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Abstract

Cortez Brito Leite Pdévoa, Rogério; Lustoza de Souza,
Patricia (Advisor); Araujo Cautiero Horta, Bruno (Co-Advisor).
Development of unimodal and multimodal optimization algorithms
based on multi-gene genetic programming. Rio de Janeiro, 2018.
188p. Tese de doutorado — Departamento de Engenharia Elétrica,
Pontificia Universidade Catdlica do Rio de Janeiro.

Genetic programming techniques allow flexibility in the optimization

process, making it possible to use them in different areas of knowledge and
providing new ways for specialists to advance in their areas more quickly
and more accurately. Parameter mapping approach is a numerical optimization
method that uses genetic programming to find an appropriate mapping scheme
among initial guesses to optimal parameters for a system. Although this
approach yields good results for problems with trivial solutions, the use of
large equations/trees may be required to make this mapping appropriate for
more complex systems. In order to increase the flexibility and applicability
of the method to systems of different levels of complexity, this thesis
introduces a generalization by thus using multi-gene genetic programming
to perform a multivariate mapping, avoiding large complex structures. Three
sets of benchmark functions, varying in complexity and dimensionality, were
considered. Statistical analyses carried out suggest that this new method is more
flexible and performs better on average, considering challenging benchmark
functions of increasing dimensionality. This thesis also presents an improvement
of this new method for multimodal numerical optimization. This second
algorithm uses some niching techniques based on the clearing procedure to
maintain the population diversity. A multimodal benchmark set with different
characteristics and difficulty levels to evaluate this new algorithm is used.
Statistical analysis suggested that this new multimodal method using multi-
gene genetic programming can be used for problems that requires more than
a single solution. As a way of testing real-world problems for these methods,
one application in nanotechnology is proposed in this thesis: the structural
optimization of quantum well infrared photodetector from a desired energy. The
results present new structures better than those known in the literature with

improvement of 59.09%.

Keywords

Numerical Optimization; Multimodal Optimization; Evolutionary

Computation;  Genetic Programming; Multi-Gene Genetic Programming.
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Resumo

Cortez Brito Leite P6ovoa, Rogério; Lustoza de Souza, Patricia;
Araujo Cautiero Horta, Bruno. Desenvolvimento de algoritmos de
otimizacio unimodal e multimodal com base em programacio
genética multigénica. Rio de Janeiro, 2018. 188p. Tese de Doutorado —
Departamento de Engenharia Elétrica, Pontificia Universidade Catdlica

do Rio de Janeiro.
As técnicas de programacdo genética permitem flexibilidade no processo de

otimizacao, possibilitando sua aplicagdo em diferentes dreas do conhecimento
e fornecendo novas maneiras para que especialistas avancem em suas dreas
com mais rapidez. Parameter mapping approach ¢ um método de otimizagao
numérica que utiliza a programacio genética para mapear valores iniciais
em parametros Otimos para um sistema. Embora esta abordagem produza
bons resultados para problemas com solucdes triviais, o uso de grandes
equacdes/arvores pode ser necessario para tornar este mapeamento apropriado
em sistemas mais complexos. A fim de aumentar a flexibilidade e aplicabilidade
do método a sistemas de diferentes niveis de complexidade, este trabalho
introduz uma generalizacdo utilizando a programacao genética multigénica, para
realizar um mapeamento multivariado, evitando grandes estruturas complexas.
Foram considerados trés conjuntos de fungdes de benchmark, variando em
complexidade e dimensionalidade. Andlises estatisticas foram realizadas,
sugerindo que este novo método é mais flexivel e mais eficiente (em média),
considerando fun¢des de benchmark complexas e de grande dimensionalidade.
Esta tese também apresenta uma abordagem do novo algoritmo para otimizacao
numérica multimodal. Este segundo algoritmo utiliza algumas técnicas de
niching, baseadas no procedimento chamado de clearing, para manter a
diversidade da populacdo. Um conjunto benchmark de funcdes multimodais,
com diferentes caracteristicas e niveis de dificuldade, foi utilizado para avaliar
esse novo algoritmo. A andlise estatistica sugeriu que esse novo método
multimodal, que também utiliza programacdo genética multigénica, pode ser
aplicado para problemas que requerem mais do que uma unica solu¢do. Como
forma de testar esses métodos em problemas do mundo real, uma aplicagdo em
nanotecnologia € proposta nesta tese: a otimizagdo estrutural de fotodetectores
de infravermelho de pogos quanticos a partir de uma energia desejada. Os
resultados apresentam novas estruturas melhores do que as conhecidas na
literatura (melhoria de 59,09%).

Palavras-chave

Otimizagdo Numérica; Otimizagdo Multimodal; Computagio

Evoluciondria; Programacdo Genética; Programacdo Genética Multigénica.
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Figure 2.14 Schematic representation of the PMA procedure. The aim

of PMA is to find a program that maps the initial parameter
values (x;.) into the optimal parameter values (x7) for a given
system (c is a column of initial parameter values, selected by each
tree/program). The current best candidate parameters correspond
to adapted values from the mapping of the initial parameters. The
fitness value indicates how well a program performs this mapping.
As GP, PMA also utilizes random numbers as constants in its
individuals. During the evolution process, the initial parameter
values, the GP-constants and the objective function are always the
same (static) while PMA functions, candidates parameters values
and the corresponding fitness values change (dynamic).
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of test set 1. The corresponding standard errors are represented by
vertical bars. Each line color refers to a specific number of trees k
(red, k = 1; green, k = n/2; blue, k = n).

Figure 4.2 Box plot graphic showing the mean number of evaluations
(MNE) for the test set 1 as a function of the number of trees k
considering, for each k, an aggregation of all d values. This graphic
displays the distribution of the MNE based on the minimum, first
quartile, median, third quartile and maximum values. The average
value is also represented by a black dot.

