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Abstract

Simon da Rosa, Guilherme; Bergmann, José Ricardo (Advisor);
Lisboa Teixeira, Fernando (Co-Advisor). Pseudo-Analytical
Modeling for Electromagnetic Well-Logging Tools in
Complex Geophysical Formations. Rio de Janeiro, 2017.
299p. Tese de Doutorado — Departamento de Engenharia Elétrica,
Pontificia Universidade Catolica do Rio de Janeiro.

This research presents a study on numerical techniques to model
the electromagnetic propagation in geophysical formations commonly
encountered in oil well drilling. The employment of electromagnetic sensors
surrounding the drill bit allows inferring the constitutive parameters of the
soil around the well. In recent years, advances in electromagnetic logging
technology have enabled the real-time modeling of this problem. In this way,
the drilling direction can be guided in order to maximize the exploitation of
oil, gas, and other fossil hydrocarbons. The complex geophysical formations
that are prevalent in this type of problem can be effectively handled using
brute-force numerical techniques such as finite-differences, finite-elements
and finite-volumes. However, these techniques suffer from relatively high
cost in terms of both computer memory and CPU time. The advancement
of real-time logging technology demands approaches that are more efficient
than purely numerical methods. In this work, we employ the mode-matching
technique combining attractive features of the well-known pseudo-analytical
approaches to obtain a new technique for analyzing directional well-logging
tools in anisotropic formations with both radial and axial stratifications.
The proposed technique allows to model problems not yet explored, but
with a strong technological motivation, such as electromagnetic propagation
along curved wells and drilling along inclined layers. We present a series of
validation results showing that the novel technique introduced in this study
can model accurately and efficiently electromagnetic logging sensors used in

oil and gas exploration.

Keywords

Well-logging sensors; Mode matching methods; Anisotropic media;

Multilayered media.
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Resumo

Simon da Rosa, Guilherme; Bergmann, José Ricardo; Lisboa
Teixeira, Fernando. Modelagem Pseudoanalitica para
Ferramentas de Perfilagem Eletromagnética em Formacgoes
Geofisicas Complexas. Rio de Janeiro, 2017. 299p. Tese de
Doutorado — Departamento de Engenharia Elétrica, Pontificia
Universidade Catolica do Rio de Janeiro.

Esta tese apresenta um estudo sobre técnicas de modelagem numérica
utilizadas na analise da propagacao eletromagnética em formacoes geofisicas
comumente encontradas na perfuracao de pocos de petroleo. O emprego
de sensores eletromagnéticos adjacentes a broca de perfuracdo permite a
inferéncia dos parametros constitutivos do solo ao redor do pogo. Nos
ultimos anos, os avancos da tecnologia de perfilagem eletromagnética
permitiram a modelagem em tempo real do problema, possibilitando
direcionar a perfuracao do pogo a fim de maximizar a exploragao de petréleo,
gés, e outros hidrocarbonetos fésseis. Formacgoes geofisicas complexas sao
predominantes neste tipo de problema, e geralmente sao modeladas usando
técnicas numéricas de forga bruta como os métodos de diferencas finitas, dos
elementos finitos ou dos volumes finitos. No entanto, estas técnicas tém um
custo computacional relativamente alto em termos de memoria e tempo de
processamento. O avango da tecnologia de perfilagem em tempo real requer
abordagens mais eficientes. Neste trabalho nés empregamos o método do
casamento de modos combinado com uma série de caracteristicas positivas
dos métodos pseudoanaliticos conhecidos na literatura para obter uma
técnica inédita que permite analisar pocos direcionais com estratificagoes
radiais e longitudinais em formacoes geofisicas anisotropicas. A técnica
proposta permite modelar problemas ainda nao explorados, mas com
motivacdo tecnoldgica iminente, como a propagacao eletromagnética ao
longo de pocos curvados e a perfuragao em camadas inclinadas em relagao ao
eixo axial do pogo. N6s apresentamos uma série de resultados de validagao
que demonstram que a técnica introduzida neste trabalho pode modelar de
forma acurada e eficiente sensores de perfilagem eletromagnética usados na

exploragao de petréleo e gés.

Palavras-chave

Sensores de prospeccao de petroleo; Métodos de casamento de modos;

Meios anisotrépicos; Meios estratificados.
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Geometry of a triaxial TCA well-logging tool (antennas TX, RX;
and RX,) within a stratified geophysical formation.

PeriScope 15 from Schlumberger. This sensor operates at 2 MHz
and is comprised by 6 horizontal-coil transmitter antennas and 4
receiver antennas (2 horizontal-coils and 2 tilted-coils) that provide
the azimuthal sensibility. Image obtained in [1, Fig. 3].

ADR sensor from Halliburton. This is a multi-frequency sensor that
operates at 125 kHz, 500 kHz and 2 MHz, and is comprised by
6 horizontal-coil transmitter antennas and 3 tilted-coil receiver
antennas that provide the azimuthal sensibility. Image obtained
in [2, Fig. 3].

Several wells drilled from the same platform.

Simple directional well with its main geometrical parameters.
Long-, medium- and short-radius directional wells classified
according its drilling build rates. This image is based on an
illustration shown in [3, p. 24].

A typical planed well hole profile with directional drilling bending
in both horizontal and vertical directions. This image is based on
an illustration shown in [4, Fig. 7].

Junction between a straight and a bent structure (a), and the
attempts to define a R-NMM in (b) and an A-NMM in (c).
Radially-stratified and axially-layered structures with constant axial
curvature.

Geometry of a triaxial TCA well-logging tool within a stratified
geophysical formation.

Longitudinal and cross-sectional views of a radially-stratified
waveguide. Hard walls are depicted by the diagonal stripes.
Integration paths on the complex plane k..

Junction between two semi-infinitely-long waveguides.
Longitudinal view of the junction between two semi-infinitely-long
and radially-stratified waveguides.

Geometry of a stratified cylindrical structure. The cross-section
of each region is formed by an arbitrary number of layers. A
transmitting TCA is placed at z = z7, in region m, and the desired
receiver antenna is located at z = zp, in region n.

Sources in an axially-infinitely-long and radially-stratified waveguide.

Transmitting tilted-coil antenna with current density J.
Orthogonal views of a transmitting tilted-coil antenna crossing the
junction at z = z;. In order to simplify the graphical representation,
we use zp = 0 and ¢ = 0.

Flowchart for the algorithm of the proposed technique.

Geometry of a triaxial well-logging tool within a stratified
geophysical formation.
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3.19
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3.21

3.22

Voltage amplitude and phase received by antenna RX;. The
response for ry = ry_1 + @ONmax, @ = 0.25 (dashed-line)
to 0.75 in, with steps of 0.125 in. Vertical arrows indicate the
convergence sense.

Voltage amplitude and phase received by antenna RX,;. The
responses for ry = ry_1 + @0Nmaz, @ = 0.25 (dashed-line) to
0.75, with steps of 0.125 are shown. Vertical arrows indicate the
convergence sense.

Relative amplitude voltage received by two antennas moving with
one transmitter antenna across a bed layer (z = 0 to z = 60 in).
The responses for ry = ry_1 + Q0N maz, @ = 0.25 (dashed-line)
to 0.75, with steps of 0.125 are shown. Vertical arrows indicate the
convergence sense.

Relative phase voltage received by two antennas moving with one
transmitter antenna across a bed layer (z = 0 to z = 60 in). The
responses for ry = ry_1 + @0Nmaz, @ = 0.25 (dashed-line) to
0.75, with steps of 0.125 are shown. Vertical arrows indicate the
convergence sense.

Voltage ratio for a triaxial LWD logging tool operating at 500 kHz
and 2 MHz. The results from the present method are shown by
solid lines. The small circles are FDTD results from [5, 6].
Convergence of the voltage amplitude ratio for Ayp at Az =5 in.
The response for five values of Ay (from —10 dB to —30 dB,
with steps of 5 dB) are presented. Vertical arrows indicate the
convergence sense.

Voltage ratio and phase difference for a triaxial LWD logging tool
traversing a bed layer with and without invasion. The results from
the present algorithm are indicated by solid lines. The small circles
and crosses are FV results from [7].

Geometry of a triaxial well-logging tool within a stratified
geophysical formation. A 10-in-invasion zone is present in formation
2.

Geometry of a triaxial TCA well-logging tool within a stratified
geophysical formation.

Voltage at TCA receiver RX; with 8z = 10° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].

Voltage at TCA receiver RXy with 8z = 10° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].
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3.33

Voltage at TCA receiver RX; with 6z = 20° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].

Voltage at TCA receiver RXy with 6z = 20° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].

Voltage at TCA receiver RX; with 6z = 30° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].

Voltage at TCA receiver RXy with 6z = 30° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].

Voltage at TCA receiver RX; with 6z = 40° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].

Voltage at TCA receiver RX, with 6z = 40° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 106—
107].

Amplitude of the received voltages Vx; and Vio for g = 10° in
terms of its azimuthal contributions. The total voltages are shown
in dashed lines.

Amplitude of the received voltages Vz; and Vio for O = 20° in
terms of its azimuthal contributions. The total voltages are shown
in dashed lines.

Amplitude of the received voltages Vz; and Vis for g = 30° in
terms of its azimuthal contributions. The total voltages are shown
in dashed lines.

Amplitude of the received voltages Vg, and Vgy for g = 40° in
terms of its azimuthal contributions. The total voltages are shown
in dashed lines.

Convergence of the voltage amplitude and phase received by
antenna RXy (Ar = 40°) for Ayp at Az = 5 in. The response
from six values of Ay (from —10 dB to —60 dB, with steps of
10 dB) are presented.
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3.38

3.39

3.40

3.41

3.42

3.43

Convergence of the voltage amplitude and phase received by
antenna RXy (fr = 40°) for Ayp at Az = 5 in. The response
for five values of Ayp (from —10 dB to —20 dB, with steps of
2.5 dB) are presented. Vertical arrows indicate the convergence
sense.

Geometry of a triaxial TCA well-logging tool within an anisotropic
stratified geophysical formation.

Voltage at TCA receiver RX; with 8z = 15° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108
109], [8].

Voltage at TCA receiver RXy with 8z = 15° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108
109], [8].

Voltage at TCA receiver RX; with 0z = 25° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108
109], [8].

Voltage at TCA receiver RXy with 6z = 25° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108—
109], [8].

Voltage at TCA receiver RX; with 8z = 35° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108-
109], [8].

Voltage at TCA receiver RXy with 8z = 35° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108—
109], [8].

Voltage at TCA receiver RX; with 6z = 45° due to a unit current
excitation transmitting TCA with 07 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108-
109], [8].

Voltage at TCA receiver RXy with 6z = 45° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the
present algorithm are indicated by solid lines. The small circles and
dots are FDTD and R-NMM results, respectively, from [6, pp. 108
109], [8].
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Voltage amplitude in decibel, 201log;,(abs(Vg2)), at TCA receiver
RXs5 due a transmitter TCA with tilt angle of 45°. The contribution
of the azimuthal harmonics n = 0, 1,2 and 3 are depicted.
Geometry of a triaxial LWD tool (antennas TX, RX; and RXy)
within a stratified geophysical formation.

Geometry of a triaxial well-logging tool within the geophysical
formation for the case 1.

Voltage amplitude ratio and phase difference for the triaxial LWD
tool depicted in case 1 (see Fig. 3.46) as a function of the invasion
thickness d. The results from our (A-NMM-based) algorithm and
from the R-NMM [9] are indicated by solid lines and small circles,
respectively.

Geometry of a triaxial well-logging tool within the geophysical
formation for the case 2.

Voltage amplitude ratio and phase difference for a triaxial LWD
tool traversing the bed layers depicted in case 2 (see Fig. 3.48) for
several bed layer thickness h. The results from our (A-NMM-based)
algorithm and from the R-NMM [9] are indicated by solid lines and
small circles, respectively.

Geometry of a triaxial well-logging tool within the geophysical
formation for the case 3.

Voltage amplitude ratio and phase difference for a triaxial LWD
tool traversing the bed layers depicted in case 3 (see Fig. 3.50).
The results from our (A-NMM-based) algorithm and from the R-

NMM [9] are indicated by solid lines and small circles, respectively.

Side view of a coil antenna (depicted by ®) placed within a groove
on the metallic mandrel.

LWD tool for different groove heights.

Convergence of the voltage amplitude ratio received by a LWD tool
whose antennas are placed inside grooves (d = h = 1 in) on the
conductor mandrel for Ay at Az = 0.5 in. The radial domain is
truncated at ry = ry_1 + ady, o = 2,3,4 and 5.

Convergence of the voltage phase difference received by a LWD
tool whose antennas are placed inside grooves (d = h =1 in) on
the conductor mandrel for A ;g at Az = 0.5 in. The radial domain
is truncated at ry = ry_1 + ady, a = 2,3,4 and 5.

Voltage amplitude ratio and phase difference received by a LWD
tool whose antennas are placed inside grooves on the conductor
mandrel. Horizontal dashed lines indicate two relevant groove
height: h = 6 in and 24 in.

Model employed to simulate the mandrel indentations. The details
of the antennas positions and the dimensions of grooves on mandrel
are shown on the right, in which the TCAs have pr = pr1 = pro =
3 in.

Voltage at TCA receiver RX; for various values of 67 and 0.
Voltage at TCA receiver RX, for various values of 67 and 0y».
Amplitude ratio and phase difference response for a transmitter
TCA with 67 = 0 in respect to the tilt angle of receivers.
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4.1
4.2

4.3
4.4

Amplitude ratio and phase difference response for a transmitter
TCA with 67 = 15° in respect to the tilt angle of receivers.
Amplitude ratio and phase difference response for a transmitter
TCA with 67 = 30° in respect to the tilt angle of receivers.
Amplitude ratio and phase difference response for a transmitter
TCA with 67 = 45° in respect to the tilt angle of receivers.
Sectional view of an oil well using wireless telemetry.

Influence of the oil-based mud conductivities (o, given in S/m) in
the attenuation of the received signal along the axial distance from
the source.

Transversal magnetic field H, of the modes A and B. The axial
attenuation constant a = Jm(k,) of each mode is presented.
Metallic pipe layers are shaded.

Influence of the soil formations conductivities (o41,042) in the
attenuation of the received signal along the axial distance from the
source. The annulus has high losses (¢ = 10 S/m).

Relative voltage received by two antennas moving with one
transmitter antenna across a bed boundary. The results of our
approach are depicted by the solid (for amplitude) and dashed (for
phase) lines. The small dots (e for amplitude and o for phase) are
the results from [10] (from graphical reading).

Relative voltage received by two antennas moving with one
transmitter antenna across a bed boundary. The results of our
approach are depicted by the solid lines. The small dots are the
results from [10].

Normalized modal Ej fields for 25 MHz (dashed line) and for
200 MHz (solid line). The value of Im(k, ) is shown for each
field.

Eigenvalues k%p for 1 GHz hybrid HE;,, and EH;,, modes for a 2-m-
radius tunnel, with €y,.1 = € and €y(5.3 = (10 + i)ey. There is
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List of Principal Symbols and Acronyms

The following is a list of the principal symbols and the notation used

throughout the dissertation. Other symbols are also defined within the text.

2D and 3D The two- and  three-dimensional  spaces,

respectively.

A-NMM and R-NMM Axial and radial versions of the Numerical Mode-

PUC-RIo - Certificacdo Digital N° 1312540/CA

Matching technique, respectively.

AR and PD Amplitude ratio and phase difference of the voltages
received by a pair of antennas, respectively.

Qa A unit vector pointing to direction .

exp(—iwt) Time-harmonic dependence for the electromagnetic

FDs , FEs and F'Vs

vector phasors. The time and angular frequency are

depicted by ¢t and w, respectively.

Brute-force numerical techniques: finite differences,

finite elements and finite volumes, respectively.

FDTD Finite-difference time-domain technique.

G, G, A vector field and its component pointing to di-
rection «, respectively.

GSM Generalized scattering matrix.

i, ] When not used as subscripts, they are the complex

LWD and MWD

M,V

and the bi-complex imaginary unities, respectively,
such that i = j = (—1)/2, but ij # —1.

Logging-while-drilling and measurement-while-

drilling, respectively.
A matrix M and a column-vector V', respectively.

The transpose and the inverse of matrix M,

respectively.
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Numerical mode-matching.

Perfect electric and perfect magnetic conductors,

respectively.
Perfectly matched layer.

Radius of curvature for bent waveguides in toroi-

dal coordinates.
The right- and left-hand side of an equation.

Local reflection and transmission matrix for radial

layer 7 to j &= 1, respectively.

Generalized reflection and transmission matrix for

radial layer j to j + 1, respectively.

Local reflection and transmission matrix for ax-
ial region 7 to j 4 1, respectively. In cylindrical

coordinates ¢ — z.

Generalized reflection and transmission matrix for
axial region j to j &1, respectively. In cylindrical

coordinates ( — z.
Tilted-coil antenna.

The npth modal field transversal electric, mag-
netic and electromagnetic with respect to axis z,

respectively.

The transmitting antenna and the gth receiving

antenna, respectively.

The Reaction of the npth modal field in region i
to the n/p’'th modal field in region j.


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

1
Introduction

1.1
General Introduction

Various numerical techniques have been used over the years for modeling
logging-while-drilling (LWD) and measurement-while-drilling (MWD) tools
used in hydrocarbon exploration. Analytical techniques were used in [14-16] to
solve the problem of LWD sensors in layered formations. These techniques are
numerically efficient, but appear restrict to the modeling of two-dimensional
(2D) geophysical formations.

The complex formations that are prevalent in this type of problem can be
handled using brute-force three-dimensional (3D) numerical techniques based
on the spatial discretization such as finite-differences (FDs), finite-elements
(FEs) and finite-volumes (F'Vs) [6,7,17-20].

The finite-difference time-domain (FDTD) or Yee’s method [21] is a very
popular technique for modeling the electromagnetic propagation in complex
environments. Modern FDTD implementations use very effective absorbing
boundary conditions to simulate an infinite unbounded computational domain,
and this technique have been receiving a lot of attention for the modeling of
electromagnetic LWD sensors. However, as all others brute-force approaches,
FDTD suffer from relatively high cost in terms of both computer memory and
CPU time.

An alternative way to solve 3D problems are the numerical mode-
matching-based techniques, which can provide a middle-ground in terms of
computational costs between brute-force and pseudo-analytical techniques [6,
8,10, 15, 22-32]. Typically, these methods combine a 1D-FE solution in one
coordinate direction with an analytical field expansion in the others transversal
directions.

In typical computational electromagnetics (CEM) applications, we know
the sources and the propagation media, such the direct problem can be
promptly solved by means of Maxwell’s equations. As the soil formation
surrounding the sensor is unknown, the modeling of a LWD tool requires the

solution of the inverse problem: we know the sources and by measurements of


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Chapter 1. Introduction 24

radiated fields, we can estimate the constitutive parameters of the media. In
this process, the key point to success are fast and accurate CEM methods.

Since the frequency of operation and physical parameters (e.g. the
resistivity of the Earth formation) in many well logging problems can vary
by several orders of magnitude, it is important to ensure that the method of
analysis is sufficiently robust to yield accurate solutions under a wide range
of input parameters. In some circumstances, the computational cost required
by brute-force techniques can become prohibitive. To handle this problem, we
need to explore new semi-analytical approaches that are more efficient than
purely numerical ones. With that in mind, the objectives of this research are:
the development of new CEM techniques to accurately model typical scenarios
of oil and gas exploration, including the modeling of complex directional wells.
In addition, we want a robust algorithm to address the problem based on
geometrical and physical interpretations in order to reveal directions for the
inverse problem.

In this dissertation, we explore novel concepts of the axial mode-matching
combining attractive features of the pseudo-analytical techniques, to obtain a
new flexible and computationally efficient technique for analyzing directional
well-logging tools in anisotropic formations which can be easily extended to

modeling wells with curvature.

1.2
Organization of the Dissertation

This dissertation is organized as follows. In Chapter 2, we present a brief
description of well-logging sensors and the typical electromagnetic environment
encountered in practical drilling prospecting. We present the state-of-art of
electromagnetic LWD technologies provided by the top two world’s largest
oilfield service companies. The engineering solution of these sensors; such as
the antennas geometry, operating frequencies, among others; will be explored
in details. We also present several features and specifications of commercial
resistivity LWD sensors employed in modern directional drilling. At the end
of this chapter, we present the solution strategy we proposed to model the
problem at hand.

In Chapter 3, we present an efficient mode-matching technique to analyze
tilted-coil antennas (TCAs) in anisotropic geophysical formations. In this
problem, a number of coil antennas with arbitrary relative tilt angle with
respect to the symmetry axis are used to radiate electromagnetic fields in
a cylindrically layered medium comprised of a metallic mandrel, a borehole,

and a surrounding layered Earth formation. This configuration corresponds
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to that of directional well-logging tools used in oil and gas exploration.
Our technique combines closed-form solutions for the Maxwell’s equations in
uniaxially anisotropic and radially-stratified cylindrical coordinates with the
generalized scattering matrix (GSM) at each axial discontinuity based on the
mode-matching technique. The field radiated by a transmitter TCA source is
represented by a set of modal coefficients which, after computation using GSM
matrices, are used to compute the transimpedances. We present validation
results which show that our technique can efficiently model directional well-
logging tools used for oil and gas exploration.

In Chapter 4, we study the well-logging tools response along directional
wells. We present a novel pseudo-analytical formulation to handle complex 3D
oriented wells. The problem is approximated by using junctions of segments
of toroidal-sector radially-stratified waveguides. We present a procedure to
decouple the axial fields in local toroidal coordinates, as well as a perturbation
series solution in terms of the torus curvature. We present numerical results
which demonstrate that the presented method can accurately model the
electromagnetic propagation inside curved boreholes. The computational cost
of the novel technique is just a fraction of that required by an FDTD
simulation.

In Chapter 5, we explore the mode-matching technique as an alternative
to modeling dipping-bed boundaries. A preliminary mathematical description
of the problem is presented.

Finally, Chapter 6 summarizes the most important results showed in
this dissertation. Proposed activities for future works based on the generalized

directional mode-matching technique are also pointed out.
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2
Well-Logging Tools and its Environment

2.1
Introduction

The process of prospecting of hydrocarbons reservoirs in the Earth’s
formation is a topic of great interest to engineers and scientists involved in
oilfield exploration. Well-logging evaluation is a process in which sensors are
placed inside a drilled borehole in order to acquire information of the soil
formation properties as the porosity and the electrical resistivity.

Over the last decades, the conventional wireline logging technology was
a dominant procedure, where electrical cables carry the sensor tool down to
the borehole after the drilling completion. More recently, measurement-while-
drilling (MWD) or logging-while-drilling (LWD) sensor tools have allowed the
execution of the logging and drilling processes at same time of the borehole
placement. This type of well-logging sensor will referred as real-time LWD
tool along this dissertation. The focus of the dissertation is on the study and
development of mathematical techniques to modeling electromagnetic LWD
sensors due the economical importance of this technology for the oil and gas
industry.

Typical formation scenario present in oilfield prospecting includes a series
of fractured soil formations whose the electromagnetic constitutive parameters
(permittivity and permeability) can be often assumed uniform within a given
layer. These formation layers are often anisotropic and may display a high
electrical conductivity.

In most drilling systems, the drill collar rotates and transmits weight to
the drill bit, which grinds and crushes rocks into small particles; the drilling
cuttings. To help the drilling process, the borehole is filled with mud to cooling
and lubricating the bit. The mud is pumped down through the drill pipe
and wash away the cuttings at the bit and then flows back to the surface
of the well. The drilling mud can either presents high conductivity (water-
based mud) or low conductivity (oil-based mud), and depending on the soil
porosity along the well, the mud can infiltrate into the formation. This invasion

zone is formed by a transition media between the mud and the soil formation,
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whose electrical properties are intermediate to the inner-borehole mud and the
outside-surrounding formation.

In this chapter we will describe some aspects of LWD sensors, as
their geometries and electromagnetic characteristics. Additionally, we present
typical specifications for directional wells placement. After a brief review on
usual computational electromagnetics (CEM) algorithms, we finally present
a novel solution strategy to modeling LWD tools in complex geophysical

formations.

2.2
Electromagnetic Well-Logging Sensors

The ability of a portion of the soil to conduct electricity is directly related
to the amount of water present in the geophysical formation. By understanding
bed resistivity, it is possible to determine the hydrocarbon saturation in a
formation and its relation with the porosity of the soil [33, Ch. 2]. LWD tools
are typically comprised of an array of coil antennas wrapped around a metallic
mandrel, which is located inside a borehole, and placed close to the drill bit,
as illustrated in Fig. 2.1. The operating frequency for this tools range from
100 kHz to about 1 GHz; in which 2-MHz sensors are the most common.
As the operating wavelength is very large (150 m at 2 MHz) compared to
the borehole diameter (about 6 to 30 in, where 1 in = 2.54 x 1072 m), and as
typically the media is non-magnetic and lossy, the conduction currents are very
large compared to the displacement currents. In real-world applications, precise
measurements of only the electromagnetic conductivity (or its corresponding
inverse, the resistivity) are allowed!. By this reason, electromagnetic LWD
tools are known as resistivity sensors.

Several drilling contractors provide today electromagnetic tools for LWD
solutions, among them we highlight the sensors: PeriScope 15 (provide by
Schlumberger) and Azimuthal Deep Resistivity Sensor (ADR) (provided by
Halliburton). In each of these sensors different engineering solutions are
employed to explore the formation resistivity of the soil around the borehole.
A common feature presence in all of these LWD tools is an antenna array
wrapped around the metallic mandrel, as illustrated in Fig. 2.2 and Fig. 2.3.
Some solutions employ various transmitters and receivers antennas, disposed at
various spacing, and operating at a variety of frequencies. Typically, horizontal-
coil antennas are employed, but some LWD tools use tilted-coil antennas in

order to achieve azimuthal sensibility.

IEmpirical relationships between relative dielectric constant and resistivity can be found
in [34, 35].
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In geophysical prospecting using LWD tools, the parameters of interest
are the amplitude ratio (AR) and phase difference (PD) between the voltages
received by the sensor antennas. The relation of the measured voltages and
the resistivity of the Earth formation can be established by means of inversion
algorithms based on the electromagnetic simulations of several drilling scenar-

ios. Real-time logging technology demands accurate and numerically efficient
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Figure 2.1: Geometry of a triaxial TCA well-logging tool (antennas TX, RX;
and RX5) within a stratified geophysical formation.

Figure 2.2: PeriScope 15 from Schlumberger. This sensor operates at 2 MHz
and is comprised by 6 horizontal-coil transmitter antennas and 4 receiver
antennas (2 horizontal-coils and 2 tilted-coils) that provide the azimuthal
sensibility. Image obtained in [1, Fig. 3].
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Figure 2.3: ADR sensor from Halliburton. This is a multi-frequency sensor that
operates at 125 kHz, 500 kHz and 2 MHz, and is comprised by 6 horizontal-
coil transmitter antennas and 3 tilted-coil receiver antennas that provide the
azimuthal sensibility. Image obtained in [2, Fig. 3].

simulation algorithms in order to proper estimate the formation outside the

borehole at the same time that it is drilled.

2.3
Directional Wells

Recently, the directional drilling has become increasingly prevalent in
new oilfields exploration in order to minimize the operational cost. Compared
to convention (i.e. strictly vertical) drilling, directional drilling yield several
advantages for oil and gas exploration as oilfield productivity can be increased
by deploying multiple wells drilled from a single platform, as depicted in
Fig. 2.4. Additional benefits of directional drilling include [33, Ch. 7]: (1)
drilling of a new well to intersect and recover an uncontrolled well, (2) sidetrack
an old well to prospect new reservoirs, (3) horizontal wells placement, among
others.

The main geometrical parameter that characterize a directional well is
the deviation angle, viz. 6, (in relation to the vertical axis) of the planed
borehole trajectory. The change in inclination over a normalized length of the
well is known in technical literature as built rate (and often termed as dogleg
severity); denoted here as ¢ and usually expressed in degrees per feet (ft),
where 1 ft = 12 in. With help of the directional well depicted in Fig. 2.5, we
can easily find trigonometric relations between the desired deviated angle 6,
and the equipment built rate ¢ with other geometrical quantities. The radius
of curvature of the bent stretch is given by R = 180/(7 ¢), and consequently,
the length of this stretch is L = 7 R0,/180 = 6,/q, both expressed in feet.

Directional wells are normally classified into three groups according the
rate in which its inclination changes in the vertical plane [3], [36, pp. 111-

120], [37], [38]: short-, medium- and long-radius wells (see the comparison of
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horizontal well radii depicted in Fig. 2.6, where feasible horizontal stretches
are also presented). The drilling profile needed to a horizontal well placement
dictates the build rate and the drilling technology required. Drill contractors
typically classify horizontal wells according the specification parameters shown
in Table 2.1.

Long-radius wells have a relatively low curvature and it make use of
conventional completion techniques [37]. Medium-radius lateral was developed
to allow conventional directional drilling equipment and logging techniques
to drive horizontal drainage wells [3,37]. Many manufacturers offer drilling
assemblies that are capable of drilling medium-radius wells by means of a
near-bit bent motor used to adjust the degree of bending [36]. Short-radius
horizontal wells have build rates of 1.5° to 3° per ft, which equates to radii

greater than 20 ft. These wells are drilled with very small diameter boreholes

Cluster of producing
oil wells

Injection well

Reservoir

Figure 2.4: Several wells drilled from the same platform.

Kickoff ----

Desired
well trajectory

Figure 2.5: Simple directional well with its main geometrical parameters.
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Table 2.1: Horizontal-well classifications (data from [3, p. 24])

Well type Built rate Radius of curvature
Long 2° to 6° per 100 ft 3000 to 1000 ft
Medium 8° to 50° per 100 ft 700 to 125 ft
Short 150° to 300° per 100 ft 40 to 20 ft
Long-radius  Medium-radius Short-radius

1.5° to 3° per 1 ft
Kickoff --@#------------- @ --------oo -

7.

—
<300 ft

8% to 50° per 100 ft

2° to 6° per 100 ft

«—~3500 ft >

Figure 2.6: Long-, medium- and short-radius directional wells classified ac-
cording its drilling build rates. This image is based on an illustration shown
in [3, p. 24].

and are most commonly employed as a re-entry from an old well, which of
course requires specialized drilling tools and techniques [37].

Although the modern drilling techniques handle short-radius directional
wells, commercial resistivity LWD sensor such as the ADR sensor [39] and
the PeriScope 15 [40] only allow real-time logging with built rates lower than
30° per 100 ft, with a radius of curvature greater than 191 ft.

To increase the oil recovery, the reservoir can be exposed by lateral
wellbores coming from an initial horizontal well, as depicted in Fig. 2.7. In
this case, the production well can now presets bending in both horizontal and

vertical directions, by using a three-dimensional (3D) geosteering.

2.4
On the Problem Statement and the Proposed Solution

The electromagnetic modeling of LWD tools inside complex geophysical
formations is a challenging task to CEM. Several complications arrive due the
non-conformal boundaries involved in the problem. Looking for computatio-
nally efficient CEM, in this work we combined several analytical solutions for

well-known problems with new techniques developed herein.
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Vertical curvature

Horizontal curvature

Figure 2.7: A typical planed well hole profile with directional drilling bending
in both horizontal and vertical directions. This image is based on an illustration
shown in [4, Fig. 7].

The formulation we proposed herein is based on a vector modal eigenfield
expansion of Maxwell’s equations in cylindrical coordinates. This result will
be employed to find eigenfields in toroidal coordinates. The choice of this
coordinate system was motivated because we can approximate a directional
well path using sections of toroidal structures, each one with a constant bending
curvature? as illustrated in Fig. 2.8(a). Next, to satisfy the boundary conditions
at each junction, we have employed the Lorentz reciprocity theorem, which
allow us to derive a new generalization to the mode-matching approach based
on the conservation of the reaction [41], [42, pp. 399-400].

Logging-while-drilling (LWD) tools, as that illustrated in Fig. 2.1, are
commonly modeled using a mode-matching-based formulation [10, 31, 43],
whereby a finite-element (FE) discretization is used along each horizontal layer
of a cylindrical stratified medium. In the vertical direction, an analytical mode-
matching procedure is then used to match the fields between each horizontal
layer. This approach is known as numerical mode-matching (NMM), but will be
denoted here in a more descriptive form: axial NMM (A-NMM). This approach
is computationally much more efficient than 3D brute-force CEM techniques
such as finite-differences (FDs), FEs and finite-volumes (FVs) [5,17,20,44,45],
and, as such, it is more suited for integration into reconstruction (inversion)
algorithms.

A typical LWD tool moves with the downhole drilling so that, at each

new tool position along the well, it is necessary to recalculate several matrices

2The assumption of a constant curvature will, of course, greatly simplify the mathema-
tical analysis for the problem at hand. Regardless of this analytical convenience, the current
directional drilling technology also bore wells with constant bending angles along a stretch
of the well, as described above in Fig. 2.6 and in Table 2.1.
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attempts to define a R-NMM in (b)
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incorporating the reflections from the horizontal layers above and below the
source and the receiving antennas. This is a drawback of the A-NMM, as
pointed out in [46]. In [8, 27, 28, 46], an alternative NMM approach was
proposed to circumvent this issue in LWD applications. As both transmitting
and receiving LWD antennas are placed around a metallic mandrel inside the
borehole and typically have the same radius, they are located in the same
radial layer regardless of the axial position of the tool in the logging well.
Therefore, it becomes more efficient to first perform a mode expansion of the
fields along vertical direction and then a mode-matching along each radial
layer. This approach will be denoted here as R-NMM. Some antennas of the
LWD sensor have a non-zero span along the axial direction, such the vertical
mode expansion could be seen as more appropriate to this type of problem in
the case of straight wells.

Although suitable to model TCA tools in straight wells, the approach
used in [8] cannot be easily generalized to curved wells, where axial bending
is present. In order to clarify possible issues, consider a radially-stratified and
axially-layered structure as those shown in Fig. 2.9(a) and Fig. 2.9(c). Both
the A-NMM and R-NMM approaches can be used in this case. Consider now
that this structure becomes axially bent, with a constant curvature, R~!, as
illustrated in Fig. 2.9(b) and Fig. 2.9(d). Notably, we can continue to using
both A-NMM and R-NMM to proper model the structure: the R-NMM will
be enforced at each radial interface and the A-NMM will be used to match
fields along axial boundaries. However, in case of the junction of a straight to
bent well, as shown in Fig. 2.8, our attempts to model this problem using the
R-NMM have failed because we will always need a A-NMM as highlighted in
Fig. 2.8(b). In this case, the A-NMM (depicted in Fig. 2.8(c)) becomes a more
natural choice.

In next chapters, novel concepts for electromagnetic field simulations are
introduced via pseudo-analytical enforcements to provide a flexible technique
to analyzing LWD tools in complex geophysical formations. The presented
technique does not rely on spatial discretization as former well-known CEM
methods, resulting in a robust and numerical efficient algorithm and a more
practical forward engine for integration into inversion algorithms designed to

estimate the Earth formation properties given the LWD tool response.
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(c) Straight structure for A-NMM (d) Bent structure for A-NMM

Figure 2.9: Radially-stratified and axially-layered structures with constant
axial curvature.
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3
Analysis of Well-Logging Tools in Vertical Wells

3.1
Introduction

Over the years, various techniques have been used to properly model
logging-while-drilling (LWD) tools used in hydrocarbon exploration [8,14,15,
26,47,48]. The complex geophysical formations that are prevalent in this type of
problem can be handled using brute-force numerical techniques such as finite-
differences (FDs), finite-elements (FEs) and finite-volumes (F'Vs) [6,7,17-20].
However, these techniques suffer from relatively high cost in terms of both
computer memory and CPU time. LWD tools are typically comprised of
coil antennas wrapped around a metallic mandrel which is located inside a
borehole, as illustrated in Fig. 3.1. This geometry can be well approximated
as a cylindrically stratified medium [10, 14]. In this case, pseudo-analytical
methods [10, 14, 29, 47-50] are a good alternative to brute-force methods as
the former provide more efficient algorithms and a more practical forward
engine for integration into inversion algorithms designed to estimate the Earth
formation properties given the tool response [26,48,49].

In [14] and [15, Ch. 3] a pseudo-analytical technique was used to model
small dipoles and coil antennas in a radially-layered structure using closed-form
2 x 2 reflection and transmission matrices. This technique was generalized
to model tilted-coil antennas (TCAs) in a recent work presented in [47].
Another pseudo-analytical technique was used in [15, Ch. 2], [16], but now
to model point sources in an axially-layered structure. In all these approaches,
to solve radial or axial stratifications, the pseudo-analytical methods shown
the field solutions represented by an inverse Fourier transform in z-direction
over a sum of azimuthal harmonics. It is well-known that the inverse Fourier
transform present numerical convergence issues when radial position of the
observation point is the same, or very near, the radial position of the source.
In order to model typical logging-while-drilling (LWD) tools, generally we
consider that both transmitter and receiver antennas share the same radius,
and to correctly solve the inverse transform we need to extract the direct field

from the integration and then combine its contribution to calculate the final
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Figure 3.1: Geometry of a triaxial TCA well-logging tool within a stratified
geophysical formation.

solution [6,14,47,49].

To the best of our knowledge, the pseudo-analytical modeling of LWD
tools appear restrict to two-dimensional (2D) structures with only axial
stratifications, or with only radial stratifications. An alternative way to solve
three-dimensional (3D) problems is to employ the numerical mode-matching
(NMM) techniques, which provides a middle-ground in terms of computational
costs between brute-force and pseudo-analytical techniques [6,8,10,15,22-32].
Typically, the NMM combines the FD or FE method in one coordinate
direction with an analytical (modal) expansion in the others transversal
directions. The NMM is very accurate and still flexible enough to account for
inhomogeneities in the Earth formation along both radial and axial directions.

Tilted-coil antennas (TCAs) are routinely utilized in well-logging
tools [18,47-49] to provide directional response (azimuthal sensitivity). Well-
logging tools employing TCAs are also often called triaxial tools. In [8], the
NMM was extended to model triaxial tools in vertical wells with both radial
and axial stratifications using a vertical mode expansion in conjunction with a

mode-matching along the radial discontinuities. This approach will be denoted
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here as R-NMM. The NMM can be also formulated in an alternate fashion, i.e.,
with a horizontal mode expansion [15,26,29] combined with a mode-matching
across the stratifications in the axial direction. This approach will be denoted
here as A-NMM.

Most prior A-NMM formulations approximate the TCAs used in triaxial
tools as (infinitesimal) magnetic dipoles. This is done to facilitate the source
expansion and subsequent analysis. Here, we do not make this approximation
and instead incorporate the actual TCA source geometry into the mode-
matching formulation. Since a TCA has a non-zero span along the axial
direction, the vertical mode expansion could be seen as more appropriate
to this type of problem in the case of straight wells. Although suitable to
model TCA tools in straight wells, the approach used in [8] cannot be easily
generalized to curved wells, where axial bending is present. This type of well
geometry occurs in deviated drilling. In this case, the A-NMM becomes a more
natural choice to be combined with the perturbation theory used to model bent
waveguides presented in [51]. Regardless of the choice for the modal expansion,
since the frequency of operation and physical parameters (in particular the
resistivity of the mud fluid and the surrounding Earth formation) in typical
well-logging problems can vary by several orders of magnitude, it is important
to ensure that the method of analysis is sufficiently robust to yield accurate
solutions under a wide range of input parameters [5,50,52,53]. In this chapter,
we introduce a new axial mode-matching formulation to provide a flexible
technique for analyzing directional well-logging tools in anisotropic formations.
The proposed formulation is based on an analytical eigenmode expansion that
does not rely on spatial discretization. The advantage of this kind of approach
is that the fields can be represented by a sum of a relatively small number of
eigenmodes compared to the number of grid points or discrete mesh required
in another techniques.

The remaining of this chapter is organized as follows. Section 3.2—
Section 3.6 discuss the main ingredients adopted to increase the robustness of
the proposed algorithm, among them: (1) a radial perfectly matched layer to
mimic the open boundary problem based on a bounded domain with a discrete
set of modes and obviating the need to account for radiation modes, (2) an
efficient deflationary process to remove the poles of the characteristic equation
enabling a robust computation of the eigensolutions of the characteristic equa-
tion, (3) the use of Lorentz reciprocity theorem to expand the source in terms
of modal fields propagating in the axial direction, thus facilitating the mode-
matching at axial discontinuities, (4) a stationary formula based on conserva-

tion of reaction to obtain the generalized scattering matrices at regions with
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axial stratification, and (5) a Jacobi-Anger expansion to obtain fast-converging
expressions for the transimpedances (receiver voltages due to a unit current
excitation) when the TCAs traverse an axial discontinuity. Section 3.7 presents
numerical results to validate the technique and demonstrate its usefulness in
predicting the response of triaxial tools in complex anisotropic geophysical
formations. Section 3.8 presents a comparison between the proposed techni-
que versus an improved R-NMM approach recently reported in the literature.
Section 3.9 presents a comprehensive analysis of well-logging sensors housed
inside grooves within the metallic mandrel. Section 3.10 presents some conside-
rations for the modeling of wireless telemetry systems for oilfield applications.

