viscosity solution of (ME),

with w € C(Q) and ||u||L=@) + [|hl|zr@) < Co. Then there exists o € (0,1)
such that u € CY*(Q) and satisfies the estimate

[ull cra@) < C {llullze@) + [[hllr@)}

where C' and o depend only on the LP-norm of the coefficients of the equation,

on the ellipticity constants of L and on Cj.

As an application, W?P regularity results and a generalized Nagumo’s
lemma are established at the end of chapter 3. In particular, for the linear

operator L, this regularity implies that (bounded) solutions of (ME) are strong,


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 1. Introduction 13

in the sense that they belong to the Sobolev space W?P(§2) and satisfy the
equation at almost every point.

In chapter 4 we present miscellaneous results on first eigenvalues of
nonlinear operators, in the sense of weighted eigenvalues with unbounded
coefficients — they play an important role in the proof of the multiplicity and
nonexistence results.

We consider the following parameterized version of (ME)

{—Lu = Ac{@)u+ (M(z)Du, Du) + h(z) in (P))

u = 0 on 0f)

indexed by A € R, with coefficients ¢,h € L>*(Q2) and ¢ = 0. For a priori
estimates and multiplicity results related to (Py), we also need to assume that
the problem (FP,) has a solution u.

In section 5.2 we prove that solutions of (Py) are bounded in the uniform
norm by a new method, as suggested in [12]. Upper bounds are based on some
standard estimates from regularity theory, such as half-Harnack inequalities,
and their recent boundary extensions in [23]. On the other hand, lower bounds
are shown to be equivalent, somewhat surprisingly, to a Vazquez type strong
maximum principle for our equations, which we also establish. Our methods
are (necessarily) very different from those in the preceding works, since for us,

even in the linear scenario, no integral formulation of the equation is available.

Theorem 1.2 (A priori uniform bounds) Let Ay, Ay with 0 < Ay < Ay. Then

every LP-viscosity solution u of (Py) satisfies
lu™ o) < C, forall X € [0,As], [[uT ||z < C, forall X € [A1, Ay,

where C depends on n, p, i, s, @ A, s, [bllzeqey, ez, [#llio),
ol Lo (), the ellipticity constants of L, the C*' character of the boundary,
and the set where ¢ > 0.

As a consequence, we obtain the following multiplicity result.

Theorem 1.3 (Multiplicity of solutions) For A\ < 0, the problem (Py) has a

unique LP-viscosity solution uy. Moreover, the set
Y ={(\u) €eRxC'Q); (\u) solves (Py)}

possesses an unbounded component CT C [0, +0c] x C1(Q) such that CTN ({0} x
CH(Q)) = {ug} and satisfies
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(i) either it bifurcates from infinity to the right of the axis A = 0 with the
corresponding solutions having a positive part blowing up to infinity in
C(Q) as A — 07F;

(7i) or its projection on the \ axis is [0, +00).

Moreover, there exists \ € (0, +00] such that, for every A € (0, 5\), the problem

(Py) has at least two LP-viscosity solutions, uxy and uys, satisfying

uy, — ug i CH(Q), maxuy, — +00,
A—0t O A—0t

and, if \ < 400, the problem (P5) has a unique LP-viscosity solution.

See section 5.1 for the main a priori and multiplicity theorems in the
general form; section 5.2 and chapter 6 are devoted to their proofs. In the
latter we construct and study an auxiliary fixed point problem in order to
obtain the existence and nonexistence results via degree theory.

At the beginning of each chapter, a historical overview and references
concerning the problem is provided, as well as the hypotheses and the precise

statements.
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2

Preliminaries

In this chapter we recall some notation, definitions and known results (at
least for specialists) that will be used throughout the thesis.
Let € be a bounded domain in R" and F(z,r,p, X) : QxR xR"xS§" - R

a measurable function. We consider the general structure condition

M AX =Y) =b(z)p —q] — plp — ql(Ip| + lgl) — d(x) w(|r — s])
< F(z,r,p,X) — F(z,s,q,Y) (SC)*
<MIAX =Y) +b(2)lp — gl + plp — ql(Ip] + lg]) + d(z) w(|r — s|)

for a.e. x € ), where the operator F' satisfies F'(-,0,0,0) = 0 with positive
ellipticity coefficients A < A, 11 is a nonnegative constant, b € L(Q), d € LP(Q),
b,d > 0, for exponents p and ¢ satisfying

qg=zp=2n, qg>n (2.1)

and w is a modulus of continuity. As in [24], [25], hypothesis (2.1) is equivalent
to the following two cases: (i) p = ¢ > n or (ii) ¢ > p = n, that we are going
to consider along the text. We use the same notation on exponents and on
vectors in (SC)*, as usual in the theory.

Notice that the assumption over the highest order term X, for p = ¢ and
r = s, implies that F'is a uniformly elliptic operator; F' is uniformly continuous
in (r,p, X). In (SC)*,

MIA(X) = sup tr(AX) and M ,(X): tr(AX)

AT<A<AT B Algi%fgm
are the Pucci’s extremal operators, which satisfy the following properties.
Lemma 2.1 (Lemma 2.1 in [12]) Let X,Y € S™. Then,

(i) MuaA(X) = =M\ (=X);

(i) MGA(X) = AoV + Al ey ¥ » MEA(X) = AZ oy v +
A (vi<oy Vi 5 where {vi}1<i<n = spec(X);

(iii) My A(X) + MA(Y) S MGA(X +Y) < MG (X)) + ML (X);
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(iv) M3 A(X) + M3\ (Y) S MA(X +Y) < MY (X) + My (X);

() Myaaa(X) < M3A(0X) < My a,(X), for ¢(z) € C(Q) such that
0<a<o(r)<A

For a proof see [26, p. 15], [27, p. 4] and lemma 4.2 in [28].

By modulus we mean a function w : [0, 4o00] — [0, +00] continuous at 0
with w(0) = 0. We may consider w increasing and continuous, up to replacing
it by a larger function. We can also suppose w subadditive, from where it holds
the property w(k) < (k+ 1)w(1) for all & > 0. More strongly, we will say that
w is a Lipschitz modulus if w(k) < kw(1), for all £ > 0.

In some cases, we are going to use the following linear structure condition

MG A(X =Y) =b(x)p — q| — d(z) w((r —s)7)
< F(x,r,p,X)— F(z,s,q,Y) (SC)
< M;A(X —Y)+bx)|p—ql+d@)w((s—7)T) ae xeQ

with F(-,0,0,0) =0, where 0 < A\ < A, b€ LP(Q),d € LP(Q), b,d > 0, for p, ¢
satisfying (2.1) and w a modulus. Here, differently from (SC)*, the condition
over the zero order term in (SC) means that F' is proper (or coercive), i.e.

decreasing in 7.

Remark 2.2 Notice that equation (ME), with L = F satisfying (SC), gives
an example of an operator satisfying (SC)*, for p = || M||p(q). Indeed,

(M(z)p, p) — (M()q,q) = (M(x)p,p) + (M(2)p, q) — (M(2)p,q) — (M(z)q, q)
= (M(z)p,p —q) + (M(x)(p — q),q) < plp — ql(|p| + la]).

Here, || M (@)||1=() = $uP,cq | M(@) s, ., @), for the matriz norm!

M (2)lstn@y = sup  [M(z)-yl, for eachz € Q.
yeR™, |y|=1
Next we recall the definition of LP-viscosity solution. Here, solutions are

real functions v :  — R.

Definition 2.3 Let f € L} .(?). We say that u € C(Q) is an LP-viscosity
subsolution (respectively, supersolution) of F' = f in Q if for every ¢ € W] 2P(Q)

loc

LObserve that both (p, q) and p - ¢ denote the inner product of p,q € R™.
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and xo € Q0 such that u — ¢ has a local maximum (minimum) at xo, one has

ess Tin {F(x, u(x), D(x), D*6(x)) — f(x)} > 0
(ess lim {F(z, u(x), Dé(x), D*6(x)) — f(z)} < 0)

Tr—xQ

in the sense that for everye,r > 0 there is a set A C B,.(x) of positive measure
such that F(z,u(z), Dé(x), D*¢(z))— f(z) > —e (F(x,u(z), Dp(x), D*¢(z))—
f(z) <e) for all x € A.

In other words, whenever ¢ € VVlif(Q), e >0 and O C 2 open are such
that F(x,u(x), Dé(x), D*¢(x)) — f(z) < —e (> €) for a.e. x € O, then u — ¢

cannot have a local maximum (minimum) in O.

We can think about LP-viscosity solutions for any p > £, since this
restriction makes all test functions ¢ € I/Vlif(Q) continuous [29, p. 284] and
having a second order Taylor expansion [4]. We are going to deal mostly with
the case p > n. In particular, for Q bounded with 9Q € C'!, this implies that
the continuous injection W??(Q) C C*(Q) is compact, for all n > 1 [30, p.
213, 285].

If F' and f are continuous in z, we can use the more usual notion of

C-viscosity sub and supersolutions. Precisely, we have the following definition.

Definition 2.4 Let F(z,r,p,X) : @ x R x R" x §" — R continuous and
f e (). We say that u € C(R2) is a C-viscosity subsolution (supersolution) of
F = f in Q if for every o € Q and ¢ € C*(B, (1)), r > 0, such that u— ¢ has
a local maximum (minimum) at xo, we have F(xq,u(xq), Do(xz0), D*P(x0)) >

f(xo) (F(xo,u(wo), Do(w0), D*¢(20)) < f(20))-

Employing Taylor expansions of second order, we can replace the set
of “test functions” in C? by polynomials of degree two [26, p. 13], or by an
intrinsic approach on semi-jets [3, p. 9, 10]. We also refer to [31], [32], [33] for
more properties and results concerning C-viscosity solutions.

Definitions 2.3 and 2.4 are equivalent when F satisfies (SC) with b €
L>(2) and p > n, by theorem 2.1(ii) in [34] (which in turn goes back to
proposition 2.9 in [4]) — we will be using them interchangeably in this case.

In both LP or C cases, we only need to define a subsolution
as an upper semicontinuous function, and a supersolution being lower
semicontinuous, which is sufficient to ensure the attainment of a maximum
or minimum, respectively, over compact sets. Moreover, if the function wu is
not semicontinuous, we say that w is a viscosity subsolution (supersolution)

provided u* (u,) is. Here, u* and u, are the upper and lower semicontinuous
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envelopes of u respectively, namely u*(z) := limy_,, u(y), u.(2) == lim,_,, u(y),
see [3, p. 22], [33, p. 40]. Note that u* and w, are always semicontinuous
functions with v* € USC(Q2) and u, € LSC(Q). Nevertheless, sub and
supersolutions will be assumed continuous along the text, unless specifically
noted otherwise.

A strong sub or subsolution belongs to VV@?(Q) and satisfies the
inequality at almost every point. These notions are related, up to quadratic

growth, as shows the next proposition.

Proposition 2.5 Assume F satisfies (SC)*, p,q as in (2.1), and f € LP(Q).
Then, u € W2P(Q) is a strong subsolution (supersolution) of F = f in Q if

and only if it is an LP-viscosity sub(super)solution of this equation.

See theorem 3.1 and proposition 9.1 in [25] for a proof, even for more
general conditions on p and the exponents p, ¢. Is is also well known that the
pointwise maximum of subsolutions, or supremum over any set (for instance,
if this supremum is locally bounded), is still a subsolution; see theorem 4.2 in
[33] for C-viscosity solutions, and also proposition 2 in [35] for a version for
LP-viscosity solutions related to quadratic growth and bounded coefficients.

When we refer to solutions of the Dirichlet problem in C'''' domains, we
will assume that strong solutions belong to W?%P(Q) — despite some cases in
which we prefer to keep on the “local” sense in order to preserve the maximal
generality. Remember that a solution is always both a sub and supersolution

of the equation.

Denote £*[u] := My (D?u) + b(x)|Du|, where b € LL(Q), ¢ > n. We
make the convention that b € L% (2) when p > n and no other information on
b or g is provided.

Next we recall Alexandrov-Bakelman-Pucci type results with unbounded

ingredients and quadratic growth, which will be referred simply by ABP.

Proposition 2.6 Let Q2 bounded, p > 0, b € LY (Q) and f € LP(Q), for p,q
as in (2.1). Then there exist 0 = 0(n,p, A, A, diam(Q), ||b|| o)) > 0 such that

Il ooy (diam ()7 <6 (pll £ ||Leo) (diam(Q))> <)
implies that every u € C(Q) which is an LP-viscosity sub(super)solution of

LHu) + p Duf’ > f(w) in QF (L7[u] = plDuf* < f(z) in 07),
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where QF = QN {du > 0}, satisfies the estimate

mﬁaxu < max u + Callf v <m$nu > rggi)nu — Oy Hf+||Lp(Q)> ,
for a constant Cy depending on n,p, A, A, ||b||Le(q), diam(2), which remains
bounded if these quantities are bounded. Moreover, if u = 0, the norm of f on

the right hand side can be taken in the L™ space instead of LP.

As a matter of fact, ABP is valid under more general conditions, even for
unbounded p. We refer to proposition 2.8 in [36] for a complete proof in the
case p = 0. See theorem 2.6 and lemma 9.3 in [25], and theorem 3.4 in [37],
for a precise dependence on constants (see also [24] and [36]). For a simplified
proof for > 0 and p > n (which is the only superlinear case that we need
along the text), see appendix B.

A consequence of ABP in its quadratic form is the comparison principle
for equations in the form (ME) (with L = F' there), concerning LP-viscosity
solutions and coercive operators. We make the convention, mainly when dealing
with multiplicity results, that a and g will always denote a pair of sub and

supersolutions, in a sense to be specified.

Lemma 2.7 (Comparison Principle) Assume F satisfies (SC), f € LP(Q)
and M € L*(Q) in the bounded domain . Suppose that u is an LP-viscosity

supersolution of

{—F[u] = (M(2)Du, Du) + f(z) in Q (2.2)

u = 0 on Of)

Then, for any o € C(Q) N WP (Q) strong subsolution of (2.2), we have

ocC

o< uin ).

Analogously, if u is an LP-viscosity subsolution of (2.2), for any B €
C(Q) N WZP(Q) strong supersolution of (2.2), we have u < 3 in Q.

Proof. Set v := u — «a in Q. By contradiction, assume ming v = v(xy) < 0. As
v >0 on 09, thus zy € Q. Set Q := {v < 0in Q}, which is an open nonempty
set since 2o € Q. Let ¢ € W2P(Q) and & € Q be such that v—¢ has a minimum
at Z. But then u — (o + ¢) has a minimum at #, and by a + ¢ € W2P(Q)
together with the definition of u being an LP-viscosity supersolution, we know
that for every e > 0, there exists r > 0 such that, for a.e. x € B,.(Z) N Q,
—F(z,u, Da+ Dy, D*a + D*p) — (M(2)D(a + ¢), D(a + )) = f(z) > —¢
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and —F(z,a, Da, D*a) — (M (x)Da, Da)) — f(z) < 0 from the definition of «
as strong subsolution. By (SC),

e > F(z,u, Do+ Dy, D*a + D*p) — F(z,a, Da, D*a)
+ (M (z)D(a+¢), D(a+ ¢)) — (M(xz)Da, D)
> M (D*p) = b(z)|Dp| — p(|Da + De| + |Dal ) [Dp| — d(z) w((u — a)*)
> M (D*p) = b(x)| Dg| — u|De|* — 2u| Do [ D).

Then, for b = b+ 2u|Da| € L2(Q), v is an LP-viscosity supersolution of

0 in Q

0 on 9QcC ANU{v=0}.

{ M-~ (D?v) — b(z)|Dv| — p|Dvl?

<
>

Thus, ABP with f = 0 gives us v > 0 in €, contradicting the definition of Q.
[

Remark 2.8 The same result holds if o = maxi<i<m a; and B = mini<j<; 5;,
where «; and f; are continuous strong sub and supersolutions of (2.2)
respectively. Indeed, in the proof above, we only need to note that ming (u— «)

= (u— «;)(xg) for somei e {1,...,m}, and consider v :=u — «; .

For equations with linear growth in the gradient, it is also a consequence
of ABP that the notions of L” and L™ viscosity solutions coincide for p > n.
This is the content of the next proposition, which is a version of theorem 2.1(iii)

in [34] for unbounded coefficients.

Proposition 2.9 Suppose that F' satisfies (SC) for b,d € Li()), ¢ > n, and
let f e LL.(Q). If ¢ >p>n, then u is an LP-viscosity solution of F > f in Q
if and only if u is an Li-viscosity solution of F' > f in €.

For this, we need the following lemma, which is a version of proposition 1 in
[35] for unbounded coefficients. The proof relies on an argument due to Prof.

Boyan Sirakov.

Lemma 2.10 If F satisfies (SC) and (2.1), the mazimum (minimum) in the
definition of LP-viscosity subsolution (supersolution) can be replaced by a strict

mazimum (minimum).

Proof. Suppose, in order to obtain a contradiction, that there exists ,7 > 0

and ¢ € WP(Q) such that u — ¢ attains a local maximum at z, but

F(z,u(z), Do(x), D*¢(z)) < f(x) —e a.e. in B,(x0). (2.3)
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For simplicity of notation, suppose zp = 0 and u — ¢ < (u — ¢)(0) in By, (0).
Set ¢5 := ¢ + d|x|* + 15, where 15 is the strong solution of

(2.4)

Lt [1)s] —46b(z)|z|> +€/8 in B,
vs = 0 on 0B,,

given, for instance, by proposition 2.4 in [24]. Also, consider small values of
§ € (0,1) such that 467%(2 +nA) < g/8.

Claim 2.11 u — ¢s attains a strict local mazimum in B, for small § > 0.

Proof of Claim 2.11. Since L [tp5/] = —4b(z)|z|® +¢/(46) =: g(z) a.e. in
B,, by ABP and Chebyshev’s inequality [{|h| > t}| < ¢t79||h||?, for h € LI(Q),
it follows that

Vs _ i1,
5 < Callg e < CalBen{g <077 g™ uacsy

< Ca|Br N {db(@)]2]’ > /(80) H* "% g™ | Lacs,)

q —1
< C(8/2)» Il Fagey (€ + (1Bl Lace)) o0 0

for all z € B,, since ¢ > n. In particular, 15(0) < dr* for small § > 0, so we

have on OB, that u — ¢5s = u — ¢ — dr* < (u — ¢)(0) — ¥s(0) = (u — ¢5)(0).

Thus, u — ¢s must attain a strict local maximum at some point in B, say in

the ball By(zg) C B,(0), and the claim is proved. |
Therefore, by applying the hypothesis over ¢s,

F(x,u(x), Dos(z), D?¢s(x)) > f(x) —e/2 a.e. x € By(xp).

So, using the latter and (2.3), we obtain

£/2 < F(x,u(x), Dos(x), D*¢s(x)) — F(z,u(x), Dp(x), D*¢(x))
< L[ S|z|* 4+ 5] < 40]xA(2 + nA) + 40b(x) |z + LT[v;5] < e/4

a.e. T € By(xg), by (2.4) and the choice of d, which yields a contradiction. B

Proof of Proposition 2.9. It is obvious by definition 2.3 that LP-viscosity

solutions are Li-viscosity, since f € L (). So, in order to obtain

a contradiction, suppose that u is an L9-viscosity but not LP-viscosity
subsolution of F' > f in Q. Then, there exists ¢ € W.2?(Q) and B, () C Q

ocC

such that u — ¢ has a local maximum at zy in B,(x) and

F(z,u, Do, D*p) < f(z) —e a.e. in B,(x). (2.5)
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We may assume that there exists § > 0 such that (u — ¢)(zy) = 0 and
u—p < —4§ on 0B, (xp) by lemma 2.10.
Let @), € C?(Bay(x0)) with ¢ — @ in W2 € W2, Hence, wy, == u — @y,

is an L?-viscosity subsolution of
L [wg] > F(x,u, Du, D*u) — F(x,u, Doy, D*¢y) > —gi ()

in B,(zo), for gi(z) := f(z) — F(x,u, Doy, D*¢y) € LYB,). Since by (2.5) we
have 91;(9‘3) = _gk<x) < F(ZE,’U,, Dgpku DQSOk) o F(QZ,U, DQD, D290> < ‘C+[90k - 90]
a.e. in {gp <0} N B, (o), then ||g; ||r(B, (z)) is bounded by

A+ M) D*(0r — @) | Ln(B, (w0)) + 1Bl 228, @op 1 D — @) | Lo0 (B, (w0))

which converges to zero when k& — +oco, by the Sobolev continuous inclusion
Whta c L* for ¢ > n. Now it is just a question of applying ABP to obtain that
Wy, < SUPyR, (z) Wk + |9k || L7(B. (o)) 1N Br(20) for all k € N. Thus, the uniform
convergence of ¢ to ¢ in this last inequality is responsible for producing a
contradiction with the definition of 4. [ ]

The next proposition follows from theorem 4 in [12] in the case p = n.

We refer to proposition 9.4 in [25] for a more general version.

Proposition 2.12 (Stability) Let F', F}, operators satisfying (SC)* with p,q
as in (2.1), and f, fr € LP(Q). Let up € C(Q) be an LP-viscosity subsolution

(supersolution) of
Fi.(z, ug, Duy, D*up) > fi(z) in Q (<) forall k€N.

Suppose w, — w in LS (2) as k — oo and for each ball B CC 0 and
© € W*P(B), setting

gr(x) = Fi(x, ug, D, D*@) — fr(x); g(x) := F(x,u, Do, D*¢) — f(x),

we have ||(gx — 9)F||zes) ([[(9x — 9) " |lzrB)) = 0 as k — oo. Then u is an
LP-viscosity subsolution (supersolution) of F(x,u, Du, D*u) > f(x) (<) in §2.
If F and f are continuous in x, then it is enough that the above holds for

every ¢ € C*(B), in which case u is a C-viscosity subsolution (supersolution)

of F' = f in Q.

Remark 2.13 Proposition 2.12 is valid if we have f € LP(Qy), ux € C(Q),
for an increasing sequence of domains € C Qyyq such that € := Upen QO , see

proposition 1.5 in [38].
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The following proposition follows from the C? superlinear regularity
established in [12]. We give the statement in terms of more general exponents

p,q as in (2.1), indicating the changes from the proof of theorem 2 there.

Proposition 2.14 (C? Regularity) Let Q2 C R" be a bounded domain. Assume
F satisfies (SC)* for N =0, q =0, s =0 and b € LL(Q), for p,q satisfying
(2.1). Let uw € C(Q) be an LP-viscosity solution of (3.2) with f € LP(Q2). Then
there exists 3 € (0,1) depending on n,p, \, A and ||b|| Loy such that u € C}),(Q)

and for any subdomain ' CC ) we have

lulles@y < Ki{||lullzoe) + 1f ey + ] o) w([Jwl Lo @)) }

where Ky depends only on n,p, \, A, p1, ||b]| Lagqy, |1l Lo (), dist(€, 082).
If, in addition, v € C(Q)NCT(0Q) and Q satisfies a uniform exterior cone
condition with size L, then there exists By = Bo(n,p, A\, A, L, ||b|| La(y) € (0,1)

and 3 = min(fBy, 5) such that

lullcs@y < Ki{llullze@) + [ fllre@) + llullor@oo) + [1dllze@) w(lull e @)}

where K depends on n,p, \, A, i1, L, ||b|| La(e), w(1)||d|| e (), diam(€2), [Ju]| oo () -
In both cases, K1 remains bounded if these quantities are bounded.

The same result holds if, instead of a solution of (3.2), uw is only an
LP-viscosity solution of the inequalities L™ [u] — p|Dul®* < g(z) and LT [u] +
p|Dul* > —g(x) in Q.

If 1 =0, then K, does not depend on a bound from above on |u||Le(q).

Proof. To obtain the statement in terms of p, it is only a question of reading
L™-viscosity sense in [12] as LP-viscosity, changing b € L?, d, f € L™ there by
be L4 d, f e LP. The corresponding growth lemmas and exponents concerning
p must be replaced by pl_%, which appear by using proposition 2.6 (for u = 0)
instead of theorem 3 there.

The zero order term is handled as part of the right hand side, since the
whole proof is valid if we only have u as an LP-viscosity solution of inequalities
Lt[u] > —g(x) and L7 [u] < g(x) in the case p = 0 (see the final remark in
the end of the proof of theorem 2 in [12]). |

Next we recall two boundary versions of the quantitative strong
maximum principle and the weak Harnack inequality, which follow by
theorems 1.1 and 1.2 in [23] respectively.

We denote with Bf = B, N {z, > 0} a half ball with a flat portion of
the boundary included in {x,, = 0}, for » > 0. Further, T, := B, N {z,, = 0}.
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Theorem 2.15 (BQSMP) Let d € LP(By), f € LYB5y), p, q as in (2.1).
Assume that w is an LP-viscosity supersolution of L™ [u] —du < f, uw > 0 in
By . Then there exist constants €,c,C' > 0 depending on n, \, A, p, q, HbHLq(B;)
and ||d||pgy) such that

L
inf — >¢ /
Bi‘r ZEn B+

3/2

1/e
(f)s) = Clf N pasyy:

Theorem 2.16 (BWHI) Let d € LP(BY), f € LYBy), p, q as in (2.1).
Assume that u is an LP-viscosity supersolution of L™ [u] —du < f, u > 0 in
By . Then there exist constants €,c,C' > 0 depending on n, \, A, p, q, HbHLq(B;)
and HdHLp(B2+) such that

. 1/e
u U
g L el _ +
anlfxn > c (/B+ (In> ) cllf ”Lq(B;)-

3/2

In particular, theorem 2.16 implies the strong maximum principle when
f =0, i.e. for an LP-viscosity solution u of L~ [u] —du < 0, u > 0 in €2, we have
either u=01in Q or u > 0 in Q and if u(xy) = 0 at xg € I, then d,u(zq) > 0.
Here, 0, is the derivative in the direction of the interior unit normal. We will

refer to these consequences simply by SMP and Hopf, as below.

Proposition 2.17 (SMP) Let Q be a C%' domain and u an LP-viscosity
solution of L™ [u] —du < 0, u > 0 in Q, where d € LP(Q) and p,q are as
in (2.1). Then either u> 0 in Q or u= 0 in .

Proposition 2.18 (Hopf) Let Q be a C' domain and u an LP-viscosity
solution of L™ [u] —du < 0, u > 0 in Q, where d € LP(QY) and p,q are as
n (2.1). If u(zg) = 0 for some xy € 09, then J,u(xy) > 0.

Notice that the results above generalize SMP and Hopf for C-viscosity
solutions from [39]. In [23], theorems 2.15 and 2.16 (and consequently
propositions 2.17 and 2.18) are proved for d = 0, but exactly the same proofs
there work for any d > 0. Moreover, since the function u has a sign, they
are also valid for nonproper operators, by splitting the positive and negative
parts of d and using d~u > 0. We also refer to [40] for another proof of Hopf
maximum principle.

The Local Maximum Principle (LMP) is well known in the literature, see
for example [26, p. 36], [41, p. 244], [33, p. 85] and [42]. Its boundary version
(BLMP) is given in theorem 1.3 in [23], without zero order term.
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Theorem 2.1 (BLMP) Assume that w is a locally bounded LP-viscosity

subsolution of

—f(z) in Bf

L [u] + v(z)u
0 on To

u

IN IV

with f € LP(BY), b € LY(BY), v € LP*(B5) N L?(BY), for some py > n and
p,q as in (2.1). Then, for each r > 0,

1/r
suput < C (/+ (U+)r) + Hf+HLP(B,j) )
B3/2

Bf
where C' depends only on n, p, p1, A\, A, r, HbHLq(B;) and Hl/HLpl(B;).

Proof. As the proof of theorem 1.3 in [23], v = u™ can be extended as 0 in
By \ BY, since v = 0 on Ty and satisfies (2.6) in By, with f extended by
0, which remains in LP(Bs;). Then we apply theorem 2.2 below to obtain the
boundary result. |

Theorem 2.2 (LMP) Let u be a locally bounded LP-viscosity subsolution of
L u] + v(z)u > —f(x) in Bs, with f € LP(Bs), v € LP*(Bs) N LP(Bj3), for
p1>n and p,q as in (2.1). Then, for each r > 0,

1/r
supu’ < C ((/ (u+)r> + Hf+\|m<33))
B1 B>

where C' depends only on n, p, pr, A\, A, 7, ||b||a(sy) and ||V||Ler(By)-

Remark 2.19 Of course the same conclusion holds if we have a domain €}
and € cC Q" CcC Q by a local covering argument. The same for any radii
p1 < p2 < ps3 by rescaling.

The only difference between theorem 2.2 and LMP given in theorem 3.1
(a) in [42] comes from the need to put the zero order term on the right hand

side. For the sake of completeness, details are provided in the sequel.

Proof. Observe that u is an L"-viscosity subsolution of the initial equation by

proposition 2.9, as well as v := u* = max(u, 0) of

L] +v(z)v > —fT(z) in Bs. (2.6)
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and so L1[v] > —g(x), where g := f* + vTv € LE(By). Applying theorem
3.1(a) of [42] in the ball By, we obtain in particular that

1/s
supv < C (/ vs) + llgllzn(B,)
B, Bs o

for s > n defined by the relation + =1 4 p%' Then, Holder’s inequality yields

w0

v 0|l insyy < VT ||loo (B2 0] 082

and for a constant depending also on ||| ze1(s,), it follows that

SUpv < CLlvllze(Bay + 1 T llpnea) }- (2.7)
1

Now we perform a Moser type argument, as in [32, p. 75, to extend the
validity of (2.7) for all s > 0. More precisely, we start rescaling (2.7). For
R <2, we define w(z) := v(Rx/2) for x € By and apply the result just proved

for w to obtain, in terms of v,

supv < C{R™%|v

R/2

Loy + R on(sg }- (2.8)

Next, using (2.8) in B = B1_g)r(y), for R € (0,2] and 0 € (0, 1), we have

sup v < C{(1—0)R)"*

Bai_9)r/2(y)

v

Loy + (L= R fF|lnp) }- (2.9)

In particular, (2.9) for all y € Byg yields, for R € (0,2] and 6 € (0,1),

n

0]l o< (Bom) < C{((1—0)R)™5

Vllzen + 1 lenen b (2.10)

Let r € (0,s) (notice that the validity of BLMP to r > s is ensured by
(2.7) and Holder’s inequality), then,

) = (o) cm (f2)

By Young’s inequality with p =1/(1 —r/s) and ¢ = s/r,

1/s

o lolosn < 1l (g [ -
((1_9)R)n/s L3(Br) = L*°(BR) ((1_9)R)n By

l C / ) 1/r
> QHUHL"O(BR) + (1= 0)R) BRU :

A
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Thus, applying this estimate in (2.10),

1 C Y
Il < 3= + gz ([, o)+ O o

Next, by defining ¢ (t) := ||v||ze(8,), t € (0,2], we have

1 C ) 1/r
P(t) < §¢(R) + R—t) </BRU ) + C|lf Tl (sy)-

. o AU
Now, lemma 4.3 in [32] implies that 1(t) < W (fBR v ) + O\l fH N (o)
Taking R — 2~ we obtain, for instance for 6 = 1/2,

1/r
HvHLw(BnSC(</ ) +Hf+\|m32>)-
Bs
|

We provide another proof of theorem 2.2 for C-viscosity solutions in
appendix D, which is constructive and follows the classical proof in [41].
The following result, which follows from lemma 2.3 in [12], is a useful

tool to deal with quadratic dependence in the gradient.

