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Annex A 
Resulting space discretization 

The weak formulation of the differential equations gives the following 

equalities (repeated from equations presented in Chapter 3 of the main document): 

P bÝ. Ø′S = − P bÝ. e. 6S = + P "b<#TU �`) − 6f. ~T+�=�
− P b<. `̅Tg =� = 0  (A.1) 

 

P ∇b6CG∇6S = + P b6"�� #~T+TU =� + P b6. ∇<�S = 
+ P b6. ��Th =� = 0    (A.2) 

 

P ∂b6)∂an CGH . 2h. ∂6)∂anTU =� − P b6)q)~T+TU =� + 

P b6) . 2h. 〈l<� Ddlan 〉TU =� + P b6). p<� EdqTU =� = 0    (A.3) 

 

It may be admitted that the test functions b<, b6 and b6) follow the same 

discretization rules as the variables u, p and 6). It is also considered that the vector 

of the nodal variables for each element node is given by <�. Although generalized 

for any number of enriched degrees of freedom, for the sake of clearness the 

discretization is developed for one enriched displacement variable a and one 

enriched pressure variable pa. Eq. (A.4) to Eq. (A.16) present the discretization of 

the variables and their derivatives. < = ]�:�+<� + ]�xyzu� (A.4) b< = ]�:�+b<� + ]�xyzbu� (A.5) "<# = "]�:�+#<� + "]�xyz#u� = "]�xyz#u� (A.6) Ý = ��:�+<� + ��xyzu� (A.7) 
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bÝ = ��:�+b<� + ��xyzbu�    (A.8) ∇<� = ��:�+<�� + ��xyzu��  (A.9) 6 = ]�:�+6̅ + ]�xyz6���� (A.10) b6 = ]�:�+b6̅ + ]�xyzb6����    (A.11) ∇6 = ��:�+6̅ + ��xyz6���� (A.12) b∇6 = ��:�+b6̅ + ��xyzb6���� (A.13) 6) = ]�H:�+6)���  (A.14) b6) = ]�H:�+b6)��� (A.15) ∇6) = ��H:�+6)��� (A.16) 

 

Replacing the variables in Eq. (3.14), the following equation is obtained  

P bÝ. Ü. εS = − P bÝ. e. 6S = + P "b<#TU �`) − 6f. ~T+�=�
− P b<. `̅Tg =�
= P ���:�+�Èb<�Ü��:�+<�S = 
+ P ���:�+�Èb<�Ü��xyzu�S = 
+ P ���xyz�Èbu�Ü��:�+<�S = 
+ P ���xyz�Èbu�Ü��xyzu�S = 
− P e���:�+�Èb<�]�:�+6̅S = 
− P e���:�+�Èb<�]�xyz6����S = 
− P e���xyz�Èbu�]�:�+6̅S = 
− P e���xyz�Èbu�]�xyz6����S = 
+ P "]�xyz#ÈTU bu� Ü) "]�xyz#u� =�
+ P "]�xyz#ÈTU bu� �−6)~T+�=�
− P �]�:�+�ÈTg b<� `̅ =� − P �]�xyz�ÈTg bu� ` ̅=�= 0  

(A.17) 
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Assembling the test functions, it gives 

b<� �P ���:�+�ÈÜ��:�+<�S = + P ���:�+�ÈÜ��xyzu�S = 
− P e���:�+�È]�:�+6̅S = 
− P e���:�+�È]�xyzO̅S = − P �]�:�+�ÈTg  `̅ =��
+ bu� �P ���xyz�ÈÜ��:�+<�S = 
+ P ���xyz�ÈÜ��xyzu�S = 
− P e���xyz�È]�:�+6̅S = 
− P e���xyz�È]�xyz6����S = 
+ P "]�xyz#ÈTU Ü) "]�xyz# u� =�
− P "]�xyz#ÈTU �6)~T+�=� − P �]�xyz�ÈTg ` ̅=��= 0 

(A.18) 

Considering that this condition is valid for any test function, the term within 

the brackets must equal zero. Arranging the terms into a matrix form, the following 

relation is obtained 

B��� ������ ���F ¦<�u�§ − Bé�� é�úé�� é�úF � 6̅6����ß = �Ö�xD�Ö�xD�ß − �Ö�[y�Ö�[y�� (A.19) 

where 

��� = P ���:�+�ÈÜ��:�+S =  (A.20) 

