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Lipschitz nonlinearities

In this chapter, we always suppose that f : R — R satisfies

f(@) = fy)
T —y

a <

<b, for x#y and a< ). (2.1)

In section 2.1, we obtain the homeomorphism ® : ¥ — X mentioned in
theorem 1.5. In section 2.2 we impose an extra condition on f and we obtain
results about the behaviour at infinity of the map t — ®(z 4 t¢;) for fixed
2z € Hy. In section 2.3 we obtain some results concerning the count of solutions
of the equation F(u) = g for u € X and g € Y. Afterwards, in section 2.4 we
obtain a characterization of properness for F' which depends on the behaviour
of the image of fibers at infinity. Lastly, in section 2.5, we provide the proof of

a coercive property of the homeomorphism ® used in the previous sections.

2.1

Lyapunov-Schmidt reduction

Take an elliptic operator L : X — Y.

Definition 2.1 Let L be elliptic. Define \i(L,<2) by

(L+Nep >0, Q
inf {A € R: 3¢ € W2™(Q) such that 6<0 , 00 }
dxg € Q2 ¢(l’0) >0

Theorem 2.2 ([13]) Let L : X — Y be an elliptic operator. Then, A\ (L, )
is an isolated eigenvalue of —L with smallest real part in o(—L). Also,
Ker(—L — X\ (L,Q)1) is unidimensional (A(L,Q) is simple) and is generated
by a positive function ¢1(L,<2).

Theorem 2.3 ([23, proposition 1.1]) If L : X — Y is an elliptic operator,
then the operator L* : Y* — X* has a simple isolated eigenvalue A\i(L*, ) =
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M (L, Q) with smallest real part in o(—L*) to which one can associate a strictly

positive eigenfunction ¢1(L*,Q) € Y*.

For brevity, let Ay := A\ (L, Q), ¢1 := ¢1(L, Q) > 0, ¢ := ¢1(L*, Q) > 0.

Decompose X and Y in direct sums. Define Hy = (¢7)* and Vy = ().
As ¢ > 0, Hy NVy = {0}. Also, define Vx = V4 N X and Hx = Hy N X.
Then,
X=HxoVx, Y=HydVW.

Our main goal in this section is to prove the following theorem.

Theorem 2.4 There exists B = B(L,Q,a) > A\ such that, if b < B then,

there exists a Lipschitz homeomorphism with Lipschitz inverse
- Hy V=Y >HxdVyx=X

such that, for every z € Hy andt € R, (Fo®)(z+t¢,) € {z+sp; : s e R} C Y.

In other words, for

Fo®)(z t),47)
(91, ¢7) ’

we have (F o ®)(z+tp1) =z + h(z,t)pr.

h(z,t) := {

Figure 2.1: The function F' o ® trivializes the first coordinate.

Without loss, we can suppose that L is an isomorphism, i.e. its first
eigenvalue is positive (see [13]). We can, for instance, translate both L and f
by al : X — Y as follows:

—Lu— f(u) = —(L+al)u— (f(u) —au) = —(L + a)u — (f —a)(u).
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The Fredholm alternative and the fact that A; is a simple eigenvalue of
L give that v € X is a solution of Lu + A\ju = f if; and only if, (¢1, f) = 0.
As L : X — Y is an isomorphism, the aforementioned Fredholm alternative

assures that L : Hx — Hy is a well defined isomorphism.

In the following arguments, the letters w and z will be reserved, respec-

tively, for members of the horizontal spaces Hx, Hy. Consider the projection
PZHyEBVY:Y%Hy@Vy, Z+U =z

Given g = Pg+ (I — P)g = 2z, + t,¢1 € Hy & Vy, we want to solve the two

equations and two variables nonlinear system

{ PF(w+té1) = 2,

for the unknowns w e Hx, teR. (2.2)
(I = P)F(w +1¢1) = tg¢n

The system above motivates us to define, for Fy(w) = F(w + t¢,), a
family of maps {PF;}ier

PF,: Hx - Hy , ww PF,(w)=—Lw— Pf(w+ t¢),

and to prove the following, where a and b are as in equation (2.1),

Proposition 2.5 Given a < Ay, there exists B = B(L,Q,a) > A1 such that,
if b < B, the mappings PF; are Lipschitz homeomorphisms with Lipschitz
inverses such that the Lipschitz constants of both PFy and (PFy)™! are inde-
pendent of t.