Figure 4.3 Box plot graphic showing the mean number of the
evaluations (MNE) for the test set 1 as a function of the tree depth d
considering, for each d, an aggregation of all k values. This graphic
displays the distribution of the MNE based on the minimum, first
quartile, median, third quartile and maximum values. The average
value is also represented by a black dot.

Figure 4.4 The mean number of evaluations (MNE) on logarithmic
scale is plotted as a function of the tree depth d for the 12 functions
of test set 2. The corresponding standard errors are represented by
vertical bars. Each line color refers to a specific number of trees k
(red, k = 1; green, k = n/2; blue, k = n).

Figure 4.5 Box plot graphic showing the mean number of evaluations
(MNE) for the test set 2 as a function of the number of trees k
considering, for each k, an aggregation of all d values. This graphic
displays the distribution of the MNE based on the minimum, first
quartile, median, third quartile and maximum values. The average
value is also represented by a black dot.

Figure 4.6 Box plot graphic showing the mean number of the
evaluations (MNE) for the test set 2 as a function of the tree depth d
considering, for each d, an aggregation of all k£ values. This graphic
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value is also represented by a black dot.

Figure 4.7 The mean of the best fitness values (MBFV) on logarithmic
scale is plotted as a function of the tree depth d for the 15 functions
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Figure 4.8 Box plot graphic showing the mean of the best fitness values
(MBFV) for the test set 3 as a function of the number of trees k
considering, for each k, an aggregation of all d values. This graphic
displays the distribution of the MBFV based on the minimum, first
quartile, median, third quartile and maximum values. The average
value is also represented by a black dot.

Figure 4.9 Box plot graphic showing the mean of the best fitness
values (MBFV) for the test set 3 as a function of the tree depth d
considering, for each d, an aggregation of all k values. This graphic
displays the distribution of the MBFV based on the minimum, first
quartile, median, third quartile and maximum values. The average
value is also represented by a black dot.

Figure 4.10 Variation of the mean of the best fitness values (MBFV) as
a function of the tree depth d. Values were aggregated according to
the nature (unimodal, multimodal or hybrid) of each function (c;-
c15) of the CEC benchmark (test set 3).

Figure 5.1 Bar chart with peak ratio (PR) results from Niching MG-
PMA using four types of crossover operator for 20 benchmark
multimodal functions (p;-p2g) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}. (a) high-level
crossover; (b) high-level single-point crossover; (c) high-level two-
point crossover; and (d) high-level uniform crossover.

Figure 5.2 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and local
optimization frequency equal to 150, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure 5.3 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and feedback
frequency equal to 10, for 20 benchmark multimodal functions (p1-
p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03,
1.0e—04, 1.0e—05}.

Figure 5.4 Peak ratio (PR) of the MG-PMA L1, MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin algorithms for 20
benchmark multimodal functions (p;-p2g) with accuracy equal to
le—O0l.

Figure 5.5 Peak ratio (PR) of the MG-PMA L1, MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin algorithms for 20
benchmark multimodal functions (p;-p2g) with accuracy equal to
le—02.

Figure 5.6 Peak ratio (PR) of the MG-PMA L1, MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin algorithms for 20
benchmark multimodal functions (p1-p2o) with accuracy equal to
le—03.

Figure 5.7 Peak ratio (PR) of the MG-PMA L1, MG-PMA L150,
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Figure 5.8 Peak ratio (PR) of the MG-PMA L1, MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin algorithms for 20

benchmark multimodal functions (p;-p29) with accuracy equal to
le—05.

Figure 6.1 Interband and intraband absorption in a quantum well
structure (Penello, 2013).

Figure 6.2 Asymmetric superlattice with the thickness of the quantum
wells and barriers proposed by Penello (Penello, 2018). The red line
represents the defective quantum well.

Figure 6.3 Potential profile of the structure presented by Penello in 2018
(Penello, 2018), showing the modulus squared wave functions and
oscillator strength versus energy.

Figure 6.4 Asymmetric superlattice with the thickness of the quantum
wells and barriers for the structural optimization. The red line
represents the defective quantum well.

Figure 6.5 Evolution curve of the mean best values of the oscillator
strength in 10 runs performed by MG-PMA (in blue) and CMA-
ES (in black). The red line is the oscillator strength value of the
structure proposed by Penello (Penello, 2018).

Figure 6.6 Potential profile of the best structures found among the
solutions obtained, in 10 runs, by: (a) GA; (b) PSO; (c) CMA-ES;
and (d) MG-PMA. The potential profile shows the modulus squared
wave functions and oscillator strength versus energy.

Figure B1  3-D map for 2-D Rotated High Conditioned Elliptic Function
(c1) (Liang, 2014).

Figure B2 3-D map for 2-D Rotated Cigar Function (c;) (Liang, 2014).

Figure B3  3-D map for 2-D Shifted and Rotated Ackley’s Function (c3)
(Liang, 2014).

Figure B4 3-D map for 2-D Shifted and Rotated Rastrigin’s Function
(c4) (Liang, 2014).

Figure B5 Shifted and Rotated Schwefel’s Function (cs): (a) 3-D map

for 2-D funtion; and (b) Contour map for 2-D function (Liang, 2014).

Figure B6 Composition Function I (¢g): (a) 3-D map for 2-D funtion;
and (b) Contour map for 2-D function (Liang, 2014).

Figure B7 Composition Function 3 (cy1): (a) 3-D map for 2-D funtion;
and (b) Contour map for 2-D function (Liang, 2014).

Figure B§ Composition Function 4 (c3): (a) 3-D map for 2-D funtion;
and (b) Contour map for 2-D function (Liang, 2014).

Figure B9 Composition Function 6 (c14): (a) 3-D map for 2-D funtion;
and (b) Contour map for 2-D function (Liang, 2014).

Figure B10 Composition Function 7 (c;s): (a) 3-D map for 2-D funtion;
and (b) Contour map for 2-D function (Liang, 2014).

