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Abstract 

 

 

De Almeida, Jorge Virgilio; Siqueira, Gláucio Lima (Advisor); Mosso, 
Marbey Manhães (Co-advisor). Virtual Magnetic Transmission 
Lines. Rio de Janeiro, 2017. 120p. Dissertação de Mestrado – 
Departamento de Engenharia Elétrica, Pontifícia Universidade 
Católica do Rio de Janeiro. 

 

 

Over recent years, the interest in using inductive wireless power 

transmission for many applications has grown. One of the major limitations of this 

technology is the reduced operating distance. Some recent works have suggested 

using artificial materials known as metamaterials to improve the power transfer 

efficiency over distance. Due to their unique electromagnetic properties, such as 

negative permeability, metamaterials can be used to enhance the evanescent 

waves of the near field. In the present work, the usage of an electromagnetic 

metamaterial to increase the inductive coupling by means of enhanced evanescent 

waves is studied. Analytical calculations and numerical simulations of the 

proposed metamaterial are presented. The improvement of the power transfer 

efficiency is supported by empirical evidences. 
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Resumo 

 

 

 

De Almeida, Jorge Virgilio; Siqueira, Gláucio Lima (Orientador); 
Mosso, Marbey Manhães (Co-orientador). Linhas de transmissão 
magnéticas virtuais. Rio de Janeiro, 2017. 120p. Dissertação de 
Mestrado – Departamento de Engenharia Elétrica, Pontifícia 
Universidade Católica do Rio de Janeiro. 

 

 

 

Nos últimos anos, tem aumentado o interesse no uso da transmissão de 

energia sem fio por acoplamento indutivo em muitas aplicações. Uma das maiores 

limitações dessa tecnologia é a distância de operação reduzida. Alguns trabalhos 

recentes sugerem usar materiais artificiais conhecidos como metamateriais para 

aprimorar a eficiência da transferência de potência ao longo da distância. Devido 

às suas propriedades eletromagnéticas únicas, tais como permeabilidade 

magnética negativa, metamateriais podem ser usados para amplificar as ondas 

evanescentes do campo próximo. No presente trabalho, é estudado o uso de 

metamateriais eletromagnéticos para aumentar o acoplamento indutivo por meio 

da amplificação do campo próximo. São apresentados cálculos analíticos e 

simulações dos metamateriais propostos. O melhoramento da eficiência na 

transferência de potência é apoiado por evidências experimentais. 
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“Let the future tell the truth, and evaluate each one 

according to his work and accomplishments. The present is 

theirs; the future, for which I have really worked, is mine.” 

 

Nikola Tesla
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1 

Introduction 

The dream of wireless power transmission (WPT) dates back to 

Tesla [1]. Almost a century after his first attempts to create a unified global 

wireless system for telecommunications and power transmission (see 

Figure 1.1), the subject is reemerging due to the increasing demand on 

autonomy for electronic devices. 

Most of the daily life gadgets (like smartphones, tablets or laptops) 

and the robots employed in industry (like the Kiva robots at Amazon’s 

warehouses) are cordless. Nonetheless, their autonomy is limited by their 

dependence on batteries. Battery technology is not only an expensive and 

environmentally unfriendly technology, it is also highly time-consuming. 

For that reason, more efficient WPT systems are quite promising in every 

level: from implantable medical devices to electric vehicles. 

 

 

Figure 1.1: Wardenclyffe Tower 
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Figure 1.2: Typical non-radiative WPT-based charging systems 

 

According to the Forbes’ list [2], the six more prominent companies 

working on the development of WPT systems are: Powermat, 

PowerByProxi, Wireless Power Consortium (WPC), Mojo Mobility, 

WiPower and Mopar. 

WPC is an open-membership of more than 150 companies from 

Asia, Europe and North America, including big mobile manufactures like 

Samsung, who is working since 2008 toward a global standardization of 

wireless charging technologies [3]. Since 2009, companies who are 

members of WPC adopt Qi (the chinese word for “energy”) as their low-

power inductive wireless power transmission (IWPT) standard. 

Although the electromagnetic (EM) field is much more efficient 

transmitting power over large distance in its radiative form, the human 

exposure to electromagnetic waves carrying power on the order of tens of 

watts is tremendously risk. So, the energy transfer by non-radiative modes 

is considered much more suitable concerning health and safety. Once the 

magnetic field is supposed to interact very weakly with biological beings, 

the majority of the WPT systems exploit the magnetic near field instead of 

the electric one (see Figure 1.2). 

One of the main limitations of IWPT is its short operating distance (on 

the order of the coil diameter). In 2007, a group of Massachusetts Institute 

of Technology (MIT) researchers demonstrated that by achieving strong 

magnetic coupling efficient WPT over midrange (a few times the coil 

diameter) was possible. This technique, named Witricity by its creators, 

exploits the high-Q resonance coupling of a 4-coil topology as mean to 

compensate the decay of the coupling coefficient with the increasing 

distance between source and load drivers. It can be demonstrated that 
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power transfer efficiency (PTE) can be made arbitrarily close to 100% by 

increasing the Q-factor of the receiver and transmitter coils, which also 

makes those systems quite robust to misalignment. 

Besides Witricity virtues, it is too susceptible to splitting frequency, 

especially in a multi-receiver scenario, which imposes a great limitation to 

the power delivered to the load (PDL). Another problem considering this 

technique is the energy waste due to leakage flux of a non-directional 

magnetic field. If the magnetic field could be made more directional, PTE 

could be highly increased without the need of High-Q resonance coupling 

between the coils. Some solutions, like strategically designing the coils or, 

more elegantly, shaping the magnetic field by phase controlling the current 

loops, have been proposed [4]. 

However, recent works indicate that artificial complex media called 

metamaterials (MTM) are potential key technology for efficient IWPT 

systems [5] [6]. Being structures whose electromagnetic parameters can 

be fully engineered, MTMs are able to synthesized effective negative 

materials that permit to focus the magnetic near field and to enhance the 

magnetic coupling between the drivers [7]. 

In order to better understand this enhancement phenomenon of the 

magnetic coupling caused by the presence of a MTM in the inductive link 

and to stress its underlying mechanisms, the present work proposes to 

study the power transfer between two inductively coupled coils based on 

transmission line theory. 

As it is shown in the next chapters, coupled circuits behave as virtual 

transmission lines and by interpreting the MTM slabs as virtual 

impedances connected to this line, the MTM-enhanced coupling appears 

as a consequence of the improvement of the power factor of the line. 

Chapter 2 presents a brief review of the fundamentals of the classical 

electromagnetic theory and electromagnetic material’s classification. The 

classification problem of negative-index materials is discussed. 

Chapter 3 presents a general theory of transmission lines in order to 

include coupled systems as virtual transmission lines and to point out their 

similarities with physical transmission lines. 
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Chapter 4 demonstrates that MTMs can be seen as virtual 

impedances when coupled to virtual lines and can be used to improve the 

impedance matching between a virtual line and its terminals. 

Chapter 5 demonstrates by means of analytic calculations and 

numerical simulations that a magnetic link can be satisfactorily described 

as a VMGTL. 

Chapter 6 presents the main conclusions and results obtained during 

the realization of this work. 
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2 

Theoretical framework 

In this chapter, the considered simplifying hypotheses are presented 

and the fundamentals of classical electromagnetics are reviewed. The 

physical meaning of the effective electromagnetic properties of materials 

and their classification problems are presented and discussed. Also, a 

general classification of materials is proposed in order to include negative-

index ones. Finally, the problem of wave propagation in material media is 

addressed in order to elucidate the meaning of negative phase velocity. 

 

2.1. 

Introduction 

For the purpose of this work, the following assumptions are taken: 

 The electromagnetic phenomena are time-harmonic fields (of 

the form 𝑒𝑗𝜔𝑡); 

 The existence of magnetic monopoles; 

 The considered media are linear around their operating 

frequency; 

 The magnitudes of the fields represent their root-mean-

square (rms) values. 

Also, the fields and circuit equations are directly presented in their 

complex spatial form (only as a function of the position).  

 

2.2. 

Definitions 

The definitions of the main electromagnetic parameters are listed:   

 𝑬 is the electric intensity [𝑉/𝑚] 

 𝑯 is the magnetic intensity [𝐴/𝑚] 
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 𝑫 is the electric flux density [𝐶/𝑚2] 

 𝑩 is the magnetic flux density [𝑊𝑏/𝑚2] 

 𝑱𝑒 is the electric current density [𝐴/𝑚2] 

 𝑱𝑚 is the magnetic current density [𝑉/𝑚2] 

 𝜌𝑒 is the electric charge density [𝐶/𝑚3] 

 𝜌𝑚 is the magnetic charge density [𝑊𝑏/𝑚3] 

 𝑉𝑒 is the electric potential [𝑉] 

 𝑉𝑚 is the magnetic potential [𝐴] 

 𝐼𝑒 is the electric current [𝐴] 

 𝐼𝑚 is the magnetic current [𝑉] 

 𝑞𝑒 is the electric charge [𝐶] 

 𝑞𝑚 is the magnetic charge [𝑊𝑏] 

 𝜓𝑒 is the electric flux [𝐶] 

 𝜓𝑚 is the magnetic flux [𝑊𝑏] 

 𝜎𝑒 is the electric conductivity [𝑆/𝑚] 

 𝜎𝑚 is the magnetic conductivity [𝛺/𝑚] 

 𝑓 is the frequency [𝐻𝑧] 

 𝜔 is the angular frequency [𝑟𝑎𝑑/𝑠] 

 𝒌 is the wave vector [𝑟𝑎𝑑/𝑚] 

 

2.3. 

Electromagnetic properties of materials 

A material is called an electric material if it interacts with an incident 

electric field and presents a characteristic electric response that differs 

from free space while a material is called a magnetic material if interacts 

with an incident magnetic field and presents a characteristic magnetic 

response that differs from free space. In nature, most materials possess 

an electric response but just a few of them possess a magnetic one. 

The EM properties of materials are those properties that govern the 

rate at which material respond to an applied EM field. The electromagnetic 

properties can be decoupled into two independent properties: the one 

governing the rate at which materials respond to an applied electric field, 
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the electric permittivity 𝜀, and the one at which materials respond to an 

applied magnetic field, the magnetic permeability 𝜇. 

These EM properties are commonly represented as complex 

numbers: 

 

𝜀 = 𝜀′ − 𝑗𝜀′′ [𝐹/𝑚] (1) 

𝜇 = 𝜇′ − 𝑗𝜇′′ [𝐻/𝑚] (2) 

 

where the real part of 𝜀 and 𝜇 – the capacitivity 𝜀′ and the inductivity 𝜇′ – 

refers to the rate at which the material stores and emits electric and 

magnetic energy, respectively, and their imaginary part – the electric loss 

factor 𝜀′′ and the magnetic loss factor 𝜇′′ – refers to the rate at which the 

material dissipates energy from the fields in form of heat. 

If the EM properties depends on 𝜔, the material is said to be 

dispersive: 

 

𝜀(𝜔) = 𝜀′(𝜔) − 𝑗𝜀′′(𝜔) (3) 

𝜇(𝜔) = 𝜇′(𝜔) − 𝑗𝜇′′(𝜔) (4) 

 

From a macroscopic point of view, there is no difference between 

losses associated with free-electrons and losses associated with bound 

charges in an electric material. So, in general electric losses are 

represented in terms of effective conductivity or loss tangent [8] [9]: 

 

𝑡𝑎𝑛𝛿𝑒 ≡
𝜀′′

𝜀′
=

𝜎𝑒

𝜔𝜀
 (5) 

 

The magnetic losses can be represented in a similar way: 

 

𝑡𝑎𝑛𝛿𝑚 ≡
𝜇′′

𝜇′
=

𝜎𝑚

𝜔𝜇
 (6) 
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For anisotropic materials, the electromagnetic parameters become 

tensor quantities: 

 

�̿� = [

𝜀𝑥𝑥 𝜀𝑦𝑥 𝜀𝑧𝑥

𝜀𝑥𝑦 𝜀𝑦𝑦 𝜀𝑧𝑦

𝜀𝑥𝑧 𝜀𝑦𝑧 𝜀𝑧𝑧

]  (7) 

�̿� = [

𝜇𝑥𝑥 𝜇𝑦𝑥 𝜇𝑧𝑥

𝜇𝑥𝑦 𝜇𝑦𝑦 𝜇𝑧𝑦

𝜇𝑥𝑧 𝜇𝑦𝑧 𝜇𝑧𝑧

] (8) 

 

A robust theory of the EM properties of materials requires a 

quantum-mechanical description of the EM phenomena. However, once 

the considered material behavior can be well-represented using classical 

mechanics, the present study is restricted to classical theory. 

 

2.3.1. 

Electric properties of materials 

The Bohr model describes matter as composed of atoms with 

positively charged nuclei and a number of discrete orbiting negatively 

charged particles, named electrons. In the absence of an external electric 

field, the molecules of dielectrics are macroscopically neutral: the total 

negative charge of the electrons is equal to the positive charge of the 

nuclei. If an external electric field is applied, however, it causes a force to 

be exerted on each charged particle and results in small displacements of 

positive and negative charges in opposite directions. Those displacements 

– small in comparison to the dimensions of the atom – polarize a dielectric 

material originating an electric dipole moment 𝒑. The electric moment 

depends on the separation distance between the positive and the negative 

charge: 

 

𝒑 = 𝑞𝑒𝒅  [𝐶 ∙ 𝑚] (9) 

 

where 𝒅 is the displacement vector from negative to positive charge. 
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Some dielectrics possess nonzero electric moment even in the 

absence of an external polarizing field their molecules are formed of two or 

more dissimilar atoms. Such molecular structures are called polar 

molecules. In the absence of an external field, the individual dipoles in a 

polar dielectric are randomly oriented, resulting in no net dipole moment 

macroscopically. In the presence of an applied electric field, however, the 

individual dipoles get aligned with it. 

Some dielectric materials with polar molecules can exhibit a 

permanent electric moment even in the absence of an externally applied 

electric field. Such materials are called electrets. The polarized molecules 

in those materials tend to align with the applied field and to be frozen in 

their new positions after they return to normal temperatures. Permanent 

polarization remains without an external electric field. Electrets are the 

electrical equivalents of permanent magnets. 

The net electric dipole moment density 𝑷 extracted from a dielectric 

material – also known as polarization vector – is the sum of all individual 𝒑 

of its atoms per unit volume: 

 

𝑷 = lim
∆𝑉→0

1

∆𝑉
∑ 𝒑  [

𝐶

𝑚2
] (10) 

 

𝑷 is proportional to the applied electric flux density in free space 𝑫𝟎 

and to a dimensionless parameter called electric susceptibility 𝜒𝑒: 

 

𝑫0 ≜ 𝜀0𝑬 (11) 

𝑷 = 𝜒𝑒𝑫0 = 𝜒𝑒𝜀0𝑬 (12) 

 

For an isotropic medium, the relationship between the electric 

susceptibility 𝜒𝑒, the polarization vector 𝑷 and the electric flux density 𝑫 is 

given by:  

 

𝑫 = 𝜀0𝑬 + 𝑷 = 𝜀0(1 + 𝜒𝑒)𝑬 = 𝜀0𝜀𝑟𝑬 (13) 
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𝜀𝑟 ≜ 1 + 𝜒𝑒 (14) 

𝜀0 ≅ 8.85 ∙ 10−12  [
𝐹

𝑚
] (15) 

 

where 𝜀0 is the free-space permittivity, 𝜀𝑟 is a dimensionless parameter 

called relative permittivity. 

 

𝜀 = 𝜀0𝜀𝑟 =  𝜀′ − 𝑗𝜀′′ (16) 

𝜀𝑟 = 1 + 𝜒𝑒 = 1 + 𝜒𝑒
′ − 𝑗𝜒𝑒

′′ (17) 

∴ 𝜀′ = 𝜀0(1 + 𝜒𝑒
′ ) (18) 

𝜀′′ = 𝜀0𝜒𝑒
′′ (19) 

 

where 𝜒𝑒
′  accounts for the real part of 𝜒𝑒, and 𝜒𝑒

′′, for its imaginary part. 

The necessary conditions to obtain 𝜀′ < 0 are: 

 

𝜒𝑒
′ < 0 𝑎𝑛𝑑 |𝜒𝑒

′ | > 1 (20) 

 

Considering that the polarization vector 𝑷 is proportional to the 

electric susceptibility 𝜒𝑒, a negative 𝜒𝑒
′  indicates a material very negatively 

polarized. 

 

2.3.2. 