A consequence of this result is that, given g = 2z, +t,¢1 € Hy ® Vy, for
all ¢ € R, there exists some w(z,,t) such that PF(w(z,,t)+t¢$1) = z,. In other
words, we can always solve the first equation of system (2.2), on w € Hy,
for every fixed t and z,. Each z, has exactly one pre-image in each horizontal
affine subspace t¢, + Hy of X.

We use proposition 2.5 to define the map ®
. Hy dVy —» Hx @ Vx , z+tp— (PF)'(2) +tor.

Note that ® moves a point at height ¢ to a point at the same height ¢. Turning
back to system (2.2), we observe that, for all z € Hy and t € R,

PF(®(z + t¢1)) = PF((PF) ™ (2) +t¢1) = PF(PF;(2)) = .
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As a consequence,

F(®(z +t¢y)) = PF(®(z +tp1)) + (I — P)(F(®(z + tgy))

Our goal now is to prove proposition 2.5 and theorem 2.4. The following
theorem 2.6, which is proved at the end of this chapter (section 2.5), plays a
central role in our arguments. It is a consequence of the maximum principle
and results contained in [13] concerning the existence of lower bounds for the
difference A\;(L, Q) — A\ (L, ), where ' C  is a strict subset, in terms of
the measure of the set 2\ 2. Also, we use results on the stability of viscosity

subsolutions and supersolutions under suitable hypotheses as in [25].
Theorem 2.6 For all a < Ay, there exist B = B(L,Q,a) > X\ and C =
C(L,Q,a) > 0 such that, for all f € C(R) satisfying

_ @)~ f)

< <b< B, z#y,
T —y

we have that, for every t,t € R and w,w € Hy,

[PFy(w) +t¢1 — PF() —t1]ly = Cllw — ]| x.

This theorem is used not only to prove that PF; and ® are invertible, but also

to obtain Lipschitz bounds for their inverses.

Now, we use theorem 2.6 to prove proposition 2.5 and theorem 2.4.

Proof: (proposition 2.5) We begin by proving the lemma below, which deals
with the case where F is C1.

Lemma 2.7 The maps PF; : Hx — Hy have closed image and are injective.
Also, if f is O, then the mappings PF, are Lipschitz diffeomorphisms with
Lipschitz inverse. Moreover, the constants of Lispchitz can be taken to be the

same for every t € R.
Proof: For fixed t € R, from theorem 2.6, we have that
[PFy(w) — PE(w)|ly = Cllw —o||x,

so that PF; is injective and has closed image.
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Now, suppose that f is C'. Note that PF, : Hy — Hy is C! — as a
consequence of proposition 6.1, the Jacobian of PF; at a point w € Hy is given
by

D(PF,)(w): Hx — Hy , v~ —Lv— P(f'(w+t¢1)v).

We use theorem 2.6 to prove that it has invertible derivative at every point
w € Hy. Note that v — P(f’(w—i—tcﬁﬁv) is a compact map since P : Y — Hy
is continuous and Hx is compactly embbeded in Hy . Also, L : Hx — Hy is an
isomorphism, so that D(PF;)(w) is the sum of the bijective map L with the
compact map Pf’(w + t¢;), hence, Fredholm of index zero. As it is injective
(theorem 2.6), it follows that it is also surjective, thus it is an isomorphism.
(There is another Fredholm index argument which does not depend on the

compact inclusion mentioned above, it can be found in [17]).

From the inverse function theorem, PF; is a local diffeomorphism, so that
its image is open. As its image is open and closed (theorem 2.6), it equals Hy,
so that PF; is surjective and, hence, bijective. Again, by theorem 2.6, we have
that its inverse is Lipschitz with the same constant for every t € R, as we

wanted.
O

The main difficulty to extend the result to the case where f is only
Lipschitz is to prove that PF; is surjective. In the previous argument, we
used the fact that the image of PF; is open, by means of the inverse function

theorem, which is not readily available for Lipschitz maps.