Figure C1 Bar chart with peak ratio (PR) results from Niching
MG-PMA using high-level crossover operator for 20 benchmark
multimodal functions (p;-p2g) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Figure C2 Bar chart with peak ratio (PR) results from Niching
MG-PMA using high-level single-point crossover operator for
20 benchmark multimodal functions (pi-py9) with five level of
accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

Figure C3 Bar chart with peak ratio (PR) results from Niching
MG-PMA using high-level two-point crossover operator for 20
benchmark multimodal functions (pi-p2o) with five level of
accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

Figure C4 Bar chart with peak ratio (PR) results from Niching
MG-PMA using high-level uniform crossover operator for 20
benchmark multimodal functions (pi-p2o) with five level of
accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

Figure C5 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and local
optimization frequency equal to 10, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C6 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level two-point crossover operator, and local
optimization frequency equal to 10, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C7 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and local
optimization frequency equal to 50, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C8 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level two-point crossover operator, and local
optimization frequency equal to 50, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C9 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and local
optimization frequency equal to 100, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C10 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level two-point crossover operator, and local
optimization frequency equal to 100, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C11 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level two-point crossover operator, and local
optimization frequency equal to 150, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.
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Figure C12 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and local
optimization frequency equal to 200, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C13 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level two-point crossover operator, and local
optimization frequency equal to 200, for 20 benchmark multimodal
functions (p1-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}.

Figure C14 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and feedback
frequency equal to 0, for 20 benchmark multimodal functions (pi-
p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03,
1.0e—04, 1.0e—05}.

Figure C15 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and feedback
frequency equal to 50, for 20 benchmark multimodal functions (p1-
p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03,
1.0e—04, 1.0e—05}.

Figure C16 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and feedback
frequency equal to 100, for 20 benchmark multimodal functions
(p1-p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03,
1.0e—04, 1.0e—05}.

Figure C17 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and feedback
frequency equal to 150, for 20 benchmark multimodal functions
(p1-p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03,
1.0e—04, 1.0e—05}.

Figure C18 Bar chart with peak ratio (PR) results from Niching MG-
PMA using high-level single-point crossover operator, and feedback
frequency equal to 200, for 20 benchmark multimodal functions
(p1-p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03,
1.0e—04, 1.0e—05}.

Figure D1 3-D map for 2-D test functions (F;-Fi3) (Li, 2013).
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Appendix C. Analyses of Niching MG-PMA — Numerical Results 162

Figure C2: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator for 20 benchmark multimodal functions

(p1-p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04,
1.0e—05}.

Figure C3: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level two-point crossover operator for 20 benchmark multimodal functions

(p1-p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04,
1.0e—05}.
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BENCHMARK FUNCTION

Figure C4: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level uniform crossover operator for 20 benchmark multimodal functions (p;-
p20) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

Tables C1-C5 the Aligned Friedman’s and Iman-Davenport’s tests, and
Holm’s procedure for pairwise comparison between high-level crossover operators
for Niching MG-PMA with five level of accuracy: {le—1, le—2, le—3, le—4,
le—5}.

Table C1: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between high-level crossover operators for Niching MG-
PMA with 1le—1 accuracy. The reference rank (R() corresponds to the rank of the
best algorithm (i = 0); in this case high-level two-point crossover.

i  Genetic Operator Rank

3 high-level uniform crossover 42.750

2 high-level crossover 41.900

1 high-level single-point crossover 39.075

0 high-level two-point crossover 38.275
Test p-value
Aligned Friedman 0.017
Genetic Operator z=(Ro—Ri)/SE p-value Holm Reject?
high-level uniform crossover 0.609 0.543 0.017 No
high-level crossover 0.493 0.622 0.025 No
high-level single-point crossover 0.109 0.913 0.050 No
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Table C2: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between high-level crossover operators for Niching MG-
PMA with 1le—2 accuracy. The reference rank (Rg) corresponds to the rank of the
best algorithm (i = 0); in this case high-level two-point crossover.

i Genetic Operator Rank

3 high-level uniform crossover 47.225

2 high-level crossover 45.300

1 high-level single-point crossover 36.350

0 high-level two-point crossover 33.125
Test p-value
Aligned Friedman 0.017
Genetic Operator z=(Ro—R;)/SE p-value Holm Reject?
high-level uniform crossover 1.919 0.055 0.017 No
high-level crossover 1.657 0.098 0.025 No
high-level single-point crossover 0.439 0.661 0.050 No

Table C3: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between high-level crossover operators for Niching MG-
PMA with 1e—3 accuracy. The reference rank (R() corresponds to the rank of the
best algorithm (i = 0); in this case high-level two-point crossover.

i Genetic Operator Rank

3 high-level uniform crossover 47.900

2 high-level crossover 43.050

1 high-level single-point crossover 37.275

0 high-level two-point crossover 33.775
Test p-value
Aligned Friedman 0.017
Genetic Operator z=(Ro—R;)/SE p-value Holm Reject?
high-level uniform crossover 1.922 0.055 0.017 No
high-level crossover 1.262 0.207 0.025 No

high-level single-point crossover 0.476 0.634 0.050 No
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Table C4: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between high-level crossover operators for Niching MG-
PMA with 1e—4 accuracy. The reference rank (Rg) corresponds to the rank of the
best algorithm (i = 0); in this case high-level two-point crossover.

i Genetic Operator Rank

3 high-level uniform crossover 47.950

2 high-level crossover 43.200

1 high-level single-point crossover 37.025

0 high-level two-point crossover 33.825
Test p-value
Aligned Friedman 0.017
Genetic Operator z=(Ro—R;)/SE p-value Holm Reject?
high-level uniform crossover 1.922 0.055 0.017 No
high-level crossover 1.276 0.202 0.025 No
high-level single-point crossover 0.436 0.663 0.050 No

Table C5: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between high-level crossover operators for Niching MG-
PMA with 1e—5 accuracy. The reference rank (R() corresponds to the rank of the
best algorithm (i = 0); in this case high-level two-point crossover.