��� = P ���:�+�ÈÜ��xyzS =  (A.21) 

��� = P ���xyz�ÈÜ��:�+S =  (A.22) 

��� = P ���xyz�ÈÜ��xyzS =  (A.23) 

é�� = P ���:�+�È e ]�:�+S =  (A.24) 
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é�ú = P ���:�+�Èe]�xyzS =  (A.25) 

é�� = P ���xyz�Èe]�:�+S =  (A.26) 

é�ú = P ���xyz�Èe]�xyzS =  (A.27) 

Ö�xD� = − P �]�:�+�ÈTg  `̅ =� (A.28) 

Ö�xD� = P �]�xyz�ÈTg ` ̅=� (A.29) 

Ö�[y� = 0 (A.30) 

Ö�[y� = P "]�xyz#ÈTU Ü) u� =� − P "]�xyz#ÈTU �6)~T+�=� (A.31) 

e = �1 1 0¡È (A.32) 

Generalizing the equations and terms, it gives ���� �¡ − �é��ℙ�¡ + Ö [y� − Ö xD� = 0 (A.33) 

��� = P �����ÈÜ���S =  (A.34) 

é�� = P �����È e ]��S =  (A.35) 

Ö�[y� = P �]���È
TU Ü)  ±̅ =� − P �]���È

TU �6)~T+�=� (A.36) 

Ö�xD� = P �]���È
Tg  `̅ =� (A.37) 

For the continuity in the porous region, the replacement of Eqs. (A.4) to 

(A.16) in Eq. (A.2) gives 
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P ∇b6CG∇6S = + P b6. c�6 − 6)�~T+TU =� + P b6. ∇<�S = 
+ P b6. ��Th =�
= P Í��:�+ÏÈb6̅ CG ��:�+6̅S = 
+ P Í��:�+ÏÈb6̅ CG ��xyz6����S = 
+ P Í��xyzÏÈb6���� CG��:�+6̅S = 
+ P Í��xyzÏÈb6���� CG ��xyz6����S = 
+ P Í]�:�+ÏÈb6̅ O ]�:�+  6̅TU =�
+ P Í]�:�+ÏÈb6̅ O ]�xyz 6����TU =�
+ P Í]�xyzÏÈb6���� O ]�:�+  6̅TU =�
+ P Í]�xyzÏÈb6���� O ]�xyz 6����TU =�
− P Í]�:�+ÏÈb6̅ O ]�H:�+  6)���TU =�
− P Í]�xyzÏÈb6���� O ]�H:�+  6)���TU =�
+ P Í]�:�+ÏÈb6̅ e ��:�+<��S = 
+ P Í]�:�+ÏÈb6̅ e ��xyzu��S = 
+ P Í]�xyzÏÈb6���� e ��:�+<��S = 
+ P Í]�xyzÏÈb6���� e ��xyzu��S = 
+ P Í]�:�+ÏÈb6̅ ��Th =� + P Í]�xyzÏÈb6���� ��Th =�= 0    

(A.38) 
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Assembling the test functions, it gives 

b6̅ �P Í��:�+ÏÈC)��:�+6̅S = + P Í��:�+ÏÈC)��xyz6����S = 
+ P Í]�:�+ÏÈ ��Th =� + P Í]�:�+ÏÈe��:�+<��S = 
+ P Í]�:�+ÏÈe��xyzu��S = 
+ P Í]�:�+ÏÈ O ]�:�+  6̅TU =�
+ P Í]�:�+ÏÈ O ]�xyz 6����TU =�
− P Í]�:�+ÏÈ O ]�H:�+  6)���TU =��
+ b6���� �P Í��xyzÏÈC)��:�+6̅S = 
+ P Í��xyzÏÈC)��xyz6����S = + P Í]�xyzÏÈ��Th =�
+ P Í]�xyzÏÈe��:�+<��S = 
+ P Í]�xyzÏÈe��xyzu��S = 
+ P Í]�xyzÏÈ O ]�:�+  6̅TU =�
+ P Í]�xyzÏÈ O ]�xyz 6����TU =�
− P Í]�xyzÏÈ O ]�H:�+  6)���TU =�� = 0 

(A.39) 