Finally, Section 3.11 provides some concluding remarks.

3.2
Electromagnetic Fields in Cylindrical Structures

The geometry shown in Fig. 3.1 is used to model the geophysical for-
mation around a typical well-logging tool. We assume the sensor is placed
sufficiently far from the drill bit, so that we can approximate the vertical for-
mation as an unbounded, axially-stratified media. In the radial direction, each
region is modeled as a bounded, radially-stratified waveguide. Field solutions
for Maxwell’s equations in uniaxially anisotropic multilayered cylindrical struc-
tures are well-known, and to avoid repetition, we adopt here a notation similar
to that in [6,8,15,47,48,50] by assuming a time-harmonic dependence in the
form exp(—iwt). It should be observed that the notation adopted here despite
being very similar to that in [48] and [15], differs slightly in a few places. A
list of principal symbols employed in this dissertation is presented in page 21.

The Maxwell’s equations in a homogeneous anisotropic medium are

V x E =iwp - H, (3-1a)
V xH=—iwe-E+J, (3-1b)
V- (¢-E)=o (3-1¢)

V- (n-H)=0, (3-1d)

where E and H are the electric and the magnetic fields, respectively, due to
the impressed electric current and charge densities J and p.

Our media is characterized by the complex permeability

F:L = diag(ﬂ& s, /112)7 with His,z} = HoM{s,z} (3'2>

and permittivity
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€ = diag(es, €5, €.), With €fs.) = €o€rfs21 + 1052} /W (3-3)

tensors, represented in cylindrical coordinates. We have decomposed the ten-
sors into axial (along z) and transverse components, with subscripts z and s,
respectively. We have also expressed the constitutive parameters in terms of
the usual vacuum constants ¢, and .

We next consider the fields in a source-free region and decompose the

problem into axial and transversal components as
G =G+ 2G,, (3-4)

in which G=Eor H, G, = E, or H,, and

0
V=V,+2—, 3-5
+ 2 5 (3-5)
where V denotes the transverse two-dimensional nabla operator given by
o 10
\Y% (3-6)

= pa b
dp " pOp
Taking the curl of the equation (3-1a) and projecting the resulting vector

onto Z, we can find
2. [Vx(VXE)]=iwz-[V x (n-H)|. (3-7)
We will show that the above scalar wave equation can be represented in a more
familiar form.
As the problem at hand deal with homogeneous media, the right-hand
side (RHS) of (3-7) can be simplified by using
2. [V x (n-H)] = sz - (V x H). (3-8)
Noting that 2 - (V x H) = —iwe, E, , we can derive
z- [V X (/:L ’ H)] = _iwﬂsezEz- (3_9)
Consequently, (3-7) becomes
2.[V x (V x E)] = w?ue.E.. (3-10)

The left-hand side (LHS) of (3-10) can be simplified after using the vector

identity
VxVXxE=V(V-E)—(V:-V)E. (3-11)

The divergence of the electric and magnetic fields do not vanish anymore

as in the isotropic media [15,54]. The Gauss’s law for magnetism (3-1d) can
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be decomposed as

V(i H) = (v+2a) (pHL )

0z
OH,
= /vLsVs : Hs + p——
0z
z HZ
— 1,V -H — (1-’”‘)8 — 0, (3-12)
ls) 0z

and a dual equation can be easily established for the electric field, such we can

derive

€.\ OF,
V-E= (1 — 65) 5, and (3-13)
_(_ te ) OH !
V- -H= (1 MS) 5 (3-14)

As expected, V-E and V-H vanish for the isotropic limits €, = €, and s = p,.
Combining the above results when we take the projection of equation
(3-11) onto 2 allow us to find the LHS of (3-10):

2 Vx(VXE)|=2-V(V-E)—2-(V-V)E (3-15)
_ <1 _ E) aazE; _V2E., (3-16)

where V2 is the scalar Laplacian in cylindrical coordinates given by

10 0 1 02 0?
Vi=—|p |+ 525+ 25 3-17
pOp <p3p> " p? 0¢? e (3-17)
Finally, after substituting (3-15) into (3-10), one obtains
9 €. °F, 9 B
VE. + . 92 +wpse, B, =0, (3-18)
in which the two-dimensional Laplacian operator is defined by
82
Vi=V'- . 3-19
=V (319

A wave equation dual to (3-18) can be derived for the axial magnetic
field using a procedure analogous to that shown above. It follows that

&321{2

ps 022

V2H, + +wip.eH, = 0. (3-20)

It is clear that (3-18) and (3-20) are homogeneous Helmholtz wave
equations for E, and H, whose solutions can be constructed by the method
of separation of variables [55, Ch. 5|. The Helmholtz equation in cylindrical

coordinates
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10 0 1 02 . 02

pop\"op) T P52 T p, 022
where ) = {E,, H,}, p = {¢, u} and p = {, €}, can be solved by the elementary
wave functions of the form

R ( p%pp) D(né)Z(h2), (3:22)

S

where ®(n¢) and Z(k,z) are harmonic functions and R, (+) is a general solution
for the Bessel equation of integer order n. The detailed solution for (3-21) is
presented in Appendix A.

Linear combination of the elementary wave functions are also a solution
to (3-21) [55, p. 200], such that the general solution is in the shape of

0= L Cuty (ﬁkp) B(ng)2(k.2), (3:23)

where the double summation is over all possible values of n and k,, with
appropriated constants C) j, given by a source boundary condition. The
inclusion of a source implies in a non-homogeneous Helmholtz equation. The
Lorentz reciprocity theorem will be employed in Section 3.5 to find the modal

source amplitudes by using the source-free fields derived here.

3.2.1
Axial Fields

The forward-propagating axial fields can be written in a compact fashion

as o
H

_ i io: [ez,np(p>] ein¢+ikz,npz' (3_24)

n=-—o00 p=1 hz,np(p)
Notice that the sum over the azimuthal indices is taken through the positive

z

and negative integer values of n due to the choice of the exponential form
exp(ing). Another commonly used form is a linear combination of sine and
cosine functions as stated in Appendix A, but in this case, the sum could
be restricted over the positive integer values of n due the parity of the
harmonic sinusoidal functions in relation to its arguments. Also, as we intend to
express the sources contribution into the axial direction, the form exp(ik, ;%)
appears appropriated indeed. Thus, we prefer the form shown in (3-24) because
the fields can be represented in a compacted shape, and, as will shown
in Section 3.3.5, a series of symmetric relations applies when we use this
representation.

The modal propagation constant in the z-direction is k. ,,,, and the radial

propagation constant k, ,, satisfies
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T R k2 = w?pge,. (3-25)

pmp z,np?

The azimuthal dependence of the fields is associated to index n, while p
refers to its radial dependency. Due to phase matching, the fields assume the
exp(ik, npz) dependence throughout all layers over the transverse cross-section.

In order to simplify the notation, we will temporarily drop the modal
subscript np and also the argument of e, ., and h,,,, restoring them later
as needed. The radially-dependent coefficients in (3-24) are given by a linear
combination of first-kind Hankel and Bessel function of integer order n. In a

compact notation, we can write them as

ez,np] — Hon(kyp) + Ton (), (3-26)
z,np
where
~ Gr(kop) 0
n\fp

with G,, representing H(" or .J,,. The field amplitudes @ and b are vectors 2 x 1

to be determined from the boundary conditions, and are given by

_ a;, - b,
a = [ahp] , b= [bhp] . (3—28)
np np

For simplicity, we have introduced k%" = a®"k, in which the anisotropic

e,h

coefficients a®" are given by

af = \/? ah = [ (3-29)
65 l’[’s

Under some conditions, the formulas in (3-26) suffer from the numerical
overflow of the Bessel and Hankel functions due extreme arguments and/or
orders. Recent studies have shown that this problem can be circumvented
through suitable rescaling of various expressions involved in the computational
chain [50,52], as well as expressing (3-26) by the ratios of Bessel or Hankel
functions [53]. The LWD tools modeled in this dissertation do not required high
orders cylindrical functions, but for extreme conductivity media the techniques
reported in [50,52,53] need to be used.

3.2.2
Transversal Fields

The transversal fields components can be expressed as a combinations of
the axial ones, as will be shown in the following. The Maxwell’s curl equations

(3-1a) and (3-1b) in a source-free region can now be rewritten as
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V. x (ZE.) £ k.2 x B, = iwpuH, (3-30a)
V, x (2H.) £ ik.5 x H, = —iwe,E, (3-30b)
Vs x E; =iwu,2H, (3-31a)

V. x H, = —iwe,2E., (3-31h)

where we have assumed that the axial dependence of all field vectors match
with those in (3-24), i.e., exp(ik.z). In the above derivation we have replaced
0/0z by ik,.

Initially, by the vector multiplication of Z on both sides of the equations
in (3-30a) and (3-30b), and using the identities [54, p. 165]

2 x (Vs x 2G,) = VG, and (3-32)

2% (2 x Gy) = -Gy, (3-33)
and after a few manipulations, we can express the transversal fields as a

combinations of the axial ones as

1 .. : N
E, = k—g [ik,VE, +iwpV s x (2H,)], (3-34)
1 .. . A
H, = 32 [ik.VH, —iweV x (2E,)] . (3-35)
In a compact shape, the p-dependent transversal fields can be written as
O H(kpp)a -+ Jon (k)b 3-36
h = Hyn(kpp)a + Jon(k,p)D, ( )
é,np |
(R = _ = _
{h,m "= Hpn(kpp)a + Jpn(kpp)ba (3-37)
pinp |
where
= 1 —nk,G, (kS —iwpgk! pG! (K"
Gonlhyp) = 1 | —"eCnlbar) — —tomahopGallop)| (3-38)
kap |iwekspGh, (ksp)  —nk.Gy (k) p)
= 1 |ik.kSpG! (kp) —nwusG,(kp
Gon(kop) = 5= #CnK50) b ( . : (3-39)
kap | nweGn(ksp)  ik.k!pG), (K p)
where the ' represents the first derivative with respect to argument of the

cylindrical functions. Similarly to previous definitions, G,, stands for H(} in
the matrices associated to a. In addition, G,, stands for .J, in the matrices

associated to b. The field components in (3-26) and (3-36) reduces to ones
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found in [48] and [29]! for a” = 1, and reduces to the usual isotropic solution
found in [15, ch. 3] for isotropic media (a®" = 1). Note that in the above
expressions for the transverse fields, the ¢ and z dependent exponential factor
has been omitted for simplicity. Also, the full expression involves the sums over

n and p indices, as expressed in (3-24).

3.3
Fields Along Radial Stratifications

Consider the radially-stratified waveguide shown in Fig. 3.2, composed
by N layers. Each layer is formed by an uniaxially anisotropic medium over
ric1<p<r;,j=12...,N,and for 0 < ¢ < 2.

Due to the linearly independence of the modal fields with exp(ing)
dependence, we can enforce our boundary conditions for each nth harmonic
one at a time. The fields at each layer j can be written, in a shorthand notation

introduced in [15, Ch. 3], as

Gjo = {Han(/fjpp) + Jon(kjpp) RS,

aj, or (3-40)

o = |Hon (R R + Ten (i) By (3-41)
where gjo = [€ja hjal" is @ 2 x 1 column vector with the electric and magnetic
field components in direction o« = {p, ¢, z}. In order to enforce the appropriated
boundary conditions at p = r;, we employ 2 X 2 generalized reflection matrices
R(-f;-)ﬂ given by [15, Ch. 3]

€1, H1

[/

Figure 3.2: Longitudinal and cross-sectional views of a radially-stratified
waveguide. Hard walls are depicted by the diagonal stripes.

'We found a misprint in the equation for the azimuthal electric field in [29, eq. 3]: the
contribution of the axial electric field should be multiplied by ik, .
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= = = = = = -1 =
Rg'g')il = Rgg)il + T(i)l JRj(i)l JE2 <[ - Rg'pi)l,jRj('QLji2> Tj(,?)il (3—42)
where the local reflection and transmission matrices can be succinctly written

as

R(,J)H D [chﬁl JHZJJ - H¢J+1JHZJ+1:JHq;]Jrl,JH@J} ) (3-43a)
R}, = Dy [jcijjjzjvjjqb_j?ij-i—l,j - j¢j,jjzj+1,j] : (3-43b)
7., = Dy, {Jw Heig = i35 Hags (3-43c)
_J(+)1,J - Dja [H¢J+1 JHZ]+1 ]H(Z)]-i-l ]‘]¢J+1j - H¢J+17J JZJ+1 J} ) (3-43d)

where j =1,2,...,N — 1 and

sivra g g Hylon s Jogg — Hojir g, (3-44a)
j] HZ]'H] J¢]JJZ]]J¢jo¢]+1J (3‘44b)

D;.
Dy,

In the above we have employed a shorthand notation similar to that suggested
in [56], such that _

Baij = Ban(kipr;), (3-45)
where éan = :Om or jom and a = {¢, z}.

The notation employed here is very similar to that introduced in [15].
However, we employ the extra superscript (p) in all scattering matrices relating
the radial discontinuities. This is because in Section 3.4.1 we use the superscript
(z) in the GSM matrices that associate fields across azial discontinuities. In
this manner, we have a clear identification of the distinct R and 7" matrices
used to incorporate the radial and the axial discontinuities.

The matrices R? and T in (3-43) can be reduced exactly to those
shown in [56, eq. 31]. Despite the fact that the latter expressions are more
compact, we adopt the forms shown above because, as it will be shown later,
poles stemming from matrix inversions can be more easily addressed based
on l:)ja and Z:)jb. Also note that for isotropic media P:Izi,j and jzi,j become
diagonal matrices, and (3-43) reduces to the well-know expressions for isotropic
media [15, Ch. 3], as expected.

3.3.1
Guidance Condition

On comparing (3-40) with (3-41), we can see that

b, and b =R, a (3-46)
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or, alternatively we can write

(I =Ry R )b = (I = RY) R, a; =0, (3-47)

J J,g—1

which allow us to find a general guidance condition for the modes as
det(I — RY),\RY) ) =o0. (3-48)

This condition holds for all j = 1,2,..., N, but the corresponding dispersion
relations share the same set of eigenmode solutions. If we select ;7 = N in

(3-48), since ﬁ%’}N 1= }:‘ZE\’;?N 41 [15], the solutions of characteristic equation

Flhs) = det (T = Ry By, ) =0 (3-49)

are the discrete values of k, that contribute to our modal solution. We can
track solutions for (3-49) into the complex plane by means of the technique
presented in [57], but there is no guarantee that all desired eigenmodes will be
found. We first need to know the number of solutions to be found.

We can find all desired eigensolutions of (3-49) in a given region of the
complex plane k. (or k;,) using the Argument Principle [58], [59, pp. 281-288]
and the technique shown in [60], but we first need a dispersion relation free of

singularities.

3.3.2
Radial Perfectly Matched Layer

The radial direction of the problem at hand is truncated by a perfectly
matched layer (PML) [61-63] to mimic an unbounded medium. The PML
extends over rpyp < p < ry, as illustrated in Fig. 3.2. We use the complex
coordinate stretching formulation of the PML because it allow us to reuse all
close-form eigenmode formulas shown above. To this end, we first define a

one-to-one mapping of the radial coordinate p to a stretched p [62,64] as

p
pri= [ sl ds (3-50)
0

The use of an integral in the above ensures that p varies smoothly, even if
s, as discontinuities. Typically, the complex stretching variable s, employ a

polynomial profile defined by

1, for p < rpyyp

| . (3-51)
1+wapML<ﬁ)lMH‘

S (p) = q

p

) s for TPML <[)<T'N
N rpPML

which result in the mapping


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Chapter 3. Analysis of Well-Logging Tools in Vertical Wells 48

P for p <rpur
(p— rpas)it (3-52)
, forr <p<r
C]+1)(7”N—7”PML)" PML =P XTN

The coordinate stretching does not formally change the appearance of

™
Il

p+iappr (

Maxwell’s equations [62,64]. As a result, we can reuse the well-known closed-
form solutions by mapping the original (real) radial space into a complex
coordinate system. Note that in our approach the analytical expressions for
the field solutions are independent of the PML profile, and we just need
to assume an appropriated complex-value for the outermost radius of the
waveguide [57,62-64], i.e.,

TN = TN =Ty iry. (3-53)

We now need to proper set the values ry and r%. The real value of
the domain truncation 7, must be large enough to allow the attenuation of
evanescent fields. In contrast, the complex domain of the radial direction %
must be truncated using an appropriated value in order to absorbs the outgoing
waves (propagating modes) before they reach the boundaries of the simulated
domain.

Formations typically encountered in well drilling environment present
conductivity losses, such as the eigenmodes are complex and naturally suffer
attenuation before being reflected by an truncation hard-wall. In this case,
even a real-valued domain truncation can properly simulate the problem of
interest. To reduce the reflection by the truncating boundary, typical, we can
truncate radial domain as larger as few skin depths [6,61,63,65—68]. Thus, we

can define r’y as
'y = ONQd, (3-54)

where d is the skin depth in the outermost layer and a,4 is a constant.

A desired attenuation for the propagating waves dictates the value of
the imaginary radial boundary r%,. For abs(7x) > 1, we can approximate the
cylindrical wave at the boundary truncation by a local plane wave. In this case,
the amplitude of the reflected wave due to a hard-wall placed at 7y can be
approximated by

R~ FNeTN, (3-55)
Further, it is convenient to write the modal radial wavenumber as ky, =
kn cos6;, where 6; can be interpreted as the local plane wave incident angle
with respect to n = —p. For a normal incidence, viz., §; = 0, we can estimate
the value of 7%, using the desired reflection R(0) at the radial domain boundary
e v _ L [loa(R()

'y = — 7 # + k?(,?“?v (3—56)
N
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Notice that for a loss-less media, k% = 0, the real part of the complex radius
7y has no effect to attenuate an outgoing wave. In this case, the complex
stretching dictates the fields attenuation. In contrast, for lossy media, the real
space attenuates a propagating wave even without the complex stretching in
radial direction. In other words, a large real domain %, sometimes can provide
a reflection smaller than R(0). In the typical well-logging environment, at low
frequency, the medium are lossy, and a severe attenuation can be anticipated.

For the problem of interest, in which o/w > €ge,, non-magnetic media
(1 = 1) presents wavenumber given by ky ~ (1 + ¢)/dy. This means that
both ky and k% are proportional to w'/2. In this way, using the definition in
(3-54), and assuming R(0) < 1, we can derive

| log(£(0))]

O (3-57)

7’%:(51\7

Case the value of 7%, given by the above is negative, we do not need to employ
the complex stretching to bound the radial domain because the real domain
thickness provide a large attenuation and a corresponding back-reflection
smaller then R(0).

As an alternative, the PML could be interpreted as radially dependent
biaxial anisotropic layer [69, 70]. This approach is very popular and can
easily implemented in FD and FE codes. Nevertheless, to the best of our
knowledge, the proper solution for the electromagnetic fields requires radial
eigenfunctions that satisfy the Bessel equation with complex orders in addition
the azimuthal and axial harmonics e and e*#*=nr? [71-73]. Besides the
difficulty to dealing with Bessel functions of complex orders, case we had
used this approach, the PML region should be discretized in a series of sub-
layers to account the radial dependence of the media inside the absorbing
space. Then, to avoid this staircase approximation to the PML profile (and
the associated reflections), our algorithm employ the aforementioned complex

stretched coordinate interpretation of the PML.

3.3.3
Matching the Radial Boundary Conditions

3.3.3.1
Surface Impedance Boundary Condition for Truncate an Open Radial
Domain

The second order (in terms of the wavenumber k) approximated im-

1/2

pedance boundary condition for a medium described by Z = (p/€)'/* and

covering p < ro, i = +p, can be written as [74,75]
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1 1 1 [n? nk
E,=—-7Z{|1 —— = -k} | H.+ =2H,;, (358
¢ {[ - 2ikp - 2(2kp)?  2k2 <02 )] - k2p ¢} (3-58)

1 3 1 (n? nk
Be= 20" g, e A ST
H 2ikp  22kp)? | 2K <f?2 Zﬂ T } (3-59)

For an impedance wall placed at p = ry, covering p > ry, 7 = —p, the
boundary conditions to be imposed are similar to the above, but we need to
change the sign of F, and E..

We can combine (3-58) and (3-59) into a matrix form as

{ 0 Zy ||E. 0 Zso| |Es| | Es (3-60)
ZZZ - )
7o 7= |H- 0 0| |H, Hy
or in a more compact form:
MG, = (I-N)G,. (3-61)

By using (3-41), the condition (3-61) for an impedance wall at p = rg

can be written as

MO [F[Z”(k'lpTo)égpg + Jzn(klpro)} [_)1 =

For an impedance wall placed ar p = ry, we can proper combine (3-40) and

(3-61) such as the local reflection matrix RE(,’?N 41 assumes the form

ég\'?,)zvﬂ = [(IZ‘F ]\:fNH) jdm(kNp?“N) + ]\:4N+1jzn(/€Np7”N)]_l
X []\?N—Hﬁ—,zn(kNprN) — (I:+ KTN_H) Ifl(pn(k?]\/p’l“]v)} . (3—64)

The matrices M. ; and ﬁj employed above in (3-63) and (3-64) are defined

as 7
-0 Zg
Mj[ L 27, and (3-65)
Zj.2¢ _Zj:zm
- 0 Z
N, Ll 3-66
ilo o (3-66)

where
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1 1 1 1 (n*
Zige=— |22 |1+ — - — (= =82, 3-67
39 €5 [ * 22]{,’]'7“]' * 2(2k’j7"]’)2 2]%2 7"]2- # ( )
[ 1 3 1 (n? 9
Zivs = |22 |1 - — (= =2}, -
A Ej [ 27:]6']‘7”]' 2(2]@’]‘7“]‘)2 + 2]€]2 <TJ2 z (3 68)

i nk,
Zigpp = —Ljow = —, /E—jkzrj. (3-69)
J

Case the electrical conductivity of the impedance wall goes to infinity,

after same simplifications, we can reduce (3-63) and (3-64) to

JIn (k:fp'l‘o)

= TH (R ) 0
RY) = ch 0) Skt |+ a0 (3-70)
 Hp,(K},ro)
_Hn(ki\prN) O
= In (kS rN)
R%}NH = ONP ! H (kR ,rn) | (3-71)
AR

which are the well-know [15, p. 352], [48, eq. 27] reflection matrices for a perfect
electric conductor (PEC).
Case the magnetic permeability of the impedance wall goes to infinity,

after same simplifications, we can reduce (3-63) and (3-64) to

T4(kS 7o)

= g7 (Le T O
Rg% = Hn;klp ’ Jn(k?pm) ) and (3'72)
_Hn(k?pro)
Hp(k§,rN) 0
= Jh (k& ,mN)
Rg\l;,)NH = ONP " Hy (KR rv) | 0 (3-73)
 Jn(K )

which can be recognized as the reflection matrices for a perfect magnetic

conductor (PMC).

3.3.3.2
Solving the Characteristic Equation

Various zero-finding techniques have been proposed over the years to
solve the roots of a nonlinear characteristic equation f(y) = 0. The problem
of finding complex propagation constants requires a two-dimensional zero
search, and several works employ quasi-static approximations to solve a
simplified transcendental equation [11,12,57,66,76-79]. As a second step, these
initial approximations (7,) can be refined by means of some Newton-Raphson

iterations, i.e.,
f(m)

Tnt+1 = Yn — f’(%)’ (3—74)

where f’ is the derivative of f in respect to .
A proper choice of an initial guess g is critical for the convergence of

(3-74). By this reason, the solution of the guided modes in lossy structures
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require special care. In [11,12], the eigenvalues of a circular waveguide embed-
ded in lossy surroundings were determined from the initial guess given by the
high-frequency asymptotic analysis of the problem. The root-finding strategy
employed in [57,80] starts out from the lossless eigenvalues of the structure.
These eigenvalues lie on the coordinate axis and can be calculated with re-
latively little numerical effort [57] by using a root search along real (for pro-
pagating modes) and the imaginary axis (for evanescent modes). In a second
step, we need to gradually increase the losses in the structure and track the
modes as they move from the coordinate axis into the complex plane [57,80].
The techniques used in these works proved to be numerically efficient in many
cases. However, these approaches fail when two eigenvalues are very close or
the structure supports complex modes [81-83].

The Newton-Raphson is a very popular technique, however, should be
observed that if f’(+,) is too small, the nth correction term may diverge. This
weak point is particularly serious when the value of the initial guess (7o) is
far from root vy [84]. The restriction placed on v, to lie in a region sufficiently
small around the solution can be relaxed of we reduce the size of the correction

A%p = Y1 — Y by introducing a small positive factor € (0 < e < 1) in (3-74)

such as
A’yn — f/(’Y’l’L) €.
f'(m)
The essential feature of the above equation is avoid the failure to convergence:

(3-75)

note that even when f’(7,) becomes small, the amount e weighs the RHS of
the above equation so that the correction term A<, does not diverge.

By taking limit of both sides of (3-75) when € — 0, the nth correction
term A~, and the factor ¢ change into dvy and ds, respectively. Thus, (3-75)

can be rearranged as

dy _ flw) _ dy
ds — Flw)  dllog(f)’

The above is known as the scalar Davidenko differential equation [85, p. 162],

(3-76)

[84,86-88], whose solution can be written as
fy)=Ce™, (3-77)

where C' is an integration constant. Now, it is clear that for s — oo, we
recover our initial characteristic equation f(v) = 0. We can further simplify
equation (3-76) as follows. Decomposing the 7 into its real and imaginary parts
as v = 7 + i7" and using the Cauchy-Riemann relations, the Davidenko’s

expressions of a two-coupled first-order ordinary differential equation with an
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independent scalar dummy variable s are obtained as [84,88]

T U},P [Re(/)Re(f) + Sm(f)Sm(f)
% f (3-78)
& = i RS = Sm(HRe(S)

We can solve 7/ and " with the help of the Runge-Kutta algorithm [84], by
observing the convergence of both real and imaginary parts of v as s becomes
large [84,86,88-90].

The advantage of Davidenko’s method is that it relaxes the restriction
on the choice of the initial guess for the complex root [89] and it can be
used when other methods like Newton-Raphson fail to converge. However, one
disadvantage of the Davidenko equation is that the error in solving it inevitably
accumulate as one marches in s [85], Also, the Davidenko equation, as well
as the Newton’s method, is singular at limit points or bifurcation points or
wherever f'(v) =0 [85].

Sometimes the analytical derivative of the characteristic equation is very
complicated and requires a large computational effort. In these cases, a linear
interpolation of f(v) allows to approximate f’ by means of a finite-difference
version of the Newton’s method known the secant method [87]. Starting with
initial guesses 7o and 7, the secant method is defined by the recurrence
relation [87]

. . Yn — Tn—1 ~
Tn+1 = Tn f(Vn) — f(/yn_ﬁf(’yn)v (3 79)

which is an approximation for (3-74).

Another widely used root-finding technique is the Muller’s method. This
method uses parabolic interpolation to approximate f(y) and converges faster
than the secant method and is specially preferable to find complex roots [87].
In Muller’s method, we start with three points, viz., vy, 71 and s, and then we

can approximate the zeros of f() by the recurrence relation [87], [91, p. 466]
2c

Yn+1 = Yn — (’Yn - W/nfl)ma (3‘80)
where
a=qf (W) — a1+ q)f(y-1) + ¢ f (Yn—2), (3-81)
b= 20+ 1)f (1) — (14 @)*f (Y1) + @ F (n—2), (3-82)
c=(1+q)f(m), (3-83)
and
n Tt (3-84)

q= .
Yn—1 — Tn—2
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In (3-80) we must choose one of the two roots. The sign in the denominator
is chosen to make its absolute value as large as possible [91, p. 466]. Notice
that the square root in the denominator can give complex roots even when
the starting values are all real. This feature makes the method very useful
for solving dispersions equation for the guided modes in lossless structures
supporting complex backwards waves. In this situation, f(v) is a real valued
function, but some of their solutions can assume complex values. If a purely
real or a purely imaginary initial guess is used in Newton’s or in the secant
method, the iterations will never converge to complex values. By contrast, in
Muller’s approach, the same guess will converge to the complex-valued solution,
as illustrated in the works on corrugated as well as dielectric loaded waveguides
shown in [92]. The Muller’s method also was successful to find a few low-order
complex eigenvalues in lossy stratified cylindrical waveguides [11,12,93-96].
By using the above described root-finding methods there is no guarantee
that all zeros are found. Thus, a critical point in the complex root finding is to
establish how many zeros lie within a given region of a complex plane. A widely
used procedure [58,60,97-110] to ascertain the number of roots to be found
in a given search region is the argument principle?. According to [59, pp. 281
288], the winding number of a complex function f(), which is analytic and

nonzero on a closed contour C| is given by

1
NO—Np:Mé

where Nj is the number of zeros and N, is the number of poles of f that

()
f() o (3-85)

lie inside C, and the partial derivative of f in respect to 7 is given by f’.
The integral over the contour is taken in counterclockwise sense. According
to the previous definition, the winding number for one zero is +1 and for one
singularity is —1. Case the characteristic equation f(v) = 0 does not presents
poles; i.e., N, = 0; the value given by (3-85) is an integer equal to the total
number of zeros of f inside C.

The technique proposed in [58] interpolates the function f() by a monic
polynomial of degree Ny, whose zeros coincide with the zeros of f(v) in C.
In this way, we can reduce our initial problem into the easier computation of
the zeros of a polynomial. Recently, a new view on this technique as presented
in [100]. The approach shown in [100] has generalized the former formulation

from [58] into the simple eigenvalue problem given by
H<% = \H7, (3-86)

2Also known as winding number [59, pp. 281-288], method of contour integration [105],
Cauchy integration method [102] or Delves-Lyness method (due the pioneering work shown
in [58]).
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where H and H< are Hankel matrices defined by

S0 S1 ... Sk—1 S1 S9 Ce Sk
= 31 — 82
H= , and H<= , (3-87)
|Sk—1 Sk ... S2k—2] Sk Sk+1 -+ S2k—1]

for K = Ny. The entries of the above matrices are the Newton sums of the

unknown zeros, given by?3

/
Sp = 217” ?%'ypmd’y. (3-88)
The solution for the characteristic equation f(7) inside C' are the Ny eigenva-
lues A that satisfies (3-86).

Note that the Hankel matrices H and H< require 2Ny Newton sums to
be constructed. If f has many zeros inside C', then the associated polynomial
is of high degree and could be very ill-conditioned [58,100], and thus we need
to calculate the integrals s, very accurately. In order to avoid the use of high
precision arithmetic, the work in [58] suggests the choice of contours C' with
no more than 5 zeros inside. In algorithms reported in [99, 102, 105] a more
conservative criteria was employed: the region of search is divided into sub-
contours, containing not more than four roots.

Appears clear that a large number of roots inside the contour strongly
affect the accuracy of the numerical evaluation of the roots, and for this reason,
in several applications [104,107] the complete computational domain of interest
is partitioned into small sub-domains in such a way that only one root (with
multiplicity equal to one) is enclosed by time. Well-isolated simple zeros are
determined fast and with high accuracy by just using the integrals sq and s;1. In
this case, we first compute sy in a given contours. Next, if so = 0 this domain
is discarded. Otherwise, case sy > 1 we must continue subdividing the domain

until sy = 1. Finally, for each sub-domain C} in which sy = 1 we can find our

Vi = L y% | vﬂdv- (3-90)

required root by means of*

- 2mi f()

3In a similar formulation shown in [101], a derivative-free algorithm was presented for
computing zeros of analytic function. In this approach, f/(y) is replaced by 1 into (3-88).
As a consequence, in this new approach the multiplicities of the zeros cannot be computed
explicitly.

4An alternative to (3-90) is the derivative-free form given by [101,111]

(Y 4 _
= (7% f<v>d7> o (359)
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It should be observed that the above equation is equivalent to v; = s1/so,
satisfying (3-86). This is a very interesting technique because we have the
guaranty that inside C; there only one zero to be found. In this case, we can
even employ the Newton-Raphson iterations (3-74) using a guess inside C;
instead of (3-90). As said before, the polynomial approximation must be of
low degree to avoid high magnitude coefficients s,, p > 0. However, since the
exact result sg is known to be an integer, the accuracy required in the numerical
integration is low [58,100]. Nevertheless, this approach appear restrict to find
roots with multiplicity one (or we need the knowledge of multiplicity for
each root) and requires a lot of time-consuming two-dimensional bisections,
as observed in [104,107].

To our experience, the argument principle can be used to find all roots
of a transcendental equation in a given region of the complex plane without
requiring initial guesses. However, the numerical difficulty in the calculation of
parameters s, makes the method computationally demanding. Also, multiple
zeros and very close zeros leads to severe ill-conditioning. Besides that, the
choice of the contour C' is critical to the calculation of s,: even when just only
one zero is inside C, s, can diverge if the contour pass too close the zero inside
or close to the zeros outside C. This problem is particularly worrying when
we partitioned our region of search in several sub-contours. Another equally
serious problem is the presence of singularities in our characteristic equation.
As mentioned before, each pole cancel out the contribution of a proper zero.
In [99, 102,103, 108] the location of the poles in characteristic equations are
estimated and then a (assumed) safe contour is generated to avoid the poles.
However, sometimes the contour needs to pass very close to zeros e poles.

The problem of a circular waveguide structure embedded in lossy sur-
roundings as analyzed in [103]. In order to not embed the singularities of the
characteristic equation, the integration path suggested in [103] requires to pass
close to singularities, demanding special numerical techniques to avoid poor
numerical results for sg. To minimize the effects of the poles, the work in [108]
modifies the winding number approach by working with a contour in the com-
plex plane v2, where the positions of the poles and zeros are not too close.
However, the trouble with identification and removal of singularities still per-
sists. It is important to remind that the presence of non-recognized singularities
(poles) leads to a mistake in the counting of propagation constants, and by this
reason, in [110] we proposed a solution for the issues reported in the problem
analyzed in [103,108] by redefining the modal characteristic equation in order
to be free of singularities. A modified version of the characteristic equation of

a lossy circular waveguide was introduced in order to simplify the calculation
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of s¢. In [110], we have described modifications in classical formulation to find
the propagation constants of the guided modes that exclude the singularities
of the traditional characteristic equation, making unnecessary the task of loca-
ting the poles of this equation and avoid the trial-and-error procedure involved
in the definition of the winding number contour.

By combining some of the interesting features of the early described
techniques to solve the roots of characteristic equation, in next sections we
will generalize the formulation shown in [60, 109, 110] to proper remove the
singularities of the dispersion relation for the radially-stratified cylindrical
waveguide in (3-49) and derive guidelines to efficiently application of the

argument principle in order to find all desired eigensolutions.

3.3.33
Pole-Free Characteristic Equation

As said before, the discrete eigenvalues k., that contributes to our modal

solution satisfy

£lhs) = det (T = Ry RO, ) =0. (3-91)

Unfortunately, the above characteristic equation has a set of poles that impair
the correct location of the eigenvalues in a desired region of complex plane. The
poles of this equation can be removed using a deflationary process in which a
new characteristic equation is defined as f,r(k,) = f(k.)fp(k.). The function
fp inserts zeros in the positions of the poles of f, so that f,; preserves the
same zeros of f, but is free of singularities.

Noting that all required matrices in (3-91) involve 2 x 2 matrix operations,

we can rewrite the determinant as

det(I — A) =1+ det(A) — tr(A) (3-92)

where tr(A) is the trace of the matrix A= EE@’}NHJ?E@?N,l.
From last equation, we can see that the poles arise due the matrix inver-
sion operations of D;, and Dj, in (3-43) and also due to (I — R§’i)1 R\ ) in

=12
(3-42). For further analysis, it is appropriate to write the inverse of a matrix
B as =
= dj(B
f1 = 2B) (3-93)
det(B)

where adj(B) is the transposed of the matrix of cofactors of B.
Besides the matrix inversions, the singularities of Hankel functions in the
numerator of the matrices R® and T that occur when kj, =0 or k, = £k;

also insert poles in the characteristic equation. The points at which k, = £k;
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will be called here as critical points because the ramifications of Hankel
functions emanating from these points can lead to further issues. However,
multicylindrical bounded medium are absence of branch-points singularities at
k, = +k; [112]. Despite the equation (3-91) be free from branch-points, it may
have poles (or zeros) at these critical points. Thus, to facilitate obtaining f,,

we can define

fp(kZ) = fi(kZ)fbp<kZ)> (3’94)
where f; is a function that removes the poles due matrix inversion and f,
remove the poles due to the critical points.

Noting the denominators of (3-63) and (3-64), it is appropriate to define

ng = |:(I_ — N()) .qu(k?lpr(]) — M()Hzn(klpro)} y (3—95)
DNa = [(I_+ NN—H) j(jm(kNprN) -+ MN—&—ljzn(kNpTN)} . (3—96)
The following specializations apply to perfect electric or perfect magnetic walls:
Dy, = (ko) for a PEC wall at p = o, (3-97)
0 H' (k:h 0)
= Jn(k
Dno = (Rpr) for a PEC wall at p = ry, (3-98)
0 J/ ]C}](;pTN)
- H/ ke
D, = [ (O ] for a PMC wall at p = 7, (3-99)
J/ ke
Dy, = a(korn) for a PMC wall at p = ry. (3-100)

It should be noted that we have RE =0 an d Dy, = I: if there is no hard wall
placed at p = ry.
Using the above definitions, after some manipulations, we can show that

the zeros of

filk.) = det (D) det (DOb)NH det (D) det (T - RY), \RY). )] @0n

7=1
are poles of f(k,).

In order to determine fy,(k.), we must evaluate f(k.)fi(k.) for k;, — 0.

We can verify that N
Jop(k:) = H(k]? - ku)m(j)v (3-102)
j=1
where the multiplicity m(j) of the critical point k, = %k, is given by
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3 1 0
5 — 0N [+5On_?m]

5 5 T 0Ty
1 0
o [2 + 4 Son(1 — 51,N)} + “(2> if =1,
m(j) = N
3, ulN) if j=Nand N >1,
S
0, itj= N +1,
2 otherwise.

Y

(3-103)
In the above, the Kronecker delta ¢;; is equal to 1 if 7 = 7 and is equal to 0

otherwise. The presence of a hard wall placed at p = r is indicated by rq > 0.
In contrast, ry = 0 means that there is no truncation in the inner radial domain.
The function u(j) is an indicator for finite and non-zero impedance boundary

condition truncating the layer j such as

U(O) = (]_ — 6077,0)(1 — 5oo,|Z0|)(1 — 50720), and (3—104)

u(N) = (1= doo 25 ) (1 = do,2y)- (3-105)
For a PEC or PMC we have, of course, u(j) = 0.
By combining (3-91), (3-101) and (3-102), we can write a pole free

characteristic equation as

Fop (k) = det <I: RO ROy 1) (k2 = k2)"™) det ( Doy det (D)

N— -
H (k2 = k)"0 det (D) det (T~ B, R )| (3-106)
Introducing _
= | Dj., ifj=N,
Dj=1 _ (3-107)
Djb; lf] < N,

and assuming that }:‘2(()’7) )_1 = 0, we can derive a compact shape for f,(k,) as

N+1 |:

Fo(k Hdet _ 202D, (I RY), R )} (3-108)

—1,5"Y%9—-1,7—-2

or, alternatively:

N+1

f pf = det H

k2D, (1= RY, RO NI ENCET)

Notice that we do not need to proper define ky,; because m(N + 1) = 0.
Now that we have a pole-free characteristic equation, we can determine

the number of eigensolutions that lie inside a given contour C' by mean of
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0

_ L l oy (k2)
21 Jo fpf(k2>

According to our experience, an efficient numerical algorithm can be con-

]dkz. (3-110)

structed calculating Ny just one time, avoiding the time-consuming bisection
sub-partitioning early reported. We can proper define a region of search in
complex plane k. that lead to field solutions with attenuation less than a desi-
red attenuation at a given axial distance. In this way, it is quite prudent assess

the asymptotic behavior of f,; before define C'.