i Genetic Operator Rank

3 high-level uniform crossover 47.125

2 high-level crossover 45.275

1 high-level single-point crossover 36.425

0 high-level two-point crossover 33.175
Test p-value
Aligned Friedman 0.017
Genetic Operator z=(Ro—R;)/SE p-value Holm Reject?
high-level uniform crossover 1.898 0.058 0.017 No
high-level crossover 1.647 0.100 0.025 No

high-level single-point crossover 0.442 0.658 0.050 No
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C3
Numerical Results for Local Optimization Frequency Analysis

This section presents the numerical results for local optimization frequency
analysis. Figures C5-C13 present the bar chart with peak ratio (PR) results from
Niching MG-PMA using high-level single-point crossover operator or high-level
two-point crossover operator for 20 benchmark multimodal functions (p-p2p) with
five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}. Each
figure uses a different local optimization frequency and the values used are: 10, 50,
100, 150 and 200.

local optimization frequency: 10
high-level single-point crossover

1.000 . - . . .

0900 4 H H H O -

0.800 . . g g H

0.700 H . H 1 -

0.600 1 § 1 § H

0.500 . . . g H
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0.400 H . . . -

0.300 . § § g -

0.200 . . - . -

0.100 H . . . -

TS

P1 P2 P3 Ps Ps  Ps | P7 | Pg | Po Pio P11 P12 P13z Pia | Pis | Pie | P17 Pis | Pio | P2o

W 1e-01 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.884 1.000 1.000 0.817 0.713 0.900 0.917 1.000 0.233 0.050 0.000 0.000 0.000
H1le-02 1.000 1.000 1.000 1.000|1.000 1.000 0.992 0.883 0.694 1.000 0.500 0.713 0.350 0.167 0.125 0.117 0.013 0.000 0.000 0.000
M 1e-03 1.000 1.000 1.000 1.000|1.000 1.000 0.986 0.883 0.688 1.000 0.483 0.713 0.350 0.150 0.125 0.117 0.013 0.000 0.000 0.000
1le-04 1.000 1.000 1.000 1.000 1.000 1.000 0.986 0.833 0.687 1.000 0.483 0.713 0.350 0.150 0.125 0.117 0.013 0.000 0.000 0.000
M le-05 1.000 1.000 1.000 1.000 1.000 0.000 0.986 0.699 0.687 1.000 0.483 0.713 0.350 0.150 0.125 0.117 0.013 0.000 0.000 0.000
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0.000

Figure C5: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and local optimization frequency equal
to 10, for 20 benchmark multimodal functions (p1-p29) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Figure C6: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level two-point crossover operator, and local optimization frequency equal to
10, for 20 benchmark multimodal functions (p;-p>g) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Figure C7: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and local optimization frequency equal

to 50, for 20 benchmark multimodal functions (p1-p29) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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local optimization frequency: 50
high-level two-point crossover
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Figure C8: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level two-point crossover operator, and local optimization frequency equal to

50, for 20 benchmark multimodal functions (p;-p>o) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Figure C9: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and local optimization frequency equal

to 100, for 20 benchmark multimodal functions (p;-p2o) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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local optimization frequency: 100
high-level two-point crossover
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Figure C10: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level two-point crossover operator, and local optimization frequency equal to
100, for 20 benchmark multimodal functions (p1-p29) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Figure C11: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level two-point crossover operator, and local optimization frequency equal to
150, for 20 benchmark multimodal functions (p1-p29) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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local optimization frequency: 200
high-level single-point crossover
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Figure C12: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and local optimization frequency equal
to 200, for 20 benchmark multimodal functions (p;-p2o) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Figure C13: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level two-point crossover operator, and local optimization frequency equal to

200, for 20 benchmark multimodal functions (p1-p29) with five level of accuracy:
{1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Tables C6-C10 present the Aligned Friedman’s and Iman-Davenport’s tests,
and Holm’s procedure for pairwise comparison between different local optimization
frequency values (L1, L10, L50, L100, L150 and L200) and high-level crossover
operators (sp — single-point, tp — two-point) for Niching MG-PMA with five level
of accuraciy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

Table C6: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different local optimization frequency values (L1,
L10, L50, L100, L150 and L200) and high-level crossover operators (sp — single-
point, tp — two-point) for Niching MG-PMA with le—1 accuracy. The reference
rank (Rp) corresponds to the rank of the best algorithm (i = 0); in this case the

configuration L150 sp.

i Niching MG-PMA Rank

11 Lltp 152.400
10 Llsp 148.650
9 LlOtp 137.150

8 L50tp 126.100

7  L200tp 123.550

6 L150tp 122.050

5 Ll0sp 117.625

4 L50sp 114.625

3 L100tp 108.475

2 L200sp 101.825

1 L100sp 98.075

0 LI150sp 95.475
Test p-value
Aligned Friedman 0.005
Niching MG-PMA z=(Ryp—R;)/SE p-value Holm Reject?
Lltp 2.593 0.010  0.005 No
L1sp 2.422 0.154  0.005 No
L10tp 1.898 0.058 0.006 No
L50 tp 1.395 0.163 0.006 No
L200 tp 1.279 0.201 0.007 No
L150 tp 1.211 0.226  0.008 No
L10 sp 1.009 0.313 0.010 No
L50 sp 0.872 0.383 0.013 No
L100 tp 0.592 0.554  0.017 No
L200 sp 0.289 0.772  0.025 No
L100 sp 0.118 0.906  0.050 No
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Table C7: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different local optimization frequency values (L1,
L10, L50, L100, L150 and L200) and high-level crossover operators (sp — single-
point, tp — two-point) for Niching MG-PMA with le—2 accuracy. The reference
rank (Rp) corresponds to the rank of the best algorithm (i = 0); in this case the

configuration L1 sp.

i Niching MG-PMA Rank

11 L200tp 143.050
10 L150tp 136.775
9 L50tp 131.725

8 L50sp 129.050
7 LlOtp 127.850
6 L100tp 120.400

5 LI150sp 117.025
4 L100sp 115.625
3 L200sp 112.950
2 LlOsp 110.650

1 Litp 105.200
0 Llsp 95.700
Test p-value
Aligned Friedman 0.005

Niching MG-PMA

z=(Ro—R;)/SE p-value

Holm Reject?