We prove surjectivity for PF; in the Lipschitz case by showing that it is
the uniform limit of surjective functions and by using the fact that its image is
closed. We use the next lemma 2.8 to aproximate PF; uniformly by a sequence

of C' surjective functions
PFk’tin%Hy, w|—>PFk(w+t¢1),

where Fj(u) = —Lu — fi(u), with fx € C'(R) obtained in the lemma below.
Lemma 2.8 If f: R — R s such that

wa»—ﬂw

<b<B, xz#y,
-y

then there erists a sequence {fi.} € C*(R) such that fr — [ uniformly and

o< O =AW
r—y
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Also, the sequence {Fy : X =Y |, ur —Lu — fr(u)}x converges uniformly to
F.

Proof: By propositon A.1, there exists a sequence of C*° real function {fx}

fe(x) — fir(y)
z—y

which satisfies

a< <b<B, z#y.

and f, — f uniformly.

Now we prove that Fj, — F' uniformly. Fix € > 0. Take N big enough so
that, for all K > N and s € R we have |fi(s) — f(s)| < ¢/|Q]. In particular,
for all u € X and z € Q we have that | fi(u(z)) — f(u(z))] < €/|Qx. It follows
that, for all w € X and k£ > N we have

1Fk(u) = F(u)lly = [l fe(w) = f(u)lly <

Since PFy (w) = PFg(w + t¢1), which is the result of a translation in
the domain of F' and the composition with a linear map, Fj, — F' uniformly

implies that PFy; — PF; uniformly.

By proposition 6.1, PFy, is C* for all k € N. Then, lemma 2.7 implies
that PF}, are diffeomorphisms for every £ € N, ¢ € R and, hence, surjective.

Now, fix t € R. We prove that, for every z € Hy, there exists w € Hy
such that PF,(w) = z, that is, that PF; is surjective. Because PFy, are
surjective and PFy; — PF; uniformly, there exists a sequence {wy}r € Hx
such that PFy;(wy) = z and

1P Fra(wi) — PE(wg)|ly = [z = PFy(wg)lly — 0.

As the image of PF; is closed, z € Ran(PF;).

Use theorem 2.6 to check that (PF;)~! : Hy — Hy is Lipschitz for every
t € R with the same Lipschitz constant.

We proceed to the proof of theorem 2.4.

Proof: (theorem 2.4) Recall the definition of & : Hy & V3 =Y — X

O(z+tg)) = (PF)H(2) +té1 € Hx ® V.
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First we prove that ® is injective. Take, in Hy ® Vy, 2+t # 2+t If
t #t, clearly ®(z+td1) # ®(Z+1¢). If t =1, then z # 2. As PF; is bijective,
(PF,)71(2) # (PF;)"Y(2) so that ®(z + tgy) # P(Z + ).

To see that ® is surjective, take w+t¢p, € Hx & Vx. For such ¢, as PF; :

Hx — Hy is bijective, there exists some z € Hy such that w = (PF,)~!(z).
Then, for such z, we have ®(z + t¢;) = (PF,) " (2) + t = w + tey.

It follows that ® is invertible and
(I)iliXIHx@Vx%YIHy@Vy, w+t¢1»—>PFt(w)+tq§1

is well defined and Lipschitz, since PF; : Hx — Hy is uniformly Lipschitz on
t € R from proposition 2.5.

We prove that @ is Lipschitz. Fix ¢, € R and z,7 € Hy. Consider
(PF;)™'(2) = w and (PF;)~'(Z) = . Substituting in theorem 2.6 we obtain

Iz +td1 — 2 = tonlly = C(PF) ™' (2) — (PE) ' (2)]lx.
As a consequence

12(2 +to1) — D(Z + Lon)llx < [(PF) ™ (2) = (PF) (D) lx + (t = D)énllx

< Gl = 24 = Dol + (2K - Danl
R A P D ~
< (5 14 ||¢1||y) (1= = 2l + ¢~ Dol

By an application of the closed graph theorem, for z 4+ t¢; € Hy ® Vi, the
norm given by ||z + t¢1||rryy = ||2]ly + [[té1]]y is equivalent to the norm of Y,
so that ® is Lipschitz.