Magnetic properties of materials 

The orbiting electrons of the atoms are equivalent to circulating 

currents and form microscopic magnetic dipoles called orbital magnetic 

dipole moment of the electron 𝒎𝑜. In addition, both the electrons and the 

nuclei of the atoms rotate on their own axes and also present magnetic 

dipole moments whose sum is the total spin magnetic dipole moment 𝒎𝑠 

of the atom (see Figure 2.1). 
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Figure 2.1: (a) Orbital motion and (b) spin of an electron 

 

Considering that the nucleus of the atom presents much higher mass 

and then much lower angular velocity 𝜔 than its electrons, the spin 

magnetic moment of the atom may be neglected. Hence, the magnetic 

moment 𝒎 of the atoms relies basically on the sum of the orbital and spin 

moments of the electrons: 

 

𝒎 = 𝒎𝑜 + 𝒎𝑠 (21) 

 

For materials with very symmetric atomic shell, the spin and orbital 

moments opposes to each other (𝒎 = 0). In the presence of an external 

field, the orbital moments, analogous to circulating currents, get aligned 

with applied field, tending to enhance the magnetic flux. In order to keep 

the magnetic flux constant, as stated by Lenz’s law of EM induction, the 

induced magnetic moment opposes the magnetic moment imposed by the 

external field, which reduces the velocity of the electrons.  Since the spin 

moment becomes greater than the orbital one (𝒎 < 0), the resultant net 

magnetic dipole moment is negative (∑ 𝒎 < 0). Those materials are called 

diamagnetic.  

For materials with asymmetric atomic shell, the magnetic moments 

do not cancel each other out (𝒎 > 0). In the absence of an external 

magnetic field, the individual 𝒎 of each atom is randomly oriented, which 

results in no apparent magnetic behavior of the material on the 

macroscopic scale. In the presence of an external source, however, all the 
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𝒎 of the material get aligned with the applied magnetic field, enhancing 

the magnetic flux density.  That behavior is macroscopically described as 

a positive net magnetic dipole moment (∑ 𝒎 > 0). Those materials are 

called paramagnetic. 

In materials capable of form magnetic domains, where the magnetic 

moments are positive and locally aligned, the paramagnetic behavior 

becomes strong. Those materials are called ferromagnetic in the literature 

and can be permanently magnetized (magnets). 

The net magnetic dipole moment density 𝑴 extracted from a 

magnetic material – also known as magnetization vector – is the sum of all 

individual 𝒎 of its atoms per unit volume (see Figure 2.2): 

 

𝑴 = lim
∆𝑉→0

1

∆𝑉
∑ 𝒎  [

𝐴

𝑚
] (22) 

 

 

Figure 2.2: Cross section of a magnetized material 

 

𝑴 is proportional to the applied magnetic field 𝑯 and to a 

dimensionless parameter called magnetic susceptibility 𝜒𝑚: 

 

𝑴 = 𝜒𝑚𝑯 (23) 

 

DBD
PUC-Rio - Certificação Digital Nº 1521413/CA



 27 

For an isotropic medium, the relationship between the magnetic 

susceptibility 𝜒𝑚, the magnetization vector 𝑴 and the magnetic flux 

density 𝑩 is given by: 

 

𝑩 = 𝜇0(𝑯 + 𝑴) = 𝜇0(1 + 𝜒𝑚)𝑯 = 𝜇0𝜇𝑟𝑯 (24) 

𝜇𝑟 ≜ 1 + 𝜒𝑚 (25) 

𝜇0 ≡ 4𝜋 ∙ 10−7  [
𝐻

𝑚
] (26) 

 

where 𝜇0 is the free-space permeability, 𝜇𝑟 is a dimensionless parameter 

called relative permeability. 

 

𝜇 = 𝜇0𝜇𝑟 =  𝜇′ − 𝑗𝜇′′ (27) 

𝜇𝑟 = 1 + 𝜒𝑚 = 1 + 𝜒𝑚
′ − 𝑗𝜒𝑚

′′  (28) 

∴ 𝜇′ = 𝜇0(1 + 𝜒𝑚
′ ) (29) 

𝜇′′ = 𝜇0𝜒𝑚
′′  (30) 

 

where 𝜒𝑚
′  accounts for the real part of 𝜒𝑚, and 𝜒𝑚

′′ , for its imaginary part. 

The necessary conditions to obtain 𝜇′ < 0 are: 

 

𝜒𝑚
′ < 0 𝑎𝑛𝑑 |𝜒𝑚

′ | > 1 (31) 

 

Considering that the magnetization vector 𝑴 is proportional to the 

magnetic susceptibility 𝜒𝑚, a negative 𝜒𝑚
′  indicates a material very 

negatively magnetized. 

The main characteristic of materials presenting diamagnetic 

response is that their individual atoms possess no intrinsic magnetic 

moment (𝒎 = 0), then the material reacts to an applied field opposing it in 

order to prevent the enhancement of the magnetic flux accordingly to the 
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law of electromagnetic induction. For most materials, however, the 

diamagnetic effect is very weak, implying on slightly negative 𝜒𝑚
′ . 

The behavior of 𝜇-negative materials is diamagnetic-like but much 

stronger. They are highly magnetized by induction effect, causing their 

potential energy to be inverted in relation to the potential of the magnetic 

field. When the potential of a 𝜇-negative material is greater than the 

potential of the incoming field, the material is more energetic than the field, 

which inverts the direction of the energy flux (the material sends energy to 

the magnetic field). For a passive structure, it implies that the net magnetic 

field at the interface with the material will be zero. Hence, 𝜇-negative 

materials can be classified as diamagnetic materials with high density of 

inductive currents in order to achieve very negative 𝜒𝑚
′ . 

 

2.4. 

Physical interpretation of negative-index materials 

The EM response of the material varies depending on the state it 

finds itself. The four fundamental states of matter (the ones which are 

observable in everyday life) are: solid, liquid, gas and plasma. For each 

one of them, the atomic density package, relative temperature of the 

particles and their degrees of freedom change. 

In solids, particles are closely packed then the bonding forces 

between them are so strong that they cannot move freely but only vibrate 

presenting fixed volume and shape. In liquids, particles are free to move 

around each other but the bonding forces keeping them together are still 

strong so they can vary in shape but with a fixed volume. In gases, the 

bonding forces are weak so they vary in both volume and shape. Finally, 

plasmas are very much like a gas, with no fixed volume or shape, but 

electrically charged (although the plasma’s overall charge is zero, its 

positive and negative particles are mostly unbounded making it an ionized 

gas). 

A gas becomes plasma when it exposed to extremely high 

temperatures or it experiences a huge difference of electric potential 

between two points. In plasmas, despite the fact the charged particles are 
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unbounded they respond collectively to any source of electromagnetic 

field. Each charged particle affects and is affected by the movement of 

other charged particles. This collective behavior is measure in terms of 

plasma oscillations. If the plasma frequency is large compared to the 

collision frequency of the charged particles with the neutral ones then 

electrostatic interactions (or magnetostatic interactions, if magnetic 

charges are taken into consideration) rule over the ordinary gas kinetics. 

The other conditions to achieve the plasma state are: 

 A charge particle interacts with many nearby charge carriers 

rather than just interacting with the closest charge carrier 

(collective behavior); 

 The interactions in the bulk of the plasma are more important 

than those at its edges. If the boundary effects are negligible, 

hence the quasineutral condition of the plasma is satisfied. 
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Figure 2.3: Dielectric function of a plasma. Propagation is only possible above the plasma 

frequency 𝜔𝑝. EM wave is reflected when 𝜀′ is negative [10] 

 

The quantization of plasma oscillations results in quasiparticles 

called plasmons. 

It is known that electric plasmas are described by a permittivity 

function whose real part 𝜀′ assumes negative values below the plasma 

frequency (see Figure 2.3) [10]. 

Nonetheless, other materials such as metals can also be described 

as presenting negative 𝜀′ below a certain range. Due to the free, 

delocalized electrons in their structures, metallic crystals behave as 

positively charged atomic cores immersed in a oscillating “electron cloud”, 

which is equivalent to an electric plasma. 

For most metals, the plasma frequency is subluminal (only silver and 

other noble metals present plasmatic behavior at optical frequencies). By 
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analogy, since materials with 𝜀′ < 0 are electric plasma, materials with 

𝜇′ < 0 must be magnetic plasma. Considering that electric plasmas are 

very good electrical conductors, magnetic plasmas must be good magnetic 

conductors. 

For example, if an electric field is applied to a material such as glass 

– which presents positive 𝜀′ – the energy carried by the field will be partial 

or totally stored in the material. On the contrary, if the same electric field is 

applied to an electric conductor such as metal sheet – which presents 

negative 𝜀′ – no energy in the electric form will be received by the material 

causing the energy delivered by the field to be reabsorbed into it, implying 

zero divergence of the electric field at this point. That is why an electric 

field at a metallic surface is virtually zero. The same reasoning is valid for 

the magnetic field and magnetic materials and conductors. 

Another characteristic of negative-index materials (NIM) is the 

conversion of the form of energy: 𝜀-negative materials convert the electric 

field into the magnetic one while 𝜇-negative materials convert the 

magnetic field into the electric one. For example, when an incident electric 

field arrives at an 𝜀-negative surface (e.g., metals) it generates an electric 

current on it, which is source of magnetic field. 

Then, there is nothing out of place or spectacular concerning 

negative EM properties. They are a comprehensible and regular form of 

the field-material interaction. So, 𝜀′ < 0 and 𝜇′ < 0 can be interpreted as 

forbidden states of energy storage in the electric and magnetic form, 

respectively. And their magnitude can be seen as the rate at which the 

material is converting the incident field in a current source of its 

complementary field. 

Finally, it is important to mention the class of materials that present 

|𝜀𝑟
′ | < 1 or |𝜇

𝑟
′ | < 1. As shown in [11], such materials do not represent a 

new class but represent media where the damping factor is dominant. In 

other words, they are “resistive materials”. 
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2.5. 

Classification of electromagnetic materials 

Based on the previous discussion on the behavior of positive and 

negative-index materials, the EM materials can be classified according to 

Table 1. 

 

Electric materials Magnetic materials 

𝜀𝑟
′ < 0 Electric conductor 𝜇𝑟

′ < 0 Magnetic conductor 

0 ≤ 𝜀𝑟
′ < 1 Sub-electric 0 ≤ 𝜇𝑟

′ < 1 Sub-magnetic 

𝜀𝑟
′ = 1 Non-electric 𝜇𝑟

′ = 1 Non-magnetic 

𝜀𝑟
′ > 1 Electric 𝜇𝑟

′ > 1 Magnetic 

Table 1: Proposed classification 

 

For historical reasons, electric materials are usually called dielectrics 

in the literature. This nomenclature problem comes from the fact that in the 

beginning of the modern studies of electromagnetism (by the time of Volta, 

Coulomb and Ampère) researchers believed that the “electric energy” was 

contained and carried by the “electric charges”. The materials where those 

electric charges could be forced to propagate (generating “electricity” or 

movement of electric charges) were named “conductors” and the ones 

where they could not propagate were named “insulators” or “dielectrics” 

(non-electrics since di is a greek prefix that means non). Later, Faraday 

demonstrated that the so-called “electric energy” could be transmitted “in 

the air” without any electric conductor connecting the source and the load 

by means of a time-varying magnetic field. In those “magnetic circuits”, the 

materials where the “magnetic flux” flew very easily where named 

“magnetic” while those where it flew with great difficulty were called “non-

magnetic”. Based on Faraday’s work, Maxwell solved the problem of the 

electric current’s continuity in a capacitor and developed the classical 

theory of electromagnetism, showing that electric and magnetic field were 

actually two aspect of the same entity, the EM field, and that the very 

mechanism of electric energy transmission is the “EM wave”.  

Despite these well-known facts, electric materials are still classified in 

terms of their conductibility of “electric currents” while magnetic materials 
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are classified in terms of their reluctance to “magnetic fluxes”. This is why 

the classical classification of the EM materials is sometimes confusing. 

 

2.6. 

Fundamental concepts of electromagnetic field theory 

2.6.1. 

Basic field and circuit equations 

 Differential form Integral form 

Gauss’s law 𝛻 ∙ 𝑫 = 𝜌𝑒 ∯ 𝑫 ∙ 𝑑𝒔 = ∭ 𝜌𝑒𝑑𝑉 

Gauss’s law for 

magnetism 
𝛻 ∙ 𝑩 = 𝜌𝑚 ∯ 𝑩 ∙ 𝑑𝒔 = ∭ 𝜌𝑚𝑑𝑉 

Maxwell-Faraday-

Lenz’s law 
−𝛻 × 𝑬 = 𝑱𝑚 − ∮ 𝑬 ∙ 𝑑𝒍 = ∬ 𝑱𝑚𝑑𝒔 

Maxwell-Ampère’s 

law 
𝛻 × 𝑯 = 𝑱𝑒 ∮ 𝑯 ∙ 𝑑𝒍 = ∬ 𝑱𝑒𝑑𝒔 

Table 2: Maxwell equations 

 

 Differential form Integral form 

Electric 

current 
𝛻 ∙ 𝑱𝑒 = −𝑗𝜔𝜌𝑒 ∯ 𝑱𝑒 ∙ 𝑑𝒔 = −𝑗𝜔 ∭ 𝜌𝑒𝑑𝑉 

Magnetic 

current 
𝛻 ∙ 𝑱𝑚 = −𝑗𝜔𝜌𝑚 ∯ 𝑱𝑚 ∙ 𝑑𝒔 = −𝑗𝜔 ∭ 𝜌𝑚𝑑𝑉 

Table 3: Current continuity equations 

 

Electric circuit Magnetic circuit 

𝑉𝑒 = ∫ 𝑬 ∙ 𝑑𝒍 𝑉𝑚 = ∫ 𝑯 ∙ 𝑑𝒍 

𝐼𝑒 = ∬ 𝑱𝑒 ∙ 𝑑𝒔 𝐼𝑚 = ∬ 𝑱𝑚 ∙ 𝑑𝒔 

𝜓𝑒 = ∬ 𝑫 ∙ 𝑑𝒔 𝜓𝑚 = ∬ 𝑩 ∙ 𝑑𝒔 

𝑞𝑒 = ∭ 𝜌𝑒𝑑𝑉 𝑞𝑚 = ∭ 𝜌𝑚𝑑𝑉 

Table 4: Conversion of field equations to circuit ones 
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Electric flux density 𝑫 = 𝜺𝑬 [
𝐶

𝑚2
] 

Magnetic flux density 𝑩 = 𝝁𝑯 [
𝑊𝑏

𝑚2
] 

Electric conduction 

current density 
𝑱𝑒,𝑐 = 𝜎𝑒𝑬 [

𝐴

𝑚2
] 

Electric displacement 

current density 
𝑱𝑒,𝑑 = 𝑗𝜔𝑫 [

𝐴

𝑚2
] 

Total electric current 

density 
𝑱𝑒 = 𝑱𝑒,𝑐 + 𝑱𝑒,𝑑  [

𝐴

𝑚2
] 

Magnetic conduction 

current density 
𝑱𝑚,𝑐 = 𝜎𝑚𝑯 [

𝑉

𝑚2
] 

Magnetic displacement 

current density 
𝑱𝑚,𝑑 = 𝑗𝜔𝑩 [

𝑉

𝑚2
] 

Total magnetic current 

density 
𝑱𝑚 = 𝑱𝑚,𝑐 + 𝑱𝑚,𝑑  [

𝑉

𝑚2
] 

Table 5: Constitutive relationships 

 

2.6.2. 

Travelling EM wave 

In sourceless region such as the free space, EM field can transport 

energy in the form of waves [8] [9]. For a time-harmonic EM field, the 

general solution for the EM wave propagation in the canonical base is 

given by: 

 

𝑬(𝑧) = (𝐸0
+𝑒−𝒌𝑧 ± 𝐸0

−𝑒𝒌𝑧)�̂� (32) 

𝑯(𝑧) = (𝐻0
+𝑒−𝒌𝑧 ± 𝐻0

−𝑒𝒌𝑧)�̂� (33) 

 

The wave vector 𝒌 is defined in terms of EM properties as: 

 

𝒌 = 𝜔√𝜺𝝁 (34) 
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The wave impedance 𝑍𝑤 is defined as: 

 

𝑍𝑤 =
𝑬

𝑯
 (35) 

 

The phase velocity of the wave is given by: 

 

𝑣𝑝 =
𝜔

𝒌
 (36) 

 

And the group velocity: 

 

𝑣𝑔 =
𝜕𝜔

𝜕𝒌
 (37) 

 

2.6.3. 

Power and energy in materials 

The ability of a material to store energy in the electric form (electric 

energy) is proportional to its capacitance 𝐶 while its ability to store energy 

in the magnetic form (magnetic energy) is proportional to its inductance 𝐿. 

The relationship between the energy storage ability of a material and its 

EM parameters is given by: 

 

𝐶 = 𝜀′𝑔𝑐 [𝐹] (38) 

𝐿 =  𝜇′𝑔𝑙 [𝐻] (39) 

 

where 𝑔𝑐 and 𝑔𝑙 are geometric functions with unit meter that depend on 

the shape of the capacitor and the inductor, respectively. 