Lemma 2.20 (Ezponential change) Let p > n and v € W2P(Q). For m > 0

set
emu _ 1 1 — e~ mu
V= , W=—
m m

Then, a.e. in  we have Dv = (1 + mv)Du, Dw = (1 — mw)Du and

+(7)2
M*E(D*u) + mA|Dul* < W < ME(D*u) + mA|Dul?, (2.11)
mu
+( )2
M*(D*u) — mA|Dul* < /\/11(Dw) < ME(D*u) — mA|Dul?. (2.12)
— mw

and clearly {u =0} = {v =0} = {w =0} and {u > 0} = {v > 0} = {w > 0}.
Moreover, the same inequalities hold in the LP-viscosity sense if u is

merely continuous; for example, if u € C(Q) is an LP-viscosity solution of
MT(D*u) + b(x)|Du| + p|Dul? + c(z)u > f(x) in Q (2.13)

where b € LE(Q), ¢, f € LP(Q), for p,q as in (2.1), then v = =(e™ — 1), for

m = &, is an LP-viscosity solution of

M (D?v) + b(z)|Dv| + Cinx)ln(l + mv)(1 4+ mv) —mf(z)v > f(z) in Q
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and analogously for the other inequalities.

The proof follows the original idea of [12] for viscosity solutions, with
the slight improvements that can be found in theorem 6.9 in [33]. See also the

proof of lemma 1.6 in [43].

Proof. Inequalities (2.11) and (2.12) follow by a simple computation, by using
spec(§®¢) ={0,...,0,&-C}, where £ ® ¢ € M, (R), (E®()ij := & ¢ for all?
&, ¢ € R™. Suppose, then, that u is an LP-viscosity solution of (2.13).

Let ¢ € VVlif(Q) such that v —1) attains a local maximum at xy, namely
v <1 and v(zg) = P(xp). Let € > 0, take some Q' with zg € Q' CC Q and set
@ = ull ey

Define ¢ = {In(1+m)} € W2P(Q), ie. ih = L{em? —1}. Then, since

u —  has a maximum at x, by using the definition of u being an LP-viscosity

subsolution of (2.13) and also (2.11) for the pair ¢, 1, we get

M* (D)

ol = MH(D%) + plDuf* 2 f(@) = b(w)| Dl — cle)u— £ ae.in O

€
eam 41

Let § € (0,1). Notice that, since (1) — u)(xg) = 0 and ¢ € W?P(O) C
C(O) for p > n > n/2, there exists O5 C O such that v < < v+ % in Os.
Thus 1+my <1+ mv+d=e™+¢ and

and O C 0 is some subset with positive measure.

where € =

M (D*)) + b(@)|DY| = f*(z)e™ — [~ (2)(e™ +9)

+ (ctu” 4+ cuh)e™ — (ctut +cu™)(e™ + ) —e  ae in O
i.e. we have shown that v is an LP-viscosity subsolution of
M (D) +b(z)|DY| > f(x)e™ — c(x)ue™ — (f~ +ctut +cu")d inQ

for any 6 € (0,1). The desired conclusion follows by letting 6 — 0, since
| fsllzesy — 0 for any B CC Q, where f5 = (f~ + c¢tut 4+ ¢ u™)0, by
proposition 2.12. The proof of the remaining inequalities in the LP-viscosity

sense are similar. [ |

A direct consequence of lemma 2.20 is the following extension of
proposition 3.5 in [4]. Recall we say that u is twice super(sub)differentiable
2Indeed, observe that if A := ¢ ® ¢ = £€¢7 and R” is the direct sum of V and W, for

V = span(, W = span{w; }17', then A¢ = ¢ (¢T€) = (¢-¢) ¢ and Aw; = 0. Thus, £ is an
eigenvalue with eigenvector &, while 0 is an eigenvalue with multiplicity n — 1.
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at x € Q if there exists (p, X) € R" x S"” such that
1
u(y) < (2)ulz) +p-(y—2) + 5 Xy —2),y —2) +olly — ") as y - =.

Corollary 2.21 Let f € L}, (Q) forp>n, pn >0, b e L(Q) and u a locally

bounded LP-viscosity solution of
L[u] + p|Dul* > f(z) in Q (ﬁ_[u] — p|Dul® < f(z) in Q) :
Then u is twice superdifferentiable (subdifferentiable) a.e. in Q.

Proof. Set v = L(e™ — 1) for m = &. Say b(x) < ~. Hence, by lemma 2.20
and u € L2, (Q), v is an LP-viscosity solution of

MT(D?v) +4|Dv| > f(2)(1+mv) € LY ().

loc

By proposition 3.5 in [4], v is twice superdifferentiable a.e. in €, and so is u.
|
It follows from the argument in [4], that locally bounded LP-viscosity
solutions of F' = f, with F satisfying the structure condition (SC)* for
bounded coefficients, are twice differentiable a.e. and satisfy the equation at
almost all points. Moreover, corollary 2.21 is true for p > n — gy > n/2 as in
[4], since lemma 2.20 also holds in this case — as well as most of the results

stated here thanks to GMP; but not necessary for our purposes in this work.

We finish the chapter recalling some results about pure second order
operators F'(D?u), that is, uniformly elliptic operators F' depending only on
X (so Lipschitz continuous in X) and satisfying F'(0) = 0. These operators
will play the role of F(0,0,0,X) in the approximation lemmas. The next

proposition is corollary 5.7 in [26], which deals with C™® interior regularity.

Proposition 2.22 Let u be a C-viscosity solution of F(D?*u) = 0 in By. Then
u € CH(By2) for some universal a € (0,1) and there exists a constant K,

depending on n, A and A, such that
[ulloras, ) < Ko llull e s,).

We also need the following solvability result about the Dirichlet problem.
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Proposition 2.23 Let ) bounded with a uniform exterior cone condition,

Y € C(0NY). Then there exists a unique C-viscosity solution u € C(2) of

F(D*u) = 0 in
u = Y on 0N.

Proof. Uniqueness is corollary 5.4 in [26]. Let us recall how to obtain existence
via Perron’s Method, as in proposition II.1 in [44] (see also [45]). Indeed,
comparison principle holds for F(D?u) by theorem 5.3 and corollary 3.7
in [26]. Further, we obtain a pair of strong sub and supersolutions u, T €
W2P(Q) N C(Q) of Pucci’s equations M+(D?*7) < 0 < M~ (D) in Q with
u =u = ¥ on 9 by lemma 3.1 of [4]. They are LP-viscosity sub and
supersolutions of F(D?u) = 0, from where we obtain the pair of C-viscosity

sub and supersolutions desired. ]

We use the following notation from [38] and [46]. For r,v > 0,
B (xo) := By(x9) N {x,, > —v}, TV(xo) := Br(xo) N{z, = —v}.
Proposition 2.24 Let u € C(BY) be a C-viscosity solution of

F(D*u) = 0 in BY
u = ¢ on TV

such that ¢ € C(0BY) NCYT(TY) for some T > 0. Then u € CY*(BY ), where
a = min(r,ap) for a universal ag. Moreover, for a constant Ks, depending

only on n, X\, A and 7, we have

||“H(ﬂﬂ(@) < Ky {HUHLOO(B;) + ||¢||CLT(T;)}-

For a proof see proposition 2.2 in [46]; see also remark 3.3 in [38].
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3
Holder Regularity

The seminal work of Caffarelli [47] in 1989 brought an innovative
approach of looking at Schauder type results via iterations from the differential
quotients that are perturbations of solutions of the respective autonomous
equations. The techniques in [47], which contains in particular C estimates
for LP-viscosity solutions of uniformly elliptic equations F'(z, D*u) = f(x),
allowed Swiech [48] to extend them to more general operators F/(x, u, Du, D*u)
and later Winter [38] to boundary and global bounds. However, everything that
is available in the literature, to our knowledge, for LP-viscosity solutions in the
fully nonlinear framework, concerns only structures with either linear gradient
growth or bounded coefficients, except for some particular cases of extremal
equations with small coefficients, see [24]. It is our goal here to obtain C
regularity and estimates for general fully nonlinear uniformly elliptic equations,
with at most quadratic growth in the gradient and unbounded coefficients.

We note that Trudinger, independently from [47], in [49] proved C'
regularity in a less general scenario than Swiech and Winter, under a continuity
hypothesis for F', dealing with C-viscosity solutions and approximations under
supconvolutions. In that paper, it was stated that a priori estimates for
solutions in C'%* of superlinear equations could be derived from the arguments
in [49] and [50]. However, the question of regularity is more complicated (for
a discussion on differences between a priori bounds and regularity results we
refer to [51]).

We also quote some other papers on C1“ regularity, the classical works
[52], [53], [54] for linear equations; [46] for Neumann boundary conditions; [55]
for asymptotically convex operators; [56] (local) and [57] (global) for degenerate
elliptic operators; [58] and [59] for parabolic equations possibly with VMO
coefficients. Furthermore, Wang [43] has made an important contribution to
C1@ regularity for the parabolic equation u; + F(x, D*u) = g(t, z, Du), where
lg(t,z,p)| < Alp|* + g(t,z), for bounded coefficients, see lemma 1.6 in [43]
(which uses theorem 4.19 in [60]). Sharp regularity results for general parabolic
equations with linear gradient growth can be found in [61], and very complete
O estimates on the boundary for solutions in the so called S*-class for

equations with linear gradient growth and unbounded coefficients in [62].
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It is also essential to mention an important series of papers due to Koike
and Swiech [25], [36], [24], [63], in which they proved ABP and weak Harnack
inequalities for LP-viscosity solutions of equations with superlinear growth in
the gradient, together with several theorems about existence, uniqueness and
W?2P estimates for solutions of extremal equations involving Pucci’s operators
with unbounded coefficients, see in particular theorem 3.1 in [24]. Many of our

arguments depend on the machinery in these works.

3.1
Main Regularity Results
In this section we present the hypotheses and statements of our results.

First, in order to measure the oscillation of F' in the x entry, we define
B(x,x0) = PBr(x, o), as in [47], [38],

F(x,0,0,X)—F 0,0, X
5(%%) = sup | (a:, i) ) (350> , U, )|

a.e. T, X . (3.1)
Xesm\{o} 1X1]

Notice that  is a bounded function by (SC)* and lemma 2.1(ii). Next consider
the usual hypothesis, as in [47], [38]: given 6 > 0, there exists ro = ro (#) > 0
such that

1

1 p

</ Bz, zo)? dx> <0, forallr <ry a.e. xg. (Hp)
BT(I())QQ

T’VL

Notice that (Hy) is satisfied for Pucci’s extremal operators. Indeed, if for
instance F(x,r,p, X) = M (X) + b(z)|p| + d(z)w(r™), then Sp(x,x9) = 0. In
particular this holds if F' is the linear operator tr(A(z)X) + b(x) - p + d(x)r,
with A a continuous matrix up to the boundary, as in chapter 1.

The following is our main regularity result. To simplify its statement,

here we assume that w is a Lipschitz modulus, i.e. w(r) < w(1)r, for all r > 0.

Theorem 3.1 (Ch* Regularity Estimates) Let Q C R™ be a bounded domain.
Assume F' satisfies (SC)*, f € LP(SY), where p > n. Let u be an LP-viscosity

solution of
F(z,u, Du, D*u) = f(x) in (3.2)

with ||ul| ey + || fllr) < Co. Then, there exists o € (0,1) and 0 = 6(«),
depending on n, p, A\, A, ||b||lzr), such that if (Hg) holds for all r <
min{rg, dist(zg, 9N}, for some ro > 0 and for all xy € Q, this implies that
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u e Cu¥(Q) and for any subdomain Q' CC Q,

loc

[ullora@y < C{llulle@) + 1 fllze@)} (3.3)

where C' depends only on ro,n,p, N\, A, o, p1, ||b]| o), w(1)||d]|Lr(0r), diam(2),
dist(€Y, 0Q2) and on the bound Cy.

If, in addition, 9Q € CY' and u € C(Q) N CY(IN) is such that and
ullzoe) + | fllze) + lJullorroa) < Ch, then there exists o € (0,7) and
0 = 0(a), depending on n,p,\, A, ||b]|zr(), so that if (Hy) holds for some
ro > 0 and for all o € Q, this implies that u € CY*(Q) and satisfies the

estimate

[ullgra@ < CHllulle@) + Ifllzr@ + lullerroo ) (3.4)

where C' depends on ro,n,p, A\, A, o, 11,]|b]| Lo (), w(1)||d|| Lr (), diam(2), Cy and
on the CYt character of the boundary.

Moreover, if u = 0, then the constant C' does not depend on Cy, Cf.

We also consider a slightly different (smaller) version of /3, as in [48] and

chapter 8 in [26]; B(z,z0) = Br(x, 7o) defined as

_ |F(2,0,0,X) — F(x0,0,0,X)|

x,xg) = su
)= 2 X+

for all z, xq . (3.5)

Consider the hypothesis (H),, which is (Hy) with § replaced by $. This
hypothesis is trivially satisfied if F'(z,0,0,X) is uniformly continuous in z,

in the sense that there exists some modulus of continuity w such that
|F(2,0,0,X) = F(20,0,0, X)| < &(]z — zol) (| X + 1),

for all z, 79 € Q and X € S" (for instance, see [64]). See also remark 7.1 in [58]

for a discussion over this hypothesis.

Remark 3.2 If p = 0 we can replace the smallness condition (Hy) by (H),
in the statement of Theorem 3.1, by adding 1 on the right hand side of (3.3)

and (3.4), see remark 3.10 for details. For instance, in the global case,
[ullora@ < CHllulle@) + I fllLr@) + ullorr o) + 1} (3.6)

Remark 3.3 If w is an arbitrary modulus, we still have regularity and
estimates, with the same dependence on constants as before, by adding 1 on
the right hand side of (3.3) and (3.4), as in (3.6). In this case, we can also

obtain Theorem 3.1 in terms of (H),, see remark 3.11.
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Of course, explicit zero order terms that only depend on u and x, can

always be handled as being part of the right hand side f(x).

The proof of Theorem 3.1, given in section 3.2, is based on Caffarelli’s
iteration method. Compared to [48], [38], we use a simplified rescaling of
variable which allows us to carry out the proof, without needing to use a twice
differentiability property of viscosity solutions (whose validity is unknown for
unbounded coefficients). We also use ideas of Wang to deal with superlinear
terms.

The first application of the CY® theory is W?P regularity for solutions
of fully nonlinear equations with superlinear growth in the gradient, which
are convex or concave in the variable X. This extends the results in [38] to

superlinear growth in the gradient in the case p > n.

Theorem 3.4 (W?? Regularity) Let Q@ C R™ be a bounded domain and
u € C(Q) an LP-viscosity solution of

F(z,u, Du, D*u) + g(x, Du) = f(x) in (3.7)

where f € LP(QQ), p > n, g is a measurable function such that g(x,0) =0 and
|9(z,p) — 9(z, )| <~lp—al + plp — ql(lpl + lg]), F is convex or concave in X
satisfying (SC)°, for b, d € L(Q) and w a Lipschitz modulus. Also, suppose
|l ooy + | fllr) < Co. Then, there exists 8 = 0(n,p, A, A, ||b||r()) such
that, if (Hyg) holds for all r < min{rg, dist(xg, dQ)}, for some ro > 0 and for
all xy € Q) this implies that u € Wg’p(Q) and for every Q) CC Q,

loc
lullwzr@) < C{llulle@) + [1fl[r@)}

where C' depends on 1o, 1, p, A, A, 1, ||b]| Lo (), w(1)[|d]| Lr (), dist (€Y', 02), diam (£2)
and on the bound Cj.

If, moreover, 0Q € C%, u € C(Q) and u = 3 on I for some
Y e W2P(Q) with ||ull ey + || fllze@) + [[¥llw2r) < Cy then, there exists
0 = 0(n,p, \, A, ||b||Lr()) such that, if (Hg) holds for some ro > 0 and for all
zo € Q, this implies that uw € W?P(Q) and satisfies the estimate

ullw2r@) < C{llullze@) + | fllzr@) + |1U]lw2r@)}

where C' depends on ro,n, p, A, A, i1, ||b]| o), w(1)||d]| e (), diam(€2), Cy and on
the OVt character of the boundary.
Furthermore, if p = 0, the constant C' does not depend on Cy, C}.
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From the regularity and estimates related to © = 0, we can give an
alternative proof of proposition 2.4 in [24], about existence and uniqueness for

the Pucci’s extremal operators with unbounded coefficients in the case p > n.

Proposition 3.5 (Solvability of the Dirichlet problem) Let Q@ C R™ be a
bounded C*' domain. Let b, d € L (Q), p > n and w a Lipschitz modulus.
Let f € LP(Q) and o € W*P(Q). Then, there exists ux € C(Q) which are the

unique LP-viscosity solutions of the problems

M (D?us) £ b(2)|Dus| £ d(x)w((Fus)™) = f(z) in Q
Uy = P on 0.

Moreover, uy € W*P(Q) and satisfies the estimate

[usllwzo@) < C{lluxllze@) + 1 Fllzo@) + ¥ lw2r@)}

where C' depends only on n,p, A\, A, [|b|| vy, w(1)||d|| s (o), diam(2) and on the
CY1 character of the boundary.

On the other hand, as far as a priori bounds are concerned, we obtain the
following version of Nagumo’s lemma (for instance, a version of lemma 5.10

in [65]).

Lemma 3.6 (Generalized Nagumo’s lemma) Let Q C R™ be a bounded C**
domain. Let F' be a convex or concave operator in the X entry, satisfying
(SCY, with b, d € LE(Q) for p > n and w an arbitrary modulus. Suppose that
there exists 0 > 0 such that (Hy) holds for some ro > 0 and for all zq € Q. Let
ferr(Q),veWwW?r(Q) and let u € W?P(Q) be a strong solution of

F(x,u, Du, D*u) = f(x) in
u = Y on OS2

such that [[ul| L) + || fllr) + ¥ llw2r) < Ci. Then we have

ullw2r) < C{llullze@) + | fllzr@) + |©lw2r@) + ] Lo w([[ul| Lo @)}

where C' depends on ro, n, p, X\, A, i, ||bl|r(), diam(2), Cy and on the C*!
character of the boundary. The local case is analogous.

Moreover, if u =0, the final constant C' does not depend on C.

Remark 3.7 Analogously to remark 3.2, we can replace (Hy) by (H), in
Theorem 3.4 and Lemma 3.6 above, by adding 1 on the right hand side of

the estimates, similar to (3.6).
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3.2
Proof of theorem 3.1.

In this section we give a detailed proof of theorem 3.1, splitting it into

local, boundary and global parts, developed in subsections 3.2.1, 3.2.2 and
3.2.3, respectively.

3.2.1
Local Regularity
Fix a domain € cC €. Consider K; and [ the pair given by the

C? local superlinear estimate (proposition 2.14) for V', related to the initial

n, 0, A, A, g, ||B]| ey, dist(€2',082) and Cy such that

[ullesy < K {llullze@) + 1 fllze@) + [l zo@) wlllullLe @)}

Also, let K5 (which we can suppose greater than 1) and & be the constants
of C% local estimate (proposition 2.22) associated to n, A, A in the ball By (0).

By taking K larger and 3 smaller, we can suppose K; > K, and g < B,
where K1, 3 is the pair of C? local estimate in the ball B (or By2), with respect
to an equation with given constants n,p, A, A and bounds for the coefficients
i< 1, bllzesy < 1+ 2Ks|By|Y? and w(1)||d||zo(5,) < 1, for all solutions in
the ball By with |[u|ze(p,) < 1 (or for all solutions in the ball B; with bounds

on the coefficients in By).

The first step is to approximate our equation with one which already has

the corresponding regularity and estimates that we are interested in.

Lemma 3.8 Assume F satisfies (SC)* in By, f € LP(By), where p > n. Let
Y € CT(0By) with ||V cr@om,) < Ko. Then, for alle > 0, there exists 6 € (0, 1),
d=4d(e,n,p, \, A\, 7, Ky), such that

1Br (- O 2o (By) < 0, [[fllzomy <6, w <6, [1bllosy <6, w@)||dl o) < 6

implies that any two LP-viscosity solutions v and h of

F(x,v,Dv,D*v) = f(z) in B
vo= Y on 0B

and

F(0,0,0,D*h) = 0 in B
h = v on 0B

respectively, satisfy ||v — h||p~p,) < €.
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Proof. We are going to prove that for all ¢ > 0, there exists a § € (0,1)
satisfying the above, with § < 272 62, where ¢ is the constant from
proposition 2.6. Assume the conclusion is not satisfied, then there exists some
go > 0 and a sequence of operators F}, satisfying (SC)** for by, di, € L% (By),
pr > 0, wy modulus, fr € LP(B;) and d; € (0,1) such that d; < 272 5,1/2 for
all k € N, where gk is the number from ABP related to b, in addition to

185 (-, O osys 1 fillzocsnys tas 0kl Loy, we(WIdill Loy < 0 —0
with v, hy € C(

1) LP-viscosity solutions of

Fy(x,vg, Dv,, D*vy) = fi(z) in By
V. = 'Lbk on 831

and

F,(0,0,0,D%h) = 0 in B
hk = wk on 831

where ||V |lcrom,) < Ko, but ||vg — hil|ze(s,) > €0. We first claim that
vllzoeB1) s Nhallze(s1) < Co (3.8)

for large k, where Cy = Cy(n,p, A\, A, Ky). Indeed, in the first place, since we
have M™(D?h;) < 0 < M™T(D?hy) in the viscosity sense, we obtain directly
that ||| zee(s) < [|Vk]lze@m,) < Ko. For vy, we initially observe that

Z%ykék <2 5,% < gk, for all k € N.
Further, v, is an LP-viscosity solution of
L3¢ [on] + px| Dvg? +di(2)wr([vk]) > fio(@) > Ly [vg] = p| Do |* — di ()i ([vg])-
Then, applying ABP in its quadratic form in Bj, we obtain, as in [38], that
[vkllzoe(B1y < orll e @y + C& L fill oy + ldillor wr (D) (lorll ooy +1)3-

Since ||bg|lLnpy < |B,|" for large k, then the constant in ABP is
uniformly bounded, say C% < C4. Using also that ||fi|zes) < 1 and
Cawi(1)||de]| ey < 1/2 for large k, we obtain that ||vg||re(s,) < Co, with
Co = Co(n,p, A\, A, Ky), proving the claim (3.8).

Then, by the C? global estimate (proposition 2.14), there exists some
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g € (0,1) such that

lokllcoy > 1kllosz,) < €,

where 3 = min (5, 5) for some By = Bo(n,p, A\, A), C = C(n,p, A\, A, Cy). Here,
f and C' do not depend on k, since ik, [|bk||zr(Byy, We(D)||dillzoByys | fellirz) <

1 for all k € N. Then, by the compact inclusion C?(B,) C C(B;) we have, up

to subsequences, that
Vp — Voo, M — heo inC(B;) ask — oo,

for some vy, hoo € C(B1) with ve = hee = s on OB;. Moreover, by
Arzela-Ascoli theorem, a subsequence of Fy(0,0,0,X) converges uniformly
on compact sets of S” to some uniformly elliptic operator F.,(X), since
M A(X =Y) <0=F(0,0,0,X) — F(0,0,0,Y) < M/J\“’A(X -Y).

We claim that both v, and h., are viscosity solutions of

Fo(D?*u) = 0 in B
u = Yy on O0Bj.

This implies that they are equal, by proposition 2.23, which contradicts
100 = hoollLoe(B1) = €0

The claim for h. follows by passing to uniform limits in the equation
satisfied by hx. On the other hand, for v., we apply stability (proposition 2.12)
by noticing that, for p € C%(By),

Fi(z, v, Do, D*@) — fir(x) — Fao(D?*p)
= {Fy(z, vy, Do, D*p) — Fi(,0,0, D*p)}
+ {F(2,0,0, D*¢) — F(0,0,0, D*p)}
+{Fr(0,0,0, D*¢) — Fio(D?*p)} — fu()

and that each one of the addends in braces tends to zero in LP(Bj) as
k — oo. Indeed, the first one in modulus is less or equal than u,|Dp(x)|* +
bi(x)| Do ()| + wi(||vkl oo (sy)) di(x), so its LP-norm is bounded by

1l Doll7 e ) + N0kl o) [ Dl Lo (1) + (Co + 1) wi(1) i || o5, );
while the LP-norm of the second and third are bounded by

185, (- )l o) (ID*@ll e () + 1)
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and
|Bl,1/p HFk(Ov 07 Oa D230> - Foo(DQSO)HLoo(Bl)

respectively, what concludes the proof. |

Proof of Local Regularity Estimates in the set )'. The main difference
from the case 1 = 0, in the present proof, consists of defining a slightly different
scaling on the function, which allows us to have p small in order to obtain the
conditions of the approximation lemma 3.8. For this, we will bring forward an
argument due to Wang [43], that uses the C regularity of w.

Set W = ||ul|po) + || fllzr) + @]l zr@) w(||u]| L= (o)), which is less or
equal than W, a constant that depends on Cy and w(1)||d||Lr(0)-

For ease of notation, assume 0 € 2" and set sy := min(ro, dist(0,0)).
Recall that this 7o = r0(0) is such (Hp) holds for all » < min{ry, dist(xy, 02)},
for all ¢ € 2. We will see, in the sequel, how the choice of 6 is done.

We start assigning some constants. Fix an o € (0, &) with o < min(3,1—
n/p). Then, choose v = v(a, a, K3) € (0, ] such that

4
22+O7K2 ,}/07 S 704 (39)
and define

e =¢(y) == Ky (29)'°. (3.10)

This ¢ provides a § = d(¢) € (0, 1), the constant of the approximation lemma
3.8 that, up to diminishing, can be supposed to satisfy

(5 + 2K,) 6 < A~ (3.11)

Now let o = 0(807n7p7a7657ﬁ757:u7||bHLP(Q)7w(l)Hd”LP(Q)aK17K27CO) < SEO
such that

o™ 5 < 6 (32K (K, + K + 1)| By Y7} (3.12)

where m = max {1, ||b]| o), w(1)||d|| o), (1 + 2° K71)Wp}. Consider the
constant K (v, a, Ky) defined as K = Koy~ *(1 — v%) 1+ Ky 179(1 — 41 Fe) L
which is greater than K, > 1. In particular, Bs,(0) C €’ and we can define

N = N, (0) := oW + sup |u(ox) — u(0)].

€ By
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By construction and C? local quadratic estimate, N is uniformly bounded by

oW < N < (0 +2° K0P )W < (1 +2°K)W,o”. (3.13)
Claim 3.9 u(z) := +{u(ox) — u(0)} is an LP-viscosity solution of Flu] =

f(x) in By, where
B 2

N N 2
F(z,r,p, X):= UNF (Jx, Nr + u(0), ;p, 02X> — %F (ox,u(0),0,0)

and f = f1 + fa for
filz) = o*f(ox) /N, fa) := =0 F (o, u(0),0,0) /N,

with F satisfying (SC)* for b(x) := ob(ox), fi := Npu, d(z) = o2d(oz) and
wo(r) :==w(Nr)/N.

Proof of Claim 3.9. Let ¢ > 0 and ¢ € W(B,) such that @& — @ has a
minimum (maximum) at zg € By. Define p(z) := Np(z/0) + u(0) in By, (0)
and notice that u — ¢ has a minimum (maximum) at oxy € Bs,. Since u is an

LP-viscosity solution on Bs,, for this ¢ > 0 there exists » > 0 such that
F(ox,u(oz), Dp(ox), D*¢(ox)) < (>) f(ox) + (=) Ne/o®  a.e. in B,(xp),

which is equivalent to

%F (ax, Nii(x) + u(0), ];[D@(x), i\gDQ@(x)) < (=) %f(m:) +(-)e

a.e. in B,.(zg). Adding —0?F (ox,u(0),0,0) /N in both sides, we have
F(z,u(z), Dp(x), D*@(x)) < (>) f(z) + (=) e ae. in B(zo).

Further, F(z,0,0,0) =0 a.e. z € By and forall r € R, p e R", X € S",

F(z,r,p,X)— F(x,s,q,Y)
2 N N N N
= UN {F (aa:, Nr + u(0), P, 02X> - F (Jx,Ns + u(0), —4 02Y>}
< MIAX =Y) +ob(ox) [p — g + Nulp — ql(|p] + |a])
+ o?d(ox) w(N|r — s|)/N

= M{A(X =Y) +b(@)|p—q| + ilp — al(|p| + la]) + d(=) &(|r — s)).

The estimate from below in (SC)* is analogous. |
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Notice that, with this definition and the choice of ¢ in (3.12), we have

|| oo (Byy < 1 since N > supg, |u(ox) — u(0)];

Il 1l Lr (o) 5.
e < 4

~ 21 1_n
1 filler sy = w1 fllpe(Bay) < 07 < i

-~ U2ﬂ —n w(l|lulleo)|ld
1 folliemn < Zw(u(O)]) |l sy, < ot 5 ltleelldlire o 0 gy

£l e (52 < g
i=Nu<(1+2°K)Wypuo? <

5.
8K2|By|t/P)
- Ln
10llze(52) = o7 bl o(Bar) < T3
~ 7] 2—2 w(N o_n
Sl = 0* 7 AN dl r(Bor) < 0* Fw (Do) < s7D
from the hypothesis w(r) < w(1)r for all r > 0;

”Bﬁ(, 0)||r() < /4, by choosing 6 = /8. Indeed,

5oy < % sup (00,0, 2) — Flow,0,0, 1)
~(x,z0) < — su
FEOTI= N e X+ 1
|F(O’.§(}"07O’ %X>—F(O'SU0,0,0,%X)|
+ sup ~
Xesn S(IX+1)
o? |F(020,0,0, % X) — F(ozg,u(0),0, £X)|
+ — sup g g
N xegn X+ 1
L7 g [Eloz,u(0),0,0)] +|Floo, u(0), 0,0)]
N xesn | X+ 1

< if,{d(ax) + d(owo)}w([u(0)]) sup (1X] + 1)~ + Br(ow, om9)  (3.14)

and therefore,

W
<5/840 = 5/4.

1
= _n W{|U|| [, d P 1 P
||6§<'70)||LP(B1) §40_1 = (H HL (Q))H HL () + (0%/ BF(y70)pdy>
B, (0)

Notice that the only place we had to use the dependence on the bound
() is to measure the smallness of p. Thus, if © = 0, the final constant does not

depend on Wy, neither on Cj.