Now we verify that (F o @)(z + t¢1) = z + h(z,t)¢1 where h(z,t) is
defined by the multiple of ¢; such that (I — P)(F o ®)(z + t¢1) = h(z,t)¢1.
From equation (2.3),

(Foq))(Z—Fthl) :Z+(I—P)(F0(I))(Z+t¢1) € Hy@Vy

That is, (Fo®)(z+t¢1) = z+h(z,t)¢;. Recalling that Hy L (¢7) and z € Hy,
apply the functional ¢] to both sides of the equation above to obtain

Fo®)(z+1t¢1), 47)
(¢1,91)

h(z,t) = { (2.4)
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Define w(z,t) := (PF;)~!(z) € Hx and
u(z,t) = (1) + 16y = Bz + 1)
Applying the new notation to equation (2.3), we have

F(u(z,t)) = —Lu(z,t) — f(u(z,t)) = 2+ h(z,t)¢1. (2.5)

Now we obtain a formula for h(z,t) by expanding the one in (2.4)

oty = (FL(1). 60

(o1, 0%)
_ (—Lw(z,t) —tLon, 87)  (flu(z,1)), 1)
(P1,0%) (1, &7)
L W), e, o fulzt)éd
B P A S

Definition 2.9 (fiber) For fized = € Hy, the fiber related to z is the function
u, R =X, tu(t) =w.(t)+tor :=u(z,1),
where w,(t) := w(z,t) = (PF,)"'(2).

Definition 2.10 (height) For fized z € Hy, the height related to z is the
function
h,:R—R, t~ h.(t):=h(z1).

The propositions below are immediate consequences of theorem 2.4 and
the definition of fibers and heights.

Proposition 2.11 For every z € Hy, the map t — u.,(t) = u(z,t) =
O(z + toy) is Lipschitz with Lipschitz constant independent of z.

Proposition 2.12 For each z € Hy, the set {u,(t) : t € R} C X 1is the pre-
image of {z+t¢, :t € R} CY by F. Moreover, F(u,(t)) = z+ h,(t)¢1, where
h.(t) is Lipschitz on both z and t.

Turning back to the system of equations (2.2), note that, given g =
2y +typ1 € Hy @ Vi, to solve F(w +tgy) = g = 2, + ty¢1 for w € Hy and
t € R, take the fiber ¢ — u. (t) and observe that

{ PF(u.,(t)) = PF(uw,, (1)) = 2
(I = P)F(u., (1) = he, ()61
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so that the equation F(u) = ¢ has as many solutions as the equation
h.,(t) =t4, for t € R.

2.2
Behaviour of fibers at infinity

Now we discuss the behaviour of a fiber at infinity supposing that

RCENI0)

< <b<B, z#y (2.7)
rT—y
a < lim ﬁzaghm @:iagb. (2.8)
§——00 S s—400 S

The lemma below proves that u,(t) = o(t) + t¢1, that is, w,(t) = o(t).

Lemma 2.13 For every z € Hy we have ‘l|im llw.(t)/t]|x =0, that is,
t|—o0

w [

t

- ¢1HX =0.

[t| =00

Proof: Fix z € Hy. By theorem 2.6, for some C' > 0,

PE(0), _ 1

12— 2E0) i)
t t Y

t ||X’

|PF,(w.(t)) — PF,(0)]ly > C|

so that we need to prove that the left hand side converges to 0. It suffices to
prove that ||PFy(0)/t|ly — 0 as t — £oo. We use the dominated convergence

theorem to prove this.

Note that PF;(0) = —Pf(t¢1). Suppose that ¢ — +oo. Then, for every
z € Q, we have f(t¢1(x))/t = bp1(x). Moreover, for ¢ > 1,

‘f(t¢1($))| < |f<t¢1(95)) —f(O)‘ i |f<0
t - t t

| < ma{lal, b} 1(x) + 1£(0)

with the right hand side belonging to Y = L"(2), so that the dominated
convergence theorem assures that f(t¢,)/t — béy in Y. Finally, PF,(0)/t =
—Pf(t$1)/t = —bP¢; = 0.

The case t — —oo is proved similarly using lim f(s)/s = a.
§——00
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2.3
Behaviour of heights at infinity

We have already seen in proposition 2.12 that, for a fiber u,(t) we have
Pus(t)) = = + ha()on.

Suppose, again, that conditions (2.7) and (2.8) are valid. We claim that,
under these hypotheses,

t— +oo = ||f(u.(t))/t — boylly — 0
t— —oc0 = ||f(u.(t))/t —ag1|ly — 0.