3.3.34
Eigensolution Approximations and Zero Finding

The complex coordinate stretching described in (3-53) maps the outer-
most radius into the complex-valued quantity 7y. A typical well-posed and
highly absorbing PML has abs(7y) > ry_;. This condition allow us to es-
tablish an approximation for the axial wavenumber corresponding to modal
fields concentrated inside the PML as

- 12
p
kS ~ £, k% — — , 3-111
N oy (Fy —rnv-1) | ( )
- pﬂ- _2

Kl o~ 4k — ~ : 3-112

N Lok (Fy —rvet) | ( )

for p = 1,2,3,.... In the above, the square root sign is chosen so that

Sm(ke") > 0. The above estimates for k¢ and k" correspond to asympto-
tic approximations for large k. and kj;, for quasi-TM and quasi-TE fields,
respectively, and are independent of the azimuthal index. By using the above
approximate eigenvalues, we can accelerate finding the location of most eigen-
values; however, for typical LWD applications, the arguments of the cylindrical
functions k;,r;, 7 = 1,..., N —1, are small and asymptotic approximations are
inappropriate to find the eigenvalues corresponding to modal fields concentra-
ted outside the PML layer. These remaining eigenvalues can be found using

random-generated guesses for the Muller’s method [91, p. 466].

3.3.35
Region of Search

Usually, the region of search for forward traveling waves is defined to
cover the first quadrant of the complex k,(= k. + ¢k”) plane [78,103], i.e.,
k. k” > 0 as shown in Fig. 3.3(a). However, cylindrically layered waveguides

can support solutions with k. < 0. These so-called backward-waves can appears

in closed inhomogeneous waveguides [81,82], [42, pp. 684—685]. Thus, a region
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of search covering Sm(k,) > 0 is adopted. The bounding contour C* is defined
as shown in Fig. 3.3(b), consisting of sub-paths C}, i = 1,...,4. The value
k.. leading to field solutions with attenuation less than A,p (in decibels) at

zZ,max

an axial distance Az is given by

log(10) Aap
Y oz = — - 3-113
zZ,mazx 20 Az ( )
The value of k7 . can be estimated based on the maximum expected variation

of the axial wavenumber k,.

Typically, the critical points k;,, j = 1,2,3,..., lead to the large value
that Re(k.) can assumes. Thus, a conservative estimation for k., .. is the
largest value of the real part of the wavenumber ;. If the critical point associate
with k. = k; presents an imaginary part larger than k7 ., the contribution of

eigensolutions to the fields is negligible, and this critical point is not relevant

Consequently, we can define &’ by means of

zZ,max

to determine &’

& max [Re(kjrer)] s (3-114)

where k¢ is a relevant wavenumber of the layer j whose Im(k;) < k7, ...
As mentioned in [50], it is desirable to include a multiplicative factor £ to
avoid numerical issues for modal solutions near critical points where k., = k;.
Numerical simulation and experimental verifications show that & = 1.1 gives
good results.

To our experience, the expression in (3-114) is not adequate to proper
estimate k., ., when the waveguide outermost layer is bounded by a PML. A

more accurate estimative can be derived by the intersection of k" (in (3-111)
and (3-112)) with the line ik’ ie.,

zZ,max)

Re(k2") 1

Re(koh) = : 3-115
( z ) %m(k‘?h) z,max ( )
A L AL
z C’g C; z
k;/,m(w: C’4\/ N 02 CIV kg,maac /\C;
l S » L > l » L
Ci l Cy l
<_k,/z,max_>: k_k,/z,ma:r e k,/z,maz_*
(a) Slow convergence (b) Fast convergence (avoiding C7)

Figure 3.3: Integration paths on the complex plane k,.
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The complex stretching of the PML in (3-53) will modify the spectral
distribution of the eigensolution as estimated in (3-111) and (3-112): the
eigenvalues will be deflected towards the real axis according the values of af\}h,
7y and ry.

For LWD applications wherein the anisotropic parameters o&h have small
imaginary parts, the quasi-static approximation for the high order modes
results in

Re(koh) = —PML g | (3-116)
z - z,mazx

Now, we can combine the above with (3-114) in order to properly determine

k! using

zZ,max

appML "
z,max

k/ =max 1.1 X %e(kj,relL

zZ,max

(3-117)

'N —TN-1

If the contour passes very close to roots, a slow-down in the convergence
of the numerical line integral in (3-110) results. In particular, the integral
over Cf has poor convergence if wo < 1 or wo > 1 [108,110]. Based on
the symmetric behavior of the characteristic (3-108), f,r(—k.) = fyr(k.), and
using the results from [60], we can show that the sub-contour C} does not
contribute to the winding number integral, and we can thus express the total

number of eigensolutions to be found inside the region in C* as

NO:Z;T{/C; ] dkz—k/cg ] dkz+/oz ] dkz}, (3-118)

where [-] refers to the expression within brackets in (3-110).

3.3.3.6
Deflation

The winding number determined by (3-110) takes into account the
number of roots of a function including its multiplicity, e.g., function f(vy) = ~?
has two roots at the origin. Although degenerated modes are not expected in
radially-stratified cylindrical structures, the location of complex eigenvalues
may be very close to each other, causing convergence issues. To prevent this
problem, once one of the roots is determined, we can remove it by performing
deflation. In this way, we eliminate the eigenvalues already found and perform
a new zero-search on the updated characteristic equation given by

Nin Nout 1

Fupa(h) = Fop () TL (K2 =20) " 1T (B2 = 20u) (3-119)

j=1 J=1
In the above, we consider two sets of already known solutions: a set of N;,, zeros
inside C* and given by 7, in, and a set of Ny, zeros outside C* and defined as

Vj.out-The square function allow us to deflate the eigensolution associated to
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the mirror mode, in which k? < 0. It is important to note that an initial guess
inside C* can sometimes lead to a root outside C*. Even though eigensolutions
external to C* are not of interest, we should properly deflated our updated
characteristic equation using 7; ..+ in order to avoid convergence problems for
roots near the boundaries of C*. We update (3-119) for each new solution
found until the number of roots found in C* is equal to Ny. This allows
the determining the location of roots very close to each other and also solves

problems involving high-order roots.

3.34
Modal Eigenfield Amplitudes

A common procedure for finding modal amplitudes is to match the source
jump [113, p. 62] condition using (3-40) and (3-41) for propagation in forward
and backward radial directions [6,8,14,47-49]. If the source is placed at layer

7, we can find the amplitudes of adjacent layers using

C_Lj+1 = Sj7j+1C_Lj, and bj—l = S’j7j—1l_)j> (3—120)

where g'j,jil is defined in [15, Ch. 3] as

= = = = -1
Sj,j:tl = <I - §'l:)|:)1,jR§l:)|:)l,j:|:2> Tj(g):l:l (3_121)

This method appear restrict to model sources with discrete radial thickness,
such point sources. The modeling of more complex excitation geometries is not
a straightforward task.

As an alternative, we can employ the Lorentz reciprocity theorem to
expand the source in terms of the modal fields propagating to azial direction.
This choice allow us to handle arbitrary sources and culminates in a series of
simplification which will be shown in Section 3.5. For this purpose, we can
define

My = (I - RE@?N+1R§G?N_1) - (3-122)
From (3-47), the solutions to the homogeneous linear system Myby = 0

correspond to the null space of My, i.e., by = null(My).

Noting that ]\:4]\7 is a 2 X 2 matrix, we can write

My = { (3-123)

mi m12]

Mo M2

For abs(my1) > abs(mas) we find

mi1

by = null(My) = ¢ {_m”] , (3-124)
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and for abs(mag) > abs(my;) we find

by = null(]\i/N) =c [ 2 ] : (3-125)

—ma

where c is an arbitrary constant®. Finally, the fields in all layers can be derived
using (3-120) and (3-41).

3.35
Mirror Modes and Fields Symmetry

If the fields associated with (k., Es, E,, H,, H,) are a solution for (3-30),
the mirror mode [42, p. 861 (—k.,E,,—F,, —H,, H,) is also a solution of

Maxwell’s equations. In this manner, we can decompose the (np)th modal
fields as

% i ik n
E;IL:p — (e:I: + Ze:l: )eznqﬁ:tz np?

s,np zZ,mnp
= (el + zef,, ) =m and (3-126)

Hr’:il:p — (h:t + 2hi )ein¢>:i:ikz,npz

S,np zZ,np
= (+hf, + 2hf, )enoFiheme?, (3-127)

In the above, eX, h¥, ef and hT are the non-harmonic portion of the fields
propagating to £z.

By employing (3-126) and (3-127) we can find the backward propagating
fields just by changing the sign of k. ,,, and correcting the axial and transversal
fields as indicated. The sign of the square root of &, ,, in (3-25) must remains
the same.

We could further simplify our analysis using a series of symmetric
relations derived from (3-37), (3-36) and (3-26), as follows. First, we pick
the radial and axial wavenumbers to be symmetric over n: k, ., = k,np
ksnp = Kznp-

In relation to z-axis (or k,,,) , we can write:

Comp = Epmp By = =1 (3-128a)
Comp = Conp Py = —Nmp (3-128b)
ez,np - _6z,np hz,np = hfzynp (3—128C)

5Note that if by is a solution, any constant multiplied by by is also a solution. As we
expand the source in terms of the modal fields, the appropriated amplitude of each mode is
selected, and this arbitrary constant is removed, as will be clear in (3-228).
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In relation to ¢-axis (or n, for n > 1), we can write:

Cpmp = —(—=1)" € hi = (1", (3-129a)
Comp = (—1)"€ 0y hy oy =—(=1)"hJ,, (3-129b)
el np=—(=1)"el,, i, = (=1)"h,, (3-129¢)

Combining both (3-128) and (3-129), we can derive the fields symmetry

in relation to ¢z-plane (or nk,,,, for n > 1):

e;—np = _<_1)n€;np h’;,—np = _(_1)nh;np (3-130&)
€onp = (—1)"€ 0y hy np = (=1)"h} ., (3-130Db)
ey = (=)€L, oy = (=10, (3-130c)

The symmetric field relations above are useful to derive our solution as
will show in next sections. We anticipate that only the forward propagation
fields associated with positive azimuthal index n need to be calculated such

that the remaining term shall be a linear combination of the first ones.

3.4
Fields Along Axial Stratifications

3.4.1
Axial Mode-Matching

Consider the waveguide discontinuity problem illustrated in Fig. 3.4. Two
semi-infinity-long guides are connected at z = z; by the common aperture over
Sa. In our analysis the cross-sections of the guides 1 and 2 (in regions 1 and
2) are denoted by S; and S, respectively. We assume that the S; = S, and
Sy = S, + Sw, as shown in Fig. 3.4. Notice we have assumed that region 2

is larger than region 1 and also S; € S;. The fields transversal to z can be

written as
E,= > Z(a;fnpe“kz’”f’z +aj_’npe_zkz’"”z)ejs,np(p)emd’, and (3-131)
n=—oo p=1
© 0 . . .
Hyo= Y0 D (afe™™ = aj, e o hy, oy ()™, (3-132)
n'=—oc0p/=1
where j = 1 or 2. The fields above consider proper boundary conditions

bounding the domain of regions 1 and 2, and that there no fields outside the
cross-sections Sy and S. The wall Sy, is characterized by the surface impedance
Zow-
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Region 1 | Region 2 Cross-section at 2 = 23

Sw

Figure 3.4: Junction between two semi-infinitely-long waveguides.

The continuity of the transversal fields at the junction (z = z;) must
satisfy [114]

~ Z X Eq,, inside S,
2 x Egy = o o (3-133)
ZowZ X (2 X Hag), inside S,
2 x Hy, = 2 x Hy, inside S,,. (3-134)

In order to simplify the notation, we will rewrite the double sum in our

transversal fields in (3-131) and (3-131) through a single sum as

Ejs =Y (A, + A5 Ejsm, (3-135)
Hj, = (AT, — A5 OHjg (3-136)

+
7,m
at z = 21, and the mth transversal field is G = Gjsm(p, ¢), G = E or H.

Considering M modes in the region 1 and N modes in the region 2, from

where A7, = aj,, exp(+ik. ,21) are the forward/backward modal amplitudes

the continuity of the transversal electric fields at the junction we can obtain

N M

Z(A;Ln + A5,)2 X Eggpy = Z (Afm + A7 )2 X By, inside S,,  (3-137)
n=1 m=1
N N
Z(A;n + A;n)é X Eosn = —Zay Z(A;n — Ain)H%,m inside S,,, (3-138)
n=1 n=1

where we have used the vectorial identity Ho, = —2 X (£ x Hay).

Taking the dot product with Hog v (0’ = 1,2, ..., N) in equations (3-137)

and (3-138) and integrating over the cross-section Sy, we can obtain a set of
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N equations given by

N
Z(A;rm + A;,n) // (E2s,n X H2s7n’) -z dS =
So

n=1
M
> (AT, + AL // (E1sm X Hog ) - 2dS
m=1 S1
N
- Zgw Z<A3_,TL - A2_,n) // (H2S,7’L : H2s,n’) dS, for TL/ = 1, 2, ceey N, (3—139)
n=1 Sw

where we have employed the vector identity (2 x E) - H = (E x H) - 2. The

above set of equations can be written in a matrix form as
Q2(A7 + A7) = Xio(Af + A7) + Ly(A7 — A7), (3-140)

where the entries of the matrices )? 12, 6:22 and 1:12 are given by

X12|n,m = le,2n; (3—141)
C_22|n,m = X2m,2na (3—142)
Lolum = Lomon: (3-143)

The reaction [41,115] of mth mode in region i to the nth mode in region

j is defined by the integral
N = (Baos Hyo) = //S (Buiom x Hy,) - 2 pdp o, (3-144)
and Ljp, jn is such as Z
Linin = ~Zou || (B Hij0) pdp o (3-145)

Similarly, following the above steps for the continuity of the magnetic

field at z = z1, we can write

N M
Z(A;,n — Ain)é X Hag = Z (Aim — Aim)é X Hyg m, inside S,. (3-146)
n=1 m=1

Taking the dot product with E,,, (m’ = 1,2,..., M) in equations (3-146)
and integrating over the cross-section S, we can obtain a set of M equations

given by
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which can be written in a matrix form as
Xio(AF — A7) = Qu(A] — A7), (3-148)

where 6:21 is given by -
Ql‘n,m = le,ln' (3—149)
Combining (3-140) and (3-148), we can relate the forward and backward

modal amplitudes at the junction z = z; as

il By T$) [4 50
i+ A2 B | | 4
AQ Tl RQI AQ

where scattering sub-matrices are given by

=) _ [~ = A = St (A AN

Riy = [Q + Xy (@2 — L) Xu} [Ql X1, (Q2 — La) XIQ], (3-151)

Ty =2 {1 + Xiy (@2 = Lo) leg]l Xt [I+ (@ —Lz)_ng], (3-152)

75 =2(Q. - Ly +)?12é;1)?{2)_1):(12, and (3-153)

RS = (Q2— Lo+ )?126:2;1):({2)_1 (@2 + Lo — X12Q7'X1). (3-154)
3.4.1.1

Reaction Integrals

The modal fields in the above formulation where expressed as a single
index mode as in (3-135) and (3-136). Now, it is convenient to recover the
double index summation as in (3-131) and (3-132). Then, the reaction of the
(np)th modal fields in region i to the (n'p")th modal fields in region j can be

defined as
Xiup)sotrt) = // (Bisnp X Hyy) - 2 pdp do, (3-155)
S;

or
Xitnp).j(n'p) = //S (€35 (P) X N (p)] - 2" pdp dep. (3-156)

Taking into account the azimuthal orthogonality of the fields, and using

the relations in (3-129), the above becomes

Xt = 8ot [[ [eaonl) X By (]2 pdpidg (3157

= _5717—71’277(_1)”/ (Sn€ipmphijgny + €i¢,nphjp,np’) pdp, (3-158)
Pi

where s, = 1 — 2Jy,, and the Kronecker delta is such as d,,,, = 1 for n = n’,
and is zero otherwise. Notice that our initial surface integral reduces to a line

integral along the radial domain of region 7. Note that in the above definition
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all the fields propagate to the positive z-direction, and the superscript + of
the non-harmonic portion of the fields and its radial dependence have been
omitted to simplify the notation.

For the special case in which ¢ = j, we can take into account the
orthogonality of cylindrical function [116, p. 485] and express the self-reaction

of the mode np to mode n'p’ as

Xjnp)j(n'p') = _5n,—n/5p,p’277(_1)n/ (SneipnpPiomp + igmpljpnp) P dp-
P
(3-159)

From the above, it is clear that Qj is a diagonal matrix, and we can properly

define the self-reaction associated with the mode np as

Q] np — np) j(—np) (3—160)

= _277(_1)”/ (Sn€jpmpljonp + €jonpPipnp) P dp- (3-161)
Pj

A consequence of the azimuthal orthogonality of the fields is that we can
solve the GSM matrix for each azimuthal index individuality.

From (3-36) and (3-37), the transversal fields of the regions 1 and 2 can

be written as

1
ey = = (zklz&lklppB'e — nwpBM), (3-162a)
1
has = 1 p(zw€2$a2k2ppB 2 nky, B"?), (3-162b)
2p
1
€1 = kg (— nkleBe — W s klppB;th), (3-162c¢)
hs, = 2, (nCUEQSB + ik, 0l ko,pBI?), (3-162d)

where we drop the modal 1ndex np to shorten notation. In above, B&" are

combinations of cylinder functions, which represent the axial fields such as

B;? = Byl (a’kj,p) = ej.(p), and (3-163)
Bl = Bl (a"kjop) = hya(p). (3-164)

As said before, the prime (') in the cylinder functions means the derivative in
respect to the argument.
Substituting the fields in (3-162) into (3-158), we can write the reaction

integral

Xi(np)2(—np) = _277(_1)”/ (Sn€1pnphognp + €16nph2pnp) P dp (3-165)

P1
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using a shorthand notation:

1
X, :—zw(—w/ 1
v o K k3,07

X { — weagky, (snafklppB;flagk%pB;fQ + nQBf;lef)
+ wpisks. (Oz?klppB;hla’;kgppB;m + n2Bng22>
— iky2ka.n (aSk,p By BI? + Byl okka,pBy”?)
— W s€95n (BglagkgppB;fQ + o/fklppB:lhlBgQ) } pdp, (3-166)
where the modal subscript np and —np’ was properly dropped.

We can simplify (3-166) using the following relations involving the
product of cylinder functions C,(z) and D, (y):

wCl,(@)y D) (y) + n°Cal)Da(y) = 5 (Ot (2) Dams(y) + ot (€) Do (9]
(3-167)
2, (2) Dy + Cp(x)y D, (y) = % [Cre1(2) D1 (y) — Crpr(2) Dy (y)] -

(3-168)

Using the relations above in (3-166), after a few simplifications we can

obtain

(=1)"m
Fiokay
ik knaSal e (B BM?) — iwleppsabal £ (B, B;f)}, (3-169)

Xip = — { — spwerskatabet (B, B2) +wpskp.atal £ (B B?)

which is valid for n > 0. The coupling integrals £5(C,,, D,,) are defined by
Si(Cnv Dn) = fgn—l(Cn—la Dn—l) + 'Sn—‘rl (Cn—i-la Dn+1)7 (3'170)

where the Lommel integral is given by
Pmazx
£(By,: Br,) :/ By, (ark,p) By, (azkaop) pdp, (3-171)
Pmin
which is a well-know analytical integral [116, p. 484]. It is interesting to note

that reaction X o in (3-169) can be broken down into four contribution parts:

Xip = X754+ X1+ X% + XT5, (3-172)
which allow us to make a clear distinction of the coupling between the fields

arising from E, and H.,.
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Case ajky, # asks,, we know that [116, p. 484]

Pmax
p
/ B}n(alklpp)B,i(O@pr)Pdﬂ = {<a1k1 )2 — (argks,)?
P P

Pmax
x (a1kip Bl B2 — sk, B), By ) } . (3-173)

m*~—m+1

Pmin

Pmin

Thus, we can obtain

+/pl 2y _ p 1 2 1 2
’gm(Bm’ Bm) - {(Oélklp)Q _ <a2k2p)2 {alklmeBm—l - OQkQPBm—le

Pmazx
+ {alklpB;HBng - a2k2pB;1+1Bg¢+2} }} , (3-174)

Pmin

that can be simplified to

2n
£E(BE, B2 = l:p ————B'B?
( ) alkp1a2kp2
(1£1)p 1 p2 1 2 pres
ki,B.B:_ |, — asks,B-_ B . (3-175
(a1k1p)? — (cakgp)? (al o nTne T R P n> Pmin ( )

Case a1 k1, ~ agks,, the above expression for £ becomes nearly singular,
and further specializations are needed to improve the numerical computations.
The application of L'Hospital’s rule into (3-173), for aiki, — aoks,, leads
to [117, p. 134]

Pmazx 2
/ By, (ankyp) By (aikip) pdp = {'1 2B}, a1k p) Br, (k1)

Pmin
Pmazx
— B,y (aiki,p) By (aikip) — B%wl(alklpp)Bfn1(041]{71/)10)}} , (3-176)
Pmin
which allow us to derive
p2
Sf(Bib, Bg) = {4 {237}0—13721—1 + QBrlH-lBTZL-H
Pmazx
- B (Bt B - B (Bt BL) ] )L
Pmin

which in turn can be used to further simplify £ as
2n
(a1kip)?

Notice that the above is valid for a1k, — a9k, and it is precisely the same

Pmazx

v (3-178)

£, (B, By) = 1V’ B,B;]

result as that of the non-singular parcel of the equation (3-175).
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Another useful special case, that can simplify the self-reaction integrals,
comes up when B! = BZ and aiki, = asks,. In this case, we can simplify
(3-176) show that [117, p. 135]

pras ey 2 P’ 1 2 1 1 pmes
/ {Bm(alklﬂp)} pdp = 5 { [Bm(alklpp)} - Bm—le—i-l} )

Pmin Pmin
(3-179)
and then
2 Pmaz
e, B = { (8007 % (8L - (BB 4 B |
" (3-180)
As in the previous simplifications, we can further reduce £ to
Qn 271 Pmax
s = (B (3-181)
(Oélklp)2 ( ) Pmin

which is a special result of (3-178).

3.4.1.2
Multiple Radial Layers

Consider the waveguide junction illustrated in Fig. 3.5. We can write set

of radius that define the layers in regions 1 and 2 as

= {Tl,()? 11,7125+ - 7T1,N1}) and (3‘182)

To = {720, 721,72,25 - - - s T2, Ny }+ (3-183)
respectively, and also the set of radius in region 2 that intercept the coupling

aperture S, as

T2 = {72,441, T2,d+2, T2,d+3 - - - » T2, Ng—u—1} - (3-184)

Consider now the set r,, defined by the union of the sets r; and r15, and sorted

in ascending order, i.e.,
rq = sort(ry Urya). (3-185)

The reaction integral between two generic radially-stratified waveguides in

regions 1 and 2 can be written as

Xi(np) 2(—np) = —2m(=1)"
dim(rq) Ta,j+1

x Z [sn€1p.mp(P) P29y (P) + €16,0p(P) h2pp (P)] pdp,  (3-186)
=0

Ta,j

and the self-reaction of the region 7 = 1,2 can be written as
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Figure 3.5: Longitudinal view of the junction between two semi-infinitely-long
and radially-stratified waveguides.

dim(rs)  prs i1
Qipp = —2m(—1)" Z [$nCip.np(P)ignp(P) + €ignp(P) Ripnp(p)] p dp.

o (3-187)
Notice the above solutions are expresses as a sum of coupling integrals
over cross-section segments associated with constant constitutive parameters.
Accordingly, all these integrals can be solved analytically using (3-169) by
select the proper values of the constitutive parameters, wave numbers, etc.,
based on the radial position p.

The axial mode-matching described above allow us to model the junctions
between waveguides with an arbitrary number of radial layers in each region.
Also, the radial position of the layers can be independent defined in each wa-
veguide. In contrast others formulations, the radial mode-matching approach
presented in [6, 8,27, 46] requires the number of layer and its radial positions

shall be equal for all axial regions.

34.13
PML Implications for Mode-Matching

In Section 3.3.2 we verify that the analytical continuation of the radial
variable into the complex plane does not change the well-known solutions for
a radially-stratified waveguide. By the same reasons, we can assert that the

PML’s stretching profile is completely irrelevant in our axial mode-matching
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formulation. Under the mapping p — p, we can use all above closed-form
coupling integrals, just allowing the outermost radius to assume a complex
value, i.e., 7y — 7x. In this way, we just need to replace the integration end-
point into the analytical integrals.

If we want to calculate these integrals numerically, it is more appropriated

to employ a parametrization into a complex-valued path L such as
f(p)dp = / f(6(p)) s,(p) dp, (3-188)
L(p) 70

where s,(p) = dp/dp. Then, the line integral of the complex-valued function f

along the path L can be written as

[@s@ran= [ Relf60) o) do+i [ Sml£5(6)s,(0)] dp
v h (3-189)

The above form is suitable to be solved by means of the most common
algorithms for numerical integration, i.e., integration of real-valued functions

over the real line®.

3.4.2
Fields at an Observation Point

By using the GSM in (3-150) we can find the scattering matrices between
each pair of waveguide junction. In a waveguide composed by N axial layers,
we can use the above formulation to derive the local GSMs for all the
waveguide junctions. In Appendix B, we show how to proper transfer the
modal amplitudes generated by a source placed at z = zp, in region m, to
an observation point at z = zg, in region n (see Fig. 3.6), by means of the
equations (B-51) and (B-52). The field components at an arbitrary observation

point (p, ¢, z = zg) can then be expressed as

s(ps @, 2R) Z Z Rnp + Agmp)esmp(p)em‘ﬁ, (3-190)
.(p, @, 2R) Z Z (Afinp = ARmp)€znp(p)e™, (3-191)
p’ Qb ZR Z Z AR np R np)hsvnp(p)em(ba (3_192)
2(p, b, 2R) Z Z Ty + Afnp) Pz (p)€™. (3-193)

More details are presented in Appendlx B.

6We have employed the form shown in (3-189) in our numerical algorithm to verify the
correct implementation of the analytical integrals derived in Section 3.4.1.1.
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Figure 3.6: Geometry of a stratified cylindrical structure. The cross-section of
each region is formed by an arbitrary number of layers. A transmitting TCA
is placed at z = zp, in region m, and the desired receiver antenna is located
at z = zp, 1n region n.

3.5
Mode Excitation from Sources Inside a Cylindrical Waveguide

We now consider the excitation of the waveguide modes by a generic
source, located between two planes at z = 2’% = zp=+0 as shown in Fig. 3.7. This
source generates the fields ET™ and HT traveling in the positive z-direction, and
the fields E~ and H™ traveling to the opposite direction. The electromagnetic
fields generated by this source can be expressed in terms of the waveguide
modes as

Z ZA xnp(p) + 2e5,,(p)|e= om0 Tind fand - (3-194)

n=—o00 p=1

Z ZAi hi Ahi ( )] izkzynp(zsz)Jrind), (3_195)

s np z,np
n=-—o0 p=1

or, in the view of the symmetry relation in (3-128):

Z Z Anp €snp(p) 2ez7np(p)]eiikzv"P(z_zT)+i”¢, and (3-196)

n=—o0 p=1

Z ZA* [Ehy 1 (p) + 2hap(p)]eRempzm2r) Fine (3-197)

n=-—o0 p=1
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» N

Figure 3.7: Sources in an axially-infinitely-long and radially-stratified waveg-
uide.

for z = 2.

We can determine the unknown amplitude Aﬁp by using the Lorentz
reciprocity theorem. Considering the two sets of sources J;, M; and Jo, My,
which generate the fields E;, H; and E;, H;, respectively, in the volume V
enclosed by the closed surface S, we can derive [118, p. 41]

/V'(ElXHQ—EQXHl)d’U:/(EQ'Jl—El'J2+H1'M2—H2'M1)dU,
14 |4

(3-198)
and applying the divergence theorem, we can obtain

%(El xHy—EyxH;)-ds = / (Eg-J1—E;-Jo+H;-My—Hy-M;)dv, (3-199)
S v
where ds is an outward pointing vector, normal to the boundary S.

For a radially bounded waveguide terminated by a perfectly conductive
wall (electric or magnetic), the portion of the surface integral over the waveg-
uide walls vanishes because the tangential fields is zero there; i.e. Ex H- 2 =
H-ZxE)=0foraPECor ExH-2=E-(H x 2) =0 for a PMC on the
walls. This reduces the integration to be just over the guide cross-section Si

at the planes z = z%, ie.,

/ (E1XH2—E2XH1>'dS:/(EQ'Jl—El’J2+H1‘M2—H2'M1)dU, (3-200)
Sy v

Since the modes are orthogonal over the guide cross-section, we can derive

a further simplification:

Ot e + o
/SEanHn'p"ZdS = /SEnpr;F,p,-zds =0, for n # —n' and p # p’. (3-201)
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Under theses conditions, we can find Ajp selecting E; and H; as the fields
radiated by the sources. In other words, E; = E* and H; = H*, depending
on whether z = zF. Also, let Ey and H, be the (—n,p)th waveguide mode
traveling in the negative z-direction:

E, = E- (3-202)

—np?

H,—H_,, (3-203)

Substituting the above into (3-200) and using J; = J, M; = M, and
Jo = My = 0, we can obtain
A /+(E:{p xH-, —EZ,, xH)-2ds

np
0
— A / (B, xHZ,, —E_ xH_ ) 2ds =

0

/ (EZ,,-J—HZ, -M)dv, (3-204)

where we have used the orthogonality relations in (3-201). We should observed
that ds associated to the fields at z = 2z, point to the negative z-direction,
justifying the negative sign in the second integral on LHS of the above equation.
For n = 0, we can verify that the second surface integral in (3-204)
vanish. For n # 0, we can obtain
/ (E,xH-,  —E_, xH_ ) 2ds=
So
//[ef’:nph@—np = Conp’lp,—np (e;fnph;,np ~ €4 —np f:npﬂei%kz’npz; pddp.
(3-205)

Using the field relations in (3-128) and (3-130), we can easily verify that the
above integral vanish. Then, for any n, we can simplify (3-204) in order to get

+
A, as

S+

+ _ “np
Anp = N—%, (3-206)
where . . N
N} = /S (E,, xH-,, —E_, xH, ) 2ds, (3-207)
0
S:p — /V(E:np -J - H:np -M)dv. (3-208)

For n = 0, we can obtain

N, = —4m / (€p.00h0,00 — €p,0pT0p,0p) PP, (3-209)
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Sop = / {(ep,opﬁ + ‘C3<Z>,0p(25 —ez0p2) - I+ (hpopp + h¢70p(lg — hzop?) - M}
|4

x e h=002y. (3-210)

In order to simplify the notation, the superscript 4+ as omitted in the trans-
versal fields; i.e., ganp = gotnp, where g = e or h and a = p or ¢.

For n # 0, we can obtain

Nr—z; = 4m(—-1)" /(epmphqﬁ,np + €p.nphpnp) PP, (3-211)

S;p = (_1)n/v [(_ep,npﬁ + €¢7npqg +eomp?) -

— (=P mpd + Depmp® + Tz p?) - M| e~ hemr gy (3-212)

By repeating the above procedure with E; = Efnp and Hy, = HY  we

—np?

can find an expression similar to (3-204) given by

A7, / (B}, xHY,, B, < HY) s
0

— A / (E,, xHf, —Ef xH, ) 2ds =
0
—np —np

/ (B .J—H' -M)dv. (3213)

For n = 0, we clear see that the first surface integral in (3-213) vanish. Using
the field relations in (3-129), we can easily verify that the above integral vanish

for n # 0. Then, for any n, we can simplify (3-213) in order to get A, as
_ S

A;p - F7 (3—214)
np
where
0
Snp = /V (Ef,, - J—HT  -M)dv. (3-216)
For n = 0, we can obtain
Nop = —4n / (€p.0ph0,00 — €6,00T0p,0p) PP, (3-217)

Sop = / {(ep,ozvﬁ + €¢>,0p<lg +ezop2) I = (hpoph + h¢>,0p$ + heopf) - M]
1%

x eF=orZdy. (3-218)
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For n # 0, we can obtain

Nop = dm(—1)" /(epmphqﬁ,np + €p.nphpnp) PP, (3-219)

Sr:p = (_1>n/v [(_ep,npﬁ + €¢,np(/3 — €mp) - J
— (+hpiph — hgip® + hzmp?) - M| e™ 0 etRzmn2dyy - (3-220)
Then, for n = 0 we can write
SS; = /V {(emopﬁ + €¢,op§g F esp2) - I — (Fhpopd F h(b,OpﬁE + hzop2) - M}
x eFh=ozqy  (3-221)
or
Sa; = /V {(ep,opﬁ + €<Z>,0p(25 Fezpf) - J £ (hpoppd + h<z>,0p¢AS F hzo0p?) - M}
x eFTih=o02y  (3-222)
Then, for n # 0 we can write
Sfp - (_1>n/ [(_ep,npﬁ + €¢,np$ +esnpt) - J
v
— (Fhpnpp £ hesnp®d + honp?) - M| e " PeFhmrz gy (3-223
(Fhpnpp ¢.np p )
or
S’I:ltp = (_1>n/ [(_ep,npﬁ + 6<¢>,np§g + ez,npé) -J
v

T (—RpmpP + homp® £ P pp?) - M| e™M0eFiRzmzqyy  (3-224)

Note that N, = N} for all n. Furthermore, using the symmetry relations in
(3-129), we can also verify that N¥, = N.. For this reason, from this point,
the modal normalization will be denoted merely by N,,,.

Introducing s, = 1 — 20y,, we can obtain expressions for n =
0,£1,£2,... given by

St = (1" [ [(sunnmt + comd £ scenm?) -3
\%4

£ (hpmpd — Suhomp® F hznp?) - M| e M0eTkzmzdy  (3-225)
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Npp = dm(=1)" /(Snep,nphqb,np + e(ﬁ,nphp,np)Pdp (3-226)

— 20, (3-227)

where @), is the self-reaction of the (np)th mode, and can be determined by
using (3-187).
The definition of Aﬂfp is the ratio of Sfp by N,,. Noting that both Sfp

and N, have the common term (—1)", we can redefine Afp so that

. _ S5
Ay =% (3-228)
N,y

where it is clear that Sffp = (—1)"S;,, and Nyp = (=1)"N,,,.

The wavelength typically employed in geophysical sensing is very large
than the wire antenna thickness of the LWD tools. Hence, we can model
the sensor tool antennas as filament-like source densities carrying constant

currents.
3.5.1

Hertzian Electric Dipole

Consider a Hertzian electric dipole source that points at an angle 61 from

the axial z-direction, defined by the current density
J = jrér, (3-229)

where jr = Iplr is the current dipole moment for a current-carrying Iy over

an infinitesimal length Ir, and

Or =0(p— pﬂwd(z — zr)(sin Opp + cos Or2), (3-230)

1 [e.e]

= 2 emMO=01)5(p — pr)d(z — 2p)(sin Opp + cos O73). (3-231)
T =

The modal amplitude due to J is given by (3-228), such we can obtain

1 .
+ n - ikzn
Sop = (—1) JTﬁejF T

% / { S e g6, p(pr) SinOr £ Sp6 0 (pr) COS GT]} e~ g,
(3-232)
Using the orthogonality relation

/ ¢ (6=61) =ind g — 5 9remindT (3-233)

—T
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we obtain

Snp = (= 1)" s jr e 0T ¥R * T [~ (pr) sin O £ e (pr) cOS O]
(3-234)

3.5.2
Hertzian Magnetic Dipole

Consider now a Hertzian magnetic dipole source that points at an angle

Or from the axial z-direction, defined by the current density
M = mT(ST, (3—235)

where mp = I}'lp is the magnetic dipole moment for a magnetic current /7"
over the infinitesimal length Iz, and dr is defined in (3-231). This magnetic
dipole can model a small current loop with radius a7 by means of the principle
of duality [55, p. 100], [15, p. 74], [54, p. 234]. We can verify that a coil with
Nr turns carrying a current Iy radiates the same fields as my = —iwplrraz..

The modal amplitude due to M is given by (3-228), where we can obtain

1 .
= _ n ik npz
Snp == (—].) mT§€¥ peT

-7 '=—00

(3-236)
Using the orthogonality relation (3-233), we obtain

S,jfp = (=1)"myp e~ FihzmpiT [£hynp(pr) sin O — h oy (pr) cos 7] .

(3-237)

3.5.3
Magnetic Coil Antenna Source

Consider the excitation of a magnetic loop placed at z = 27 and defined

by the surface current density
M = mTET, (3—238)
where my = mgpr is the magnetic moment for a coil with radius pr, and

o = 609;;pT>5(2——ZT)$, (3-239)

The modal amplitude due to M is given by (3-228), such we can obtain

S;tp - :t(;o’n 27T mT h(bﬂ'LP(pT) e:Fikz,nPZT . (3_240)
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Note that the fields in a radially stratified waveguide in general are hybrid
modes, but the source defined in (3-238) excites only TM§, modes with

azimuthal dependence n = 0.

3.5.4
Tilted-Coil Antenna Source

Consider a coil antenna source with the coordinates

ro = ppr + Zlzr — prtan 01 cos(¢p — ér)], (3-241)

where pr and zr are the radial and the axial position of the center of the coil,
and ¢r and 07 are the azimuthal and elevation tilt angles [47] as shown in
Fig. 3.8.

The electrical current density of the coil is given by
J=1I70r, (3-242)
where

Or = 0(p — pr)d(z — zr + prtan bz cos (¢ — dr)) (¢ + 2 tan Op sin (¢ — é7)).

(3-243)
The modal amplitude due to J is given by (3-228), where

T

54, = (-1 Irpreor [

—T

anlpr) £ Sue-m(pr) tan O sin (6 — 61)

> e—inqbe:l:ikzynppT tan O cos(¢—¢T)d¢‘ (3_244)

Figure 3.8: Transmitting tilted-coil antenna with current density Jp.
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Here is expedite to define
R = kz,nppT tan QT, (3—245)

and also perform the change of variable ¢ = ¢ — ¢, do/ d¢ = 1, such we can

now write

. . ¢
Srp = (=1) Ipppe™ 0T eFhemezt /

—T—¢r

|:6¢7”P(pT> + Snez,np(pT) tan HT sin gz~5

x e MeEIRTosdqd (3.246)

Noting that the integrand is periodic in terms of ¢ and the integration is over a
period interval (27), we can perform the integration over the symmetric interval
—m to . Thus, unless the multiplicative constants, we need to determine the
following integrals:

I#l :/ e—in¢:|:mTcos<bd¢’ and (3_247)

—T

[#2 — / sin ¢€7in¢imq~ cos¢d¢' (3—248)

The integrand exponential exp(+irr cos @) is an even function in terms
of ¢. Therefore, using the identity exp(—in¢) = cos n¢ —isinng, we can verify
that only the function in terms of cos n¢ contributes for the integration in I4;.

Accordingly, we can write

Ty =2 /O " cos nGe=RT OS¢ (3-249)
Using the identity [116, p. 360]
In(r) = Zﬂn /07r cos nge “? dep, (3-250)
we can find
Iy = 2mi" J, (k7). (3-251)

By an analogous procedure, the integral I4, can write as
Ly = —2i / sin ¢ sin ngerT 5 g, (3-252)
0

Noting that sin ¢sinn¢ = [cos(n — 1)¢ — cos(n + 1)¢], we can find

0 0
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which can be simplified by using (3-250), resulting in

Lyp = —i [mi" " Sy (Feig) — mi™ g ()| (3-254)
= —Z’ﬂ'ln(—l) [Jn_l(:bHT) + Jn+1 (:l:/ﬁ}T)] (3—255)

w2ndy (£kKT)
_ g n(ERT) 3-256
e (3-256)

n

= —2mi" Jn (k7). 3-257
m j:kz,nppT tan GT ( HT) ( )

By combining the previous results we can obtain

Srp = (1) Irpr2mi® Ju (1) | €gnp(pr) — kLez,np(pT) e mOT T,
z,nppT

(3-258)

Note we have used s,n = n. Furthermore, note that anp exp(—ingr) =

S exp(ingr), which allow us to write the sums in terms of the azimuthal
index n in (3-196) and (3-197) as a cosine series of n(¢ — ¢r), for n = 0 to oco.
By combining the previous results we can obtain the modal amplitudes

for the transmitting tilted-coil antenna as

i n S*
Aq =Ar =2 (3-259)
t,np D an

From the equations above, it is clear that the transformation
A (07, 21) = AL (o, z9)e” MOrFswlEr=20) (3-260)

translates the source from z = 2z to z = zr and azimuthally rotate the source

by the angle ¢7. A similar result was obtained in [47].