Remark 3.10 Still for p = 0, if we split our analysis in two cases (as usual
for linear growth in the gradient, see for instance [27]), then we can obtain
the conditions in terms of (Hg). Indeed, in this case, we consider N := W. If
N > 1, then @ is as in claim 3.9. In this case, using N/o? > 1 we can replace
B by B in (3.14); for the estimate in @(1)||J||Lp(32) we only need w(r) < w(1)r
forr > 1. On the other hand, if N < 1, we just define u = u(oz) and use that

each of the addends in W is less or equal than 1 and also
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S(V)||d| re(py) = 0> Pw(N)||d|| 1o (Bsy) < 07 Pw(1)]|d]| 1o(e)-

Notice that, in this case, the final estimate we obtain for our original function
u is that ||ullcre@) < C < C(W + 1), instead of ||ullcr.a) < CW.

We refer to remarks 6.4 and 6.5 in [58] concerning fr and Br: also
theorem 7.3 there for an improvement of this estimate in the parabolic case in

which ||[ullc1.0q) goes to zero when W does.

In particular F, 4, ﬁ,g, d,& satisfy the hypotheses of lemma 3.8. Thus, if
we show that [|t]|c1a(g,) < C, we will obtain that
Ju(ow) = w(O)lcrez,) < ON < (1+2°Ky) CW

by (3.13), then [[ullcrag,) < C{llullr~@) + [[fllzr)}s Where the constant

depends on o; the local estimate following by a covering argument.

Remark 3.11 In the case we have an arbitrary modulus of continuity, we
define N = o max{W, 1} + sup,¢p, [u(cx) — u(0)|, which by construction and

C? local superlinear estimate,

o <N < (0+2°Ki0%) max{W,1} < (1 + 2° K))Wyo” < 1.

2

Then we have &(1)||d||Le(5,) = “x=w(N)|d]l Loy < ' rw(1)]|d]| Loy

Moreover, we can consider the smallness assumption in terms of (H ),
with B instead of B in (3.14). In fact, in this case we use N/o* > 1. In the
end, we obtain that the original function u is such that [[u|c1. g is bounded

by Cmax{W,1} < C(W + 1), in place of CW.

With these rescalings in mind, we write F,u, M, u,b,d,w instead of
F. 4, [i,b,d,&, in order to ease of notation. Now we can proceed with Caffarelli’s
iterations as in [47], [26], [48], which consists of finding a sequence of linear
functions Iy () := ax + by, - « such that

@ M= lkllze(s,) <7

(i) |ar — ap_1] < Korp ™8, |bp — bpq| < Ko,
(iid)e [(u—1k) (rre) = (u—1) (rey)| < (143K1) " le—y|” for 2,y € By,

where 7, = +* for some v € (0,1), for all £ > 0, with the convention [_; = 0.

Observe that this proves the result. Indeed, by = by + (by — bo) + ... +
(b — bp_1) converges to some b, since 352 |br, — br_1] < Ko 020 (v)F ! < o0;
also b, — b] < 372 b1 — bi| < Ko X2,y = K?%- Similarly, |a, — a| <

k(14a)
biﬁ and ay converges to some a.
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Next, for each x € By, there exists k > 0 such that rp < |z| < 7.

Then, |u(z) — ay, — by, - 2| = Ju(x) — l(z)| < rpte, since z € B,,, thus

lu(z) —a—b-z| <|u(x) —ap — by - x| + |ar, — a| + |bx — b ||
1+«

1+a Tk T

Tk

Ky Ky 1 1
=<1+ + te<C fo
{ 1— ’71+a 1 — ,ya} ,71-‘1-04 Te+1 = “y |{E|

By definition of a differentiable function, a = u(0), b = Du(0) and we will
have obtained |u(z) — u(0) — Du(0) - x| < C|z|*** and |Du(0)| < C.

Notice that there was nothing special in doing the initial argument
around 0, which we had supposed in the beginning of the proof, belonging
to . Actually, by replacing it by any xy € €2 and setting the corresponding
so = min{rg, dist(zg, ')}, we define N = N,(zg) by changing 0 by x in

there. Then, our initial function w is differentiable at xy with
lu(z) — u(zo) — Du(mg) - (v — 20)| < CW |z — 20|, |Du(zo)| < CW

which implies, by appendix C, that Du € C*(B,) and ||ullc1.az,) < CW.
Thus, for the complete local estimate, we just take finitely many such points
in order to cover 2.

We stress that (i), and (ii); are completely enough to imply the result, as
above, while (ii7);, is an auxiliary tool to get them. So, let us prove (i) — (7i7)
by induction on k.

For k = 0 we set ag = by = 0. Recall that 5 and K; are the constants from
the C® superlinear local estimate in B; such that lullcs s, < Ki(14+6+1) <
3K, which implies (7ii)o. Obviously (i) and (ii)o are satisfied too.

Notice that |by| < S5, [b—bi_1| < % Yo v = ﬁ < K and also,
for all @ € By, [h(2)] < lax] + [bellol < - Tiy 7+ 4 K2 yok — i

As the induction step, we suppose the items (i), — (i7i); valid in order
to construct agy1 and by for which (i), — (i44)gs1 hold. Define
(u—lg)(rex)  w(rgzr) — ap — by - 1y,

v(z) = vp(x) = Tra = o , forall z € By.
T Tk

Note that (i), says precisely that |v(x)| < 1 for all € By. In addition, from
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this and (ii1);, we get

v(z) = v(y)]
Ol ss s = [0l geoigy + sup —rt P <94 3K, = K,.
H Hcﬁ(Bl) H ”L (B1) xﬂi%l ]m—y!ﬁ - ! 0
7Y

Claim 3.12 v is an LP-viscosity solution of Fi[v] = fr(x) in Bsy, for fi =
fE+ f2 with fi(z) == ry " f(rw); f2(2) = =1y “F(riz, lp(rew), by, 0) and Fy,
satisfying (SC)’}?’“, where Fi(x,s,p, X) is defined as

Té_aF(Tk‘T, 7“,?“‘*8 + Uy (rpx), rivp + by, r,?_lX) — Ti_aF(Tk:L‘, li(ryx), by, 0),

and the coefficients as bp, (v) = ryb(rpx) + 2rpuK, pp, = ritu, dp () =

rRd(rse) and o (5) = 7 ~w(rf ).

Proof of Claim 3.12. Let ¢ > 0 and ¢ € WZ>P(B,) such that v — ¥
has a minimum (maximum) at z. Define ¢(z) = ry ¥ (x/ry) + lp(x) for
all x € By, ; then u — ¢ has a minimum (maximum) at ryxo. Since u is an

LP-viscosity solution in By, (0), there exists r € (0,2) such that
F(rpx, u(rpr), Dp(riz), D*o(rpx)) < (=) f(rex) + (=) r2 e ace. in By(w).
Using Di(x) = r, *{Dy(rrz) — b} and D*)(z) = r;, *D*p(ryx) a.e., we get

ry “F(rpa, (@) + L(rw), ri D(x) + b, ™ D ()
< () free) + () e

a.e. in B,(x9). Adding —r} *F(rx, [y (rrz), by, 0) in both sides we obtain
Fy(z,v(z), Dy, D*)) < (2) fu(z) + (=) a.e. in By (xo).
Moreover, Fj, satisfies (SC’)ZF’“, since Fy(z,0,0,0) =0 a.e. z € By and

Fi(z,7,p, X) — Fp(x,8,q,Y) = rp *{F(rpz, ri ™ 4+ L (rpa), 78 + b,y X)
— F(rpz, m s + L (rpx), g + b, 7281Y)}

< MAX = Y) +rib(rez)|p — g
+riplp — al{ri (Ipl + lal) + b} + r”d(rpa)w(ry ™ — )

= M{A(X =Y) +br.(2)lp — gl + prlp — al(Ip| + lal) + dr, (2)wr (|7 — s])

and the left hand side is completely analogous. [
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Note that Fy, v, g, , bp, , dr, , wr, also satisty the hypotheses of lemma 3.8,

1_n
165 | o) < 7 P 1Bller (s, + 20K B[P < 6;
k

1-2—« )
1l <r " I llees,,) < 3
1-2—q
1 fillrsy <ri " LBl bl + (K + Dw(@)d]l o, }
0

1
b BiF < 5

_n_q o 1-2—«
wr Wlldp ey =7 7wl <7 7 w@)ldllrm,) <6

and

F(ryz, U(rex), be, 781 X) — F(rgz, 0,0, 7071 X
k k

B, (2, w0) <y~ sup

Xebr X+ 1
s |F (1, o,o,r;;—:f) — F(ry20,0,0,7¢71X))|
Xesr ri (X +1)
N T,ifa sup |F (20, 0,0, r,?_lX) — F(rrxo, lp(rrzo), b, T,(:_IX”
Xesn | X +1
i Té_a sup ’F(?"kl', lk(rk:c), bk, 0)’ + ’F(Tkilfo, lk(TkLEo), bk, 0)‘
Xesn X +1

< 20 re) + dlrs)) (i) e ) + (4(ri) + blrza)
bl b} sup (1X |+ 1) + (i, r)

since 72! > 1, then

2 _a

_ 1- 1=y
18, (O lamyy < dry* (K + 1)) |dllanis,,) + 4K " Bl
+ 20K By + || Bp (-, 0)l|os,,) < 0.

Let h = hy € C(B1) be the C-viscosity solution of

F(0,0,0,D%h) = 0 in B
h = v on 0B;.

By ABP we have ||h||z=(5,) < ||hllz=@B) < 1 and by the C1* local estimate
(proposition 2.22), HthL&(Em) < Ky ||h||peo(Byy < K. Hence, by lemma 3.8
applied to Fy, v, g, b, dp,, wr,, ¥ =0 |ap,, T := B, Ko and h we obtain, for
e given in (3.10), that [[v — h||L=(p,) < €.

Define [(z) = I(z) := h(0) + DR(0) - z in By, then,

||U — Z“L‘X’(Bg,y) S ’yl+a. (315)
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In fact, by the choice of v < § in (3.9), we have for all z € By, (0) that

v(z) — U(z)] < [v(z) — h(z)| + |h(z) — h(0) — Dh(0) - z|
< K (29)17 + Kola| < 2K, (29) 1 < o

However, inequality (3.15) and the definition of v imply
lu(ryz) — l(rix) — rpt*h(0) — rp™*DR(0) - x| < ity = ri1¢ for o € B,

which is equivalent to

[u(y) — et (y)] < 7’11;+a71+°‘ = Tii‘f for all y = rpx € Bayy, = Bopy

where 1 1(y) = lp(y) + e *R(0) + 7¢DR(0) - y . Then, we define
Ak+1 = A + h(O) 7“,?_06, bri1:= b + Dh(O) 7”]?

obtaining ()j11. Further, |aj,, — ap| < Karp ™, |brgr — bi| < Ko7, which is

(73)g+1. To finish we note that, in order to prove (iii)gy1, it is enough to show
lo =l gsm,) < (1+2K) 57, (3.16)
Indeed, if 2,y € By and (3.16) is true, then

(v —D)(yx) — (v =1 ()| < (1 + 2Ky Fyz — qy)?
& [(u—l)(yrrz) — (u— ) (yrey) — 1R DR(0) - (2 — y)yri
< (T4 2Ky ot e — g

S |(u =) (ren@) = (u =) (reny)| < (14 2K0) rd Sl =yl

Now, we obtain (3.16) applying the local quadratic C” estimate
(proposition 2.14) to the function w := v — [, which is an LP-viscosity solution

in By of the inequalities
Li; [w] = pr | Dwl* < gi(x), Lif[w] + pp | Dwl* = —gi(2), (3.17)
where gk = gl}: + gl%> for gli(m) = |fk($) - Fk(x,Z(:E), Dh<0)a0)’ and g;%(l') =

dp, (v)wp, (Jw]), with £F[u] = MiA(DQU) + (bg, + 2K g, )| Dul. Surely, this
finishes the proof of (3.16), since

9 (@)| < ()| + b, ()| DR(0)] + wr, ([1(2)]) dp, (2) + pr | DR(0)],
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then using that [I(z)| < |h(0)|+|Dh(0)||x] < HhHCl,a(E/Q) < Ky forallz € By,

we have

I grlle sy < 1fkllesy) + 105 23y Ko + (K2 + 1) wr, (1) |dE || 2e(3))
1 o
+ nK3 | Bilr + (1 + [l z(8,)) Wi, (Dldr | ey < (54 2K2) 0 <~

from the definition of ¢ in (3.11). Thus, using the estimate above and (3.15)
in the C” local estimate, properly scaled to the ball of radius 7, we obtain in

particular that

BT~ 21
[w]s 5 <7 Ky {lwll ooy + 7 7 9kl o (52) }
<R AT Py ) < 2K AP

and so

lwlleszy) = llwlizes,) + w5

S ,yl-i-a + 2K1 ,.yl-f-a—ﬁ S (1 + 2K1) ,.)/1+Oc—ﬁ’

which is (3.16), as desired. |

Remark 3.13 By the proof above we see that, under p, ||b]| Lr(q), w(1)||d]| Lr ()
< (1, both o and the final constant C depend on n,p, \, A, a, 3, K1, Ky, Cy
and Cy. This is very useful in applications, when we have, for example, a
sequence of solutions uy with their respective coefficients uniformly bounded;
with ||ug||p~ and the LP norm of the right hand side a priori bounded. Then

we can uniformly bound the CY® norm of wy,.

3.2.2
Boundary Regularity

Since our equation is invariant under diffeomorphisms and 9 € C'1,
we only need to prove regularity and estimates for some half ball, say Bi (0).

Precisely, we need to prove the following theorem.

Theorem 3.14 Suppose F satisfies (SC)*, f € LP(B), for p > n and
e CY(T) . Let u € C(Q) be an LP-viscosity solution of

F(x,u, Du, D*u) = f(x) in B
u = P on T,

with Jull oty + 1oy + oy < Co. Let a € (0,a) such that
a <min(8,1 —n/p,7,a(l — 7). Then, there exists 0 = O(n,p, \, A, o, @, K3)
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such that if (Hy) holds for some rq > 0 and for all xo € Ff, this implies that
u € C’l’o‘(be) and

llgna sz, = € Ul + 1oy + 1¥llenr b

where C depends on To,N,p, )\aAa a70_v/767:u7||b||LP(BIL)7w(l)HdHLP(B;L)aK17K3
and the bound Cy.

Here, K, (3 is the pair of C” global superlinear estimate (proposition
2.14) in By, related to the initial n,p, A, A, u, ||b]|1r), 7 and C, such that

el gy < Ko Ll ety I oy Hller 1] oy @l -

As in [38], we start proving a boundary version of the approximation
lemma in BY. For this set, let K3 > 1 and @ be the pair of C'* boundary
estimate (proposition 2.24) associated to n, A, A and 7, independently of v > 0.

We can suppose that K; > K, and b < B, where fi, B is the pair of C”
global estimate for the set By (or BY /2), independently of v > 0, with respect
to an equation with given constants n,p, A\, A and bounds for the coefficients
i< 1 bllesy) < 1+ 2K5(3 4 2C,)|Bi[M? (for a constant C,, depending
only on n, from lemma 6.35 of [41] for e = 1/2, that will appear in the sequel)
and w(1)||d[|zr(sy) < 1, for any solution in By satisfying |lul[z=(sy) < 1 and

[1]|c17(ry) < 2 (or for any solution in By with coefficients in BY).

Lemma 3.15 Assume I satisfies (SC)* in BY for some v € [0,1] and
f € LP(BY), where p > n. Let ¢ € CT(9BY) with |[1||cr@apy) < Ko. Then,
for all e > 0, there exists 6 € (0,1), § = 0(e,n,p,\, A, 7, Ky), such that if

HBF("O)HL”(B{) <0, [ fllzesyy <6, u <0, [[bllpesry <6, w(l)||d]|pppry <6

then any two LP-viscosity solutions v and h of

F(x,v,Dv,D*) = f(x) in BY
vo= on 0BY

and

F(0,0,0,D%*h) = 0 in BY
h = 1 on 0BY

respectively, satisfy ||v — bl sy) < €.
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Proof. For ¢ > 0, we will prove the existence of 6 € (0,1) as above with
§ < 27wl 2 where ¢ is the constant from proposition 2.6. Suppose the
contrary, then there exist g > 0 and sequences v, € [0, 1], F}, satisfying (SC)H*
for by, dy € L (By*), ux > 0, wy, modulus, d; € (0,1) with d; < 273 3;;1/2 and
fr € LP(By*) such that

”BFIC("O)HLP(B;’“)) ||fk||Lp(Bl”k)a His ||bk:||Lp(B§’k)7 wk<1)||dk||Lp(Bl”k) < 0k m 0

with vy, hy € C(BY*) LP-viscosity solutions of

Fk(l',?}k,DUk,DQ’Uk) = fk(a:) in Ble
vy = Uy on OB*

and

Fk(O,O,O,DQhk) =0 in Blfk
hk ¢k on 8Bi/k

where ||¢k||cf(aBluk) < Ky but ||vg, — h/kHLOO(B;’k) > €.

Analogously to the proof of lemma 3.8, ABP implies that
||vk||Loo(Blvk), ||hk||Loo(Bluk) < Cy for large k, where Cj is a constant that
depends only on n,p, A, A and K.

Notice that Bj* has the exterior cone property, then by the C* global
quadratic estimate (proposition 2.14) we obtain § € (0, 1) such that

loell o gy » Nwll o ey < €5 forall k € N, (3.18)

where § = min (S, 7/2) for some 5y = [Bo(n,p,A\,A) and C' depending on
n,p,\, A and Cy. Observe that § and C' do not depend on k, since py,
el o (D) el gy | fillmgersy < 1 and diam(B{) < 2, for all
k € N. Here we have different domains, what prevents us from directly using
the compact inclusion C” into the set of continuous functions, in order to
produce convergent subsequences. But this is just a technicality, as in [38], by
taking a subsequence of vy that converges to some vy, € [0, 1], which we can
suppose monotonous. Hence we consider two cases: Bi> C By C B{*"" C ...
or ... C B{* C BY* C BY>~, for all k € N. In the first one, we use the compact
inclusion on BY>. In the second, we make a trivial extension of our functions
to the larger domain B>, i.e. by defining vy, in B, = B; N Voo <y < =1}

in such a way that || < Cy, from where we can suppose that (3.18)

||CT(§k)
holds on B> for the extended v, and hj. In both cases, we obtain convergent

subsequences vy — Voo, hyy — hs in C(B7>) as k — oo, for some continuous
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functions veo, heo in BY™, with vs = hoo = s On OB7™.

Finally, we claim that v, and h., are viscosity solutions of

Y

Fo(D*u) = 0 in B~
u = Py on OB

therefore equal by proposition 2.23, which contradicts |[vee — hool|zoo(B,) = €0

For h, it follows by passing to uniform limits in the inequalities satisfied
by h. For v, we apply proposition 2.12 together with observation 2.13, since
for each ¢ € C?*(B), where B C B>, we have that F}(z, vy, Do, D*p) —
fu(x) — Fo (D?*p) — 0 as k — oo in LP(B), analogously to the end of the proof
of lemma 3.8. [

Proof of theorem 3.14. We proceed as in the local case, introducing the
corresponding changes that come from the boundary context. Our approach
is similar to [38]. Now we set W := |[ull oo gy + 1/ | o) + 1¥llcrr sy +
Il o sy @l e ) < Wo and s 2= min(ro, 3).

Fix a € (0,a) with o < min(3,1 — 2,7,a(1 — 7)) and choose v =
v(n, a, @, K3) € (0, 1] such that 227K, * < 7, where Ky = Ky (K3,n) > 1
will be specified later. Thus, define ¢ = &(v) by K4 (2v)'™®. This ¢ provides
ad=d(e) € (0,1), the constant of the approximation lemma 3.15 which, up
to diminishing, can be supposed to satisfy (5 + 2K,)d < . Next we chose

o= 0o(se,n,p,,a,B3,0,u1, Hb\|Lp(Bl+),w(1)||dHLp(B;r), K1, K3,Cp) < % such that
o™ < §{32K2(Ky + K + 1)|By|V/P} !

where m := max {1, ||bHLP(Bl+),w(1)||d||L,,(B;r),,u(l + 28K )Wy} and K =
Kyy (1= "+ Kgy (=) > Ky > 1
Fix z = (¢/,2,) € BY/Q(O). We split our analysis in two cases, depending

on the distance of the point z to the bottom boundary:

1 1 . n
)z <% o v<j; and 2)2,>9§ & v>g, forv:=2,

Suppose the first one. In this case we proceed as in [38] by translating
the problem to the set BY, in order to use the approximation lemma in its
boundary version 3.15. Notice that, for By (z) = Bay(z) N {x, > 0}, which is
a subset of By (0), and for BY(0) = By(0) N {z, > —v}, we have

r € BY(0) & ox+ 2z € Bj (z) C B (0).
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Figure 3.1: Tllustration of the variable change, from B3 (z) to BY(0).

Then we define N = Ny(2) := oW + sup,epy (o) [u(ox + 2) — u(z)|. The
C? estimate, this time the global one, restricted to the set B3 (z), yields

oW < N < (04 2° K10 YW < (1 +2°K,)o’ Wy, (3.19)

Next we set 4(z) := +{u(oz+2) —u(2)}. As in claim 3.9, @ is an LP-viscosity

solution of

F(z,u,Du, D) = f(z) in BY
u = 1Z on TY

for

_ 2 N N 2
F(x,r,p, X) := %F (am + 2z, Nr+u(z), ;p, 02X> — %F(ax—l—z,u(z),0,0),

b(z) = 2{W(ox +2) —u(2)} and f:= fi + fo where
fi(x) == o f(ox + 2)/N; fola) := —0*F(ox + z,u(z),0,0)/N,

F satisfying (SC)¥ for b(z) = ob(ox + z), i = Ny, d(x) = o?d(ox + z) and
o(r) = w(Nr)/N.

With this definition and the choice of o in (3.12), we get ||u][z=(py) < 1,

1F v < & A < srepge WPl < wre @Wldlms) < smtem

and ||35(0, ) Lr(Bry < §/4 by choosing 6 = /8, as in the local case.
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Furthermore, we have ||'lZ||Loo(']1‘g) < ||la|| > (Byy < 1 and then

~ o o |Dip(ox + 2) — D(oy + 2)|
D irey < LN D[ oo (2 7 T
ID3lercsy < DU o+ _sup P =BV

Y|t (my 1

<
= W =

since N > oW. Therefore, we obtain

[¥llcrrery) = [l Loy + 1 DY) |lom(ry) < 2.

We can suppose, up to this rescaling, that F, u, u, b, d, w satisfy the former
hypotheses related to ﬁ,ﬂ,ﬁ,g, J,GJ. Thus, we move to the construction of
li(x) := ay, + by, -  such that

@O Nu—lllzomy) <™

(id) |ar — ap_1] < Karp ™S, |bp — bpoq| < Ky,

(iid) |(u—1g) (rpx) — (u—1) (rey)| < Crary ™|z —y|? for all x,y € B
where Cy 4 = C14 (K1, Ky) and v, = i, re = Y* for some v € (0,1), for all
k > 0; again [_; = 0.

We emphasize that these iterations will prove that the function u (which

plays the role of @) is differentiable at 0 and provide
lu(z) — u(0) — Du(0) - z| < Clz|**, |Du(0)] < C

for every x € BY. In terms of our original function defined on Bi", it means
that u will be differentiable at z, for all z with z, < Z. On the other hand,
the second case z, > 7 is covered by the local part, section 3.2.1, since in this
situation we are far away from the bottom boundary. Consequently, boundary
superlinear regularity and estimates on B;” will follow by a covering argument.

For the proof of (i)y — (iii)g, we use induction on k. For k = 0 we set
ay = by = 0. Recall that 3 and K are the constants from C® quadratic global
estimate in the set By, then we have ||ul|cs@p) < K1 (14642+1) <5K; and
so (1ii)o for vy = v, (i) and (i7)y are valid.

Analogously to the the local case, we have |bg|, ||lk||Loo(BTVk) < K. For the
induction’s step we suppose (i), — (i) and construct ayyq1, bryq such that
(1)k+1 — (i19) g1 are valid. Define

(u—U)(rex)  w(rge) — ag — by - 7y,

v(z) = vp(z) := o = Tra , for all x € By*.



DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 3. Hoélder Regularity 53

Since ryx € BY < x € BY*, (i), says that [v| < 1in BY*. From this and (ii1),

[v(z) = v(y)]
= [0l oo ey + sUD
Leo(By") :L’,yEB;/k |l'_y|/8
TFY

||,U||C/3(Bii’k) S ]_ + 0174 = KO'

Notice that, as in claim 3.12, v is an LP-viscosity solution of

Fk(ﬁ,U,DU,DQ'U) = fk(‘r) in BQVk
vo= Yy on T4

for fr == f + fi5 fi(2) =m0 f(rex), fR(2) = =1y F(ryz, i(ryz), by, 0)
and Fy(z,s,p, X), defined as

e F (rpw, r s + (), 70D + b, 72 X)) — 1 F (s, L (rpx), by, 0),

satisfying (SC);;:’C with coefficients b, (1) = rb(rpx) + 2rpuK, pp, = 7,0,

dp, (7) = rid(rpz) and wp, (s) = ;' w(ryTs).

These Fy,v, g, bp,, dp, , wr, still satisfy the hypotheses of lemma 3.15,
Siflce HkaHLp(Bl”k) < o, WFk(l)HdFkHLp(Bl”k) < 9, kaHLp(Bl”k) < 0 and
185, (-, 0) [ Logrxy < 0, see section 3.2.1.

Let h = hy, € C(Bj*) be the C-viscosity solution of

Fo(0,0,0,D%h) = 0 in B%
h = v on OB*

given by proposition 2.23, since By* has the uniform exterior cone condition.
From ABP we get [|h]l jcgony < (Al wcoprey < 1. Further, h = v = 4y €
CY7(By N {x, = —1}) and we can find a uniform bound for the C*" norm of

wk' Indeed, ||¢k||L°°(']I'Tk) S ”UHLOO(Bile) S 1 and

D - D Diy(z) — Dy(y
(D] v = sup | Dy () ka(y)! N O Tw(y)!r;_a <
Ty z,yeTy* |z — y| &,geTy, |z — 7|
zFy T=rLT, J=rrYy

since ||Dy|¢rrry < 1 and o < 7. Moreover, using the global Holder
interpolation in smooth domains, lemma 6.35 of [41], for € = 3, there exists a

constant C,,, which does not depend® on &, such that

1
||¢k||ol(1r§k) < Gy ||¢k||o(1r§k) + 5”%”01#@%

!The proof of lemma 6.35 in [41] is based on an interpolation inequality (6.89) for
adimensional Holder norms (that does not depend on the domain); followed by a partition
of unity that straightens the boundary (not necessary in our case T;* C R"~1).
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hence

1
”wk’HCLT(T'{’“) = HWHO(T?) + [Dwk]f,qrik <Cp+ §|Wk”cw(1rjk) +1

Le. |[Yllcrgrey < 2(Cn+1). Thus, the C% global estimate (proposition 2.24)
yields

il B S K3 {[|Bll oo (g2ry + 10kl crrpony } < K (34 2Ch) =: K.

Cla

Now, the approximation boundary lemma 3.8 applied to Fy, v, h,vg, pp,, br,,
dp,, Wr,, Vi, B, Ko gives us that [|v — hHLoo(lefk) <e.
Therefore, defining I(z) = I;,(x) := h(0) + Dh(0) -z in BY*, it follows that

o = gy <7 (3:20)
In fact, by the choice of v we have, for all z € B3*(0),
[v(@) = U(2)| < Jv(x) — h(z)] + [h(x) — h(0) — Dh(0) - x| < 2K, (27)"F* < 4™
Next, (3.20) and the definition of v imply
lu(rpz) — L (riz) — rp"*h(0) — rpt*Dh(0) - z| < 1ty = 2¢ for o € By,
which is equivalent to

_BV

lu(y) = lepa ()| < 7y = fY forall y =z € By b

297y

where i 1(y) = le(y) + 7 7*h(0) + @ Dh(0) - . Then, we define ay,; = ax +
h(0)ri ™, byt := b + Dh(0)r¢, obtaining (i)gy1. Also, |apsy — ax] < Kyrp™®,
|bgr1 — bg| < Kyr, which is (ii)x41. As in the local case, to finish the proof of

(141)g41, it is enough to show that
o =1l s oy < Cray™ 7.

Let us see that this is obtained by applying the global superlinear C”
estimate (proposition 2.14) to the function w := v — [.

Analogously to the local case, w is an LP-viscosity solution in Bs* of
(3.17) (see notations and coefficients there), in addition to w = ¢ — [ on T4*.
The definition of ¢ gives us ||gk||Lp(BIVk) < (5+2K,)6 < ~“. Further, using that
Y, = h on T3, we obtain ||y — ZHLOO(ng) < AT

Now, since ¢, — 1 € C*(Ty), it is a Lipschitz function with constant less
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or equal than || Dy, — DI ey < 2(Cn 4+ 1) + Ky < 2K, and thus

(Ve — D(x) = (Ve — D(y))
= (o = (@) = (. = D71 = D) = (e = D)7
< (2K4)T(2Ky)! | — y[T A0
= 2K, o — y|7 70,

Then, the choice of « implies that [t _Z]TT;% < 4K, ~'"72 Hence, from this,
T2y
(3.20) and C” global estimate, properly scaled for the radius 7, we obtain

—B7- 2N
[w]y 5w < P {lwll oo sz + 7" 2 gl ooz
+ e — Z”LOO(T;’@ + 7Yk — Z]T,T;’; ¥
<y PR 2T T AR ) < G (34 ARy

and finally, for Cy 4 := 14 (34 4K,)K; = C1 4 (K3, K4), we conclude

||w||Cﬂ(BTk) = ||7~U”L°°(B§k) + [w]ﬁ,Bif/“

S ,yl+a + (3 + 4K4>K1 ,lerafﬁ S 01’4 714’0&75.

3.2.3
The Global Blend

Our goal in this section is to prove the global statement of theorem 3.1, by
combining the local regularity estimates derived in section 3.2.1 with theorem
3.14 in section 3.2.2. Even though the argument is easily assembled from the
previous constructions, we compile the details for completeness since, on the
one hand, some technical difficulties arise due to the presence of quadratic
growth in the gradient; on the other hand, it permits to clarify some points in
the linear growth context in [38].

