
A

Matrizes auxiliares da Equação de Estado

As matrizes N1 e N2 definidas no Caṕıtulo 3 tem a seguinte forma:

N1 =







0 0 −Fβ,α(c13) − Bβ,α(c23)

0 0 inBβ,α(c23)

−Fβ,α(c55) inBβ,α(c44) 0







N2 =







N11 N12 0

N21 N22 0

0 0 Eβ,α(c55) + n2Dβ,α(c44) − ω2Aβ,α(ρ)







Onde:

N11 = Eβ,α(c11) + Cβ,α(c12) + Cα,β(c12) + Dβ,α(c22) + n2Dβ,α(c66) − ω2Aβ,α(ρ)

N12 = inCβ,α(c12) + inDβ,α(c22) − in(Cα,β(c66) −Dβ,α(c66))

N21 = inCβ,α(c66) − inDβ,α(c66) − in(Cα,β(c12) + Dβ,α(c22))

N22 = Eβ,α(c66) − Cβ,α(c66) + Dβ,α(c66) − Cα,β(c66) + n2Dβ,α(c22) − ω2Aβ,α(ρ)

Inicialmente, as matrices A(c),B(c), ..,F(c) são dependentes dos termos β

e α como mostrado no Caṕıtulo 3 e nas matrizes anteriores, onde β indica

a posição da coluna e α a posição da fila. Após de armar estas matrizes

considerando N camadas isotrópicas, elas são de dimensão N + 1, sendo só
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dependentes da constante elástica. Estas matrizes tem a seguinte forma:

A(c) =









































A11 A12 0 0 0 0 0 . . . 0

A22 A23 0 0 0 0 . . . 0

A33 A34 0 0 0 . . .
...

. . . . . . 0 0 . . .
...

Ajj Ajj+1 0 . . .
...

sim
. . . . . . 0

...
. . . . . . 0

ANN ANN+1

AN+1N+1









































Onde

A11 =
1

12
c1h1(4r1 + h1)

A12 =
1

12
c1h1(2r1 + h1)

A22 =
1

12
c1h1(4r1 + 3h1) +

1

12
c2h2(4r2 + h2)

A23 =
1

12
c2h2(2r2 + h2)

A33 =
1

12
c2h2(4r2 + 3h2) +

1

12
c3h3(4r3 + h3)

A34 =
1

12
c3h3(2r3 + h3)

Ajj =
1

12
cj−1hj−1(4rj−1 + 3hj−1) +

1

12
cjhj(4rj + hj)

Ajj+1 =
1

12
cjhj(2rj + hj)

AN+1N+1 =
1

12
cNhN(4rN + 3hN)

B(c) =

























1
3
c1h1

1
6
c1h1 0 0 . . . 0

1
3
c1h1 + 1

3
c2h2

1
6
c2h2 0 . . . 0

1
3
c2h2 + 1

3
c3h3

1
6
c3h3 0

...

sim
. . . . . . 0

1
3
cN−1hN−1 + 1

3
cNhN

1
6
cNhN

1
3
cNhN
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C(c) =

























−1
2
c1 −1

2
c1 0 0 . . . 0

1
2
c1 1

2
c1 − 1

2
c2 −1

2
c2 0 . . . 0

0 1
2
c2 1

2
c2 − 1

2
c3 −1

2
c3 0

...

0 0
. . . . . . . . . 0

...
... 1

2
cN−1 1

2
cN−1 − 1

2
cN −1

2
cN

0 0 . . . 0 1
2
cN 1

2
cN

























D(c) =









































D11 D12 0 0 0 0 0 . . . 0

D22 D23 0 0 0 0 . . . 0

D33 D34 0 0 0 . . .
...

. . . . . . 0 0 . . .
...

Djj Djj+1 0 . . .
...

sim
. . . . . . 0

...
. . . . . . 0

DNN DNN+1

DN+1N+1









































Onde

D11 =
1

2

c1

h2
1

[2(r1 + h1)
2ln(

r1 + h1

r1

) − 2r1h1 − 3h2
1]

D12 =
1

2

c1

h2
1

[−2(r2
1 + r1h1)ln(

r1 + h1

r1

) + h2
1 + 2r1h1]

D22 =
1

2

c1

h2
1

[2r2
1ln(

r1 + h1

r1

) − 2r1h1 + h2
1] +

1

2

c2

h2
2

[2(r2 + h2)
2ln(

r2 + h2

r2

) − 2r2h2 − 3h2
2]

D23 =
1

2

c2

h2
2

[−2(r2
2 + r2h2)ln(

r2 + h2

r2

) + h2
2 + 2r2h2]

D33 =
1

2

c2

h2
2

[2r2
2ln(

r2 + h2

r2

) − 2r2h2 + h2
2] +

1

2

c3

h2
3

[2(r3 + h3)
2ln(

r3 + h3

r3

) − 2r3h3 − 3h2
3]

D34 =
1

2

c3

h2
3

[−2(r2
3 + r3h3)ln(

r3 + h3

r3

) + h2
3 + 2r3h3]
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Djj =
1

2

cj−1

h2
j−1

[2r2
j−1ln(

rj−1 + hj−1

rj−1

) − 2rj−1hj−1 + h2
j−1]

+
1

2

cj

h2
j

[2(rj + hj)
2ln(

rj + hj

rj

) − 2rjhj − 3h2
j ]

Djj+1 =
1

2

cj

h2
j

[−2(r2
j + rjhj)ln(

rj + hj

rj

) + h2
j + 2rjhj]

DN+1,N+1 =
1

2

cN

h2
N

[2r2
N ln(

rN + hN

rN

) − 2rNhN ]

E(c) =









































E11 E12 0 0 0 0 0 . . . 0

E22 E23 0 0 0 0 . . . 0

E33 E34 0 0 0 . . .
...