3.5.5
Received Voltage

The voltage induced on a tilted-coil antenna is given by
Vi =— / (ET+E7) - dgdv, (3-261)
v

where &y is defined similarly to (3-243), but using the subscript substitution
T — R.

Based on the shape of the received fields shown in Section 3.4.2, we can
decouple the forward and the backward contributions for the received voltage

as 0o 00
Vi = Z Z(Vinp + VR—,np)' (3‘262)

n=-—o0 p=1

We can express the forward and backward voltages as a function of the
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+

npy Such as

modal field amplitudes at the receiver position, A

s

:l: . :l: :‘:Z’kzﬂl ZR
VR,np - _Ar,nppRe v /

—Tr

[etb,np(PR) tesnp (PR) tan g sin (fb - ¢R)

% einqﬁe:Fikz,nppRtan@R COS(¢_¢R)d¢. (3-263)

Defining
KRR = kz,nppR tan QR, (3—264)

and also performing the change of variable ¢ = ¢ — ép, do/ dp = 1, we can

write

T—¢R
+ + PR ,Likz npZr
VR,np - _Ar,nppRe e

—T—¢R

|:e¢7np<:0R) + ez,np(pR) tan 9R sin (]3

x eMPeTIRRCSGS  (3-265)
Thus, unless the multiplicative constants, we need to determine the following

integrals: T
[#3 — / ezn¢¥mg~ cos ¢d¢, and (3_266)

—T

Iy = / sin e mFIRT SO gy (3-267)

The procedure to solve the above integrals is analogous to one used in [4; and

I49, and after few manipulations, we can obtain

Ly =2mi" J,(FKR), and (3-268)

Jn(FR)- (3-269)

Ty = 2mi"
# ! :sz,nppRtaneR

By using the above results, we can then write the voltages in (3-265) as

n ingR piks np2r

V}:lenp - _A;%nppRzﬂ-in‘]n(:F’{R) egb,np(pR) - ezv”P(IOR) €

kz,nppR
(3-270)
In general, the transmitting and the receiving antennas are not in the

same axial region. Then, consider that these antennas are at the regions ¢ and
r. After finding the source amplitudes at the region t, we need to transfer
the corresponding modal amplitudes to the observation region r. Accordingly,
we can redefine the modal amplitudes for both transmitting and receiving

antennas at zpr = 0, and at ¢pr = 0 such as

ATy — AL (o) = Af, e ThemaT, (3-271)
A:E’"p — AT:ETLP(ZR> - A;EnpeiikzyanRa (3-272)

and using the following rotating function
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Ru(¢',¢) = @9, (3-273)

we can obtain

n
2 ez,np<pR) Rn(¢Ta Pr).
znpPR
(3-274)
Notice that the axial positions of transmitter and receiver are embedded into

Ai +

R,np-* T,np

to Aj%’np at z = zg are presented in Appendix B.

A special case is of interest: consider that both receiver and transmitter

v}:flfnp = _Aﬁ,nppR27Tin‘]n(:F’€R) ed),np(pR) -

The procedure required to transfer the modal amplitudes A7, at z = zp

antennas are at the same axial region, and there no axial discontinuities. This
case consider just radial stratifications in an axial-uniform waveguide. Then,
for zr > 2r we must calculate the received voltage as Vg = 3, , V}{ npe FOT
zr < zr, the received voltage is Vg =32, , Vi ., Noting that fonp is even in
terms of n, we can obtain

oo o0

Vi = 32 3 eaF(pr, pr) cosn(dg — dr)e e Grmsn), (3-275)

n=0p=1

where €, = 2 — dy,,, and

I n
Fﬁi(pT? pr) = — AT prprJu(R) Ju(kr) [%,np(PR) N kez,np(PR)]
an znpPR
n
X [%,np(PT) - kez,np(pT)] . (3-276)
z,nppT

Note that F. (pr,pr) = F,,(pr,pr), which allow us to concluded that
Vi =Vg.

A further specialization (of special interest for LWD applications) consi-
ders that the radius of the antennas are the same; i.e., pr = pr = po; allowing

us to simplify the F.-(pr, pr) as

I n
Fo(pos po) = — 472 o T (Kr) T (k) | €mp(p0) — k,iez,np(/)o)
an z,npll0
(3-277)

3.5.6
TCA Antenna Along two Axial Regions

If the transmitter TCA traverses two distinct axial regions, we need to
split the coil antenna region in two segments (‘sub-antennas’), as illustrated
in Fig. 3.9. In this case, instead of (3-247) and (3-248), we should use new
integrals over ¢. In Fig. 3.9 we consider a TCA located at zp, between the

regions 1 and 2, and the two resulting sub-antennas are delineated in terms of
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Q‘Sub—antenna 2

Region 2
Region 2 /gi n
- = - = = = - = - P~ 2=z
2=z Region 1 -~
Region 1
> Y
z Y
Sub-antenna 1 Sub-antenna 1
z z
A A
Sub-antenna 2 n Or Sub-antenna 2
Region 2 Region 2
2=z Region 1 2=z | Region 1
[
>y T« -

- Sub-antenna, 1

Sub-antenna 1

Figure 3.9: Orthogonal views of a transmitting tilted-coil antenna crossing the
junction at z = z;. In order to simplify the graphical representation, we use
zT:Oandng:O.

the angle ¢;, given by

6 = arccos (1) 4 o, (3-278)
pr tan Or
Here is expedite to define the integral
d)end .
Li(n, Ginis ends k) = 2/ cos nge'™ 5 ? dg, (3-279)
Pini

where, in accordance with the previous expressions for I4; and 4o, we must
employ ¢ € [ps, | with ¢ = 0 and ¢, = ¢; for sub-antenna 1, and ¢, = ¢;
and ¢. = w for sub-antenna 2. Note that the modal excitations (3-244)
corresponding to each sub-antenna should use the appropriated value of kp
associated to that region.

To the best of our knowledge, the integral in (3-279) does not admit
a closed-form expression, but we found a suitable fast convergent series

representation as will be described bellow.


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Chapter 3. Analysis of Well-Logging Tools in Vertical Wells 88

The Jacobi-Anger expansion [116, p. 361]

eieosd — Zen/z Jn (k) cosn'¢ (3-280)

n'=0

allow us to rewrite (3-279) as

o0 ¢end
I (n7 gbiniv ¢end7 H) =2 Z En’in/ Jn’ (’i) / COS n¢ COS TLIQZS dgb (3_281)
n'=0 ini

At this point, the following manipulations are pertinent:

0 Pend
L1, Ginis Genas K) =2 €ui™ T (k) / cosng cosn'¢ do
n’=0

ini

= 2 i En/in/Jn/(K;)l Sin <n + n/)¢ + Sin (n _ n/)¢ ¢end
2 n+n n—n' S i
= Z € i Jo (1) {sinc[(n + n')¢] + sinc[(n — n')¢]} zzn(;n ;
(3-282)
where the function sinc(x) = sin(z)/z. We can now express [ as
Il (na ¢ini7 ¢end7 K’) =
) ¢end
{(b 3" e i (k) [sine ((n + n')¢) + sinc ((n — n') )] } . (3-283)
n'=0 P=¢ini
Another useful integral is
Pend .
L(n, Giniy Qena, k) = —2i / sin ¢ sin nge =% dg, (3-284)

which reduces to the form of Iy, in (3-252) for ¢;,; = 0 and ¢eng = 7.
As far as we know, there is no analytical solution for I, so that we
proceed in the same way as for I;. The derivative of (3-280) in respect to ¢

results in

iKCOS¢ n J : / 3—285
e msmgbze i" Jo (k)0 sinn'¢, ( )

which after a few simplifications allow to write I as

]2 (TL, ¢im'7 ¢end7 H’) =
¢end

{i i n' ey i Jo (1) [sine ((n + n')¢) — sinc ((n — n')p)] } . (3-286)

P=Pini

Using the above definitions for I; and Iy, the modal amplitude of the
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sub-antennas 1 and 2 should be obtained using

I#l = [l (na ¢inia ¢enda :l:'%T)a and (3_287)
1#2 = fz(n, Dinis Pend, jIHT), (3‘288)

for each sub-antenna. Note that for a configuration similar to that shown in
Fig. 3.9, we must employ ¢;,; = 0 and ¢.,q = ¢; for sub-antenna 1, and
OGini = ¢; and ¢.,q = 7 for sub-antenna 2. For each segment, we should also
select the appropriated value of k7 in view of the region of the sub-source.
Case the receiver antenna is between two axial regions, we must proceed
like shown above splinting the antennas and considering the contribution of
both receiving sub-antennas. Instead of the integrals in (3-266) and (3-267),

in this case we must employ

I#?) = [1 (n> ¢ini7 ¢6nd7 :F'%R)a (3_289>
Tyy = —I5(n, Gini, Pends THR)- (3-290)

In a compact shape, we can write

o0 Pe
]1(71, ¢sa Qbe’ ﬁ) - |ﬁb Z En/ in/ Jn/<ﬁ)F$L,(¢)1 ) (3—291)
n'=0 =05
(b o0 , ¢>e
[2<n7 ¢sa ¢ea 'Li) = |"€ Z nlen’ i" Jn’(H>Fm’(¢)] ) (3_292>
n'=0 ¢=s
F*,(¢) = sinc ((n +n')¢) £ sinc ((n — n')¢) . (3-293)

If the receiver TCA traverses two axial regions, we can likewise proceed
as above, i.e., by splitting the TCA into two segments and computing the e.m.f.
on each segment separately, before adding them up. If necessary, we can also
employ the above strategy to model antennas spanning three or more regions
by segmenting the TCA according to each region and selecting proper values
for ¢s and ¢, in (3-291) and (3-292) for each sub-antenna.

3.6
Flowchart for the Proposed Technique

Based on the above formulation, we now present a complete description
of the algorithm employed for numerical calculations as the flowchart depicted
in Fig. 3.10. We consider that the series in (3-274) is truncated up to Ny
azimuthal harmonics, and the geophysical formation under analysis is formed

by N, axial regions with N, radial layers.
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______________________________

Medium, LWD tool and convergence
criteria:
Np, NZ, T’j, Zj, gj, ,[_Lj, OPML,
W, PRT, PR, Ts R,T,OR,T,

/ Read input parameters / -

|Initialize calculations| Ny, Agp, Az
| Calculate the rogion of scarch using!
( v 3-117) and (3-113), and then Ny using
3-118). For each value of k. ., found,:

|Calculate eigenﬁelds|— 3-43) and (3-42). The value of by is!

alculated using the formulas shown m'
False
Region > 17

1 Section 3.3.4. The values of a; and b for !
True

:remalmng layer are then calculated re-!

' cursively by means of (3-46) and (3-120). !
Calculate the GSM | | Calculate matrices XJ j+1 and Qj at z = E
! zj, by using formulas in Section 3.4.1.1 for!
1j =Region—1, and then the scatterlng'
' matrices in (3-151), viz., R®) and T(Z):
| matrices. !

' (
' (
’ v ' calculate R and T matrices usmg'
4 (
e

Region = Region +1 |
¥

False
Region = N, 7
| Calculate AT np using (3-271), and
X by mean of the formulas in

1 Appendix B, obtain A np- The sum

over p in (3-274) prov1de the

Find received voltages Vg1 2 |~

* 1
Store voltages : received voltage for the nth
for the nth L. azimuthal harmonic. =
harmonic
v
False
* The sum over all Ny azimuthal
True harmonics in (3-274) is used to

| Calculate total received voltages |— - calculate the total received

F-=-=-=-+--=---

¥ voltages at the TCA receivers
/ Store received voltages / RX; and RX,.
e A e e
End

Figure 3.10: Flowchart for the algorithm of the proposed technique.

3.7
Numerical Results and Validation

The proposed technique was successful to reproduces a series of results
for the electromagnetic propagation along cylindrically-layered structures as we
reported in [60,109,110,119,120]. Then, we assume here that our eigenvalue
solver algorithm was proper implemented; now we only need to check the axial
mode-matching and the complex source enforcements.

To illustrate the application of the proposed method, we present simula-
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tions of a triaxial logging tool consisting of one transmitter and two receivers
TCAs in a vertical-well borehole traversing different Earth formation. In all
cases, the axial positions of the transmitter, and receivers RXy and RX; are zr,
zr+24 in and zp + 30 in, respectively, where 1 in = 2.54 x 1072 m. The TCAs
have pr p = 4.5 in and are wrapped around a 4-in-radius metallic mandrel and
inside a 5-in-radius borehole. We assume a homogeneous Dirichlet boundary
condition for the tangential electric field at the surface of the metallic mandrel.
This geometry was considered before in [5-8] and is used here to validate our
formulation. In all simulations below, we consider only non-magnetic media.
Also, as typical for modeling of low-frequency tools in geophysical formati-
ons, the real part of the complex permittivity everywhere is assumed equal
to the vacuum permittivity. The radial domain is truncated at ry by using
homogeneous Dirichlet boundary condition. The results are obtained using a
double-precision Fortran code running on a PC with a 2.93-GHz Intel Xeon
W3540 processor.

3.7.1
Horizontal-Coil Antennas LWD Tools

3.7.1.1
Three-Layer Formation

First, we consider an isotropic formation with three horizontal layers,
whose conductivity o of layers 1, 2 and 3 are 1 S/m, 0.01 S/m and 1 S/m,
respectively, as illustrated in Fig. 3.11. The LWD tools is moving inside a
borehole filled with a lossy mud having o = 2 S/m, and employ horizontal coil
antennas. We truncate the radial domain using a PEC at ry = ry_1+ 0N maaz;
which means that the outermost radial layer thickness is a times the skin depth
on the lowest conductive formation (0.01 S/m). We assume the same truncation
for the remaining axial regions. We do not employed the complex stretching
in the PML layer because the frequency is low such that the spectrum of
evanescent modes become dominant. In our simulations, we consider all modes
that satisfy the criteria of axial attenuation Ay > —30 dB at Az =5 in. As
the coil source do not present tilt in relation to its axial axis (i.e., 07 = 0),
from (3-258), only modal fields with azimuthal index n = 0 will be excited.

The received voltages at antennas RX; and RX5 due to a unit current
excitation (Ir = 1 A at 2 MHz) are depicted in Fig. 3.12 and Fig. 3.13 in
respect to 5 values of a: from 0.25 to 0.75, with steps of 0.125. The ratio of
the received voltages amplitude and phase as a function of the axial position

zr is shown in Fig. 3.14 and 3.15, respectively.
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Fig. 3.16 shows the ratio of the RX5 and RX; voltages as a function of the
axial position zr, for two excitation frequencies: 500 kHz and 2 MHz, both for
I =1 A. We truncated the radial domain using the same criteria described
above, in which ry = rn_1 4+ 0.750 N maz- Notice that Oy e, is a frequency
dependent parameter: equal to 280.6113-in for 500 kHz and equal to 140.8920-
in for 2 MHz. Very good agreement is observed versus the finite-difference
time-domain (FDTD) results from [5,6]. The total CPU time required by our
algorithm was 25 seconds and 6 seconds to simulate 300 observation points at
500 kHz and 2 MHz, respectively.

In results shown above we have considered all modes that satisfy the
criteria of axial attenuation Ay;p = —30 dB at Az = 5 in. However this criteria
is very conservative. In Fig. 3.17 we shown the convergence of the voltages for
five values of Ayp (from —10 dB to —30 dB, with steps of 5 dB). We employed
the same radial truncation as used before: a PEC at ry = ry_1 + 0.750 N maz-
We can see that a criteria no more strong than Ay = —20 dB at Az =5 in
needs be used for practical proposals. Using this criteria, we need just employ
31 modal fields in the mode-matching approach for a coil source operating at
2 MHz, as shown in Table 3.1.

Umudzzs/m /“E\

>§\r/\
"Ny [
Q| —
S| &l
oc=1S/m fj FC% |
Q i
Formation 1 /Cfl, = L
Formation 2 ~ S —
l 60 in
0=001S/m | | | |_
Formation 3 \<;f:/>/ .
= - - _i ———————— - T
o=1S/m ! ~TX T
; py, 24in
< L--)ff__f__l_i”m?zm
< IR - AR1
~ T 1~ 1
S~
4 in—=»
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v

Figure 3.11: Geometry of a triaxial well-logging tool within a stratified geop-
hysical formation.
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Figure 3.12: Voltage amplitude and phase received by antenna RX;. The

response for ry = ry_1 + 0N maz, @ = 0.25 (dashed-line) to 0.75 in, with
steps of 0.125 in. Vertical arrows indicate the convergence sense.

Table 3.1: Number of modes for A, at 5 in

500 kHz 2 MHz
Ayp (dB) Region 1 Region 2 Region 3 Region 1 Region 2 Region 3
—10 31 31 31 15 15 15
—15 47 47 47 23 23 23
—20 61 61 61 31 31 31
—25 77 7 7 39 39 39

-30 93 93 93 47 47 47
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Figure 3.13: Voltage amplitude and phase received by antenna RX,. The
responses for ry = ry_1 + @IN maz, @ = 0.25 (dashed-line) to 0.75, with steps
of 0.125 are shown. Vertical arrows indicate the convergence sense.
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Figure 3.14: Relative amplitude voltage received by two antennas moving with
one transmitter antenna across a bed layer (z = 0 to z = 60 in). The responses
for rn = ry_1 + @ONmaz, @ = 0.25 (dashed-line) to 0.75, with steps of 0.125
are shown. Vertical arrows indicate the convergence sense.
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Figure 3.15: Relative phase voltage received by two antennas moving with one

transmitter antenna across a bed layer (z = 0 to z = 60 in). The responses for

N = IN_1+ Q0N maz, @ = 0.25 (dashed-line) to 0.75, with steps of 0.125 are
shown. Vertical arrows indicate the convergence sense.
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Figure 3.16: Voltage ratio for a triaxial LWD logging tool operating at 500 kHz
and 2 MHz. The results from the present method are shown by solid lines. The
small circles are FDTD results from [5,6].
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Figure 3.17: Convergence of the voltage amplitude ratio for Azg at Az = 5 in.
The response for five values of Ayp (from —10 dB to —30 dB, with steps of
5 dB) are presented. Vertical arrows indicate the convergence sense.
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3.7.1.2
Borehole With Invasion Zone

As a second example, we consider a LWD tool operating at 2 MHz, again
using horizontal coil antennas. The borehole is filled with salt water having
o0 =10 S/m and the tool is now traversing a 60-in bed layer with conductivity
equal to 5 x 107* S/m. The formations bellow and above the bed layer have
high-contrast conductivities: 5 S/m and 1 S/m, respectively. Only fields with
azimuthal harmonic index n = 0 will be excited, and we have considered all
modes that satisfy the axial attenuation criteria of —50 dB at 5 in, resulting
in 41 modal fields. Fig. 3.18 shows the voltage ratio and the phase difference
measured by the triaxial LWD tool as a function of the axial position zp.
Also, we show results for a 10-in-deep invasion zone with conductivity equal
to 5 S/m at intermediary formation, as depicted in Fig. 3.19. Good agreement
is observed versus the results from the finite volumes method used in [7]. The
total CPU time required by our algorithm was 16 seconds to simulate 300
observation points for the non-invaded problem. About the same CPU time

has been taken by the invaded problem.
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Figure 3.18: Voltage ratio and phase difference for a triaxial LWD logging tool
traversing a bed layer with and without invasion. The results from the present
algorithm are indicated by solid lines. The small circles and crosses are FV
results from [7].
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Figure 3.19: Geometry of a triaxial well-logging tool within a stratified geop-
hysical formation. A 10-in-invasion zone is present in formation 2.

3.7.2
Tilted-Coil Antennas LWD Tools

3.7.2.1
Isotropic Formations

As a first problem involving TCAs, we consider the case of a triaxial
TCA LWD tool in a vertical-well borehole filled with oil-based mud having
o = 0.0005 S/m traversing an isotropic Earth formation with two horizontal
layers, as illustrated in Fig. 3.20. Surrounding the borehole, the conductivity of
top formation (z < 0) is 5 S/m. The bottom formation (z > 0) is characterized
by 1 S/m.

We truncate the radial domain at ry = 60 in, which means that the
outermost radial layer thickness are about 4 times the skin depth on the less
conductivity formation (1 S/m). We do not employed the complex stretching
in the PML layer, as suggested in [17], because the frequency is low, and the
formations losses are very hight. The back-PML layer is assumed as a PEC.

We have considered all modes attenuated up to 60 dB at 5 in for all
simulations shown above, which results in 49 modes at each region. Also, we

have considered azimuthal index up to |n| = 4. Fig. 3.21 to Fig. 3.28 plot
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Figure 3.20: Geometry of a triaxial TCA well-logging tool within a stratified
geophysical formation.

the voltage due to a unit current excitation (Ir = 1 A at 2 MHz) at the
receiver antennas RX; and RX, as a function of the axial position z7 of the
tool (abscissa in the plots), considering a transmitter TCA with fixed tilt angle
of 45°, and four different receiver TCA tilt angles: 6 = 10°,20°,30° and 40°.
We compare the FDTD (circles) and R-NMM (dots) results in a two-layer
isotropic formation obtained (from graphical reading) in [6, pp. 106-107], with
the results of our formulations (solid lines). Very good agreement is observed
versus the results from [6]. The CPU time required by our algorithm was less
than 15 seconds to simulate the contribution of each azimuthal harmonic for
300 observation points.

We can see a small difference between the FDTD results compared with
those from the mode-matching approaches (both the radial and axial). These
differences are more pronounced when the antennas are crossing the junction
at z = 0, which leads us to believe that the deviations are related to the fact
that the antennas geometry are not conformal with the finite-difference grid

employed in [6].
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Figure 3.21: Voltage at TCA receiver RX; with g = 10° due to a unit current
excitation transmitting TCA with 6 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].
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Figure 3.22: Voltage at TCA receiver RXy with g = 10° due to a unit current
excitation transmitting TCA with 6 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].
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Figure 3.23: Voltage at TCA receiver RX; with 8z = 20° due to a unit current
excitation transmitting TCA with 6 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].
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Figure 3.24: Voltage at TCA receiver RXy with 8z = 20° due to a unit current
excitation transmitting TCA with 6y = 45°. The results from the present

algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].
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Figure 3.25: Voltage at TCA receiver RX; with 8z = 30° due to a unit current
excitation transmitting TCA with 6 = 45°. The results from the present

algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].
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Figure 3.26: Voltage at TCA receiver RXy with fr = 30° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Chapter 3. Analysis of Well-Logging Tools in Vertical Wells 107

abS(VRl)
N

peressssesig 7 [0 Rel FDID
o S SN v S |+ Ref. NMM
- ' ' : : =01 =45° 0 = 40°

0.5+ | T | LA BN BN B R L |
-60 -50 -40 -30 -20 -10 0 10 20 30
Axial position (in)

(a) Voltage amplitude

0 b
S R
TS WS R NANS S Sy T s v

S e e e

Vgr1) (deg.)

arg

EEUT'S SR SN SR 0 BN a7 Vi
3 : : : : e Ref. NMM
——Op = 45°, 0 = 40°

- 1 6 O ] | | T T T T T T
-60 -50 -40 -30 -20 -10 0 10 20 30
Axial position (in)

(b) Voltage phase

Figure 3.27: Voltage at TCA receiver RX; with 8z = 40° due to a unit current
excitation transmitting TCA with 6 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].
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Figure 3.28: Voltage at TCA receiver RXy with 8z = 40° due to a unit current
excitation transmitting TCA with 6 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 106-107].
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As said before, we have employed the fields contribution of the azimuthal
index n = 0, +1, £2, £3, 4. However, we have verified that the main contri-
bution comes from fields associated with n =0 and n = +1.

Fig. 3.29 to 3.32 show the absolute values of the received voltages for
each orthogonal azimuthal index. We clearly see that the main contribution
comes from n = 0 as i is small, but for larger 0z, the contribution of
n = +1 becomes dominant. For practical purposes, we do not need to include
high order azimuthal index such as |n| > 1 in order to proper analyze TCA
antennas in logging well environments. Also, the criteria used above to include
a modal solution in the mode-matching is very conservative (A4 = —60 dB
at Az =5 in).

In Fig. 3.33 and Fig. 3.34 we show the convergence behavior of the
received fields in relation to the axial convergence criteria. We select the voltage
received by antenna RXy using 6z = 40°, and the number of modes used in
each simulations is depicted in Table 3.2. Notice that using fields with axial
attenuation lower than —20 dB at 5 in, the received voltages are virtually
indistinguishable. By using all fields with axial attenuation up to —20 dB at
5 in and the n = 0,1 azimuthal harmonics, the total CPU time required by
our algorithm was 6 seconds to simulate 300 observation points. However, A;p
higher than —20 dB is not enough to correctly capture the fields behavior
at the vicinity of the interface between formations 1 and 2, as depicted in
Fig. 3.34.

From the above, we conclude that only a few number of modes excited
by the source have significant fields after propagate the distance between the
source and a receiving antenna. However, the presence of the interface between
the axial formations scatters the incident fields, acting as a new equivalent
source at the junction. Thus, we need to include a number of modal fields in
order to accurately account the fields when the antennas (both TX as RX;
and RX,) are crossing or near the junction.

The results shown above confirm that the analytical approach introduced
in Section 3.5.6 can efficiently model TCA antennas crossing different axial
regions. In this way, we have verified that the axial mode-matching can be
employed in combination with excitation sources with non-zero span along
the axial direction. As far as we know, until now only radial mode-matching
formulations are reported in the literature as able to model this kind of

problem.
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Figure 3.29: Amplitude of the received voltages Vz, and Vgo for 0z = 10° in
terms of its azimuthal contributions. The total voltages are shown in dashed
lines.
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Figure 3.30: Amplitude of the received voltages Vz, and Vgy for 0z = 20° in
terms of its azimuthal contributions. The total voltages are shown in dashed
lines.
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Figure 3.31: Amplitude of the received voltages Vz, and Vgo for 0z = 30° in
terms of its azimuthal contributions. The total voltages are shown in dashed
lines.
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Figure 3.32: Amplitude of the received voltages Vz, and Vgy for 0z = 40° in
terms of its azimuthal contributions. The total voltages are shown in dashed
lines.
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Figure 3.33: Convergence of the voltage amplitude and phase received by
antenna RX, (fr = 40°) for Azp at Az = 5 in. The response from six values
of Agp (from —10 dB to —60 dB, with steps of 10 dB) are presented.
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Figure 3.34: Convergence of the voltage amplitude and phase received by
antenna RXy (0r = 40°) for Ayp at Az =5 in. The response for five values of
Agp (from —10 dB to —20 dB, with steps of 2.5 dB) are presented. Vertical
arrows indicate the convergence sense.
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Table 3.2: Number of modes for Ayg at 5 in

n=>0 n==1
Ayp (dB) Region 1 Region 2 Region 1 Region 2
—10 7 8 7 8
—12.5 10 11 10 10
—15 12 13 12 12
—17.5 15 15 14 15
—20 17 17 16 17
—30 25 25 25 25
—40 33 33 33 33
—50 41 41 41 41
—60 49 49 49 49

3.7.2.2
Anisotropic Formations

We now consider a formation similar to the latter problem, but with
anisotropic formations. Surrounding the borehole, the horizontal and vertical
components of the conductivity of the formation 1 (z < 0) are 5 S/m and
1 S/m. Formation 2 (z > 0) is characterized by 1 S/m and 5 S/m, respectively,
as shown in Fig. 3.35.

Fig. 3.36 to Fig. 3.43 plot the voltage due to a unit current excitation
(I =1 A at 2 MHz) at the receiver antennas RX; and RX, as a function of
the axial position of the tool, considering a transmitter TCA with fixed tilt
angle of 45°, and four different receiver TCA tilt angles: 0z = 15°,25°,35° and
45°. The results obtained shown good agreement with those from [6,8]. The
CPU time required by our algorithm is less than 19 seconds to simulate the
contribution of each azimuthal harmonic for 300 observation points.

As noted before, the orthogonality of the azimuthal harmonics allow us
to analyze the contribution of each n to the total received voltage in (3-274).
In Fig. 3.44 we shown the voltage amplitude (in decibels) at TCA antenna
RXj, considered in the last example, as in Fig. 3.43(a), but now for different
tilt angles fr. Only the first 4 harmonics, n = 0,1,2 and 3, are depicted
because higher order ones show negligible amplitudes. In the case 0 = 0, the
receiver TCA becomes an ordinary coil antenna and, as predicted before, only
transversal electric modes associated with n = 0 are present. It is observed
that the amplitudes of the harmonics increase with the antenna tilt, which
is expected from the behavior of the Bessel function with the complex-valued
argument pp tan Ork, ,,,. As expected, the relevant contribution to the received
voltages comes from the azimuthal harmonics n = 0, 1. For small 6y, the main

contribution comes from n = 0, but for larger g, the contribution of n = 1
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becomes dominant.

We believe that the above observations based on the analytical form of
the fields can provide some guidance for the inverse problem associated to
LWD tools, i.e., where the measured voltages can be used to estimate the soil

formation conductivity.
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Figure 3.35: Geometry of a triaxial TCA well-logging tool within an anisotropic
stratified geophysical formation.
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Figure 3.36: Voltage at TCA receiver RX; with 8z = 15° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.37: Voltage at TCA receiver RX, with 6 = 15° due to a unit current
excitation transmitting TCA with 6y = 45°. The results from the present

algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.38: Voltage at TCA receiver RX; with 8z = 25° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.39: Voltage at TCA receiver RX, with 0z = 25° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.40: Voltage at TCA receiver RX; with fz = 35° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.41: Voltage at TCA receiver RXy with 8z = 35° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.42: Voltage at TCA receiver RX; with 8z = 45° due to a unit current
excitation transmitting TCA with 6 = 45°. The results from the present
algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.43: Voltage at TCA receiver RXy with 8z = 45° due to a unit current
excitation transmitting TCA with 67 = 45°. The results from the present

algorithm are indicated by solid lines. The small circles and dots are FDTD
and R-NMM results, respectively, from [6, pp. 108-109], [8].
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Figure 3.44: Voltage amplitude in decibel, 201og,,(abs(Vg2)), at TCA receiver
RX5 due a transmitter TCA with tilt angle of 45°. The contribution of the
azimuthal harmonics n = 0, 1,2 and 3 are depicted.
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3.8
Comparison of the Proposed Method Versus the R-NMM

For many years, LWD problems where efficiently solved using a 1D-FE
discretization along each horizontal layer of a cylindrical stratified medium
[10,24,26,31], and then, in the vertical direction, a mode-matching procedure
is used to match the fields between each horizontal layer. As said before, this
approach is denoted as axial-NMM (A-NMM).

A typical LWD tool moves with the downhole drilling so that, at each
new tool position along the well, it is necessary to recalculate several matrices
incorporating the reflections from the horizontal layers above and below the
source and the receiving antennas (these recursive calculations are presented
in Appendix B). This is a drawback of the A-NMM-based, as pointed out
in [46]. In [6, 8,27, 28, 46], an alternative NMM approach was proposed to
circumvent this issue in LWD applications. As both transmitting and receiving
LWD antennas are placed around a metallic mandrel inside the borehole and
typically have the same radius, they are located in the same radial layer
regardless of the the axial position of the tool in the logging well. Therefore,
it becomes more efficient to first perform a mode expansion of the fields along
vertical direction and then a mode-matching along each radial layer. According
to previous statements, this approach is denoted as radial- NMM (R-NMM).

Recently, an improved R-NMM technique was proposed in [9]. In former
R-NMM formulations, the vertical dependence of electromagnetic fields where
expanded by using sinusoidal [27] and quadratic B-splines [8] basis functions to
represent vertical eigenmodes. The accuracy of second order B-splines versus
others not curl-conforming basis where proved in [6, pp. 88-90]. Motivated
by this, the authors of [9] have investigated the use of cubic B-splines local
basis functions because its high order nature as well as its ability to handle
with multiple knots. The novelties introduced in [9] have allowed a R-NMM
approach that can improve the numerical efficiency of the traditional NMM
algorithms reported so far. In this section, numerical simulations for LWD
sensors in typical geophysical environments are presented to compare some
aspects of the improved R-NMM versus the proposed method. The R-NMM
results and simulation details were obtained by personal communication with
the authors of [9].

We consider a triaxial well-logging tool consisting of one transmitter
and two receivers coil antennas in a vertical-well borehole traversing different
Earth formations. In all cases, the axial positions of the transmitter TX, and
receivers RX, and RX; are z7, zr + 24 in and zr + 30 in, respectively, where

1 in = 2.54 x 1072 m. The antennas are 4.5-in-radius coils and are wrapped
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Figure 3.45: Geometry of a triaxial LWD tool (antennas TX, RX; and RXj)
within a stratified geophysical formation.

around a 4-in-radius metallic mandrel and inside a 5-in-radius borehole, as
depicted in Fig. 3.45. We assume a perfect electric conductor (PEC) media on
the metallic mandrel. A perfectly matched layer (PML) was used to truncate
the axial and radial domain for the R-NMM [9] and the proposed formulations,
respectively, where the back-PML media is also assumed as a PEC.

We consider in all cases that the borehole is filled with an oil-based
mud having conductivity (o) equal to 0.0005 S/m, and to explore the ability
of the basis functions proposed in [9] to correctly represent fields along the
stratifications, we consider a high contrast of o between borehole and the
soil formations. In addition, only non-magnetic media are considered, and the
real part of the complex permittivity is assumed equal to 8.85 x 107! F/m,
i.e., the vacuum permittivity. These assumptions are typical for modeling low-

frequency LWD tools.

3.8.1
Case 1: Radial Invasion Zone

We first consider the particular 2D configuration described in Fig. 3.46,
where the soil formation (with ¢ = 5 S/m) is assumed axially invariant, but
the low porosity of the media surrounding the borehole creates an invasion
zone with thickness d. For geophysical prospection applications, the output
parameters of interest are not directly the voltages at RXy; and RXj, but
instead the amplitude ratio (AR) and phase difference (PD) between these
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Figure 3.46: Geometry of a triaxial well-logging tool within the geophysical
formation for the case 1.

voltages. Fig. 3.47 shows AR and PD results as a function of the invasion
thickness d, due to an excitation antenna TX operating at 2 MHz. The R-
NMM results are in good agreement with those from the presented method,
with a relative error no larger than 0.5% over the range of investigation. The R~
NMM'’s CPU time required for each configuration of d was about 517 seconds
to account 180 modes using a double-precision Fortran code running on an
ordinary laptop. For comparison, our algorithm required about 31 seconds

using 74 modes.

3.8.2
Case 2: Vertical Bed Layer

As a second case, we consider now the particular 3D configuration
described in Fig. 3.48, where the LWD tool is traversing a three-layer formation
with conductivities 5 S/m, 0.01 S/m and 5 S/m. Notice that the conductivity
profile can vary by a factor of 10* times between the borehole and formations 1
and 3. Fig. 3.49 shows AR and PD results for several thicknesses h in formation

2 as a function of the axial position of the transmitting z7; that is again
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Figure 3.47: Voltage amplitude ratio and phase difference for the triaxial LWD
tool depicted in case 1 (see Fig. 3.46) as a function of the invasion thickness
d. The results from our (A-NMM-based) algorithm and from the R-NMM [9]
are indicated by solid lines and small circles, respectively.

operating at 2 MHz. The R-NMM and A-NMM results are in agreement, with
a relative error no larger than 1% over the range of investigation. The R-
NMM’s CPU time required for each configuration of A was about 28 minutes
to account 230 modes. The A-NMM algorithm, on other hand, required no

more than 49 seconds using 73 modes.

3.8.3
Case 3: Complex Soil Formation

Finally, we now consider a more complex soil formation composed by
four vertical layers and an intricate invasion zone, whose 3D configuration is

depicted in Fig. 3.50. Fig. 3.51 shows AR and PD results for a triaxial LWD tool

traversing the bed layers as a function of the axial position of the transmitting
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Figure 3.48: Geometry of a triaxial well-logging tool within the geophysical
formation for the case 2.

antenna (viz. zr) for three typical operating frequencies: 100 kHz, 500 kHz
and 2 MHz. The R-NMM and A-NMM results are in very good conformity,
with a relative error no larger than 0.3%. The R-NMM’s CPU time required
for each frequency simulations was about 17 minutes to account 212 modes.
The A-NMM algorithm required no more than 114 seconds using 60 modes.
From results in Fig. 3.51 become clear that the resolution of the LWD
tool operating at 2 MHz is improved compared to the others analyzed low

frequency configurations.

3.8.4
Comparison Summary

In this section, we showed numerical results for LWD tools responses with
a restricted computational effort via NMM-based formulations. Typically, an
ordinary R-NMM simulation required about 1/4 of the CPU time of an FDTD
simulation [8]. In [9], it was verified that the multiplicity of knots in cubic B-
splines basis functions can reduces the domain discretization in about 30%

compared to the ordinary R-NMM for typical LWD applications. In addition,


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacéo Digital N° 1312540/CA

Chapter 3. Analysis of Well-Logging Tools in Vertical Wells 132

-60 -40 -20 0 20 40 60 80
Axial position zp (in)

(a) Voltage amplitude ratio

AAAAA

,,,,,

. 3
s2xcersrzsassssnssy

PD (deg.)
w
(@]

| : 1 - : : : :
Formation 11 &g @O -
4 . 1 . - )

0 —_— - : ; ;
-60 -40 =20 0 20 40 60 80
Axial position z7 (in)

(b) Voltage phase difference

Figure 3.49: Voltage amplitude ratio and phase difference for a triaxial LWD
tool traversing the bed layers depicted in case 2 (see Fig. 3.48) for several bed
layer thickness h. The results from our (A-NMM-based) algorithm and from
the R-NMM [9] are indicated by solid lines and small circles, respectively.

the A-NMM-based formulation described in the chapter required just a fraction
of that simulation time.

It is important to observe that the problem scenarios we have consider
here present high conductivity contrasts such the problem was modeled as a
layered cylindrical structure. For others scenarios in which the soil formation
profile changes smoothly in vertical direction, the fields can be more natu-
rally represented by using the R-NMM associated with cubic B-splines basis

functions.


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Chapter 3. Analysis of Well-Logging Tools in Vertical Wells 133
z N @
S
> S
4> ‘/@ ‘/Qio/ Invaded zone
Formation 1
RXl_F'G__ o=>5S/m
6 in z=0 » 0
RX,— & <=—— Formation 2 5 T
o=0018/m 29m
24 in

4 in
51in
5.1 in

N

o= 0.0005 S/m

I

o= 0.005 S/m

Formation 3
o= 0.001 S/m

)

6 in

A

|
|
|
|
|
|
|
|
g

Formation 4
oc=58S/m

Figure 3.50: Geometry of a triaxial well-logging tool within the geophysical

formation for the case 3.
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Figure 3.51: Voltage amplitude ratio and phase difference for a triaxial LWD
tool traversing the bed layers depicted in case 3 (see Fig. 3.50). The results
from our (A-NMM-based) algorithm and from the R-NMM [9] are indicated

by solid lines and small circles, respectively.
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3.9
Modeling of LWD Sensors Inside Mandrel Grooves

As previously mentioned in Chapter 2, to grantee the drill bit lubrication,
we need to wash out the drilling cuttings. To maximize the flow of the mud and
cuttings back to the surface, some LWD tools employ wire loop antennas placed
inside grooves around the metallic mandrel. The numerical simulation of this
kind of structure are not commonly encountered in the literature due the some
complications in its modeling. Both R-NMM and A-NMM approach can not
be easily generalized to modeling sources inside such indentations due some
enforcements of the NMM. In practice, however, we can use a tool calibration
as a reference to proper approximate the real-world LWD tool response, as
described in [34]. To be more clear, in geophysical prospecting using LWD tools
the parameters of interest are the amplitude ratio (AR) and phase difference

(PD) between the voltages at two antennas [6,34]:

AR = 201log,o(Vie/ Vi), (3-294)

PD = arg(Vgy) — arg(vg:)- (3-295)
The individual value of the antenna voltages are not of (direct) interest, but
instead its values compared to a reference; i.e., the voltage Vgo in relation to
Vr1. Experimental analysis of resistivity logging-sensors have showed that we
can consider numerical simulations of LWD tools with antennas placed around
the mandrel (as in the examples showed in Section 3.7, where coil antennas are
placed in the middle between the mandrel and the borehole border) to generate
AR and PD data and then we can perform measurements of a real LWD
tool (using mandrel-embedded antennas) to calibrate the simulated tool [34].
This approach is very practical, however, we believe realistic simulations for
LWD tools can render important information to the design of novel resistivity
logging-sensors more accurate than the conventional technology. For this
reason, in this section we explore the influence of LWD sensors housed inside

grooves around the mandrel.