Let us deal with the model equation (ME) for L = F. More precisely,

assume that u € C'(§2) is an LP-viscosity solution of

(3.21)

F(z,u, Du, D*u) + ¢(x)u+ (M (z)Du, Du) = f(x) in
u = P on 0f)

for ¢p € CH7(0R) and F satisfying (SC). Meanwhile we quickly discuss the
changes when we have an arbitrary superlinear growth (since the latter is

easier to handle when we are interested in diffeomorphic invariance property).
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From section 3.2.1 we obtain local regularity estimates for any ' CC €,
with a fixed distance from the boundary. So, as in [38], we only need to make
a careful analysis on the neighborhoods of boundary points. In fact, in order
to use theorem 3.14, near a boundary point we will make a diffeomorphic
change of independent variable, which takes a neighborhood of 9 into Bj .
This change only depends on the coefficients of the equation and on the O
character of the boundary.

Let zg € 09. Since Q) € C11, there exists an open set U, containing zg

and a C1! diffeomorphism

o U, CR" — B(0) CR"
= (r1,...,2,) — (P1(2),..., Py(x))

such that ®(zy) = 0 and ® (U,,NQ) = By, ® (U,,NIN) =T, = ByN{x, = 0}.

Note that u € C(Q) is, in particular, an LP-viscosity solution of the first
equation in (3.21) in the smaller domain U,, N 2, with u = ¥ on I N U,,.
Also, the function @ := uo ®~! is continuous in By .

We claim that @ is an LP-viscosity solution of

{ﬁ(x,a,Da,DQa)Jra(x)aJr<J\7(:c)Dﬂ,Dﬁ> = f@) in Bf (3.22)

TL:LZ on T,

where ¢ := co® !, f = fod 1 M := (DT 0 )M 0 & 1(Dd o &),
V=1 o® ' and F(x,r,p, X), defined as

F(27'(z),7,(DP o @ )p, (DP" 0 &)X (DP o &~') + (9 @0 @) p) ),

17.]

satisfies (SC), with ellipticity coefficients A = Ack, A = Ac2, for some positive
constants ¢y, ¢, b = [[D® o ®|wb o &' + n2Amax<; <, |0;;P 0 &7

d:=do® ! and & := w. Moreover,

B(a, 20) < Cg Br(P7H (), @7 (20)) + CF & — o] (3.23)
and

(@, w0) < Cg Br(®~" (x), @ (x0)) + C3 | — o], (3.24)

for some positive constants CL, C2 and C2. Furthermore, F is convex or
concave provided F' is (notice that this last statement is important to deal
with the WP results).

Let us prove the claim. Of course ¢,d f € L*(B), = C17(T) and


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 3. Hoélder Regularity 57

@ =1 on T. Observe that | M| je(gs) < C(®)[| M]| 100

Let ¢ € W2P(Bf) a test function and set ¢ := @ o ® € WP (U,, N Q).
Since ® € CY!, it follows that D® is Lipschitz and so differentiable a.e.,
then the second order partial derivatives of ® exist at almost every point. We
know (for instance, theorem 4 in section 5.8 of [29]) that D® € W1H>(Q), so

d e W2(Q) for all ¢ < +oo. Thus b € LP(Q) and we can calculate

L (9<I>k
no2 (‘3<I>l 09, " ~ 0P,
Oijp (x) = O @ (P + D00 (®(2))
J k’;l ; al’j 8:171 ];1 al’il’j
and then

Dy = D® (D@ o ®) € My, (R)

D%*p = DOT(D*3 0 ®)D® + (9;; & (D@ o D)) € Myn(R)

1<i,j<n

under the convention that 0,;; ® is the line matrix in M, (R) given by the

second order derivatives in direction i, j of the coordinate functions &, i.e.

0;;® = (g;q;lj x gxq;") In order to give meaning to the quadratic form
(M (zx)p, p), for a matrix M (x) € M, «,(R), we make the convention that vector
derivatives of functions from R™ into R are column matrices in M, (R).
Observe that the definition on the coefficients of the equation satisfied
by @ in (3.22) is the only one that makes sense when we evaluate our original
equation (3.21) with u, on the derivatives of the test function ¢, and apply

®~! to obtain the desired equation in By, i.e.
F(z,u,Dp,D*p) o ® ' = F(® ' (z),u0® ' (D® o d ") Dg,
(D" 0 @ )D*G (DD o @) + (9 B0 &) DP) )
1/7]

= F(z,u, D@, D*9)

Mo ® Y (z) (DD o ® DG, (DP o ®1)DG)
D® o d™ )Dgp) (Moqu)(x) ((D® o @71 Dy)
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Notice that

sup tr (A (0;;@ 0@ 1) (p — q))

A<A=(a;;)i; <AI

= sup Y |ay(8;;® 0 @) (p—q)| < n’A  Jax |0;;® 0 @~ | |p —q

M<A<LAI ij=1

and

sup tr (A(D®" 0 &)X (DD o @ 7))
M<A<AL
= sup tr ((D@ o ®d HA(DP o CID_I)X) = sup tr(AX),
M<A<SAT M<A<AI

since (A€, €) = €T(DPod HA(DDTod 1)E = (DO od1E)TA(DDT0d1¢) €
N A]n2 € [N AJ|E]?, for n = DOT 0 &€ & € = D® o &'y which is such
that ||[D® o @7L||7LE] < |n] < [|DPT o @7 |€]. Then, define ¢k and c3,
respectively, as the minimum and maximum of the numbers ||D® o &~ 1|2
and || D®T o d1[|2_, both being positive since the determinant of the Jacobian

matrix of @ is equal to 1.
Therefore, F satisfies (SC), since

F(z,r,p,X)— F(z,s,q,Y)
=F(® ' (z),r,(DPo® Hp, (DO 0 )X (DPo d ') + ((aijcb o cb—l)p) )

27‘7

— F(®7'(2), 5, (DD o &), (DB 0 & )Y (DD 0 &) + (9,8 0 7V)g) )

l’]

< M{L((D®" 0 @) (X = Y)(DDo &) + (0027 (p—1)). )

+0(d7 (@) |(DB 0 1) (p — q)] + (D7 (2))w((s — )T)
< Mg aa (X =Y)+ M{, (@207 (p-0), )
+ (D@ 0 @[ (@ (2)) [p — g + d(® (@)w((s — 7))
< MEL(X =) +b(@)|p — g + d(2)@((s —r)T)

Of course the bounds on the left hand side of (56’) are completely
analogous. On the other hand, if we compute F' with (SC)*, we directly obtain
F satisfying (SC)* for i := |[D® o || p.

Now we prove that the oscillations of 5 and 3 remain controlled after the
change of variable. In this case we need extra care to deal with ® at different
points x and xy. This was first observed by Prof. Diego Moreira, who suggested

the following argument.
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Set Q, := D® (&~ !(x)), then F(x,0,0,X) = F(®(x),0,0,QTXQ,), so

|F(x,0,0,X) — F(z0,0,0, X)|
= |F(® '(2),0,0,Q7 XQ,) — F(® " (20),0,0, QL XQy,)|
< |F(@7H(2),0,0,Q1XQ.) — F(®7'(2),0,0, Q1 X Qx|
+ |F(®(2),0,0,QL XQqy) — F(@ ' (20),0,0, Q% XQsu,)]

The second addend above is bounded by

Br(@7H (), @7 (20)) |Q2, X Qu, || < Cg Bp(®7" (x), @7 (o)) | X, (3.25)

where C} = [|[D® o &71|||[DPT o &7!||,. For the first one, notice that
|F(2,0,0,X) — F(x,0,0, Xo)| <max{M™*(X — Xj), M*(Xo — X)}, and

M+(Q£XQI - EOXon) < M+((QZ - go)XQx) + M+( fOX(Qx - Q:ﬁo))
< C3 |z — ol | X, (3.26)

where C2 = nAmax{||D® o &1, || D®T o ||} {Lip(DP o &~1) +
Lip(D®" o 1)}, hence (3.23) is proved. On the other hand, using that (3.26)
is less or equal than C2 |x — zo|(||X|| + 1), and replacing (3.25) by

Br(27 (), @7 (20)) (1Qa X Qu, [l +1) < CF Br(®7 (), @7 (o)) (IIX | + 1),

where C3 := max{C}, 1}, we obtain (3.24).
Finally, consider ﬁm,p = Fo-1(3)r,(Dooa-1)p for fixed (z,r,p). Then

F(tX + (1 —1)Y)
= F ((D2" 0 @ )X (DB o &) + (1 - t)(DPT 0 &)Y (DD o 7))
= tF ((D®" 0 &)X (DB o 1)) + (1 — )F ((D®" 0 &)Y (DP o &)

—tF(X)+ (1 —t)F(Y)

for all X,Y € S"™ and t € [0, 1], provided F' is convex or concave in the X
entry, and the claim is proved.

To finish we cover the boundary with a finitely many neighborhoods of
this type to obtain regularity and an estimate near the boundary. In turn, the
complete proof of regularity and estimates in the global case is derived by a

covering argument over the domain €2, using local and boundary results.
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3.3
W?2P Results

In this section we prove the W?? type results stated in section 3.1.

Proof of Theorem 3.4. We prove only the global case, since in the local
one we just ignore the term with 1), by considering it equal to zero in what
follows. Notice that ¢ € W2P(Q) c C17(Q) for some 7 € (0, 1) with continuous
inclusion, then ||ul|zeq) + || fllr) + [|¥]lcrr00) < Co.

Thus, by C* regularity theorem, we have that f(x) := f(z)—g(x, Du) €
LP(Q2) and also

ullcra@y < Cs {llullLe(o) + £ lze @) + ¥ llorm a0y }-

Claim 3.16 u is an LP-viscosity solution of F(x,u, Du, D*u) = f(x) in Q.

Proof of Claim 3.16. Let us prove the subsolution case; for the supersolution
it is analogous. Assuming the contrary, there exists some ¢ € WZP(Q),

9 € Q and € > 0 such that u — ¢ has a local maximum at zy and

F(z,u, Dp, D*¢) — f(x) < —e a.e. in B,.(z).
In turn, by the definition of u being an LP-viscosity subsolution of (3.7),

F(z,u, D¢, D*¢) + g(x, Do) > f(x) —e/2 a.e. in B,(zo)

up to diminishing r > 0. By subtracting the last two inequalities, we obtain
—{v + u(|Du| + |Dg|)} [Du — D¢| < g(x, Du) — g(x, Dp) < —e/2  (3.27)

a.e. in B,(zo). Since u — ¢ € C*(B,(x)) has a local maximum at z,, we have
D(u — ¢)(z0) = 0 and, moreover, [D(u — 0)(z)| < = {7 + (| Dill (5 a0y +
| D@ Lo (B, (zg)) + 1} 71 /4 for all & € B,(xo), possibly for a smaller r, which
contradicts (3.27). |

Thus by Winter’s result, theorem 4.3 in [38] (or Swiech [48] in the local
case), we have that u € W?P(Q) (respectively u € W2F(Q)) and

loc

[ullwzs) < C {llull=i) + [ Fllze) + [¢llweo@)}
< CH{llull ey + | fllzr) + M||U||?;1(§) +llullor @ + [ llwze@) t
< C{llullzee) + 1 fllze ) + [[¥[lw2e )
+ (1 C2 +7)Cs{[[ull L) + [ fllzr) + [¥llcrm o)}

which implies the estimate. |

In theorem 3.4, the final constants only depend on the LP-norm of the

coefficients, despite the boundedness hypothesis on b, d. The latter hypothesis
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is needed to conclude that solutions are twice differentiable a.e. Observe that,
in [38] (see theorem 4.3 there), WP results consist of two parts: (i) introducing
a new equation F(z,0,0, D?u) = f(z) (via corollary 1.6 in [48]), in which u
remains a solution in the LP-viscosity sense; (ii) obtaining W?? estimates for

solutions of F(x,0,0, D?u) = f(x), which are independent of the zero and first

order coefficients.

Proof of Proposition 3.5. It is enough to treat the upper extremal case. Let
b, d, € L(2) be such that b, — b and dy — d in LP(2). Let u, € W*P(Q)

be the unique LP-viscosity solution of

M A (D?ug) + bp() | Dug| + di(z) w(uy) = flz) in Q
u, = Y on 0f)

given by theorem 4.6 of [38]. From the estimates in theorem 3.4, we have

urllw2r@) < Cr{lluellzeo@ + 1 flle) + 1Y lw2r@) ) (3.28)

where C}, remains bounded, since by and dj, are bounded in LP((Q).

NOW, by ABP we have that that HUk-HLoo(Q) S HwHLoo(aQ) + C HfHLp(Q).
From this and (3.28) we get ||u|lw2r) < C and hence there exists u € C*(1Q)
such that uy — v in C*(Q).

Next, proposition 2.12 implies that u is an LP-viscosity solution of

(3.29)

M A (D?u) 4 b(x)|Du| + d(z)w(u™) = f(z) in Q
u = P on 0f).

Notice that W?2?(Q) is reflexive [30, p. 203, 264], so there exists @ € W??(Q)
such that u; converges weakly to %. By uniqueness of the limit, & = u a.e. in
€2, and u is a strong solution of (3.29).

Finally, if there exists another LP-viscosity solution of (3.29), say v €
C(Q), then the function w := w — v satisfies w = 0 on 9Q and it is an
LP-viscosity solution of L[w] > 0in QN{w > 0}. Indeed, since u is strong, we
can apply the definition of v as an LP-viscosity supersolution with u as a test
function; we also use that v~ < v~ + (u—wv)~, monotonicity and subadditivity
of the modulus. Then, by ABP we have that w < 0 in 2. Analogously, from

the definition of subsolution of v, we obtain w > 0 in 2, and so w =0 in 2. &

The approximation procedure in the above proof cannot be used to
extend theorem 3.4 for unbounded b and d, since in this case we do not have
uniqueness results to infer that the limiting function is the same as the one

we had started with. However, knowing a priori that the solution is strong, we
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can obtain W?2? a priori estimates in the general case, as stated in lemma 3.6.

We give a short proof for such Nagumo’s lemma in the sequel.

Proof of Lemma 3.6. Note that, in particular, u € C1*(Q) and satisfies
F(z,0,0, D*u) = g(z) a.e. in 2, where

g(x) == f(z) — F(x,u, Du, D*u) + F(x,0,0, D*u) € L*(Q),

since |F(x,u, Du, D*u) — F(x,0,0, D*u)| < b(z)|Du| + p|Du?| + d(z) w(|u|) €
LP(Q2). Now, by theorem 3.4 (for b,d, u,v = 0) and the proof there dealing

with C1% estimates,

[ullwer@) < C{llulle@) + 9l + 19wz}
< C{llullze @) + | fllzre) + pllulls g,
+ [ Vllwzr ) + [0l e lluller@) + lldl o) w(l[ulloo) }

from where the estimate follows. [ |
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4
The Eigenvalue Problem

This chapter is related to existence of eigenvalues for general operators
with nonnegative unbounded weight. So, we leave aside for a moment the
superlinear growth and “go back to the roots” of the theory, focusing on the
linear growth case. As we mentioned in chapter 1, results of this type will play
an important role in the multiplicity and nonexistence arguments of chapter 6.
Indeed, the lack of energy methods require techniques based on the maximum
principle to overcome these limitations in the nondivergence scenario, see [66].

Throughout the chapter we are going to consider all solutions in the
L™-viscosity sense. There is no particular reason to deal with n instead of p; we
just prefer to keep the usual notation from [28]. We stress that all L"-viscosity
results are valid for LP-viscosity ones by proposition 2.9; the only important
assumption relies on the weight — we ask for ¢ € LP(2), ¢ 2 0, with p > n, as
well as b € LA (Q).

We start recalling some notations. A subset K C FE of a Banach
space is an order cone if it is closed, convex, AK C K for all A > 0 and
KN (—=K) = {0}. This cone induces a partial order on E, namely for u, v € E,
u<v&v—ue K. Wesay that K is solid if int K # (). Further, a completely
continuous operator, defined in F, is continuous and takes bounded sets into
precompact ones.

Following the construction in [66], [67], we have the next Krein-Rutman

theorem for general nonlinear operators; a proof is provided in section 4.1.

Theorem 4.1 (Generalized Krein-Rutman) Let K C E be an order solid cone

and let T : K — K be a completely continuous operator that is also

(i) positively 1-homogeneous, i.e. T (Au) = ANT'u, for all A > 0,u € K;

(i) monotone increasing, i.e. for all u,v € K, u < v we have Tu < Tv;
(7ii) strongly positive with respect to the cone, in the sense T(K\{0}) C intK.

Then T has a positive eigenvalue oy > 0 associated to a positive eigenfunction

wp € intK.
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Consider © C R" a bounded C™! domain along this chapter. The
application of Krein-Rutman is very standard for positive weights [66], [68].
Let us recall its use when we have a fully nonlinear operator with unbounded
coefficients. About structure, we suppose (SC) with w a Lipschitz modulus.

Consider E := C}(Q) and the usual order solid cone of nonnegative
functions over this space, i.e. K =: {u € E; v >0 in Q}.

Let c¢(x) € LE(Q) with ¢ > 0 in Q, p > n. As the operator on K, we
take T'= —F~! o ¢ in the sense that U = Tw iff U is the unique L"-viscosity

solution of the Dirichlet problem

F(x,U, DU, D*U) = —c(x)u in Q (T.)
U =0 on Of) “
where F' satisfies the following hypotheses
there exists # > 0 such that (H)y holds for a.e. zy € Q, ()
(SC) and (S) hold, F(x,tr,tp,tX)=tF(z,r,p, X) for all t > 0.

Here, hypothesis (S) means the solvability in L"-viscosity sense with data in

LP ie. for any f € LP(Q2), there exists a unique
u € C(Q) L™-viscosity solution of Flu] = f(z) in Q; u=00n 992.  (S)
Of course, Pucci’s extremal operators
LE ] := M*(D*u) & b(x)|Du| £ d(z)w(uF), b, dc L5 (Q),

where w is a Lipschitz modulus, are particular examples of F' satisfying (H).
Indeed, remember that proposition 3.5 provides us with a strong solution
u € WP(Q) C W?2n(Q), which is an L"-viscosity solution by proposition 2.5.
Furthermore, since it is unique among LP-viscosity solutions, it is also unique
among L"-viscosity ones. Here all the coefficients can be unbounded. Observe
that (S) and (H )y also holds when F' is a uniformly continuous operator in
satisfying the growth conditions in [64] (see also [69]), in this case concerning
C-viscosity notions of solutions.

On the other hand, (H)s, (SC) and (S) are completely enough to ensure
existence, uniqueness and C'** global regularity and estimates for the problem
(T,,) from theorem 3.1, which in turn implies that the operator 7" is well defined
and completely continuous.

Let us check the homogeneity of the operator from the homogeneity of

F. For A = 0 it is obvious, since the problem F(z,u, Du, D*u) = 0 in  with
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u = 0 on 0f2 has only the trivial solution. Indeed, this is ensured by applying
(SC) and ABP in both directions. Thus, if A > 0 and V = T'(\u), by the
homogeneity and uniqueness of F', we have V/\ = T i.e. T(Au) = X\T'u.

Furthermore, T'= —F~! o ¢ is strictly positive with respect to the cone,
thanks to SMP and Hopf. In general, without the strict positiveness of ¢ in 2
there is no guarantee on this property, i.e., under ¢ > 0 and ¢ # 0 in €, we
only obtain that T'(K \ {0}) C K.

Notice that T'= —F~! o ¢ has an eigenvalue a; > 0 associated to the

positive eigenfunction ¢, if and only if ¢, is an L™-viscosity solution of

Flpi+1/aic(z)pr = 0 in
w1 > 0 in Q
p1 = 0 on 090.

For any ¢ € LP(Q2) with p > n and F satisfying (H), we can define,

similar to the foregoing works [70], [28], the principal weighted eigenvalues
M= (F(0), Q) = sup {\ > 0; T*(F(c), 2, ) # 0} (4.1)
where
VE(F(e), 2, 0) = {v € C(Q); £ > 0in Q, £(F[Y] + Ae(z)¢) <0 in Qf ;

with inequalities holding in the L"-viscosity sense. Notice that, by definition,
M (G(e), Q) = AT (F(c),Q), where G(z,7,p, X) := —F(x,r,p, X).

With a simple approximation result by positive weights given by
Krein-Rutman theorem as above, for F' satisfying (H), our main result in

this chapter is the following existence of eigenvalues with nonnegative weight.

Theorem 4.2 Let Q C R" be a bounded C*' domain, ¢ € LP(Q), ¢ Z 0 for
p > n and F satisfying (H) forb, d € LY (). Then F has two positive weighted

eigenvalues o > 0 corresponding to normalized and signed eigenfunctions

©F € CY*(Q) that satisfies

Flef]+aie(r)py = 0 in Q
+of > 0 in Q (4.2)
©of = 0 on 09

in the LP-viscosity sense, with maxg (£¢7) = 1.

If, moreover, the operator F' has WP regularity of solutions (in the sense

that every u € C(Q) which is an LP-viscosity solution of Flu] = f(x) € LP(Q),
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w =0 on 08, satisfies u € W?P(Q)), then ai = A\ and the conclusion is valid
also for b € L. (Q).

Significant contributions on eigenvalues of continuous operators in
nondivergence form in bounded domains include the fundamental work [70]
for linear operators; [28] for convex fully nonlinear operators; [71] for nonlocal
operators; [72], [73], [74] and the recent [75] for degenerate elliptic operators.
Theorem 4.2 is a slight improvement to the general existence theory about
nonconvex operators possessing first eigenvalues in [64] (see also [69]), since
we are not supposing that our nonlinearity is uniformly continuous in x.

If, in addition, we have W?2P regularity of solutions, we can extend
theorem 4.2 even further, allowing an unbounded first order coefficient.
Eigenvalues for fully nonlinear operators with such coefficients have
been previously studied, to our knowledge, only for radial operators and
eigenfunctions, in [76] and [77]. As a particular case of theorem 4.2, we obtain
the existence of positive eigenvalues with a nonnegative unbounded weight for

the extremal Pucci’s operators with unbounded coefficients.

Proposition 4.3 Let Q C R" a bounded C*' domain, b, ¢ € L5 (Q), ¢ = 0,
for p > n. Then, there exists o € W2P(Q) such that, for X defined in (4.1),

we have \Y > 0 and

Mia(D?p1) £ b(@)| Det| + Ae(z)er = 0 in Q
T 0 in Q (4.3)
©of = 0 on 0N

V

Notice that we obtain positive eigenvalues because F' is proper. For
general existence related to nonproper operators see the script in [28] for
bounded coefficients. We also stress that, without regularity assumptions on
the domain, it is still possible to obtain the existence of an eigenpair, as in [28§]

and [70]; in such cases the eigenfunction belongs to CL*(2) N C(Q) by using
O1 Jocal regularity instead of the global one.
We start proving some auxiliary results which take into account the

unboundedness of c.

Proposition 4.4 Let u,v € C(Q) be L™-viscosity solutions of

, Flvl+c(z)v < 0 in Q
Flul+c(x)u > 0 in Q o > 0 on 90 (4.4)
w < 0 in Q° - '
v(zg) < 0 z9€Q


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 4. The Eigenvalue Problem 67

with F satisfying (H), ¢ € LP(Q), p > n. Suppose one, u or v, is a strong

solution. Then, u = tv for some t > 0. The conclusion is the same if

| Fl] +c(x)o > 0 in Q
Flul +c(x)u < 0 in Q v < 0 on 09 (4.5)
u > 0 in Q 7 - |

v(ze) > 0 @

For the proof of proposition 4.4, as in [64], [70], [28], we need the following

consequence of ABP, which is a maximum principle for small domains.

Lemma 4.5 Assume F' satisfies (SC) and ¢ € LP(S2), p > n. Then there exists
g0 > 0, depending on n,p, \, A, ||b||r(), ||¢||ir) and diam(S2), such that if

1 < eo then any u € C(Q2) which is an L"-viscosity solution of

{ Flu] + c(z)u (4.6)

> 0 in Q
u < 0

on 0f)
satisfies u < 0 in Q. Analogously, if v € C(Q) is an L™-viscosity solution of

mn

Flv] + c(x)v
on 0N

< 0
v > 0
then we have that v > 0 in Q provided |Q] < .

Proof. Assume u satisfies (4.6). In order to obtain a contradiction, suppose
that QT := {u > 0} is not an empty set. By (SC), we have that u is an
L"-viscosity solution of L*[u] > L*[u] — ¢ (x)u > —c™(x)u in Q. So, ABP

gives us that

supu < Cy diam(Q) ||¢™|| zn (o) sup u < C diam(€Q) |Q|1*%Hc+|\m(g) sup u.
ot ot o+

1—n
Then we choose € > 0 such that C; diam(Q) ey ” ||ty < 1/2 to obtain a
contradiction. If v is a supersolution the proof is similar, by using ABP in the

opposite direction. [ |

Remark 4.6 We emphasize once more that, for equations satisfying (SC),
the notions of LP and L™ wviscosity solutions are equivalent, by proposition 2.9.
Notice that the addition of the term c(x)u does not change the proof there,
since the behavior of the zero order term is irrelevant to that proof.

However, we can give a more direct proof of proposition 4.4 for

LP-viscosity solutions. As a matter of fact, it is just a question of using ABP
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(for LP-visc.) with the L™-norm of f in the proof above (lemma 4.5); the proof
of proposition 4.4 below is also unchangeable, just reading LP instead of L™.

We are going to use this result in chapter 6 with the operator F being
L~ [u] + ¢(x)u, in the case of inequalities (4.5).

Proof of Proposition 4.4. We are going to prove the first case, since
the second is analogous. Let u,v be L"-viscosity solutions of (4.4). Say both
are strong, otherwise just use test functions for one of them and read all
inequalities below in the L™-viscosity sense. Set z; := tu — v for ¢ > 0. Then,

using 1-homogeneity and (SC), we have that z; is a solution of

L[z + d(x)w((=20)F) + e(x)ze > Fltu] — Flv] + c(x)2
=t{F[u] + c(x)u} — {F[v] + c(z)v} >0 in Q. (4.7)

Let K be a compact subset of (2 such that o € K and MP lemma 4.5
holds for © \ K. Further, let ¢y > 0 be large enough such that z,, < 0 in K.
In fact, this ¢y can be taken as ming v/ maxgu > 0, since u < 0 in K and
ming v < v(zp) < 0. Then, since z;, < 0in 9(Q\ K) C 002 U K, we obtain
from lemma 4.5 that z;; < 0in ©Q \ K and so in .

Define

T:=inf{t>0; 22 <0 inQ} >t > 0.

By (SC), z, is a solution of L7 [—z;] + {c(x) — d(z) w(1)}(—2,) <0 in £, with
z; < 0in . Hence, by SMP, we have either z, =0 or 2, < 0 in €2. In the first
case we are done. Suppose, then, z. < 0 in €2 in order to obtain a contradiction.

Next we choose some ¢ > 0 such that z,_, < 0 in K. Indeed, we can

take, for example, € = min{—ming 2, /(2||u|| z(k)), 7/2}, which implies
Zr—e = 2y —eu < ming 2r + €l|uf| g (k) < 0 in K,

as in [78]. In particular, z; satisfies (4.7) fort =7 —¢ > 0. Thus, z,_. <0 by
MP in the set Q\ K. By SMP, z,_. < 0 in €2, which contradicts the definition

of 7 being an infimum. [ |

The next result was first introduced in [70] and extended in [28] to
nonlinear operators. We show below that, when we add an unbounded weight ¢,
all we need is its positiveness on a subset of positive measure in order to obtain

a bound from above on A;; we also make some remarks about the constant.

Lemma 4.7 Suppose (H) with b, d € LY(2). If ¢ > § > 0 a.e. in Br CC ,
for R <1, then
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where Cy depends on n, A\, A, R, [|b||L=() and w(1)||d||Le=(q)-
If, moreover, F' has no term of order zero (i.e. d or w is equal to zero),
then R can be any positive number. On the other hand, if b = 0, then the

constant Cy does not depend on R.

Proof. Observe that A\ (F(c), Q) < A\f(F(c), Bg) by definition.
As in [70], [28], consider the radial function o(z) = —(R?* — |z|?)* < 0 in
Bpg. Let us treat the \] case; for A\ it is just a question of looking at —o.

Suppose, in order to obtain a contradiction, that there exists some

A > £9 such that U= (F(c), 2, A) # 0, ie. let ¥ € C(Q) be a negative

L"-viscosity solution of F[¢ ]+)\c( ) > 0in . Hence 9 is also an L"-viscosity
solution of F[¢] + £%c(x)y > 0 in Bp.

Claim 4.8 We have Flo] + $%c(z) o <0 a.e. in Bp.

5
Proof of Claim 4.8. Notice that

Do(z) = 4(R? — |z]*)z, D?*c(x) =4(R*— |z|*)] —8r @ z.
Say, for example, 0 < b(z) <y and 0 < d(z) <n a.e., thus

Flo] < M (D%*s) +~|Do| — 0Ac
< AR — [oP) MH(D) = 8M ™ (z ® 2) + 49(R* — |2]*) 2] — nw(1) o(2)

and therefore

Flo] -2 |z)? 4nA 4vR

o (R2 — [z]2)2 TR _ ]2 T FE —nw(l) a.e.in Bg.

The first term is always nonnegative, but it is extremely important to control

the middle terms when x is near from R. Explicitly, we have that

8\ |x|? AnA 4vR 5 5
> + & |z)” > aR
-1y > - T R—pp 2
for a = % € (0,1). Then we separate the analysis in two cases.

(a) |z]* > aR?: Tt follows that Flo]/oc > —nw(1) > —nw(1)c(z)/(6R?)
from construction;

(b) |z|* < aR?: In this case we use that the first term is nonnegative and
so Flo]/o > —4(nA +~vR)/((1 — a)R?*) —nw(1) > —Cyc(x)/(§R?).

If n or w is equal to zero, then we do not need to use R < 1 in the above.

Furthermore, if v = 0, Cy does not depend on R. [ |
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Now we apply proposition 4.4, since o € C?(Bpg), obtaining that ¢ = to,
for some t > 0. However, this is not possible, since 1) < 0 on dBg C €2 while
oc=0on0Bg. [ ]

Moving to the last statement in theorem 4.2, we first prove an eigenvalue
bound that takes into account an unbounded b, when the weight is a continuous
and positive function in Q. Note that, in this case, theorem 4.1 gives us a pair
a; > 0 and ¢; € C'(Q) such that

Glo1] + a1 c(x) ¢y 0 in Q
p; > 0 in Q (48)
w1 = 0 on 090

in the L™-viscosity sense, with maxg ¢ = 1 and
0 < a; <A (G(e),Q) = X\ (Fle), Q).

The following proposition is a delicate point in our construction of an
eigenpair. It states that a; in (4.8) is bounded, and this does not seem to be a
consequence of the usual methods for bounding a first eigenvalue, such as the
one in lemma 4.7. Instead, we use the classical blow-up method [79] of Gidas

and Spruck.