Based on the previous definitions, the energy density, the total stored 

energy and dissipated power in the material can be determined: 
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Time-average electric 

energy density 
�̅�𝑒 = 𝑅𝑒 {

𝑫 ∙ 𝑬

2
} =

𝜀′ ∙ 𝑬2

2
  [

𝐽

𝑚3
] 

Time-average magnetic 

energy density 
�̅�𝑚 = 𝑅𝑒 {

𝑩 ∙ 𝑯

2
} =

𝜇′ ∙ 𝑯2

2
  [

𝐽

𝑚3
] 

Time-average energy 

density 
�̅� = �̅�𝑒 + �̅�𝑚  [

𝐽

𝑚3
] 

Table 6: Energy density 

 

Heat 

dissipation 

density 

𝑝𝑑,𝑐 = 𝑅𝑒{𝑬 ∙ 𝑱𝑒,𝑐
∗ + 𝑯∗ ∙ 𝑱𝑚,𝑐} = 𝜎𝑒𝑬2 + 𝜎𝑚𝑯2  [

𝑊

𝑚3
] 

Material loss 

density 
𝑝𝑑,𝑑 = 𝑅𝑒{𝑬 ∙ 𝑱𝑒,𝑑

∗ + 𝑯∗ ∙ 𝑱𝑚,𝑑} = 𝜔𝜀′′𝑬2 + 𝜔𝜇′′𝑯2  [
𝑊

𝑚3
] 

Total power 

dissipation 

density 

𝑝𝑑 ≜ 𝑝𝑑,𝑐 + 𝑝𝑑,𝑑  [
𝑊

𝑚3
] 

Table 7: Power dissipation density 

 

Time-average stored 

electric energy 
�̅�𝑒 =

1

2
∭ �̅�𝑒𝑑𝑉 =

𝐶𝑉𝑒
2

2
+

𝐶𝐼𝑚
2

2
 [𝐽] 

Time-average stored 

magnetic energy 
�̅�𝑚 =

1

2
∭ �̅�𝑚𝑑𝑉 =

𝐿𝐼𝑒
2

2
+

𝐿𝑉𝑚
2

2
 [𝐽]   

Total stored energy �̅� = �̅�𝑒 + �̅�𝑚 [𝐽] 

Table 8: Stored energy 

 

The total power dissipated by the material is obtained from: 

 

𝑃𝑑 = ∭ 𝑝𝑑𝑑𝑉  [𝑊] (40) 

 

And the total energy flux density going through the material’s surface 

is given by: 
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𝑺 = 𝑬 × 𝑯∗   [
𝑉𝐴

𝑚2
] (41) 

 

where 𝑺 is the Poynting vector. 

The time-average energy flux density going through the material’s 

surface is given by: 

 

�̅� = 𝑅𝑒{𝑬 × 𝑯∗}  [
𝑊

𝑚2
] (42) 

 

The complex power flow density leaving a region can be expressed 

by: 

 

𝑝𝑓 ≜ 𝛻 ∙ 𝑺  [
𝑉𝐴

𝑚3
] (43) 

 

If sources are present, the complex power density supplied by the 

sources can be defined as: 

 

𝑝𝑠 = −(𝑬 ∙ 𝑱𝑒,𝑖
∗ + 𝑯∗ ∙ 𝑱𝑚,𝑖)  [

𝑉𝐴

𝑚3
] (44) 

 

where 𝑱𝑒,𝑖 and 𝑱𝑚,𝑖 are the currents impressed by the sources. 

The Poynting’s theorem states that “the decrease in the EM energy 

per unit time in a certain volume is equal to the sum of the work done by 

the field forces and the net outward flux per unit time” [12]: 

 

𝑝𝑠 = 𝑝𝑓 + 𝑝𝑑 + 𝑗2𝜔(�̅�𝑚 − �̅�𝑒)  [
𝑉𝐴

𝑚3
] (45) 

 

By integrating throughout the region and using the divergence 

theorem, the time-average exiting complex power is obtained: 

 

𝑃𝑓 = ∭ 𝛻 ∙ 𝑺𝑑𝑉 = ∯ 𝑺 ∙ 𝑑𝒔 = ∯ 𝑬 × 𝑯∗𝑑𝒔  [𝑉𝐴]  (46) 
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As well as the time-average complex power balance: 

 

𝑃𝑠 =  𝑃𝑓 + 𝑃𝑑 + 𝑗2𝜔(�̅�𝑚 − �̅�𝑒)  [𝑉𝐴]  (47) 

 

where the real part of 𝑃𝑓 represents the time-average power flow leaving a 

region (in the form of propagating waves) and its imaginary part represents 

the time-average reactive power leaving a region (in the form of 

evanescent – non-propagating – waves): 

 

𝑃 = 𝑅𝑒{𝑃𝑓} = 𝑅𝑒{𝑃𝑠} − 𝑃𝑑   [𝑊] (48) 

𝑄 = 𝐼𝑚{𝑃𝑓} = 𝐼𝑚{𝑃𝑠} + 𝑗2𝜔(�̅�𝑒 − �̅�𝑚)  [𝑉𝐴𝑅] (49) 

 

2.7. 

Velocity of power transportation 

In non-dispersive medium, the velocity of power transportation or the 

signal velocity 𝑣𝑠 is equal to the phase velocity 𝑣𝑝 of the EM wave. 

In a dispersive and time-invariant medium, 𝑣𝑠 is given by the group 

velocity 𝑣𝑔, which is the velocity of the waveform of travelling EM wave. 

If the medium is dispersive and time-variant, the waveform has no 

constant shape, so 𝑣𝑔 differs from the velocity at which the power is 

conveyed by the EM field [13]. In that case, 𝑣𝑠 is derived directly from the 

time-average energy flux density �̅� and the time-average energy density of 

the medium �̅�: 

 

𝑣𝑠 =
�̅�

�̅�
≤ 𝑐 (50) 

 

where 𝑐 is the velocity of light in the vacuum. 
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2.8. 

Causality of negative-index materials 

The entropy condition for NIMs can only be satisfied if the following 

conditions are attended [14] [15]: 

 

𝜕(𝜔𝜀′)

𝜕𝜔
> 0 𝑎𝑛𝑑 

𝜕(𝜔𝜇′)

𝜕𝜔
> 0, ∀𝜔 (51) 

 

Otherwise, such materials would store “negative energy”, which is a 

non-causal system (not realizable). 

 

Time-average electric 

energy density 
�̅�𝑒 =

1

2

𝜕(𝜔𝜀′)

𝜕𝜔
∙ 𝑬2 

Time-average magnetic 

energy density 
�̅�𝑚 =

1

2

𝜕(𝜔𝜇′)

𝜕𝜔
∙ 𝑯2 

Time-average stored 

electric energy 
�̅�𝑒 =

1

2

𝜕(𝜔𝐶)

𝜕𝜔
𝑉𝑒

2 +
1

2

𝜕(𝜔𝐶)

𝜕𝜔
𝐼𝑚

2  

Time-average stored 

magnetic energy 
�̅�𝑚 =

1

2

𝜕(𝜔𝐿)

𝜕𝜔
𝐼𝑒

2 +
1

2

𝜕(𝜔𝐿)

𝜕𝜔
𝑉𝑚

2 

Table 9: Energy density and stored energy in negative-index materials 

 

Therefore, negative EM properties are only realizable if the material 

is highly dispersive. 

 

2.9. 

Wave propagation in material media 

The propagation of an EM wave can be interpreted as a periodic 

exchange of energy between the medium and the EM field [16]. The 

stored energy in the medium on the back side of the wave packet is 

transformed into field energy and transported to the front side of the wave 

packet where it is reabsorbed and stored again in the medium. 

The velocity at which the fields transport energy by converting the 

stored energy into field energy and back is the phase velocity 𝑣𝑝, which is 
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an apparent velocity. Defining 𝑣𝑚 as the velocity at which the material 

transports energy due to the oscillatory behavior of its dipoles (in the 

sense of the Lorentz model), �̅�𝑓 as the time-average energy density of the 

EM field and �̅�𝑚𝑎𝑡 as the time-average energy density of the material, the 

total energy flux density �̅� can be rewritten as the energy flux density due 

to the oscillating EM fields minus the energy flux density due to the 

oscillating dipoles in the material: 

 

�̅�(𝜔) = 𝑣𝑠(𝜔)𝑢(𝜔) =  𝑣𝑝(𝜔)�̅�𝑓(𝜔) − 𝑣𝑚(𝜔)�̅�𝑚𝑎𝑡(𝜔) (52) 

�̅�(𝜔) =  �̅�𝑓(𝜔) + �̅�𝑚𝑎𝑡(𝜔) (53) 

𝑣𝑝(𝜔) =
𝑣𝑠(𝜔)𝑢(𝜔) + 𝑣𝑚(𝜔)�̅�𝑚𝑎𝑡(𝜔)

�̅�𝑓(𝜔)
 (54) 

∴ 𝑣𝑝(𝜔) = 𝑣𝑠(𝜔) +
(𝑣𝑠(𝜔) + 𝑣𝑚(𝜔))�̅�𝑚𝑎𝑡(𝜔)

�̅�𝑓(𝜔)
 (55) 

 

Eq. (52) is postulated based on the fact that the dipoles that are 

formed by polarization or magnetization of the material take their energy 

from the fields. So, the energy flux density of the fields leaving the region 

must be diminished from the one associated with the motion of the dipoles. 

As mentioned before, a medium is called non-dispersive if EM 

properties are not frequency dependent. The only medium that is truly 

non-dispersive (in the entire frequency spectrum) is the fundamental 

medium, the EM field in the proper sense. Any other medium arises from 

the interaction of the EM field with the particles of condensed matter. 

Thus, the non-dispersive medium is equivalent to the EM field in a 

perfectly source-free and sink-free region. Since there is no material 

properly speaking in the non-dispersive case (EM field is the sole 

medium): 

 

𝑢(𝜔) =  �̅�𝑓(𝜔) → �̅�𝑚𝑎𝑡(𝜔) = 0 (56) 

𝑣𝑝(𝜔) =  𝑣𝑠(𝜔) (57) 

DBD
PUC-Rio - Certificação Digital Nº 1521413/CA



 41 

 

As expected, 𝑣𝑝 and 𝑣𝑠 are exactly the same for all frequencies. 

However, in a region of space with charged particles, energy can be 

locally stored or dissipated. The resulting interaction between matter and 

fields becomes frequency dependent, causing the phenomenon of 

dispersion. 

In normal dispersion, or positive dispersion, power is irreversibly 

taken from the EM field and stored into the material (�̅�𝑚𝑎𝑡 > 0). Assuming 

the simplifying hypothesis that 𝑣𝑚 is much slower than 𝑣𝑠: 

 

𝑣𝑝(𝜔) ≈ 𝑣𝑠(𝜔) (1 +
�̅�𝑚𝑎𝑡(𝜔)

�̅�𝑓(𝜔)
) = 𝑣𝑠 (

𝑢(𝜔)

�̅�𝑓(𝜔)
) (58) 

�̅�𝑚𝑎𝑡 > 0 →  �̅�𝑓 < 𝑢 (59) 

�̅�𝑓 ≤ 𝑢 → 𝑣𝑝 ≥ 𝑣𝑠 (60) 

 

So, in accordance with EM theory, Eq. (55) predicts that 𝑣𝑝 is greater 

than 𝑣𝑠 in normal dispersive media. 

In anomalous dispersion, or negative dispersion, which occurs 

around the resonance of the material 𝜔0, 𝑣𝑚 becomes much greater than 

𝑣𝑠: 

 

|𝑣𝑚| ≫ |𝑣𝑠| → �̅�𝑚𝑎𝑡 > �̅�𝑓 (61) 

 

 In this situation, the medium is said to be excited or in non-

equilibrium (�̅�𝑚𝑎𝑡 > �̅�𝑓 > 0). Instead of net power being transported from 

the wave front into the medium as in normal dispersion, it is the front wave 

that extracts net power from the material (𝑣𝑚 < 0), by reducing the 

excitation of the system back to the equilibrium state (�̅�𝑚𝑎𝑡 ≤  �̅�𝑓). 

The relaxation of the excited medium implies that the first temporal 

derivative of its stored energy is negative: 
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�̇̅�𝑚𝑎𝑡(𝜔0) < 0 (62) 

 

Knowing that:  

 

�̇� = ∯ 𝑣𝑚𝑑𝒔 [
𝑚3

𝑠
] (63) 

 

where �̇� is the volumetric flow rate of the energy through the surface of the 

material. 

The energy density can be written as: 

 

�̅�𝑚𝑎𝑡 ≡
�̇̅�𝑚𝑎𝑡

�̇�
 (64) 

 

Considering that �̅�𝑚𝑎𝑡 must be always positive: 

 

�̇̅�𝑚𝑎𝑡(𝜔0) < 0 → �̇�(𝜔0) < 0 → 𝑑𝑖𝑟(𝑣𝑚(𝜔0)) = −𝑑𝑖𝑟(𝑑𝒔) (65) 

 

Considering the particular case of a passive material, �̅� must be zero 

during the non-equilibrium state, since the material cannot supply more 

power than the power it received from the EM field. As it is shown in [17], 

�̅�𝑚𝑎𝑡 can be temporarily negative without violate causality if the total 

energy of the system (�̅�𝑚𝑎𝑡 + �̅�𝑓) is positive. So, �̅�𝑚𝑎𝑡 < 0 is a metastable 

state. Metastability denotes a temporary configuration of a dynamic 

system other than the state of least energy. The negative �̅�𝑚𝑎𝑡 can be 

physically interpreted as the energy borrowed from the material by the EM 

field and that is given back to it when the system becomes stable again. 

 

�̅�𝑚𝑎𝑡 > �̅�𝑓 → �̅� = 0 → 𝑣𝑝(𝜔0)�̅�𝑓(𝜔0) = 𝑣𝑚(𝜔0)�̅�𝑚𝑎𝑡(𝜔0) (66) 

𝑣𝑝(𝜔0) = 𝑣𝑚(𝜔0) (
�̅�𝑚𝑎𝑡(𝜔0)

�̅�𝑓(𝜔0)
) (67) 
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𝑑𝑖𝑟(𝑣𝑝(𝜔0)) = 𝑑𝑖𝑟(𝑣𝑚(𝜔0)) → 𝑑𝑖𝑟(𝑣𝑝(𝜔0)) = −𝑑𝑖𝑟(𝒔) (68) 

𝑠𝑖𝑛𝑐𝑒  𝑑𝑖𝑟(𝒌) = 𝑑𝑖𝑟(𝒔), 𝑡ℎ𝑒𝑛 𝑑𝑖𝑟(𝑣𝑝(𝜔0)) = −𝑑𝑖𝑟(𝒌) (69) 

 

At first glance, a negative 𝑣𝑝 seems to indicate that energy is being 

inversely transported from the front side of the wave packet into its back 

side, which is senseless. Actually, it implies only that the direction of 

energy transportation has been reversed at this particular frequency, 

indicating that its correspondent mode, which is the resonance mode, is 

increasing in power. 

Since the medium is passive (there is no other source beside the EM 

field), the “surplus power” borrowed from the medium by the resonance 

mode must come from the attenuation of the other modes of the EM field. 

Notice that  �̅� is zero when the “apparent amplification” takes place, 

indicating that the process does not violate the law of energy conservation. 

 

2.10. 

Electromagnetic coupling 

 

Figure 2.4: Electromagnetic-field zones as a function of the wavelength 𝜆 
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Figure 2.5: One of the fields is predominant in the near-field zone 

 

An electrically small antenna (ESA) is one having overall dimensions 

(including the ground place) less than one-quarter wavelength (𝜆/4). It is 

characterized by presenting poor radiation efficiency and being very 

reactive (most of the power supplied to an ESA remains stored in the 

surrounding medium). 

The space around an antenna is subdivided into three regions: the 

reactive near field, the Fresnel region and the far field (see Figure 2.4). For 

an ESA, this division can be reduced to two spatial zones only: the near 

field (quasistatic) and the far field (radiation). 

The theoretical boundary between them is defined as sphere of 

radius 𝑟: 

 

𝑟 =
𝜆

2𝜋
 (70) 

 

In the near field (𝑟 ≤
𝜆

2𝜋
), one of the oscillating fields is predominant 

and remains stored in the medium either as magnetic potential 𝑉𝑚 or as 
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electric one 𝑉𝑒 (see Figure 2.5). It can be represented as an evanescent 

EM wave (which is in essence the destructive sum of two propagating EM 

waves going in opposite directions). So, almost no energy is lost by the 

source of a quasistatic field because the EM waves cannot propagate 

away from the source (the EM modes that are generated by the source are 

quickly reabsorbed into it). 