3.9.1
Horizontal-Coil Antennas

According to the mode-matching formulation presented in Section 3.4.1,
the inclusion of indentations on the mandrel can be easily simulated just
assuming that the innermost radial-layer (the PEC mandrel) now presents two
distinct radius, as illustrated in Fig. 3.52. By assuming the grooves present the

radial-width d and axial-height h, we can model one groove by as the ordinary
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Figure 3.52: Side view of a coil antenna (depicted by ®) placed within a groove
on the metallic mandrel.

junction between an intermediate waveguide (region 2, in which innermost
radius is located at p = 19 — d) with the two adjacent waveguides (in regions
1 and 3, whose innermost radial domain start at p = ry).

We consider the case of a 5-in borehole filled with an oil-based mud having
o =5 x 107 and now the triaxial logging tool consist of one transmitter and
two receivers horizontal-coil antennas inside a formation with conductivity
1 S/m. The transmitter (TX) operates at 2 MHz, and will induces voltages at
receivers RX; and RXy placed 30-in and 24-in axially away from the source.
The antennas are wrapped within grooves with d = h = 1 in on a 4-in metallic
mandrel, as illustrated in Fig. 3.52 and Fig. 3.53(a).

Fig. 3.54 and Fig. 3.55 show the voltage amplitude ratio (AR) and phase
difference (PD) received by the triaxial LWD tool for several pertinent values
for axial attenuation (A4 at 0.5 in) and the radial truncation in function of
the thickness of outermost radial layer (2,3,4 and 5 times the skin depth of
soil formation). We can verify a convergence of both AR and PD as the radial
domain is as large as 40y.

Now using the truncating the radial space at 60 in (about 4 times the skin
depth of the formation) and using all fields with axial attenuation less than
Agp = 30 dB at 0.5 in, we explored the LWD tool response for a parametric
variation of the groove widths and heights. Fig. 3.56 shows results for AR and
PD for 1-in < d < 2-in and 1-in < h < 30-in.

For small groove heights, in the range of h < 6-in, AR ans PD vary
subtly for the analyzed widths d: AR changes about 1 dB and are mainly

influenced by values of h, and the PD variation is almost negligible; less than
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Figure 3.53: LWD tool for different groove heights.

one degree.

Despite the small variations in AR and PD described above, recall that
these are relative parameters, since we well know that the induced voltages
goes to zero as d — 0; this is due the azimuthal currents along the antennas
becoming close to the PEC layer of mandrel.

However, we verify that when the groove heights are in the range 6-
in < h < 24-in (see Fig. 3.53(b)), a significantly variation as observed in AR
results, and in this case the groove width is a relevant parameter.

In the last case, when the groove heights is bigger than 24-in (see
Fig. 3.53(c)), the responses of AR and PD again recover its groove-width
independence. As far as h increases, the tool response resembles that expected

for an infinitely-long mandrel without indentation.
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Figure 3.56: Voltage amplitude ratio and phase difference received by a LWD
tool whose antennas are placed inside grooves on the conductor mandrel.
Horizontal dashed lines indicate two relevant groove height: h = 6 in and
24 in.

3.9.2
Tilted-Coil Antennas

To further explore some aspects of realistic LWD logging-sensors, we now
will analyze TCA within mandrel indentations. Instead of install the TCAs
around the mandrel, we consider the antennas are wounded inside grooves on
the mandrel pipe, as illustrated in Fig. 3.57. The mandrel presents a radius
of 4 in, and the indentations are 2-in-depth in radial direction. The TCA
antennas are placed at p = 3 in. The axial position of the antenna TX is on
middle of a 8-in-groove, as shown in Fig. 3.57. The receivers TCA antennas
RX; and RX, are placed inside a 14-in-groove, such these receivers are 30-
in and 24-in far from the transmitter, respectively. We consider a borehole
filled with oil-based mud having the isotropic conductivity ¢ =5 x 107* S/m.
The surrounding soil formation is an anisotropic media, and its horizontal and
vertical component of the conductivity are 5 S/m and 1 S/m, respectively. Also,
we consider that all antennas are azimuthally aligned, i.e., o7 = ¢r1 = Oro.
Assuming a unit current excitation at 2 MHz, the tilt angle of each TCA
antenna will be investigated in the following. We truncate the radial domain
at 60 in, and have include all modes whose axial attenuation is less than 30 dB
at 1 in; a very conservative criteria. Again, only azimuthal indices n = 0,1 are
included in our simulations.

Fig. 3.58 shows results for the voltage at TCA receiver RX; for various
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values of 67 and gy, in which the tilt angles vary from 0 to 45°. Similarly,
Fig. 3.59 presents the voltage at RXy for several tilt angles associated to this
receiver antenna. We can see that as the tilt angle of TCAs increases, the

received voltage becomes higher as well.

Mandrel Borehole \
Borehole .
NN
TX TX —g-—-1-
24 in
30 in
RX, RXy-p--%-1-
RX4 RXy-%=---1 -
Soil formation

surrounding the borehole

Figure 3.57: Model employed to simulate the mandrel indentations. The details
of the antennas positions and the dimensions of grooves on mandrel are shown
on the right, in which the TCAs have pr = pr1 = pre = 3 in.
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Figure 3.58: Voltage at TCA receiver RX; for various values of 0 and 0.


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacéo Digital N° 1312540/CA

Chapter 3. Analysis of Well-Logging Tools in Vertical Wells 141

abs(Vge) x 10% arg(Vio) (deg.)
1 2 3 4 -120 -110 -100

45
— 30 — 301
[=10) o0
) )
= =
201
N N
< <
10+
O T T T
0 15 30 45 0 15 30 45

Or (deg.) Or (deg.)
Figure 3.59: Voltage at TCA receiver RX, for various values of 67 and 6gs.

Proper combination of the results showed above in Fig. 3.58 and Fig. 3.59
allow us to describe AR and PD responses for a desired LWD tool under
investigation. Considering fixed transmitter TCA tilt angles 6y = 0, 15°, 30°
and 45°, we can derive the results shown in Fig. 3.60 to Fig. 3.63.

For 67 = 0, only fields associated to azimuthal order n = 0 are excited,
such AR and PD due tilts in receivers observed in Fig. 3.60 cover the range
of 8.4 dB to 9.8 dB and 37° to 46°, respectively. As said before, for 67 > 0,
the n = 0 and n = 1 harmonics are the main contribution to received voltage.
In Fig. 3.61 we can clearly see the effects of fields with azimuthal index n = 1
when 67 = 15°: now the variations of AR and PD are over 1.5 dB to 17 dB and
23° to 55°. This range of variation increase with 6, as illustrated in Fig. 3.62
(for 67 = 30°) and in Fig. 3.63 (for O7 = 45°). Notably, in these last two cases
we can observe negative values for AR; i.e., for some combinations of #z; and
Or2 the voltage received at RX; is larger than that in RX, (which is closer to
TX).
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Figure 3.60: Amplitude ratio and phase difference response for a transmitter
TCA with 87 = 0 in respect to the tilt angle of receivers.
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Figure 3.61: Amplitude ratio and phase difference response for a transmitter
TCA with 67 = 15° in respect to the tilt angle of receivers.
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Figure 3.62: Amplitude ratio and phase difference response for a transmitter
TCA with 87 = 30° in respect to the tilt angle of receivers.
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Figure 3.63: Amplitude ratio and phase difference response for a transmitter
TCA with 07 = 45° in respect to the tilt angle of receivers.


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Chapter 3. Analysis of Well-Logging Tools in Vertical Wells 144

3.10
Some Investigations on Wireless Telemetry for Oilfield Applications

Real-time LWD tools acquire information about the soil surrounding the
drill bit. The data are then sent to the surface equipment in order to be
processed. In several situations where wired telemetry is impossible, the data is
sent by mud-pulse telemetry at bit rate of few bits per second. In the following
we will explore the wireless telemetry as an alternative communications channel

between the downhole sensors and the oilfield surface infrastructure.

3.10.1
Low-Frequency Wireless Telemetry in Deep Oil Fields

Transmission of logging signals along an oil well can be achieved using
electrical cables or optical fibers connecting the Earth’s surface to the down-
hole instrumentation. However, the prohibitive cost of the cabling, and the
possibility of the cable tangling, breaking, and/or poor electrical contact ren-
ders this technique less than ideal for deep oil wells [121]. Wireless telemetry
systems can overcome these challenges, but to date it has been restricted to
very low frequencies and is strongly affected by losses on the annulus region.

Wireless telemetry systems and methods designed for application to wells
are described in [121,122] for cased boreholes having a tubing string. This sy-
stem is mounted inside the casing pipe, in the region called the annulus, as
illustrated in Fig. 3.64. This region is bounded by the center tubing of the
production column (internal pipe) and the conductor casing (external pipe).
According to [121], this system requires a substantially non-conductive fluid
in the annulus (such crude oil or air) to acts as a wireless telemetry commu-
nication channel. The high conductivity of typical oil-based mud or problems
with brine leakage into the casing result in severe attenuation for deep wells
even at low frequencies. The remarks in [121, 122] are reasonable when the
well is modeled as a coaxial cavity. However, a more careful analysis, conside-
ring the finite conductivity of the (metallic) pipes reveals that electromagnetic
fields can be concentrated outside the casing, enabling the propagation over
long axial distances with relatively low attenuation. In this section, a rigorous
analysis is performed to quantify this statement.

Fig. 3.64 illustrates a well for petroleum production using wireless
telemetry. In this system, transmitter and receiver antennas are mounted inside
the annulus region. In LWD problems, the electromagnetic excitation is usually
a current loop [8,48,123], which primarily excites TE? modes. We performed
preliminary simulations that showed a high attenuation of TE* modes in a

cased borehole. In contrast, the attenuation of TM?* modes is substantially
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Figure 3.64: Sectional view of an oil well using wireless telemetry.

lower. In order to excite only TM? fields, it is assumed that the transmitter
antenna is a toroidal coil, mounted around the inner tubing of the well. The
receiving antenna is identical to the transmitting one. For the problem at hand,
the wavelength is very long compared to the size of the borehole and we can
simplify the transmitter antenna model using the equivalence principle [55,
p. 106], and modeling it as a magnetic source as described in Section 3.5.3. A
radially stratified waveguide is used to model the oil well cross-section, where
each layer is described as an isotropic and homogeneous media.

We consider an oil well described by the parameters listed in Table 3.3.
All simulations consider antennas placed at p = 3.81 c¢m, operating at 1 Hz.
We truncate the radial domain at ry = 100 m and the PML extends over
50 m using s, = 1+110.01. We used 10 TMg, modes to obtain convergence. In
Fig. 3.65, we shown results of the attenuation along a 500-m-long oil well for
several mud conductivities. The attenuation is determined by examining the
quantity 201log,o(Vr1/Vr2), where Vg o are the received voltages by a fixed
antenna at zr; = zr and by a moving antenna at zre = zg, in the range
zr — zr = 0 to 500 m.

For a low-loss mud (o = 1072 S/m) the attenuation is mainly determined
by the guided TEM-like mode. However, for high-loss mud, we observe an

interesting phenomena that can be illustrated by examining the case ¢ =
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Table 3.3: Dimensions and parameters of the cased oil well.

Inner diameter (cm) Thickness (cm) o (S/m)  u, &

Internal pipe 7.3025 0.635 4.5x10% 500 1

External pipe 13.97 0.9525 4.5x10% 500 1

Oil 2.985 1 14

Mud 102to10 1 14

Soil formation 3.5x 1072 1 1
0 | | | | | |
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Figure 3.65: Influence of the oil-based mud conductivities (o, given in S/m) in
the attenuation of the received signal along the axial distance from the source.
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Figure 3.66: Transversal magnetic field Hy of the modes A and B. The axial
attenuation constant « = Jm(k,) of each mode is presented. Metallic pipe
layers are shaded.

10 S/m. For modes with less attenuation, identified as A and B in Fig. 3.66,
we note that the TEM-like mode A has a larger amplitude compared with the
mode B at the source radial position p = 3.81 cm. Thus, near the source

(2r &~ zr), the magnetic field H, is mainly determined by the mode A.
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However, the field of the mode A is dominant only along the first 50 m
(see Fig. 3.65 for 0 = 10 S/m), after this, the mode B, which has smaller
attenuation constant (o = 0.0013, as shown in Fig. 3.66), becomes dominant.
By analyzing the other curves in Fig. 3.65, for 0 = 107! and o = 1 S/m, we can
observe a similar behavior: near the source, a TEM-like mode is dominant, but
sufficiently far away from the source the mode B becomes the main contributor
for the field. Therefore, for long distances, the fields become confined near
to the external casing (according to mode B profile), enabling the wireless
telemetry despite the presence of high lossy medium in the annular region. We
used ten TM§, modes to ensure convergence of the received fields. A simplified
model based on the two principal modes can be used for deep wells, i.e. large
|zr — 27|, with high-loss mud. For low-loss mud and small |zz — 27|, one TEM-
like mode may suffice (see the curve for o = 1072 S/m in Fig. 3.65 and the
dot-dashed line in Fig. 3.67).

As a second example, we consider a oil well using high-loss mud filling the
annulus region (0 = 10 S/m), and a layer boundary between soil formations
#1 and #2 (see Fig. 3.64) at 250 m away from the source. We show the results
of the axial attenuation along a 500-m-long oil well in Fig. 3.67. It is important
to note the attenuation is overestimated when we consider the first mode only
(similar to mode A in Fig. 3.66).

In this section, we have present a computationally efficient method
to analyze wireless telemetry in ultra-deep oil wells when high-loss drilling
fluids (mud) are present in the oil well annulus region. For wells with these
characteristics, we observed a gradual evolution on the radial profile of the

field propagating along the well. For long distances, the field becomes mostly
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Figure 3.67: Influence of the soil formations conductivities (041, 042) in the
attenuation of the received signal along the axial distance from the source.
The annulus has high losses (o = 10 S/m).
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confined around the external well casing, which enables wireless telemetry links
from the Earth’s surface to the downhole antenna despite the presence of a high

loss medium in the annular region.

3.10.2
High-Frequency Wireless Communications in Tunnels

The electromagnetic propagation along circular tunnels and boreho-
les has important applications to wireless communication at LWD at low-
frequency geophysics problems [10] as well as in high-frequency [11,12] commu-
nications. In some applications where the borehole diameter is small compared
to the wavelength, at the interest region of geophysics (near the source), the
fields are dominated by the continuum mode (or its equivalent PML modes
as described in Section 3.3.2). In contrast, case the borehole diameter is large
compared to the wavelength [11,12], the contribution of the continuum mode is
negligible, and far from the source at high-frequency only a few guided modes
need to be considered.

In order to explore the technique introduced in this chapter for the mo-
deling of high-frequency electromagnetic propagation in the Earth’s formati-
ons, we initially consider the problem shown in [10], where a circular cross-
section borehole with a center conducting pipe is excited by an electric loop
antenna (mounted around the pipe) that operates at 25 MHz. At this frequency,
the influence of the conducting currents can be more significant compared to
that of the low-frequency LWD tools we have analyzed before in this chapter.
In some low-conductive environments, the electromagnetic modeling requires
the proper selection of the real part for the permittivity; this is because the
(possible) negligible imaginary part proportional to o/w (in isotropic media).

We consider one transmitting (at zr) and two receiving antennas (at zg;
and at zgo) that are moving through the discontinuity between the regions 1
and 2. The axial position of the antennas are given by zp = z — 95.25 cm,
zr1 = 2r+63.5 cm and zgy = 27+ 127 cm (for more details, see [10,109]). The
antennas are identical 3.81-cm-radius circular electric loops. The waveguide of
the region 1 is characterized by: ro = 1.27 cm, r; = 10.16 cm, ¢; = 80€p + i /w,
€2 = €9+10.05/w. The region 2 is characterized by the same parameters, except
for the soil formation: €5 = 20€p+1i0.2/w. Notice the media is isotropic and non-
magnetic, but unlike to other sensors presented in Section 3.7 and Section 3.9,
here the values for the relative permittivity constants €, are greater than 1.

In Fig. 3.68, we show the results of the relative voltage amplitudes and
phases received by the two antennas moving (together the transmitter) across

the axial discontinuity at z = 0. The results obtained using the presented
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Figure 3.68: Relative voltage received by two antennas moving with one
transmitter antenna across a bed boundary. The results of our approach are
depicted by the solid (for amplitude) and dashed (for phase) lines. The small
dots (e for amplitude and o for phase) are the results from [10] (from graphical
reading).
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Figure 3.69: Relative voltage received by two antennas moving with one
transmitter antenna across a bed boundary. The results of our approach are
depicted by the solid lines. The small dots are the results from [10].

formulation are in agreement with those shown in [10]. We have considered all
the eigenvalues that meet Ayjp = —30 dB at Az =5 cm.

Additionally, in order to verify the rise of guided modes, we perform
the series of simulations on the same structure show in [10] by varying the
operating frequency up to 200 MHz, with steps of 25 MHz, as shown in
Fig. 3.69. Note that with the frequency increase the received voltages become
perturbed near the junction. To analyze this effect, in Fig. 3.70, we show

the normalized electric fields E, for the two principal modes of the region
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Figure 3.70: Normalized modal Ej fields for 25 MHz (dashed line) and for
200 MHz (solid line). The value of Im(k,,) is shown for each field.

1, for both 25 MHz and 200 MHz. The axial attenuation constants are also
shown. Note that we have used ry = 2 m for 25 MHz, and ry = 1 m for
200 MHz. At high-frequency, we can verify that the guided mode is dominant
only near the axial discontinuity, after this, the mode with small attenuation
constant overcomes the initial amplitude differences and becomes dominant.
These modes have high attenuation compared to the PML modes outside the
borehole, and thereby, these modes are only relevant near the discontinuity at
z=0.

In contrast to the problems in [10], we consider now the example
shown in [108], where a system operates at 1 GHz, in a 2-m-radius tunnel
(ro = 0,71 = 2 m,ry — 00), with €14,.} = € and ey = (10 — j)eo. For
this problem, we have calculated the hybrid modes eigenvalues with azimuthal
dependence n = 1 for the unbounded waveguide. This problem was solved
employing a PML to bound the radial space. We consider two cases: PML 1
using 7y = 3410.03 m, and PML 2 using 7y = 3+10.3 m. For both cases, the
PML extends over 2.5 m < p < 3 m. The eigenvalues for these cases are shown
in Fig. 3.71, and are in agreement with the guided modes of the unbounded
waveguide. The axial electric field of the mode identified by A in Fig. 3.71
is shown in Fig. 3.72. Note the continuity of the field across the interface in
p = 2 m, and also note the significantly field damping inside the PML for
p > 2.5 m.

We consider now an example shown in [11], where a tunnel with circular
cross-section is excited by an electric loop antenna. This system operates at

1 GHz, in a 2-m-radius tunnel (ro = 0,71 = 2 m,ry — 00), with €15} = o,
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Figure 3.71: Eigenvalues kfp for 1 GHz hybrid HE;, and EH;, modes for a
2-m-radius tunnel, with €,1,.) = € and ez = (10 + i)€o. There is branch-
cut associated to the unbounded problem, and it is depicted by the horizontal
dashed-line.
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Figure 3.72: Axial electric field of the mode A (k;, = —1.1968 + 70.0523)

for the unbounded (ry — o0) waveguide, and for the bounded PML 1
(ry =3+140.03 m) and PML 2 (7 = 3 4 ¢0.3 m).

€2r{s,2} = 12 and oyg,.3 = 0.02 S /m. The electric loop has the electric moment
jr = Irpr, with pr = 0.1 m, and due the electric current Iy. According the
formalism shown in Section 3.5.4, this source is a particular case of a TCA
with 67 = 0.

It is important to observer that the complete solution of the fields of
an unbounded waveguide must into account both the discrete (guided) plus
the continuum modes [103], [15, 333-334]. For the presented formulation, the
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solution is approximated by a set of discrete modes (guided plus PML modes).
In [11], only the guided modes are included in the solution because in the high-
frequency, for fields far from the source, the continuum modes is negligible. In
the same way as the formulation in [11], we considered 16 TE* guided modes
to ensure the convergence.

In Fig. 3.73, we shown the results of the axial variation of the field E.
The results obtained using the presented formulation show good agreement
with those in [11]. As expected, the solutions including or not a PML show
negligible differences. For this reason, our results shown in Fig. 3.73 employed
only the guided modes of the unbounded waveguide (s, = 1).

Next, we consider an example shown in [12], where a tunnel with circular
cross-section is excited by a Z-oriented elementary electric current source with
moment of 2 A-m at origin. This system operates at 1 GHz, in a 2 m radius
tunnel, with e; = €y, € = 12¢y + 10.02/w. Note that the fields in a radially
stratified waveguide in general are hybrid modes, but, from Section 3.5.1,
we can show that this source excites only hybrid modes with azimuthal
dependence n = +1. In Fig. 3.74, we shown the results of the axial variation
of the field E, at p = 0.5 m and ¢ = 90°.

The results obtained by using the presented formulation show good
agreement with those in [12], where only the guided modes are included in
far-field solution because the contribution of the continuum mode is negligible
at high-frequency. Our solution showed negligible differences with and without
the PML (rpyp = 2.5 m, ry = 3 m, apyyr = 0.2). We consider 13 hybrid
modes to ensure the convergence of the fields; the same number of modes used
in [12].

E,)/(IrZy) (dB)

N—

abs

-80

0 200 400 600 800 1000
Axial distance z — zp (m)

Figure 3.73: Comparison of the electric field along the axial distance. The
results of our approach are depicted by the solid line. The small dots are the
results from [11]. The free-space impedance is Zj.
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Figure 3.74: Comparison of the electric field along the axial distance. The
results of our approach are depicted by the solid line. The small dots are the
results from [12].

3.11
Preliminary Conclusion

We have introduced a new pseudo-analytical formulation to model tilted-
coil antenna LWD tools in anisotropic formations. The combination of well-
known closed-form solutions of Maxwell’s equations in cylindrical coordinates
with an efficient PML allow us to express the fields in radially-layered Earth
formations as a sum of discrete modes. The TCA source is expanded in terms
of modal fields, and then the radiated fields along vertical formations are
found using an analytical axial mode-matching. We showed numerical results to
validate the method and illustrate its ability to analyze directional well-logging
tools. We also presented numerical simulations of TCA housed inside grooves
into a metallic mandrel, revealing some features that can be incorporated into

the design of novel LWD sensors.
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4
Analysis of Well-Logging Tools in Directional Wells

4.1
Introduction

The introduction of tilted-coil antennas (TCAs) have provided the azi-
muthal sensitivity to logging-while-drilling (LWD) tools. This technology ena-
bles the anticipation of lithological variations in the soil formation surrounding
the oil well so that the proactive geosteering allows the exploration of deviated
and horizontal wells by means of real-time adjustments in the drilling direction
to steer the well towards a target region.

Compared to convention (i.e., strictly vertical) drilling, directional dril-
ling yield several advantages for oil and gas exploration as oilfield productivity
can be increased by deploying multiple wells drilled from a single platform.
Additional benefits of directional drilling include: (1) drilling of a new well to
intersect and recover an uncontrolled well, (2) sidetrack an old well to prospect
new reservoirs, (3) horizontal wells placement, among others.

Electromagnetic simulations of complex directional wells can be done by
brute-force techniques such as finite-differences (FDs) [124,125], finite-elements
(FEs) [20,126], finite-volumes (FVs) [45] or method of moments (MoM) [127];
however, their computational cost can become prohibitive for large problems.
As the borehole orientation is not conformal with typical discretization grids
employed in those brute-force algorithms, a very fine space discretization is
necessary for the sake of accurately capture the well curvature effects. In
order to avoid large errors introduced in these staircase approximation, the
transformation optics (TO) [51, Sec. 7.8], [128-130] approach can be used to
maps the space of complex-shaped boreholes into others more feasible to be
handled in usual algorithms. As a consequence of the TO mapping, however,
the equivalent problem will be comprised by highly non-homogeneous media.

As an alternative, pseudo-analytical methods based on the Fourier-Bessel
transform [14] or numerical mode-matching (NMM) [8, 15] can be used to
model geophysical formations comprised of both radial and axial stratifications,
as shown in Chapter 3. However, the modeling of more complex geophysical

formations as those of directional wells remains a challenging task to such
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pseudo-analytical methods.

In this chapter, we describe a new pseudo-analytical technique to analyze
the electromagnetic propagation along directional wells, where axial bending is
present. First, we further simplify the complex three-dimensional (3D) oriented
well (shown in Fig. 4.1) to be modeled as sections of toroidal structures (shown
in Fig. 4.2). Generally speaking, now we need to express the field solutions for
Maxwell’s equations in toroidal coordinates.

The Helmholtz equation in toroidal coordinates is not separable as
the product of three functions, each one with an exclusive dependence with
one spacial coordinate [13, p. 112-115], such the exact eigenmode solutions
involve complicated hypergeometric functions [131]. A more feasible approach
to decouple and solve the fields in toroidal structure was presented in [51]
using a perturbation solution in terms of the torus curvature, viz., R~!, such
the zeroth-order solution recover the well-known shape of the eigenfields in
cylindrical coordinates. This perturbation method was used to model several
toroidal cavities and waveguides solving Maxwell’s equations by coupled mode
theory (CMT) [132,133] or as a direct solution in the perturbation theory for

Vertical Directional

Reservoir

Figure 4.1: Geometry of vertical and directional wells.
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Borehole

C}f‘// Mandrel

Soil
formation

______ Local toroidal
coordinate system

Figure 4.2: Geometry of a well-logging sensor within a directional well. An
auxiliary coordinate system is presented.

differential equations (PTDE)! [51, Ch. 6], [135-142].

In CMT, the solutions are often expressed in terms of first-order (coupled)
differential equations. In this problem, the coupling coefficients are expressed
as surface integrals; analytical solutions are rare and sometimes a numerical
integration is required. In a final step, the coupled system of differential
equations must be numerically solved using an iterative Runge-Kutta method.

In PTDE, we can in general enforce a zeroth-order solution in the shape
of a well-know differential equation; such as the scalar Helmholtz equation
in cylindrical coordinates. In the next step, we seek recursively high-order
perturbation corrections for the original problem: for each perturbation order,
we need to solve a new non-homogeneous second-order linear differential
equation, that depends on all the lower-order solutions. This approach does not
rely on numerical solutions for coupling integrals or iterative methods, but the
complications to solve new (and not tabulated) differential equations restrict
its application to the modeling of simple hollow cavities excited by the main
modal fields.

In this chapter, we extend the range of applicability classical PTDE
methods by considering the modeling of finite-curvature sectors of radially-
stratified toroidal waveguides. Each toroidal waveguide sector considered here

has a constant torus curvature radius and are filled with radially-stratified

1 Also known as Rayleigh-Schrodinger Perturbation Theory [134, Ch. 15].
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and isotropic media. New formulas are derived to describe the finite-curvature
problem, such Maxwell’s equations are expressed as a series of the torus
curvature (R™1) (see Fig. 4.2 for a more clear illustration), which naturally
recover the previously presented solution derived in Chapter 3. Next, using a
generalization of the axial mode-matching we can proper satisfy the boundary
conditions between each waveguide junction. The excitations are represented
by a set of modal amplitudes, which are then combined with the new straight-
to-bend (or bend-to-bend) generalized scattering matrices (GSMs), similarly
to the procedure used in Chapter 3.

The remaining of this chapter is organized as follows. Section 4.2 presents
a detailed description of the electromagnetic fields into our particular toroidal
coordinate system. We employ a local toroidal coordinate system that preserves
the polar cross-section along the bend direction, and presents concentric
radial surfaces which suitably match with our desired boundary conditions. In
contrast to straight cylindrical guides, the axial fields are no longer decoupled
in toroidal structures. We have employed new bi-complex fields to decouple the
original problem. Also, we present a new alternative way to derive decoupled
wave equations in toroidal coordinates without bi-complex numbers. We
present the first-order perturbation corrections for the electromagnetic fields
in toroidal structures. The field solutions are expressed in terms of a series of
the torus curvature, whose zeroth-order solution reduces exactly to the well-
known fields in cylindrical coordinates. Section 4.3 and Section 4.4 present
formulas to match the boundary conditions of a radially-stratified and axially-
layered toroidal waveguide, respectively. The modeling of LWD sensors as
coil transmitters and receivers antennas is considered in Section 4.5. An
analytical study predicts that the axial finite-curvature of directional boreholes
only support azimuthally non-symmetric hybrid modal fields (with all field-
components present). In Section 4.6, preliminary results demonstrate the
ability of our method to accurately modeling LWD tools in deviated drilling

conditions. Finally, Section 4.7 provides preliminary concluding remarks.

4.2
Electromagnetic Fields in Toroidal Coordinates

Consider a circular-cross-section structure aligned with the axial di-
rection z, as shown in Fig. 4.3. The electromagnetic fields for problems having
boundaries coincident with cylindrical coordinates (p, ¢, z) are well-know [55,
Ch. 6], [15, Ch. 3], and the method of separation of variables can be used to
find the field solutions. Note that the axis z in this structure presents an infi-

nite radius of curvature. Now consider that the axial axis was perturbed, and
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T T T
A 5 R =00 T R =0 T
p \ ,
A4 / : z y A 4 O z
«
Yy

Figure 4.3: Cylindrical (p, ¢, z) and toroidal (p, ¢, () coordinate systems.

z

4 ¥ = const.

X,
00‘\5

f = const.

7 = const.

Figure 4.4: Toroidal coordinates (1, 0,) [13, p. 113, Fig. 4.04]. The coordinate
surfaces are toroids (7 = const.), spherical bowls (§ = const.) and half-planes

(1 = const.).

presents a constant radius of curvature R.

The choice of a coordinate system conformal with the positions of our
boundary conditions is quite appropriate to simplify the problem at hand. At
first glance, a standard toroidal coordinate system (n,6,) [13, pp. 112-115]

appear a good choice. Our interest is to model curved waveguides with several
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radial stratifications, such that the transversal cross-section fits nicely with the
polar coordinates. However, the surfaces of constant 7 are not concentric as
we can see in Fig. 4.4. Furthermore, we have another severe complication: the
Helmholtz differential equation is not separable in toroidal coordinates.

Our efforts are to represent the fields into the bend structure in a
way that they resemble the straight waveguide modes. Thus, to analyze this
structure, we employ our local toroidal coordinates (p, ¢, () defined in details
in Appendix C, which employ a polar cross-section coordinates along the bend
direction ¢ as shown in Fig. 4.3. This coordinate system presents concentric
radial surfaces which match neatly with the boundaries of our problem, as

shown in Fig. C.1. The metric coefficients are given by
h,=1, hy = p, he =h=1— R 'pcos¢. (4-1)

We assume that the center of curvature points to ¢ = 0. This direction could
be placed at a general angle ¢ = 1, such that the axial metric coefficient turns
into hy =1 — R~ pcos (¢ + ).

Assuming time harmonic fields in the form exp(—iwt), the Maxwell’s curls
equations in an isotropic and source-free medium in a curvilinear coordinate

system are given by [51, p. 21], [143, p. 50]

O(hsE3)  O(hoFEs)

e iwphshs Hy, (4-2a)
a(gfl) B 8(2;1153) — iwphshy Hy, (4-2b)
a(gfg) B 8(2;211) — iwphyhoHs, (4-2¢)
8(22’2[3) _ 6<ng2> — iwehohyEn, (4-2)
a(gim _ 0<gfs> — —iwehshy By, (4-2¢)
5(’52]1{9 _ a(gifl) = —iweh, hyFs. (4-2f)

By using the metric coefficients in (4-1), defining the new axial fields
E = hE;, H = hH;, (4-3)

and Z = (p/e)/? and Y = (e¢/u)'/?, for the toroidal coordinate system
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(1, 4z, u5) = (p,6,C), we can derive

plh (gi - paal?)> —ikZH,, (4-4a)
I; (6(2?) B %ip) _ikZH, (4-4c)
() e

Noting that h = h¢ is independent of ¢, we can seek field solutions with uniform

propagation in the form exp (ik:(¢) = exp (7¢), where 0/9(¢ can be replaced by
7.

4.2.1
Decoupling Axial Fields using Bi-Complex Systems

In order to solve the Maxwell’s equations (4-4a) to (4-4f) we need first
decouple the individual field components. To proceed, we will use a procedure

introduced in [51,144], in which new transversal fields are defined by
E, = E,+ jE,, Hy, = H, + jH,, (4-5)

where a new complex variable j was introduced, such as j2 = —1, but

ij = ji # —1. We can also define the differential operators D and D* as

0 10
D, D=L 422 4-6
dp " pI¢ (+6)
so that the pairs of equations (4-4a) and (4-4b), and (4-4d) and (4-4e) can be

combined and written in the short forms

D(E) —yE; = jikhZ H;, and (4-Ta)

D(H) — vH, = —jikhY E,. (4-7)
By isolating H; in (4-7b) and replacing in (4-7a), and performing a similar

procedure in (4-7b), after some manipulations we can write (4-7) as
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k2E, = yD(E) — jikhZD(H), and (4-8a)

k?H, = vD(H) + jikhY D(E), (4-8b)

where we introduced the parameter
k? = k*h? + ~°. (4-9)

It is important to observer that k; is not the transversal propagation constant,
since h is function of p and ¢.
To further analysis, we use the following properties of the operator D*

in cylindrical coordinates:

s 0 oF
e, [[D'(0ED)] = 5 (Ey) ~ 5. (4-10)
and also a similar relation to H;:
. 0 0H
e [ID"(pH0)] = 3 (0Hy) = .1 (3-11)

In the above system of bi-complex? equations, the operator Re; take the real
part of the quantities in the complex variable j. For simplifying the notation,
the subscript j in Re; will be omitted in what follows, and Re and Im shall
be understood as operators that only act over j.

By noting that (4-10)xhp~! is equal to (4-4c), we can write
—Z?Re [1D*(pE:)| = ikZH, (4-12)
and as (4-11)xhp~! is equal to (4-4f), we can verify that
—}pL§Re [1D*(pH:)| = —ikY E. (4-13)

The results in (4-12) and (4-13) can be used into the equations in (4-8)
to get a new pair of differential equations using only the axial fields £ and H.
Applying the operator —hp~'Re(jD*) over (4-8)x pk; 2, and using the results

of the last two equations above, we can find
ikpZ H = —hRe {D* {pk; *[j¥D(E) + ikhZD(H)]} } , and (4-14)
—ikpY E = —hRe { D" {pk; *[jyD(H) — ikhY D(E)]} } . (4-15)
The relationships in (4-14) and (4-15) form a pair of coupled equations

for ¥ and H, and before trying to solve it, seems convenient to perform some

pertinent observations.

2Note that there are two complex variables (i and j) in the pair of coupled equation
(4-10) and (4-11).
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We can verify that [51, p. 61]

D*[pD(f)] = pVif, (4-16)

where f is any differentiable function and V? is the transversal Laplacian
10 0 1 02

Vie-—rp |+ 5o 4-17

" pdp <p3p> s (+17)

Note that both the cylindrical and the toroidal coordinate systems used here

operator

share the same transversal coordinates p and ¢. Then, the VZ is equal to
the well-know transversal Laplacian in cylindrical coordinates shown in [55,
p. 449], [15, p. 162]. However, the Laplacian operator in toroidal coordinates
assumes the form V? = V7 4 1/hZ 0%/0¢>.

42.1.1
The Curvature Vanishing Special Case

For the particular case when R — o0, the toroidal structure recover the
cylindrical form. For this case, the axial metric coefficient becomes h — 1,
and hence k; indeed becomes the radial propagation constant. Moreover, the
axial coordinate ( — z. By using (4-16) in both (4-14) and (4-15), we can
clearly see that the first term in the right-hand side (RHS) of these equations
become purely imaginary in term of j. As we are interested just in the real
(in j) parcels of the RHS, the first term in the RHS of (4-14) and (4-15)
become zero. Now, we can verify that the equations (4-14) and (4-15) become

decoupled, simplifying to

(Vi+k)H, =0, and (4-18)
(Vi +E)E. =0, (4-19)

that are the well-know Helmholtz equations for cylindrical structures [54,

p. 165]. Note that k, = k;|r— is the radial propagation constant.

4.2.1.2
Solving Coupled Differential Equations

In last section, we have obtained the coupled differential equations (4-7a)
and (4-7b). Also, we have expressed these equations in an equivalent form,
given by (4-14) and (4-15) . To decouple these equations, we follow the process
shown in [51, Ch. 2] and [144]. To take the decouple process we need to combine
these equations in such a way that the axial (£ and H) and transversal (E;
and H;) fields come together in a form involving a single combinations. In the

first step, we combine (4-7a) and (4-7b) using an unspecified multiplier N.
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Note that, at this point, there is no restrictions to N, but we now that this
parameter may be complex in term of both i and/or j. Hence, (4-7a) multiplied
by N and added to (4-7b) results in

D(E + NH) — y(E, + NH,) = —jikh(NY E, — ZH,). (4-20)

Note that we need to choose N so that the combination of E; and N H; in left
and in the right sides of the above equation is the same. As in the right-hand
side of the equation there is a negative sign along with H;, we can easily verify
that N must include a complex variable (i or j). Also, note that we have both
¢ and 7 multiplying the combination of E; and H; in the right-hand side of
(4-20). Accordingly, if we rewrite (4-20) as

D(E+ NH) — y(E, + NH,) = jkh(—iNYE, + iZH,), (4-21)

we can see that N = ¢Z allow us to combine the fields in a single form.
Furthermore, note that N = Z/i also allow us to combine (4-7a) and (4-7b).

Then, we can verify that
N ==4N,=+iZ (4-22)

satisfies (4-20)3.
Now, if we define a new field F', which is a linear combination of E and

H in the form
FL=F+ NyH, (4-23)

and by analogy defining F; 1 as
F,+ = E, £ NoH,, (4-24)
we can rewrite (4-20) as
D(Fy) —yFi 4y = £jkhF; 4. (4-25)

To proceed, we need to eliminate the transversal fields in (4-25). The
combination of the equations (4-14) and (4-15) as —(4-15)x Z £ Ny x (4-14) x Y
leads to

ikp(E + NoH) =
— hiRe {D* {pk; 2 [jyD(~ZH + NoY E) + ikhD(E + NoH)] } } . (4-26)

Using the previous definitions for F. and noting that —ZH + NoY E = +iF.,

3Tt is important to be noted that Ny = iZ is just one of the possible ways of combining
fields in (4-20). This equation is also satisfied by Ny = jZ. But, as we expect fields that are
real in terms of j, we must select the form Ny =1iZ.
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we can find

ikp(Fy) = —hRe {D* {pk;* [£ijyD(Fy) + ikhD(Fs)) }) (4-27)
= —ihRe { D" [pk; * (57 + kh)D(Fx)|} . (4-28)

Multiplying ¢ in both sides of the above equation, and noting that

kh £ 57 _ kh £ 57 _ kh £ 57 _ 1 (4-29)
k7 k20?42 (kh & jv)(khFjv)  khFjy
we can find o
—kopF. = hRe { D* D(F 4-30
P { [kh]m <i>]}, (4:30)

which is one pair (F_ and F,) of uncoupled equations. After we found the

solution for F., the axial fields £ and H can be easily recovered by using

F, +F_

E = “; and (4-31)
F, —F_

-+ - 4-32

N, (4-32)

Remembering that £ = heE; and H = h¢H,, at this point is more
practical to work with the axial fields E and H, instead of using £ and H.
We can do this by using the new field GG, defined by

F
G = E; £ NoH, = f (4-33)
Replacing (4-33) in (4-30)xh~! we can write
e
—k = D D(h : 4-34
PGy %6{ [kh:!:j’y ( Gﬁ:)]} (4-34)

To continue toward the solution, consider f; and fy, both functions of p and
¢. We can show that

D(fife) = iDfs + foDfi. (4-35)

Taking the conjugate with respect to j in (4-35) we can derive a similar
equation for D*.
Using the result in (4-35) into (4-34), we can write

h p
—kpGL = Re{ D* —oD(G4) + —GyD(h . 4-36
PG+ 6{ [kh:Fﬂp ( i) kh T jv + ()]} ( )

By using the conjugate version of (4-35) in terms of j, the above equation
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takes the shape of

h

e B
o = T iy

h
D* (pD D D*
0DG) + DD ()

D*[GiD(h)]JrGiD(h)D*( P ) (4-37)

kh F jv kh =F jv

where the symbol ¢ shall be understood as the real part in respect to j from
the expression on the right-hand side of equality; i.e., LHS B RHS is equivalent
to LHS = Re; (RHS).