Proposition 4.9 Assume ¢ € C(Q) with ¢ > 0 in Q, and G satisfying (H)
forb e LA () and d € LL(Y). Let ay and 1 as in (4.8). Then oy < C, for a
constant C' = C(n, A, A, Q, ||b|| vy, w(1) ||d|| Lo () -

Proof. If the conclusion is not true, then exists a sequence b, € L (), with

bkl r) < C, [|bk]| o) — +00 and the respective eigenvalue problem

Gy, [ox] + af c(z)px 0 in Q
or > 0 in Q (49)
vr = 0 on 090

in the L"-viscosity sense, with maxg ¢, = 1 for all k£ € N and of — +o0 as
k — 400, where Gy, is a fully nonlinear operator satistying (H)y , i.e. (H) for
b, and dy. Say dy < n and maxg o = pi(zk) for zf € Q. Then, xf — x5 € Q
as k — 400, up to a subsequence.

Case 1: xg € Q. Let 2p = dist(zo, Q) > 0 and notice that xf§ € B,(x0)
for all k& > kqy. Set . = (o/f)_l/2 and define vy, (z) = i (2 + rpz). Thus, ¥y is

an L™ (so LP) viscosity solution of

Gr(z, ¥, DYy, D*Yy) + cp()(x) =0 in By := B, (0)
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where ¢p(z) = c(af + rpx), Gz, r,p, X) = r2Grp(ak + ria,r,p/r, X/r2)
satisfies (H)y, i.c. (H) for by and n, where by(x) = 7y, bp(zk + rpz) and
n, = r2 7. Notice that by, and 7, converge locally to zero in Lp(ék) as k — +oo,
since p > n.

Furthermore, supg U = Yr(0) = 1 for all £k € N and Bg(0) CC By, for
large k, for any fixed R > 0. By theorem 3.1 we have that 1), is locally in C1®

and satisfies the estimate

1kl o @aoy < Cellvrll o @) < €.

since ¢, attains its maximum at 0 and C} only depends on the LP-norm of
the coefficients b, and ¢, which are uniformly bounded in there. Hence, by
compact inclusion we have that there exists ¢ € C1(Bg(0)) such that ¢ — ¥
as k — 400, up to a subsequence. Performing the same argument for each ball
Bgr(0), for every R > 0, we obtain in particular that ¢, — ¢ in L2 (R™), by
using the uniqueness of the limit for ¢, in the smaller balls.

Using stability (proposition 2.12 together with observation 2.13) and the
continuity of ¢, we have that ¢ is an LP-viscosity solution of J(z, D*i) +
c(xo)yp = 0 in R™ for some measurable operator J still satisfying (H) with
coefficients of zero and first order term, d and b, equal to zero. Also, ¥(0) =1
and ¢ > 0 in R™ by SMP. This implies that 1 < A (J(c(x)), Br) < C(fo#
for all R > 0, which gives a contradiction when we take R — +o0.

Case 2: xg € 0f). By passing to new coordinates, that come from
the smoothness property of the domain 9Q € C!, we can suppose that
oQ C {z, =0} and Q C {z,, > 0}.

Set pj, = dist(zf,00) = zf - €, = xf,, , where e, = (0,...,0,1) and zf =
(261, - - - 2§ ,,)- Analogously, consider ¢ (y) in y € By, jr, (0) and the respective
equation Gy, as in case 1. Thus, for z,y satisfying ryy = = — zk | we have that
the set {x,, > 0} corresponds to Ay := {y, = (x—a%)-e,/rx > —pr/71}. So we
need to analyze the behavior of the set Ay when we pass to limits as k — +oc.

We first claim that py/ry is bounded below by a constant C; > 0, which
means that Ay does not converge to {y, > 0}. This is an easy consequence
of our C'* boundary regularity and estimates in a half ball (theorem 3.14),

applied to ¢y, and Gy. Indeed, since | DYrll o 5+ (0)) < € 7> 0 fixed, then

1= |o(xg) — o(z6)| = [¥r(0,0) = (0, —pi/mi)] < Cpr/re,

where 78 = (:L"&l, e ,xlg’n_l, 0) € 09, from where we obtain the desired bound.

Next observe that we have two possibilities about the fraction py /7y,

either it converges to 400 or it is uniformly bounded. In the first one, A;, — R™
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and we finish as in case 1. In the second, Ay — {y, > 0}, 0 € (0,+), by
taking a subsequence. The proof carries on as in the case 1, since we have a
smooth domain which contains a ball with radius R = (2 Cp/c(wo) )"/?; this

gives the final contradiction. [

Lemma 4.10 Letc € LP(Q), ¢ > 0 in Bg for some Bgp CC Q and F satisfying
hypothesis (H), then

; X (F(1), Br)
N (F(e),0) < SHELLEE

Proof. Let us prove the \{ case; for A\{ we use G instead of F. We already
know that both quantities are nonnegative, by the properness of the operator
F. Hence, it is enough to verify that AN{A >0} C B/6d N {X > 0}, where

AN (F(e),Q)=supA= sup X, M\ (F(1),Bg) =supA= sup A
A AN{A>0} B B{ >0}

as defined before. Let A € AN {\ > 0}, then there exists v € C(N2) a
nonnegative L"-viscosity solution of F[¢)] + ¢(x)M\p < 0 in 2. Then, ® is also
a nonnegative L"-viscosity solution of F[¢] + dA\) <0in Bg,sodx e B. N

Proof of Theorem 4.2. First, from the fact that ¢ > 0 in a set of positive
measure, there exists § > 0 such that {¢ > d} is a nontrivial set. In fact, if this
was not true, i.e. if [{¢ > ¢} = 0 for all §, then {¢ > 0} = Us=o{c > d} would
have measure zero, as the union of such sets, contradicting the hypothesis.
Namely, then, ¢ > d > 0 a.e. in some ball B CC €.

Let us prove the A\ case, applying Krein-Rutman results to G; for A\
replace G by F. Let € € (0,1) and define ¢. := ¢+ ¢ > 0 in , for all €. From
theorem 4.1, we obtain the existence of pairs o > 0 and ¢5 € C'(Q) such that

G5 + S c(z)p = 0 in Q
e > 0 in Q (4.10)
;] = 0 on 00

with maxg ¢§ =1 for all € € (0,1). Then,

C
0<al <A (G(e), Q) = A (F(cz), Q) < ﬁ foralle € (0,1).  (4.11)

Next, o — a; € [0,Cy/dR? up to a subsequence. Then we apply
C1@ global regularity and estimates (theorem 3.1) in the case u = 0 (recall

again that L"-viscosity solutions are LP-viscosity for p > n), by considering
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a5 c.(z) o5 € LP(QY) as the right hand side, from where

165 llonemy < C {165 i@ + 5 lleellzocy loilo )
< CC (llelliwe + 1)} < C.

Hence the compact inclusion C**(Q) C C*(Q) yields ¢ — 1 € CH(Q),
up to a subsequence. Of course that this implies maxg 1 = 1, 1 > 0 in Q
and p; = 0 on 0f2.

Since ¢, — ¢ in LP(Q2) as € — 0, by proposition 2.12 we have that ¢; is
an LP-viscosity solution of G[p1]+aic(z)er = 0 in Q, which allows us to apply
Ch@ regularity again to obtain that ¢; € C12(0Q).

Using now that ¢; is a nonnegative LP-viscosity solution of
L7 [p1] = (d(z)w(1) — are(z)) 1 <0 in €,

together with SMP, we have that ¢; > 0 in €, since maxg ¢; = 1. Moreover,
we must have a; > 0, because the case a; = 0 would imply that ¢, is an
LP-viscosity solution of LT [p1] > 0 in QN {p; > 0} (since F is proper, and
so ) which, in turn, would give us ¢; < 0 in €2, by ABP. Thus, the existence
property is completed.

In order to conclude that, under W?2? regularity assumptions over F,
the a; obtained is equal to AT = A (F(c), ), related to the eigenfunction
©1 = ¢1 (F(c),Q) = —¢1 < 01in Q, we have to work a little bit more, as in
proposition 4.7 in [28].

We already have ay < Aj. Suppose by contradiction that a; < A]. By
definition of A\ as a supremum, we know that o cannot be an upper bound,
that is, there exists A > 0 such that U= (F(c),Q,\) # 0 and a; < A < A].
Then we obtain ¢ € C(Q) such that F[)]+Ac(z)y > 01in Q in the L™-viscosity
sense, with ¢ < 0 in 2. Now, since ¢ = 0, we have ¢(z)(A — ay) = 0. Therefore

Y is a negative L"-viscosity solution of
Fll+aqc(x)yp = F[] + Ae(x)p >0 in Q. (4.12)

Then, under W?2? regularity, we have that o7 € W??(Q) C W2"(Q) is a strong

solution of
Flor] + are(@)py 0 in Q
o1 0 in
01 0 on 09.

A\
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Applying proposition 4.4 we obtain that ¢ = ty; for some t > 0; but this
contradicts the strict inequality in (4.12). Thus, we must have ay = A;. The
case of \{ is completely analogous, by reversing the inequalities.

From this last paragraph, under W?2? regularity of the solutions, the only
possibility for «; is to coincide with A;. Therefore, by using proposition 4.9
(with ¢ = 1) and lemma 4.10, we obtain that A; (F(c.),§2) < Cy/4, for all
e € (0,1), where Cy depends on n, A\, A, R, ||b||zr(q) and w(1)||d|| £ ). Thus,
we carry on this bound on Ay, instead of (4.11), in the limiting procedure, in

order to get the desired existence result for b € L% (). |

4.1
The Krein-Rutman Theorem

In this section we prove theorem 4.1. We start recalling the following
“Rabinowitz type” result about existence of solutions via Leray-Schauder
degree for perturbations of the identity, i.e. for operators in the form I — T,
where T' is completely continuous. We state it as in theorem 3.3 in [66] (see
there for a proof); see also theorem 3.5.3 in [80] and theorem 4.11 in [81]. For
this, consider the fixed point problem

x=T(\ x). (4.13)

In the following we say continuum to mean a closed and connected set.

Proposition 4.11 Let T : R x E — E be such that Ty =T(\,:) : E — E is
completely continuous for all X € R and T'(\, x) is continuous in X\ uniformly
with respect to x in balls of E. Let (X, xo) be a solution of (4.13).

Suppose that U C E is an open bounded set such that xo € U and there
is no other solution x of v = T (XN, ) in U, with deg(I — T, , U ,0) # 0.

Then there exist two continuums, C~ C (—oo,\g] X E and C* C
[Ao, +00) X E, of solutions of (4.13) with (Ao, x0) € CTNC~ and such that one
of the following alternatives holds

(i) CT is unbounded;
(ii) CT N ({ N} X (E\U)) £, i.e. CT bends back to \o.

The same alternatives hold for C~.
In particular, if T(0,x) =0 for allx € E, then there exist two unbounded

continuums of solutions meeting each other at (0,0).

With this tool at hand, we give a proof for the generalized Krein-Rutman

theorem in the sequel.
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Proof of Theorem 4.1. Fix up € K \ {0}. We first claim that there exists
m > 0 such that mTug > wug. If this was not true, i.e. if for all m > 0,
Tug—ug/m ¢ K, by taking the limit as m — 400 we would have Tuy & int K,

which contradicts item (7). Now, for each ¢ > 0, define the map

T. : [0,400) x K = K
(A, u) = ANTu + eXTug

which is completely continuous, continuous in A and satisfies 7.(0,-) = 0. By
theorem 4.11, there exists an unbounded connected component C. of solutions
of T.(\,u) = u. Let us see that C. is bounded in the A-direction.

Claim 4.12 u > = ()" ug, for all k € N and all (A, u) € C..

A
m
Notice that this claim implies that A\ < m. If not, if there would exists
1

k
(A u) € C. with A > m, we would have uy < = (%) u— 0as k — 400

in the norm of F| yielding ug ¢ K, a contradiction.

Proof. Let (A, u) € C., then u = ATu+eXTug > e\Tug > 5%u0 and the claim
is proved for k = 1. Moreover, using that that 7T is increasing and positively
1-homogeneous, Tu > T (5%1@) = sﬁTuo > 5$u0. Since u > AT'u, it follows

2
that u > ¢ (%) ug. By iteration we obtain the conclusion for all k ¢ N. W

Since C; is unbounded, it has to be unbounded in the K-direction, that
is, there must exist a sequence of solutions (\,u) € C. with ||u||g — +oo for
each € > 0; in particular, there exists (A, u.) € C. with ||uc||p = 1. Then,
by taking the limit as ¢ — 0 we can obtain the desired pair (A;,u;) with
A1 € [0, M] and ||Ju1||g = 1 such that u; = A\ Tuy.

Indeed, since T takes bounded sets into precompact ones, there exists
some v € K such that Tu. — v in F, for a subsequence of € — 0. Then there
exists the limit of u. = \.Tu. + eA.Tu. — \v =: uy for some \; € [0, m], up
to a subsequence of ¢ — 0. Finally, T" continuous yields v = Tu;.

We notice that A\; must be positive; otherwise we would have u; = 0,
contradicting ||u;||g = 1. Furthermore, since u; € K \ {0}, it follows that T'u,

belongs to the interior of K, and so does u; = A\Tu;. [ |
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5
A Priori Bounds and Multiplicity Results

In this chapter we consider a family of fully nonlinear uniformly elliptic

problems of the following form

(P)

—F(x,u, Du, D*v) = MXc(x)u+ (M(z)Du, Du) + h(z) in Q
u = 0 on 0f)

where € is a bounded C*! domain in R®, A € R, n > 1, ¢,h € LP(Q), M
is a bounded matrix, and F' is a fully nonlinear uniformly elliptic operator of
Isaacs type. As it was already seen (chapter 1), a particular case, for which
all our multiplicity results are new as well, is when F' is a linear operator in
nondivergence form (1.1).

In the recent years have appeared a series of papers which unveil the
complex nature of the solution set for noncoercive equations (Ac = 0), in the
particular case when F' is the Laplacian. In 2013, Jeanjean and Sirakov [17]
used a mountain pass argument related to Cerami sequences, when a classical
exponential change of variables (as in lemma 5.11) reduces the equation to a
semilinear one in linear and divergence form. They extended the multiplicity
result in [12] under a smallness condition over ¢ and ph (similar to the condition
on quadratic ABP) in the case M = const.I.

Later Arcoya, de Coster, Jeanjean and Tanaka [13] (2015, see also [82])
developed a method based on degree theory which applies to general gradient
terms. They stablished the existence of a continuum of solutions for the
problem with F' = A, M(z) = p(z)I for 0 < py < p(z) < pg and h = 0.
Moreover, the authors proved the existence of a positive A such that (Py) there
is no nonnegative solutions for \ greater than A. Therefore it was realized that
the sign of h definitely matters for the problem; this because few years earlier
(2007) Abdellaoui, Peral and Primo [83] exhibited one solution for the problem
with F' = A, M(z) = I, for a specific radial ¢ and h < 0, for all A > 0.

The work [13] was extended and completed by Jeanjean and Quorin [16]
and by Jeanjean and de Coster [15]. In the latter the authors gave a description
of the solution set in terms of the parameter \; the sign of h could be replaced
by a more general condition over the sign of g, which is the solution of (F).

In fact, they obtained a continuum when (F;) has a solution and the existence
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of at least two solutions, for every A\ < X, with X\ being finite for u = 0 and
infinite if uy < 0; still for the laplacian and M (z) = u(z)l. A result with the
p-Laplacian is found in [14].

Souplet [18] showed that the study of (Py) is even more difficult if M
is allowed to vanish somewhere (note that in any case a hypothesis which
prevents M = 0 is necessary). In all these works the crucial a priori bounds
for u in the L*°-norm rely on the fact that the second order operator is the
Laplacian, or a divergence form operator.

Hence, it appears to be a natural question if this same kind of multiplicity
result can be extended to a more general setting, namely for a nonlinearity F'in
the nondivergence form, (P)) given in the LP-viscosity sense. In the sequel we
see that the answer is affirmative. In other words, it is our goal here to perform
a similar study for general operators in nondivergence form, and extend the
results from [12] to noncoercive equations. Since ¢ 2 0, this means to give
some description of the solution set of (Py) when the parameter X is positive,

similar to [15].

5.1
Main Results

We start this section by introducing our hypotheses.
From now on € is a bounded domain in R"® with C'! boundary. We

assume that the matrix M satisfies the nondegeneracy condition
pil < M(x) < psl ae. in§ (M)
for some 1, 2 > 0, and that (Py) has the (SC) structure, recalling

M(X =Y) = b(z)|p — g — d(z)w((r — s)")

< F(x,r,p,X)— F(z,s,q,Y) (SC)
<M (X =Y)+b@)p—ql+dz)w((s—r)") ae. z € Q
F(-,0,0,0) =0, b,d,c, he LP(Q),p>n, b,d >0, w a modulus.

Here, M™* are the Pucci’s operators with constants 0 < A\p < Ap'. We
also consider LE[u] := M*(D?u) £ b(x)|Dul, b € L% (), for the corresponding
ellipticity coefficients A\p, Ap.

Notice that, for ease of notation, we included in (SC) the unboundedness

condition over the coefficients. On the other hand, we make the convention

'We are denoting the ellipticity coefficients by Ap and Ap instead of the usual A and A
in order to avoid any confusions with A in the problem (Py).
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that all of them are bounded functions when using the following stronger

assumption

M_(X _Y) _b(‘r)|p_Q| < F([E,T’,p,X) - F(ZE,S,Q,Y)
<MHX =Y)+bx)p—q| ae xeQ (SC)o
F(-,0,0,00=0, be heL®Q),b>0,

needed for most of our results. Observe that a very particular case of the last
hypothesis appears when F' is the linear operator (1.1), but we can go much
further, allowing F' to be an arbitrary supremum or infimum of such linear
operators, i.e. a Hamilton-Jacobi-Bellman (HJB) operator, and even to be a
sup-inf of linear operators (Isaacs operator).

We will also assume that for some 8 > 0, 79 > 0 and all 2y € Q

1
1 P
(/ Br(z, xg)p> <@, forall r<r (Hp)
By (z0)N2

,,an

where 3 is defined in (3.5). As we already mentioned, this is satisfied, for
instance, if F'(x, 0,0, X) is continuous in z € Q (if F is linear this means a;;(x)
are continuous, as in chapter 1). The conditions (M )-(SC)-(Hz) guarantee that
the LP-viscosity solutions of (Py) have global C“ regularity and estimates, by
theorem 3.1 and remark 3.3.

Solutions of the Dirichlet problem (P,) are understood in the LP-viscosity
sense and belong to C(Q). Thus, we study and prove multiplicity of bounded
solutions. We note that multiple unbounded solutions can easily be found for
simple equations with natural growth. For instance, in [84] it was observed
that Au = |Du/? admits infinitely many weak solutions in Wy(B;), namely
up = In((Jz/> ™ = k)(1 —k)™1), 0 < k < 1, in the case n > 2.

Remember that strong solutions of (Py), for 92 € C™! are functions in
W2P(Q) which satisfy the equation almost everywhere. Strong solutions are
LP-viscosity solutions (see proposition 2.5). Conversely, if F' is for instance
convex in the matrix X and satisfies (SC)y (such are the HJB operators), then
LP-viscosity solutions are strong from theorem 3.3; the convexity assumption
can be removed in some cases but not in general, see [85]. For some of our
results we will need to assume that LP-viscosity solutions of (Py) are strong —
see hypothesis (Hs) below.

Since we want to study the way the nature of the solution set changes
when we go from negative to positive zero order term, we will naturally assume
that the problem with A = 0 has a solution. We also assume that the Dirichlet

problem for F' is uniquely solvable, so that we can concentrate on the way
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the coefficients ¢ and M influence the solvability. We now summarize these

conditions on F'. First, we assume that
the problem (F,) has a strong solution wy. (Hyp)
Further, setting F[u] := F(x,u, Du, D*u), we assume that for each f € LP(Q),

. . . . —Flu] = f(z) in Q
there exists a unique LP-viscosity solution of (Hy)

u=20 on Of).

Given ¢, h for which we study (Py), if (Py) denotes the problem (Py) with ¢
and h replaced by ¢ and h, we sometimes require that LP-viscosity solutions
wy of (P,) are such that

Uy € WP(Q), forevery 0 <e<e, |h| < |h|+1+c (H»)

We observe that, by Theorem 1(iii) of [12], the function vy is the unique
LP-viscosity solution of (Fp). Theorem 1(ii) of [12] shows that (Hj) holds for
instance if Mh has small LP-norm (examples showing that in general this
hypothesis cannot be removed are also found in that paper). Moreover, recall
that (Hy) and (Hj) are both true if F satisfies (SC)y and is convex or concave
in X, by the results in [38] and chapter 3.

We now state our main multiplicity results. The following theorem
contains a crucial uniform estimate for solutions of (P)), which is both

important in itself and instrumental for the existence statements below.

Theorem 5.1 Let Q € CY' be a bounded domain. Suppose (SC)o, (Hy) hold
and let Ay, Ay with 0 < Ay < Ag. Then every LP-viscosity solution u of (Py)

satisfies
|u™ || Loy < C, for all X € [0, Ag], ||u+||Loo(Q) < C, forall X € [A1, Ay,

where C' depends on n, p, pu, Q, Ai, Ao, [l [lelr=@), [hllr=().
ol Loy, Ap, Ap, the C1' character of the boundary, and the set where ¢ > 0.

It will be clear from the next theorems that the restrictions on A cannot

be removed. As in the previous works, we use the following order in the space
E = CYQ).

Definition 5.2 Let u,v € E. We say that u < v if for every x € ) we have
u(z) < v(z) and for xg € 0 we have either u(xy) < v(xg), or u(zy) = v(xg)

and d,u(zg) < O,v(xg) (recall that U is the interior unit normal to 0L).


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 5. A Priori Bounds and Multiplicity Results 80

The hypotheses € C*! bounded domain, ¢ Z 0 and (M) are implied

attached to the problem (P,); so we will no longer mention it each time.

Theorem 5.3 Assume (SC), (Hpg), (Hy), and (Hy).
1. Then, for A <0, the problem (Py) has an LP-viscosity solution uy that

converges to ug in E as X — 07. Moreover, the set
Y={(\u) € Rx E;u solves (Py) }

possesses an unbounded component C* C [0, 400] x E such that Ct N ({0} x E)
reduces to {ug}. From now on we assume (SC)g.

2. The component from 1. is such that

(i) either it bifurcates from infinity to the right of the azis A = 0 with the
corresponding solutions having a positive part blowing up to infinity in

C(Q) as A — 0F;
(7i) or its projection on the \ axis is [0, +00).

3. There exists X € (0,+00] such that, for every X\ € (0,)), the problem

(Py) has at least two LP-viscosity solutions, uxy and uys, satisfying

uyxg — Up mE, maxuy, —— +00,
A—0+ O A—0+

and, if A < 400, the problem (P5) has at least one LP-viscosity solution. The
latter is unique if F(x,r,p, X) is convez in (r,p, X).

4. If in addition (Hy) holds, the solutions uy for A < 0 are unique among
LP-viscosity solutions; whereas the solutions from 3. for A > 0 are ordered,

Uy K Uy 2.

This theorem proves the multiplicity conjectures from [12], [86]. We recall
that theorem 5.3 is new even when F'is a linear operator in nondivergence form
— in this case, it reduces to theorem 1.3.

The supplementary hypotheses for the uniqueness results in the above
theorem are unavoidable — we recall that, in the universe of LP-viscosity
solutions, uniqueness is only available in the presence of a strong solution
(see [12] and the references in that paper).

In the next two theorems, we show that it is possible to obtain a more
precise description of the set ¥, provided we know the sign of uy. Such results
for the divergence case F' = A were already proved in theorems 1.4 and 1.5 in
[15]. Note that if h has a sign, then ug has the same sign, by the maximum

principle (see remark 6.32).
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Theorem 5.4 Suppose (SC)o, (Hg), (Hy), (Hs2) and (Hy) with ug < 0 and
cug S 0. Then every nonpositive solution of (P\) with X > 0 satisfies
u K ug. Furthermore, for every A > 0, the problem (P\) has at least two
nontrivial LP-viscosity solutions uy1 << uyz, such that uy, 1 < uy, 1 < ug if

0< A\ <Ay, and

Uy1 —— Ug nFE, maxuys —— +00.
A0t Q A= 0t

If F(x,r,p,X) is convex in (r,p, X) then maxg uyro > 0 for all A > 0.

Ug

Figure 5.1: Illustration of theorem 5.4.

In this figure we put A on the horizontal axis. On the negative side of
the vertical axis we have ) 1(zo) for any fixed zo € Q (or ming uy 1), which is
a negative quantity for A > 0; whereas on the positive side of the vertical axis

we find ||uy2|[z(q) (or maxg uy if F' is convex).

Theorem 5.5 Suppose (SC)o, (Hg), (H1), (Ha) and (Hy) with ug > 0 and
cug = 0. Then every nonnegative solution of (Py) with A > 0 satisfies u >> uy.
Moreover, there exists A € (0, +00) such that

(i) for every A € (0,)), the problem (P)) has at least two nontrivial
LP-viscosity solutions with uy; <K uy2, where ug <K ux1 <K Uy, iof

0< A <X and

uyxg — uo mE, maxuys —— +00;
A—=0* Q A—=0+

(ii) the problem (Ps) has at least one LP-viscosity solution us ; this solution

is unique if F' is convex in (r,p, X);
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El T

Figure 5.2: Illustration of theorem 5.5.

(iii) for X > X, the problem (Py) has no nonnegative solution.

Notice that, up to replacing u for —u, we are also taking into account,
indirectly, the case —pol < M(z) < —puql for py, pz > 0. We only need to pay

attention to the sign of ug, which is reversed in this case.

5.2
A Priori Bounds

In this section we look at our family of problems (Py) for A > 0, assuming
¢ = 0 and that the matrix M satisfies (M). Here we consider (SC)y i.e. we
suppose that all coefficients of the problem (P,) are bounded and d = 0. With
the latter, the zero order term in (P)) is explicit, so we can obtain a clear

behavior of the solutions with respect to A.

Theorem 5.6 Let Q € CY' be a bounded domain. Suppose (SC)o, (Hy) hold
and let Ay, Ay with 0 < Ay < Ag. Then every LP-viscosity solution u of (Py)
satisfies

|ulloo < C, for all X € [Ay, Ao,

where C depends on n,p. s, 2, A, Aa, bl (e, el o= @, 18]l 1=(e: ol o=,
on the ellipticity coefficients A\p, Ap, on the C*! character of the boundary, and

on the set where ¢ > 0.

The proof of theorem 5.6 uses and develops the ideas sketched in [86],
adding some improvements in order to remove restrictions on the size of c. We
start by proving that all supersolutions stay uniformly bounded from below,

even when \ is close to zero.
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Proposition 5.7 Let Q € CY! be a bounded domain. Suppose (SC)o and let

Ay > 0. Then every LP-viscosity supersolution u of (Py) satisfies
lulle <C, for all X € [0, As]

where C depends only o, p, 1, A, ¥l =(s: elz=cs, N0y, A A [0
and on the C*' norm of 09.

Proof. First observe that both —u and 0 are LP-viscosity subsolutions of
F(z,U, DU, D*U) < Ae(x)U — juy|DU)> + h~(z) in Q,

where ﬁ(m,r,p,X) = —F(x,—r,—p,—X). Then, using (SC)y, these functions

are also LP-viscosity subsolutions of

MT(D?*U) + b(x)|DU| — 1y |DU? > —Xe(z)U —h~(z) in Q
U < 0 on 0N
and so is U := u~ = max{—u, 0}, as the maximum of subsolutions. Moreover,

U>0in Q and U = 0 on 0F2. We make the following exponential change

where Ap is the constant from the definition of Pucci’s operators. From

lemma 2.20, we know that w is an LP-viscosity solution of

—Lfw] < h7(z)+ 2c(z) In(l — mw)|(1 —mw) in Q Q)
w = 0 on Of) g
where L7 [w] := LT[w] — mh™(xz)w. Notice that the logarithm above is well

defined, since

1 1
0<w=—{l—-e™} <= in Q.
m m

1

Now set wy 1= (1 — ™)

, where u; is some fixed supersolution of
(Py), A > 0 (if there was not such supersolution, we would have nothing to
prove). Then, by the above argument, w; € [0,1/m) is an LP-viscosity solution
of (). Define w := sup A, where

A:={w: wis an LP-viscosity solution of (Q,); 0 <w < 1/m in Q}.

Then A # (), since w; € A, and w; < w < 1/m in Q. Also, as a supremum

of subsolutions (locally bounded, since it belongs to the interval [0,1/m]), @
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is an LP-viscosity solution? (possibly discontinuous) of the first inequality in
(@Q»). Clearly, w = 0 on 09).

Observe that L] is a coercive operator and the function

f(z) = falz,w(x)) = h™ (x) + ;;c(x) In(1 — mw)|(1 — mw) € L5 ()

_ Ay
1 ey < 1A M|Le) + —lellzr@ Co

since A(w) := |In(1—mw)| (1—mw) < Cy. Indeed, from lim, g+ ¢ Int = 0 there
exists a 0 € (0,1) such that ¢|lnt| < 1, for all 0 < t < ¢ i.e. A(w) < 1 when
x € {w > %‘5} Ifx e {@ < %‘5} then A(w) < |Ind| (notice that 1 —mw < 1)
so take Cy = max{1, [Ind|}.

Therefore, by the proof of the boundary Lipschitz bound (see theorem 2.3

in [23], which does not require any continuity assumption on ),
w(z) < C||fT oo dist(z,0Q0) = 0 as z — 0Q

and so w # % Observe that the function w can be equal to 1/m at some
interior points.
If there was a sequence of supersolutions uy of (Py) in € with unbounded

negative parts, then there would exist a subsequence such that
uj (6) = g e — +00, 4 €T, = 2z €
k—00 k
with xp € ) for large k, since ux > 0 on 0€). Then the respective sequence

1 —mu, (T 1
wk(xk):E{l—e b k)}m%y w € A

i.e. for every € > 0, there exists some ky € N such that

—¢, forall k> kg

1
> > > —
> w(xy) > wi(xy) > -

1
m
thus there exists the limit limy w(xk) = % and also

1
W(we) > lim W(wy) = lim w(wg) = —.
Tp—T0 k—o0 m

2If we need to use the fact that the supremum of C-viscosity subsolutions is still a
C-viscosity subsolution, we apply theorem 4.2 in [33] for continuous equations. Indeed, in
the problem (@), we consider v, hy and ¢y (instead of b(z), h™(x) and c¢(z)) such that
b(x) <, h™ < hg, c(x) < ¢p, and the logarithm term on the right hand side being defined
as 0 at points where w = 1/m; we can also take LT instead of [,f, since mh~w > 0.
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Hence z, € €, since w = 0 on 99, and w(xp) = .

Finally, define z := 1 — mw. Then z is an LP-viscosity supersolution of
—L7z> =Xe(z)|Inz|]z in Q, 2z20inQ, z(xy) =0,

where L] := L~ —mh™ is a coercive operator. But this contradicts the following

nonlinear version of the SMP. [ |

Lemma 5.8 Set L [u] := M~ (D?u) — v |Du| — du, for a constant d > 0. Let
f € C0,4+00) be defined by f(s) = as|lns| if s > 0, f(0) =0, where a > 0.
Then, the SMP holds for the operator Ly [-] — f(-), i.e. if u is a C-viscosity

solution (possibly discontinuous) of

u

Liu] < f(u) in Q
> 0 mn €

then either u >0 in Q oru =0 in €.