Observe that

fu-(t)) _ [f(tén) w;(t)

el U0 < o gy |22
From lemma 2.13, ||w.(¢)/t]ly — 0 for |t| — oo. Moreover, we have already
seen in the proof of the same lemma that ||f(tpy)/t — bon ||y — 0 if t — +oo

and || f(tp1)/t — ag:|ly — 0 if t — —o0, so that the claim is proved.

Proposition 2.14 Suppose (2.7) and (2.8). If & < A\, < b then, for every
bounded set B C Hy we have that |t| — oo implies that h,(t) — —oo uniformly
on z € B.

Proof: Fix any z € Hy. By equation (2.5),

Flu(t) __Lus(t) + f(u(t) _ 2 ho()
= ; it

Take t — +o0.

By lemma 2.13, |Ju.(t)/t — ¢1]|x — 0, so that || — Lu.(t)/t — A1 ||y — 0.
On the other hand, as we have proved above, || f(u.(t))/t — b¢: ||y — 0. Then,
F(u.(t))

hzt(t) qbl = f_z — (/\1 — Z;)gbl , n Y,

so that ¢ — +oo implies that h.(t)/t — A\ — b < 0.

For t — —o0, a similar argument provides h,(t)/t — A\ —a > 0, and,
again, h,(t) — —oo.

Now, take z,z9 € B C Hy where B is bounded. As F(u,(t)) =
F(®(z + tp1)) = z + h(z,t)¢y is Lipschitz, it follows that h(z,t) = h,(t) is


DBD
PUC-Rio - Certificação Digital Nº 1221625/CA


PUC-RIo - Certificagao Digital N° 1221625/CA

Chapter 2. Lipschitz nonlinearities

Lipschitz. Then,

|h=(t) = hay (D] |P1[ly < Cllz = 20y,

which assures that the convergence is uniform on B for |t| — Fo0.
|

We observe that in this proof, the Lipschitz property of ® plays a
fundamental role as we used it to prove that ||u,(t)/t—¢1||x — 0 and to obtain
the uniform convergence. Also, this approach has the advantage of proving
what the limits of h,(t)/t are when t — Fo0.

On the other hand, the techniques used by Berger and Podolak in [9], if
applied to that case, would use only the compact inclusion X < Y instead of

lemma 2.13, but do not provide uniform convergence on bounded sets nor the
limits hm h,(t)/t.

We state similar results below but we omit their proofs as they are

analogous to the one in proposition 2.14.

Proposition 2.15 Under hypotheses (2.7) and (2.8) we have

1. a,b< Ay = lim h,(t) = —oco and lim h,(t) = +oc.

t——o00 t——+o0

2. a,b>\ = lim h.(t) =400 and lim h,(t) = —oco.

t——o00 t—-+o0

3. a>M\>b = lim h,(t) =400 and lim h.(t) = +oo0.

t——o00 t——+o0

For slightly different hypotheses on f there is a similar approach which
relies on the positivity of ¢] and does not depend on the existence of a limit
for w,(t)/t. It provides uniform convergence on z of the height functions h,(¢)
to —oo regardless of the Lipschitz bounds for ®, but we do not know what the
limits of h,(t)/t are when ¢t — +oc.

Proposition 2.16 Suppose that there exist lines ag + as and by + Z;s, s € R,
e>0 witha < A\ < b such that

ap+as < f(s) if s<0, by + bs < f(s) if s> 0. (2.9)

Then, |t| — oo implies that h,(t) — —oo uniformly on z € Hy .
Proof: Fix z € Hy. Equation (2.6) provides

_ Jo Fu(0)9]
ha(t) = Mt fQWbl .
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By hypothesis, for all s € R, by + bs < f(s). Since ¢* > 0,

Substituting in the equation above, we have

ha(t) = At — %
Q
_ bo fQ oH +5fg(wz(t) + thr) ot
<\t o
; Jo @1
Mt —bt—D
s OfQ o1 07

Since \; < b, taking t — 400 we have that, h,(t) — —co. As the right hand

side does not depend on z € Hy, the uniform convergence is clear.

An analogous argument provides that h,(t) — —oo for t — —o0

uniformly on z using the inequality ag + as < f(s), where @ < A;.
|
Also, with hypotheses (2.7) and (2.9) instead of (2.7) and (2.8), propo-

sition 2.15 is valid. Clearly, the results in proposition 2.15 provide non-exact
counts of solutions for the equation F(u) = g, for g € Y and v € X. These
results are well known for the case L = A, as it can be seen, for example, in

[1], [9], [24], jus to name a few.