Arranging the terms into a matrix form, the following relation is obtained 

Bé�� é��éú� éú� F �<��u�� ß + B��� + õ�� ��ú + õ�ú�ú� + õú� �úú + õúú F � 6̅6����ß + Bõ��Hõú�H F �6)���¡
= ���xD��úxD��   (A.40) 

where 

é�� = P Í]�:�+ÏÈ e ��:�+S =  (A.41) 

é�� = P Í]�:�+ÏÈ e ��xyzS =  (A.42) 
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éú� = P Í]�xyzÏÈ e ��:�+S =  (A.43) 

éú� = P Í]�xyzÏÈ e ��xyzS =  (A.44) 

��� = P Í��:�+ÏÈ C) ��:�+S =  (A.45) 

��ú = P Í��:�+ÏÈ C) ��xyzS =  (A.46) 

�ú� = P Í��xyzÏÈ C)��:�+S =  (A.47) 

�úú = P Í��xyzÏÈ C) ��xyzS =  (A.48) 

õ��H = P Í]�:�+ÏÈ O ]�H:�+  TU =� (A.49) 

õú�H = P Í]�xyzÏÈ O ]�H:�+  TU =� (A.50) 

õ�� = P Í]�:�+ÏÈ O ]�:�+  TU =� (A.51) 

õ�ú = P Í]�:�+ÏÈ O ]�xyz TU =� (A.52) 

õú� = P Í]�xyzÏÈ O ]�:�+  TU =� (A.53) 

õúú = P Í]�xyzÏÈ O ]�xyz TU =� (A.54) 

��xD� = P Í]�:�+ÏÈ ��Th =� (A.55) 

�úxD� = P Í]�xyzÏÈ ��Th =� (A.56) 

Generalizing the equations and terms, it gives �éÈ�¦ �� § + �� + õ1��ℙ�¡ − �õ2��ℙ�)¡ − �ℙxD� = 0 (A.57) 

��� = P Í���ÏÈ C) ���S =  (A.58) 

õ1�� = P Í]��ÏÈ O ]ñ�  TU =� (A.59) 
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õ2�ñH = P Í]��ÏÈ O ]�H:�+  TU =� (A.60) 

��xD� = P Í]��ÏÈ ���Th =� (A.61) 

 

For the continuity in the fracture region, the replacement of Eqs. (A.4) to 

(A.16) in Eq. (A.3) gives 

P ∂b6)∂a′ CGH . 2h. ∂6)∂a′TU =� + P b6) . c�6) − 6�~T+TU =�
+ P b6). 2h. 〈l<� Ddlan 〉TU =� +  P b6) . p<� EdqTU =�
= P Í��H:�+ÏÈ`TU  b6)��� �2h�CG) ∇6)��� `TU  TU =�
− P Í]�H:�+ÏÈb6)��� O ]�:�+  6̅TU =�
− P Í]�H:�+ÏÈb6)��� O ]�xyz 6����TU =�
+ P Í]�H:�+ÏÈb6)��� O ]�H:�+  6)���TU =�
+ P Í]�H:�+ÏÈ`TUb6)��� �2h�〈∇<� 〉 `TU  TU =�
+ P Í]�H:�+ÏÈb6)��� "<� #~TUTU =� = 0    

(A.62) 

Assembling the test functions, it gives 

b6)��� �P Í��H:�+ÏÈ`TU  �2h�CG) ∇6)��� `TU  TU =�
+ P Í]�H:�+ÏÈ`TU  �2h�〈∇<� 〉 `TU  TU =�
+ P Í]�H:�+ÏÈ "<� #~TUTU =�
− P Í]�H:�+ÏÈ O ]�:�+  6̅TU =�
− P Í]�H:�+ÏÈ O ]�xyz 6����TU =�
+ P Í]�H:�+ÏÈ O ]�H:�+  6)���TU =�� 

(A.63) 

Arranging the terms into a matrix form, the following relation is obtained 
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�õ�H� õ�Hú� � 6̅6����ß + ���H�H + õ�H�H��6)���¡ = ��H[y� (A.64) 

where 

��H�H = P Í��H:�+ÏÈ`TU  �2h�C)+  ∇6)��� `TU  TU =� (A.65) 

õ�H�H = P Í]�H:�+ÏÈ O ]�H:�+  TU =� (A.66) 

õ�H� = P Í]�H:�+ÏÈ O ]�:�+  TU =� (A.67) 

õ�Hú = P Í]�H:�+ÏÈ O ]�xyz TU =� (A.68) 