This lemma can be seen as a form of the Vazquez’s strong maximum
principle [87] for our operators, since one over the square root of the primitive
of z |Inz| is not integrable at 0. The proof of lemma 5.8 is given in section 5.2.1.

Note that we apply lemma 5.8 with d = m ||h™||c and a = Az ||¢||o-

Remark 5.9 Notice that, by lemma 2.7, given any pair of LP-viscosily sub
and supersolutions «, 5 of (Fy), we have that « < u < (8 in §, for any strong
solution u of (Fp).

Before giving the proof of Theorem 5.6 we recall once more that the
class of equations we study is invariant with respect to diffeomorphic changes
of the spatial variable. In particular we can assume that the boundary of €2 is a
hyperplane in a neighborhood of any given point of 0¢2. Indeed, straightening of
the boundary leads to an equation of the same type, as showed in section 3.2.3,

with bounds on the the coefficient norms depending on the C'* norm of 9.

Proof of Theorem 5.6. Fix Ay, Ay with 0 < A; < A,. From proposition 5.7,

there exists a constant C; > 0 such that
u~ < Cy, for every supersolution u of (Py), for all A € [0, Ay]. (5.1)

Suppose then, in order to obtain a contradiction, that solutions are not
bounded from above in [A;, Ay, by picking out a sequence uy, of LP-viscosity
solutions of (Py) such that

uy (v3) —— 400, 5 € Q, %o € Q.

k—o00
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where ;. is the point of maximum of |ug| in Q, i.e. ||ugllee = |u(zy)|. Here,
lurlloo = ug () + w (zx) and uy (zx) € [0, C1].

We claim that, up to changing the blow-up limit point xy, we can suppose
that there is a ball around zy in which ¢ is not identically zero.

To prove the claim, consider (G, a maximal domain such that ¢ =0 in G.
Obviously there is no need of such argument if [{¢ = 0}| = 0 or even if ¢ 2 0 in
a neighborhood of xy. Suppose, hence, that x is an interior point of G, and so
xy, € G for large k (considering a half ball in G if zy € 012, after a diffeomorphic
change of independent variable which straightens the boundary). Notice that

both u; and ug satisfy the same equation
—F(x,u, Du, D*u) = (M(x)Du, Du) + h(r) in G (5.2)

in the LP-viscosity sense, for each k € N (recall ¢ = 0 in G). Because of
(SC)o we have F(z,r,p,X) = F(x,r + a,p, X) for a € R, hence the functions
vk = ug — infggur and vy = ug — supg ug still satisfy equation (5.2). Also
v, < 0 < vy on OG, so v, and vy are respectively LP-viscosity sub and
supersolution of (Py), with vy strong. We apply lemma 2.7 (see remark 5.9) to

obtain that v, < vy in G and, in particular, for large k,
wt >yl (zy) = 2||ugl| o) — Ch —— +00 on 0G.

This means that we have blow-up also at the boundary of GG, in the sense that
there exists a sequence y, € G with u (yx) — +oo and yp — yo € 0G, as
k — oo. Next, since GG is maximal, so G C 0QUI({c = 0}), and using uy, = 0
on 0%, we have y, € 9({c = 0}). Therefore, we can take a ball B,(yo) centered
at yo (or a half ball if yg € 0€2) which, by enlarging r if necessary, becomes a
neighborhood which meets the set {¢ > 0}; in other words, such that ¢ = 0 in
B,(yo). Hence, up to changing x; and xy by yx and yy, we can suppose that
¢ 2 0in B,(xg), or in a half ball if 2y € 02, after straightening the boundary
around xg.

Suppose we are in the more difficult case of a half ball. For simplicity, and
up to rescaling, say ¢ = 0 in Bf = B (), with our equation being defined in
B (z0) C Q.

We make the convention of assuming that the constant C' may change
from line to line and depends on n, p, Ap, Ap, A1, Ao, pi1, ||b]lze)s [Pl 2e (),
¢/l () and C. The constant C' is fixed in (5.1) with its dependence described
in the statement of proposition 5.7.

Notice that, from (5.1), for every LP-viscosity solution u of (P,), the
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function v := u + (' is a nonnegative LP-viscosity solution of

M (D*v) — b(z)|Dv| < F(z,v — Cy, Dv, D*v)
= —)\c(x)v — <M(:L‘)Dv, DU> — h(x) + )\C(Qf)cl
< —Ae(@)v = pu| Dof® + h(z)

where h(z) := h™(z) + Ay e(z)Cy > 0, by (SC)o. Thus, by lemma 2.20, the

function

1 21
= —{e™?—-1}, wh = 5.3
- {e }, where my A, (5.3)
is a nonnegative LP-viscosity supersolution of
Li[vi] < filz) in By (5.4)

where L7 [v1] := M~ (D2v;) — b(z)|Dvy| — my h(x) vy and
filz) = —m%c(x)(l + myvy) In(1 + myvy) + h(z) € LP(Q)
since v; € L*(). Notice that, in the set By N{f; > 0}, we have
0< m%c(x)(l + myvy) In(1 4 myvy) < h

and fi" = |f1] < m%c(x)(l + myvy) In(1 +myvy) +h < 2h, so
i oy < 201l ogsg) < 2087 ln) + 2A0le]l @) Cr < C. (5.5)

Then, using proposition 2.15 (BQSMP, case p = g > n) applied to (5.4),
we obtain positive constants cy, Cy and € < 1, depending on n, A Ap, p and
10|/ Lo (), such that

I: mf— > Co ( ) — Co Hf1+”Lp(B;)

+)¢€ 1/e
( {(7’2\ (1 4+ myvy) In(1 + myvy) — 7L($)> } ) - C
3/2 1

1
> ¢ inf </ ( )\c (x) Rl Ty In(1 + mqvy)

Bl Tp B mivU1

3 el
_h(I)Hmmxn) )) _c

(%1

> o0 1 (/B+ {(Ac(x) eoln(1 + I myzs) — ma h(z) xn)+}> " e
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using (5.5) and that vy (z) > z,I for all x € Bf . Thus,

I {CO (/B+ x <</\c(m) In(1+ I'myz,) —m ﬁ(:ﬁ))Jr)E) - — 1} <C. (5.6)

We claim that this is only possible if I < C, with a constant that does
not depend on v; (and consequently on u), neither A € [A;, Ay]. Indeed, if
this was not the case, we would obtain a sequence of supersolutions v of
Ly[vf] < fF¥(z) in Bf such that I := inf 5+ % — +00 when £ — +oo and
(5.6) holding with I replaced by I . So, up to a subsequence and renumbering,

we can assume that I, > k? and k—C; <1 for all k > kg, from where it follows

/B+ x, (()\c(x) In(1+ Iy myx,) — my ﬁ(m))+)€ < f (1_'_]{:6;)8 <C

and finally, using A > Ay,

. M)\ C
/;ﬁﬂ%gﬂM}mn ((Aﬂix)_”nlhm14—nnk)> ) S (it mik) (5.7)

Passing to limits as k — 400 we have [ (z, c¢(x))® dz = 0, since Ay > 0,
1

which contradicts ¢(x) Z 0 in Bf. More precisely, for the limit in (5.7) we

can use, for example, the dominated convergence theorem: for ¢ = 1 this is

obvious; for 0 < ¢ < 1 we use Young’s inequality to estimate
~ +\° ~ +
(()\c(x) —my h(z)/In(1+mk)) ) < (Ae(z) = mah(z) /(1 +mk)) " +1
ensuring the desired convergence. In this way we establish the claim

inf L < C.
B} Tp
Thus, by theorem 2.16 (BWHI, again with p = ¢ > n) applied to (5.4),
we obtain that there exists other positive constants e, ¢, Cy, depending on

n, Ap, Ap, p and [|b]|r(q), such that

1/e
(Ul) ) = inf 4 Co HflJrHLp(Bﬂ <C. (5.8)
Bf Tn 3
3/2
Now we go back to u and define

+ x
3/2 n

1 . M2
: maou 1 t — 59
U :—2{6 — },Wlhmz—)\ ( )
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which by lemma 2.20 and (SC) is an LP-viscosity solution of

MT(D?vy) + b(x)|Dvg| + v(z)vy > —hT(x) in By (5.10)
ve = 0 on BY '
where v(x) := m;\WC(:E)(l + mavg) In(1 + mavy) + meh™(z) € LP(BY).
Notice that by the definitions (5.3) and (5.9),
1 my
vy = — { (14 myvy) s om0 1 } . (5.11)
mo
As in [15], observe that
A\ (1 + m2U2> s
c(x) ST In(1 + movy)| < Cse(x) (1 + |va]?) (5.12)
2U2

for any s > 0. Indeed, vy > Ry, for Ry := m%{e_clm2 — 1} € (—=1/my,0) by

(5.1). Then, since lim;_,o ln(l;’t) = 1, there exists a § € (0, —R;) such that the

expression inside the modulus sign in (5.12) is less than 1 + myd, for every

x € {|vy| < 0}. Further, from lim; % = 1 and lim;_, o ln(%t) = 0, there

exists a Ry > 0 such that this expression is less than 2 v9®, for all x € {vy > Ra}.
Finally, the same term is bounded by a constant which depends on R;, Ry and
J if vy € [Ry, —d] U [4, Rs), and so (5.12) holds for any s > 0.

Now, if we take s = 5%175;% and p; = ””LT” € (n,p) then, by Holder’s

inequality, the right hand side in (5.12) belongs to LP*(By) and

$ < s ith . 1 1
I eloal" o o) < Nellngap | 102l gy, with = -
< llell o sy / 02| 2 <cC (5.13)
B+

2

and then
1Vl o sy < Cop llellzo) + L 2l [l o g1y + M2l 1oy < €. (5.14)

Next, the uniform bound on (5.14) allows us to use theorem 2.1 (BLMP,
case p = ¢ > n) applied to (5.10), for vy and r =7 as in (5.13), to obtain

1/r
nt < C / ol | ey b < C in By
B;'/z

Hence, ut = %ln(l + mouy ™) is uniformly bounded in By, for every
LP-viscosity solution of (Py), for all A € [Aq, Ag). |
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5.2.1
Proof of Lemma 5.8

We show that the result is valid for the most general notion of C-viscosity
solutions (see [3], [33]), which can be discontinuous functions. We can suppose
u € LSC(Q), just replacing u by its lower semicontinuous envelope wu,,
see chapter 2. Remember that, in this case, we say that u is a C-viscosity
supersolution provided u, is.

In this section, for simplicity, we denote £y [u] = M} , (D*u)—v|Du|—du,
with ellipticity coefficients A and A.

By contradiction, let u be a nonnegative C-viscosity supersolution of
Ly[u] < f(u) in Q

with both Qg := {z € Q; u(z) =0} and QF := {z € Q; u(zr) > 0} nonempty
sets. Notice that Q7 is open, since u € LSC(£2). As in the usual proof of SMP
(see, for instance, [39]), choose & € QT such that dist(z, Q) < dist(z,9Q) and
consider the ball Bg = Bg(z) C Q" such that dBg(Z) N9y # 0.

Observe that f is a strictly increasing function on the interval (0, ¢), for
some 0 < 1.

Fix a zo € 0Bgr(Z) N 0Qp, so u(zg) = 0 and u(xz) > 0 in B = Br(Z).
Note that, up to diminishing R, we can suppose also that u < 0 in Bg(Z).
Indeed, since u(xo) = 0 there exists a ball B, (x) such that v < ¢ in this ball;
so by taking Ry < R with Bg,(#1) C B,,(x¢) for a point #; € QF, now just
replace T, R by %1, R;.

Consider the annulus Er = Bpg \ ER/Q centered in = and set p as the
quantity u = mingp, , u € (0,6). We need to find a good barrier in Eg for our

nonlinear problem. This is accomplished in the following claim.
Claim 5.10 There exists a nonnegative classical subsolution v € C*(ER) of

Li[v] > f(v) in Fg
vo= p on OBg/
v = 0 on O0Bpg,

radially decreasing in r = |x — Z|, convex and such that d,v > 0 on JBg.

Proof. We start choosing a large o > 1 such that
1
ﬁ{a[)\(oz—kl)—l—(n—l)A—vR]—dRZ}>Coa, (5.15)

for Cy := a (|Inp| +2|InR| + [In2| + [In(R/2) |) +mg , mo := maxep] f(s) > 0.
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Let € > 0 be such that ¢ = () := p{(R/2)"* — R~*}~!, and set
v(x) =e{|lzr — 27— R} (5.16)

Remark 5.11 (For instance, lemma 2.2 in [12].) Let u € C*(B) be a radial

function, u(x) = p(|z — x¢|), defined in a ball B in R™ centered on xo. Then

SpeC(D2U(ZL’)) _ {QO/(|£L' — l‘0|)7‘ . 90/(|m — l‘0|)790//(|x . «TOD} )

|9U—$0| |z — 0

With this choice of €, of course v = j1 on 9Bg/; and v = 0 on 5. Notice
that v(z) = ¢(r) with r = |z — Z|, thus ¢/(r) = —2aer™*"! < 0 and so

r—T r—T

dyv(x) = Dv(z) -V =—¢'(R) —¢'(R) >0

o=l e —al
=
to the ball Bg. Further, ¢”(r) = a(a + 1)er="2 > 0, and by remark 5.11 we

have, in Eg,

is the interior unit normal

for every © € 0Br = 0Bg(Z), where 7/ = =

L1 [0] = My (D%) — 7| De| — doa)
=aclr — 7|2 {Ma+ 1)+ (n — 1)A} — yae|z — 3|
—delr — 2|7+ deR™
>elr -2 *R*{aMa+ 1)+ (n—1)A—~yR] —dR*}

>aeCyle —z|™
by the choice of « in (5.15). Now we claim that
f(v) <aeCylr— 7™ in Fr (5.17)

and this will finish the proof of the claim 5.10. For » = R this is obvious. Note
that, for » # R, (5.17) is equivalent to

7,.0(
1] — —
a( Ra)

Set y :=1— (%)a € [O, 1— 2%} for r € {%, R}. But now the left hand side of
(5.18) is less or equal than

(67

Ine — In(r®) 4+ In (1 — ;a)‘ < aCy. (5.18)

a|lne| + aa |lnr| + ay |Iny|
<a{|lnp| +a|nR| + [In(2* = 1)| } + aa { InR| + |In(R/2)| } + ay|lny|
<aly
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by using a > 1 and definitions of € and my. |

By construction, u > v on 0Er = 0Br U 0Bg/s.
Claim 5.12 u > v in ER.

Proof. Suppose not, i.e. that the open set O := Ex N {u < v} is not empty.

Notice that since v is decreasing in r and v = 4 < § on r = R/2, then
both u,v € (0,8) in Eg = Bg\ Br/a, and we can use the monotonicity of f in
the interval (0,6) to obtain

Lyf] = Lifu] > f(v) = fu) 20 in O
v < u on 00 C OERU{v =u}

in the C-viscosity sense, and so the comparison principle (for example
proposition 3.3 in [33]), gives us that v < w in O, which contradicts the
definition of the set O. [ |

To finish the proof of lemma 5.8, if u € C'(f2), we can just use the
fact that u has a minimum at the interior point xy, so by claim 5.12 we have
0 = d,u(xg) > d,v(xg) > 0, a contradiction.

Assume u is only in LSC(Q). Let p < R/2. Observe that v is a C?
function in B,(x¢) with v < 0 < win B,(x¢) \ Er and, since v < u in E with
u(zo) = v(xg) = 0, then v touches u from below at the interior point zy. Thus,

the definition of u being a C-viscosity supersolution on €2 yields

a contradiction.
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6
The Degree Theory Approach

This chapter is devoted to the proof of theorems 5.3, 5.4 and 5.5, split in
sections 6.3, 6.4 and 6.5, respectively. However, the first section in the sequel
is completely independent from the others sections and only requires the usual
bounds necessary to the application of C1® regularity and estimates from

chapter 3.

6.1
Existence results through fixed point theorems

In this section we construct and study an auxiliary fixed point problem
in order to obtain the existence statements in theorems 5.3-5.5.

Consider the problem (Py) without A dependence, i.e.

{ —F(z,u, Du,D*u) = c(x)u+ (M(x)Du, Du)+ h(z) in )

u = 0 on 0Of)

under (SC). In this section all results hold for functions b, ¢ and h in LP(2).
About the matrix M, we only need to assume that M € L*(Q2). We set

p = || M]| ). As for ¢, no sign condition is needed in this section.

We define, under hypothesis (H;), the operator 7 : E — E that takes a
function u € E = C*(Q) into U = Tu, the unique LP-viscosity solution of the

problem

{—F(m,U,DU,DQU) = c(x)u+ (M(z)Du, Du) + h(xz) in Q ()

U =0 on 02
Claim 6.1 The operator T is completely continuous.

Proof. Let u, € E, uy — u in E. Then |ug||g < Cy, for all & € N. Set
fr(z) = c(x)uy + (M (x) Dug, Dug) + h(x) so

fll oy < IhllLri) + Collelloiy + 1 C5 < C.

Next, ABP on the sequence Uy, = Tuy, produces ||Ug||re < C'|| fillr@) < C.

Therefore the C*® global estimate (theorem 3.1 and remark 3.3, see also


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 6. The Degree Theory Approach 94

remark 3.2) gives us [|Ukl[cra@ < C. By the compact inclusion of Che(Q)
into F, there exists U € E and a subsequence such that U, — U in E. This
already shows that 7 takes bounded sets into precompact ones.

We need to see that U = 7Twu. This easily follows from stability

(proposition 2.12), by defining, for each ¢ € W2P(Q),

gi(x) := —F(x,Uy, Dp, D*¢) — fi(x), g(x) := —F(x,U, Dp, D*p) — f(x)
a.e. € (2, where f is the same as f with u replaced by w. Indeed, by (SC),

lgx — gllze) < ldl|zr) W(|Uk — Ullze@)) + llcllr@llur — ul[ze ()
+ 11 (| Dug|| oo @) + | Dull oo e)) || Dy, — Dul| () |27
< Nldllzoi@) w(|1Ux = Ullz(9)) + { llell oy + 2Co |27} Jug — ull &,

which converges to zero as k — 400, since w is increasing, continuous in 0,
with w(0) = 0. Since the problem (7,) has a unique solution, U = Twu. On
the other hand, since this argument can be made for any subsequence of the
original (Uy)ken, the whole sequence converges to U = Tu. [ |

The next existence statement is a typical result about existence between
sub and supersolutions, and it is a version of theorem 2.1 of [15] for fully

nonlinear equations. We start with a definition.

Definition 6.2 An LP-viscosity subsolution o € E (supersolution [3) of (P) is
said to be strict if every LP-viscosity supersolution (subsolution) u € E of (P)
such that o < u (u < B) in Q, also satisfies « K u (u < ) in Q.

Set B, = BZ(0) := {u € E; ||u||g < r}, for any r > 0, E = C}(Q).
Theorem 6.3 Let Q C R™ be a bounded domain with 092 € CY'. Suppose
(SC), (Hﬁ) and (H1> Let o = maxi<;<x &5, 5 = minlgjgb ﬁ], where (673 ﬁj €
W2P(Q) are strong sub and supersolutions of (P) respectively, with o < 3 in Q.
Then (P) has an LP-viscosity solution satisfying o < u < f in Q. Furthermore,

(i) If a« and 8 are strict in the sense of definition 6.2, then for large R > 0
we have

deg(I —T,5,0)=1
where S = O N Bg, for O =0, p5:={u€ C(Q); a < u< Bin Q}.

(ii) If (Hs) holds, there exists a minimal solution u and a mazimal solution
u of (P) in the sense that every (strong) solution w of (P) in the order
interval o, B] (i.e. such that a(x) < u(x) < p(x) for all x € Q) satisfies

a<u<u<u<pf in €.
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Notice that, under the assumptions of theorem 6.3 and by the global
C estimate (theorem 3.1 and remark 3.3), every solution u of (P) satisfying
a<wu < fin € is such that

[ullcra < €, (6.1)

where C' depends on 1o, n, p, p, [|bllzr(), llcllze@)s 1PllLr9), w(D)]d]r@),
diam(§2), Ap, Ap, on the C™! character of the boundary and, of course, on the

L uniform bounds on u given by ||| and ||5||oo-

Proof. Consider any R > max{C, ||a||g, ||f]|g} + 1, with C from (6.1).

Part 1. Ezistence of a solution in the order interval [« f3].

First of all, we construct a modified problem, similar to but a little bit
simpler than the one given in [15]. In order to avoid technicalities, consider

k =t = 1; later we indicate the corresponding changes. We set

f(z,r,p) == h(x) + c(x)r + (M(z)p,p);
flz,r,p) = h(x) + c(x)r + (M(x)p,p)
for
M(z) = M(z,p) = { M) 732 i,f b=t
x>W7 if ’p| > R7
and also

f(z,a(x), Da(x)), if r < a(x)
D) if a<r<p)
[(x,B(x), DB(x)), if r> B(x).

Consider the problems

—Flu] = f(z,u, Du) in Q, (P)
—Flu] = f(x,u, Du) in Q, (P)
—F[u] = f(x,u, Du) in Q, (P)

and v =0 on 0f.

Notice that, by the construction of f, f and |Dal, |DS| < R, we have

f(z,a(x), Da(z)) = f(x,a(z), Da(z)) = f(z,a(z), Da(z)) ae. inQ (6.2)
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and the same for 3. So, «, 3 are also a pair of strong sub and supersolutions

for (P) and (P). Observe also that || M]| ) < 4.

Claim 6.4 The operator F(z,r,p, X)+ (M(z)p,p) still satisfies (SC)*.

Proof. We need to estimate the difference A, , := (M (x, p)p, p) — (M (z, q)q, q).
First, if both |p|, |¢| < R, then M (x,p) = M(z,q) = M(z) and we have nothing
to prove (see remark 2.2). In the second place, if both |p|, |¢| > R then

R? R? R?

= W<M($)p,p> — —(M(x)q,q) < (M(x)p,p) — —5(M(z)q,q).

P |q|? |q|?

So, reversing the roles of p, ¢, it is enough to consider |p| < R and |¢| > R. In

this case, the modulus of the last expression above is equal to

|lqlp — Rq]| |q| [p| + Rlq|
lq| lq

<ulp—Rq/lql|(Ip| +R) < plp—ql (Ip| + lal)

| M @)lal . lal ) — (M) B, B <

since the distance between p and ¢ is greater! or equal than the distance

between p and the projection of ¢ on the ball Bp. [

By claim 6.4, (6.1) and the definition of R, every solution u of (P) with
a<u<pBinQ is CH up to the boundary and satisfies

Julz < R, (6.3)

so M(z) = M(z, Du) = M(z), and u is a solution of the original problem (P).

Claim 6.5 Every LP-viscosity solution u of (P) satisfies o < u < f in Q,
hence is a solution of (P), and, by the above, a solution of (P).

Proof. Let u be an LP-viscosity solution of (P). As in the proof of lemma 2.7,
assume v := u — « is such that mingv = v(zp) < 0 in order to produce a
contradiction. Since v > 0 on 0f), it follows that zy € €. Consider, then, the
set Q1= {v < 0} # 0.

We claim that v is an LP-viscosity supersolution of
M~ (D*) — b(z)|Dv| <0 in Q. (6.4)

Indeed, let p € W2P(Q) and Z € Q such that v — ¢ has a local maximum at

Z in Q. Then, o+ ¢ € W2P(Q) and u — (a + ¢) has also a local maximum at

LObserve that |p — q| is the length of the opposite side to the obtuse angle.
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Z. By definition of u as an LP-viscosity supersolution of (P), for every ¢ > 0,
there exists an r > 0 such that for a.e. in B,(Z) N Q,

—F(x,u,D(a+ ¢, D*(a+¢))) — f(z,a, Da) > —e, (6.5)

since u < « in Q. Further, from (6.2), —F(x,a, Do, D*c) — f(z,u, Da) < 0
a.e. in Q. Subtracting this from (6.5) and using (SC), we obtain £~ [u] <  a.e.
in B,(Z) N, since d(x)w(vt) =0 in Q. Hence, (6.4) is proved.

Now, (6.4) and ABP imply that v > 0 in Q, contradicting the definition
of 2. So, ming v > 0 i.e. v > o in 2. Analogously, © < § in €. [ |

Next, we move to build a solution for the operator T : E — E that takes
a function v € E into U = T, , the unique LP-viscosity solution of the problem
—~F[U] = f(z,u,Du) in Q ~
(7a)
U =0 on 0.

Solutions of (P) are fixed points of 7, and belong to the order interval
[a, B], by claim 6.5. Moreover,

| Tul|p < Ry, forall uekE, (6.6)

for an appropriate Ry > R. In fact, by observing that

[(M () p, )], if |pl <R

o < uR?*, for all p € R",
el (M(@)p,p)|, if [p| =R

(M(x)p,p)| =

then | f(z,r,p)| < |h(x)|+p RB?+ |e(x)| max{||allso, || 8]l } - In addition, for the

function vy(x) := f(z,u(x), Du(x)),
Vo) < 1AllLo) + 1 R + [l o) max{[Jallc, | Blso},

for every u € E. Thus, C1* estimates (theorem 3.1 and remark 3.3, see also
remark 3.2) together with ABP, applied to the problem (7,), give us that
U="TueC"@Q) and Ul crem < C < Ro. Thus, (6.6) follows.

Notice that T takes bounded sets in F into precompact ones, by the above
and the compact inclusion 4 C E. Also, if uy — w in F, then Uy = Tuy — U
in E up to a subsequence; thus we can conclude that 7 is completely continuous

if we show that U = Tu. To prove the latter, similarly to the argument with
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T we set, for ¢ € W2P(Q),

loc

gp(7) := — F(x, Uy, D, D*p) — c(x) g — { M (x, Dug) Duy, Duy,) — h(z)
g(x) :=— F(z,U, Do, D*¢) — c(x) % — ( M(z, Du) Du, Du) — h(z),

where, for each fixed function v, the function v is the following truncation

alz) if v(z) < a(zx)
() =1 v(z) if a(z) <v(z) < p(z)

pla) it v(z) > ().

Observe that

up(z) —u(z) if ref{fa<u <pB}n{a<u<p}

up(z) —a(z) if ze{a<u <g}n{u<al

ug(x) — B(x) if ze{a<u, <p}n{u>pg}
() — Gz = alz) —u(z) if zef{uy <afn{a<u<p}

Blx) —u(zx) if ze€{u>p}Nn{a<u<pf}

flz)—a(x) if ze{u>pBrN{u<al

alz) = p(z) if ze{u <a}n{u>p}

0 otherwise

thus |y — @ is given by

lug — ul in {a<u,<p}n{a<u<p}
up—a<u,—u in {a<u <pB}nN{u<al
f—up<u—u; in {a<u, <pB}n{u>p}
u—a<u-—ug in {u <a}n{a<u<p}
f—u<up—u in {uy>p}N{a<u<p}
f—a<|uy—ul in ({ur>pBrNn{u<a}l)u{u <a}n{u>p})
0 otherwise

and then |[uy — @||pe@) < ||ur — ullLe@) — 0 as k — oco. By the estimates
for 7 and using that the function p — (M (x,p)p, p) is continuous in p for a.e.
x € Q, we get |lgr — gllzr) — 0 as k — oo and so U = Tu.

By complete continuity of 7 and (6.6), the degree deg(I — T, Bg, ,0) is
well defined and is equal to one. Indeed, set Hy(u) :=t Tu for all t € [0, 1] and

notice that (I — H)u=0 & u= tTue Bg,. Then I — H, does not vanish
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on 0Bg, and

deg([—’f’,BRo ,0) =deg(I — Hy,Bg, ,0)
= deg(l_HOJBRo 70) :deg(I7BR070) =1.

Therefore, T has a fixed point v € E, which is a solution of (f’) By
claim 6.5, the first existence statement in theorem 6.3 is proved in the case
k=1=1.

If o and (8 are in the general case as the maximum and minimum of

strong sub and supersolutions, respectively, we define f as

max<;<x (7, a;(x), Day(x)), if 7 < a(z)

f(z,r,p) =14 f(x,r,p), if a<r<px)
IIlil’llSjSL 7(.%, ﬁj(l’), DBJ<ZL’>> , if r> 5(.%)

and consider R > max{||a||g, [|Bille; 1 <i <k, 1 < j <} In claim 6.5,
choose i € {1,..., k} such that ming (v — a) = (v — a;) (o), define v =u — o
and replace a by a; € W?P(Q) until the end of the proof, observing that
z € Q= {v < 0}implies u(z) < a(z). The rest of the proof is exactly the same.

Denote by H the set of fixed points of 7 belonging to the order interval
[, B]. In claim 6.5 we saw that this set contains the set of fixed points of 7.
The converse is also true, since any solution of (P) in the order interval [, 3]

satisfies f(x,u, Du) = f(z,u, Du) and (6.3), hence is a solution of (P), i.e.
H={uecE;u=Tu,a<u<pf inQ}={ueckE;u="Tu}. (6.7)
Notice that we just proved that this set is nonempty.

Part 2. Degree computation in S under strictness of o, B — proof of (i)

Suppose «, [ are strict, and consider the set S as in the statement of
theorem 6.3. Since there exists a solution u € C}(Q) of (P) with a < u < 3 in
2, by definition 6.2 we have a < u < [ in {2 and so § is a nonempty open
set in C1(Q). Further, from part 1, we see that all fixed points of 7 are in
S C B C Bg, , the degree over By, is equal to 1 and solutions of (P) and (P)

in § coincide, leading to

deg(I —T,S,0) = deg(I — T, S,0) = deg(] — T, Bg,,0) = 1.
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Part 3. Existence of extremal solutions under (Hy) — proof of (ii).

From the proof of part 1, we know that for any sequence (uy)gen in F
with u, — u in E there exists U € F such that Tu, — U = Tu in E. Then,
if additionally u; = T uy, we obtain that v = 7u thus the set 7 in (6.7) is a
(nonempty) compact set in E.

Now consider, for each u € H , the set C,, :=={z € H; 2z <wu in Q}.

Claim 6.6 The family {C,}uex has the finite intersection property, i.e. the

intersection of any finite number of sets C, is not empty.