2.4

Criteria for properness

In this section we obtain a criteria for deciding if F' is proper, that is, if the
pre-image of compact subsets of Y are compact in X. This is the same as
saying that: for every sequence {yz} € Im(F) that converges in Y, the set

{u e X : for some k € N, F(u) = y;} has a convergent subsequence.

It is possible to prove that F' is proper with the use of the maximum
principle and the compact inclusion X < Y. This is what Ambrosetti and
Prodi did in [1], but we would like to give an alternate geometric approach by

considering fibers, that is, the Lyapunov-Schmidt reduction of F.
All we need is the following hypothesis

Q<M§b§B, Ty

> r—y

30
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where B is given in theorem 2.4, and the easy lemma below, which we do not

prove.

Lemma 2.17 Let F : X — Y be continuous and let G 'Y — X be an
homeomorphism. Then F o G is proper if, and only if, F' is proper.

Now we provide a criteria for deciding if F' is proper.

Proposition 2.18 The map F : X — Y giwen by F(u) = —Lu — f(u) is
proper if, and only if, for every z € Hy we have |lim |h,(t)] = oc.

t|—o00

Proof: (<) Suppose that, for all z € Hy, we have that limp|_. |h.(t)| = oo.
By lemma 2.17, we just need to prove that F' o ® is proper, where ® is given
by theorem 2.4. Take z, + spp1 € Im(F) C Hy & Vy converging to zg + Soo1.

Then, for some sequence z;, + tp¢1 € Hy @ Vy we have

F(®(z +tppr)) = 21 + h(2p, tr)d1 = 21 + 5601

First we prove that h(zg,t;) — So. By theorem 2.4, F' o ® is Lipschitz, so that
h is Lipschitz. Then, for some constant C' > 0,

|h(2’k,tk) — h(Zg,tk)’ < C”Zk — Zo||y — 0.

Since h(zg,tx) — so, we have that h(zp,tx) — so. It follows, by hypothesis,
that {tx}x is bounded, otherwise |h(zo, tx)| would have a subsequence going to
infinity. Then, it has a convergent subsequence ti, — to. Clearly, z, 4+ t5, 01 —
2o + to¢1, that is, zx + tir¢; has a convergent subsequence and thus F o & is

proper.

(=) Suppose that F' is proper. Then, F' o ® is proper, by lemma 2.17. Fix
some z € Hy. Take |tx| — oo. Suppose, by contradiction, that h,(t;) does not
go to infinity, that is, it has bounded subsequence — {h,(tx)} has a convergent

subsequence h,(tx,) — so. It follows that
F(q)(Z + tkl(bl)) =z+ h(Z, tkl)(bl — Z+ 30¢1.

Since F o ® is proper, then {{x, }; must have a convergent subsenquence, which

is a contradiction with the fact that |tx| — oc. |

An immediate corollary of propositions 2.15 and 2.18 is the following.

Corollary 2.19 Under hypotheses (2.7) and (2.8), if a,b # M1, then F is

proper.
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2.5
Proof of theorem 2.6

The reader should now be convinced that the estimate contained in theorem

2.6 is fundamental to our construction of the Lyapunov-Schmidt reduction.

The theorem below, which was first proved in [13, theorem 2.4], is the

cornerstone of our argument.

Theorem 2.20 Let Q) C 2 be a closed subset in € such that, for some § € R
satisfying 0 < 0 < |Q], we have || < |Q — §. Then, there exists some
n=n(L,Q,0) such that

)\1 (L, Q/) — )\1([/, Q) Z n.

The proof is made by contradiction in two steps. First we obtain upper
bounds (which depend only on L, Q2 and a) for the measure of the subsets of {2
where a certain function u € X is positive and negative. This provides a lower
bound for the increase of the principal eigenvalue of L when restricted to such
subdomains. Then, we choose B to be equal to A;(L, 2) plus this lower bound

and use this information to obtain a contradiction.