L200 tp
L150 tp
L50 tp
L50 sp
L10tp
L100 tp
L150 sp
L100 sp
L200 sp
L10 sp
Lltp

2.157
1.871
1.641
1.519
1.464
1.125
0.971
0.908
0.786
0.681
0.433

0.031
0.061
0.101
0.129
0.143
0.261
0.331
0.364
0.432
0.496
0.665

0.005 No
0.005 No
0.006 No
0.006 No
0.007 No
0.008 No
0.010 No
0.013 No
0.017 No
0.025 No
0.050 No
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Table C8: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different local optimization frequency values (L1,
L10, L50, L100, L150 and L200) and high-level crossover operators (sp — single-
point, tp — two-point) for Niching MG-PMA with 1e—3 accuracy. The reference
rank (Rp) corresponds to the rank of the best algorithm (i = 0); in this case the

configuration L1 sp.

i Niching MG-PMA Rank

11 L200tp 142.550
10 L150tp 135.725
9 L50tp 129.600

8 L50sp 128.850
7 L1000 tp 122.650
6 L10tp 121.425

5 L200sp 118.300

4 L100sp 117.800
3 L150sp 115.800
2 LlOsp 113.850

1 Litp 104.200
0 Llsp 95.250
Test p-value
Aligned Friedman 0.005

Niching MG-PMA

z=(Ro—R;)/SE p-value

Holm Reject?

L200 tp
L150 tp
L50 tp
L50 sp
L100 tp
L10 tp
L200 sp
L100 sp
L150 sp
L10 sp
Lltp

2.155
1.844
1.565
1.530
1.248
1.192
1.050
1.027
0.936
0.847
0.408

0.031
0.065
0.118
0.126
0.212
0.233
0.294
0.304
0.349
0.397
0.684

0.005 No
0.005 No
0.006 No
0.006 No
0.007 No
0.008 No
0.010 No
0.013 No
0.017 No
0.025 No
0.050 No
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Table C9: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different local optimization frequency values (L1,
L10, L50, L100, L150 and L200) and high-level crossover operators (sp — single-
point, tp — two-point) for Niching MG-PMA with le—4 accuracy. The reference
rank (Rp) corresponds to the rank of the best algorithm (i = 0); in this case the

configuration L1 sp.

i Niching MG-PMA Rank

11 L200tp 143.650
10 L150tp 137.050
9 L50tp 130.525

8 L50sp 125.825

7 L1000 tp 123.950
6 L150sp 123.175
5 LliOtp 121.125

4  L200sp 118.175
3  L100sp 113.750
2 LlOsp 112.675

1 Litp 103.275

0 Llsp 92.825
Test p-value
Aligned Friedman 0.005

Niching MG-PMA

z=(Ro—R;)/SE p-value

Holm Reject?

L200 tp
L150 tp
L50 tp
L50 sp
L100 tp
L150 sp
L10 tp
L200 sp
L100 sp
L10 sp
Lltp

2.315
2.014
1.717
1.503
1.418
1.382
1.289
1.155
0.953
0.904
0.476

0.021
0.044
0.086
0.133
0.156
0.169
0.197
0.248
0.341
0.366
0.634

0.005 No
0.005 No
0.006 No
0.006 No
0.007 No
0.008 No
0.010 No
0.013 No
0.017 No
0.025 No
0.050 No
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Table C10: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different local optimization frequency values (L1,
L10, L50, L100, L150 and L200) and high-level crossover operators (sp — single-
point, tp — two-point) for Niching MG-PMA with le—5 accuracy. The reference
rank (Rp) corresponds to the rank of the best algorithm (i = 0); in this case the

configuration L1 sp.

i Niching MG-PMA Rank

11 L200tp 141.075
10 L150tp 133.375
9 L50tp 132.925

8 L100tp 126.850
7 LlOtp 123.100

6 L50sp 122.500

5 LI150sp 121.625
4  L200sp 115.525

3  L100sp 114.900
2 LlOsp 114.100

1 Litp 105.300
0 Llsp 94.725
Test p-value
Aligned Friedman 0.005

Niching MG-PMA

z=(Ro—R;)/SE p-value

Holm Reject?

L200 tp
L150 tp
L50 tp
L100 tp
L10tp
L50 sp
L150 sp
L200 sp
L100 sp
L10 sp
Lltp

2.112
1.761
1.740
1.463
1.293
1.265
1.225
0.947
0.919
0.883
0.482

0.035
0.078
0.082
0.143
0.196
0.206
0.221
0.343
0.358
0.378
0.630

0.005 No
0.005 No
0.006 No
0.006 No
0.007 No
0.008 No
0.010 No
0.013 No
0.017 No
0.025 No
0.050 No
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C4
Numerical Results for Feedback Frequency Analysis

This section presents the numerical results for feedback frequency analysis.
Figures C14-C18 present the bar chart with peak ratio (PR) results from Niching
MG-PMA using high-level single-point crossover operator for 20 benchmark
multimodal functions (p;-p2o) with five level of accuracy: {1.0e—01, 1.0e—02,
1.0e—03, 1.0e—04, 1.0e—05}. Each figure uses a different feedback frequency and
the values used are: 0, 10, 50, 100, 150 and 200.

feedback frequency: 0
local optimization frequency: 150

1.000

0.800 H . H 1 -

0.700 1 . : - -

0.600 . . g g -

PR

0.500 H . H 1 - -

0.400 - . - - o o - -

0.300 H . . 1 - 1 1 H

0.200 H H H . - ] H H

0.000 Il--l_l-.
P1 P2 P3| P+ Ps  Ps  P7  Pg | Po Pio| P11 P12 P13 Pia | Pis Pie P17 | Pis P9 P20

M le-01 1.000 1.000 1.000 1.000| 1.000 0.994 1.000 0.694 0.999 1.000 0.650 0.600 0.900 1.000 1.000 0.867 0.438 0.383 0.025 0.038