Using

g 10 1
(8 > (1— R "pcoso)

= — COoS gb + jsin @), (4-38)

we can write

- kpGi 8;6

D*(pDGi)—l—pD(Gi)D*( h . )

kh F jv kh = jv

+ R {k;h = D*[Gi(— cos ¢ + jsin @)]

+Gy(—cos ¢+ jsing)D* (k:h ijV) } . (4-39)

From (4-16), we found D*[pD(G+)] = pVG4, and by using

h _1Jv(cos ¢ + jsin ¢)
D* — | =+R! : 4-40
(’fh:Fﬂ) (kh F jv)? (4-40)
. _1 . .
D*< p_ )ZkthJV‘i‘R kp(ffOSfﬂSlncb), (4.41)
kh F jv (kh F jv)

D* [GL(—cos¢p + jsing)] = —i(sin ¢+ jcosp)Gy + (—coso+ jsing)D G,
(4-42)

we can derive

Jy(cos ¢ + jsin @)

h
- OV?G.+ R 'YD(G :
k‘h:Fj’Vp tU+ pD(Gy) (kh F j7)?

— | =% (sin¢ + jcos @) + (—cos o + jsin @) D* (G

T p( ¢+ jcosd) + ( ¢+ jsin ) D*(G+)

khF jv + R 'kp(cos ¢ + jsin¢)p
(kh F jv)?

— kpG:t &

+ Rt

+ R (—cosop+ jsing)Gy. (4-43)
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In order to find the real part of the right side of the equality in the above
equation, the following identities are helpful [116, p. 16]:

a—+jb ac F bd
. = 4-44
Jie; (C:Fjd> EER and (4-44)
a+jb a(c? — d*) F 2bed
. = 4-4
e lwg’dv] CEYIE )

where the parameters a, b, c and d are real in terms of j. By using the identities
(4-44) and (4-45) in (4-43), after a series of laborious but straightforward

simplifications, we can express (4-43) as’

vy Yo, B e e
P ) Ge = T | R -G
0G4  sin¢ 0G4 . 0G+  cosgp 0G4
+h(k*+3~%/h? (cos - >:|:2 k(sm + )]
(k2372 1) (cos o 5= — SRETE e (sin o7 4 20T
(4-46)

The wave equation for G given in (4-46) seems to have no exact solution.
To proceed with the solution, it is important to note that on the LHS of (4-46)
the term k?/h? is proportional to v2/h?. On the RHS of (4-46) we can see that
the first term is of the order of R72, and the remainder as R~!, apart from
the variation of h and G itself with R~!. As observed before, for R — oo the
field G+ has analytical solution in terms of cylindrical functions. In this way,

a perturbation solution can be sought as a power series in R~!, assuming

Gi = (G()i -+ RilGl’i -+ RiQGQ,i + e ) exp(fyC), (4—47)

V¥ =9%1+R ' o+ R 2y +---), (4-48)
where the terms with subscript 0 refer to the solutions of an axially straight
structure. To be precise, Gy and 7, are the well-know fields and propagation
constants that satisfies the Maxwell equations in cylindrical coordinates.

Before replacing the series (4-47) into the differential equation (4-46), we
verify that is more appropriate first multiply the both sides of (4-46) by k2h?,

1The wave equation in (4-46) was derived for a bent structure with radius of curvature
R. In this equation the direction of the center of curvature is at ¢ = 0. Case the curvature
is not aligned with the local z-axis (see Fig. 4.3), but instead it is rotated at an angle v,
the axial metric coefficient becomes h¢ = 1 — R~ pcos(¢ + 1) [145]. In this case, we need
to replace the argument of the trigonometric functions in (4-46) such that ¢ — ¢ + 1.
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resulting in

(RKVE + k) Ga = R2(K*h? — 4*)Ge

+ RIB(KH? + 392) [Cos p0C= _siné 80*]

dp p 09
cos ¢ 0G4+
p 09

+ 2R W%k [SingbaGi + ] . (4-49)
dp
Note that the axial dependence exp(v() was omitted.

As said before, we assume that the zeroth-order solution G4 is well-
know, and at this moment we are looking for the first-order solution G ..
Considering only the terms of order up to R™!, it is apparent that the RHS
of (4-49) can be simplified. The term proportional to R~2 can be overlooked.
Also, the other two remaining term are proportional to R™!, so we just need

to use the series up R° for v, h and G

_ oG sin ¢ 0Gj +
B2E2V2 Y Gy = R (K2 4 342 0+ )
( P Vi + t) + (K +37%) [COS¢ dp b 06
cos ¢ 0Go +

p 09

+ 2R ok [singbag;’i - ] . (4-50)

The left-hand side (LHS) of the above equation contains terms with orders

beyond R~!, but we can replace

h?k? = (1 — 2R 'pcos @) {kat +R7! (730(1 — 2k*pcos gb)} +O(R™?)
=ki, +R! (73041 — 2pcos p(k* + k:g’t)> + O(R™?), (4-51)

and

K = [(1 - 2R peosd) + 231+ aiR7) + O(R)]”
= ko, + 2k§ R~ (fygal — 2k*p cos ¢) +O(R™?), (4-52)

into the LHS of (4-50) and retaining only the terms of order up to R~
(RKV?E+ k) Gy = { {k2+ R [1dan — 2pcos o(k? + k2)| } V7

+ k) + 2k2R T (Y50n — 2k?peos o) }Go,i + RNV + kDG4, (4-53)
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or, in a more suitable form:

(RKVE+ k) G = {2+ R [1dan — 2pcos ok + k2)| } (V7 + k2)Gox
+ k2R [y3on + 2pcos ¢(k2 — k)| Gow + K2R (VE + k2)G v (4-54)
With a view to simplifying the notation in the equations above, we have define

the parcel of k, of order R?, i.e., is the radial propagations constant of the

straight structure (R~! = 0), such as
k2 =ki, =k +5. (4-55)
Replacing the above simplifications back in (4-50) we can write
{k2+ R [7§an — 2pcos (k> + k2)| } (V7 + k2)Gox

+ kZRflfyg(ozl +2pcos )Go + + sz’l(Vf + kz)Gl,i =
GO,i _ sin ¢ 8G07i‘|

dp p 09
cos ¢ 0G4
p 09

RYE* + 377) [cos gba

+ 2R "ok [singbag;’i + ] . (4-56)

Taking into account that the linear combination of (4-19) and (4-18) can
be written in the form (V7 4 k2)Go+ = 0, the first term in (4-56) should
be zero. Eliminating the first term and multiplying the resulting equation by

kp_QR, we obtain a differential equation independent of R given by

(V? + ki>G1¢ = —vg (a1 +2pcos ) Go +

+k,? {(k2 +373) [cos ¢6G0’i _sing aGO’i]

dp p 09
., 0Gox  cospOGy +
+290k [sm¢ op + PR ] } . (4-57)

4.2.1.3
Verification of the First Order Differential Equation

In [51] the effects of the curvature in a circular waveguide was analyzed.
The coupling between the degenerated modes TEj;, and TMj, can be formu-

lated from their zeroth-order axial fields

H, = Jy(k,p) exp(70¢), and (4-58)

E, = Ji(kyp) sin ¢ exp(70(), (4-59)
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where k, is the first root of Ji(k,ry) = 0 for a hollow circular waveguide
truncated at p = ry with an PEC wall. Using the above axial fields, the

zeroth-order solution can be defined by
Gox = Ji(kyp)sing = M Jy(k,p), (4-60)

where M is an arbitrary constant. It should be observed that the zeroth-order
field in (4-58) and (4-59) does not share the same azimuthal dependence such
we can anticipate that M # 7.

Plugging Gy 4 into (4-57), and using

8(;;,i — (kero(kp/)) - JlU;pp)) sin ¢ F Mk, Jy(k,p), and (4-61)
oG
agi = Ji(kyp) cos , (4-62)

we can derive

(Vi +E2)Grxe = =g (o1 + 2pcos ¢)(Jy sin ¢ + M.Jp)

+ k2 {(k2 +379) {Cos¢ Kka - ‘Q) sin ¢ M/prll -

sin ¢

Ji cos ¢}

cos ¢

+2vok {Sin ) Kkpjo — ﬁ) sin ¢ F Mka1] - Jp cos (b}} , (4-63)

were we have dropped the argument of the Bessel functions. The above

equation can be rewrite as

(Vi + k2)G1 e = —75(ar + 2pcos ¢)(Jysin g £ M J)

+ kp—2 {(k;Q +379) l—ijl sin ¢ cos ¢ + k,Jy sin ¢ cos ¢ F+ Mk,.J; cos gb]
+270k [ﬁ(cos2 ¢ — sin® ¢) + k,Jo sin® ¢ F Mk,J; sin gb] } . (4-64)

By using the trigonometric identities

1
sin ¢ cos ¢ = 5 sin 2¢, and (4-65)

cos? ¢ — sin® ¢ = cos 20, (4-66)
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we can show that (4-64) becomes

(V? + ki)GLi = —vo (a1 + 2pcos @) (Jy sin ¢ + M.Jy)

in 2
+ k;Q {(k2 +379) [kpjo sin ¢ cos ¢ — J; (j:Mkp cos ¢ + — qb)]
p

2
90k [k,ﬁfo sin? ¢ — J, (:I:Mk:p sin ¢ — —> ¢>] } . (4-67)
p
The result shown above is identical to one obtained in [51, p. 63, eq. 6.24] .
4.2.2

Alternative Decoupling Approach

Here we will derive an alternative approach to decouple the fields in the

toroidal coordinates. Instead the employment of the bi-complex parameters ¢

matrix form

and j, we can combine the axial fields in (4-4c) and (4-4f) in the following
H E E
i H ¢ P

_9 _ 9
hl—ce| " oo \"|hs| [ 00 |H
Substituting (4-194) and (4-195) in the equation above, we obtain
0 { 1 [ 7% —hiw,upa% E

Gp k? hzwepap 78% H}
BYREY R
hW66¢ ”ypa%

P (4-68)

uH
—ek

iwﬁ
h

f[ } (469)

Using the product rule for the derivatives, the equation above becomes

pO¢

P B SO | gy —hiwnpg
h|—eE dp hiwepa% fya%
+k;2 76%6% —iwu%(gpi)] _la(kﬁ) [ 7p6<9pa hiwu@%}
Zweap(hpap) V9, 96 p 0o hivezs VP35,
_ a8 D (10
_’%2[ W)?%a #og ) } Pl ()
Using _g
Ok, 7) 1,2, CO8Q
= 2Rk°h d 4-71
—2
a(kt ) — —2R lehpSIH¢ (4_72)
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we can derive

H 9 —hi 2
iwl T Lok R R heos | 00 TP
h|—eE hiwep, V56

9 hiwu-2
+2k;4R—1k2hsin¢>[ TPy Rz

—hiwea% vpa%
I 0 —iwnlg; (hogp) + ag(haa)| || B |
iwe[ - (hpgs) + 535 (hay)] 0 H
(4-73)
To simplify the above equation, we can start with
0 0 10 0 0 0 h 0?
28] 1202) 2 68)-
dp ( dp)  pOo \ 09 op \"9p)  pO?
oh ([ O 10h O
+ x|+ 55 (474
dp (p(?f)) p 09 0 (&74)
Noting that the first two terms are equal to phV?, and using
oh oh
o = —R 'cos ¢, 90 = R™'psin ¢, (4-75)

we obtain

0 0 10 2\ 5 1 o ., 0
8p<hp8p>+p0¢ (ha¢>—phvt R pcos¢8p+R 51n¢a¢. (4-76)

Substituting the above in (4-73) allow us to write

uH
—cF

W

IS S

9 —hi 9
- {Zkt4R1k2hcos¢ [ o9 G

' d d
hzwepa—p Vo6

—hiweZ 7,08% iweV? 0

e} : o] . 2

0 pigp 0 —iwuV

4 2k R hsin ¢ [ 0o, R 8¢] +k2ph [ WHYe
¢

: 0 D
R 0 —iwp(—p cos ¢, T sin ¢{T¢) E '
iwe(—p cos (b% + sin (b%) 0 H
(4-77)

Multiplying the first line of the equation above by k?(iwuph)™' and
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multiplying the second line by k?(—iweph)™!, we can obtain

2 19 3
(V2 k2> {H] = {th_zR_lk:Q cos ¢ [“Z’”’g(ﬁ _h?pa]

2 p—17.2 ’Yaa h186¢
+ 2k, "R™ k" sing | "% {’Ya

p 8¢ iwe Op

0 _ 1 1d
LRl [ ) ()1 o (cos (ba—p — 5 sin gba—d)) } E (4.78)
(cos G — 5 Sin 925875) 0
Defining
k2h ( 1 o 1 9,
Lp=2R1'—+ —cosqb + - Slngb ) + R 'pt <COS p— — — smgb )
’ K 99 9p 99
(4-79)
2Kk2h? 0 sing 0
=R 't ( — 1) <— cos gzﬁ— + ) 4-80
ki dp  p 09 (4-80)
k2h? — 2 0 sing 0
Y L (Y d 481
hi? ( cos qbap + ) 06 an ( )
K>y [cosp O 0
Ly=—2R"1" 1 4-82
R k%w(p 8¢+m¢ ), (4-82)
we can rewrite (4-78) in a compact form:
2\ [H] [-p'La Lp | [E]
Vit L o (4-83)
h I Lp 6_1LA_ _H_
[ Lp  —plLa| [H]
_ D ML ’ (4-84)
_EflLA Lp | _E_
or - 1T
K2\ |E L 1L E
<V2 2) —| b . (4-85)
h H —/,L_ILA Lp H

An equation more symmetric than the above can be derived if we define

1
Lo = L 4-86
¢ = =la (1-50)

1 k. [cos¢p O 0
= 2R ' iy | — L 4 sinp— 4-
R kyv( P agzs—i—smgzﬁap>, (4-87)
such as (4-85) becomes
ELc| |F

€

\[LC Lp

(4-88)

)

ol
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Multiplying the second line of the above equation by Z = (u/¢)'/?, we obtain®

k2 E L L E
Vit L =P e . (4-89)
h ZH —Le Lp| |ZH
Introducing the differential operators
), ki
Ly= <Vt + h2> — Lp, (4-90)
L, =—Lc¢, (4-91)
we can write
Ly L,| | E 0
¢ = 1. (4-92)
—L, L4| |ZH 0

We will call as M the matrix operator show above, and the vector of the axial
fields as F such as -
MF =0. (4-93)

Then, we can decompose this matrix into the form

M = PDP, (4-94)

where P is a matrix composed of the eigenvectors of M , and D is the diagonal

matrix constructed from the corresponding eigenvalues. Namely

- [L,—iL, 0
_ |t I (4-95)
0 Ld+ZLa
- 11 1 = 1
P=2|" . = (4-96)
2 =i 4 1 —i

By substituting the decomposed form of M into (4-93), we can obtain

PDP'F =0, (4-97)
which we can reduce to -
DP'F =0. (4-98)
Now, we can look for the vector given by P~'F, namely
= = E+iZH
P T TR (4-99)
E—iZH

which reduces our equation to the form

A matrix equation similar to (4-89) can be found in [138, eq. 2] or in [140, eq. 6], but
with some change in the notation. The approach shown in this section, unlike the method
presented in [138,140], do not employ any bi-complex field to decouple and solve the axial
fields F and H.
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Lg—1iL, 0 E+iZH 0
o I I it I o (4-100)
0 Ly+iL,| |E—1ZH 0
or, alternatively, we can write
(LaFiL,)(E+iZH)=0. (4-101)

At this point we can use the field Fly as defined in (4-23), and additionally,
substituting L, and L, by theirs forms in (4-90) and (4-91) allow us to obtain

a decoupled differential equation given by

k2
(v? h2> F.=LyFy, (4-102)

where
Ly =LpFilLc. (4-103)

The axial fields ' and H can be separated from F. by using simple relations
shown in (4-31) and (4-32).

It is important to be observed that in order to obtain the decoupled
equation shown above there is no bi-complex variables. Here, we have employed
a matrix differential operator to combine the axial fields in (4-89), and after
a diagonalization process, we have obtained a decoupled wave equation. In
Section 4.2.1, instead, the new complex variable j was used to help us in the
decoupling process.

Returning to the decoupled differential equation (4-102), it is more
expedite to work with the fields G defined in (4-33) in place of the hypothetic
fields F.. From (4-33), we have Fy = hG4 that allow us to rewrite (4-102) as

k? 0GL O0h 1 0G4 0Oh
2 4 + S ERT)
h(Vt h2>Gi—|—Gth+2<ap 8p+p2 96 a¢>

h(LD F ZLc)Gi + Gi(LD F ZLc)h (4—104)

We can verify that h is harmonic in (p,¢), i.e., satisfies the two-

dimensional Laplace equation VZh = 0 [145], such that we can derive

2
h(Vf k)Gi—QR (cosqS smqﬁ@)Gi

h? dp p 0
h(Lp FiLc)G+ + G+(Lp FiLc)h. (4-105)

Using (4-81) and (4-87) we can easily shown that Loh vanish, such the

last term in RHS of the above equation reduces to

Go(Lp FiLc)h = R*27_7Gi (4-106)
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Then, after we dividing both sides of (4-105) by h, with help of (4-81) and
(4-87), we can finally obtain

k? 2 sin¢ 0
2 _ p-14
(V h2> Gi=R <cos qbap ; 8p>

k2h? — 2 0G4 sing 0G4
_17 _
+R i < cos ¢ ap + ) 0
k [coso 8Gi 0G4 o k*h? — 2
+2R! — - 4-1
R~ kt < 3<Z5 ¢ >+R I Gy, (4-107)

or, in a more compact shape, we can write
k2 Rt
2 4 —1/1.2 2 /72
G R (k" — h*)G
(vt h2) s= [ (K =~ /h?)

oG sin ¢ 0G4 . 0G+  cosgp 0G4
+h(k*+3~%/h? (cos = >j:2 k <sm + )]
(k*+3v7/h%) ¢ o P Y ¢ 9 PR

(4-108)

The above differential equation is exactly equal to (4-46) derived in
Section 4.2.1. The approach proposed here allow us to decouple the differential
equations for the axial fields (by means of the auxiliary fields G4) merely by
carrying out a matrix digitalization, instead of employing a bi-complex variable
as in [51,144].

4.2.3
Solution for Non-Degenerate Modal Fields

The elementary wave function for the zeroth-order vanishing curvature

(R™' =0, i.e., for a cylindrical waveguide) is given by
GO,:I:(pa ¢) =FkE. &+ MH., (4_109)

where E, and H, are the axial fields in cylindrical coordinates, and M is an
arbitrary constant to be determined. Note that the axial dependence in form
exp(7pz) are assumed and omitted in the above.

As said before, the above defined constant M combines the axial electric
and magnetic fields and can be determined by the boundary conditions. Howe-
ver, the zeroth-order solution (in radially-stratified cylindrically waveguides)
only support non-degenerated and orthogonal modes and we can anticipate
that M = Ny = ¢Z. This is possible because each modal fields is characterized
by a single eigenvalue k.. In contrast, this is not true for example in an homoge-
neous circular waveguide where the modes TEG, and TM7,, p =1,2,3,..., are

degenerated and we need to work with their linear combination into G 4 (p, ¢),
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as analyzed in Section 4.2.1.3 and in [51, p. 62]. Then, our elementary wave

function for non-degenerated modes can be written as

Gox(p,¢) = {HP (kpp)ac + Ju(kpp)b® + No [HD (pp)al + Jo (ko) b e
(4-110)
= B, (kyp) exp(ing), n=0,1,-1,2,-2,.... (4-111)

As an aid to simplifying the notation, we have introduced Bf:‘i as the linear
combination of unperturbed fields, and we will assume that these fields are
already known from Chapter 3. In addition, we will drop temporarily the
subscript 4 by using just B, restoring it later as needed.
By replacing (4-111) in (4-57), and by using the differential operator
2 2
_5/92+;1>€?/1+p12£¢2+k§ (4-112)
=V;+ k2, (4-113)

we can write

LGy 4+ = —vg(ozl + 2p cos gzﬁ)BZh(kpp)em‘z’

+ k;Q {(k2 +377) |FOS ok, BI" (k,p)e™? — SH;(éianLh(kpp)em‘j’]

+20k [sin ok, B (k,p)e™® + COSgbian;h(k’pp)em‘b] } . (4-114)
P

where the superscript prime means the derivative with respect to the argument
of the cylindrical functions.

From the trigonometric identities

" sin ¢ = % [ei("*l)ﬁs — ei("ﬂ)ﬂ : (4-115)

e cos ¢ = [ei(”_l)"ﬁ + e“"“”ﬂ , (4-116)

N | —
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we can write

LG,y =™ [ Yooy B (k,p }
i(n—1)¢ 2 meh kb reh nk,? 2\ peh
+e —%0PBy (ko) + —-(k +370) By (k,pp) + Tp(k +37%) By (kpp)

mkp_Q%k

iik;IVOkB;fh(kpm + Bzh(kpp)]

. -1 nk -2
1 s [—vngz%m (R 3) B ) — 52 (K 390) B (k)

?T‘

mkp_ Yok

ik ok B k) + B (110

Using the following properties of the cylindrical functions [55, p. 463]

n
" B.(k 4-11
W w(Kpp), (4-118)

p

By, (kop) = £Bnz1(kop) F

and after some simplifications, we can finally obtain

LGz = ¢ |~ B (k,p)]
i(n— e - K + 372 ; €
+ i l—vﬁan"(k‘pp) +k, (20 +inok | By (k,p)

k% + 3+2
—l—’ygj:.

+ ei(n+1)¢ [_VgPBZh(kpp) + k,gl (_ Z’}/Ok> Bzij_l(k‘pp)‘| . (4—119)

4.2.3.1
Verification of the Perturbation Solution in a Curved Coaxial Waveguide

The effects of the curvature in a coaxial waveguide was analyzed in [137].
Here, we will use our equations to solve the particular problem presented
in [137], i.e., the first-order correction fields for the fundamental TEM? mode.
The direct application of (4-119) presents some problems: the fundamental
TEM? mode of the unperturbed waveguide does not present axial fields, viz.,
E., = H, = 0. To overcome this limitation, we consider instead the excitation
from the mode TMyy to z. This is an asymmetric mode (n = 0) in the limit case
when £k, — 0. We can verify that this mode presents 3 null-field components,

namely, H, = E;, = H, = 0. Furthermore, the non-null remaining fields are

given by
Eo ¢ = Ho(kop)ag + Jo(k,p)b5, (4-120)
Ey,, = 5~ [Hy(kpp)ag + Jo(kop)bgl, (4-121)
P
We ., . , .
Hoy = ——[Hy(kpp)ag + Jo(kop)bgl, (4-122)

Kp
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where af and bj are constant parameters to be determined by the boun-
dary conditions. Using the small argument approximations for the cylindrical

function, we can write [55, p. 462]

21
Hy(k,p) ~ ~ log(k,p), (4-123)
21

H'k:p:—H k,p) ~ , 4-124
0( P ) 1( I ) kap ( )
Jo(k,p) ~ 1, (4-125)

kop
Jo(kop) = —Ji(k,p) ~ _%' (4-126)

In the coaxial waveguide at hand, there is a PEC wall at p = rg, such we

need to satisfy the condition

Iy

H0’¢(,0 — TO) — 27TT0’ (4—127)
which allow us to find ag: Y (4-128)
= T e _

By combining the above results, and noting that k., — k as k, — 0, the TM§,

fields becomes

Eo ¢ =0, (4-129)
I
Ey,=7— d 4-130
I
HQ,(b — %, (4—131)

that correspond to the same field components for the TEM? mode in a coaxial
waveguide employed in [137]. The above derivation allow us to find af using
(4-128). Note that b becomes zero as k, — 0. Also, like any TM?* mode, we

have a® = b = 0 for all n. This allow us to write

Bg". — 0, (4-132)
) . I ik
B—hl,j: = H—l(kfpp)ao — _%wiep’ (4—133)
. . I ik
By, = Hy(k,p)a§ — %w—:. (4-134)

The above equations can be used in (4-119), resulting in

. (K +32 Iy ik
10— [t (S ) (o )]

| k2 4+ 32 Iy ik
+ et [kpl <—+23% iz%k) (“p)] . (4-135)

2mp we
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Note that i79 = k and 72 = —k?, and from the boundary conditions,
their is no first-order correction on the propagation constant: a; = 0. Also, we

can simplify the above equation to a more compact form:

I i |
LGt = o0 [e (k2 F ) + (K £ £2)) . (4-136)

2mp we

The first-order axial field corrections can be recovered from G;+ by using

Ei.=(Gi++Gi-)/2and Hy ¢ = (G1+ — G1,-)/(2iZ), so we can derive

kI
LEy; = 722 cos(¢), and (4-137)
™
Z]{[Q
LHy o = ——Csi 4138
e =~ sin(g). (4-138)

The above results are identical to ones shown in [137, eq. 8 and eq. 11].

4.2.4
Solving the First-Order Correction Field

In order to solve Gy 4 in (4-119) it is convenient make use an approach
similar to one used in [139], in which the orthogonality of the azimuthal

harmonic functions allows to establish the ansatz for the particular solution of

Gl’ii
GY . = Ry (p)e™ + Ry~ (p)e'™ V2 + Ry (p)el D2, (4-139)
Thus, we admit that the homogeneous solution of G + satisfies
LGY . = LyGy €™ + L, Gy e'" 9 4 L, G e T2, (4-140)

where the Bessel differential operator of order integer order m = n,n + 1 is
> 1d m?
Ly, = K== ], 4-141
dp? - pdp " ( p? > ( )
By comparing (4-139) and (4-119), we can derive the following equations
for R (p), Ry~ (p) and Ry (p):

given by

L,R} = —y3a; B, (4-142a)
k*+3
Lo R = —25pBy (kop) + K, (2% +i k) By (kyp), (4-142b)

. . k2—|—3 2
Lo R = —2pB (k) + k! ( T%j: 0k:> B (kyp).  (4-142¢)

To aid in solving (4-142) we can pursue solutions of the operator L,, over
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p? By (kop):

d? 1d> [0"By (kop)] + (kg N ?22) Bkl

Lin[p*By(kpp)] = <dp2 " pdp
(4-143)

By omitting the argument of the cylindrical functions, we can write

dzqu + 2%@ + d2Bp

dp? " dp dp dp?

1 )
Lun[p*B,(k,p)] = Pl + S {0"k,By + ap" ' By }

+ k2p'B, —m*p? B, (4-144)

which we can reduce to

k?2
Lin[p"By(kop)] = a(g — 1)p" B, + 2qpq_1kpBylo + qup(Bp—2 — 2By + Bpio)

+ pq_lk‘pB; +qp"’B, + k:iqup —m?p1?B,. (4-145)

Expanding the RHS of the above equation, we have found

k’2
Lin[p"By(kpp)] = QQPq_QBp - qpq_23p+2qpq_1kpByla+qup (Bp-2—2Bp+By1s)

+ p" 'k, By 4 qp? By + k2pB, — m*p?*B,. (4-146)

p

After a simple simplification, we can obtain

Lin[p?By(k,pp)] = (q° — m®)p*"* By + 2qp" 'k, B,
k‘2
+ pqu(Bp_g — 2B, + Byia) 4+ p* 'k, By + k2p?B,.  (4-147)

Employing the identities Byi1 = 2(p£1)/(k,p) Bps1 — B, [55, p. 463], we
can derive

2

k 1 B -
pqu(Bp,Q + Bpi2) = —§qu,§Bp +p*p" 2B, — p* 'k,B), (4-148)

that allows to rewrite L, [p?B,(k,p)| as
_ _ 1 _
Linlp" By(kop)] = (4" = m?)p* ™ By + 249"k, B, = 5p"k, By + p°p" B,
1
—p" kB, — 5pq/<;,§19,, + p" kBl + p'kB,.  (4-149)
After some simplifications, the last equation reduces to

L [p?By(k,op)] = (0* + ¢* = m®)p" 2B, + 2qp* 'k, B, (4-150)
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We can derive another pair of useful equation using B, = +B,+1 F p/(k,p) By,

resulting in

L [p?By(kop)] = (0 + ¢* = m*)p? 2 By(k,p) + QQkppq_lB;/;(kpp) (4-151)
= [(p— @) = m?p" 2B, (kpp) + 2qk,p" ' By_1(k,p)  (4-152)
= [(p+q)* = m®p" 2 By(kop) — 2qkpp™ ' Bpya(kpp), (4-153)

which is a generalization of the methods used in [51, p. 63] and [139]® for a
linear combination of cylindrical functions B, of integer order p.
We can find useful results using (4-152) withp =n+1, ¢ =1 and m = n,

i.e.,

Ln[pBnia (kpp)] = Qkan(ka)- (4-154)
Alternatively, by using (4-153) with p = n — 1, ¢ = 1 and m = n, we verify

that
LulpBu-1(kyp)] = =2k, By (k) (4-155)

also must be satisfied. By subtracting (4-155) from (4-154), after some mani-

pulation we can write

Lo Bty = Bualll} = Buior). (150
Lo |- g Ballod)| = Bull) (4150

that allow us to figure out R} in (4-142a) except for a constant factor. The
above equation also can be used to solve L,11[f(p)] = B, (k,p), and we can
derive the proper function f(p) that satisfies the last terms in (4-142b) and
(4-142c¢).

At first glance, it may sound strange that the Bessel differential equation
of order n with an inhomogeneous term B, (k,p) presents three particular
solutions: pB,11(k,p)/(2k,), —pBn_1(k,p)/(2k,) and 2pB, (k,p)/(2k,). But
note that the Bessel operator of order n applied to pBj (k,p) leads to
n

Lu[B,,(kop)] = £Ln [pBuz (kop)] F 1

Ly [Bn(k,p)] (4-158)

in which the last term clearly satisfies the homogeneous Bessel differential
equation, and becomes zero.
In order to find R}, except for a constant factor, we need to find p, ¢

and m which satisfy

Ln1[p"By(kpp)] = pBu(kpp), and (4-159)

6An equation similar to (4-151) shown in [139, eq. 45] is incorrect. The last term in the
said equation should instead be equal to the last term shown in (4-151).
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Ln—1[p"By(k,p)] = Bn-1(kpp). (4-160)

By choosing proper combinations of m, p and ¢ in (4-152) we can find:

m=n-—1
p=n-+1,: Lnfl[sznJrl(kpp)] = 4kpan(ka)a (4‘161>
q g
m=n-—1
p=n t Ln—1[pBn(kpp)] = 2k, By-1(kpp), (4-162)
g=1

that allow us to solve R} ™' in (4-142b).
Proceeding in a similar manner, we can solve R choosing the following

values for m, p and ¢ in (4-153):

m=n+1
p=n—1,: Ln+1[Panfl(ka)] = —4k,pBn(kpp), (4-163)
q =
m=n-+1
p=n t Ls1[pBn(kpp)] = =2k, B i1 (kpp).- (4-164)
g=1

In short, we can satisfy (4-142) using

P
L,|——B |=8B 4-1
nl Qkp n] a ( 65a)
2
p
Lo L=B,., ) =B, 4-165b
1<4kp +1> p (4-165Db)
P
L, |=—B8,)|=0B,- 4-1
n—1 (2]{5,0 n) n—1, ( 65C)
2
p
L ——B,_1]| =pB 4-1
n+1< 4kp n 1) PDnp, ( 65d)
p
Ln+1 <—2kan> = Bn+1, (4—1656)

where the argument of cylindrical functions is omitted for the sake of brevity.
With the results in (4-165) we can solve the particular solution of
(4-119) for each azimuthal dependent term; namely, for terms associated with
exp(ime@), m =n,n + 1.
The homogeneous solution of (4-119) must satisfies (4-140), and based
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on the linear independence of the terms exp(im¢), we can write

LG}, =0, (4-166a)
L,1GYL =0, (4-166b)
LG = (4-166¢)

whose solutions for G, can be written as combinations of cylindrical function

of order m, e.g.:

Gy = AT L Hy(kpp) + BY L Ju(kyp), (4-167a)
Gl e A?,?Hn%(kpp) + B?,?Jnfl(kpp)a (4‘167b)
G = AV Huga (kop) + BiE Joga(op), (4-167c)

where H,, and J,, are the first kind Hankel and Bessel functions of integer
order m. The constants A", and BY", will be determined on the application
of the boundary conditions. Note that instead of H,, and J,, we could have
chosen any pair of linear independent cylindrical functions.

Accordingly, we get the general solution for G, 1 as

Gl:t _ zn¢ |:70a1pB/eh —|—A iHni+BliJni]

2k
2 .2 k? 3
_70prL}_z‘_Li+p< K435, k>Bh

+ ei(n—1)¢
ik, k2 \ 2

n—1 n—1
+ Al,j: Hn—l,:l: + Bl,j: Jn—l,:t

i(n k2+3 5 . e
—|—6( e [kap Bn l:l:_’_QZQ (2")/0:F1’)/01C Bn},L:i:

+ A Hyp 2+ By e | (4-168)

As said before, the arbitrary multiplying constants Ay, and B{"., m =
n,n F 1, arise as solutions of the homogeneous equation of (4-119), and will
be determined later by applying the boundary conditions. Note that we have
restored the subscript £ in Bn ', but the argument of cylindrical functions
remains omitted to shorten the notation.

Taking into account the terms of order R™!, due to the linear indepen-
dence of the exponentials exp(ing), expli(n — 1)¢| and expli(n + 1)¢], the

boundary conditions split up into three equations, one to each exponential
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term”.

4.2.5
First-Order Correction to Axial Fields

The perturbation solution for G+ up to the order R™! is such as
G:I: = EC + NOHC = (G07j: + R—lGLi)e’Yf‘ (4—169)

The axial electric field can be recovered from G4 by using

G+ G-

E;= 5 , (4-170)
and similarly, we can establish the following equation for the axial magnetic
field a.—a

He=-—"_"- 4-171

¢ N, (4-171)

To recover the axial fields, noting the sign of + (or F) that came with

the term iyok in (4-168), the following relationships are relevant. Let us now

consider
By = (a £ b)(B° £ NyB"), (4-172)
then: B B
*;r‘ = aB®+ bNyB", and (4-173)
By —B_  bB°+aNyB" bB° N
— - B". 4-174
2N, No N, T (4-174)

Using the above relationships, we have found

" 2k 2 " 2

L[ R e (P38 ;
+R [ 1k, Dt T g 22 (23" kR
An+1 + Al g B{u_l + Bl =y z n— 1)(256’7(
5 n—1+ 2 n—1
%B0* e p (K439 pe h
Rl Be_ — VB¢ _ v kN,B
I [ 4k 2]{% ( 5 " Y0 0Pn
At gntl Bt + B! :
1’JF%Q_LHnH + H;_LJnJrl] ez(nﬂ)%%, and (4-175)

It is important to observe that in (4-168), the terms A} ,H, s+ exp(ing) and
BY L Jn exp(ing) are linearly dependent of the zeroth-order solution Gg i+ defined in
(4-111). This can be a clue that both A} . and B are zero.
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2 A — A" By, — B} .
He=|Bh4 g~ (W00 pm Dl Py ) Zld Pl g )| ginégC
¢ [ n_l— < Qkp n + 2N0 + 2N0 € e
2 2 2 2 :
_ Y0P Sh p (k43 Hn, 100k e
R '|— B — | ——B —B
* l 4k, ”“*_%g< 2 n N O
At — AT Byt — B! :
;Hn, ;Jnf i(n—1)¢ v¢
+ N, 1+ 9N, 1| e e
2 2 2 2 -
—1 [P ph p (K +3% Hn 0k e
B — | ———B'— —2B
A l4@ ”]*%%g< 5 TN,
At — ATt Bt — pptt :
it S Btk —— i(n+1)¢ ¢ . (4-176
o\, +1+ o, 1| € € ( )

The axial field can be written in a compact form, highlighting the

azimuthal dependence and the order in terms of R~! in the shape of

n mn n—1
Be| _ { Eoc| g | Eie }ez‘n¢ew<+ ! El,cl (in=1)9=t ;3¢
H Hg¢ HY Hye
En—i—l ) )
+ R 1ni1 ez(n+1)¢+z¢67§“7 (4_177)
HI,C

where the zeroth-order curvature vanishing axial fields are given by Eg. = B;,
and H . = B}

The portion of the axial fields proportional to R~ exp[ing] are obtained
comparing (4-177) with (4-175) and (4-176), so that:

En 2 B/e e be
L M T;l + Hn a}ll,n + Jn }117”« ) (4_178>
Hﬁ( 2kp B’;L a’l,n bl,n
where
¢ 1 |AD AT
i P e e B (4-179)
bim 2 BTJr + B{n
h 1 A™ — A™
I I N (4-180)
b17m 2N0 B]_,_,’_ - Bl’_

Note that the four unknowns in A; y and B; . where transformed to other
four unknowns in ai},ﬁl and bifn These constants will be determined later by
applying the boundary conditions.

The portion of the axial fields proportional to R~ expli(n £ 1)¢] are
derived comparing (4-177) with (4-175) and (4-176), so that:

E??l = Rz,nﬂ:l + aelz,n:tlHnil + bin:l:l‘]nila (4‘181>

Hﬁ?l - R?,nil + a?,nﬂHnil + b?,nil‘]n:tla (4‘182>

where
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€ € 7 p €
a1 = B¢ i1 (kpp) = & 40k: B+ 55

P kQ + 373 e . h
2k2 <QBn F ’l’)/ok‘Nan ,

(4-183)

k* + 342 1Yok
Ri R () =207 P F T ph 0% pe ) (4184
Cntl C,n:l:l( oP) 4k, n¥l T 21{% 5 + N, ( )

In a compact manner, for m = n £+ 1, we can write

Em e be
- Sl 4 Hy, “Uml 4, "l (4-185)
Hl,g RC,m al m b
Recalling that
B = Hy,(kpp)ag + Jn(kop)b5, (4-186)
we can define e B )
Rem = Ri’m — Hgméo,n + ngboﬁ, (4-187)
¢,m
where
= B (k, 0
B, = 202 | BalFop) , (4-188)
2k, 0 By (k,p)
- 2.2 Bn k 0
B, =000 F1(k,p)
| W, |0 Bunlke)
2 2 .
N p k +37()B (kop)  FivokNoB,(k,p) (4-189)
a719 2 2 . -
2k2 :Fz'yokB (k P) k —&-2370 Bn(kpp)

At this point, the first-order correction to propagation constant «; is an

unknown. Then, it is appropriated to redefine B? n such as

= 1 = 'y p =
B, = o BE, = 22 Bl (kop)I, (4-190)
Also, using Ny = i(u/€)'/?, we can derive Bgynil in a more compact shape:
_ 2 2 _ k2 +373
= YoP = Eyowp
B . =+——Buri(k,p) + B k 2 4-191
Thus, for m = n,n + 1, we can write
B _
;f R + Hcmalm + JC mblm (4_192>
H17<
= H? o + 2 pbon + Huiirm + Jnbim, (4-193)

where By = Bu(kyp)L, with B,, = H,, or Jy, being first kinds Hankel or

Bessel function of order m. For m = n we must use Bé”n = alggn to apply the
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boundary conditions for the fields associated to exp(ing) because «; is still an

unknown quantity.

