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Annex A
Resulting space discretization

The weak formulation of the differential equations gives the following

equalities (repeated from equations presented in Chapter 3 of the main document):

f Se.o’d — f de.m.pd + | [6u] (tp — pp.npg)dl
—f du.tdl' =0
T,

t

f VépksVp d.(2+f Spwlnrg dl“+f 6p. Vi dQ
0

Ta @ (A.2)
+f 6p.qdl' =0
Iy
) ]
P 2n e - f Sppdpnrq AT’ +
r, 0x dx ry A3)

o,
f 5pF.2h.(axx, ydr + f Spr. i, ] dr =0
I'g r'q

It may be admitted that the test functions du, 6p and 6pp follow the same
discretization rules as the variables u, p and pg. It is also considered that the vector
of the nodal variables for each element node is given by u. Although generalized
for any number of enriched degrees of freedom, for the sake of clearness the
discretization is developed for one enriched displacement variable a and one
enriched pressure variable p.. Eq. (A.4) to Eq. (A.16) present the discretization of

the variables and their derivatives.

u= NS+ N"a (A.4)
Su = N34§u + NE Sa (A.5)
[ul = [Ng*“1u + [N ]a = [N ]a (A.6)

e = B%u+ Bf"a (A7)
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8s = BS'46u + BE" Sa (A.8)
Vit = B*%ui + B a (A.9)

p = NS5 + Newpy (A.10)
8p = N3'46p + NE™ 6P, (A.11)
Vp = B5"“p + BV, (A.12)
8Vp = B;*6p + BE™ 6D, (A.13)
pr = N3Py (A.14)

Spr = N3L*6pr (A.15)

Vpr =B StdpF (A.16)

Replacing the variables in Eq. (3.14), the following equation is obtained

f de.D.edn — j de.m.pd + | [6u] (tp — pp.npg)dl
Q

g

ou.tdr

(BS*)TSuDBS“u dN

(BS*)TsuDBE™ a df

+

(BE")TsaDBSu dn

+

(Be")T5aDBE™ a df)

m(B* )T SUNS p dn (A.17)

m(BS* )T SuNg" p, d2

m(Bg")TSaN; 4 p do

+

m(BS") 8aN;""p, dN2

—+

hh

[Ne™ 1T 8@ Dy [NS™ @ dI

ISY

[[Nenr]]T da (—pgnrq)dl’

QU

(NST sutdlr — f (NeYYT satdr
I

t

I
o
el


DBD
PUC-Rio - Certificação Digital Nº 1313002/CA


PUC-Rio- CertificacaoDigital N° 1313002/CA

215

Assembling the test functions, it gives
6t { f (BS*)T DBt u da + f (BT DB a d
0 0
- J- m(Bitd)TNgtdﬁ dn
0

— f m(BS* )TN ¢ d2 — f
n I

t

(NS*T ¢ dr}
+ da { f (BE")T DB w dn
n

enr\T enr =
+fn (BE"TDBE @ df (A.18)

— f m(BS") NS p d
X0}

- f m(BE" ) NS g d
0

+ | ING™]" Dp [NS™ ] @dr
g

- INS™ 1T (penrg)dl’ — (NgHT fdf}
I'q It
=0

Considering that this condition is valid for any test function, the term within
the brackets must equal zero. Arranging the terms into a matrix form, the following

relation is obtained

e @l b=t - U] r19
where
Ky, = j (BS*YHTDBS dn (A.20)
0
Ky = f (BS*YTDBE™ dN) (A.21)
n
Ky = f (BE")TDBS dn (A.22)
n
Ko = f (Be")TDBE d (A23)
n

Qu = | BT m Nz a0 (A24)
0
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Quc :f (B{jtd)TmNﬁnr an
o)

Qap :f (Bﬁnr)TmN[;td an
)

Qac = f (B 'mNg™ d
)

fot — _] (Ntsltd)T tdrlr
I

t

aext — f (NinT)T tdr
I

t

firt =0

INE™ |7 Dy @ dr" — f INE™™]T (ppmra)dr
g

fam=fr
m={1 1 0}

Generalizing the equations and terms, it gives

[KI{T} - [QU{P} + fi™* — fi§* =0

Kz, = fn (Bf)TDB]: dn

d

Qp; =fn (Bf)TmNg da

e = fr

[[Nf]]T Dr E ar — f [[Nf]]T (prmra)dl

I'q

5 = fr (Nf)T £dr

t

d
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(A.25)