��H[y� = P Í]�H:�+ÏÈ`TU  �2h�〈∇<�� 〉 `TU  TU =�
+ P Í]�H:�+ÏÈ "<�� #~TUTU =� (A.69) 

Generalizing the equations and terms, it gives −�õ2È��ℙ�¡ + ��) + õ3��ℙ�)¡ − �ℙ�H[y� = 0 (A.70) 

where 

õ2�ñH = P Í]��ÏÈ O ]�H:�+  TU =� (A.71) 

õ3 = P Í]�H:�+ÏÈ O ]�H:�+  TU =� (A.72) 

�) = P Í��H:�+ÏÈ`TU  �2h�C)+  ��H:�+ `TU  TU =� (A.73) 

��H[y� = P Í]�H:�+ÏÈ`TU  �2h�〈∇<�� 〉 `TU  TU =�
+ P Í]�H:�+ÏÈ "<�� #~TUTU =� (A.74) 

The values related with velocity are defined as 
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〈∇<�� 〉 = ∇<�� ! + ∇<�� \2 = 12 ����:�+<�� + ��xyzu�� �! + ���:�+<�� + ��xyzu�� �\�
= 12 �2.��:�+<�� + ��:�+��! + �\�u�� �= ��:�+<�� + ��:�+〈�〉u��= ��:�+ �<�y − <�y\��∆` + ��:�+〈�〉 �u�y − u�y\��∆`  

(A.75) 

"<�� # = <�� ! − <�� \= �]�:�+!<�� + ]�:�+!�!u�� �− �]�:�+\<�� + ]�:�+\�\u�� � = ]�:�+"�#u��= ]�:�+"�# �u�y − u�y\��∆`  
(A.76) 

Given that  ]�:�+! = ]�:�+\ = ]�:�+  (A.77) ]�xyz! = ]�:�+!�! = ]�:�+�! (A.78) ]�xyz\ = ]�:�+\�\ = ]�:�+�\ (A.79) 

��:�+! = ��:�+\ = ��:�+ (A.80) 

��xyz! = ��:�+!�! = ��:�+�! (A.81) 

��xyz\ = ��:�+\�\ = ��:�+�\ (A.82) 

Where �! and �\ represent the values of the enrichment function H in the 

fracture top and bottom faces, respectively. In <�y − <�y\�, n represents the current 

increment and n-1 the previous one.  

Generalizing a number of degrees of freedom equal to ndof, it gives 

〈∇<�� 〉 = V 〈���〉 ÍC�y − C�y\�Ï∆`
y+�G

�  (A.83) 

"<�� # = V "]��# ÍC�y − C�y\�Ï∆`
y+�G

�  (A.84) 

 

with 〈���〉 = ��:�+ and 〈���〉 = ��:�+〈��〉 
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Annex B 
Newton-Raphson Algorithm 

The Jacobian of derivatives is given by  

� =
¾¿¿
¿¿¿
À lµ l � lµ lℙ� lµ lℙ�)lµℙl � lµℙlℙ� lµℙlℙ�)lµℙ�Hl � lµℙ�Hlℙ� lµℙ�Hlℙ�) ÁÂÂ

ÂÂÂ
Ã

=
¾¿
¿¿¿
¿À� + lÖ [y�l � −é + lÖ [y�lℙ� lÖ [y�lℙ�)1∆` éÈ �� + õ� õ

− l�ℙ�H[y�l � õÈ − l�ℙ�H[y�lℙ� ��) + õ)� − l�ℙ�H[y�lℙ�) ÁÂ
ÂÂÂ
ÂÃ 

(B.1) 

Multiplying the second and third lines for ∆`, it gives 

� =
¾¿¿
¿¿¿
À lµ l � lµ lℙ� lµ lℙ�)lµℙl � lµℙlℙ� lµℙlℙ�)lµℙ�Hl � lµℙ�Hlℙ� lµℙ�Hlℙ�) ÁÂÂ

ÂÂÂ
Ã

=
¾¿
¿¿
¿À� + lÖ [y�l � −é + lÖ [y�lℙ� lÖ [y�lℙ�)éÈ ∆`�� + õ� ∆`. õ
−∆` l�ℙ�H[y�l � ∆` �õÈ − l�ℙ�H[y�lℙ� � ∆`��) + õ)� − ∆` l�ℙ�H[y�lℙ�) ÁÂ

ÂÂ
ÂÃ 

(B.2) 