. . . . . . 0 0 . . .
...

Ejj Ejj+1 0 . . .
...

sim
. . . . . . 0

...
. . . . . . 0

ENN ENN+1

EN+1N+1
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Onde

E11 =
1

2

c1

h1

(2r1 + h1)

E12 = −
1

2

c1

h1

(2r1 + h1)

E22 =
1

2

c1

h1

(2r1 + h1) +
1

2

c2

h2

(2r2 + h2)

E23 = −
1

2

c2

h2

(2r2 + h2)

E33 =
1

2

c2

h2

(2r2 + h2) +
1

2

c3

h3

(2r3 + h3)

E34 = −
1

2

c3

h3

(2r3 + h3)

Ejj =
1

2

cj−1

hj−1

(2rj−1 + hj−1) +
1

2

cj

hj

(2rj + hj)

Ejj+1 = −
1

2

cj

hj

(2rj + hj)

EN+1N+1 =
1

2

cN

hN

(2rN + hN)

F(c) =









































F11 F12 0 0 0 0 0 . . . 0

F21 F22 F23 0 0 0 0 . . . 0

0 F32 F33 F34 0 0 0 . . .
...

0 0
. . . . . . . . . 0 0 . . .

...

0 0 0 Fjj−1 Fjj Fjj+1 0 . . .
...

0 0 0 0
. . . . . . . . . 0

...
...

...
...

... 0
. . . . . . . . . 0

...
...

...
...

... 0 FNN−1 FNN FNN+1

0 0 . . . . . . . . . 0 0 FN+1N FN+1N+1
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onde:

F11 = −
1

6
c1(3r1 + h1)

F12 = −
1

6
c1(3r1 + 2h1)

F21 =
1

6
c1(3r1 + h1)

F22 =
1

6
c1(3r1 + 2h1) −

1

6
c2(3r2 + h2)

F23 = −
1

6
c2(3r2 + 2h2)

F32 =
1

6
c2(3r2 + h2)

F33 =
1

6
c2(3r2 + 2h2) −

1

6
c3(3r3 + h3)

F34 = −
1

6
c3(3r3 + 2h3)

Fjj =
1

6
cj−1(3rj−1 + 2hj−1) −

1

6
cj(3rj + hj)

Fjj+1 = −
1

6
cj(3rj + 2hj)

Fjj−1 =
1

6
cj−1(3rj−1 + hj−1)

FN+1N+1 =
1

6
cN(3rN + 2hN)

Nestas matrizes cj e hj representam a constante elástica e a espessura da

camada j, e rj representa o raio inferior da camada j.
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B

Matrizes auxiliares A
α
(r) e L α(r)

Aα(r) =







kLh
(α)
n−1(x) − kL

n
x
h

(α)
n (x) ikzkT h

(α)
n−1(y) − ikzkT

n
y
h

(α)
n (y) ikT

n
y
h

(α)
n (y)

ikL
n
x
h

(α)
n (x) −kzkT

n
y
h

(α)
n (y) kT

n
y
h

(α)
n (y) − kT h

(α)
n−1(y)

ikzh
(α)
n (x) k2

T h
(α)
n (y) 0







L α(r) =









−2µk2
Lf

(α)
n (x) − λω2

c2
L

h
(α)
n (x) −i2µkzk

2
T f

(α)
n (y) i2µk2

T
n
y
g

(α)
n (y)

i2µk2
L

n
x
g

(α)
n (x) −2µkzk

2
T

n
y
g

(α)
n (y) 2µk2

T (f
(α)
n (y) − h

(α)
n (y)

2
)

i2µkzkL(h
(α)
n−1(x) − n

x
h

(α)
n (x)) µkT (k2

T − k2
z)(h

(α)
n−1(y) − n

y
h

(α)
n (y)) −µkzkT

n
y
h

(α)
n (y)









Nestas matrizes:

x = kL r e y = kT r.

As funções f
(α)
n (x) e g

(α)
n (x) tem a seguinte forma:

f (α)
n (x) =

1

x
h

(α)
n−1(x) + (1 −

n(n + 1)

x2
)h(α)

n (x)

g(α)
n (x) = h

(α)
n−1(x) −

1 + n

x
h(α)

n (x)

Onde:
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h(1)
n (x) =







e−ixH1
n(x), se x2 ≥ 0

− 2
π
(i)−n+1e−ixKn(−ix), se x2 < 0

h(2)
n (x) =







eixH2
n(x), se x2 ≥ 0

2(i)n[eixIn(−ix)] + 2
π
(i)−n+1e2ix[e−ixKn(−ix)], se x2 < 0

Onde Hα
n (x) é a função de Hankel de classe α. In(x) e Kn(x) são as funções

de bessel de primeira e segunda classe, respectivamente.
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