(A.26)

(A.27)

(A.28)

(A.29)
(A.30)
(A.31)

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

For the continuity in the porous region, the replacement of Egs. (A.4) to

(A.16) in Eq. (A.2) gives
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j VépksVpd + | Op.c(p — ppinrg dl’ + j 6p.VudQ
0 0

I'q

+f op.qadr
n

- f (B3t)" 5 ky B3t dn
0

+ f (B5t®)" 6p ky BE" g d)
0

+ f (Be™™)' 6pg kpBStip do
0

+ f (Be™)' 6pg ky BE™ g d)
0

+ | (ngtd) op e Nstd par

g

+ | (N5 6p ¢ Ng g dr
I'q

+ f (Nevr) 8P, ¢ Nstd pdr
r

d

+ | (NeY pg ¢ NET P dr
g

- f (Nst4)' 8p ¢ NSt pr dr
r

a
— | (Ne) 8Py ¢ N§td ppdr
I'q
+ f (N5t%)" 55 m BStii de)
0
+ f (N5t%) 5pm BE™a da
0
+ f (N 6, m BStii d)
0

+ f (N 6D m BE™ & d0
0

+| (Nst) spgdr + j (Ne) 6y g dI
Ly Ty
=0
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(A.38)
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Assembling the test functions, it gives
5p { f (Bstd) kyBStp do + f (Bstd) kpBE" PG d
0 o)
+ f (N5t gdr + f (Nst) 'mBgtdsi do
T o)
+ j (Nst) ' mBEm i dn
0

+ | (ngt)" e Nstd par
I'q

+ f (Nst)" ¢ Nemr B dr
r

d

— | (vst) e Nt dl’}

F
g

+5p_“{f (Be™) ke B39p dn (A39)
0
+ j (BE™) kpBE™ g d2 + f (Nev) g dr
0 L,
+ f (Nev) ' mBgti do
0
+ f (Ne") ' mBEd d)
0

+ j (Ngm)' ¢ N§td pdr
r

d

+ | (Nev)' e NemT g dr
I'q

—| (N e NSty dl"} =0
I'g
Arranging the terms into a matrix form, the following relation is obtained

Qpu Qpa] {17.} + Hyp + Lpp  Hpc + LPC] {E} + [Lm?p] )
ch Qca d HCp + LCp HCC + LCC pa LCpF (A40)

_ (e
- ext
c

Qpu = f (Nst4)" m B3t do (A41)
)

where

Qpe = f (Nst2) m B 4 (A42)
0
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Qeu= | (Ng) m B ag (A43)
2
Qea= | (g mBm do (A44)
()
H,p = fﬂ (B')" Iy BS™ d2 (A45)
e = [ (85 ks B as r40
H,, = f (Be™)" kpBS d (A4T)
)
H,, = f (Be™)" ke BE™T d2 (A.48)
()
T
Lppe = | (N5*) ¢ N3t ar (A.49)
Iq
Leps = | (Ne")' ¢ NSt ar (A.50)
I'g
L, = f (Ngt) ¢ NSt ar (A.51)
rq
Lye= | (Ngtd)" ¢ Nevr ar (A.52)
rq
Lo, = | (Ne™)' ¢ Ngtd ar (A.53)
I'g
Lee=| (Ngm)' e Nemr dr (A.54)
I'q
gt = | (N3)' qar (A.55)
Iy
g = f (Ng™)" qar (A.56)
Ly
Generalizing the equations and terms, it gives
[QTH{U} + [H + L1I{P} — [L2]{P;} — g = 0 (A.57)
Hy; = f (B8)" kr BS d2 (AS58)
)

Llg = fp (NS)' ¢ N§ ar (A.59)

d
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T
L2sp, = ; (NJ) cNst dr (A.60)
d

¢ = (N3) quar (A.61)