W 1e-02 1.000 1.000 1.000 1.000|1.000 0.994 0.989 0.681 0.674 1.000 0.450 0.588 0.183 0.167 0.138 0.167 0.050 0.050 0.025 0.038

M 1e-03 1.000 1.000 1.000 1.000 1.000 0.994 0.983 0.663 0.653 1.000 0.450 0.575 0.183 0.167 0.138 0.117 0.013 0.050 0.025 0.038

le-04 1.000 1.000 1.000 1.000 1.000 0.994 0.983 0.600 0.645 1.000 0.417 0.575 0.183 0.167 0.138 0.117 0.013 0.050 0.025 0.038
M 1le-05 1.000 1.000 1.000 1.000|1.000 0.000 0.983 0.346 0.642 1.000 0.400 0.575/0.183 0.167 0.138 0.117 0.013 0.050 0.025 0.038

BENCHMARK FUNCTION

Figure C14: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and feedback frequency equal to 0, for
20 benchmark multimodal functions (p1-p2¢) with five level of accuracy: {1.0e—01,
1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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feedback frequency: 50
local optimization frequency: 150
1.000
0.900
0.800
0.700
0.600
o
a 0.500
0.400
0.300
0.200
Wi

0.000 | —|m

P1 P2 P3 Ps Ps  Ps | P7 | Pg | Po Pio Pi1 P12 P13z Pia | Pis | Pie P17 Pis | Pio | P2o

H1le-01 1.000 1.000 1.000 1.000 1.000 0.967 1.000 0.648 1.000 1.000 0.667 0.613 0.867 1.000 1.000 1.000 0.225 0.250 0.013 0.013

W 1e-02 1.000 1.000 1.000 1.000|1.000 0.967 0.978 0.643 0.673 1.000 0.417 0.600 0.250 0.167 0.125 0.167 0.050 0.000 0.013 0.013

M 1e-03 1.000 1.000 1.000 1.000|1.000 0.967 0.975 0.633 0.647 1.000 0.367 0.600 0.250 0.167 0.125 0.133 0.038 0.000 0.013 0.013

W le-04 1.000 1.000 1.000 1.000 1.000 0.967 0.972 0.574 0.633 1.000 0.367 0.600 0.250 0.167 0.125 0.133 0.038 0.000 0.013 0.013

M le-05 1.000 1.000 1.000 1.000|1.000 0.000 0.972 0.315 0.628 1.000 0.367 0.600 0.250 0.167 0.125 0.133 0.038 0.000 0.013 0.013

BENCHMARK FUNCTION

Figure C15: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and feedback frequency equal to 50, for
20 benchmark multimodal functions (p;-p2o) with five level of accuracy: {1.0e—01,
1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

feedback frequency: 100
local optimization frequency: 150
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BENCHMARK FUNCTION

Figure C16: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and feedback frequency equal to 100, for

20 benchmark multimodal functions (p;-p2o) with five level of accuracy: {1.0e—01,
1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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feedback frequency: 150
local optimization frequency: 150
1.000
0.900
0.800
0.700
0.600
o
a 0.500
0.400
0.300
0.200
Wi

0.000 - | SN R -

P1 P2 P3 Ps Ps  Ps | P7 | Pg | Po Pio Pi1 P12 P13z Pia | Pis | Pie P17 Pis | Pio | P2o

W 1le-01 1.000 1.000 1.000 1.000 1.000 0.978 1.000 0.733 1.000 1.000 0.517 0.600 0.900 0.917 | 1.000 1.000 0.513 0.350 0.013 0.025

M 1e-02 1.000 1.000 1.000 1.000|1.000 0.978 0.983 0.719 0.675 1.000 0.400 0.588 0.233 0.167 0.125 0.150 0.075 0.050 0.013 0.025

W 1e-03 1.000 1.000 1.000 1.000|1.000 0.978 0.975 0.709 0.641 1.000 0.383 0.588 0.217 0.167 0.125 0.133 0.063 0.033 0.013 0.013

W le-04 1.000 1.000 1.000 1.000 1.000 0.978 0.975 0.607 0.634 1.000 0.367 0.588 0.217 0.167 0.125 0.133 0.050 0.033 0.013 0.013

Hle-05 1.000 1.000 1.000 1.000 | 1.000 0.000 0.975 0.327 0.631 1.000 0.367 0.5880.217 0.167 0.125 0.133 0.050 0.033 0.013 0.013

BENCHMARK FUNCTION

Figure C17: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and feedback frequency equal to 150, for
20 benchmark multimodal functions (p;-p2o) with five level of accuracy: {1.0e—01,

1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

feedback frequency: 200
local optimization frequency: 150
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Figure C18: Bar chart with peak ratio (PR) results from Niching MG-PMA using
high-level single-point crossover operator, and feedback frequency equal to 200, for

20 benchmark multimodal functions (p;-p2o) with five level of accuracy: {1.0e—01,
1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.
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Tables C11-C15 present the Aligned Friedman’s and Iman-Davenport’s
tests, and Holm’s procedure for pairwise comparison between different feedback
frequency values (FO, F1, F10, F50, F100, F150 and F200) for Niching MG-PMA
with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04, 1.0e—05}.