Proof: (theorem 2.6)

Step 1: Recall that a < \;. Suppose, by contradiction, that there exist
sequences wy, Wy € Hy, tg, 1, € R and a sequence of real functions {f;}x
satisfying

a <

such that, for every k € N, and

1 R - -
z> | PFy(wg + tpr) — PFy(wg + tpr) + (b — te) 1|y

= || T L plelws +081) = fildy+tdr) b=, ol
[y — Wk | |lwy, — Wi x |lwr — W] 5 Y’
Observe that,
o< @A) e a@ - (hmal) o, L, L,
r—y T —y k

so that, —Lu — fi(u) = —(L — al)u — (fx — al)(u). It follows from a < A
that, without loss, we can suppose that a = 0, A\;(L,Q) > 0 and A\; + 1/k is a


DBD
PUC-Rio - Certificação Digital Nº 1221625/CA


PUC-RIo - Certificagao Digital N° 1221625/CA

Chapter 2. Lipschitz nonlinearities

Lipschitz bound for f;. That said, all the constants we take will depend on a

as well.

Note that the terms
wy, — Wy, Sr(wy, + trpr) — fr(p + Tehr) te — ti

L € H
Y Jwg — @ ¢

+P

|we — || x |we — W] x

01 € Wy,

are linearly independent, so that both of them converge to 0. It follows that

t, —

lwe — ||

For simplicity, let (wy — W) /||we — Wk||x = ur € Hx. By the compact
inclusion X < C%*(Q), there exists a subsequence, already relabelled, such

0
that uy T e Hx N C%(Q) for, say, a = 1/2 € (0,1). Note that,

felwp +txdr) = fi(dp +1gn) & =ty
[[wr — | [wr = x

Luy =, — P

with ¥y — 0, so that

Ji(wy, + tedr) — fr(Wp + i) n te — t Y

@Z)k:Luk+P — — ¢1—>0
|wr — Wi || x |wi — Wl x

We use elliptic and a-Holder estimates on wy to prove that |julle :=
||| oo () # 0. For some Cy = C(§2) and Cy = C(L,2), we have

HukHCOa < Chllug|lx = C1 <

0102<|‘uk”oo + || — Pfk(wk + t1¢1) _fk(wk +ld) _tf ¢1Hy>

|wr — Wi || x |wr — W]

As k£ — oo we have

||wkHY+H|| ’ ¢1HY_>O

so we just have to deal with the term

P

Ji(wy, + tedr) — fr(wp + o)
[[wy, — x| x '
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It is easy to see that,

Ji(wy, + tedr) — fru(Wp + i) H
%

P =
[|wr — W] x
SHPH || fk(wk + tk¢1) _~fk<71}k + Ek¢1) H
[[wy, — Wk || x Y
<O+ 1) [Pl [ = P
- k Jwr —Wrll x  Jlwe — gl x Y

Note that [July = |Julzr@) < [QY"||lu]|«, and we have, for k — oo
lull oy < C1 < Cla(llulloe + QY|P flulloe) = C(L, D)llullec,

and it is proved that [[ulls > 0. As a consequence, ||ul[co.0q) > 0.
Set w = u/||u|| L0y € Hx, which changes sign, as [, w ¢} = 0. For every
x,y € Q,
jw(z) —w(y)] < C(L,Q)|z —y|* = Clz —y|*
In particular for 1 = arg maz{|w(z)|} and xy = argmin{|x; — zo| : w(xo) =
0,z9 € Q} we have |w(z;)| =1 and w(zy) = 0, so that

1

Cl/a < |z1 — 2o

Clearly, in Bo-1/a(21) C ©Q, w(z) does not change sign. For every z € C(Q)
define

OF={reQ:z2(x) >0}, Q ={reQ:zx)>0}
If w(zy) =1, then |Qf| > |Bg-1/a], so half of our work is done.

Now we need to find a positive lower bound for supw~ depending only
on L and €. Note that the ball around x; where w(x) > 1/2 has radius
(20) Ve =r =7r(L,Q).

Asw e Hy, [qwt¢i = [,w ¢} and ¢} > 0, we have

supw™ / b > / w g = / vt
Q 0 Q Q
1/
> — 1
2 JB.(w)

%inf{/BT(x) & B.(x) C Q}

which implies that supgw™ > € = €(L, ).

A%
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For w(zy) = —supqw™ = infow < —e and xy = argmin{|zs — o

w(xg) = 0,20 € Q},
e <supw” = |w(zs) — w(zo)| < Clzg — zo|* = (/C)V* < |29 — 0]
Q

In the ball B, /cyi/a(22), w(z) < 0. Now take § = |B(/cy1/«|. Note that
0 =9d(L, <), that is, 6 does not depend on w, only on L and ().