Tw

For the continuity in the fracture region, the replacement of Egs. (A.4) to

(A.16) in Eq. (A.3) gives

d6pr dpr
. kaF' ZthI’ + jrd 5}91:. C(pF - p)‘l’lpd ar
o, )
+ Opg- 2h.( o yar + OPr- [[uyr]] dr
I'g x I'g

T _ _
= (B;;d) tpd 6pp (Zh)kfp Vpp tpd dF
T'q
— | (st 5pp ¢ NS¥ pdr
Ta (A.62)
— | (st 5pp ¢ Nem pg dr
I'q

+ | (N5t9) 65 c Nt pr dr
Iq

T _ .
+ j, (NSt) tr,6pF (2h)(VaL) ¢, dI
d
T .
+ | (Nst4) 6pr [ilnr, dl = 0
I'q

Assembling the test functions, it gives

- sta\T "

apF{ (BSt) tr, (2h)ksp Vpg tr, dIl

Ig
+ f (Nst) ¢ (2h)(Var) tr, dI’
g
+ | (NSt [ulnp, dr
la (A.63)

- | (Ns)" e Ngt par

I'q
- f (NSt ¢ NevT pg dI

g

std\T std 3»—

+ | (Ns') ¢ N3t pp dr}

g

Arranging the terms into a matrix form, the following relation is obtained
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[Lpr LpFC] {pﬁa} + [HprF + Lpppp]{ﬁ} = qg;t (A64)
where
T S—
Hpppr = f (BSt4) tr, (20)kgq VPF tr, dT (A.65)
I'q
T

Lyprpr = fr (N5it) ¢ Nyt dr (A.66)

d
Lypp = j (N;;d)T ¢ N5* dr (A.67)

I'q
Lppe = | (NS ¢ NevT dr (A.68)

g

gt = | (N3t4) tr, (2h)(Vii) tr, dI

ta (A.69)

+ f (NSt [alny, dr
I'g

Generalizing the equations and terms, it gives

—[L2T{P} + [Hr + L3]{P} — g5 =0 (A.70)
where

L2sp, = | (N$)" ¢ Ngtd ar (A71)

g
3= (Nst)' ¢ NSt ar (A72)

Ig

T

Hp = | (B3) tr, @h)kpy Bst tr, dI (A.73)
g

gt = | (N3t4) tr, (2h)(Vii) tr, dI
g

(A74)
+ | (N [alny, dr
Ig

The values related with velocity are defined as
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. Vut+vu-
(Vu) =
: 1
=5 [(Biu + B a)* + (Bi“u + B a)7]
1 . . AT5
=5 [2.B5t% + B (H* + H™)a)| (A73)
= B3 + B'(H)a
(an - ﬁn—l) (C_ln - C_ln—l)
= Bt —— 4+ B}'Y(H) ————
u At u ( ) At
[] = i+ — i
= (N i+ N3 H* )
_ (N{jtd_ﬁ + N{jtd_H—a) — N{jtd [[H]]d (A76)
(C_ln - an—1)
— Nstd H
s
Given that
Nﬁs‘td"' = NSt = pstd (A.77)
Nﬁnr"‘ — Nitd+H+ — N{fth"- (A.78)
Nﬁnr— — Nitd_H_ — Nﬁth_ (A.79)
Bﬁtd"’ = pstd” = pstd (A.80)
Bﬁnr"‘ — Bgtd+H+ — B{jth-l- (A.81)
Bsnr— — B{jtd_H_ — B{:th_ (A.82)

Where H* and H™ represent the values of the enrichment function H in the
fracture top and bottom faces, respectively. In u,, — u,,_4, n represents the current
increment and n-/ the previous one.