4.2.6
First-Order Correction to Transversal Fields

The proper combinations of (4-4a), (4-4b), (4-4d) and (4-4e) allow us to

write the fields transversal to  from the axial fields ' and H as

E 1 —heiwpp | | B
¢ 7‘% glwaupap , and (4-194)
Hy k‘t p hgzwepap V35 H
E 1 2 hiwpZ| |E
Pl —— ’7p8 Clw'l;&i) ) (4_195)
H, kip hgzwe(% P35, H
Recollecting that £/ = h¢E: and H = h¢H¢, we can use
aa¢ (th() hg aa?; + Rilp sin(¢ + w>Gc, and (4—196)
0 oG _
o - (heGe) = he—— p ¢ — R cos(p+ )G, (4-197)

to derive a direct relation between the axial and the transversal fields:

v 0

E, h 7 8¢> —iwupa% E¢
Hy| ~ Kip liwepl 22 | |H
h lsin -+ Z(,L) COS +
ki | —iwe cos(¢ + 1) hlg sin(¢ + )
E,| W [ hg  wpgs| B
H,| kip |—iwel hgs] | H
b | —X cos(o + wpsin(¢ + E
ki | —iwesin(¢ + v) —% cos(¢ + 1)

At this point, we should truncate the transversal fields up to the order

R~ For this purpose, the following approximations are useful:

7270\/1+R—1a1+O(R—2) =% <1+R 12 5 ) +O(R™?), (4-200)
hey o 70—k + %) -2
L D gt Vg 42 + )] +O(R™?), (4-201
kzhg + A2 kg 2k4 [e% pcos(¢ + )] ( ), ( )
W (Y .
prr o~ e 1l 2pcos(o )] ORT), - (4202)
P p
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g "o -1
——— = —+O(R), 4-203
K2hI 4+ k2 S (4-203)
h 1
= — 4 O(R™Y). (4-204)

KR +97 kg
Considering the previous approximations, now we can write

Bo| _ ] L | wgs  —iwnng
H, k2p iwepa% %%
27]{‘2 . .
_ pblen +2pcos(é+ 0] | Mg —iwneg
kap iwepl WK o
P pap 270 O¢
+R’1i Yosin(¢ + ) dwpcos(¢p+ 1) E.
k3 | —iwecos(¢+4)  qosin(é+¢) | | |H.
1 9 _; 9 _E
+ R | 0o TR | P and (4-205)
kop tweps, V054 _Hl,g
Byl _ ] L | weg, i
Hp kgﬂ —iWE% ’yopagp
27k2 ) .
_ gratlon+ 2peos(o )] [MEog  iwng
kop Cjwed TR0
P o6 2y Pop
gL [Fweostoru) i+ )] | [E.
Ky | —iwesin(d +¢) —ycos(d+¢)| | |H.
1 9 oull |E
+R_IT VOPQ% ZCUM(?;) 1,¢ ’ (4—206)
kpp —Wezs 0Py, Hy ¢

where the axial fields are written such as Go = G, + R™'G ..
Noting that the zeroth-order solutions are proportional to exp(ing), we

can use the relations

cos(¢p + 1p)e™? = {ei(”_l)‘b_w + e“"“wHﬂ , and (4-207)

N[ =

sin(¢ + )" = o [T eilrinotiv] (4-208)

DO | =

to rewrite the transversal field components in the form

Ly :{ E&b + R! Eﬁ¢ }ein¢e~/c+R—1 E?,d)l pi(n=1)¢—it ;7¢
Hy Hyy Hi, rs!
En+1 ) )
+ R TR | el etiv et (4009)

Hyg!
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E, :{ kg, LR Eﬁp]}einqbe'yg_‘_R—l Eﬁ,)l] pin—1)g—it) 1
H, Hy,, iy, Hy,t!
En+1 ’ '
+R! 1;{;1] el MHDIT WG (4.210)
Hl’p

where the =zeroth-order curvature vanishing fields are given by

{Eg:, Hy,} exp(ing + (), t = p, ¢. The remaining terms are given by

Lof _ L | qoim - —tmpgg) | Big
T k2p iwepa@p Yoin HY,
27k2~ . n
o [%270 o _2”“2/)8% 0¢] | (4-211)
. k2. n |
kip zwepa% 70270 in | | Hg
Enil 2 ’Yg 2 . = i
1, o T M TIPS, 0.¢
n —k n
Hljl k3 zwepa% ’70270 in | | Hg.
LU F e (Bl L |ei(n £ 1) ~iwppy, | | EiE (4-212)
2k5 | —we Fo| |Hie) Kop | dwepgs  wilnx1)| |HE
Er,l _ 1 ’Yopa% iwp(in) 1¢
Hy, k2p | —iwe(in) ’)/()p(% HY.
2—k2 . . n
o | Tesy  dwnlin) || B (4-213)
kip —iwe(in) Wk 0| g |
p 20 Pop 0.¢
Enil 2 73_]“2 0 : : En
Lo | _ 00 | 2% Pop Z;"“SZ”) 0
n - . . —k n
Hljl k3 | —iwe(in) 70270 ,08% 0.
L1 [0 Fiwp] [By] 1 by,  awpi(n£1)| | BT
2k3 | tiwei  —o bc]  Rp | iweiln£1)  yopg HIE
(4-214)

We must simplify the equations (4-211) to (4-214) in order to detach

e,h

Um» for m = n,n £ 1, in order to assist the

the parameters oy, aiZL and b
application of the appropriated boundary conditions. For this purpose, in the

following sections each of these equations will be simplified.
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4.2.6.1
Simplification of the Equation (4-211)
Defining 5
_ 1 : )
D(p,m _ — Yotm ZUJ,l'lpap : <4_215>
kip zwepa Yoim
= 2 mB k, iwpk,pB! (k
@ = _k,TO , (kop) yQ—IIiL? -pp n(kpp) ’ (4-216)
P zwekpan(kpp) S —inBy(k,p)

we can rewrite (4-211) as

En = = . = _ = = _
Le| — Dd%” [angndO,n + o Jgnbo,n + Hndl,n + anl,n}

Hty

+ Oélflgmaom + aq j;7n507n. (4—217)

Introducing the new matrices Bg’n and By, such as

B, +Bj,
in 7016 pB’ 6K g ) i [(k2p2 —n?)B, + 2k pB’}
_ P Yo n p n2 ; P n ’
2k4 —iwe | n®) By + 2k,pB,|  in (vok,pB), — 1B,
(4-218)
Bd),m - D¢,mBm
1 | voimB,, —iwuk,pB], (4.219)
k:2,0 iwek,pB.,  YimB,, |’
where B,, = H,, or J,,, we can obtain
En = A pu—pN — = = —
lefb = ang’nC_lO,n + o Jgnbo’n + Hqﬁ,nal,n + Jq&,nbl,n (4_22())
17¢
= 041R¢7n + EI(b,nC_Ll,n + j¢7nl_)17n. (4—221)
4.2.6.2
Simplification of the Equation (4-213)
Defining 5
= 1 2 -
Dy = = | o0 T (4-222)
koo | mwe Y0P3,
2_k2
. % 70270 k,pB., (k,p) nw,uB (kop) (4-223)
. k4 nwe By (k,yp) VO o kppB/ (Kop)
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Bip| o L | opg, iwplin)| | Bi
Hy,|  Kp |—iwe(in) %,08% HY.

22 . . n
B Yoy 70270 ng zw,u(m) Eg. (4224)
4 B V2 —k? Hr )
P iwe(in) o pap 0c

we can rewrite (4-213) as

Er = = = _ = _
Lol Dp,n {OéngnC_lo’n + Oéngnbgjn + an_zl,n + anl,n

n
Hl,p

+a HY g + a1 J® bo . (4-225)

Introducing the new matrices E’gn and B,,, such as

onBL, + B,
k;2p2 —n?)B, — ’VO"“ k,pB., —nwp (k,pB!, — 2B )
2k4 nwe (k,pBl, — 2Bn) —0(k2p* = n?)B, — i - k:ppB’ 7
(4-226)
ép,m = :p,mém
1 |vkopB;, —nwuBm 1997
=3 / (4-227)
2P | nweB,,  Yok,pB,,
where B,, = H,, or J,,, we can obtain
ETL = A =, — = = _
17;p = Onggnao’n + Oé1<]§,nbo,n + Hp,nél,n + Jp,nbl,n (4_228>
HY,
=Ry + Hypyp + Jpnbin. (4-229)

4.2.6.3
Simplification of the Equation (4-212)

Defining égyns and égn as

_ 2 (0200 B, (kyp) —iwpk,pB, (k
ky | iwek,pBL(k,p) o inBn(kyp)

8Please note that B?g,n = ,0_1sz’5 ns cf. (4-216).
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5,
2k2

Fiy  wwp

_ ' (4-231)
—iwe  Fip

Bq?)?n =

and using l:)qgm in (4-215), we can rewrite (4-212) as

= H(Z,na(),n + j;;nb(),n + ﬁg7nd0,’n _'_ j(;’nbo,n

+ Dy pt1 {Hgnﬂao,n + jé’,nﬂ%,n + Hyg1 81 1 + jnilgl,nil] . (4-232)

Introducing the new matrix éq’;n 4, as
Bgyn:ﬁ:l = Bg,n + B:;,n + Dqﬁ,n:ﬁ:lBZnip (4—233)

we can obtain

n+1 _ _ _ _
Blo \ fp o+ T2 bow + Hypsrd Jyni1b 4-234
el dm+100,m omt100,n o101 a1 + Jone1binzr,  ( )
Hl,(b
= Rgpe1 + Hyne1G1 a1 + j¢,ni151,nil> (4-235)
where
By nt1 = Dy a1 Brii(kpp) (4-236)

1 |:’yoi(n +1)Bhsi(k,p)  —iwpk,pBl 1 (kyp) } _ (4-237)

B k2p | iwek,pBl i (k,p)  yoi(n £ 1)Buxi (k,p)

After a series of cumbersome manipulations, we found a simplified version

for E’gmil given by

Bg,nﬂ = (4-238)

1 [i’Yofll,i _iwﬂfw,i]

4k§ Z'Wﬁflzj: 2"Yofll,j:

where

Jie = 2K £23(n £ D]pBusi (ko) + ky(n £ 1)B,(kyp), and  (4-239)

frox = (on £ k) pBuzi (kop) — ko150 £ (n £ 1)) Bu(k,p). (4-240)
Note that in the above equations B,, = H,, or J,,.

4.2.6.4
Simplification of the Equation (4-214)

Defining é27n9 and égn as

9Please note that égn = p_léb ; cf. (4-223).

pym
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- 2 [0 ) oB! (kyp)  —nwpBn(k
7 S n(Kpp) s n( o) | (4241)
k, nweBy (kyp) P kpp B, (Kop)
- B, [— =
B, =—n |0 R (4-242)
7 2kp Fwe  —Y

and using l:)p,m in (4-222), we can rewrite (4-214) as

n+1
El,p

HrEL Hp,naovn + ‘]p,nbov” + Hpvnaovn + Jp,nbov"
1,p

+ Dyt [Hg,nﬂdo,n + JE i1bon + Hy1G1 a1 + jn:l:lgl,n:tl} - (4-243)

Introducing the new matrix éﬁ,n:ﬁ:l as
Bgvnil - Bz,n + Bz,n + Dp,n:l:l-ég,n:l:lu (4—244)

we can obtain

fl 1o+ T+ By pis + Jypibier, (4205)
= Rpnt1 + ]:Ip,nzl:lél,n:tl + jp,n:l:lgl,n:tl; (4-246)
where
Byt = Dppi1 Busi(k,p) (4-247)
1

= — / (4-248)
kpp (n+ 1)weBni1(kpp) VOkpanﬂ(kjpp)

YokopB i1 (kpp)  —(n+£ 1)wuBni1(kpp)}

After a series of cumbersome manipulations, we found a simplified version for

Bﬁ,nil given by

= 1 _
BP {%911,1 wﬂglzi] ’ (4-249)

pntl — 3
4]% Wwegi2,+  Yod11,+
where

g1+ = [V (n£2) £ 3k%pBy1(kop) F kp(n F 1 £750%) Bu(k,p), and (4-250)

G2+ = £(n F D)5pBug(kpp) £ Ky Bulk,p)). (4-251)

4.3
Fields Along Radial Stratifications

In the following formulation, we consider that the bend structure shown
in Fig. 4.3 is comprised by N radial layers. Each layer extends over r;_; < p <

rj, 0 < ¢ < 27, and is characterized by the constitutive parameters €; and j;,
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j =1,2,---,N. Note we assume each layer is a homogeneous and isotropic
medium.

To find the proper values of ay and aj , 51,m, for m = n,n + 1, for each
layer, we must enforce the continuity of the fields (transversal to p) at the
junctions between each layer.

For brevity, we can write all fields in (4-177), (4-209) and (4-210) in a

compact manner using

G, = ( _g,a + R_léia) et
+ RTIG et RIGT TR (4.952)
where G, = [Eq, H,]', and the polarization direction is a = p, ¢ or (.
Taking into account the azimuthal orthogonality in terms of m¢p, m =
n,n £ 1, the boundary conditions splits up into three independent equations.
Thus, we must satisfy the continuity of fields in terms of exp(ing), expli(n —
1)¢] and expli(n + 1)¢| apart.

43.1
Continuity for Fields in Terms of exp(ing)

The enforcement of boundary conditions for the fields G¢ and G in terms
of exp(ing) allow us to determine oy, @, ,, and by ,,. From (4-252), is clear that
we must enforce the continuity of only é’ﬂc and C;”f, s because the zeroth-order
non-perturbed fields GEL’C and C;'g,(b already fulfill the boundary conditions.
The enforcement of all boundary conditions for the continuity of the fields in
a N-layers stratified cylindrical structure provide us a set of d independent

equations, which can be written as the homogeneous linear system:

Q7

Al,n

Rl,n ]\:41@} = 07 (4_253>

where ]\;[m is a d X d square matrix, Rl,n and fll,n are d x 1 column vectors, and
0 is a d x 1 mull column vector. The dimension d is the number of boundary
conditions.

The value of d can be easily determined: for each radial layer we need to
include 4 continuity conditions for the fields E¢, H¢, E4; and H,. Furthermore,
case our stratified structured presents a hard wall (PEC or PMC) at r; i.e.,
7o 7# 0; we need to include two additional conditions: F, = E, = 0 for a PEC,
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Table 4.1: Number of boundary conditions d
‘ o = 0 To 7é 0
ry=00 | 4N —4 4N —2
rN 0o | AN — 2 4N

or H- = H, = 0 for a PMC'. The same idea should be used to include a hard
wall at a finite ry. Table 4.1 shows the number of boundary conditions in a
N-layers stratified structure.

Turning back to (4-253), we can see that our problem has (d+1) unknown
and just d equations. This system of equation is under-determined, but also is
homogeneous and always has at least one solution: the trivial solution where
all the unknowns «; and Alm are zero.

If we assume for a moment that (4-253) has more solutions than the

trivial, one can write - ~
Ml,nAl,n = _alRl,na (4—254)

where we supposed a; # 0.

It is interesting to note that det(]\zflyn) = 0 for any mode that satisfy
the zeroth-order characteristic equation (3-91). This means that ]\:41,71 is not
invertible, and only the trivial solution flm = 0 and a; = 0 satisfies both
(4-253) and (4-254). Then, we verify that there is no first-order correction
for the propagation constant. Moreover, as we have anticipated, there is no

perturbation correction for fields in terms of exp(ing).

4.3.2
Continuity for Fields in Terms of exp(i(n £ 1)¢)

To enforce the continuity of G_’TC and G_-"ffd), for m =n 41, in a N-layers
stratified cylindrical structure we need to simultaneously satisfy a set of d

linear equations, which can be written as
]\:41,m1211,m == Rl,m; (4—255)

where MLm is a d x d square matrix given by

10Tt should be observed that we need to apply the boundary condition on the azimuthal
component of the fields instead of use the derivative in p of the axial ones, as usual in straight
structures. From the azimuthal fields in a bend structure (see (4-4e) or (4-4b)) we clearly
see that d(h¢H¢)/0p = 0 (for PEC) or 0(h¢E;)/0p = 0 (for PMC). Thus, depicting G as
E¢ or He, we must satisfy
0G, 0G¢

— —_— = i f = U.
he p +G¢ ap 0 instead o ap 0
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T
Dy, —_D2,1 -
- Dyoy  —Dso
My = , (4-256)
DN—l,N—l _D_N,N—l
i Cn.N
and fle and Ry, are d x 1 column vectors given by
Zml El,O ]
7m 1 F1?2
_ .2 _ Fy3
Al,m - bm,2 ’ Rl,m = . (4—257)
am,N FJ,V_I N
b Enxn |
m,N_

Notice that just the non-zero elements of ]\:41,m are shown in (4-256), and we
also have omitted the first index in vectors Gm; = G1m; and by ; = b1 to
simplify the notation. The dimension d is the number of boundary conditions
given by Table 4.1.

The sub-matrix 51,0 and sub-vector ELO enforce the boundary conditions
of a hard PEC wall placed at p = ry. Similarly, C N.N E '~ enforce the boundary
conditions of a hard PEC wall placed at p = ry. The sub-matrices l:)” and
l:?HLj in conjunction of the sub-vectors F’i,iﬂ enforce continuity of the fields

between layer j and j 4+ 1 at p = r;. These matrices and vectors are given by

G- [HCm(kpm)\n 0 Towlkgr)ln 0 ]
i
Hey m(Kipri) |11 H¢m<k1ij)|12 J(bm(kzprj)hl J¢m(kwrj)|12
(4-258)
— ﬁ] m kz 1 J: m k?z 1
D;; = [Q (Kiprj) ¢, ( prj)] (4-259)
Hy m(kiprj)  Jom(Kipr;)

_ Re (ki
By, — | ( prﬂ)h] and (4-260)
— Ry (kiprj)h
T R m kl K3 R m 1 1
PR (higr) = Ben (i, ors) (4-261)
R¢ m(Kipri) + R¢ m(Kit1 pTz)

The matrices Bgm and B¢m (B HorJ ) have already been defined
in previous sections for a single layer structure. These results can be easily
generalized to take into account the additional stratifications. In layer j, we

must employ
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Bem(hsop) = (kjpp) ] . and (4-262)
0 B (kjpp)
By (kjpp) = 2| " ,( sop) - —UoksHspp B (Ri) . (4-263)
pP ZWEjkjpme(kjpp) _meBm(kJPp)

The above formulation considers a hard wall placed at p = rg and another
at p = ry. Case rg = 0; i.e., there is no boundary condition to be matched
at p = rg; we need then to ensure finite fields in the first layer by enforcing
m,1 = 0 and we should not employ C:’LO and El,o- Besides that, the fist two
columns of 1:3171 are no longer necessary.

Similarly, if we consider an unbounded waveguide; i.e., ry — 00; there
is no backward wave at last radial layer and I_)m, ~ = 0. In this case, we should
not employ éN, ~ and E?N, ~, and the last two columns of l:? N,N—1 are no longer
necessary.

The simple inversion of matrix ]\?Lm in (4-255) allow us to find the

unknowns A, ,,, namely, _

Al = My 3, Rim. (4-264)

4.3.3
Mirror Modes and Fields Symmetry

In Section 3.3.5 we have showed that exist symmetric relations for the
fields in a cylindrically-stratified waveguide (zeroth-order fields in our toroidal
structure). Here we will generalize these results for perturbed fields in toroidal
coordinates.

Decomposing the field components in terms of the axial and transversal

in relation to ( as
E=E, +(E, H=H,+(H,, (4-265)

we can write the Maxwell’s curls equations in (4-2) as

ke » 1 .
DX B+ —V, x (CheBy) = iwpH,, (4-266a)

h¢ h¢

ike 1 R ,

—(xHi+ —V,; x (ChcH;) = —iweE,, (4-266D)

h¢ he
V. x E, = iwp He, (4-267a)
V. x H, = —iweCE;, (4-267D)

where ik

V=V,+(=, (4-268)

he

and the two-dimensional (transversal) nabla operator is given by
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V, = qb—— (4-269)
99
By the vector multiplication of C on both sides of the equations in (4-266)
and using ) R
¢ x (Vi x ((heGe)) = Vi(heGe), and (4-270)
5 X (5 X Gy) = —Gy, (4-271)

and after a few manipulations, we can express the transversal fields as a

combinations of the axial ones using!*

he | ik , .
t
h( Zk’g . I
Ht 12 h Vt(thg) Zwth X (Cthc) . (4—273)
t

If the fields associated with (k¢, B, E¢, Hy, H;) are a solution for (4-266)
and (4-267), the mirror mode (—k¢, E;, —E¢, —H;, H;) is also a solution for

Maxwell’s equations. In this manner, we can write the (np)th modal fields as

EL(p,0) = [Ef,,(p.0) £ CEL,,(p. 6)| €, and (4-274)

H,,(p,0) = |£H{,,(p.¢) + CHE,,y(p, 0)| e Feme, (4-275)
for fields propagating to £(. Note that the fields are symmetric in relation to

(-axis such as

Eup(p,¢) = E? np( ,0) He,,(p,¢) = Hénp( qb), (4-277)

For simplify our notation, we will assumed that the fields GZ ., = Ganp,

G ={FE,H}, a = {t,(}, were derived for the forward axial wavenumber k¢,

a,np

such as Sm(k¢np) > 0. In practical terms, the superscript + will no longer be
employed here.

From the results in Section 4.3.1, we can verify that there is no first-order
perturbation correction for the axial wavenumber in our toroidal coordinate
system, i.e., &y = 0 and consequently k¢,, = k.,p. Thus, we can continue
employing the all fields and symmetry relations for the zeroth-order solution
derived in (3-128), (3-129) and (3-130). In other words, for n > 0, the (np)th

HNote that the derivative of the unit vectors in toroidal coordinates are given in (C-14)-
(C-16), such 8p/0¢ # 0 and 8p/AC # 0, but dC/dp = dC/d¢ = 0. Also, observe that the
fields in (4-272) and (4-272) can be arranged in the matrix forms shown in (4-194) and
(4-195).
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zeroth-order modal fields satisfy:

&pv—np = _(_1)nE&pvnp &p,—np = (_1)nH&p,nP

199

(4-278)
(4-279)
(4-280)

We could further simplify our analysis using a series of symmetry
relations derived from the first-order fields in (4-192), (4-234), (4-245) and

(4-255), as follows.
For n = 0, the (0Op)th first-order modal field satisfies:

n—1 __ n—+1 n—1 __ n+1
El,p,Op - El,p,Op Hl,p,Op - _Hl,p,Op

n—1 __ _ rm+l n—1 __ n+1
EYgop = —Ei g 0p Hy g 0p = Higop

n—1 __ n+1 n—1 _ _ pyn+l
ELCDP - ELQOP H17C70p - Hl,C,Op‘

For n > 0, the (np)th first-order modal field satisfies:

En:tl _ _(_1>nEn:Fl Hn:l:l _ (_1)an:F1

Lp,—np — Lp,np Lp,—np — L,pnp
n+tl _ (_1\nnTFl ntl _ _(_1\npggn¥Fl
E17¢7_np - ( 1) E17¢7np H17¢7_np - ( 1) H17¢7np
nt1 _ n ,nFl n+tl _ n rrnFl
E17<77np - _(_1> E17<7np Hlvngnp - (_1) H17C7np'

4.4
Fields Along Axial Stratifications

4.4.1
Axial Mode-Matching

(4-281)
(4-282)
(4-283)

(4-284a)
(4-284b)
(4-284c)

The fields transversal to  in the axial region j can be written as

o0 o0
E; = Z Z(a;fnpemz’"p( + ozjfnpe_’kzv”pg){E;?t(k:p’npp)emq5

n=-—oo p=1

+ RVEL (Kppp) ™27 RIVEIH (K, pp) el DO } (4-285)

o oo
Hj, = Z Z (ajfnpeikz’npc - aj,npeikz’npc){H% (kp,n’p’p)eml(b

n'=—oco0 p'=1

+ Ry H T (K p)e ™ IO 4 REVH T () DO } (4-286)

Suppose a junction between the region 1 and region 2 at ( = (;, as depicted

in Fig. 4.5. Then, we must match the transversal fields such that
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(a) Planes of curvature
1
R,

Region 1! Region 2

NN

(b) Transversal view at the junction

200

Figure 4.5: Junction between two semi-infinitely-long waveguides.

Ey = Ey

inside Sy,
Hy; = Hy

Elt = ( inside SQ - Sl,

(4-287)

(4-288)

where the waveguide cross-sections in regions 1 and 2 are depicted by S; and

S, respectively. To shorting the notation, consider to write the fields as
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o0

Eji =Y (A}, + A5,)Ejtm, (4-289)

m

oo

Hjt = Z(A;’:m/ - A;m’)Hjt,m/7 (4—290)

ml

where the field amplitudes at { = (; are A;-'fm = afm exp(£ik, (1), and the
mth transversal field Gj;,,, G = E or H, can be write as a function of the

radius of curvature in region j (viz., R;) as
Giim = Giih(p.0) + By 'G (0, 6) + O(R;2). (4-291)

Considering M modes in the region 1, and N modes in the region 2, from

the continuity of the transversal electric fields at ( = (; we can obtain

M N
> (Al + AL )Eiem = Z(A;n + A, ) Esq . (4-292)
m=1 n=1

Multiplying both sides of the above equation by xHy,» (n' =1,2,3,--- | N)
and integrand over the surface Sy (in the direction ¢ > 0), we can obtain a set

of N equations:

M
Z (Ai’:m + Al_,m)/ (E1t7m X H2t,n’) . (dS =

m=1

Z A;_n + A2n /S (Eth X H2t,n/> . CAdS, for n/ = 1, 2, ey N. (4—293)

We can reduce the integral in the LHS of the above equation to be over Sy
instead Sy because E;; = 0 inside Sy — S;. The reaction of the mth field in

region ¢ to the nth mode in region j can be defined as
(Eitn, Hjin)e = / (Bityn x Hjp,) - CdS (4-294)

/ / zp mH. omn Eid),mijm) pdodp (4—295)
= Xim,jn- (4-296)

The self-reaction X}, j, can be defined as @)j,,. In this way, the set of equations

n (4-293) can be written in a matrix form as
Xia(Af + A7) = Qa(AF + A7), (4-297)
where the elements of the matrices X 12 and 6:22 are given by

XlZ’n,ma = le,Zn (4_298)
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Q2lnms = Xom2n (4-299)

and the modal amplitudes at the junction Ajjfm were proper combined into the
vectors f_l;-—L, for j =1 or 2.
Following the above steps for the continuity of the magnetic field at

¢ = (4, we can derive
Xiy(A3 — A7) = Qi(Af — A7), (4-300)

Combining the (4-297) and (4-300) we can relate the forward and

backward modal amplitudes at the junction ({ = ;) as

A7) _[RY o)) At 30
AT - T(c) R(O Azl
2 12 21 2

where scattering sub-matrices are given by

R = (Q' + X1,Q5" X12) Q" — X1,Q5 ' X12), (

T3 = 2(Q} + X1,Q5 X12) 1 XY, (

Tl(g) = 2(@2 + )_(12(@'1)_1)_(}52)_1)_(12 , and (4-304
(

RY) = —(Qo + X12(Q)) ' Xly) M Q2 — X1a(Q4) 1 XL).

The above matrices and amplitude vectors have the following dimensions

rows, columns):
(rows,

dim(AY) = (M, 1), (4-306)
dim(A3) = (N, 1), (4-307)
dim(X12) = (N, M), (4-308)
dim(Q,) = (M, M), (4-309)
dim(Q,) = (N, N), (4-310)
where the total number of modes in regions 1 and 2 are given by
N1¢’
M= > Ny(n), (4-311)
n:—N1¢
N2¢
N= > Nyln), (4-312)
n:7N2¢

where N4 is associated to each azimuthal dependence in ¢ considered in the
modal field expansion. Furthermore, for each Nj4; we have a set of N;, modal
fields.

The modal amplitudes can be written as
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Ay =| AY |, (4-313)

where SN

Af, =  |. (4-314)
AT

J,np

The reaction matrix will then assume the form

Xin,-n, o Xon, 4N,

X1 Xoo Xpim
X1z = 2_(0,—1 2_(0,0 Xo4+1 , (4-315)
X1 X Xoin

_X—N¢,—N¢ . . X_N¢7+N¢_
or - =
X12|n’,n = Xn’,’m (4_316)
Xool = X1 ot 4317
] . 1(np),2(n'p’) ( )
2
= / / (ErppHognp — ErgmpHopmwy) pdp do. (4-318)
0 p1

Considering the perturbed fields up to the first-order in relation to the

curvature radius R;, we can write

Ximp)20w) R X (am oy + B X oy + BT X o (4-319)

1(np),2(n'p’ 1(np),2(n/p’ 1(np),2(n'p’)"

We can substantially simplify the reactions in the above equation taking
into account the azimuthal harmonic dependence of the fields. Note that the
zeroth-order curvature vanishing fields are proportionals to exp(in¢g) whereas
the first-order fields are proportional to exp[i(n £ 1)¢]. Accordingly, we can

easy ascertain that
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(0,0) _ " " A
Xl(np),Q(n’p’) - 27[_5"7_"/ / (Elt,np X H2t,n’p’> : de@ (4-320)
P1

(0,1) _ —1 n n—1 =
Xl(np),Z(n’p’) = 2me 1!’25”7(”/1)/ (Elt,np X H2t,n’p’) ' dep

P1

+ 2W6iw25na(n/+1)/ (E?t,np X Hg;;%’p/) .6pdp’ (4_321)

P1

1,0 —1 n— n A
Xl((np)),Q(n/p/) = 2me d}lén*lv*"' /pv1 <E1t,T}p X HQt,n/p/) : dep

+ 27T6i¢15n+1,n’/ (E?tt}p x Hgt,n/p') ) 6pdp7 (4_322>

P1

and we can verify that X 12 is a tridiagonal block matrix because

Xy =0 for n+n'| > 1. (4-323)
We can further derive the following specializations:

= 27" for n = —n/, (4-324)

p'\p 1(np)72(nlpl)’

Xn’,n

% — - —1 (nvnfl) — —1 (nflrn) _
X n e 27 [Rg le w2[1(np),2(n/p/) + Ri'e wl[l(np),?(n’p’)} , for n = —(n'-1),
(4-325)
% _ -1 3 (n,n+1) —1 i (n+1,n) .
Xo/m e 27 [RQ e wQ[l(np),Q(n’p’) + Ri'e wl[l(np),Q(n’p’)} , forn=—(n'+1).

(4-326)
where we have introduced integrals along the radial space in region 1 of five

kinds, given by

(n,n) _ n n n n
Il(np),2(n’p’) - /pl (Elp,np 2¢,n'p’ Elqﬁ,anZp,n’p’) pdp7 (4_327)
(n,n—1) _ m n—1 n n—1
Il(np),Z(n’p’) - /p (Elp,an2¢,n’p’ - 1¢,an2p,n’p’> pdp7 (4_328>
1
(n—1,n) _ n—1 n n—1 n
Il(np),Q(n’p’) - L (Elp,np 2¢,n'p" E1¢,np 2p,n’p’> pdp? (4_329>
1

(n,n+1) _ n +1 n +1
Il(np),Q(n’p’) —/[; (Elp,an;zﬁ,n’p’ - 1¢,an;p,n’p’) pdp, and (4—330)
1

n+1,n n n n n
Il((np)ﬂ()n/p/) — / (Elfj,_’ip 2¢7n/pl — El(;:’l%,p 2p’n/p/> pdp (4—331)
p1
It is clear that (4-324) is precisely the reaction integral between the zeroth-

order fields previously derived in Section 3.4.1.1.
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4.5
Mode Excitation from Sources Inside a Toroidal Waveguide

Consider a generic source inside a toroidal waveguide, located between
two planes at ( = (¥ = (p + 6 as shown in Fig. 4.6. This source generates the
fields ET and H* traveling in the positive (-direction, and the fields E~ and
H~ traveling to the opposite direction. The electromagnetic fields generated
by this source can be expressed in terms of the waveguide modes as

M

E* = Y AXEE (p, ¢)etFem (1) and (4-332)
m=1
M
HE = 3 ALH (. g)ethener), (1-333)
m=1

for ¢ = (5. Here we used the single index m to represent any possible mode of
the toroidal waveguide.
We can determine the unknown amplitudes AE by using the Lorentz
reciprocity theorem
/ (El X H2_E2 X Hl) -ds = / (Eg'Jl —E1 'J2+H1 'MQ—HQ Ml) dU, (4—334)
S 1%
where the surface integral is over the cross-section at ¢ = (F.
By selecting E; and H; as the fields radiated be the set of sources J; = J

and M; = M, and assuming that there is no more sources (Jo = My = 0), let

E, = E*, for ¢ = (3, (4-335)

Figure 4.6: Sources inside a radially-stratified and axially-toroidal waveguide.
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H, = H*, for ¢ 2 (F, (4-336)

and let E; and Hy the m/th waveguide mode traveling to negative (-direction:

E,=E_, (4-337)
H, = H_, (4-338)
for m"=1,2,..., M. Now, we can write (4-334) as a set of M equations, i.e.,

/sg K; ALEE) X o = B (; A;H:n)] ds
+ /S K; A;E,;) x H,, — E,, x (; A’;H’;ﬂ i

:/ (E%-J—H%-M) dv, form' =1,2,..., M. (4-339)
v

0

Noting that the vector normal to surface Sg (2 = f) is in opposite
direction to the vector normal to surface Sy (7 = — ) and using the relations
in shown in Section 4.3.3 (decomposing the field components in terms of the
axial and transversal components in relation to (), we can simplify the last

equation to obtain

_ /S [(Z A;Etm> X Hyp + Eppy X (Z ALHtm>‘| . CAdS

_/ l_ (Z A;Etm> X Htm/ + Etm’ X ( E Ar_nHtm>‘| . EdS
So m —
= / [(Etm/ — EECm’) -J = (—Hy + 6HCm’) ) M] e~ kem'S dy,
14
for m! = 1,2,..., M. (4—340)

Introducing the matrix 6:2, which combines the reaction integrals @,

(over the cross-section Sp) of the modal fields such as

Qlrn = Qunr = / (o % Hyp) - Eppdo, (4-341)
So

and defining the column vectors F'+ and A* such as

Ft | = FF, (4-342)

A%, = A, (4-343)
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Fo = / [(Bimr = CEnr) + 3 = (—Hyp + (Hepr) - M| 7R (€60 gy,
%

we can rewrite (4-340) as the matrix equation
~(Q+ QAT +(Q-QHA = F*.
By repeating the above procedure but now selecting

E2 - E:):L”

HQ == H’VJ’T_I,'7
instead of (4-337) and (4-338), we find a set of M equations:

/ [(Z A;Etm> X Hypr — By % (Z A;Htmﬂ -Cds
So m

m

— / [(Z AmEtm> X Hip + By X (Z AmHtm>] . 6d8
So m

= / |:(Etm’ + éECm/> . J _ (Htm' + é\HCm’) . M:| eikcmlc d'U’
14

form' =1,2,..., M.

Now, we can rewrite (4-348) as a matrix equation:

(Q—QHAY —(Q+QHWA~ = F~,

where the column vectors F'~ is such as
Fﬁ ‘m/ - FT;”

where F, can be expressed similarly to (4-344):

P = [ (B  CBu) -3 = (FBue + (o) - M]
Vv

x eFkem 1) b pdp de dC.

To save our notation, we can introduce two new matrices:

+ @', and

D=

Qi

C=Q-Q"

(4-344)

(4-345)

(4-346)

(4-347)

(4-348)

(4-349)

(4-350)

(4-351)

(4-352)

(4-353)

We must take care to avoid the inversion the antisymmetric matrix C'
when solving A* from the coupled equations (4-345) and (4-349). In this way,

we can derive
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AT =(CD™'C — D)™ M(F* + CD™'F~), and (4-354)

A= =(CD'C - D)"(F~ + CD'F"). (4-355)
If we introduce the normalization matrix
N=CD'C-D, (4-356)
and the a column vector combining the source amplitudes such as
St = F* + CD 'F¥, (4-357)
the forward and backward amplitudes of the fields can be written as
At = N1, (4-358)

It should be observed that the modal fields in a toroidal coordinate system are
no longer orthogonal over the cross-section Sy, and the condition (3-201) can

not be used here.

4.5.1
The Dirac Delta in Toroidal Coordinates

In our toroidal coordinate system we can write the Dirac delta distribu-

tion as

o(r —1') 3(p—p")o(¢ — ¢")o(¢ — (') (4-359)

1
~ p[1 =R pcos(o+ )]

" hyhghe

o(p—p)o(d—¢)o(¢— (). (4-360)
We can express the above as a series of the curvature by means of the Maclaurin

series for h; ' using [116, p. 15]

1
1 — R 'pcos(¢+ 1)

=1+ R 'pcos(¢p+ 1) + R *p* cos®(¢ + 1) + O(R™?).
(4-361)

Furthermore, by employing the Fourier series expansion of the azimuthal

variation [15, Appendix C]

5(p—¢) = 217T i o=, (4-362)

n=—oo
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we can derive a first-order approximation to (r — r’) given by

/ o(p— ¢/ NV in i(n—1)¢—i
5(r—r)~(”2mf’)5(<—g) S e ¢+§e< V=i

L

n=—oo

+ %ei("ﬂ)d’”w e (4-363)
It should be observed that the above, in addition to a proper polarization, can
be used to describe a generic source. Hence a given source distribution can be
expanded in terms of exp(ing) and expli(n + 1)¢] harmonics that will excite

fields with these azimuthal dependences.

4.5.2
Coil Antenna Sources

Consider a circular coil antenna, placed on the plane ( = (7 and covering
0 < ¢ < 27 using a constant radius p = pr in our toroidal coordinate system,
as shown in Fig. 4.7. The normal to its plane is ny = (A , and the coordinates

of the winding satisfy the equation nr - 77 and is given by
rr = ﬁ,OT (4—364)

The electrical current density of the antenna can be written in the form

ifs(/? —pr) 0(¢ —¢r) 4

pu— . 4_
I=507, hc ¢ (4-365)

The current density in (4-365) must be divergenceless vector, such we

can easily verify that V - J = 0, as shown below:

1 0 o 9
J— o 0 K N
V-J ol é)puphqshgn 5 ¢(J¢hph¢)+ aCJgh,,i% (4-366)
1 0
= ohe g Jold =0 4-367
ohe 8¢< ohc) (4-367)
«——R
(2
x

Figure 4.7: Transmitting coil antenna with current density Jr placed at a plane
of constant (.
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The current Ir in the coil is given by the surface integral of J over its

infinitesimal cross-section, i.e.,

Ip = / / J - hyhedpdC (4-368)
¢vp
1

= ) 4-369
Sy (4-369)
Note that the magnitude of J varies with ¢, but the total current flowing
along the coil is constant and equal to Iy. Taking that in consideration, we

can redefine the current distribution in (4-365) such as

J = 67, (4-370)

where S — R
dr = 0(p = o) "1 (4-371)
By substituting (4-370) into (4-351) we can easily show that

™

Fio = trpr [ Bun(or0)do. (4372)

—Tr

Using the fields of the toroidal waveguide, the above equation becomes

Fip’ = ]TPT/ [E&@n’p’ (pT)ein/¢

—Tr

+ R*lEn—l (pT)ei(nl*1)¢*i¢ + RflEn-‘rl <pT>ei(n'+1)¢+i1/} d¢, (4_373>

1’¢7n,p, 17¢7n,p,

where the single index m’ was replaced by n'p’. These indices come from the
zeroth-order fields related to B, (k, .y p)exp(in’g). By solving the integral
over ¢ in (4-373), we can derive

F:F ITQTFpT(Sn/’()Eg (pT)

n'p’ = bn'p'

+ Ir2mpr R 0w ae W EY 1 (pr) + S 1€V BT (pr) |, (4-3T4)

where §;; the Kronecker delta. From (4-284), we can see that E7,'  (pr) =

—Eﬁ;},lp, (pr), which allow us to find the symmetry relation

e VFr, = —eVF,. (4-375)

In addition, from (4-374) it is clear that the fields radiated by the source

defined in (4-370) are symmetric in relation to plane ¢ = (r, i.e.,

Fo,=Fp,. (4-376)

np
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Clearly, (4-374) shows that a coil antenna will excite both the zeroth-order
and the first-order perturbed fields. Our solution must then include the
zeroth-order-axial-symmetric fields derived from exp(in¢) in which n = 0.
Additionally, the first-order fields derived from the zeroth-order ones with
azimuthal index n = 1 and with the form exp(i(n—1)¢) must also be included.
Finally, the first-order fields derived from the zeroth-order ones with azimuthal
index n = —1 and with the form exp(i(n + 1)¢) must also be added with the
previous fields.

Based on the above considerations, our solution require the zeroth-order
fields with azimuthal index n = 0, and n = 41. Then, it is appropriated to
write A%, F* and Q by using sub-vectors and sub-matrices associated with

these azimuthal indices: Mo T

AT = | AF |, (4-377)

FE=|Fi|, (4-378)

Q_—i—l,—l Q_+1,0 Q_+1,+1

Q=1Qo-1 Qoo Qosr|: O Qlun=Cwn: (4-379)
Q1.1 Q-1 Q-1+1

From the zeroth-order solution, we know that the modal amplitude of the

field associated with exp(in¢g) comes from the excitation linked to exp(—ing).
This fact motivate us to assembly (4-377) and (4-379) to be consistent with
the definition in (4-378), and also allow 6:2 to reduces to a diagonal matrix
for the curvature vanishing scenario (R~! = 0). In this spacial case our fields
become decoupled in terms of each azimuthal index (+n). Furthermore, these
zeroth-order fields are orthogonal one to each other, and the condition shown
in (3-201) enable to express Affp directly linked to F_inp (or its corresponding
term in the source amplitude vector S from (4-357): S, ). The sub-vectors

A¥ and 7 are assembled as follows:

i
Ay
A =1 |, and (4-380)

+
An 7p
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=11 |. (4-381)

Notice that under conditions (4-375) and (4-376), specifically for coil source
with the current (4-365), we have e ™[F*, = (—1)"eF% and F, =
F. Consequently, we get the following relations for the modal excitation
amplitudes:

e WAL = (-1 AL, and AL =A,, (4-382)
which allow us to reduces the numerical effort in the above vector calculations.