The case sup |w| = —w(x1) = 1 is handled in a similar fashion providing
again 0= |B(€/C)1/a|’

By theorem 2.20, given & = [B(./c)i/al, there exists n = n(L,€,d) =
n(L,Q) > 0 such that for every Q' C €, satisfying || < |©2] — d we have
)\1([/, Q/) > /\1 +n.

Step 2: Recall that

Su(wi +ted1) — fr(p + tedhr) n by — t

Luk +P = ~
|wr — Wi | x |wr — Wi 5

¢1:¢k—>07

so that, there exists a bounded sequence {s;} € R such that

Ji(wy + trn) — fro(Wp + ) n te — t

Luk —f- — —
|wr — Wi || x |we — W]

1 = Y + SpP1.

To see that {s.} is bounded, note that {Lu;} is bounded, (t; — &)/ |lws —
Willx — 0, up — u in C%*(Q) and

tr — tx

|we — W] x

H Sr(wy, + tedr) — fr(Wp + trdn

) 1
|w, — Wy || x Iy < ()\1+E)Huk+

¢1HY'

Take a subsequence of indices for which the (already relabelled) sequence

{sk} converges to sq.

First, suppose sq > 0. Define
Qf = {2 € 0wy + tpdy > Wy, + ted }.

Set, for Q' C Q, x(¥)(x) = 1if z € Q" and 0 if not. For all k£ € N, we

have

1 tk—l?k gk_tk
Lug + (M + + Q+(u+—~ )+—~

Silwg + trn) — fr(Wp + tphr) n ty — tk
[|wr — ]| x [|wr — Wl x

> Luy, + 1 = Yr + SpP1.
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Recall that L = a;;0,0;+b;0;+c, where ¢ € L>(2). Now, we have the following

inequality
(L —c)ug >

Uy, + (Sk M)Qﬁ — (A + %)X(Q;) <Uk - M%) — CUj,

 Jwr, — i x |we — W] x

with the right hand side converging to so¢1 — A\ x(2F)u — cu in the norm of
Y = L"(Q) and with u, — u in the C(€2) norm. We use the following result to
be able to take limits on & in the inequality above. It is an easy corollary of the
stability of viscosity subsolutions and supersolutions with respect to uniform

convergence — see lemma 2.5, corollary 3.7 and theorem 3.8 of [25].

Theorem 2.21 Let Q have an exterior cone condition and T be an elliptic
operator in 0 without terms of zero order. For p > n, let g, g € LP(Q) be such
that g, — g in LP(SY). Moreover, let u,,u € C(QQ) be such that ui, — u in C(2)
and, for all k € N, wy, is a strong subsolution (supersolution) of Tuy = g in

Q. Then u is a strong subsolution (supersolution) of Tu = g in €.

In theorem 2.21 take p =n and let T'= L — ¢. Also, set

gk = i + (Sk ﬂ)%

oy, — g x

1 te —
— (4 () (u -k
(A1 k:)X( )| w [on — @nllx

g = 5001 — MxX(Q)u—cu e L"(Q)

¢1> —cug € L"(Q)

where g, — g in L™(Q), since ux — u in C%*(Q2). Then, we have that
(L —c)u > sppr — Mx(Q2)u — cu.

It follows that, in QF
(L4 M)u = so¢1 20,

so that, by definition 2.1, A\; = A\ (L, Q) > A (L, Q) with |QF] < [Q] —9, i.e.,
M(L, Q) > A\i(L, Q) +n, a contradiction.

If s <0, define Q, = {z € Q: wy + txr < Wy + te¢1}. By a similar

argument,

1 ty — 1, t, —t
Lug + (M + () (u + —¢) +

k |we — W] x |we — W] x
Je(we +tx01) — fr(Wr + thdr) n t — tg

<Lu + ~ =
‘ l|lwe — || x l|lwe — || x

o1 = Yy + 5101.
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As before, apply theorem 2.21 to obtain, in 2, (L + A )u < so¢1 < 0. That
is,
(L + Al)(—u) > —Sogbl > 0.

so that A\ = M\(L,Q) > M(L,Q,). Because |, < [ — §, we have
M(L, Q) > M\ (L, Q) +n, and again, a contradiction.
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