Nonetheless, when a proper receiver gets close enough of source, 

some EM modes in its near field can be “caught” by the receiver’s near 

field, effectively transferring power from one circuit to the other. This 

phenomenon is called electromagnetic coupling. 

Since the near field is spatially restricted, the EM coupling can only 

occur between two systems if they are separated by a distance 𝐷 ≤ 𝑟. 

  If two systems are coupled by means of a quasistatic electric field, 

the phenomenon is called electric induction. If they are coupled by means 

of a quasistatic magnetic field, it is called magnetic induction. 
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3 

Generalized theory of transmission lines 

In this chapter, the concepts of virtual charges, currents and 

impedances are introduced in order to describe EM-coupled systems 

through transmission line formalism. The electro and magnetic-motive 

forces and their relationship with EM field propagation are discussed. The 

equations for electric and magnetic transmission lines (physical and 

virtual) are developed and the main results are presented. 

 

3.1. 

Introduction: transmission line basic concepts 

Transmission line (TL) is one of the most discussed topics in 

electromagnetics. However, most of the present literature concentrates 

exclusively on electric transmission lines (ELTL) or the guidance of 

electromagnetic energy using two or multiple electric conductors (two-wire 

TL, coaxial cable, stripline and so on). Only recently a more general 

concept of the TL has been proposed aiming to include also magnetic 

transmission lines (MGTL) or the guidance of electromagnetic energy by 

means of magnetic conductors [18]. 

The MGTL proposed by [18], however, conceives MGTL as 

“electromagnetic energy guided by means of time-varying magnetic flux”, 

which is not exactly the complementary of conventional ELTLs. In ELTLs, 

the EM fields are guided by currents made of moving electric charges 

(electric conduction currents). Thus, its true complementary is a 

hypothetical TL where the fields are steered by moving magnetic charges 

(magnetic conduction current). 

Nonetheless, [18] has demonstrated that EM fields guided by a time-

varying flux present TL-like behavior. Since electric and magnetic fluxes 
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have the same dimension of electric and magnetic charges, respectively, a 

time-varying flux acts as a sort of “virtual current” driving the fields.  

It can be easily shown that time-varying fluxes are currents: 

 

𝑗𝜔𝜓𝑒 = 𝑗𝜔 ∬ 𝑫 ∙ 𝑑𝒔 = ∬ 𝑗𝜔𝑫 ∙ 𝑑𝒔 = ∬ 𝑱𝑒,𝑑 ∙ 𝑑𝒔 = 𝐼𝑒,𝑑 (71) 

𝑗𝜔𝜓𝑚 = 𝑗𝜔 ∬ 𝑩 ∙ 𝑑𝒔 = ∬ 𝑗𝜔𝑩 ∙ 𝑑𝒔 = ∬ 𝑱𝑚,𝑑 ∙ 𝑑𝒔 = 𝐼𝑚,𝑑 (72) 

 

By taking the displacement currents as virtual currents, the fluxes as 

virtual charges and the reluctance to the flux of the medium as virtual 

impedances or admittances, the phenomena of electric and magnetic 

induction (electromagnetic coupling) can be effectively described by TL 

equations. 

According to the Collins Dictionary [19], the word virtual means “so 

nearly true that for most purposes it can be regarded as true”, “having the 

essence or effect but not the appearance or form of” or “being such 

practically or in effect, although not in actual fact or name”. It is being 

applied to induction circuits because fluxes produce virtually the same 

effect of physical charges concerning guidance. 

It is then defined as physical TLs the ones where EM fields are 

guided by means of physical currents (conduction currents) and as virtual 

TLs the ones where EM fields are guided by means of virtual currents (or 

displacement currents). 

The considered TLs are two-conductors TLs for which the 

incremental length of the line 𝑑𝑧 causes a series potential loss 𝑑𝑉 and 

shunt current 𝑑𝐼. The TL theory postulates that the potential loss is 

proportional to the line current 𝑰 [9]: 

 

𝑑𝑉 = 𝑍𝐼𝑑𝑧 (73) 

 

where 𝑍 is a series impedance per unit length. 

And that the shunt current is proportional to the line potential: 
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𝑑𝐼 = 𝑌𝑉𝑑𝑧 (74) 

 

where 𝑌 is a shunt admittance per unit length. 

Then, the propagation equations of a TL are given by: 

 

𝑑𝑉

𝑑𝑧
= 𝑍𝐼 (75) 

𝑑𝐼

𝑑𝑧
= 𝑌𝑉 (76) 

 

Taking the derivative of the equations and replacing them into the 

other, it can be shown that 𝑉 and 𝐼 are time-independent forms of the 

wave equation (Helmholtz equations): 

 

𝑑2𝑉

𝑑𝑧2
− 𝑍𝑌𝑉 = 0 (77) 

𝑑2𝐼

𝑑𝑧2
− 𝑍𝑌𝐼 = 0 (78) 

 

The general solution of the TL equations is the sum of an incident 

wave 𝑉𝑖 and a reflected wave 𝑉𝑟 with propagation constant 𝛾: 

 

𝑉 = 𝑉𝑖 + 𝑉𝑟 = 𝑉𝑖(0)𝑒−𝛾𝑧 + 𝑉𝑟(0)𝑒𝛾𝑧 (79) 

𝛾 = √𝑍𝑌 (80) 

𝛼 = 𝑅𝑒{𝛾} (81) 

𝛽 = 𝐼𝑚{𝛾} (82) 

 

where 𝛼 is the attenuation factor and 𝛽 is the propagation constant of the 

line.  

By definition, the load impedance 𝑍𝐿 is at z=0. The characteristic 

impedance 𝑍0 is the total impedance added by the TL itself and the input 

impedance 𝑍𝑖𝑛 is the total impedance seen from the source. 
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3.2. 

Electro-motive and magneto-motive forces 

Electro-motive force (EMF) was first defined as the electrical energy 

per unit of electric charge supplied by the source of a physical ELTL: 

 

𝐸𝑀𝐹 =
𝜕𝑈𝑒

𝜕𝑞𝑒
 (83) 

 

The sources of EMF can be the electrical field itself (once electrical 

energy is the energy stored in the form of an electric field) or any device 

that converts any other form of energy into the electrical one, such as a 

battery (chemical to electrical) or a dynamo (mechanical to electrical). The 

word “force”, in this case, does not mean a mechanical force, measured in 

newtons, but an electric potential, measured in volts: 

 

𝐸𝑀𝐹 = 𝑉𝑒(𝑏) − 𝑉𝑒(𝑎) = ∫ 𝑬 ∙ 𝑑𝒍
𝑎

𝑏

  [𝑉] (84) 

 

Historically speaking, the name EMF was attribute to 𝑉𝑒 based on the 

misconception of the 18th century that electrical energy was transported by 

the electric charges all the way along the intervening space between two 

separated points [20]. EMF was then a scalar quantity that indicated the 

necessary force to move a charge from point 𝑎 to 𝑏 or the force produced 

when two points in different potentials were connected via an electric 

conductor: 

 

𝐸𝑀𝐹 =
|𝑭|

𝑞𝑒
 (85) 

 

After the publication of Faraday’s work, it was empirically 

demonstrated that the so-called “electrical energy” could be sent from one 

place to the other using an intervening time-varying magnetic flux 
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generated by a current loop in replacement of the physical electric 

charges, forming a magnetic induction circuit or a virtual magnetic TL 

(VMGTL). According to Faraday-Lenz law of induction: 

 

𝐸𝑀𝐹 = −𝑗𝜔𝜓𝑚 (86) 

 

Based on previous definitions, it was also called EMF or electric 

potential. However, it is misleading since the EMF of a VMGTL (differently 

of the ELTL case) is not a real potential. Real potentials are defined over 

path-independent conservative fields and the EMF of a VMGTL is a 

circulation (hence, a non-conservative one): 

 

𝐸𝑀𝐹 = −𝑗𝜔𝜓𝑚 = −𝑗𝜔 ∬ 𝑩 ∙ 𝑑𝒔 = − ∬ 𝑗𝜔𝑩 ∙ 𝑑𝒔 

= − ∬ 𝛻 × 𝑬 ∙ 𝑑𝒔 = ∮ 𝑬 ∙ 𝑑𝒍 

(87) 

 

In other words, it is not a state function. For a fixed 𝜓𝑚, with 𝜓𝑚 ≠ 0: 

 

lim
𝜔→∞

(|𝐸𝑀𝐹|) = lim
𝜔→∞

(|𝜔𝜓𝑚|) = ∞ (88) 

lim
𝜔→0

(|𝐸𝑀𝐹|) = lim
𝜔→0

(|𝜔𝜓𝑚|) = 0 (89) 

 

Analogously, for a fixed 𝜔, with 𝜔 ≠ 0: 

 

lim
𝜓𝑚→∞

(|𝐸𝑀𝐹|) = lim
𝜓𝑚→∞

(|𝜔𝜓𝑚|) = ∞ (90) 

lim
𝜓𝑚→0

(|𝐸𝑀𝐹|) = lim
𝜓𝑚→0

(|𝜔𝜓𝑚|) = 0 (91) 

 

which implies that it can be made arbitrarily great or small independently of 

the configuration of the system. 

For this reason, the EMF of a VMGTL is better described as a virtual 

potential (a current source). 
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Since the intensity of 𝜓𝑚 depends on both 𝑩 and the effective area it 

is going through, the total virtual EMF obtained from a fixed 𝑩 can vary a 

lot depend on how well channeled the flux is. This is the case, for 

example, of the conventional electric transformer, the most famous 

VMGTL presented in the literature. In general, it employs a ferromagnetic 

material (𝜇𝑟 ≫ 1) to limit 𝜓𝑚 to a fixed path 𝑙 and transversal section 𝐴. 

In order to clarify this particular point, it is interesting to give a look at 

the Poynting vector in an electric transformer. 

In the electric transformer’s problem, the magneto-motive force 

(MMF) is usually defined as the magnetic flux 𝜓𝑚 times the magnetic 

reluctance ℛ𝑚 (the opposition of the medium to the magnetic flux), 

analogously to the Ohm’s law for ELTLs: 

 

𝑀𝑀𝐹 = 𝜓𝑚ℛ𝑚 (92) 

 

The total MMF of an electric transform is real because fluxes going in 

opposite directions possess inverted magnetic potential. As a 

consequence, there must be a uniform magnetic field stored between 

them, according to: 

 

𝑀𝑀𝐹 = 𝜓𝑚ℛ𝑚 = 𝑉𝑚  = ∫ 𝑯 ∙ 𝑑𝒍
𝑏

𝑎

  [𝐴] (93) 

 

which demonstrates that the conservative field of the system is the 

magnetic field stored between the incoming and outgoing magnetic flux. 

Power flow in a VMGTL is the product of this magnetic field stored 

between the fluxes and the electric field generated by the time-varying flux 

in the form of electric-field circulation [21] (see Figure 3.1). 

 

𝑃 = 𝑗𝜔𝜓𝑚𝑉𝑚 = (𝐸𝑀𝐹)(𝑀𝑀𝐹) (94) 
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Figure 3.1: The difference of magnetic potential between the incoming and ongoing fluxes 

causes a transversal magnetic field component to be stored between them. It is this 

component that is responsible for power flow, not the magnetic field paralell to the flux 

 

When the incoming and ongoing fluxes are spatially distant from 

each other and confined in well-defined paths, the obtained 𝑀𝑀𝐹 is much 

greater, and that is why power transfer is improved. Since ℛ𝑚 is a 

characteristic of the medium, it is 𝜓𝑚 that increases when the MMF is 

augmented, and the only way to increase 𝜓𝑚 without supplying additional 

power to the source loop is to confine 𝜓𝑚.  

In the same manner, it could be said that an electric induction circuit 

or virtual electric TL (VELTL) possesses a virtual MMF: 

 

𝑀𝑀𝐹 = 𝑗𝜔𝜓𝑒 (95) 

 

And a real EMF between the incoming and outgoing electric flux: 

 

𝐸𝑀𝐹 = 𝜓𝑒ℛ𝑒 = 𝑉𝑒 = ∫ 𝑬 ∙ 𝑑𝒍
𝑏

𝑎

 (96) 

 

where ℛ𝑒 is the electric reluctance. 

As in VMGTLs, power flow is also the product of a real potential with 

a virtual one. 

Now, let’s consider again the classical ELTL. It can be easily shown it 

possesses also a virtual potential: 
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𝑀𝑀𝐹 = 𝑉𝑚 = ∮ 𝑯 ∙ 𝑑𝒍 = ∬ 𝛻 × 𝑯 ∙ 𝑑𝒔 = ∬ 𝑱𝑒 ∙ 𝑑𝒔

= ∬(𝜎𝑒𝑬 + 𝑗𝜔𝑫) ∙ 𝑑𝒔 = ∬ 𝜎𝑒𝑬 ∙ 𝑑𝒔 + ∬ 𝑗𝜔𝑫 ∙ 𝑑𝒔

= 𝐼𝑒,𝑐 + 𝑗𝜔𝜓𝑒 = 𝐼𝑒 

(97) 

 

As it was previously discussed, virtual potentials do not store energy. 

The term 𝑗𝜔𝜓𝑒 is a field circulation while 𝐼𝑒,𝑐 is the dissipative conduction 

current, hence both non-conservative. 

As it is well-known, power flow in ELTLs is equal to the product of the 

electric field stored between the electrical conductors and the magnetic-

field circulation generated by the electric current. 

 

𝑃 = (𝐸𝑀𝐹)(𝑀𝑀𝐹) = 𝑉𝑒𝐼𝑒 (98) 

 

So, the EMF is the only real potential in an ELTL. 

Now, let’s consider a physical MGTL. The existence of magnetic 

charges 𝑞𝑚 and wires made of highly magnetic conductive materials 

(𝜎𝑚 ≫ 1) are assumed. In this case, the MMF can also be defined as the 

magnetic energy per unit of magnetic charge supplied by the source in the 

magnetic circuit: 

 

𝑀𝑀𝐹 =
𝜕𝑈𝑚

𝜕𝑞𝑚
≡ 𝑉𝑚 = ∫ 𝑯 ∙ 𝑑𝒍 (99) 

 

And analogously to the electric conductive counterpart: 

 

𝐸𝑀𝐹 = ∮ 𝑬 ∙ 𝑑𝒍 = − ∬ 𝛻 × 𝑬 ∙ 𝑑𝒔 = − ∬ 𝑱𝑚 ∙ 𝑑𝒔

= − ∬(𝜎𝑚𝑯 + 𝑗𝜔𝑩) ∙ 𝑑𝒔

= − ∬ 𝜎𝑚𝑯 ∙ 𝑑𝒔 − ∬ 𝑗𝜔𝑩 ∙ 𝑑𝒔 = −𝐼𝑚,𝑐 − 𝑗𝜔𝜓𝑚 

(100) 
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Figure 3.2: For guided modes, one of the fields is the source of a real potential. For 

radiated modes, both fields are circulations (hence, virtual potentials) 

 

Hence, like in virtual TLs, power flow is also the product of a virtual 

and a real potential in physical TLs (ELTL and MGTL). The only difference 

between ELTL and MGTL is that in a MGTL it is the MMF that is the real 

one. 

The proposed concept can even be extent for a more general case in 

order to classify in terms of EMF and MMF the non-guided propagation as 

well. 

When the EM fields are said to be “radiated”, both electric and 

magnetic fields become circulations [8] [9] (see Figure 3.2). The amount of 

power that is radiated by the TL depends on a parameter called radiation 

resistance, which is defined as “a virtual resistance that does not 

physically exist but is a quantity coupling the antenna to a distant region in 

space via a virtual transmission line” [22]. This has nothing to do with the 

thermal state of the antenna itself but is related with the temperature of 

distant objects that the antenna is looking at. 

Considering that at least one real potential is need to confine the EM 

waves in a specific region, it can be said that the real motive force of the 

circuit is converted into a virtual one whenever the fields start to leave the 

TL in the form of radiation. Thus, the radiation resistance of an antenna 

could be interpreted as a measure of efficiency in this conversion process. 
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An observation must be pointed out here. Once the fields are 

radiated, no energy is conserved in a determined region of the space due 

to the non-conservative fields that cause spontaneous phase shift in the 

wave front. According to Atkins [23], “spontaneous changes are always 

accompanied by a dispersal of energy”. So, the spontaneous phase shift 

causes spatial power dispersion in the radiated EM field as a 

consequence of the entropy generation process. In all cases, the source of 

this entropy generation is the virtual potentials (currents). 

For confined EM waves (in real or virtual TLs), the virtual potential is 

controlled by a real one, allowing the energy dispersion due to wave 

propagation to be minimized (phase shift is not spontaneous anymore 

since there is a real and well-defined potential generating the currents). 

One could ask what would happen if both motive forces were real. 

This is the case of a standing wave. Considering that at least one virtual 

motive force is needed for wave propagation, two real potentials results in 

no propagation at all. 