Generalizing a number of degrees of freedom equal to ndof, it gives

ndof ]_( ]_(
vy = > <B§>% (A.83)
k
ndof E E
[ = ) [[Nﬂ% (A.84)
k

with (BY¥) = B3t and (B%) = BSt4(H,)


DBD
PUC-Rio - Certificação Digital Nº 1313002/CA


PUC-Rio- CertificacaoDigital N° 1313002/CA

Annex B

Newton-Raphson Algorithm

The Jacobian of derivatives is given by

FOYy

oWy

oWy T

oU
oW

oP
oW

P
OWp

ouU
a‘PpF

oP
aWpF

oF,
alppF

L U

oP

K+

Py |
int
1)

U

= iQT

aqlnf
oU

aflnt aflnt
oP oP;

—-Q+

(H+1L) L
aqlnf a int

qp
T — (Hp + Lp) — i

oP oP; |

Multiplying the second and third lines for At, it gives

‘alI/[U

oWy

an[U ]

ou
0P

oP
OWp

0P
OPp

U

oP

Py

Vs, 0Wp, 0¥,

| 0U
K+
= QT

—At

Re-scaling the problem formulation for one standard u and one enriched

degree of freedom a, the derivatives for the mechanical equation are

oP

fmt
oU

ap,

P, |

flnt afuﬁ'nt
oP oP;
At(H + L) At. L

a int
At (LT

oU

e At(H L At
IP’) (Hp + L) — P

int

int
4py

Pg

F ]

(B.1)

(B.2)
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) a 0 T
af[[}nt _ ﬁ
10 0 [N 1T (D @ — ppnpg)dl
e I'g
oa
0 0
_ [0 0
10 INS™ 1T Dp [N dl | — [0 Ta]
I'q
. i 0 T
af[ént _ 6;5 0
oP | 0 [N (D @ — ppnpg)dl
— Iy
0Pq
) 0
af[[}"t _ 0
oP. 0pr [NG™ 1" (Df @ — prnrg)dl
g
0
_ _ 0
)= | INEIT npg NSERAT (T {_Qaw}
g

The derivatives for the continuity equation in the fracture are

aqint ai T T

P u . .

-7 = o { f (N5t tr, (2h)(Va) tr, dI" + f (Nst) [ulnr, dr}
J— g rg
oa

S T 1
fr ) (Nst4) tr, (2h) (B;td A—t) tr, dI

1 1
f (N5t) ¢, (2h) (Bgtd(H)E) tr, dI + f (N;;d)TN;M[[H]]Ean dr
I'q g

1

A_tSPfu
1 1
ESPfa + A_tVPfa

(2]

aqg;t ap ta\T .
g

oPpP

0Pa

+ (Nggd)T [ulnr, dr} =0
g
aqint

™ a

Pr th .

—E = NSt) ¢, (2h)(Va) t;. dI
P a—pFUFd( pr) trg (2D)(VA) tr,

+ f (N5t [adny, dF> —0
I'q

Substituting the derivatives in the Jacobian, it gives
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(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)
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J
[ Kuu Kua _Qup _Quc 0 ]
| Ko Koq +Tg _Qap —Qac _Qapp | B.9
| O Qpa A (Hpp + Lyp)  At(Hoe + Lye) At.Ly,, | (B.9)
Qeu Cca At(Hgp + Lep)  At(He + Loc) At. Ly,
~Sepu —(Spja+Veja)  AtLyy, At.Lppe  Dt(Hppp + Lpopy)

If both porous and fracture material constitutive behaviour are such that their
matrices K and T are symmetric, the Jacobian may be symmetric if the following
simplifications are considered:

e The lines relative to pore and fracture pressures (third, fourth and fifth lines)
are multiplied by -1
L4 Spfu = 0
* (SPfa + VPfa) = Qppa = QapFT
The resulting Jacobian matrix is then given by
/
Kuu Kua _Qup _Quc 0
Kou Koo + T4 _Qap —Qac _Qapp
= -0y —Qpa _At(pr + Lpp) _At(Hpc + ch) —At. Ly, (B.10)
|-Qcu  —Qca  —At(Hep +Lep) —At(Hee + Leo) —AL Loy |
0 _QpFa —At. Lppp —At. LPFC _At(HprF + LPFPF)J
Generalizing the terms, it gives
K+T  =Q ~Qr
J=|-0" —At(H+L1) At. L2 (B.11)
—Q;" At.L27 —At. (Hp + L3)
Where the matrices are given by Egs. (A.34), (A.35), (A.58) to (A.60), (A.71)
to (A.73), and
T
Ts, =f [vE] De [NZ]ar (B.12)
g

T
Qrgp, = fn [[Nf]] nrq N3 do (B.13)
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