Table C11: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different feedback frequency values (FO, F1,
F10, F50, F100, F150 and F200) for Niching MG-PMA with 1le—1 accuracy. The
reference rank (R() corresponds to the rank of the best algorithm (i = 0); in this case

the configuration F1.

i Niching MG-PMA Rank

6 F50 83.750

5 FI0 74.425

4 FI150 73.100

3 F100 70.675

2 FO 68.375

1 F200 68.050

0 FI 55.125
Test p-value
Aligned Friedman 0.008
Niching MG-PMA z=(Ryp—R;)/SE p-value Holm Reject?
F50 2.233 0.026 0.008 No
F10 1.505 0.132 0.010 No
F150 1.402 0.161 0.013 No
F100 1.212 0.225 0.017 No

FO 1.033 0.302 0.025 No
F200 1.008 0.314 0.050 No
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Table C12: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different feedback frequency values (FO, F1,
F10, F50, F100, F150 and F200) for Niching MG-PMA with 1e—2 accuracy. The
reference rank (R() corresponds to the rank of the best algorithm (i = 0); in this case
the configuration F1.

i Niching MG-PMA Rank

6 F50 88.525

5 FI150 80.450

4 FO 70.275

3 F200 68.700

2 FI10 65.300

1 F100 63.750

0 Fl 56.500
Test p-value
Aligned Friedman 0.008

Niching MG-PMA z=(Ryp—R;)/SE p-value Holm Reject?

F50 2.497 0.013 0.008 No
F150 1.867 0.062 0.010 No
FO 1.074 0.283 0.013 No
F200 0.951 0.342 0.017 No
F10 0.686 0.493 0.025 No
F100 0.565 0.572 0.050 No

Table C13: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different feedback frequency values (FO, F1,
F10, F50, F100, F150 and F200) for Niching MG-PMA with 1e—3 accuracy. The
reference rank (R() corresponds to the rank of the best algorithm (i = 0); in this case
the configuration F1.

i Niching MG-PMA Rank

6 F50 92.375

5 FI150 84.800

4 F200 74.075

3 FO 71.125

2 F10 59.525

1 F100 59.150

0 F1 52.450
Test p-value
Aligned Friedman 0.010

Niching MG-PMA z=(Ry—R;)/SE p-value Holm Reject?

F50 3.113 0.002 0.008 Yes
F150 2.522 0.012 0.010 No
F200 1.686 0.092 0.013 No
FO 1.456 0.145 0.017 No
F10 0.552 0.581 0.025 No

F100 0.522 0.601 0.050 No
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Table C14: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different feedback frequency values (FO, F1,
F10, F50, F100, F150 and F200) for Niching MG-PMA with 1e—4 accuracy. The
reference rank (R() corresponds to the rank of the best algorithm (i = 0); in this case
the configuration F1.

i Niching MG-PMA Rank

6 F50 91.200

5 FI150 88.975

4 F200 74.750

3 FO 70.425

2 F100 59.025

1 FI0 57.150

0 Fl 51.975
Test p-value
Aligned Friedman 0.013

Niching MG-PMA z=(Ryp—R;)/SE p-value Holm Reject?

F50 3.058 0.002 0.008 Yes
F150 2.885 0.004 0.010 Yes
F200 1.776 0.076 0.013 No
FO 1.439 0.150 0.017 No
F100 0.550 0.583 0.025 No
F10 0.404 0.687 0.050 No

Table C15: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between different feedback frequency values (FO, F1,
F10, F50, F100, F150 and F200) for Niching MG-PMA with 1e—5 accuracy. The
reference rank (R() corresponds to the rank of the best algorithm (i = 0); in this case
the configuration F10.

i Niching MG-PMA Rank

6 F50 89.475

5 FI150 88.475

4 F200 78.475

3 FO 67.100

2 F100 62.225

1 F1 54.475

0 F10 53.275
Test p-value
Aligned Friedman 0.013

Niching MG-PMA z=(Ry—R;)/SE p-value Holm Reject?

F50 2.822 0.005 0.008 Yes
F150 2.775 0.006 0.010 Yes
F200 1.965 0.049 0.013 No
FO 1.078 0.281 0.017 No
F100 0.698 0.485 0.025 No

F1 0.094 0.926 0.050 No
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C5
Numerical Results for Comparison with Well-Established Algortihms

Tables C16-C20 present the Aligned Friedman’s and Iman-Davenport’s tests,
and Holm’s procedure for pairwise comparison between two configuration of
Niching MG-PMA (Niching MG-PMA L1 and Niching MG-PMA L150) and
two algorithms recommended by 2017 IEEE CEC Special Session on Niching
Methods for Multimodal Optimization (Li, 2013) (DE/nrand/1/bin and Crowding
DE/rand/1/bin) with five level of accuracy: {1.0e—01, 1.0e—02, 1.0e—03, 1.0e—04,
1.0e—05}.

Table C16: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between Niching MG-PMA L1, Niching MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin for 1e—01 accuracy. The reference
rank (Rp) corresponds to the rank of the best algorithm (i = 0); in this case Niching
MG-PMA L150.

i Algorithm Rank

3 DE/nrand/1/bin 50.200

2 Niching MG-PMA L1 42.800

1 Crowding DE/rand/1/bin 37.775

0 Niching MG-PMA L150 31.225
Test p-value
Aligned Friedman 0.025
Algorithm z=(Ro—R;)/SE p-value Holm Reject?
DE/nrand/1/bin 2.582 0.010 0.017  Yes
Niching MG-PMA L1 1.575 0.115 0.025 No
Crowding DE/rand/1/bin  0.891 0.373 0.050 No
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Table C17: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between Niching MG-PMA L1, Niching MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin for 1e—02 accuracy. The reference
rank (Rgp) corresponds to the rank of the best algorithm (i = 0); in this case
DE/nrand/1/bin.

i Algorithm Rank

3 Niching MG-PMA L150 47.075

2 Niching MG-PMA L1 41.750

1 Crowding DE/rand/1/bin 36.875

0 DE/nrand/1/bin 36.300
Test p-value
Aligned Friedman 0.017
Algorithm z=(Ro—R;)/SE p-value Holm Reject?
Niching MG-PMA L150 1.466 0.143 0.017 No
Niching MG-PMA L1 0.742 0.458 0.025 No
Crowding DE/rand/1/bin  0.078 0.938 0.050 No

Table C18: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between Niching MG-PMA L1, Niching MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin for 1e—03 accuracy. The reference
rank (Rgp) corresponds to the rank of the best algorithm (i = 0); in this case
DE/nrand/1/bin.