Proof. Let uq,...,u, € H. Observe that B ‘= minj<;<, w; is an LP-viscosity
supersolution of (P), with a < B < B in Q. Furthermore, under hypothesis
(H,), such f is a minimum of strong solutions of (P), which is exactly what
we need in order to use part 1 of the above proof, obtaining the existence of a
solution v of (P) with a < v < B < pin Q, ie. v € H and v < u;, for every
i€{l,...,K}, 80 v € Ni<icy Cuy, # 0. [ |

By the definition of compacity of H by open covers and claim 6.6, there
exists u € Nyey Cy (see, for example, theorem 26.9 in [88]). But then there
exists a solution u of (P) with o < u < w in Q, for all u € H. Analogously we

prove the existence of u, with u <@ < 8 in 2, for every u € H. [ |

Remark 6.7 The conclusion of the theorem 6.3 is still true if, instead of c(x),
we have some c(x,u) such that c(x,u)u = c(x)Tyu, where T, is a truncation of
u, i.e. Ty(u) = u foru > a, Ty(u) = a for u < a. In this case, similiar to the
“tilde” truncation, |Tyuy — Tyu| < |ux, — u| and the rest of the proof carries on

in the same way.

6.2
Some auxiliary results

We start by constructing an auxiliary problem (P ), for which we can
assure that there are no solutions for large k, and that (Pyg) reduces to the
problem (Py). This is a typical but essential argument (see [66], [15]) that
allows us to find a second solution via degree theory, by homotopy invariance
in k.

Fix Ay > 0. Recall that proposition 5.7 gives us an a priori lower uniform
bound Cjy, depending only on n,p, Ap, Ap, 1, 2, Ao, ||b]| (), ||¢l| L) and
|~ || Lo (@), such that

u > —Cy, for all LP-visc. supersol. u of (Py), for all A € [0,As].  (6.8)
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Consider, thus, the problem

(Pak)

—Flu] = Xe(z)u+ h(z) + (M(z)Du, Du) + k¢é(z) in Q
u = 0 on 0f)

for k > 0, A € [0, Ay], F satistying (SC)o, (Hg) and (H;), M satistying (M),
cz20,c,h € L>(Q) and ¢ being defined as

c(z) = cay(x) := Ac(x) + h™ (x) + Ay Co c(x) € LT (Q), (6.9)

with A := X\;/m, m = ui/Ap, where \; = A (L7 (c),Q) > 0 is the first
eigenvalue with weight ¢ of the proper operator £, associated to the positive

eigenfunction ¢; € W%P(Q), given by proposition 4.3, that is,

(L™ 4+ Mic) [¢1] 0 in
o1 > 0 in Q (6.10)
p1 = 0 on ON.

Note that every LP-viscosity solution of (Pyj) is also an LP-viscosity
supersolution of (Py), since k¢ > 0, and so satisfies (6.8). From this and (6.9)

we have, for all £ > 1 and for a.e. in 2,
Ae(z)u+ h(z) + ke(z) > —ACoe(x) — h™ (z) + ¢(x) = Ac(z) 2 0. (6.11)

Lemma 6.8 For each fized Ay > 0, (P\x) has no solutions for all k > 1 and
A€ [0,Ay].

Proof. First observe that every LP-viscosity solution of (Py ), for A € [0, Ay],
is positive in 2. Indeed, from (6.11), (SC)y and M > 0, we have that u is an
LP-viscosity solution of
L7 [u]
U

and this implies that v > 0 in €2 by ABP. Then u > 0 in © by SMP.
Assume, in order to obtain a contradiction, that (P ;) has a solution w.
Again by (M), (6.11) and (SC)o, u is also an LP-viscosity solution of

0 in Q
0 on 09,

I NA

0 in (),

u

{.c—[u] < —u|Du> — Ac(z) in Q
>
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and from lemma 2.20,

{(E_—i-)\lc)[v] i —Ac(z) in Q (6.12)

in €,

=}

using mA = Ay, where v = =+ {¢™ — 1}, for m and A given by (6.9). Then
(6.12) and (6.10), together with proposition 4.4 (see also remark 4.6), yields
v =ty for some ¢t > 0. But this contradicts the first inequality in (6.12), since
Ac(z) Z? 0 and (L7 4+ Mo)[tp1] =t (L™ + Mic)[e1] =0 in Q. |

When we are assuming hypothesis (Hy) we just say solutions to mean
strong solutions of (P,). However, sub and supersolutions of such equations,
in general, are not assumed strong (since we are considering the problem in
the LP-viscosity sense), unless specified otherwise. To avoid possible confusion,
we always make explicit the notion of sub/supersolution we are referring to.

The next result is important in degree arguments, bearing in mind the
set S in theorem 6.3.

Lemma 6.9 Suppose (SC)o, (Hg) and (Hsz). Then, for every A > 0, there
exists a strong strict subsolution oy of (Py) which is strong minimal, in the

sense that every strong supersolution B of (Py) satisfies ay < (3 in €.

When uy has a sign, we will see in the proofs of theorems 5.4 and 5.5
that ug can be taken as # and «, respectively, in theorem 6.3 for the problem

(Py), for all A > 0. In the second case, lemma 6.9 will not be necessary.

Proof. Let K be the positive constant from proposition 5.7 such that every

LP-viscosity supersolution 8 of

~FIB) > del@)d+ (ME@DADR < (@) =1 i 2
g =0 on 090 *
satisfies § > — K in (). Let g be the strong solution of the problem
L7lag) = MKe(z)+h (z)+1 in Q (6.13)
ap = 0 on 01,

given, for example, by proposition 3.5. Then, as the right hand side of (6.13)
is positive, by ABP, SMP and Hopf, we have ay < 0 in €.

Claim 6.10 FEvery LP-viscosity supersolution 5 of (Py) satisfies 5 > aq in €.

Proof. First notice that [ is an LP-viscosity supersolution of (f’,\) and so
satisfies § > —K. Second, by (SC)g and M > 0, (8 is also an LP-viscosity
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supersolution of
—L7[6] > Ae(x)B+ h(z) > —AKce(z) —h () —1 in Q
and setting v := 8 — g in §2, v is an LP-viscosity solution of
L[] < M (D?*B)+ Mt (=D*ag)—b(x)| DB|+b(x)|Dag| = L7[B]—L [ag] <0

since qy is strong. Further, v > 0 on 02 then, by ABP, v > 0 in 2. [
Set

c(x,t) =

c(z) it t>-K
—Kc(x)/t if t<—-K.

Note that 0 < ¢(z,t) < ¢(z) a.e. in Q and ¢(z,t)t > —Kc(x) for t € R. Then,

—Flog] < =L o) = =AKc(z) —h™(x) — 1
< A€ (z, ap)ap + (M(z)Dag, Dag) — h™(x) — 1

since M > 0 and qy is a strong subsolution of (P)).

Consider the problem (P)), which we define as the problem (Py) with
¢, h replaced by ¢ = ¢(x,u), h = —h~ — 1. So, solutions of (P,) are strong, by
hypothesis (Hs). Moreover, observe that we are in the situation of remark 6.7,
since ¢(x,u)u = c¢(x)T_gu as in there, which allows us to use theorem 6.3 in

order to obtain solutions of (P,).

Let By be some fixed strong supersolution of (Py) (if there were not
strong supersolutions of (Py), the proof is finished). Then, by claim 6.10, we
have ag < fy in . Also, in that proof we observed that 3, > —K, then

¢(x, fy) = c(x) a.e. x € Q, which means that

—F[Bo] = Ac(x)Bo + (M (x) Do, Do) + h(x)
> Ae(x)Bo + (M(x)DBo, DBo) — h™ (z) — 1

and so 3 is a strong supersolution of (P,). By theorem 6.3 and remark 6.7,
we obtain an LP-viscosity solution w of this problem, with oy < w < 5y in €,
which is strong and can be chosen as the minimal solution in the order interval

[, Po, by hypothesis (Hs).
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Remark 6.11 Notice that ¢ (z,t)t > c(x)t a.e. x € Q for allt € R, so

—Flw] = \¢(z,w)w + (M(x)Dw, Dw) — h™ (z) — 1
> Ae(z)w + (M(x)Dw, Dw) — h™(z) — 1 (6.14)

a.e. in ), that is, w is also a strong supersolution of (15,\)
Claim 6.12 For every [ strong supersolution of (Py), 8 > w in €.

Proof. Let  be any strong supersolution of (Py). As in the argument above
for By, we have that 3 is also a strong supersolution of (Py). Suppose that the
conclusion is not verified, i.e. that there exists xy € Q such that S(zg) < w(xo)
and define

p1:=min{w, f} # w.

Then S is the minimum of strong supersolutions, hence itself is an LP-viscosity
supersolution of (P,) and of (Py), by remark 6.11. Following the same lines
as in claim 6.10, 8y > ag in €. Thus, by theorem 6.3 and remark 6.7,
there exists an LP-viscosity solution w; of (P,), strong by (Hy), such that
ap <wy < B S w < Py in 2, which contradicts the minimality of w. [ |

Claim 6.13 w is a strong strict subsolution of (Py).

Proof. From remark 6.11, w > —K and ¢ (x,w) = ¢(x), which implies that w

actually satisfies (6.14) with equality, from where
—Flw] < Ae(x)w + (M (z) Dw, Dw) + h(x) a.e.in £, (6.15)

with w = 0 on 9. Thus w is a strong subsolution of (Py). What remains to
be proved is that w is strict, in order to choose «, as w. Therefore, in the
sense of definition 6.2, let u € E be an LP-viscosity supersolution of (Py) with
u > w in Q. Then, since w is strong, U :=u — w > 0 in 2 is an LP-viscosity

supersolution of
—L7[U] > Ae(x)U + (M (x)DU, DU) + (M (2) DU, Dw) + (M (x)Dw, DU)

in Q, using (SC)o and 0 < M(x) < p. Hence, for b = b + 2us| Dw| € L2(Q),
U satisfies

M~(D?U) —b(z)|DU| < 0 in Q
U > 0 in Q

in the LP-viscosity sense and by SMP, U > 0 in €. If there exists xq € 02 with

U(zo) = 0, Hopf lemma implies that 9,U(z¢) > 0. Then, U >0in 2. W N
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6.3
Proof of Theorem 5.3

Suppose, at first, (SC), (Hg) and (Hy).

We start proving the first statement in theorem 5.3, about existence of
solutions for A < 0. Set « := up — |Jug|loo and S := ug + ||to||co- Thus, a, S is
a pair of strong sub and supersolutions of (Py), for each A < 0, with o < 3 in
2. Indeed, using (SC), a < up and 0 < Ae(x)a, we have

{—F[a] i ~Flw] < Ac(@)athiz)+ (M{z)Da, Do) in - Qo0

ug = 0 on 0f)

and similarly for 8, with 5 > wg, 0 > Ac(z)B and reversed inequalities.
Therefore, theorem 6.3 gives us a solution uy € [a, 8], for all A < 0.

Observe that, since o < uy < 3, we can say that HUAHCLQ@) < C for
all A\ € [0,1], by the C"* estimates (theorem 3.1 and remark 3.3). Thus,
take a sequence A\, < 0 with A\, — 0 as & — oo. Next, the compact inclusion
Ch2(Q)) C E gives us some u € E such that u, — v in E, up to a subsequence.
Hence we can define, for each o € W2P(9),

gr(z) := F(z,uy, Do, D*p) + h(x) + A\pe(z)ug,

(6.17)
F(x,u, Dp, D*p) + h(x).

g9(z)
Therefore

lgr = gllri@) < [Awl llellzo) lluolloo + 1] Loy w(lluk = ll L)) =0

as k — o0o. By proposition 2.12, we have that u is an LP-viscosity solution of
(FPy). From the uniqueness of the solution at A = 0, u needs to be equal to
up. Finally, since the sequence of A converging to zero is arbitrary, we obtain

|lux — wol|lg — 0 as k — oc.

Now we prove the existence of a continuum from .

Fix an € > 0 and consider another pair of sub and supersolutions given
by a := ug — € and 8 := ug + €. Analogously to (6.16), we see that o, is a
pair of strong sub and supersolutions for (F). Notice that they are not a pair
for (Py) with A < 0, since they do not have a sign. However, a < ug < /3 in
Q, which implies that o < 1y < 3 in Q. Since v is the unique LP-viscosity
solution of the problem (F), then «, 3 are strict in the sense of definition 6.2.
Then, theorem 6.3 (i) gives us, for S = O N By defined there, that

deg(I — Ty, S, 0) = 1. (6.18)


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 6. The Degree Theory Approach 106

Using again that ug is the unique LP-viscosity solution of (FPp), we have
further that ind(/ — 75,up) = 1. Then, by proposition 4.11 (since T, is
continuous in A, uniformly with respect to w in balls of E, by stability), there

exists a continuum C C ¥ such that both components
CN([0,400) x E) and CN((—o00,0] x F)
are unbounded in R* x E. This proves item 1.

From now on, we suppose (SC)o.

Let us prove point 2. in theorem 5.3. The continuum C C X is such that
its projection on the M-axis is either R (and we obtain (i7) in theorem 5.3) or
it is (—oo, A], with 0 < A < 4-00. In the second case, since we know that the
component C* is unbounded in R™ x E, its projection on the E axis must be
unbounded in E.

Under (SC)g, by theorem 5.6, for any 0 < A; < Ay there is an L™ a
priori bound for the solutions of (Py), for all A € [A;, Ay]. Then, by C** global
estimate (theorem 3.1), we have also a C'"® a priori bound for these solutions
i.e. the projection of C* N ([A1, Ag] X E) on E is bounded. So, C* needs to be
unbounded in E when we approach A = 0 from the right.

Now, by proposition 5.7, there is a lower L* bound for the solutions, for
every A < Ay. Therefore, CT must emanate from plus infinity to the right of
A\ = 0, with the positive part of its solutions blowing up to infinity in C(Q).
Thus, (¢) and (éi) in 2. are proved.

Now we pass to the multiplicity results in item 3. of theorem 5.3.
Observe that, up to taking a larger R in (6.18), by C1“ estimates we can

suppose that for every u, LP-viscosity solution of (Py) in [ug — &, ug + €|,
[ullcra@ < R, forall A€ [0,1]. (6.19)
Claim 6.14 There exists a Ao > 0 such that
deg(I —T,,8,0) =1, forall X\ € (0, ).

Proof. Let us prove the existence of a A\g > 0 such that, for all A € (0, \y),
(Py) has no solution on dS. Suppose not, i.e. that for all Ay > 0, there exists a
A € (0, ) such that 7, has a fixed point on dS. Then for every k € N, there
exists A\, € (0, %) and uy € 0S a solution of (Py,). By (6.19), u, ¢ 0Br and
so uy, € 00, for all k£ € N. Note that

00 ={uecC;(Q); a<u<pin Q and u “touches” a or 3}
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where “touches” in the above, as in [66], has the following meaning.

Definition 6.15 Let u,v € CY(Q). We say that u touches v if there ewists
r € Q with u(x) = v(z) or if there exists x € 0 with d,u(x) = d,v(x). In

any case, u(z) = v(z) at a point x € Q.

If uy, touches «, there exists a x € Q such that ug(z) = up(x) — &, and
since uy, > ug — €, then maxg (ug — u) = €. If on the other side wuy, touches
B, there exists a # € Q; ur(z) = ug(x) + &, and since u;, < ug + €, then

maxg (U, — Up) = €. Anyway,
|ug — uol|oe = max |uy —ug| =€, forall k€ N. (6.20)
0

By (6.19) and compact inclusion C1*(Q) C E, there exists u € E such
that up, — u in E as k — oo, up to taking a subsequence. Hence, by stability
(proposition 2.12), u is an LP-viscosity solution of (Fp). Indeed, we define g

and g as in (6.17), for each ¢ € W;2P(Q), from where
lgr = gll @) < Ak llellr) (luolloo + ) = 0 as k — oco.

By uniqueness in A = 0, u = wug, which contradicts (6.20) by passing to limits.
Therefore, the following degree is well defined and by the homotopy

invariance and (6.18) we obtain

deg(I —Tx,S,0) =deg(I —Ty,S,0) =1, forall A € (0, ).

Claim 6.16 (P)) has two solutions when A € (0, Ao/2].

Proof. The existence of a first solution uy; with uy — e < uy1 <K up + ¢ is
ensured by claim 6.14. Set Ay := A¢/2. Then, lemma 6.8 implies that (P )
has no solutions for £ > 1 and A € (0, Ay).

Fix a A € (0,Ay]. With h replaced by h + k¢ (see (6.9)) we have, by
theorem 5.6, an L a priori bound for solutions of (P, ), for every k € [0, 1].
Precisely, we get an L> a priori bound for solutions of (P, ), for all € [\, Ay],
depending on A and A,. This provides, by the C*® estimates (theorem 3.1),

an a priori bound for solutions in F, namely
llullg < Ry, for every u LP-viscosity solution of (Pyy), for all k € [0, 1],

and for some Ry > R that depends, in addition to the coefficients of the

equation, also on A and the LP-norm of ¢. By the homotopy invariance of the
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degree in k € [0, 1] and the fact that, for k = 1, (Pyx) has no solution,
deg([ - 7;\ 7BR0 ) 0) = deg([ - 7?\,0 ) BRO ) O) = deg<I - 7;\,1 7BR0 ) 0) =0

where 7T, is the operator 7, in which we replace h by h+ k¢ (of course Ty is

still completely continuous). But then, by the excision property of the degree,
deg(I —T5,Br, \'S, 0) =deg({ — T, Bg,, 0) —deg(I —T»,S,0) =—1

which provides the second solution uys € Bg, \ S that we were looking for.
[
Next, by claim 6.16, the quantity

M:=sup{p; VX € (0,p), (Py) has at least two solutions} € (0, +o0]

it is well defined and greater or equal than Aq/2.
Claim 6.17 uy; — up in £ and maxg uy2 — +00 as A — 0r.

Proof. Let (Ag)wen C (0,)) be a decreasing sequence with A\, — 0. Say
Me < No/2 for k > kg. Since uy, 1 € S, ug — & < uy, 1 < ug + € in §, therefore
it is bounded in C1*(Q) by theorem 3.1. Hence, exactly as in (6.17), we show
by stability that u,, 1 — w in E, where u is a solution of (Fp). Then u = uy.
If, in turn, the respective sequence uy, » were uniformly bounded from
above, it would be unifomly bounded in C(Q) using proposition 5.7, so bounded
in C**(Q) and the paragraph above would imply that uy, o — ug in E. Since
ug € S and S is open in F, then u,, » should belong to BE(ug) C S for large

k, for some r > 0. But this contradicts the fact that uy, » ¢ S. u
Claim 6.18 In case A\ < +00, the problem (P5) has at least one solution.

Proof. Let A\, € (0,)\) be such that )\, — X\ and let u; be a sequence
of solutions for (Py,). Say A, € [A/2,\] for k > ko. This provides an
L> a priori bound for uy, by theorem 5.6, i.e. ||ugl| < C, which implies
that [|ugl/cra@ < Co. Again, by compact inclusion and stability, we obtain
ur — w in E, where u is a solution of (Pj). Surely, for stability we need
to comsider, this time, g(x) := F(z,u, Dp, D*p) + Ac(z)u + h(x) and so
lgr — gllzr@) < A= M) llellzr@ Co + Alcllzo@)llur — ulloe — 0 as k& — co. W

To finish the proof of theorem 5.3, it remains to show the last statements
in item 4. concerning ordering and uniqueness considerations, in which we
assume (Hj). Notice that this automatically implies that solutions wuy; and

uy o are strong, as well as every LP-viscosity solution of (Py).
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Further, note that (Hs) provided existence of minimal and maximal
solutions on the order interval [a, ] in theorem 6.3. Such existence of minimal
solution made it possible to find a minimal strong subsolution ay of (P,) in

lemma 6.9.
Claim 6.19 uy; < uy 2, for all A € (0, 5\).

Proof. Fix a A € (0,\) and consider the strict strong subsolution o = a,
given by lemma 6.9. Since in particular o < u for every (strong) solution of
(Py), we can choose uy; as the minimal strong solution such that u,; > « in

Q). This choice implies that
uy1 S uyo in Q. (6.21)

Indeed, uy; # wux2 and, if there would exist a point xzy, €  such that
ux1(xo) > wura(xo), by defining wy := min{uy i, uy2}, as the minimum of
strong supersolutions greater or equal than «, so u), > « in ). Therefore,
theorem 6.3 would give us a solution u of (P,) such that a < u < wuy S w1,
which contradicts the minimality of wy ; and implies (6.21).

To finish the proof, define v := uy o —uy; = 0in Q by (6.21). Then, since

ux1 and uy o are strong, v satisfies, almost everywhere in (2,

—L7[v] > — Fluxs] + Fluy]
Ae(z)v + (M (x)Dv, Dv) + (M (xz)Dv, Duy 1) + (M (z)Duy 1, Dv)
— 25| Duy 1| | Dvl.

v

Hence, v is a nonnegative strong solution of M~ (D) — b(z)|Dv| < 0 in Q,
for b = b+ 2ps|Duyy| € L2 (Q). Then SMP gives us that v > 0 in €, since
v #Z 0. Now, Hopf lemma and v = 0 on 02 imply 9,v|sq > 0, so v > 0 in €.
|
As far as uniqueness is concerned, from theorem 1(iii) in [12], if the
coercive problem for A < 0 has a strong solution wu,, it is the unique
LP-viscosity solution of (Py). So, under (Hs), uy is strong, then unique, in
the LP-viscosity sense, for all A < 0. Observe that, in this case, we must have
{(\uy), A <0} C C. In other words, the projection of C on the A-axis
contains (—o0, 0], as in theorems 1.1 and 1.2 in [13] for the Laplacian.

We finish the proof of 4. with the following claim.

Claim 6.20 If A < oo and F is convez in (r, p, X), the solution us of (P;),

obtained in claim 6.18, is unique.
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Proof. Suppose, in order to obtain a contradiction, that there exist two
different solutions u; and wugy of (Pj), both strong by (Hs). Consider 5 = f;
defined as %(ul + uz). Then, a.e. in 2,

—F[B] = —{F [ui] + F' [u2]}/2
)B4+ h(x) + {{(M(x)Duy, Duy) + (M () Dug, Dusg) } /2
)B + h(z) + (M(z)DB, DB)

Ae(z
> Ae(x
using also the convexity of p — (M (x)p,p). Hence § is a strong supersolution
of (P5) which is not a solution. Let us see that it is strict. Set U :=  — u,
where u € E is an LP-viscosity subsolution of (P;) with v < 8 in Q. Thus, U

is an LP-viscosity solution of

—L7[U] ; c(x)U — (M (x)DU, DU) + (M(x)DU, DB) + (M (x)Dp, DU)
> —pg| DU|? — 2p2| DB | DU,

and so, by lemma 2.20, the function w := L (1 —e ™)

, where m = po/Ap, is
a nonnegative LP-viscosity solution of M~ (D?*w) — b(z)|Dw| < 0 in Q, with
b = b+ 2us|DB| € LX (). Then SMP gives us w > 0 in Q. Now, Hopf and
w > 0 on 09 imply that 9,v|sq > 0 in the boundary points where w = 0, and
so w > 0 on . Consequently, U > 0 in §2 and therefore 3 is a strict strong
supersolution of (P5).

Consider also @ = aj the strict strong subsolution of (P5) given by
proposition 6.9 and look at the set O = {a < u < B} = {a5 < u < By}
Again, by the C1 estimates in chapter 3,

[ullgra@ < C for all u € [a, 8] LP-visc. sol. of (Py), A € MA+H1](6.22)

for some C' > 0 that depends on the L*°-norm of . Then, by theorem 6.3, we
obtain R > C such that deg(I — 75, S, 0) = 1, where S = O N Bg.
We claim that there exists € > 0 such that

deg(I —T»,S,0)=1, forall A€ [\ +g] (6.23)

As in the proof of claim 6.14, we will verify that there exists some ¢ € (0,1)
such that there is no fixed points of 75 on the boundary of S, for all A in
the preceding interval. Indeed, if this were not the case, there would exist a
sequence A\, — A with the respective solutions uy of (Py,) belonging to dS.
Say A € [\, A+ 1] for k > ko. Then, since a < u; < 8 1in Q, by (6.22) we must


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 6. The Degree Theory Approach 111

have u;, € 9O for k > ko, which means that for each such k,

max (v —ug) =0 or max (up — B) =0. (6.24)
By (6.22) and the compact inclusion CY*(Q) C E, up — u in E for some
u € E, up to a subsequence. This u is an LP-viscosity solution of (Pj) by
stability (proposition 2.12); and @ < w < [ in Q by taking the limit as
k — 400 in the corresponding inequalities for u,. Thus @ < v <  in ),
since « and [ are strict. Passing to limits in (6.24), we obtain that u touches
a or 3, which contradicts the definition of o < u < f.

Hence, obtaining (6.23) it is just a question of applying homotopy
invariance in A in the interval [\, A 4 ¢]. Next, with (6.23) at hand, we repeat
exactly the same argument done in claim 6.16 to obtain the existence of a
second solution uy 5 of (Py), for all A € [A\, A +¢]. But this, finally, contradicts
the definition of \. [

6.4
Proof of Theorem 5.4

Suppose 1y < 0 with cuy S 0 in Q and (Hs).
Claim 6.21 wuq is a strict strong supersolution of (Py), for all A > 0.

Proof. Since Ac(z)uy S 01in ©, g is a strong supersolution of (Py) which is not
a solution. To see that it is strict, we take u € E an LP-viscosity subsolution
of (Py) such that u < wug in 2, and set U := up — u. Then, since wuq is strong,

U is an LP-viscosity supersolution of

—L7[U] > Ae(@)U — (M(2)DU, DU) + (M (z) Dug, DU) + (M(z) Dug, DU)
>~ |DUJ? — 2412 | Dug| | DU].

Moreover, M~ (D?*w) — b(z)|Dw| < 0 in Q in the LP-viscosity sense, where
b = b+ 245 | Dug| € L() and w = ~{1—e"™}, m = py/Ap, by lemma 2.20.
Using SMP and the fact that wug is not a solution of (Py), we have w > 0 in .
Since w > 0 on 0f2, at points belonging to 92 such that w > 0 we are done.
If in turn 2y € 09 is such that w(zg) = 0, then 0,U(zo) > 0 by Hopf. Thus
w > 0and so U > 0in . [ |

We now prove that for all A > 0, (P,) has at least two solutions, u,; and
Uy 2, With uy; < up and uy; <K uy 9.

Fix a A > 0. From lemma 6.9 and claim 6.21, we get a pair of strong
strict sub and supersolutions, o = a) and wug, which implies, by theorem 6.3,

the existence of a first solution uy; € S, where
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S=8={ueCiQ); a<u<uy in Q} NBx for some R > 0.

Remark 6.22 We already know, from theorem 5.3, that at least two solutions
exist. Here we redefine, as in [15], the set S in order to obtain more precise
informations about 3. Notice that, with this new definition, we automatically
have uy; < uy < 0.

Fix a A > 0 and set Ay := 2)\. As in the proof of claim 6.16, we observe
that, by lemma 6.8, (P, x) has no solutions for k& > 1. Moreover, for h replaced
by h + k¢, theorem 5.6 gives us an L> a priori bound for solutions of (Pj)
for every k € [0, 1], which depends on . This provides, by the C1* global
estimates (theorem 3.1), an a priori bound for solutions in E, i.e. |ul|p < Ro
for every u solution of (Pyy), for all k € [0, 1], where Ry > R also depends on
A. By the homotopy invariance of the degree,

deg(I —Tx 7BR0 ) O) = deg(I - 7;\,0 7BR0 ) 0) = deg(] - 7;\,1 >BR0 ) O) = 0.
Therefore, by the excision property of the degree
deg(I — T, Bgr, \' S, 0) =deg(I — T\ ,Bg,, 0) —deg(I —7,,S,0)=—1

and the existence of a second solution uy s € Bg, \ S is derived.

Since the argument above can be done for any A > 0, we obtain the
existence of at least two solutions for every positive . Exactly the same
reasoning from claims 6.19 and 6.17 applies to check that uy; < uy2 in €2
and to get their behavior when A — 07, respectively, since A is the same from

theorem 5.3. Of course, here A\ = +o0.
Claim 6.23 For Ay < Ay, we have uy,; < uy, 1 in §L.

Proof. For fixed Ay < Ay note that A\ c(x)uy, 1 = Ao c(z) up, 1 since uy; < 0.
Then, uy, 1 is a strong supersolution of (P,,) which is not a solution and, in
particular, uy, 1 7 Ux,1-

We first infer that uy,1 S uy, 1 in €2 In fact, similarly to the argument
in the proof of claim 6.19, recall that o = a,, given by lemma 6.9, is such
that oo < w for every strong supersolution of (P, ), and in particular o < uy, ;.
Remember also that wy, ; is the minimal strong solution such that uy,; > a in
Q2. Now, if there was a point zy € 2 such that uy, 1(zo) > ux, 1(20), by defining
S = min{uy, 1, U, 1}, as the minimum of strong supersolutions of (P,) not
less than «, we have a < [ in (). Thus, theorem 6.3 provides a solution u of

(Py,) such that o <u < 8 S wy, 1 in , contradicting the minimality of uy, ;.
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Proceeding as usual, the function v := uy, 1 —uy, 1 is a nonnegative strong
supersolution of M~ (D?v) — b(x)|Dv| < 0 in €, then SMP gives us that v > 0
in Q, since v # 0. Next, Hopf and v = 0 on 92 imply that d,v|sq > 0, hence
v > 0in €. |

Remark 6.24 Notice that u < ug in €2, for every nonpositive LP-viscosity
subsolution u of (Py) in E. Indeed, since \c(x)u < 0 in Q, u is also an
LP-viscosity subsolution of (Py). By remark 5.9 we have u < wg, since ug
1s strong. Now, by claim 6.21 and definition of strict supersolution, we get
u < ug in Q. In particular, w = 0 is never a solution of (Py), for any A > 0

(recall that cuy # 0).

Claim 6.25 In addition to the hypotheses of theorem 5.4, suppose that F
is convez in (r,p, X). Then, (P\) has at most one nonpositive solution. In

particular, maxg uy 2 > 0.

Proof. Suppose, in order to obtain a contradiction, that there exist two
different nonpositive solutions u; and wug, strong by (Hs). By remark 6.24
we know that u; < wug and us < ug in 2. We can assume that they are
ordered, in the sense that u; < us. Indeed, observe that max{uy, us} < o, then
theorem 6.3 yields a solution ug of (Py) with us < max{uy,us} <wug <wup <0
in €. Thus, if the solutions u; and us do not satisfy u; S o, then there is a
point zg € Q with uy(xg) > us(xg), which implies that uy # max{uy, us} and
SO ug S ug; in this case we just replace uy, ug by us, ug respectively.