Re-scaling the problem formulation for one standard u and one enriched 

degree of freedom a, the derivatives for the mechanical equation are  
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lÖ [y�l � = Ä ll<�llu�Å� 0P "]�xyz#ÈTU �Ü) u� − 6)~T+�=� 
È

= É0 00 P "]�xyz#ÈTU Ü) "]�xyz#=�Ê = B0 00 !�F 
(B.3) 

lÖ [y�lℙ� = ¹̧
º ll6̅ll6����»¼

½� 0P "]�xyz#ÈTU �Ü) u� − 6)~T+�=� 
È = 0 (B.4) 

lÖ [y�lℙ�) = ll6)����
0P "]�xyz#ÈTU �Ü) u� − 6)~T+�=� 

= � 0− P "]�xyz#ÈTU ~T+  ]�H:�+=� = � 0−é��Hß (B.5) 

The derivatives for the continuity equation in the fracture are  

l�ℙ�H[y�l � = Ä ll<�llu�Å �P Í]�H:�+ÏÈ`TU  �2h�〈∇<� 〉 `TU  TU =� + P Í]�H:�+ÏÈ"<� #~TUTU =��

= "̧¹
"º P Í]�H:�+ÏÈ`TU  �2h� ²��:�+ 1∆`³ `TU  TU =�

P Í]�H:�+ÏÈ`TU �2h� ²��:�+〈�〉 1∆`³ `TU  TU =� + P Í]�H:�+ÏÈ]�:�+"�# 1∆` ~TUTU =�»"¼
"½

= Ä 1∆` #ñ$�1∆` #ñ$� + 1∆`%ñ$�
Å 

(B.6) 

l�ℙ�H[y�lℙ� = ¹̧
º ll6̅ll6����»¼

½ �P Í]�H:�+ÏÈ`TU  �2h�〈∇<� 〉 `TU  TU =�
+ P Í]�H:�+ÏÈ "<� #~TUTU =�� = 0 

(B.7) 

l�ℙ�H[y�lℙ�) = ll6)���&P Í]�H:�+ÏÈ`TU  �2h�〈∇<� 〉 `TU  TU =�
+ P Í]�H:�+ÏÈ "<� #~TUTU =�' = 0 (B.8) 

Substituting the derivatives in the Jacobian, it gives 
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�
=

¾¿
¿¿¿
À ��� ��� −é��                      −é�ú                           0          ��� ��� + !� −é��                      −é�ú                     −é��H     é��éú�−#ñ$�

é��éú�− �#ñ$� + %ñ$��
∆`Í��� + õ��Ï ∆`Í�ú� + õú�Ï∆`. õ�H�

∆`Í��ú + õ�úÏ∆`��úú + õúú�∆`. õ�Hú
∆`. õ��H∆`. õú�H∆`Í��H�H + õ�H�HÏÁÂ

ÂÂÂ
Ã (B.9) 

If both porous and fracture material constitutive behaviour are such that their 

matrices K and T are symmetric, the Jacobian may be symmetric if the following 

simplifications are considered: 

• The lines relative to pore and fracture pressures (third, fourth and fifth lines) 
are multiplied by -1 

• #ñ$� = 0 

• �#ñ$� + %ñ$�� = é�H� = é��HÈ 

The resulting Jacobian matrix is then given by �
=

¾¿¿
¿¿
À ��� ��� −é��                     −é�ú                           0          ��� ��� + !� −é��                      −é�ú                     −é��H     −é��−éú�0

−é��−éú�−é�H�
−∆`Í��� + õ��Ï −∆`Í�ú� + õú�Ï−∆`. õ�H�

−∆`Í��ú + õ�úÏ−∆`��úú + õúú�−∆`. õ�Hú
−∆`. õ��H−∆`. õú�H−∆`Í��H�H + õ�H�HÏÁÂÂ

ÂÂ
Ã (B.10) 

Generalizing the terms, it gives 

� = É� + ! −é −é)−éÈ −∆`�� + õ1� ∆`. õ2−é)È ∆`. õ2È −∆`. ��) + õ3�Ê (B.11) 

Where the matrices are given by Eqs. (A.34), (A.35), (A.58) to (A.60), (A.71) 

to (A.73), and  

!�� = P �]���È
TU Ü) p]��q=� (B.12) 

é)()H = P �]���È ~T+  ]�H:�+S =  (B.13) 
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