i Algorithm Rank

3 Niching MG-PMA L150 45.850

2 Niching MG-PMA L1 40.300

1 Crowding DE/rand/1/bin 39.500

0 DE/nrand/1/bin 36.350
Test p-value
Aligned Friedman 0.017
Algorithm z=(Ro—R;)/SE p-value Holm Reject?
Niching MG-PMA L150 1.293 0.196 0.017 No
Niching MG-PMA L1 0.538 0.591 0.025 No
Crowding DE/rand/1/bin  0.429 0.668 0.050 No
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Table C19: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between Niching MG-PMA L1, Niching MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin for 1e—04 accuracy. The reference
rank (Rgp) corresponds to the rank of the best algorithm (i = 0); in this case

DE/nrand/1/bin.

i Algorithm Rank

3 Crowding DE/rand/1/bin 46.450

2 Niching MG-PMA L150 43.300

1 Niching MG-PMA L1 37.850

0 DE/nrand/1/bin 34.400
Test p-value
Aligned Friedman 0.017
Algorithm z=(Ro—R;)/SE p-value Holm Reject?
Crowding DE/rand/1/bin  1.640 0.101 0.017 No
Niching MG-PMA L150 1.211 0.226 0.025 No
Niching MG-PMA L1 0.470 0.639 0.050 No

Table C20: Aligned Friedman’s and Iman-Davenport’s tests, and Holm’s procedure
for pairwise comparison between Niching MG-PMA L1, Niching MG-PMA L150,
DE/nrand/1/bin and Crowding DE/rand/1/bin for 1e—05 accuracy. The reference
rank (Rgp) corresponds to the rank of the best algorithm (i = 0); in this case

DE/nrand/1/bin.

i Algorithm Rank

3 Crowding DE/rand/1/bin 47.125

2 Niching MG-PMA L150 44.625

1 Niching MG-PMA L1 39.025

0 DE/nrand/1/bin 31.225
Test p-value
Aligned Friedman 0.017
Algorithm z=(Ro—R;)/SE p-value Holm Reject?
Crowding DE/rand/1/bin  2.164 0.031 0.017 No
Niching MG-PMA L150 1.824 0.068 0.025 No
Niching MG-PMA L1 1.062 0.289 0.050 No
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D
CEC’2017 Benchmark Multimodal Functions

D1
Introduction

This appendix presents the properties of the benchmark functions from 2017
IEEE CEC Special Session on Niching Methods for Multimodal Optimization. The
benchmark functions (p1-pyg) are based on 12 test functions (F;-Fj) with different
dimensions and number of global optima. More details about the benchmark and test

functions can also be found in the technical report of the competition (Li, 2013).

D1.1
Test Functions

Test functions from 2017 IEEE CEC Special Session on Niching Methods
for Multimodal Optimization are scalable to dimension and the number of global
optima can be adjusted freely by the user. Table D1 presents the test functions of

this competition and their properties.
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Table D1: Test functions from 2017 IEEE CEC Special Session on Niching Methods
for Multimodal Optimization and their properties

Function | Name Properties
Variables ranges: x € [0,30]
F Five-Uneven-Peak Trap Number of global optima: 2

Number of local optima: 3

Variables ranges: x € [0, 1]

23 Equal Maxima Number of global optima: 5

Number of local optima: 0

Variables ranges: x € [0, 1]

F Uneven Decreasing Maxima Number of global optima: 1

Number of local optima: 4

Variables ranges: x,y € [—6,6]

Fy Himmelblau Number of global optima: 4

Number of local optima: 0

Variables ranges: x € [—1.9,1.9];y € [—1.1,1.1]

Fs Six-Hump Camel Back Number of global optima: 2

Number of local optima: 2

Variables ranges: x; € [—10,10]°,i=1,2,...,D

Fs Shubert Number of global optima: D - 3”

Number of local optima: many

Variables ranges: x; € [0.25,10]°,i = 1,2,...,D

F Vincent Number of global optima: 6”

Number of local optima: 0

Variables ranges: x; € [0,1]P,i=1,2,...,D

F Modified Rastrigin - All Global Optima | Number of global optima: 12

Number of local optima: 0

Multimodal, Shifted, Non-Rotated,

F Composition Function 1 Non-symmetric, Separable near the global optima, Scalable,

Numerous local optima, Different function’s properties are mixed together,
Number of global optima: 6

Multimodal, Shifted, Non-Rotated,

Fio Composition Function 2 Non-symmetric, Separable near the global optima, Scalable,

Numerous local optima, Different function’s properties are mixed together,
Number of global optima: 8

Multimodal, Shifted, Rotated,

y Composition Function 3 Non-symmetric, Non-separable, Scalable,

A huge numerous of local optima, Different function’s properties are mixed together,
Number of global optima: 6

Multimodal, Shifted, Rotated,

Fiy Composition Function 4 Non-symmetric, Non-separable, Scalable,

A huge numerous of local optima, Different function’s properties are mixed together,
Number of global optima: 8
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Figure D1 presents the 3-D map for 2-D test functions.
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Figure D1: 3-D map for 2-D test functions (F1-F12) (Li, 2013).
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D1.2
Benchmark Functions

Table D2 presents the 20 multimodal benchmark functions (p;-p20).

Table D2: Benchmark functions from 2017 IEEE CEC Special Session on Niching
Methods for Multimodal Optimization
Benchmark Function Test Function

Pi Fy (1ID)
P2 F, (1ID)
p3 F3 (1D)
P4 F, (2D)
Ps F5 (2D)
Pe Fs (2D)
P7 F; (2D)
P8 Fs (3D)
Po F; (3D)
P10 F3 (2D)
P11 Fy (2D)
P12 Fio (2D)
P13 F1 (2D)
D14 F11 (3D)
P15 Fi2 (3D)
Pl6 Fi1 (SD)
P17 Fi> (SD)
P18 Fy11 (10D)
P19 Fi2 (10D)
P20 Fi, (20D)
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