Since up < 0 (from us < uy and J,ug < 0), the quantity
7 :=inf{t > 0; (1 +t)ux < uy in Q}

is well defined and finite. Further, 7 > 0, since uy — uy = 0, so this infimum is

attained. Then, by setting w := 2{(147)us —u1 }, we have that w < 0 satisfies

Uy = H%w + 1%7“1 and it is a strong subsolution of
1+7 1 1+71
Flw] > Flug) — ;F[ul] = T{ Ae(z)ug + (M () Dug, Dus) + h(z) }

T

- i{ Ae(@)ur + (M (x) Duy, Dur) + h() }

> Ae(x)w + (M(z)Dw, Dw) + h(z) in €,

since F' is convex in (r,p, X) and p — (M(x)p,p) is convex in p. Now, by
remark 6.24 we have w < wug in €2, i.e. w = w,; < 0 in €. Then, there exists
a little bit smaller ¢ € (0,7) such that wy < 0 in Q (see the argument in
proposition 4.4, by taking a compact set with small measure containing the

boundary). Therefore, this last contradicts the definition of 7 as a minimum. B
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6.5
Proof of Theorem 5.5

Suppose, for the time being, just ug > 0 with cug = 0 in Q and (SC)y.

Claim 6.26 We have u > uq, for every nonnegative LP-viscosity supersolution
u € E of (Py), for all A > 0.

Proof. Notice that Ac(x)u > 0 in Q implies that u is an LP-viscosity
supersolution of (Fp). Since ug is strong, by remark 5.9, u > wug in €. But
ug is not a solution of (Py) for A > 0 since cuy # 0, which means that ug Z u.

Set v :=u — ug in €. Then, using M > 0, we see that v is a nonnegative

LP-viscosity supersolution of
M~ (D*») —b(x)|Dv| <0 in Q

with b := b+ 2p5 | Dug|, as usual. By SMP, v > 0 in Q. If v > 0 on 99 it is
done; if on the other side there exists xy € 02 with v(zg) = 0, we apply Hopf
lemma to obtain d,v(xy) > 0. Therefore, v > 0 in . [

Claim 6.27 (P)) has no nonnegative LP-viscosity solutions for X large.

Proof. Let A > )i, where \; = \f (£ (¢),Q) > 0 is the principal weighted

eigenvalue of

L™ [v] ;== M~ (D*) + b(x)|Dv|, b(x) = b(z) + 2z | Dug| € L2(Q),

associated to @, = ¢ (L (c),Q) € W?P(Q), from proposition 4.3, i.e.

(L~ +Mo)[@] = 0 in
1 > 0 in Q (6.25)
o1 = 0 on 09

Suppose, in order to obtain a contradiction, that there exists a
nonnegative LP-viscosity solution u of (Py) and set v := u — ug in . By
claim 6.26, it follows that v > 0 in 2.

Since ug is strong, we can use it as a test function into the definition
of LP-viscosity supersolution of u, together with (SC)y and psl > M > 0, to
obtain that

— L7 [v] > Ae(x)v + Ae(x)ug + (M (x) Dv, Dv) + (M (x) Dv, Duy)
+ (M () Dug, Dv) Z A\ye(x)v — 2p5| Dug| | Dvl
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since ¢(x)up = 0, and so v satisfies

{(5—1—5\10) [v f 0 in Q (6.26)

0 in Q

(%

in the LP-viscosity sense. As the proof of lemma 6.8, applying proposition 4.4

(and remark 4.6) to (6.26) and (6.25), we get v = t¢; for t > 0. But this

contradicts the first line in (6.26), since (£~ 4 A¢) [t@1] = 0 in Q. |
Define

A:=sup{A; (P,) has an LP-viscosity solution uy >0 in Q}

which is finite, by claim 6.27. Of course it is well defined and nonnegative,
since ug > 0. Also, by the definition of A, (Py) has no nonnegative solutions
for A > A.

It is a subtle but important detail that \ is a positive number. In fact, by
the existence of the continuum (theorem 5.3) we know that, for A small, there
exists a solution wuy of (Py) such that uy # 0, since ||up||z > 0. But why can
we infer that u, > 0 for small A positive? This is the subject of the next claim.

Consider (Hz) from now. Then, LP-viscosity solutions of (P,) are strong.
Claim 6.28 \ > 0.

Proof. Let A € (0, Ag), where A is such that there exists a nontrivial solution
of (P,) in this interval, as indicated above. Suppose Ay < min{1,1/Cy}, where
Cy is a lower bound for the solutions of (Py) such that u > —Cj, for all
A € [0,1]. We are supposing here Cy > 0, otherwise every solution of (P))
would be nonnegative for A < 1.

Suppose firstly that h > c. In this case every nontrivial solution u of (Py)

satisfies

—L7u] > —Flu] >c(x)(1—=AgCy) + (M(x)Du,Du) >0 in £
u = 0 on ON.

Then w > 0 in 2 by ABP, for all A € (0, Ay).

In the general case, let u. a nontrivial nonnegative solution of the problem

—Flu) = h(x)+ Ae(@)ue + (M(2)Du,, Du,) >0 in Q
u. = 0 on 0f)

for h := max{h,c} > c. Notice that u, is strong under (Hs), since |h| < |h|+c.

Moreover, since h > h, then u, is a supersolution of (Py). Therefore u. > ug


DBD
PUC-Rio - Certificação Digital Nº 1412641/CA


PUC-RIo- CertificagaoDigital N° 1412641/CA

Chapter 6. The Degree Theory Approach 116

by claim 6.26. Further, since Ac(x)ug > 0, ug is a strong subsolution of (Py).
Thus, applying theorem 6.3, we obtain an LP-viscosity solution u of (Py) with

ug < u < u, in . In particular this solution is nonnegative and nontrivial. H

Remark 6.29 Another way to prove claim 6.5 is through arguments on first
eigenvalues, which provide an estimate on the smallness of \.

Set v := uy — u, with u an LP-viscosity solution of (Py) for positive A
such that X < (Cya ||¢|| te)) ™", where Cy is the constant from ABP for p = 0.
Of course, negativity of v yields u > ug > 0 in Q. So, in order to obtain a
contradiction, suppose that supgv > 0.

Notice that v is an LP-viscosity solution of L*[v] > —Ae(x)vt in Q, with
v =0 on 0N. Thus, as in the proof of proposition 3.4 in [12], we use ABP to
obtain that supgv < X Callc||r) supg v which, by the choice of A, yields a

contradiction.

Claim 6.30 For each X € (0,\), (Py) has a well ordered strict pair of strong

sub and supersolutions, namely uy < By in 2.

Proof. Let A € (0,)). As the strict subsolution we just consider uy again,
which is strong. Note that wug is strict, since for any supersolution v € E such
that © > wug in 2, we have u > ug, by repeating the final paragraph in the
proof of claim 6.26.

Note that, from the definition of X, there exists u € (A \) and a
nonnegative solution w, of (P,). By claim 6.26, u, > u in 2. On the other

hand, since
c(@)(p—A)uy =2 e(x)(p—A)uo Z 0,

we have pc(x)u, = Ae(z)w, and so u, is a supersolution of (Py) which is not a
solution. In addition, u, is strict because if u € F is an LP-viscosity subsolution
of (P\) with u < w,, in , by defining v = u, — v and arguing as usual when

we have a strong supersolution, v becomes an LP-viscosity supersolution of
M™(D*) — b(z)|Dv| — po [Dv[* S0 in Q

with b := b+2p5 | Du,| € L7(€). Thus, w = L{1—e ™}, for m = pa/Ap, is an
LP-viscosity supersolution of M~ (D*w) — b(z)|Dw| < 0 in Q by lemma 2.20.
Then, SMP gives us w > 0 in 2 and so w > 0 in 2, by applying Hopf at the
boundary bounds where w = 0. Consequently, v > 0 in €.

Therefore, we can define 3y := u,, for = p(\), for all A € (0, \). |

Hence, by claim 6.30 and theorem 6.3, there exists a solution wuy ; of (Py)
with ugp < wuy1 < By in Q and deg(I — 75, S,0) =1, for all A > 0.
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Next, we work a little bit more to construct the second solution uy o that
also satisfies uyo > g but is not in S (as in [15]). For this, fix a A € (0, \)
and consider the open subset of E defined by

D = {u e Cy(Q); up < uin Q},
which contains the set & from theorem 6.3, since
S={u€eBr;u<Kprin Q}ND.

Analogously to the proof of claim 6.16, we obtain an a priori L* bound
for the solutions of (Pyj) which depends on A but not on k € [0,1], related
to Ay := A — 0 for some small § > 0. This provides a Ry = Ry(\,0) > R
which bounds the E-norm of the solutions, by the C'%* estimates. Then, by
the homotopy invariance of the degree in k& and the fact that there is no
solution for k = 1, we have deg(I — Ty, Br, N D, 0) = 0. Therefore, by excision,
deg(I—Tx, (Br,ND)\S,0) = —1, which provides a second solution uy» € D\S,
i.e. a solution that satisfies, by construction, uy o > ug in Q, for A € (0, A — J],
for every > 0. In particular, this second solution is also nonnegative and

nontrivial for all A < \.

Under (H;), theorem 6.3 (i7) allows us to choose uy; as the minimal
strong solution between uy and ). As the proof of claim 6.19, this implies
(6.21). Indeed, uy; # wuyo2 and, if would exist zy € Q with wuy;(zg) >
uy2(zo), by defining B =0 = min{uy 1, uxz2, 5}, as the minimum of strong
supersolutions greater or equal than ug , we have 8 > ug in Q. Also, 3 < f3y in
2. By theorem 6.3 there exists a solution u of (Py) such that uy < u < 6 S un,
which contradicts the minimality of uy i, since u is a solution which belongs
to the order interval [ug, £,].

Therefore, defining v = uy 2 —uy1 = 0in Q, we see that v is a nonnegative
strong solution of M~ (D?v) — b(z)|Dv| < 0 in Q. Thus, since v # 0, SMP
yields v > 0 in 2 and Hopf concludes that v > 0 in €2, i.e.

uy1 K uyg in €, forall A e (0,5\).
Claim 6.31 For \; < Ay, we have uy, 1 < Uy, 1 in §2.

Proof. The proof is similar to the proof of claim 6.30, but a little bit simpler
since both wuy, 1 and uy, 2 are strong. We repeat it here to avoid confusions

about notation. For fixed A\; < Ay, we have Ay c(x) ur,1 = A\ ¢(x) uy, 1 since

(A2 — A)e(@)urg 1 > (A2 — A)e(x)up = 0.
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Then, uy, 1 is a supersolution of (Py,) that is not a solution. In particular it
follows that wy, 1 7# ux,1-

Next uy, 1 S uy,1 in Q. In fact, if there was a point xy € Q such that
ux, 1(w0) > uxy1(zo), by defining 3 = min{uy, 1, ux,1, B, }, the minimum of
strong supersolutions of (Py,) larger than ug, we would have that uy < 5 in Q.
By theorem 6.3, there exists a solution u of (Py,) such that ug < u < 6 S Un s
which contradicts the minimality of wy, 1, since w is a solution that belongs to
the order interval [ug, 5, ].

Hence the function v := uy,; — uy, 1 = 0 is a strong supersolution of
M~ (D*>v) — b(z)|Dv| <0 in Q, for b = b+ 25 |Duy, 1|. Then SMP yields
v > 01in Q, since v Z 0. Next, Hopf and v = 0 on 9 give us 0,v|sq > 0, from
where v > 0 in (). [ ]

The existence proof of at least one solution for (Pj) follows exactly the
same lines as the proof of claim 6.18 since, in there, we only used the fact that
there exists one sequence of solutions corresponding to a maximizing sequence
of \’s converging to the supremum A. Furthermore, uniqueness is true if F is
convex in (r,p, X), by following the proof of claim 6.20. Finally, the behavior
of the solutions is the same as in claim 6.17 and this finishes the proof of
theorem 5.5.

Remark 6.32 Particular cases of theorems 5.4 and 5.5 are h < 0 and h 2 0,
respectively, when the hypothesis (Hy) holds. Indeed, if h 2 0, then ug is a

strong supersolution of
— L [ug] > —Fluo) = h(z) + (M (x)Dug, Dug) =2 0 in 2

with ug = 0 on 0. Then SPM gives us ug > 0 in Q and so cuy # 0.
Furthermore, by Hopf, ug > 0 in €.
On the other hand, if h < 0, then ug is a strong subsolution of

— L ug] < —Flug] S (M (z)Dug, Dug) in Q

and so vy == L (™0 —1), for m = {2, is a strong subsolution of L™ [vg] Z 0 in
Q by lemma 2.20, with vg = 0 on 0. Again by SMP we get vy < 0 in Q (then
vo < 0 in Q by Hopf ) and so does ug (with ug < 0), from where cug Z 0.
Notice that in the case h =0, we have that u =0 is a strong solution of
(Py), for all A € R. By theorem 1(iii) in [12], this is the unique LP-viscosity
solution for all X\ < 0. By theorem 5.3 we obtain the existence of \ such that

(Py) has at least one more nontrivial solution, for all X € (0, ).
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A

Notations

Here we list some notations used throughout the text.

S™ is the set of nxn symmetric matrices with real entries, S” C M, (R);

B, (xo) = {z € R™; |z — x| < r} is a ball with radius r in R"™ centered
at xg, for r > 0, B, = B,(0);

BY =B.Nn{x, >0}, T, = B, N{x, =0}, for r > 0;

BY(xg) = By(xo) N {zy, > —v}, TV (x9) = B.(x0) N {x, = —v}, r,v > 0;
w is a Lipschitz modulus if w(r) < w(1)r for all r > 0;

Q2 is a bounded domain (open and connected) in R"; u : Q — R;

0, is the derivative in the direction of the interior unit normal;

We say f € LE(Q) to mean a real function f : @ — R such that
feLr(Q)and f > 0;
Du = (ug,,...,u,,) is the gradient of u;

9%u__.
6xi8m]- )

D*u = (0iju)i ;=1 is the Hessian matrix of u, where 0;u =
Au=Y", 0yu = tr(D?u) is the Laplacian of u;

u € USC(Q) means that lim, ,, u(y) = u(z) for all z € Q, and it is
equivalent to have {z € Q; u(x) < a} open for all & € R;

LE[u] = MF(D?u)£b(z)|Du| denote both Lt [u] = MT(D?*u)+b(z)|Dul
and L~ [u] = M~ (D?u) — b(x)|Dul;

In chapters 5 and 6, F = C1(Q) and B, = BX(0) = {u € E; ||u|g < r}
is the ball in F, for any r > 0.
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B
Quadratic ABP

In this chapter we give a simple proof of quadratic ABP in the case p > n,
with p a positive constant. The proof is a version of theorem 3.1 in [63] (for
constant b). For more general conditions see also theorems 2.6 in [25] and 3.4

in [37] (see also theorem 3.3 of [24]), even for unbounded pu.

Proof of Proposition 2.6. We prove the result for subsolutions, since in

the supersolution case we just need to apply the former result to —u. We can

suppose 0 € Q and consider B = Byy(0) for d = diam(2). We define g : B — R,
g=f +d 7 |f |l mQ, g:=0inB\Q

_n _ 1 1 _
then llglese) < 15 N + 51 avel20F < (14 BB I lov). Also,
. . 1_1 _n -
by Holder’s inequality, ||g||Ln(B) < |B|» p||g||Lp(B) < dt v Copllf ||Lp(Q).

By theorem 3.5', there exists a unique strong solution w € W?2?(B) of
MIA( 2w) + b(x)|Dw| = —g(z) in B
with w = 0 on 0B, for b € L% (B) defined as zero in B\ Q, with
Wl ey < Callgllinmy < d77 Cop Callf o) »
where C'y = d C} is the constant from ABP in the L™ case, and also
lwllwarmy < Cllwll=m) + l9llem} < Collf e

for all B CC B, where Cy = Ca(n,p, \, A, ||b]| r(0), d, dist(B’,0B)). By the
Sobolev embedding W?2? C W1 the last inequality and the LP estimate for
g, we obtain, for B' := B;(0) CC B = Bs4(0),

[Dw]|zoe() < [[Dwll ey < Cullwllwarsy < Coll £ 1)

where Cy = C,, Cy = Co(n, p, \, A, ||| 1o (), ).

LOf course, we use that C® regularity and theorem 3.5, for unbounded coefficients in
the case y = 0, are already available. After, we come back here and show quadratic ABP
for pu # 0, which is needed to prove C1® regularity for p # 0.
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We first claim that if p||f~||r(0) dv < & =: 1/C2, then the function

v = u —w — maxXyq u is an LP-viscosity subsolution of
M A (D?v) +b(x)|Dv| + p|Dv> > 0in Q, v <0 ondQ,

where b(z) = b(z) + 20| Dwl| o) € LP(R2). To prove this, let ¢ € W2 (Q).

loc

Since w is a strong solution, we can write that

M A(D*(w + ¢)) + b(x)| D(w + ¢)| + p|D(w + ¢)|*
< AMIA(D*w) + b(2) [ Dw|} + M, (D?9)
+0(2)| Do| + 2| Dw|| D] + u| Do|* + p| Dw)|?
—g(z) + {M}\(D?¢) + b(x)| Dg| + p| DI’} + pl| Dw|| e (@
< —f(@) = d P ey + 1O o)
+ {MA(D*9) + b(x)|Dg| + p| Dg[*}
< f(x) + {MI\(D?¢) + b(x)|Do| + p|Do|*} for ae. z € Q

IA

by the choice uCF || f~ || o (o) dv < 1. So, if v — ¢ attains a maximum at z, € €,
then u— (w4 ¢) attains a maximum at zo € Q, where w-+¢ € W2P(Q). Hence,

loc

by the definition of u being an LP-viscosity subsolution,

0 < ess Jim { M\ (D*(w + 6)) + ()| D(w + @)] + ulD(w + S) - f(x)]
< ess T {M{,(D*0) +b(x)|Dg| + ul Do}

Of course, v < 0 on 9€) by construction and the claim is established.

Next, v < 0 in Q. Indeed, V := L(e™ — 1) is an LP-viscosity solution
of M ,(D*V) +b(x)|DV| > 0 in Q by lemma 2.20, where m = u/\. Further,
V <0 on 092. Then by ABP we have V < 0 in €2, as well as for v. Therefore,

U—maxXgo U < w < “wHLoo(Q) < (Cp Hf_HLp(Q) in €,
where Cp := d*» CnpCi depends on n, p, A\, A, diam(Q2), ||b]|zr) and it
remains bounded if these quantities are bounded. |

See the foregoing works [25], [37], [24] for a quadratic version of ABP
for po < p < n (which is known as GMP); their proofs are based on the

iterative method.
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C
A property of functions

To prove Ch* estimates, the usual way is to show that some function u,

solution of a given equation in the LP-viscosity sense, satisfies
u(z) —uly) — Duly) - (z —y)| < Cle —y["**, |[Du(y)l <C  (C.1)
for all =,y in a suitable domain. How this implies that Du belongs to C'* and
|Du(x) — Du(y)| < Clz —y|* (C.2)

is a well known universal fact which does not depend on the equation, it is
only a property of functions. A direct proof for it can be found in [27]. We
reproduce it below for completeness, adding some improvements done by Prof.
Boyan Sirakov. We also refer to the appendix of [62] for an elementary proof.

In the one dimensional case n = 1, (C.2) is evident from (C.1), since for

each x,y € Byjp = (—1/2,1/2), x > y, we have

max{u(z) — u(y) — u'(y)(x —y), —u(@) + uly) + v'(y)(x — y)} < Clz —y|**!
max{u(y) — u(z) —u'(z)(y — ), —u(y) + u(z) + v'(z)(y — 2)} < Clz —y|**!
and thus, by summing, |v/(z) — u/(y)|(z — y) < Clx — y|*+L.
In the general case we argue by induction on n. Suppose (C.2) valid for
each function of n—1 variables which satisfies (C.1) and let u be a differentiable

function of n variables satisfying (C.1) for each x,y € Bys. Fix &,y € Bys.
We want to show that

| Du(z) — Du(y)| < Clz —y|% (C.3)

where C' depends on the right quantities. Without loss we can assume that

z,y belong to the plane {x, = 0} (otherwise just rotate the space). Set

V="lg,—0: (R"'=R"N{z,=0})NB; =R
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so the induction hypothesis holds for v and gives us
|Dx’u(x) - Dz’u(y)| < C'Z’ - y|a , for all z,y € {a:n = 0} N Bl/2~

where x = (2/, x,,). Thus we only need to show that
|axnu(a_;) - axnu(g)‘ < C|j - g|a'

We can assume |z — y| < 1/4 (otherwise we are done since the gradient
of u is bounded). Set r = 2|z — y| and fix some point z € B,(Z) N B,(y) N By 2
such that z, = r/4. Then

_ _ 4 _ _
|0n,, u(T) — amnu(y” = - |8ccnu(x) “Zn — Oz, u(Y) - 2]

= ZJulz) — (@) — Doru(@) - ('~ 7) = 00, u(@) - 2

Yy
—{u(2) —u(y) — Dyu(y) - (2 =9}
—{u(z) —u(z) — Dpu(z) - (2" = 2") — 0, u(T) - 2, }
+u(z) —u(z) — Dpu(z) - (2" — )|

< i{\u(z) —u(y) — Dyu(y) - (z — 9)| + |u(z) — w(Z) — Dyu(Z) - (2 — 7)|

+[u(y) —u() = Doru(@) - (' =) + [(Daru(y) — Daru(z)) - (2" = )|}

where we subtracted and added D, u(x) - (2’ — ¢') to get the last expression.

Now we estimate each one of the above terms separately. By using (C.1),
u(2) — u() = Dau(y) - (2 = §)| < Clz — | < Cr*th = C27 |z — |
lu(2) — u(Z) — Dyu(z) - (2 — )| < Clz — z|*T < Crott = 020z — gt

() — u(7) — Dou(@) - (§ — 7)| < Clz —g|**
since Dyu(z) - (y — ') = Dyu(Z) - (y — ). Finally, we conclude by using, in
the last modulus, the induction hypothesis

| Doru(y) — Dyu(@)] 2 = §'| < Cla = g™ = 2C|z — g|**.

Consequently, from (C.2), we derive the estimate
[ull1.0 = [ulloo + | Dulloo + [Dulo < (1 +2C)W,

with C replaced by CW (which is the appropriate constant), W being equal

to ||u]le plus another terms, depending on each case, local or global one.
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D
The Local Maximum Principle for C-viscosity solutions

We present a detailed proof of theorem 2.2 in the case b is bounded and v
is continuous in Bs, following the ideas of [89], [90], [41], [33] and [91]. Consider
here £*[u] := My ,(D*u) £ v|Du|, 7> 0.

Prof of Theorem 2.2. Let 1 <r < p, for the time being. The conclusion is
trivial if w = 0 in By, thus suppose u #Z 0. So v :=u" 2 0 in Bs.
Case 1. f € C(Bj3): In this case consider the sup-convolution of v as

r—ul2
VT 1= SUDyep, {v(y) — %} .

Then, as in lemma 6.1 in [89], we know that v* € C%'(Bj)2), it is twice
differentiable a.e. in B, and v — v uniformly in B, for every B CC Bj)s.

Moreover, from (2.6), v° satisfies, in the C-viscosity sense (and also a.e.),
L] +v(z)ve > —fe(x) in Bj, = {x € Bsy; dist(z,00Q) > 5.}

1/2
(and in particular in B for € < ), for 6. = 2 (5||v||Loo(B5/2)> ”? and

ve(x) = sup v°(y), fo(z):= sup [fT(y). (D.1)

|x—y|<de |z—y|<de

Set w. 1= nv° in By_s., where n € [0, 1] is a cut-off function defined as

(2-6.)2—[a|?)”
1) = n.(x) = LR

for some 5 > 2 to be chosen. Notice that, for § = J., Dn(z) = —(22?;)2 n'"

and D(e) = 2 {208 = Do @@ — (2= 8 = [¢") I 10",

Thus it holds a.e. that

=

—Ltw.] = M~ (=nD** — 2Dn ® Dv® — v°D*n) — v [nDv® + v° D
< M~ (=nD*v%) + 2 M*((=Dn) ® Dv°) + M T (—v°D?p)
= 07| D[ 4~ D
< =0 L7[v°] + 2A| Dn| [Dv| + v [v°] | D

25
(2—-0)!

2

+ {28 - DM (—Fz @ @) + (2 6)° = |2[) MT (1) '3
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A 1 1
< n{v(z)v: + fo(z)} + (24f 5)? 2| | Do n'"F+ (22_%)2’7 || |v°| n'?
A Lz
b o {206 = el n (2 - 57— of?) } o' 02

since the only nonzero eigenvalue of z ® x is |2|%. Since v* is Lipschitz in Bs)s,
it belongs to W1H>(B) [29, p. 294]. So u is differentiable a.e., its derivative
coincides with the weak derivative a.e. [29, p. 295] and Dv® € L*(Bs/5). Thus,
naming by H the right hand side of the above, we have that H € LP(By_s),

since

1 1 1
vl ozas) < Wzl 10l oz, y) . Where = = =+~ (D.3)
b h q1

Le. for g = PP > p > n, Holder’s inequality and Young yield

_ 1/r—1/q

T a1/ (D4)

1mvellLa (Bo_s) < Ol N vellLa2(Bys) + 07" M Ve Lr(Bss)s 1

where 1 <r < ¢ < ¢ and 6 > 0.

Remark D.1 (Contact sets in ABP in the case p = 0) If b € LY(2) or
if u € W2P(Q), the LP norm of the function f can be taken over I'f N QF

(respectively T', NQ7), the upper (lower) contact set of the function u, where

Py () ={ze® 3peR" uly) < (Z)u@) +p-(y —2), Yy € Q},

u

See the proofs of proposition 6.2 in [33] and theorem 9.1 in [41].

Now we use lemma 2.8 in [4] (see also lemma 7.10 in [33]) to obtain that

w; is also an LP-viscosity solution of (D.2). Then, by ABP and remark D.1,

SUp we < Ca (2= 077 1 H | oo ngu. >0p) - (D.5)
2—6

Claim D.2 w.(z) > |Dw.(z)| (2 -6 — |z|), ae. xzeT7.

Proof. Fix a point € TS of differentiability of w = w. with |Dw(x)| > 0
(otherwise it is obvious). Notice that |z| =2 —§ —m,, m, € (0,2 — 4], so take
ko = ko(z) € N such that m, > 1710 > % , for all k£ > ky. Next choose

yk:yk(as) ::x—tk%, for tk:2—5—|fﬂ|—%.

Then y;, € By—5(0), since |yp| — |z] < |yp — 2| =2 -0 —|z| — £ = |y <2 -0,
and so 0 < w(yx) < w(z)+Dw(x) - (yp —x) = w(zr) —t; |Dw(x)| for all k > ko,
which proves claim D.2 by passing to limits as k — +o0. [
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Then, using claim D.2 and definition of 7, we have for a.e. x € T'},

gl : L we e 20y

|DU|§n{|Dw€|+v|Dn|}§n{2—5—|—|$|+v( 6)277 B}
_ 1 [ 22-6)  28(2-9) e 3
<oy {(2_5)2/5+ 2-0) }§4(1+5)M B

with € < g9 = &(||v]|s) chosen such that 6 = 0. < 1. Thus

H| < gue)ve + 0 fole) + P20 4 gy toF 4 20 e e

2—9§ 2—9
45/\) (B—14+n) '05771_%

W=

2

(
nv(x)ve +n fo(x) + {168A(1 + ) + 28y +4BA(B — 1+n)w.n 5
nv(

D). + f(2) + Cwl 7 (we/n)?

where C' = C (n, 8,7, A). Hence, for LP = LP(By_;),

_2 2
1 ety < Inv(@)vellze + 1l fellze + C (supps we) ™7 [[(0%)7 2.
Therefore, by the latter, (D.3) and (D.4) applied to (D.5), we obtain

sup w < Co 0|[v| Loy Byl M Vel L2(B,_5) + Co 07" (V[ o1 (82 | M Vel L (82)
2—6§

1/p
_2 er
+ Coll el + o suvrs w3 ([ 07) 0.9
Ba

for Cy = 2'7% Cy4, by choosing 8 = 2p/r > 2, since 1 < r < p.

We are going to use Young’s inequality in the form

_g0 1 1
ab < ga” + o %0 b®, for po,qo € (1,+00) such that — 4+ — =1. (D.7)
Po 4o
By taking a = (supp+ ws)l_%, b=1,py =1/ (1 — %) = p%r >1,80¢g =2 >1,

-1
and choosing o = 5 (IBQ(va)”) /p, we have

) 1/p 1 1/r
otz 0 ([ @) < faw e [ )L my
Bo B276 B

Note that if ||v||zei(s,) = 0, the first two addends on the right hand
side of (D.6) disappear. Therefore, in (D.6) we assume ||v||zr1 (p,) > 0 and set
0 = (4Co|Ba|"%||v[| 1o (3,)) ~"; thus

) ”

1
sup . < sup(0e) + el oo+ 200 1o+ 2
B

By _s Bs_s 2
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and it follows that

EN\T I/T
supp, , we = g, , (70) < C{ Loy + (Jo, 7))
This produces the desired bound by letting € — 0, since v, v. — v uniformly
in By, By C By 5. for all e < eg and f. — fT in this case.

If 0 < r <1, we use the result just proved for r = 2 to write

(f32 ”02)1/2 _ (f32 v2—rvr) 1/2 < (SupBZU)lf (f32 UT)1/2 .

Then, by using (D.7) again with py = (1 —%£)7"' = 3%, g = # > 1 and

0 = 56([5, v")7'/?, we obtain

NI

, 1/r
suppg, v < 20{ N N ew(Bs) + (fBQU ) }

On the other hand, if » > p, we just apply Holder’s inequality on the
right hand to derive the respective estimate with r.

Case 2. f € LP(B3): Let fr € LP(Q2) N C(Bs) such that f, — f in
LP(Bs) and let 1, € WP (Bs) N C(B3) be the LP-viscosity solution of

—L7 ] = f — [T in Bs, 4 =0on 0B

given, for instance, by theorem 4.6 in [38] (or by proposition 3.5). By ABP,

|Vl (By) — 0. Now set vy, := v + ). So, since 1), is strong,
—ft —v(@)v < L] < LY o] — L[] = LY o] + fu — fF

ie. Lt[vp] > v(z)vp + fa(x) = v(z)vp + fi(x) in Bs in the LP-viscosity sense,
where fi == fi + v(v —wg) € C(Bs). Then case 1 yields the result, by

~ . 1/r
sup, ve <20 {1 oty + ([, o8) "}
and letting k — +oo, since fr = fi — v(x)hy — fT in LP(Bj3). [ |

Remark D.3 Notice that this version of LMP is sufficient for our purposes
in section 5.2. We assumed v(x) continuous in the proof above, but it is just a
technicality when the functions ¢ and h in the problem (Py) are bounded, with
v(z) = Aaco (1 + mavy) [In(1 4 mavs)| /mavy as in the proof of theorem 5.6.
Indeed, say c(z) < ¢, h(x) < hg, then v vy < |v||ve| < Uva|, where U, defined
as v(x) = v(x) if voe # 0 and v(x) = Aayco if vo = 0, is a continuous function
in By . Now observe that the proof above remains true if, instead of v(x)u, we
have v(x)|u|, since v = u™ is still an LP-viscosity subsolution of (2.6), and the

rest of the proof carries on in the same way.
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