 

 EMF MMF 

ELTL Real Virtual 

MGTL Virtual Real 

VELTL Real Virtual 

VMGTL Virtual Real 

EM radiation Virtual Virtual 

Standing wave Real Real 

Table 10: Classification of transmission lines in terms of electric and magnetic potentials 

 

From Table 10 comes the conclusion that virtual potentials are 

responsible for the displacement and power dissipation of the EM waves 

while real potentials are responsible for their confinement in a specific path 

(guidance).  

So, a TL is said to be electric if it has a real electric potential and it is 

said to be magnetic if it has a real magnetic potential. 
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3.3. 

Physical transmission lines 

3.3.1. 

Electric transmission line 

The two-wire electric transmission line (ELTL) is defined as two 

parallel electric conductors of length 𝑙 insulated from each other by a 

nonelectric conductive medium terminated on a linear load fed by a time-

harmonic EMF (see Figure 3.3). It is characterized by its electric 

conductivity 𝜎𝑒 and the electromagnetic properties of the surrounding 

medium. The insulator medium of the line is assumed to be imperfect 

(𝜀′′ > 0, 𝜇′′ > 0) as well as the electric conductors (𝜎𝑒 < ∞). 

The finite conductivity of the electric wires results in a longitudinal 

component of the electric field 𝐸𝑧, which is responsible for the power 

dissipation at the level of the conductor. 

 

 

Figure 3.3: Schematic of an electric transmission line 

 

The electric potential 𝑉𝑒 and the electric conduction current 𝐼𝑒,𝑐 of the 

ELTL are waves that satisfy the following propagation equations: 

 

𝑑

𝑑𝑧
𝑉𝑒(𝑧) = (𝑅𝑒

′ + 𝐺𝑚
′ + 𝑗𝜔𝐿′)𝐼𝑒,𝑐(𝑧) = 𝑍𝑒𝐼𝑒,𝑐(𝑧) (101) 

𝑑

𝑑𝑧
𝐼𝑒,𝑐(𝑧) = (𝐺𝑒

′ + 𝑗𝜔𝐶′)𝑉𝑒(𝑧) = 𝑌𝑒𝑉𝑒(𝑧) (102) 
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where 𝑍𝑒, 𝑌𝑒 and 𝑍𝑒,0 are the electrical series impedance, the shunt 

admittance and the characteristic impedance of the ELTL, 𝑔𝑅
′  is a 

dimensionless geometric function, and terms 𝑅𝑒
′ , 𝐺𝑒

′, 𝐺𝑚
′ , 𝐿′ and 𝐶′ denote, 

respectively, the electrical resistance, the electrical conductance, the 

magnetic conductance, the inductance and the capacitance per unit 

length: 

 

𝑅𝑒
′ ≜

1

𝜎𝑒
𝑔𝑅

′  (103) 

𝐺𝑒
′ ≜ 𝜔𝐶′

𝜀′′

𝜀′
= 𝜔𝐶′𝛿𝑒 (104) 

𝐺𝑚
′ ≜ 𝜔𝐿′

𝜇′′

𝜇′
= 𝜔𝐿′𝛿𝑚  (105) 

𝐼𝑒,𝑐(𝑧) = 𝑗𝜔𝑞𝑒 (106) 

𝑍𝑒,0 ≜
𝑉𝑒(𝑧)

𝐼𝑒,𝑐(𝑧)
= √

𝑍𝑒

𝑌𝑒
= √

𝑅𝑒
′ + 𝐺𝑚

′ + 𝑗𝜔𝐿′

𝐺𝑒
′ + 𝑗𝜔𝐶′

 (107) 

 

The complex propagation constant is given by: 

 

𝛾𝑒 = √𝑍𝑒𝑌𝑒 = √(
𝑅𝑒

′

𝑗𝜔
+

𝐺𝑚
′

𝑗𝜔
+ 𝐿′) (

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) (108) 

 

3.3.2. 

Magnetic transmission line 

The two-wire magnetic transmission line (MGTL) is defined as two 

parallel magnetic conductors of length 𝑙 insulated from each other by a 

nonmagnetic conductive medium terminated on a linear load fed by a time-

harmonic MMF (see Figure 3.4). It is characterized by its magnetic 

conductivity 𝜎𝑚 and the electromagnetic properties of the surrounding 

medium. As before, the insulating medium and the magnetic conductors 

are supposed to be imperfect (𝜀′′ > 0, 𝜇′′ > 0, 𝜎𝑚 < ∞). 
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Figure 3.4: Schematic of a magnetic transmission line 

 

Due to the symmetry of the Maxwell equations, the magnetic 

potential 𝑉𝑚 and magnetic conduction current 𝐼𝑚,𝑐 of the MGTL are also 

waves that satisfy a set of propagation equations analogous to their 

electric counterpart: 

 

𝑑

𝑑𝑧
𝑉𝑚(𝑧) = (𝑅𝑚

′ + 𝐺𝑒
′ + 𝑗𝜔𝐶′)𝐼𝑚,𝑐(𝑧) = 𝑌𝑚𝐼𝑚,𝑐(𝑧) (109) 

𝑑

𝑑𝑧
𝐼𝑚,𝑐(𝑧) = (𝐺𝑚

′ + 𝑗𝜔𝐿′)𝑉𝑚(𝑧) = 𝑍𝑚𝑉𝑚(𝑧) (110) 

 

where 𝑍𝑚, 𝑌𝑚 and 𝑍𝑚,0 are the series impedance, the shunt admittance 

and the characteristic impedance. The terms 𝑅𝑚
′  and 𝐺𝑚

′  denote, 

respectively, the magnetic resistance and the magnetic conductance per 

unit length of the MGTL. They are given by: 

 

𝑅𝑚
′ ≜

1

𝜎𝑚
𝑔𝑅

′  (111) 

𝐼𝑚,𝑐(𝑧) = 𝑗𝜔𝑞𝑚 (112) 

𝑍𝑚,0 ≜
𝐼𝑚,𝑐(𝑧)

𝑉𝑚(𝑧)
= √

𝑍𝑚

𝑌𝑚
= √

𝐺𝑚
′ + 𝑗𝜔𝐿′

𝑅𝑚
′ + 𝐺𝑒

′ + 𝑗𝜔𝐶′
 (113) 

 

The complex propagation constant is given by: 
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𝛾𝑚 = √𝑍𝑚𝑌𝑚 = √(
𝐺𝑚

′

𝑗𝜔
+ 𝐿′) (

𝑅𝑚
′

𝑗𝜔
+

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) (114) 

 

3.4. 

Virtual transmission lines 

3.4.1. 

Magnetic transmission line 

The virtual magnetic transmission line (VMGTL) is defined as a 

magnetic circuit formed between two insulated drivers (no physical charge 

is flowing from one driver to the other) coupled by an intervening 

quasistatic magnetic field (see Figure 3.5 and Figure 3.6). The transmitting 

driver is the MMF source generating the time-varying magnetic flux 

(magnetic displacement current) that links the terminals. The receiving 

driver is the transducer connected to the load that converts the virtual 

magnetic charges (the magnetic flux) to physical ones. A virtual MGTL is 

characterized only by the EM properties of the medium penetrated by the 

magnetic flux.  

 

 

Figure 3.5: Terminals of a virtual magnetic transmission line 
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Figure 3.6: Schematic of a virtual magnetic transmission line 

 

As the physical TLs, the virtual TLs obey correspondent propagation 

equations in terms of their potential and virtual currents. For VMGTLs, the 

magnetic potential 𝑉𝑚,𝑣 and the magnetic displacement current 𝐼𝑚,𝑑 obey 

the following propagation equations: 

 

𝑑

𝑑𝑧
𝑉𝑚,𝑣(𝑧) = (

ℛ𝑚
′

𝑗𝜔
+ 𝐺𝑒

′ + 𝑗𝜔𝐶′) 𝐼𝑚,𝑑(𝑧) = 𝑌𝑚,𝑣𝐼𝑚,𝑑(𝑧) (115) 

𝑑

𝑑𝑧
𝐼𝑚,𝑑(𝑧) = (𝐺𝑚

′ + 𝑗𝜔𝐿′)𝑉𝑚,𝑣(𝑧) = 𝑍𝑚,𝑣𝑉𝑚,𝑣(𝑧) (116) 

 

where 𝑍𝑚,𝑣, 𝑌𝑚,𝑣 and ℛ𝑚
′  are the series impedance, the shunt admittance, 

and the magnetic reluctance per unit length, respectively.  

The virtual magnetic current 𝐼𝑚,𝑑 and the characteristic impedance 

𝑍𝑚,𝑣,0  of the VMGTL are given by: 

 

𝐼𝑚,𝑑(𝑧) = 𝑗𝜔𝜓𝑚(𝑧) (117) 

𝑍𝑚,𝑣,0 =
𝐼𝑚,𝑑(𝑧)

𝑉𝑚,𝑣(𝑧)
= √

𝑍𝑚,𝑣

𝑌𝑚,𝑣
= √

𝐺𝑚
′ + 𝑗𝜔𝐿′

ℛ𝑚
′

𝑗𝜔 + 𝐺𝑒
′ + 𝑗𝜔𝐶′

 (118) 

 

The term 
ℛ𝑚

′

𝑗𝜔
 can be said to be a virtual admittance because it neither 

stores nor dissipate any real power. Like the radiation resistance, it has no 
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relationship with the thermal equilibrium of the antenna that is generating 

the flux. 

The virtual potential and the virtual current can be identified and 

converted into the physical potentials and the physical currents in the 

terminals through: 

 

𝑉𝑚,𝑣(−𝑙) = 𝑉𝑚,𝑣
𝑖𝑛 = 𝐼𝑒,𝑐

𝑖𝑛  (119) 

𝐼𝑚,𝑑(−𝑙) = 𝐼𝑚,𝑑
𝑖𝑛 = 𝑉𝑒,𝑐

𝑖𝑛 (120) 

𝑉𝑚,𝑣(0) = 𝑉𝑚,𝑣
𝑜𝑢𝑡 = 𝐼𝑒,𝑐

𝑜𝑢𝑡 (121) 

𝐼𝑚,𝑑(0) = 𝐼𝑚,𝑑
𝑜𝑢𝑡 = 𝑉𝑒,𝑐

𝑜𝑢𝑡 (122) 

 

Making the simplifying hypothesis that the magnetic flux is mostly 

confined in a circuit with circular transversal region of fixed radius, the real 

and the imaginary parts of ℛ𝑚
′  can be approximated by [18]: 

 

𝑅𝑒{ℛ𝑚
′ } = 2

(�̅�𝑚 − �̅�𝑒)

𝜓𝑚
2

 (123) 

𝐼𝑚{ℛ𝑚
′ } =  

𝑃𝑑,𝑑

𝜔𝜓𝑚
2

 (124) 

 

where 𝑃𝑑,𝑑 is the total power dissipation due to material losses. 

Notice that the real part of ℛ𝑚 can assume either positive or negative 

values depending on the balance of electric and magnetic energy storage 

in the circuit, while, as expected, the imaginary part of ℛ𝑚 is always 

positive (once it accounts for the losses). 

The complex propagation constant is given by: 

 

𝛾𝑚,𝑣 = √𝑍𝑚,𝑣𝑌𝑚,𝑣 = √(
𝐺𝑚

′

𝑗𝜔
+ 𝐿′) (−

ℛ𝑚
′

𝜔2
+

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) (125) 
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3.4.2. 

Electric transmission line 

The virtual electric transmission line (VELTL) is defined as an electric 

circuit formed between two galvanic insulated drivers (no physical charge 

is flowing from one driver to the other) coupled by an intervening 

quasistatic electric field (see Figure 3.7). The transmitting driver is the 

EMF source generating the time-varying electric flux (electric displacement 

current) that links the terminals and the receiving driver is the transducer 

connected to the load that converts the virtual electric charges (the electric 

flux) to physical ones. Like the previous case, a virtual ELTL is 

characterized only by the EM properties of the medium penetrated by the 

flux. 

 

 

Figure 3.7: Schematic of a virtual electric transmission line 

 

The VELTL is symmetric of the VMGTL, so its propagation equations 

are given by: 

 

𝑑

𝑑𝑧
𝑉𝑒,𝑣(𝑧) = (

ℛ𝑒
′

𝑗𝜔
+ 𝐺𝑚

′ + 𝑗𝜔𝐿′) 𝐼𝑒,𝑑(𝑧) = 𝑍𝑒,𝑣(𝑧)𝐼𝑒,𝑑(𝑧) (126) 

𝑑

𝑑𝑧
𝐼𝑒,𝑑(𝑧) = (𝐺𝑒

′ + 𝑗𝜔𝐶′)𝑉𝑒,𝑣(𝑧) = 𝑌𝑒,𝑣(𝑧)𝑉𝑒,𝑣(𝑧) (127) 

 

where 𝑍𝑒,𝑣, 𝑌𝑒,𝑣 and ℛ𝑒
′  are the series impedance, the shunt admittance, 

and the electric reluctance per unit length, respectively.  
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The virtual electric current 𝐼𝑒,𝑑 and the characteristic impedance 𝑍𝑒,𝑣,0 

of the VELTL are given by: 

 

𝐼𝑒,𝑑(𝑧) = 𝑗𝜔𝜓𝑒(𝑧) (128) 

𝑍𝑒,𝑣,0 =
𝑉𝑒,𝑣(𝑧)

𝐼𝑒,𝑑(𝑧)
= √

𝑍𝑒,𝑣

𝑌𝑒,𝑣
=

√
ℛ𝑒

′

𝑗𝜔 + 𝐺𝑚
′ + 𝑗𝜔𝐿′

𝐺𝑒
′ + 𝑗𝜔𝐶′

 
(129) 

 

Analogously to its magnetic counterpart, 
ℛ𝑒

′

𝑗𝜔
 is a virtual impedance. 

The virtual potential and the virtual current can be identified and 

converted into the physical potentials and the physical currents in the 

terminals through: 

 

𝑉𝑒,𝑣(−𝑙) = 𝑉𝑒,𝑣
𝑖𝑛 = 𝑉𝑒,𝑐

𝑖𝑛 (130) 

𝐼𝑒,𝑑(−𝑙) = 𝐼𝑒,𝑑
𝑖𝑛 = 𝐼𝑒,𝑐

𝑖𝑛  (131) 

𝑉𝑒,𝑣(0) = 𝑉𝑒,𝑣
𝑜𝑢𝑡 = 𝑉𝑒,𝑐

𝑜𝑢𝑡 (132) 

𝐼𝑒,𝑑(0) = 𝐼𝑒,𝑑
𝑜𝑢𝑡 = 𝐼𝑒,𝑐

𝑜𝑢𝑡 (133) 

 

Doing the same simplifying hypothesis that the electric flux is mostly 

confined in well-determined cylindrical transversal region of fixed radius, 

the real and the imaginary parts of ℛ𝑒 can be approximated by: 

 

𝑅𝑒{ℛ𝑒
′ } = 2

(�̅�𝑒 − �̅�𝑚)

𝜓𝑒
2

 (134) 

𝐼𝑚{ℛ𝑒
′ } =  

𝑃𝑑,𝑑

𝜔𝜓𝑒
2
 (135) 

 

The complex propagation constant is given by: 
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𝛾𝑒,𝑣 = √𝑍𝑒,𝑣𝑌𝑒,𝑣 = √(−
ℛ𝑒

′

𝜔2
+

𝐺𝑚
′

𝑗𝜔
+ 𝐿′) (

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) (136) 

 

3.5. 

Solution of the propagation equations and time-average powers 

  Sources 𝐙𝟎 [𝛀] 𝛄 [
𝐫𝐚𝐝

𝐦
] 

Physical 

TL 

Electric 𝑞𝑒  𝑎𝑛𝑑 𝐼𝑒,𝑐 √
𝑅𝑒

′ + 𝐺𝑚
′ + 𝑗𝜔𝐿′

𝐺𝑒
′ + 𝑗𝜔𝐶′

 √(
𝑅𝑒

′

𝑗𝜔
+

𝐺𝑚
′

𝑗𝜔
+ 𝐿′) (

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) 

Magnetic 𝑞𝑚 𝑎𝑛𝑑 𝐼𝑚,𝑐 √
𝐺𝑚

′ + 𝑗𝜔𝐿′

𝑅𝑚
′ + 𝐺𝑒

′ + 𝑗𝜔𝐶′
 √(

𝐺𝑚
′

𝑗𝜔
+ 𝐿′) (

𝑅𝑚
′

𝑗𝜔
+

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) 

Virtual 

TL 

Electric 𝜓𝑒  𝑎𝑛𝑑 𝐼𝑒,𝑑 √

ℛ𝑒
′

𝑗𝜔
+ 𝐺𝑚

′ + 𝑗𝜔𝐿′

𝐺𝑒
′ + 𝑗𝜔𝐶′

 
√(−

ℛ𝑒
′

𝜔2 +
𝐺𝑚

′

𝑗𝜔
+ 𝐿′) (

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) 

Magnetic 𝜓𝑚 𝑎𝑛𝑑 𝐼𝑚,𝑑 √

𝐺𝑚
′ + 𝑗𝜔𝐿′

ℛ𝑚
′

𝑗𝜔
+ 𝐺𝑒

′ + 𝑗𝜔𝐶′
 

√(
𝐺𝑚

′

𝑗𝜔
+ 𝐿′) (−

ℛ𝑚
′

𝜔2
+

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) 

Table 11: General transmission line characteristic impedances and propagation constants 

 

The main results of the generalized TL equations are summarized in 

Table 11. 

Physical and virtual TLs tend to the same characteristic impedance 

𝑍0 and propagation constant γ when their physical and virtual resistances 

are minimized: 

 

𝑍0 → √
𝐺𝑚

′ + 𝑗𝜔𝐿′

𝐺𝑒
′ + 𝑗𝜔𝐶′

 (137) 

γ → √(
𝐺𝑚

′

𝑗𝜔
+ 𝐿′) (

𝐺𝑒
′

𝑗𝜔
+ 𝐶′) (138) 

 

If the fluxes in the VELTL and VMGTL are well channeled in a circuit 

of high permittivity and high permeability, respectively, with total length 
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𝑙 and transversal section 𝐴, their total reluctances along the virtual line 

tend approximately to: 

 

ℛ𝑚 →  
ℓ

𝜇𝐴
  [𝐻−1] (139) 

ℛ𝑒 →  
ℓ

𝜀𝐴
   [𝐹−1] (140) 

 

This is the case, for example, of classical electrical transformers, in 

which ferromagnetic materials (𝜇𝑟 ≫ 1) are used to create a magnetic path 

with a very small ℛ𝑚. In the present perspective that circuits coupled via 

electric or magnetic induction can be understood as some sort of TL, it 

becomes evident that when the module of ℛ𝑚becomes negligible in 

comparison with the other terms, the impedance of the VMGTL perfectly 

matches with the impedance of the primary and secondary circuits (which 

are conventional ELTLs), and since they have almost the same impedance 

the EM wave can flow from the ELTL of the primary to the VMGTL, and 

from the VMGTL to the ELTL of the secondary, with almost no reflection, 

and that is the reason why the efficiency of the transformer is enhanced. 

By evaluating the Poynting vector in a transformer, it is clear that 

power is flowing in the intervening space between the fluxes (analogously 

to the ELTL case, where power flows between the electric wires). And both 

cases, physical and virtual TLs, the currents or fluxes are only guiding the 

EM wave, but they are not conveying real power. The conduction current 

in the ELTL is destroying power by dissipating it in the form of heat while 

the displacement current in the VMGTL generates only a virtual potential 

(which is not conservative, as discussed in Section 3.2).  

Considering that the presented TLs – physical and virtual – equally 

support a transverse electromagnetic (TEM) mode, their propagation is 

described by a one-dimensional Helmholtz equation, with generic solution 

of the form [8] [9]: 
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Electric lines 

𝑉𝑒(𝑧) = 𝑉𝑒(0)𝑒−𝛾𝑧(1 + 𝛤𝑒2𝛾𝑧) 

𝐼𝑒(𝑧) =
𝑉𝑒(0)

𝑍0
𝑒−𝛾𝑧(1 − 𝛤𝑒2𝛾𝑧) 

Magnetic lines 

𝐼𝑚(𝑧) = 𝐼𝑚(0)𝑒−𝛾𝑧(1 + 𝛤𝑒2𝛾𝑧) 

𝑉𝑚(𝑧) =
𝐼𝑚(0)

𝑍0
𝑒−𝛾𝑧(1 − 𝛤𝑒2𝛾𝑧) 

Table 12: General solution for the propagation equations 

 

The load reflection coefficient is given by: 

 

𝛤 =
𝑍𝐿 − 𝑍0

𝑍𝐿 + 𝑍0
 (141) 

 

And the input impedance: 

 

𝑍𝑖𝑛 = 𝑍0

𝑍𝐿 + 𝑍0 𝑡𝑎𝑛ℎ(𝛾𝑙)

𝑍0 + 𝑍𝐿 𝑡𝑎𝑛ℎ(𝛾𝑙)
 (142) 

 

The complex power flow per unit length of the line can be locally 

determined through: 

 

Electric lines 

𝑃𝑓
′(𝑧) = 𝑉𝑒(𝑧)𝐼𝑒

∗(𝑧) =
|𝑉𝑒(𝑧)|2

𝑍0
∗ = 𝑃𝑓

′(0)𝑒−2𝛼𝑧    [
𝑉𝐴

𝑚
] 

𝑃𝑓
′(0) =

|𝑉𝑒(0)|2

𝑍0
∗     [

𝑉𝐴

𝑚
] 

Magnetic lines 

𝑃𝑓
′(𝑧) = 𝐼𝑚(𝑧)𝑉𝑚

∗(𝑧) =
|𝐼𝑚(𝑧)|2

𝑍0
∗ = 𝑃𝑓

′(0)𝑒−2𝛼𝑧    [
𝑉𝐴

𝑚
] 

𝑃𝑓
′(0) =

|𝐼𝑚(0)|2

𝑍0
∗    [

𝑉𝐴

𝑚
] 

Table 13: Complex power flow per unit length for electric and magnetic TLs 

 

Or, in terms of time-average active and reactive power per unit 

length: 
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𝑃′(𝑧) = 𝑅𝑒{𝑃𝑓
′(𝑧)} [

𝑊

𝑚
] (143) 

𝑄′(𝑧) = 𝐼𝑚{𝑃𝑓
′(𝑧)} [

𝑉𝐴𝑅

𝑚
] (144) 

 

The power dissipation per unit length 𝑃𝑑
′  is equal to the rate of 

decrease in the active power per unit length 𝑃′: 

 

𝑃𝑑
′ (𝑧) = −

𝑑𝑃′(𝑧)

𝑑𝑧
= 2𝛼𝑃′ [ 

𝑊

𝑚
] (145) 

 

Finally, the gain 𝐺 of the line is defined as: 

 

𝐺 = 𝑠𝑞𝑟𝑡 (
𝑃′(0)

𝑃𝑓
′(−𝑙)

) = 𝑆21 (146) 

 

3.6. 

Free-space virtual magnetic lines 

If there is no ferroelectric or ferromagnetic material channeling the 

flux from the source to the load, the propagation equations of the virtual 

lines must be adapted to compensate the flux leakage. It is intuitive that 

the reflection coefficient 𝛤 must increase inversely with the coupling 

between the terminals of the TL: 

 

VELTL in free 

space 

𝑉𝑒(𝑧) = 𝑉𝑒(0)𝑒−𝛾𝑒,𝑣𝑧 (1 +
𝛤𝑒,𝑣

𝜅𝑒
𝑒2𝛾𝑒,𝑣𝑧) 

𝐼𝑒(𝑧) =
𝑉𝑒(0)

𝑍𝑚,𝑒,0
𝑒−𝛾𝑒,𝑣𝑧 (1 −

𝛤𝑒,𝑣

𝜅𝑒
𝑒2𝛾𝑒,𝑣𝑧) 

VMGTL in free 

space 

𝐼𝑚(𝑧) = 𝐼𝑚(0)𝑒−𝛾𝑚,𝑣𝑧 (1 +
𝛤𝑚,𝑣

𝜅𝑚
𝑒2𝛾𝑚,𝑣𝑧) 

𝑉𝑚(𝑧) =
𝐼𝑚(0)

𝑍𝑚,𝑣,0
𝑒−𝛾𝑚,𝑣𝑧 (1 −

𝛤𝑚,𝑣

𝜅𝑚
𝑒2𝛾𝑚,𝑣𝑧) 

Table 14: Adapted solutions to compensate the flux leakage 
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where 𝜅𝑒 and 𝜅𝑚 are the electric  and magnetic coupling coefficient, 

respectively. 

The electric coupling coefficient is defined as the ratio between the 

mutual capacitance 𝐶𝑚 and the geometric mean of the self-capacitance of 

the terminals: 

 

𝜅𝑒 =
𝐶𝑚

√𝐶1𝐶2

 (147) 

 

The magnetic coupling coefficient is defined as the ratio between the 

mutual inductance 𝐿𝑚 and the geometric mean of the self-inductances of 

the terminals: 

 

𝜅𝑚 =
𝐿𝑚

√𝐿1𝐿2

 (148) 

 

The coupling coefficient is a sort of measure of how much EM modes 

in the near field of the terminals got coupled in relation to all generated 

modes. 

Finally, for circuits fed by voltage sources, the terms 𝑉𝑒(0) and 𝐼𝑚(0) 

can be determined from the following equations: 

 

𝑉𝑒,𝑐
𝑖𝑛 = 𝑉𝑠𝑜𝑢𝑟𝑐𝑒

𝑍𝑖𝑛

(𝑍𝑖𝑛 + 𝑍𝑠𝑜𝑢𝑟𝑐𝑒)
 (149) 

𝐼𝑒,𝑐
𝑖𝑛 =

𝑉𝑒,𝑐
𝑖𝑛

𝑍𝑖𝑛
 (150) 

𝑉𝑒(0)  =
𝑉𝑒,𝑐

𝑖𝑛

𝑒𝛾𝑒,𝑣𝑙 (1 +
𝛤𝑒,𝑣

𝜅𝑒
𝑒−2𝛾𝑒,𝑣𝑙)

 (151) 

𝐼𝑚(0) =
𝑉𝑒,𝑐

𝑖𝑛

𝑒𝛾𝑚,𝑣𝑙 (1 +
𝛤𝑚,𝑣

𝜅𝑚
𝑒−2𝛾𝑚,𝑣𝑙)

 (152) 
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4 

Implementation of virtual impedances 

In this chapter, it is demonstrated that MTMs can be seen as virtual 

impedances when coupled to virtual lines and can be used to improve the 

impedance matching between a virtual line and its terminals. 

Considering that only the implementation of the magnetic model is of 

interest for the realization of this work, its electrical counterpart will not be 

further addressed. However, the same reasoning and principles applied to 

VMGTLs is valid and could be adapted to VELTLs. 

 

4.1. 

Introduction 

In 1968, Veselago presented a theoretical study on EM wave 

propagation in media with negative properties [24]. He demonstrated that 

materials with just one of its EM properties effectively negative, such as 

the plasmas – 𝜀-negative (ENG) and 𝜇-negative (MNG) materials –, 

supported no propagating mode but that hypothetical materials whose EM 

properties were double negative (DNG) could support wave propagation 

just as double positive (DPS) ones, such as the dielectrics (see Figure 

4.1). 
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Figure 4.1: Classification of materials according to the sign of its properties 

 

According to Veselago’s predictions, NIMs would present the exotic 

property of negative refraction: 

 

𝑛 = 𝑛′ − 𝑗𝑛′′ (153) 

𝑛 = √|𝜀|√−|𝜇| = (√|𝜀|) (𝑗√|𝜇|) = 𝑗 √|𝜀𝜇| (154) 

𝑛 = √−|𝜀|√|𝜇| = (𝑗√|𝜀|) (√|𝜇|) = 𝑗 √|𝜀𝜇| (155) 

𝑛 = √−|𝜀|√−|𝜇| = (𝑗√|𝜀|) (𝑗√|𝜇|) = − √|𝜀𝜇| (156) 

 

where 𝑛 is the complex refractive index, 𝑛′ is the refractive index and 𝑛′′ is 

the extinction coefficient. 

And also the phenomenon of reverse propagation: 

 

−𝛻 × 𝑬 = 𝑗𝜔(−|𝝁|)𝑯 → −𝛻 × 𝑬 = 𝑗𝜔|𝝁|(−𝑯) (157) 

𝛻 × 𝑯 = 𝑗𝜔(−|𝜺|)𝑬 → 𝛻 × (−𝑯) = 𝑗𝜔|𝜺|𝑬 (158) 

∴ 𝒌 ⊥ 𝑬 ⊥ (−𝑯) → −𝒌 ⊥ 𝑬 ⊥ 𝑯 (159) 
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Figure 4.2: In negative-index media the phase velocity is reversed in relation to the 

direction of the power flow 

 

Since the relationship between the fields and wave vector is given by 

a left-hand rule, NIMs are said to be left-handed materials (LHM). Or 

backward-wave materials (BWM), due to the fact that phase velocity 

becomes antiparallel to the direction of the power flow if 𝑛 < 0 (see Figure 

4.2): 

 

𝑑𝑖𝑟(𝑣𝑝) = 𝑑𝑖𝑟 (
𝜔

𝒌
) = 𝑑𝑖𝑟(𝒌) (160) 

𝑑𝑖𝑟(𝑣𝑠) = 𝑑𝑖𝑟(�̅�) = 𝑑𝑖𝑟(𝑬 × 𝑯∗) = 𝑑𝑖𝑟(−𝒌) (161) 

 

Another prediction of Veselago’s study was that NIMs would present 

perfect lensing capabilities, this is to say, lenses made of NIMs would be 

able to focus not only the propagating modes (far field) but also the 

evanescent ones (near field). Differently of traditional lenses in which all 

the information conveyed by the evanescent modes is lost (originating the 

so-called diffraction limit), in a flat lens made of NIM, all the information 

carried by all modes would be recovered [25]. 
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Figure 4.3: Perfect lensing implies the focalization of the far field (A) and the near field (B) 

 

As it can be seen in Figure 4.3, the evanescent mode becomes 

“growing exponentials” inside a NIM, implying that evanescent modes are 

focusing by means of local amplification of the near field.  

As no material with negative response was found by the time of 

Veselago’s publication, his ideas remained only as a theoretical curiosity 

until 2000, when it was demonstrated by John Pendry and David Smith 

that an artificial complex media based on periodic structures, later known 

as metamaterials, could present a frequency band over which 𝜀 and 𝜇 are 

both negative [26] [27] [28]. 

The promise of physically realizable artificial materials capable of 

synthesizing new response functions that do not occur in nature rapidly 

evolved to the idea of artificial structures that could mimicking any 

response functions (including those of known materials that may not be 

easily available). That concept opened a whole new frontier, not only for 

electrical engineers, but also for mechanical and materials ones. 

 

4.2. 

Metamaterials 

In electromagnetics, a metamaterial (MTM) is an artificial material 

whose effective EM properties can be controlled by designing circuits that 

serve as “artificial atoms”. Usually, they are periodic structures in which 

the response function to an incident EM depends on both: 1) the EM 

behavior of the unit-cell (“the atoms”) and their geometric arrangement in 
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space (“the crystalline lattice”) [14] [15]. A MTM could then be though as 

an “artificial crystal” made of engineered atoms and lattices (see Figure 

4.4). 

Based on the effective medium theory, those structures can be 

mathematically described by equivalent homogeneous media with 

effective EM properties if the inter-inclusion distances of their lattice and 

their physical dimensions are much smaller than the wavelength 𝜆 of the 

incident EM fields [29] [30]. 

 

 

Figure 4.4: MTMs are artificial crystals made of engineered atoms and lattice 

 

A huge variety of fascinating devices and applications relying in the 

MTM concept have been proposed since the publication of pioneering 

work of Pendry and Smith [31]. Here in this work, however, the only MTM 

of interest are those synthesizing structures capable of almost perfect 

lensing (artificial NIM). 

 

4.3. 

Realization of negative-index materials 

Passive NIMs are realizable only over a limited bandwidth (see 

Section 2.8). As shown in [32], a split-ring resonator (SRR) or spiral 

resonator (SR) based cell has a response function for which 𝜇 < 0 around 

the resonance frequency of the unit-cell while a TL based cell has a 

response for which 𝜀 < 0 below its cutoff frequency. 
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Hence, by well choosing the parameters of the lattice of TL unit-cells 

in a way that its cutoff frequency is significantly above the resonance 

frequency of the lattice of SRR or SR unit-cells, a DNG MTM can be 

synthesized from a composite of two SNG MTMs in different planes: the 𝜀-

negative MTM in the E-plane and the 𝜇-negative one in the H-plane (see 

Figure 4.5). 

 

 

Figure 4.5: DNG structure made out of SNG MTMs in different planes 

 

4.3.1. 

𝜺-negative metamaterial 

Let’s consider the 𝜀-negative MTM first. As stated in Section 2.3.1, 

materials presenting 𝜀 < 0 are very negatively polarized, which is the case 

of any metal, since it is always polarized in opposition to the incoming 

electric field (producing an effective zero electric field at the metal 

surface). So, concerning the 𝜀-negative MTM, the restriction is to reduce 

the metallic surface to a minimum without losing the negative response at 

the frequency of interest. 
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Figure 4.6: TL-based cell 

 

The plasma frequency of the 𝜀-negative MTM will diminish with the 

width of the metal sheet, as well as the intensity of its negative response in 

the entire frequency spectrum. The two major parameters of design control 

are the diameter 𝑑 of the unit-cells and their periodicity 𝑎 (see Figure 4.6). 

 

4.3.2. 

𝝁-negative metamaterial 

Now concerning the design of the 𝜇-negative MTM. As discussed in 

Section 2.3.2, for magnetic materials a negative response implies a 

material with highly diamagnetic behavior, which is basically occurs when 

its atoms are magnetized by EM induction (the magnetic moment of the 

atoms oppose the incoming magnetic moment). So, the intensity of 

negative response of the 𝜇-negative MTM depends on “how resilient” its 

meta-atoms are to EM induction, which implies they must conserve their 

stored energy as long as possible. 

Then, in order to delay the changing in their magnetization state, the 

circuitry of the MTM unit cells must present a high quality factor (Q-factor). 

The Q-factor is a dimensionless parameter that measures how 

under-damped is a resonator [9]. It is defined as the ratio between the 

time-average stored energy and the power dissipated per cycle: 

 

𝑄 ≜ 𝜔 ∙
�̅�

𝑃𝑑
 (162) 
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As demonstrated in [33], for equivalent SRR and SR based cells, 

with the same value of turns, the Q-factor of the SR model is 2 or 3 times 

greater than the Q-factor of SRR one (see Figure 4.7). Since the 𝜇-

negative response of the MTM depends basically on Q-factor of its cells, 

the SR resonator is more efficient than an equivalent SRR. Besides that, 

the linear dimension of the outer length of a SR can be even 5 times 

shorter than the one of a SRR, which makes the SR cells also more 

suitable for miniaturization. 

 

 

Figure 4.7: (a) Split-ring and (b) spiral resonator based cells 

 

Considering the particular case of VMGTLs, the operating distance 𝐷 

is expected to be large (in the order of meters, at least). So, the working 

frequency 𝑓0 should be in the order of kHz or MHz (due to the theoretical 

limit of the near-field zone). However, considering that the MTM lenses are 

supposed to work inside electronic devices as small as a smartphone, the 

achieved resonance frequency will be in the order of GHz or greater for 

any practical unit-cell size. 

Thus, the control of the resonance frequency must be made by 

adding more capacitance or inductance to the unit-cell coil. For example, 

by adding interdigital capacitors or lumped elements to it (see Figure 4.8). 
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Figure 4.8: Resonance control with lumped capacitors 

 

SR inclusions behave like a parallel LC circuit if only stray 

capacitance is considered. On the other hand, they behave as a series LC 

circuit when a lumped capacitor is embedded to their terminals. 

This fact has an important consequence concerning Q-factor: 

 

𝑄𝑠𝑒𝑟𝑖𝑒𝑠 =  
𝜔0𝐿

𝑅
=  

1

𝑅
√

𝐿

𝐶
 (163) 

𝑄𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 =  
𝑅

𝜔0𝐶
= 𝑅√

𝐶

𝐿
 (164) 

 

So, if the inclusions form a parallel RLC circuit, Q-factor increases 

with the square root of the capacitance and decreases with the square 

root of the inductance, and the opposite happens if they behave as a 

series RLC circuit. In the parallel case, the operating frequency of the 

circuit must be diminished by augmenting its capacitance, while in the 

series one, it is the circuit’s inductance that must be enhanced, in order to 

avoid that the frequency adjustment degrades the Q-factor. 

NIMs are useful concerning the main topic of this dissertation 

because the magnetic circuit or VMGTL formed between the coils are due 

to the coupling of the evanescent EM modes presenting in their near fields 
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(see Section 2.10). By focusing the EM evanescent modes with a NIM-like 

slab, the overall efficiency of a VMGTL can be enhanced (see Figure 4.9). 

 

 

Figure 4.9: The focalization of the evanescent modes enhances the magnetic coupling 

 

This phenomenon, known as “MTM-enhanced magnetic coupling”, is 

exhaustively addressed in the literature [7] [5] [34] [35]. Nonetheless, the 

“enhanced coupling” interpretation is a kind of obscure concept, since it 

does not reveal in details the underlying mechanism governing the power 

transfer gain introduced by the MTM. 

As it is the intention of this dissertation to demonstrate, by applying 

the generalized theory of TLs to such systems, the “evanescent-mode 

amplification” and the subsequent enhancement of the power transfer 

through the magnetic link can be explained as an improvement in the 

impedance matching of the VMGTL with its terminals (which are ELTLs). 

In a VMGTL, seen that the evanescent EM modes are mostly 

magnetic ones, only the magnetic permeability 𝜇 needs to be effectively 

negative to produce the amplification effect. Nonetheless, despite the fact 

that single-negative (SNG) lenses are easier to implement, they impose 

more severe losses to the system once SNG structures do not support 

propagating modes. 
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As it was discussed in Chapter 3, the real power transmitted from 

one physical circuit to the other by means of a VMGTL is transported by 

guided modes confined between the virtual currents (time-varying fluxes), 

not by the fluxes themselves, analogously to the ELTL problem, where the 

conduction currents of the line transport no power, only dissipate it as 

heat. The fluxes are reactive in nature and carry no real power, only store 

energy in the intervening space. 

So, DNG lenses will present a better performance than the SNG 

ones, even though the amplification of magnetic evanescent modes 

depends only on how negative is 𝜇, because they will not interfere 

destructively with the guided modes of the VMGTL. As it is discussed in 

[15] [14], at least in theory, DNG structures can be lossless, while SNG 

ones are always lossy. In practice, it means that losses are much smaller 

when the MTM is DNG. 

 

4.4. 

Proposed prototype for a 𝝁-negative metamaterial 

For the sake of simplicity, the proposed prototype is a SNG structure 

synthesizing a 𝜇-negative MTM. Nonetheless, all the results concerning 

the VMGTL problem can be generalized for DNG structures as well. 

 

4.4.1. 

Parameters 

The proposed prototype consists in artificial crystalline lattice made 

of square SR resonators built over a double-faced metallized printed circuit 

board (PCB) made of FR4 and cooper. The frequency regulation is made 

by mean of CMS capacitors (𝐶𝐶𝑀𝑆) on the backside of the slab connected 

in series with the resonators in the front side via two metallic holes (see 

Figure 4.10). 
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Figure 4.10: Proposed unit cell 

 

Prototype characteristics: 

 

 𝑑𝑖𝑛𝑡 = 1 𝑐𝑚 

 𝑑𝑒𝑥𝑡 = 2 𝑐𝑚 

 𝑠 = 1 𝑚𝑚 

 𝑤 = 1 𝑚𝑚 

 𝐶𝐶𝑀𝑆 = 100 𝑝𝐹 

 𝑎 = 2.3 𝑐𝑚  

 𝑁 = 4 

 

where 𝑤 is the strip width, 𝑠 is the separation between two adjacent rings, 

the 𝑙 is the side length of the outer ring, a is the period of the lattice and 𝑁 

is the number of turns of the coil. 

Electric characteristics of the PCB used in the project: 

 

 𝜌 = 10 𝜇 Ω. 𝑚𝑚 

 𝜀𝑟 = 5.4  

 𝛿𝑒  =  0.01 

 𝑒𝑑  =  1.0 𝑚𝑚 

 𝑒𝑚  =  35 𝜇𝑚 

 

where 𝑒𝑑 and 𝑒𝑚 are the thickness of the dielectric and the metallic 

surfaces of the slab, respectively. 

Knowing that the total length 𝑙 of the conductor of the unit cell and its 

section 𝐴 are: 
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 𝑙 = 179 𝑚𝑚 

 𝐴 = 0,017 𝑚𝑚² 

 

Its electrical resistance can be estimated as: 

 

 𝑅 = 0.2 Ω 

 

 

Figure 4.11: Equivalent circuit of a SR-based cell 

 

Based on the equivalent model of the square SR-based cell in the 

quasistatic regime, its total inductance can be estimated by the following 

equations [33] (see Figure 4.11): 

 

𝐿𝑆𝑅 =  
𝜇0

2𝜋
𝑙𝑎𝑣𝑔

𝑆𝑅 [
1

2
+ 𝑙𝑛 (

𝑙𝑎𝑣𝑔
𝑆𝑅

2𝑤
)] (165) 

𝑙𝑎𝑣𝑔
𝑆𝑅 =  

4𝑙𝑁 − [2𝑁(1 + 𝑁) − 3](𝑤 + 𝑠)

𝑁
 (166) 

 

where 𝑙𝑎𝑣𝑔
𝑆𝑅  is the single turn average length. 

 

 𝐿𝑆𝑅 =  240 𝑛𝐻 

 

Ignoring the stray capacitance of the unit cell, its resonance 

frequency and the Q-factor are estimated by: 

 

 𝑓0 =
1

2𝜋√𝐿𝑆𝑅(𝐶𝐶𝑀𝑆+𝐶𝑆𝑅) 
= 32.4 𝑀𝐻𝑧 
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 𝑄 =
1

𝑅
√

𝐿𝑆𝑅

𝐶𝐶𝑀𝑆
= 245 

 

The total external dimension of the MTM slab is 20𝑐𝑚 × 20𝑐𝑚 (see 

Figure 4.12 and Figure 4.13). 

 

 

Figure 4.12: Representation of the front side of MTM prototype 
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Figure 4.13: Representation of the back side of MTM prototype 

 

4.4.2. 

Retrieval of the effective permeability 

Based on the analytic description of the EM properties presented in 

Section 2.3, the Lorentz model can be used to estimate the relative 

permeability 𝜇𝑟 of the MTM [36]: 

 

𝜇𝑟,𝑀𝑇𝑀 = 1 +
𝐹𝜔2

𝜔2 − 𝑗𝜔𝜉 − 𝜔0
2 (167) 

𝜉 =
𝜔0

𝑄
 (168) 

 

where 𝐹 is the coupling coefficient between adjacent cells of the lattice 

and 𝜉 is the damping ratio of the system. Using the mutual inductance 

estimation giving by [37], the coupling coefficient 𝐹 can be determined by: 

 

𝐹 =
𝑁𝜇0𝜋𝑑𝑒𝑥𝑡

4

4𝐿0𝑎2√4𝑑𝑒𝑥𝑡
2 + 𝑎2

= 0.43 (169) 
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Figure 4.14: Estimation of the real (red solid) and imaginary part (blue dash) of 𝜇𝑟 

 

As it can be seen in Figure 4.14, 𝜇𝑟 becomes negative around the 

resonance frequency (𝑓0 = 32.4 𝑀𝐻𝑧): 

 

𝜇𝑟,𝑀𝑇𝑀𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙
= −51 − 𝑗101.6 (170) 

 

4.4.3. 

Equivalent virtual impedance 

The equivalent inductance of the MTM can be determined from its 

effective parameters: 

 

𝐿𝑀𝑇𝑀 = 𝜇𝑟,𝑀𝑇𝑀𝜇0𝑎 = (1 +
𝐹𝜔2

𝜔2 − 𝑗𝜔𝜉 − 𝜔0
2) 𝜇0𝑎 (171) 

 

Thus, MTM equivalent reactance is given by (see Figure 4.15): 
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𝑋𝑀𝑇𝑀(𝜔) = 𝜔𝐿𝑀𝑇𝑀 (172) 

 

 

Figure 4.15: Reactance 𝑋𝑀𝑇𝑀 as a function of frequency 

 

Accordingly to Foster’s reactance theorem, the reactance of a 

passive lossless two-terminal networks increases monotonically with 

frequency, which means that its first derivative in relation to frequency is 

always positive [38]: 

 

𝑋𝐿 =  𝜔𝐿 →  
𝑑Z𝐿

𝑑𝑓
= 2𝜋𝐿 > 0, 𝑖𝑓 𝐿 > 0 (173) 

𝑋𝐶 =  −
1

𝜔𝐶
 →  

𝑑𝑍𝐶

𝑑𝑓
=

1

2𝜋𝑓2𝐶
> 0, 𝑖𝑓 𝐶 > 0 (174) 
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Figure 4.16: First frequency derivative of 𝑋𝑀𝑇𝑀 

 

A positive derivative for the impedance is a stability condition of 

passive circuits. An impedance that has a negative derivative is named 

non-Foster and describes a gain element. For a passive element like the 

MTM to present a non-Foster behavior, it must be frequency-limited. As it 

can be seen in Figure 4.16, the MTM equivalent reactance presents a 

negative derivative over a small bandwidth around 𝑓0. This bandwidth 

limitation of the MTM as a gain medium is a direct consequence of the 

causality condition discussed for NIMs in Section 2.8. 

The MTM equivalent virtual impedance is given by: 

 

𝑍𝑚,𝑣(𝜔) = 𝑗𝑋𝑀𝑇𝑀(𝜔) = 𝑗𝜔𝐿𝑀𝑇𝑀(𝜔) (175) 
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Figure 4.17: MTM equivalent impedance 𝑍𝑚,𝑣 as a function of frequency 

 

As it is shown in Figure 4.17, the MTM is perceived as negative 

resistance around the resonance (𝑍𝑚,𝑣 ∈ ℝ−). At the range of sub-resonance 

frequencies, it is completely invisible to the virtual line (𝑍𝑚,𝑣 = 0). And at the 

over-resonance one, it is seen as a positive reactance (𝑍𝑚,𝑣 ∈ 𝐼𝑚+). 

As a negative resistance it acts in the sense of enhancing the 

magnetic current (and consequently the magnetic flux) of the virtual line: 

 

𝑑

𝑑𝑧
𝐼𝑚,𝑑(𝑧) = −|𝑅𝑒{𝑍𝑚,𝑣(𝜔0)}|𝑉𝑚,𝑣(𝑧) (176) 

  

As a positive reactance, the MTM becomes equivalent to an inductor 

and acts as storage element. The energy stored by the MTM from higher 

frequency modes is the energy it uses to amplify the resonance one. 
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5 

Magnetic transmission line assisted by metamaterial 

In this chapter, it is demonstrated by means of analytic calculations 

and numerical simulations that a magnetic link can be satisfactorily 

described as a VMGTL. In the same manner, it is demonstrated that the 

gain associated with the interaction of MTM with the magnetic link is due 

to improvements in the impedance matching of the virtual line. The results 

are supported by experimental evidence. The simulation of the EM-field 

distribution of the system is also presented in order to clarify certain 

aspects of its behavior. 

 

5.1. 

Proposed system 

The proposed TL is a free-space VMGTL made of two magnetically 

coupled loop antennas of radius 𝑟 = 5 𝑐𝑚 made of copper wire with 

diameter 𝑝 = 1 𝑚𝑚. The loops operate far from self-resonance. It is 

assumed that the electrical resistance of wires, the capacitance 𝐶 and the 

radiation resistance of the antennas as well as the internal resistance of 

the source are all negligible. The secondary driver is connected to a load 

𝑅𝐿 = 50 𝑂ℎ𝑚𝑠. The drivers are separated by a distance 𝐷 = 15 𝑐𝑚. The 

amplitude of the tension source is 𝑉𝑒,𝑐
𝑖𝑛 = 1 𝑉. The source loop is assumed 

to have a small internal resistance 𝑅𝑠𝑜𝑢𝑟𝑐𝑒 = 0.5 𝑂ℎ𝑚𝑠. 

The self-inductance and the self-capacitance of the loops are 

estimated by [39] [40]: 

 

𝐿0 = 2𝜇0𝑟 (ln (
16𝑟

𝑝
) − 1.75) = 620 𝑛𝐻 (177) 
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𝐿1 = 𝐿2 = 𝐿0 (178) 

𝐶0 = 0.116 ∗ 𝑝 + 0.16𝑟 + 0.19√
𝑟

𝑝
= 0.28 𝑝𝐹 (179) 

𝐶1 = 𝐶2 = 𝐶0 (180) 

 

Considering that the intervening space between the loops is the air: 

 

𝜇 = 𝜇0 → 𝐺𝑚
′ = 0 (181) 

𝜀 = 𝜀0 → 𝐺𝑒
′ = 0 (182) 

 

Since there is no material loss and the total reluctance of the VMGTL 

is approximately equal to: 

 

ℛ𝑚 = 𝑅𝑒{ℛ𝑚} = 2
(�̅�𝑚 − �̅�𝑒)

𝜓𝑚
2

=
2

𝐿0
− 2𝜔2𝐶0 (183) 

𝜇′′ = 𝜀′′ = 0 → 𝐼𝑚{ℛ𝑚} = 0 (184) 

 

where 𝑎 is the diameter of the antenna and 𝑝 is the diameter of the wire. 

The coupling coefficient between the antennas can be estimated by 

[37]: 

 

𝜅 =
𝜇0𝜋𝑟4

𝐿0√4𝑟2 + 𝐷2𝐷2
=  0.01 (185) 

 

Considering that the source loop possesses an internal resistance, 

the propagation equations for the VMGTL must be rewritten as: 

 

𝑑

𝑑𝑧
𝑉𝑚,𝑣(𝑧) = (

ℛ𝑚
′

𝑗𝜔
+ 𝑗𝜔𝐶′) 𝐼𝑚,𝑑(𝑧) (186) 
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𝑑

𝑑𝑧
𝐼𝑚,𝑑(𝑧) = (𝑅𝑠𝑜𝑢𝑟𝑐𝑒 + 𝑗𝜔𝐿′)𝑉𝑚,𝑣(𝑧) (187) 

 

It is important to notice that in the present case, since the frequency 

range is too low (of the order of tens of MHz only), the skin effect of the 

wires were neglected. For circuits working in higher frequencies, however, 

it should be considered. 

 

5.2. 

Analytical and numerical results for the proposed system 

The 2-port simulations of the system were made using Keysight’s 

Advanced Design System (ADS). The simulations of the EM-field 

distribution of the system were made using Keysight’s Electromagnetic 

Professional (EMPro) and Dassault Systèmes’ Computer Simulation 

Tecnology (CST). The simulation on ADS is shown in Figure 5.1. 

 

 

Figure 5.1: Simulation of the proposed system on ADS 
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5.2.1. 

Simulated effective permeability and virtual impedance 

The equivalent 𝜇𝑟 for the MTM can be estimated from the scattering 

parameters of the system (S-parameters) [41]: 

 

𝐾 =
𝑆11

2 − 𝑆21
2 + 1

2𝑆11
 (188) 

𝛤 = 𝐾 ± √𝐾2 − 1 (189) 

𝑇 =
𝑆11 + 𝑆21 − 𝛤

1 − (𝑆11 + 𝑆21)𝛤
 (190) 

 

There is an ambiguity of the sign of 𝛤. Accordingly to [41], it must be 

chosen in order to make |𝛤| < 1. 

 

𝛾 =
𝑙𝑛 (

1
𝑇

)

𝐷
 

(191) 

𝜇𝑟  =
𝛾

𝛾0
(

1 + 𝛤

1 − 𝛤
) (192) 

𝛾0 = 𝑗
2𝜋

𝜆0
 (193) 

 

where 𝐷 is the distance between the coils. 

In order to compensate other effects and to extract the 𝜇𝑟 

corresponding to the MTM only, one must initially estimate the 𝜇𝑟 of the 

system without the MTM and then rewrite the above solution for 𝜇𝑟 with 

the appropriated calibration: 

  

𝜇𝑟,𝑀𝑇𝑀  =
𝛾

𝛾0
(

1 + 𝛤

1 − 𝛤
) − 𝜇𝑟,0 (194) 

 

where 𝜇𝑟,0 represents the 𝜇𝑟 estimated for the system without the MTM. 
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Figure 5.2: Numerical result for the real (red solid) and imaginary part (blue dash) of 𝜇𝑟 on 

ADS 

 

As it can be seen in Figure 5.2, the estimation of the resonance 

frequency given by the numerical simulation of the unit cell differs slightly 

from the analytical one (see Figure 4.14). The discrepancy is a 

consequence of all the simplifying hypotheses done in order to obtain a 

simpler model. Nonetheless, the overall behavior and the estimated values 

of the equivalent permeability of the MTM in both the analytical model and 

the simulation are still quite similar: 

 

𝜇𝑟,𝑀𝑇𝑀𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑
= −27.9 − 𝑗35 (195) 
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Figure 5.3: Numerical result for the real (red solid) and imaginary part (blue dash) of 𝑋𝑀𝑇𝑀 

on ADS 

 

 

Figure 5.4: Numerical result for the real (red solid) and imaginary part (blue dash) of the 

first frequency derivative of 𝑋𝑀𝑇𝑀 on ADS 
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Figure 5.5: Numerical result for the real (red solid) and imaginary part (blue dash) of 𝑍𝑀𝑇𝑀 

on ADS 

 

Also, as shown in Figure 5.3, Figure 5.4 and Figure 5.5, the 

numerical results for 𝑋𝑀𝑇𝑀, its derivative and 𝑍𝑀𝑇𝑀 are in accordance with 

the analytical ones presented in Section 4.4. 
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5.2.2. 

Comparison between analytical and numerical results for the 

proposed system without the metamaterial 

 

Figure 5.6: Analytical results for the magnitude (solid) and the phase (short dash) of 𝑍0 

without the MTM slab 

 

 

Figure 5.7: Numerical results for the magnitude (solid) and the phase (short dash) of 𝑍0 

without the MTM slab 
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Figure 5.8: Analytical (solid line) and numerical (circle) results for the magnitude of 𝛤 

without the MTM slab 

 

 

Figure 5.9: Analytical (solid line) and numerical (circle) results for the gain 𝐺 without the 

MTM slab 
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5.2.3. 

Comparison between analytical and numerical results for the 

proposed system with the metamaterial 

 

Figure 5.10: Analytical results for the magnitude (solid) and the phase (short dash) of 𝑍0 

without the MTM slab 

 

 

Figure 5.11: Numerical results for the magnitude (solid) and the phase (short dash) of 𝑍0 

without the MTM slab 
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Figure 5.12: Analytical (solid line) and numerical (circle) results for the magnitude of 𝛤 

with the MTM slab 

 

 

Figure 5.13: Analytical (solid line) and numerical (circle) results for the gain 𝐺 with the 

MTM slab 
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Figure 5.14: a MGTL is analogous to a high-pass filter 

 

As shown in the graphs presented in Sections 5.2.2 and 5.2.3 (it is 

particularly clear in Figure 5.8), the analytical results diverge from the 

numerical results for low frequencies. This demonstrates that the coupling 

between two coils in free space behaves as a virtual TL only when the 

frequency is high enough. It is an expected result since MGTLs are 

analogous to high-pass filters (see Figure 5.14). 

The difference in amplitude of the magnitude and the phase of 𝑍0 

and the 𝛤 estimated by the analytical model and numerical simulation is 

due to the hypothesis made by the model of a spatially well-defined virtual 

magnetic potential 𝑉𝑚 for the TL, which is not true in the considered 

system, considering that the potential varies randomly in space in free-

space VMGTL case (a probabilistic model would be more suitable). 

Nonetheless, despite the fact that this deterministic analytical model 

is not precise on its predictions, it still provides a good insight on the 

mechanisms governing the so-called MTM-enhanced coupling. It clearly 

demonstrates that the enhancement of the gain comes from the reduction 

of the reflection coefficient 𝛤 between the terminals. Since the MTM 

behaves as a negative impedance around the resonance, this behavior 

represents a sort of band-limited non-Foster impedance matching. 
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5.3. 

Simulations of the EM-field distribution for the proposed system 

 

Figure 5.15: Simulation of the proposed system on EMPro 

 

The simulated system on EMPro is shown in Figure 5.15. 

 

 

Figure 5.16: Magnitude of 𝐻𝑧 at the sub-resonance range at the plane YZ 
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Figure 5.17: Magnitude of 𝐻𝑧 at the over-resonance range at the plane YZ 

 

As it was previously discussed, below the resonance the MTM is 

invisible to the system (see Figure 5.16) and above it behaves as a 

positive reactance (see Figure 5.17). 

 

 

Figure 5.18: Magnitude of 𝐻𝑧 at the resonance at the plane YZ 
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When the MTM is at its operating frequency 𝜔0, it presents the 

highest magnetic flux density in the system and is the main source of 

magnetic potential for the magnetic link (see Figure 5.18). 

 

 

Figure 5.19: Magnitude of 𝐻𝑧 at the sub-resonance range at the MTM surface 

 

 

Figure 5.20: Magnitude of 𝐻𝑧 at the over-resonance range at the MTM surface 
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Figure 5.21: Magnitude of 𝐻𝑧 at the resonance at the MTM surface 

 

By comparing the simulations presented on Figure 5.19, Figure 5.20 

and Figure 5.21, it can be seen that 𝐻𝑧 is focalized close to the center of 

the surface of the MTM at the resonance, which implies the focalization of 

the magnetic flux in this area as a consequence (see Sections 2.2 and 

2.6). 
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Figure 5.22: Focalization of 𝐻𝑧 is deviated from the center due to material losses 

 

Due to material losses (𝜇′′ ≠ 0), which puts the magnetic dipoles out 

of phase, the focus is deviated from the center (see Figure 5.22). 

 

 

Figure 5.23: Magnitude of 𝐻𝑥 at the sub-resonance range at the plane XZ 
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Figure 5.24: Magnitude of 𝐻𝑥 at the over-resonance range at the plane XZ 

 

 

Figure 5.25: Magnitude of 𝐻𝑥 at the resonance at the plane XZ 

 

The component 𝐻𝑥 of the magnetic field is the magnetic field stored in the 

virtual line formed between the drivers as a consequence of the magnetic 
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potential difference between the incoming and the ongoing magnetic flux 

(See Figure 5.23 and Figure 5.24). As it is clearly shown in Figure 5.25, 

the magnetic potential 𝑉𝑚 is enhanced along the line when the MTM is 

activated and the system behaves more similarly to a confined VMGTL. 

 

 

Figure 5.26: Simulation of the proposed system on CST Studio 

 

In order to demonstrated the existence of a 𝜇-negative behavior 

around the resonance are a third simulation using the CST studio is 

presented, as shown in Figure 5.26. 

 

 

Figure 5.27: The normal component of 𝐻𝑧 at the surface of the MTM out of the resonance 
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Figure 5.28: The normal component of 𝐻𝑧 at the surface of the MTM at the resonance 

 

As it can be seen from these field simulations, the normal component 

of the magnetic field at the surface of the MTM is parallel to the one 

generated by the source loop out of the resonance (see Figure 5.27) and 

becomes antiparallel at the resonance (see Figure 5.28). 

The boundary conditions of the Maxwell equations determine that 

normal components of 𝑩 at the interface are equal [8] [9]: 

 

𝑩1,⊥ = 𝑩2,⊥ (196) 

𝑖𝑓 𝑯1,⊥ = −𝑯2,⊥, 𝑡ℎ𝑒𝑛 𝜇1 = −𝜇2 (197) 

 

 

Figure 5.29: Inversion of the magnetization curve derivative 

 

This implies that the magnetization curve of the MTM around the 

resonance has an inverted derivative as shown in Figure 5.29. 
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Figure 5.30: The tangential components of 𝑯 at the surface of the MTM are virtually zero 

inside the unit-cell area at the resonance 

 

Also, the simulation demonstrates that the tangential components of 

𝑯 at the surface of a 𝜇-negative structure are virtually zero inside the unit-

cell area (see Figure 5.30), which is the expected behavior of a magnetic 

conductor (𝜇 < 0). 

 

5.4. 

Experimental results for the proposed system 

5.4.1. 

Experimental protocol 

A Vector Network Analyzer (VNA) is an instrument that measures the 

network parameters of electrical networks. In the present work, the VNA 

was used to measure S–parameters because reflection and transmission 

of electrical networks are easy to measure at high frequencies, although 

there are other network parameter sets, such as Y-parameters, Z-

parameters and H-parameters, it can measure. VNAs are often used to 

characterize two-port networks, like amplifiers and filters, but they can be 

used on networks with an arbitrary number of ports. 
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Figure 5.31: Schematic of the setup used to measure the S-parameters of the system  

 

For the S-Parameter measurements, one probe is connected to the 

transmitting coil and the second one to the receiving coil. The S-

parameters are measured and plotted by the VNA as a function of 

frequency (see Figure 5.31). 

 

 

Figure 5.32: Experimental setup without the MTM slab 
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Figure 5.33: Experimental setup with the MTM slab 

 

To evaluate the effect of the MTM over the impedance of the primary 

circuitry, the port 1 of the VNA (the power supplying one) is connected to 

the transmitting coil and port 2 is kept opened. The measurement is made 

at first without (see Figure 5.32) and then with the MTM slab (see Figure 

5.33) inside the magnetic link. 
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5.4.2. 

Results 

 

Figure 5.34: Experimental result for the gain 𝐺 without the MTM slab 

 

Figure 5.35: Experimental result for the gain 𝐺 with the MTM slab 
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As it can be seen in Figure 5.34 and Figure 5.35, the obtained gain 

and operating frequency are quite similar to the ones predicted by the 

analytical model and the numerical simulations. One important aspect of 

the system is that the relative position of the MTM to the source does not 

interfere with the gain. 

 

 

Figure 5.36: The impedance of the source loop is affected if the MTM is too close 

 

If the MTM is close enough to get coupled with the source loop, it 

directly affects its entrance impedance (see Figure 5.36). In this case, the 

MTM behaves as a capacitor added to the source at the resonance (see 

Figure 5.37). 
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Figure 5.37: The MTM behaves as a capacitor added to the source loop when its 

separated from it a distance smaller than 𝑎 

  

To minimize this effect, the MTM must be kept far from the magnetic-

flux source a distance greater than the periodicity 𝑎 of its lattice. Or, in 

order to keep compact the transmitting system, the MTM added 

capacitance should be compensated at the source level. 

Just as a final commentary on this aspect, the impedance added by 

the MTM to the source loop is not related with the gain between the 

terminals of the virtual line. As it was previously explained, the gain 

introduced by the MTM is due to the focalization of the magnetic flux and 

the consequent enhancement of the magnetic potential along the line. The 

impedance added by the MTM to the source if it is too close would affect 

the total power transmitted by the tension source connected to the 

transmitting loop. 
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6 

Conclusion 

The main conclusions and results obtained during the realization of 

this work are resumed in this chapter and its future perspectives are 

presented. 

 

6.1. 

Main results 

A time-varying electric or magnetic flux can guide EM modes like 

physical currents. For this reason, fluxes can be thought as virtual charges 

and their temporal derivative as virtual currents. 

A 𝜇-negative MTM only suffices to focus effectively the magnetic 

near field. 

Above the high-frequency range, the magnetic coupling between two 

coils in free space, for which the magnetic flux is non-confined, tends to 

behave similarly to an ideal VMGTL, for which the magnetic flux is 

perfectly confined. 

The MTM-enhanced magnetic coupling is a consequence of the 

improvement of the impedance matching between the terminals caused by 

the presence of the MTM in the magnetic link. 

The equivalent virtual impedance of the MTM is negative around the 

resonance frequency and presents a frequency-limited non-Foster 

behavior, which implies that the MTM is a gain element at its operating 

frequency. Below the resonance, the MTM is invisible to the virtual line. 

Above it, it behaves as a positive Foster reactance that stores the energy 

of the higher-frequency modes. 

There is an optimal distance equal to the periodicity 𝑎 of the MTM 

lattice that makes the MTM coupling to the virtual line independent of the 
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impedance of the source. If the MTM is too close to the transmitting loop, it 

affects directly the entrance impedance of the source. 

 

 Gain 

Analytical 10 dB 

Simulated 15 dB 

Experimental 9 dB 

Table 15: Comparison between the predicted gains and the experimental one 

 

As it can be seen in Table 15, the analytical and experimental results 

for the MTM gain at the resonance present a greater agreement than the 

one predicted by the numerical simulation, despite the fact that the curve 

behavior obtained by simulation is more similar to the one obtained with 

experiment. 

 

6.2. 

Contributions 

In the present work it was proposed a generalized TL theory in order 

to clarify some ambiguities concerning physical and virtual TLs. It was also 

proposed a discussion concerning the classification of guided and radiated 

modes in terms of virtual and real potentials.  

It was demonstrated that the free-space magnetic coupling above a 

certain frequency tends to work as an equivalent VMGTL. 

It was also demonstrated that the amplification effect does not 

contradicts the law of conservation of energy since the amplification is due 

to the exchange of energy between the reactive modes of the near field of 

the loops. The higher-frequency modes are attenuated by the MTM and 

the charged MTM becomes a gain medium to the resonance one. During 

the amplification process, the real part of the Poynting vector is null, so no 

real power is added to the system. 

Finally, it was presented analytical and numerical means to estimate 

the equivalent virtual impedance represented by 𝜇-negative MTMs and the 

final gain introduced by it to the system. 
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6.3. 

Future works and perspectives 

Future developments that could be made from this work are: 

 

 Development of probabilistic models to describe the magnetic 

potential of the free-space VMGTL in order to achieve more 

accurate results; 

 Simulation and realization of the proposed system in a multi-

receiver scenario; 

 Optimization of the MTM lenses via asymmetric resonators 

and other equivalent techniques to increase the Q-factor of 

their unit cells; 

 Optimization of the MTM lenses employing active circuitry in 

their unit cells; 

 Optimization of the geometry of the transmitting and receiving 

coils to improve the focalization of the magnetic near field; 

 Studies on the thermal behavior of the MTM lenses when 

transmitting higher power levels; 

 Studies on the interference of the proposed system on 

communication systems; 

 Studies on the interaction of the proposed IWPT system with 

living beings and its impact on human and animal health. 
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