The sub-matrices én/,n are assembled by the following manner:

A

Qn’,n‘p’,p = anm/p/ = / (Et,np X Ht,n/p/) . dep d¢ (4-383)
So

From the above equation, it is easy to show that the sub-matrices 6:2070 and
éil,m in (4-379) will diagonal matrices, whose its entries are exactly equal
to the reaction integrals in cylindrical coordinates coupling two zeroth-order
fields. The entries of sub-matrices éil’il, however, couples two first-order
fields. The resulting amplitudes will be proportional to R~ and this high-
order term will be neglected. Finally, the same inspection allow us to verify
that entries in the remaining sub-matrices in (4-379) present amplitudes of

order O(R™') that need to be included in our solution.

4.5.3
Received Voltage

By using the same procedure employed in Section 3.5.5, but now for
receivers sensors inside toroidal structures, the voltage induced at a coil

antenna can be written as
Ve =— / (EJr +E7)-0rdy, (4-384)
1%

where &y is defined similarly to (4-371), but using the subscript substitution
T — R. We can now decouple the forward and the backward contributions for

the received voltage as

Ve= > > Vi + Vam): (4-385)

n=-—o0 p=1
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We can express the forward and backward voltages as a function of the

modal field amplitudes at the receiver position, A%, , such as

Rnp>

N o(C —
Vi = =5y | B00.6.0 630 = pn) S phcdpdodc, (4350

for a receiving coil antenna with radius of pgr and axially placed at ( = (r. By

substituting (4-209) into the above, after a little algebra we obtain

™

Vé&np = _Aﬁ,np ,OR/ |:E(1)1,¢>,np(pR> e’in¢
+ RE} ), (pr) €T+ RTUERTL (pr) €T dg. (4-387)
Then, solving the above integrals yields
VR np Aﬁ np 27 PR
X |00 Bl gmp(pr) + R0, 1 Bl (pR) + Rl@w(sn,lE?fnp(ﬂR)}
(4-388)

where 9, ; is the Kronecker delta. Notice that the axial positions of transmitting

and receiving antennas are embedded into A% . The procedure required to

R
transfer the modal source amplitudes at ¢ = (r fo a desired observation point
at ¢ = (g can be obtained by means of the formulas presented in Appendix B
with little changes: the orthogonality condition in (B-2) is no longer true
in toroidal structures, and now we need to incorporate all the azimuthal
harmonics into the transfer matrices; similarly to that used in (4-377)—(4-379).

A special case of practical interest is when both transmitting and
receiving antennas are placed inside an infinitely-long axial waveguide. In this
case, for (g > (r there is no backward propagating waves inducing voltages at
receiver and thereby we must calculate the received voltage as Vg = 37, Vé’f np-
Otherwise, when (g < (r, the absence of forward waves lead us to conclude
that the received voltage is now given by Vg = 3>, , Vi .., Consequently, due

the symmetries in (4-382) and (4-284) we can rewrite Vi as

Vét = —27mpr Z {Aﬁ,()p g,gs,np(PR) +2R" AR +1p By, +1p(PR)] (4-389)
p=1

We can identify the first term of the above as the voltage induced at a coil
antenna inside an ordinary cylindrical waveguide, i.e., a weighted sum of the
azimuthal component of the radiated electric field as predicted by the formulas
in Section 3.5.5 for g = 0. In addition, the second term is a first-order

perturbation correction due to a finite curvature R~
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454
First-Order Approximated Solution for the Excitation Amplitudes

The voltage expressed in (4-389) is proportional to the amplitudes Aﬁ,
that are axial translations of the excitation amplitudes A% embedded into

vector (4-358); namely, A%

Fonp = AT ppe e (Cr¢1) These amplitudes, however,

could present terms with orders higher than O(R™!). This motivate us to
further simplify the excitation amplitudes aiming to obtain a physical picture
of the most important perturbation correction due the finite-curvature R=1.
As stated before, all the off-diagonal entries of matrix CZQ are proportional
to R™!. For the propose of our analysis, we can decompose this diagonally-

dominant matrix as _

Q=Qn+R'Qc (4-390)

where C:) b is a diagonal matrix associated with the zeroth-order fields and Q¢

has only zeros in its diagonal elements. We can use the above to approximate
(4-358) considering terms up to R!. After some tedious but straightforward

manipulations, we can find

— -1 _
A* — _;QE)lFo,i . R2Q51Fl’i
R'= /= =\ foipoe  BT=4/5 At A1 50.F 2
+ Q0 (Qo+ Q) Q' F = = -Qp' (Qc — Q6) Qp'F*T + O(R™),

(4-391)

where we have decomposed the excitation vector as F'* = FOF 4 R-1FL*,
We can identify a zeroth-order normalization matrix as N° = —2Qp, so that
A% = (NO)=1 0+ are the same source amplitudes derived for the zeroth-order

and curvature vanishing problem. Consequently, we can obtain

Kt 2% 4 RO [ (Gt Gb) A% — (G — Gb) A0
(4-392)
It is interesting to be observed that the source amplitudes in the toroidal

structures are linked directly to the zeroth-order terms A%*, as depicted
in the first term of RHS of the above equation. In addition, the first-order
correction terms are all normalized by the above-defined matrix NO (which
is a diagonal matrix and its entries are equal to those expected in the non-
perturbed problem). The term F'% is a consequence of the new shape of
fields in toroidal structures. The remaining two terms revels a coupling of
the zeroth-order amplitudes A%* due the curvature. The third term couples
forward /backward (zeroth-order) waves with the forward/backward solution

amplitudes. The last term, instead, couples A%F into A*. This means that the
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curvature causes a coupling between the axial forward and backward zeroth-
order fields.

4.6
Numerical Results and Validation

4.6.1
Electromagnetic Field Characteristics in a Radially-Stratified Waveguide

To illustrate the application of the solution derived in this chapter, we
now will present simulation results for the electromagnetic field patterns and
propagation characteristics in radially-stratified and axially-toroidal media.
We consider a typical scenario of geophysical exploration, in which a 4-in-
radius metallic mandrel is inside a 5-in-radius borehole filled with oil-based
mud having conductivity equal to 5 x 107 S/m. Outside borehole, the soil
formation has conductivity equal to 1 S/m. We also assume that source
excitation operates at 2 MHz, so that the mandrel layer is assumed as a PEC.
The radial domain is truncated at 7y = 60+420 in, with a PML over p > 40 in.

The axial propagation constants for the first modes (sorted in ascending
order according to Im(k¢)) with azimuthal dependence n = 0,£1,£2, £3
(with respect to the zeroth-order solution) are shown in Fig. 4.8. As previously
mentioned in Section 4.3.1, there is no first-order correction (in respect to the
torus curvature) for the perturbed propagation constant, so that k. = k..

We can better understand the finite-curvature effects in toroidal waveg-

n=20 n==+1 n =42 n==3
18 ' ' . ' A
(] X .
o) x . AA
15 fe) X . A
o x A
o X °
o X oo AA
o X .
“ o x . AA
510 o x . R
é&/ C? X .° A
S o x . e
67 o xx ° A
o] x . A
51 c? xX ° A
o o . AA
8 X °
z
0 .

o 5 10 0 5 10 0O 5 10 0 5 10
Re (k. np) Re (k. np) Re (k. np)

Figure 4.8: Axial propagation constants k, ., for a cylindrical waveguide with
ro = 4-in, 71 = 5-in and 7y = 60-in+420-in, where layer 1 has oy = 5x107* S/m

and layer 2 has 0o =1 S/m.
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uides by analyzing the fields distribution shown in Table 4.2 to Table 4.11. We
show the axial field patterns over the waveguide cross-section for the first five
modes with n = 0 and the first five modes with n = +1. Notice these fields
are not yet normalized in respect to (4-358), and only relative comparisons are
allowed for fields coming from a common eigenvalue k¢ ,,,,. The modes for n = 0
will be designed as modes #1, #2, #3, #4 and #5, while modes for n = +1
will be #6, #7, #8, #9 and #10. High-order modes will not be shown here
due its negligible contribution to the total fields. Also notice that at p = 40 in,
fields enter into the PML and are then absorbed in the radial direction. The
PML layer inner boundary is depicted by dashed-circles.

From Fig. 4.8 and Table 4.2 (see mode #1 for n = 0 with R — 00),
we can clear recognize the presence of the fundamental transversal magnetic
(in relation to z-axis) TM§, mode. We can shown this mode is a degeneration
of the transversal electromagnetic mode (TEM?) that occur in hollow coaxial
waveguides [119, Ch. 2]. In contrast to TEM* modes, mode #1 presents a F,
field component. Also for mode #1, we can see the emergence of a H field
component as the radius of curvature decreases. The main pattern of £ does
not change significantly for the analyzed curvature scenarios due the small
value of the radial wavenumber associated to the zeroth-order solution.

The curvature-vanishing version of mode #2 is recognized as a TME,;
field, as depicted in Table 4.3. Again, we can see the emergence of a H,
field component as the radius of curvature decreases, and now the pattern
of F, changes significantly when compared to corresponding zeroth-oder
azimuthally-symmetric fields.

By analyzing Table 4.4, we can recognize mode #3 as a TEf, field when
R — oo. Now, we can see the emergence of a FE¢ field component as the
radius of curvature decreases, and also the pattern distribution of H, over the
cross-section now becomes more concentrated in the direction of the center of
curvature; that points to positive z-axis.

Similarly, modes #4 and #b5 (shown in Table 4.5, and Table 4.6,) are
recognized as TM§, and TE§, as R — oo, respectively. As in the case of mode
#2 (or #3), we can now see the emergence of a H; (or E;) field component as
the radius of curvature decreases, and also an associated pattern disturbance
of B¢ (or H¢) over the cross-section concentrating the fields into the direction
of the center of curvature.

Modes #6 to #10 are associated with the hybrid mode with n = +1 in
case of R — co. In Table 4.7 to Table 4.11 we can verify several modifications
in the original axial field patterns (for R — oo) compared to results for finite

R. Notice that the zeroth-order solutions are associated with an azimuthal
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harmonic in shape of €”?. The combinations of n = 4+1 and n = —1 harmonics
can give rise to azimuthal cosine-dependent fields. We only show the n = +1
harmonic, but we can recover the corresponding n = —1 complementary fields
using relations shown in (4-281) and (4-284).
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Table 4.2: Axial field patterns for the mode #1 (for n = 0) in a toroidal
waveguide with 7y = 60-in+220-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by

PUC-RIo - Certificacéo Digital N° 1312540/CA

the dashed-circles. The center of curvature points to positive x-axis.
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Table 4.3: Axial field patterns for the mode #2 (for n = 0) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by
the dashed-circles. The center of curvature points to positive x-axis.

PUC-RIo - Certificacéo Digital N° 1312540/CA
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Table 4.4: Axial field patterns for the mode #3 (for n = 0) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by
the dashed-circles. The center of curvature points to positive x-axis.
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Table 4.5: Axial field patterns for the mode #4 (for n = 0) in a toroidal
waveguide with 7y = 60-in+420-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by
the dashed-circles. The center of curvature points to positive x-axis.
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Table 4.6: Axial field patterns for the mode #5 (for n = 0) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by
the dashed-circles. The center of curvature points to positive x-axis.

R (in)

abs(E;)

abs(H,)

Null field

10000

z (in)

-60

-60-40-20 0

z (in)

60
401
201
£ 0

100 =
_20.

_40.

-60

-60-40-20 0

20 40 60
z (in)

—

K]

=
>

y (in)

y (in)

y (in)

60

40

201

0

,20.

_40.

B

-60

60

-60-40-20 0

40

201

0

_20.

_40.

-60

60

-60-40-20 O

40

201

0

_20.

_40.

-60

-60-40-20 O

20 40 60
z (in)

60

40

201

0

_20.

_40.

-60

-60-40-20 O

20 40 60
z (in)

i
|
i

PN W s 0oy 9 @



DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacéo Digital N° 1312540/CA

Chapter 4. Analysis of Well-Logging Tools in Directional Wells

223

Table 4.7: Axial field patterns for the mode #6 (for n = +1) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by
the dashed-circles. The center of curvature points to positive x-axis.
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Table 4.8: Axial field patterns for the mode #7 (for n = +1) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by
the dashed-circles. The center of curvature points to positive x-axis.
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Table 4.9: Axial field patterns for the mode #8 (for n = +1) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by

the dashed-circles. The center of curvature points to positive x-axis.
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Table 4.10: Axial field patterns for the mode #9 (for n = +1) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.

The PML layer is place at p > 40-in and its inner boundary is indicated by
the dashed-circles. The center of curvature points to positive x-axis.
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Table 4.11: Axial field patterns for the mode #10 (for n = +1) in a toroidal
waveguide with 7y = 60-in+:20-in as a function of the radius of curvature R.
The PML layer is place at p > 40-in and its inner boundary is indicated by

the dashed-circles. The center of curvature points to positive x-axis.
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In LWD applications, the azimuthal electric field (around the mandrel) is
of great interest because we need this field to account the source excitation and
to calculate the induced voltages, as described above in Section 4.5.2. Proper
combinations of axial fields shown in Table 4.2 to Table 4.11 (according to
(4-194) and (4-209)) allow us to derive the corresponding E; components
depicted below in Table 4.12 to Table 4.16 (associated with n = 0) and
Table 4.17 to Table 4.21 (associated with n = +1). In all plots shown into these
tables, we again shown a dashed-circle at p = 40 in indicating the PML inner
boundary. Also, we show a zoom near the mandrel, and another dashed-circle at
p = 5 in depicts the interface between the inner borehole and the surrounding
soil formation. We can now see in a clear fashion the real implications of the
curvature in the fields distribution around the mandrel, where normally coil
antennas are wrapped.

Modes #1, #2 and #4 (associated with zeroth-order TM? fields) are not
excited in ordinary cylindrical structures (R — o0), but for finite curvatures
there is a non-null F4 component (of course, proportional to R™') that now
may possibly be excited.

A new inspection in (4-374) revels that the field components Eﬁ}jFlp, (p)
will contribute to the amplitude excitation of the perturbed versions of TMg,
modes. But, in view of the symmetry relations presented in (4-284), the
corresponding contribution of each term in (4-374) are in opposite phase:
annulling the excitation. Although the significantly fields pattern variations,
modes #1, #2, #4 and all other that come from (zeroth-order) transversal
magnetic fields will not be excited, and do not change the LWD sensor response.

In the case of the excitation of any of the remaining modes coming from
the (zeroth-order) TEf, (e.g., modes #3 and #5) or from the hybrid fields
(e.g., modes #6 to #10), we need to incorporate the said fields to correctly

capture the curvature effects in our analysis.
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Table 4.12: Azimuthal electric field patterns for the mode #1 (for n = 0) in
a toroidal waveguide with 7y = 60-in+:i20-in as a function of the radius of
curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive x-
axis.
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Table 4.13: Azimuthal electric field patterns for the mode #2 (for n = 0) in
a toroidal waveguide with 7y = 60-in+:i20-in as a function of the radius of
curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive x-
axis.
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Table 4.14: Azimuthal electric field patterns for the mode #3 (for n = 0) in
a toroidal waveguide with 7y = 60-in+¢20-in as a function of the radius of
curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive -

axis.

231
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Table 4.15: Azimuthal electric field patterns for the mode #4 (for n = 0) in
a toroidal waveguide with 7y = 60-in+:i20-in as a function of the radius of
curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive x-
axis.
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Table 4.16: Azimuthal electric field patterns for the mode #5 (for n = 0) in
a toroidal waveguide with 7y = 60-in+¢20-in as a function of the radius of
curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive -
axis.
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Table 4.17: Azimuthal electric field patterns for the mode #6 (for n = +1)
in a toroidal waveguide with 7y = 60-in+:20-in as a function of the radius
of curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive -
axis.

R (in) abs(Ey) abs(Ey) near the mandrel

R N W s 0oy 1 @
N W s 0oy J

-60-40-20 0 20 40 60

60

401

201

y (in)

10000

P N W s 0oy I @
PN W s 0oy

-60+ T T T T 1
-60-40-20 0 20 40 60

60

401

is

-60 T T T T
-60-40-20 0 20 40 60
z (in)



DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacéo Digital N° 1312540/CA

Chapter 4. Analysis of Well-Logging Tools in Directional Wells 235

Table 4.18: Azimuthal electric field patterns for the mode #7 (for n = +1)
in a toroidal waveguide with 7y = 60-in+:20-in as a function of the radius
of curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive -
axis.
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Table 4.19: Azimuthal electric field patterns for the mode #8 (for n = +1)
in a toroidal waveguide with 7y = 60-in+:20-in as a function of the radius
of curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive -

axis.
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Table 4.20: Azimuthal electric field patterns for the mode #9 (for n = +1)
in a toroidal waveguide with 7y = 60-in+:20-in as a function of the radius
of curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive -
axis.

R (in) abs(Ey) abs(Ey) near the mandrel
25
20
15
o0 10
5
25
20
15
10000 10
5
-60
-60-40-20
60
401 25
20
15
1000 10
5
25
20
15
100
10
5

0 T T
-60-40-20



DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacéo Digital N° 1312540/CA

Chapter 4. Analysis of Well-Logging Tools in Directional Wells 238

Table 4.21: Azimuthal electric field patterns for the mode #10 (for n = +1)
in a toroidal waveguide with 7y = 60-in+:20-in as a function of the radius
of curvature R. The borehole-to-formation and the PML inner boundaries are
indicated by the dashed-circles. The center of curvature points to positive -
axis.
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As an illustrative example, consider now a transmitting 4.5-in-radius coil
antenna operating at 2 MHz wrapped around the mandrel of the structure
defined above. In Fig. 4.9 and Fig. 4.10 we show results for the induced voltage
(amplitude and phase, respectively) due a unit current excitation (Ir =1 A)
at a 4.5-in-radius receiver antenna located 10-in to 100-in away from the
source. We consider 40 modes with azimuthal index n = 0 and others 40
for n = +1; corresponding to an axial attenuation of about Az = —50 dB
at 5 in. Configurations with radius of curvature greater than 1000 in does not
disturb significantly the solution if compared to response of a straight borehole.

Solutions for R = 500 in and R = 250 in, however, change dramatically the

abs(Vg) (V)

10 20 30 ) 40 50 60 70 8090 100
Cr — (r (in)

Figure 4.9: Voltage amplitude received by a coil antenna located (g — (; away
from the source and inside a bent borehole with curvature R~

400 ; : —

300+

200+

100+

arg(Vg) (deg.)

10 20 30 ‘ 40 50 60 708090 100
Cr — Cr (in)

Figure 4.10: Voltage phase received by a coil antenna located (g — (r away
from the source and inside a bent borehole with curvature R~
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LWD response when compared to that of an ordinary vertical well. This may
be an indication that the formulation using only perturbation corrections up to
O(R™1) are no longer sufficient to model directional wells with relatively small
radius of curvature. In next section we will compare our solution with another
method in order to verify the efficacy and the correctness of the formulation

presented in this chapter.

4.6.2
LWD Tools Inside a Directional-Well Borehole

In this section we present simulation results of a triaxial logging tool con-
sisting of one transmitter and two receivers inside a directional-well borehole
of constant curvature. Each antenna consist of a 5.5-in-radius coil wrapped
around a 4-in-radius metallic mandrel inside a 7-in-radius borehole, where
1 in = 2.54 x 1072 m. The borehole is filled with oil-based mud having con-
ductivity equal to 5 x 107 S/m and the soil formation has conductivity equal
to 1 S/m. The receivers RX, and RX; are placed axially (along the (-axis) at
24-in and 30-in away from the TX antenna, respectively. Fig. 4.11 and Fig. 4.12
show the voltages (e.m.f.) evaluated at RX; and RX; for a LWD tool operating
in the frequency range of 500 kHz to 2 MHz, for three curvature configurati-
ons: R — oo, R =400 in and R = 200 in. Good agreement is observed versus
the finite-difference time-domain (FDTD) results from CST [146]. The radial
domain was truncated at 10-in in order to reduce the mesh size required by the
FDTD model. For the sources considered here, only azimuthally independent
TE? modes would be produced in vertical borehole. In contrast, the finite-
curvature case couples the axial fields and excites azimuthally non-symmetric
hybrid modal fields. We have employed perturbed corrections up to order R,
and 10 modes with azimuthal indices 0 and +1.

In our simulations, we first find the curvature-vanishing solutions, and
its fields are then used to determine the corresponding correction terms as a
function of R. In this way, in one simulation we can simultaneously find the
voltages for R — o0, 400 in and 200 in. Our numerical results were obtained
using a double-precision Fortran code running on a PC with a 2.93-GHz Intel
Xeon W3540 processor. The CPU time required by our algorithm to simulate
the LWD tool response for one frequency was no longer than 52.81 seconds.
The total CPU time required in the simulation of the 11 frequencies shown in
Fig. 4.11 and Fig. 4.12 was 8.94 minutes, requiring 9.10 MB of memory.

The CST’s FDTD results were obtained using a dedicated Workstation
with a 2.10-GHz Intel Xeon E5-2620 v2 twelve-core processor. The CPU time
required by the FDTD solution to simulate the LWD tool response in a bent
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I
0.5 0.75 1 1.25 1.5 1.75 2
Frequency (MHz)

Figure 4.11: Voltages at RX;. Zeroth-order results are shown in dashed-line.
The combination of the zeroth- and first-order perturbation corrections are
indicated by solid lines. The small circles (for R = 400 in) and crosses (for
R =200 in) are FDTD results.

T ’TV T T T ' T T T T ' T T T T

0.5 0.75 1 1.25 1.5 1.75 2
Frequency (MHz)

Figure 4.12: Voltages at RX,. Zeroth-order results are shown in dashed-line.
The combination of the zeroth- and first-order perturbation corrections are
indicated by solid lines. The small circles (for R = 400 in) and crosses (for
R =200 in) are FDTD results.

borehole with R = 400 in was 5.18 hours, requiring 2.96 GB of memory in a
simulation with 5,675,184 mesh cells. In the FDTD solution, at each new bent
configuration we need to re-simulate the entire structure, such for the case in
which R = 200 in, the CPU time, memory and number of mesh cells required
by the FDTD were 16.40 hours, 6.04 GB and 10,772,190 cells, respectively.

It is important to mentioned some limitations on the FDTD model
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we have employed. Among them, we can highlight the finite size of space
simulation. Fig. 4.13 depicts the schematic used in the CST modeling in the
case R = 200 in, where we have used a domain with AX = 30 in, AY = 120 in
and AZ = 20 in. The same model was employed in the case R = 400 in, but
with AX = 25 in.

To prevent very long simulations time, the FDTD model do not employed
PMLs (in any direction) due the large number of mesh cells required to simulate
the absorbing layers. This motivate us to simulate a radially-bounded structure,
using a radial domain truncated by a PEC layer at p = 10 in (in our local
toroidal coordinate system). The axial space also have employed an ordinary
PEC boundary condition to truncate its domain, but at a distance AY/2 away
from the transmitting antennas, as shown in Fig. 4.13. This model looks more

like a cavity, and some undesirable reflections can arise from the axial domain

Material 2

RX:—] Global Cartesian
RX, | coordinate system
Y
2 L
X

Figure 4.13: Schematic used in the CST modeling in the case R = 200 in. The
spacial domain is limited by a parallelepiped with dimension AX x AY x AZ
on the global Cartesian coordinate system (X,Y,Z) using a PEC boundary
condition. To improve the visualization of small details, the aspect ratio of
coordinates X/Y and Z/Y is 2 by 1. The center of curvature points to the
negative X-axis.


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Chapter 4. Analysis of Well-Logging Tools in Directional Wells 243

truncation used in CST (in the Y-direction).

Another limitation in the FDTD model is the discretization grid: CST
provide only Cartesian grid, which are not conformal with the radially-
stratified toroidal structures at hand. As a consequence, severe staircase errors
can occur if a large number of mesh cells was not employed to correctly capture
the curvature effects. In order to try to minimize these errors, the transmitting
antenna is a thin 1/20-in-diameter wire placed aligned with the plane Z-X.
The receiving antennas, on the other hand, will not be conformal like the source
but sometimes we can accurately compute the induced voltages.

We performed several simulations using FDTD until we found a AY that
is large enough to not disturb the solution at the receiving antennas region. In
addition, we have performed simulations varying the grid configuration until
convergence be observed.

The CST’s results showed in Fig. 4.11 for the case R = 200 in will
be identified herein as CST sim. 13, and as noted in the said figure, some
differences can be observed between the FDTD solution versus the proposed
technique. One possible justification to that deviations is that the first-order
correction we have presented are not enough to precisely capture the field
variations in toroidal coordinates, such high order corrections could be needed.
But, we have explored discretization more finer than that in CST sim. 13. In
Fig. 4.14 we shown CST’s results for the voltage received in antenna RX,
for a progressive mesh refinement in simulations 12, 13, and 14. The details
of those simulations are summarized in Table 4.22. We can clear see that
the FDTD results in CST sim. 14 appear a little bit closer to our solution.
Most important: when we look for the imaginary part of the phasor voltage
in Fig. 4.14(b), we note relative good agreement with our results. Notice that
the imaginary part of the voltage is about 10 times greater than the real part
depicted in Fig. 4.14(a).

In Fig. 4.15(a) and Fig. 4.15(b) we show the schematics we have used in
the CST modeling. As said before, in order to avoid very long simulations, the
axial domain was truncated using homogeneous Dirichlet boundary condition

for the electric field. In other words we have used a PEC at the top and at

Table 4.22: Computational cost in FDTD simulations.

CST sim. # Mesh cells CPU time Memory (GB)
12 7082235 9 h, 37 min, 35 s 4.038932
13 10772190 16 h, 24 min, 13 s 6.035560
14 22796246 59 h, 33 min, 2 s 12.500736

18 56135750 138 h, 43 min, 40 s 19.228004
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Figure 4.14: Voltage at RX, for R = 200 in. Zeroth-order results are shown
in dashed-lines. The combination of the zeroth- and 1st-order perturbation
corrections are indicated by solid lines. The small dots, crosses, and triangles
are FDTD results for simulations 12, 13, and 14, respectively.

the bottom of the domain, such the (-space has about 121 in for the case
R = 400 in. For the case in which the radius of curvature is 200 in, the
increment in the axial domain was only one-inch compared to the case in
which R = 400 in. Such we believed that an undesirable reflection from the
upper boundary can disturb the received voltages. In order to investigate this
effect, we consider a longer axial domain, as showed in Fig. 4.15(c), where now
the (-space extends over 200 in.

The FDTD solutions we have obtained for the structure depicted in


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacéo Digital N° 1312540/CA

Chapter 4. Analysis of Well-Logging Tools in Directional Wells 245

(a) R =400 in, (b) R =200 in, (¢) R =200 in,
A( =~ 121 in A( =~ 122 in AC=R

Figure 4.15: Schematics used in the CST modeling. The aspect ratio of
horizontal (X) and vertical (Y') coordinates is 1 by 1. In all cases, the center
of curvature points to the left side of the page.

Fig. 4.15(c) will be identified herein by the label CST sim. 18, and are
presented in Fig. 4.16. In this figure, we can clear see that the CST’s results

for the voltage at RX, appear more close to those we have derived with the
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Figure 4.17: Voltages at RX, for R = 200 in; Zoom near 1.75 MHz.

proposed algorithm. Now, looking at the high frequency range of operation,

we have verified that the proposed solution has a relative error of about 1%

as depicted in Fig. 4.17. To achieve that precision in the FDTD, however,

we have required a relatively high numerical cost. In Table 4.22 we show the

computational effort required for several simulations we have mentioned above.

The simulation 18, for example, that have used an enlarged axial domain,

required more than 56 million of meshcells and almost 6 days of simulation

in a dedicated workstation. In contrast, as said before, the algorithm we have

proposed take about 9 minutes into an ordinary laptop, using about 9 MB of

memory.
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In typical LWD applications, the curvature of the well is very small
compared to the borehole radius: according to Table 2.1 in Chapter 2, drilling
technologies available today allow deviated wells with radius of curvature no
less than about 20 ft (or 240 in). We have verified that corrections solutions
up to the first-order are enough to correctly capture the effect of the finite-

curvature in such conditions.

4.7
Preliminary Conclusion

We have introduced a new formulation to model the response of well-
logging tools in directional wells. The combination of closed-form solutions of
Maxwell’s equations in cylindrical coordinates with a perturbation technique
allow us to express the fields inside an axially-toroidal and radially-layered
Earth formation. Our field solutions are presented as a series in terms of the
radius of curvature of the bend structure. The zeroth-order perturbation cor-
rection is exactly equal to the solution in cylindrical coordinates. The first-
order perturbation solution shows that an important effect of the curvature is
the excitation of new azimuthal-dependent fields other than the usual in cylin-
drical coordinates. As a consequence, the modal fields are no longer orthogonal.
Numerical results showed that the presented method can accurately model the
electromagnetic propagation inside curved boreholes. The computational cost
of the novel technique we have introduced here is very low: compared to FDTD,
the perturbation approach is several orders of magnitude more efficient in both

terms of CPU time and memory requirements.
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5
Analysis of Well-Logging Tools in Dipping-Bed Boundaries:
A Mathematical Description

5.1
Introduction

Logging-while-drilling (LWD) resistivity tools often acquired logging data
along deviated or horizontal holes. In this case, the drilling environment is
no longer conformal with the cylindrical coordinate system. An illustration
of a LWD tool in a three-layer formation with an dipping bed is shown in
Fig. 5.1(a). This three-dimensional (3D) geometry can be handled by means
of numerical techniques as 3D finite-difference time-domain (FDTD) [17,19,68]
or 3D finite-volumes (FV) [45].

As far as we know, pseudo-analytical formulations are not applicable to
simulate 3D Earth formations similar to those of the dipping bed problem.
However, a simplified version of the original problem was solved in [6, 8, 16]
by means of the Fourier-Bessel transform. This pseudo-analytical solution do
not incorporates the borehole and neither the mandrel, so that the geophysical
formations model becomes an ordinary axially-layered media, as depicted in
Fig. 5.1(b). Additionally, the coil sensors were approximated by magnetic
dipoles moving along an axis deviated from the axial one by the angle 6.

To explore the mode-matching technique, we propose a novel approach
to analyze dipping-bed boundaries including the mandrel, the borehole and
additional invasion zones. Our idea is to take advantage of the analytical
solution derived in Chapter 3 and Chapter 4 to solve the radial stratifications

in combination with a new mode-matching along oblique surfaces.

5.2
Mode-Matching along Oblique Surfaces

Consider the junctions between the waveguides of regions 1 and 2 along a
planar surface as shown in Fig. 5.2. Note that this surface is oblique in relation
to the longitudinal axis at each considered region. The waveguide in region 1
is tilted by an angle #, and azimuthally rotated by an angle of ¢; in relation to

the coordinates of the oblique junction surface. Similarly, regions 2 is axially
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Figure 5.1: Tllustration of a LWD tool in a dipping bed. (a) Geometry of the
triaxial coil LWD tool. (b) A simplified model of the tool using magnetic dipole
sources in the absence of mandrel and borehole.

(a) Oblique junction of type 1 (b) Oblique junction of type 2

Figure 5.2: Waveguide junctions at oblique surfaces.

and azimuthally rotated in relation to the junction surface by the angles 6
and ¢, respectively. For a moment, assume that #; = —0, and ¢ = ¢ (see
Fig. 5.2(b)).

The coordinates of tilt plane S; are defined by fi(z,y, z) = 0, where

filz,y,2) = xsinb; cos ¢; + ysinb; sin ¢; + (z — z1) cos b; (5-1)
= psinb; cos(¢p — ¢;) + (2 — z1) cos b;, (5-2)
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and the normal vector to S; is given by V f;, namely:

n = I sin 0; cos ¢; + ysin @; sin ¢; + Z cos b; (5-3)
— psinb; cos(¢p — ¢;) — dpsinb; sin(¢p — ¢;) + 2 cos b;. (5-4)

The electric and magnetic fields at the region j can be written as

E = Za 6 kjz, pZE+ + a kjz, szJ—p, (5_5)
H; =) a;fpe"ka’PzHZp + a;pe kjz, P"H (5-6)
P
where the pth modal field is given by
Ejj'%p PEjpp + OF iop T 25z p, (5-7)
pr = *pHjpp £ QBHjaS,p + ZHj. p. (5-8)

Denoting the cross-sections in regions 1 and 2 over the oblique plane as

S1 and Sy, at junction we must match the fields transversal to 7 such that

E; = E
x B =0k, inside 57, (5-9)
n X Hl =N X H2
i x E; = 0 inside Sy — 57, (5-10)

where we have assumed that S; € Ss.
Considering M mode in the region 1 and N modes in the region 2, from

the continuity of the transversal electric fields at the junction we can obtain

M
Z aifmezklz,mg(pvqﬁ)ﬁ X Ei"‘m + al_me_lklz’mc(p’(b)ﬁ x El_m _

m=1

”Lkzz nC p¢),ﬁ/ X H+ + a2n 7'k2z nC(P¢ n X H2n’ (5_]_]_>

||M2

where ((p, ) = 21 — ptan6; cos(¢ — ¢;). Taking the dot product of the above
vector equation with the term exp(iko. v ((p, ¢))Hy,, (for n' = 1,2,...,N),

and integrating the result over the cross-section S; (in the direction for
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C(p, @) > 0), we can obtain a set of N equations:

= J

klz nt+k2z n’! ) (p’¢')Ei’m X H;n/

4 alfmefi(klz,'m*k‘QZ,n/)C( ’¢’)E - x HJ - ] “hpdpdp =

YR

+ ainefz(kzz,nszz,n/)C(p@)Ein X H;n/} ~hApdpdp, (5-12)

l(k’2z n"f‘kQZ ) (Pvd’)E;n X H;n’

where we have employed the scalar triple product property (2 x E) - H =
(E x H) - 7. Note that we can also reduce the integral in the left-hand side of
(5-12) to be over S; instead Sy because E; = 0 inside Sy — S;. The above set

of equations can be written in a matrix form as
Xihya! + Xi,a; = Xfhat + Xs,5, (5-13)
where the reaction integrals
XE o= // e/ Erizm thi )0 EE  x HY, - pdp de (5-14)
S;

were written as the matrix

|nm = l(m J(n)? (5_15>
and the modal amplitudes were depicted as the column vector

@5 lm = @i (5-16)

From the continuity of the transversal magnetic fields at the junction we

must enforce

M
kzm A - —ik1z,m 5 o -
Z N 7mez 12,mC(P8) 1y H+ +ay e ik1z,mC(P,0) Hy,, =

m=1

Z CL 7,kzz nC ,(;5),;*]/ % H+ + CL2 n —tkaz, nC(P ¢>)n X H (5_17)

Now, taking the dot product of the above vector equation with the term
exp(ikizmC(p; @))Ef,, (for m' =1,2,... M), and integrating the result over
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the cross-section S7, we can obtain a set of M equations:

a/i’:mei(klzﬂn+klz,m/)C(pﬂs)Him X Eii:m’

+ aime—i(klz,m—klzym/)c(p#))Hl_’m X E;rm,} “Apdpdp =

>

+ ainefi(kmz,n*klz,m/)C(pzd))H;’n X E1+m’:| “fpdpde. (5-18)

+ i(k2z,n kL 0 )C(0,0) T+ +
a27n€ zn 1z,m H27n X E17m/

The above set of equations can be written in a matrix form as
Yihai + Y8y = Yihas + Y150, , (5-19)
where the reaction integrals
+ i(+kiz mtkj=n)C(p, EA
Kmmﬂmzzﬁée(+ e OOBE X, - fpdp do (5-20)
were written as the matrix

-+ vt
Yiilmn = Yin) jmy-

(5-21)

Note that [lz/fg]t = ):(fj, and the above coupling matrices have the following

dimensions (rows, columns):

dim(X35,) = (N, M), (5-22)
dim(X3,) = (N, N), (5-23)
dim(Y5) = (M, N), (5-24)
dim (V) = (M, M). (5-25)

Combining the (5-13) and (5-19) we can relate the forward and backward

modal amplitudes using a generalized scatering matrix:

at 7(n) R(”) as !
2 12 21 2
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) (5_27)

Y = Vi - Vi (X5) K| Ve - Vi (X)) Xal, (5-28)

Y| and,  (5-29)

Xp-Xn(Va) Yol (530)

The coupling integrals X = (n) and le—Lm) i(n) could be generalized by the form

i(m),j
Crnd iy = //S et R KOOBE CHG, - fpdp do, (5-31)
where s; and s; independently assume the signs + or —. Since the fields in
+

region j are express as a double sum in the form 3, >, G, (p, ¢), we must

J,mp
redefine the reaction integrals to be:

C:(iri)j),j(n’p’) _ //5 ei(sikizm+sikizn)C(p.9) (Effnp % ijﬁ,p,) “hpdpdp.  (5-32)

Solving the scalar triple product in the above equation, we can derive

(ef" X hj]) - = ei(n—l—rﬂ)q& [(eiqﬁhjz — sisjeizhm) sin 91 COS(¢ - (bz)
— (sisjeizhjp — eiphjz) sin 61 sin(gb — (bl)

+ 5j<€iphfj¢ - €i¢hjp) COS 91} y (5—33)

where the field in the shape g, are p-dependent functions, and: g = e or h,
a=p,¢orz and ¢g=1iorj.

Introducing
Rij = (Sikiz,np + Sjka,n’p’)p tan 92‘, (5—34)

we can write the reaction modal reaction between regions 1 and 2 as

51,52 _ i(s1k +s2k z .
1(np),2(n'p') — elE1krz nptszky, iy )2 / [<€1¢h2z + s182€1:hag) sin 61141
P

— (3132612h2p — elphZz) sin 91]¢2 + 32(61ph2¢ — €1¢h2p) COS 01]¢3}pdp (5—35)

where T~ '
Iy = / elnHn)ogmimizcos(@=01) o5 (h — ¢b,), (5-36)

—T

Igo = / ei(n+n")o ,—ir12 cos(¢—o1) sin(¢ — ¢), (5-37)

—T

Iz = / ) (5-38)
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Changing the integration to be over ¢ = ¢ — ¢y, dd = dp, we can write the

integrals Iy1, Ip2 and I3 in a more compact fashion as

Iy Y ) ) cos ¢
e IR B T (5-39)
Ios e 1

The above integrals are over a full period in $, which allow us to solve the

integral over the half period of the even functions, i.e.,

Iy _ cos(n + n')¢ cos ¢
]¢2 _ 26z’(n+n’)¢1 / e—imz cos ¢ i sin(n 4 n/)¢ sin ¢ d¢7 (5_40)
Iys 0 cos(n +n')p

or in a more suitable form as

Iy i cos(n+n' —1)¢ 4 cos(n+n' +1)¢
Iso ¢ = elntn)en / e 125 Licos(n +n' — 1) — icos(n+n' + 1) p do.
Iy ‘ 2cos(n+n')p
(5-41)
Now we can use the integral form of the Bessel function shown in (3-250) to
derive
I in+n/_1jn+n’fl(_"f12) + in+n,+1Jn+n'+1(—/f12)
Iy p = me 0L Qgm0 (—kpg) — i g (—Raa) ¢ s
I¢3 2Z'n+n’ Jn—l—n’(_/{lQ)
(5-42)
which can be readily written as
Iy = =21 (i)t 1 (ko) (5-43)
/
L = —2m(—i)m e )n L g o), (5-44)
K12
]¢3 _ 27T(_Z~)n+n’6i(n+n')¢1 Jn+n’(/{12)' (5_45)

Without loss of generality, assuming that the waveguide junction shown

in Fig. 5.2 is at z; = 0, we can find

Cfl,sz )= 27T(_Z-)n+n’ei(n+n’)¢1

(np),2(n'p’
X / |: — (61¢h2z — 8182612h2¢)iJr/L+n/(/€12) sin 61

n+n _
+ (s152€1.h9, — elph22>7/€ It (K12) sin 0y
12

—+ 82<€1ph2¢ - €1¢h2p)Jn+n/(I€12) COS 91 pdp (5—46)
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5.2.1
Special Case of a Horizontal Bed

For small tilt deviations, i.e., #; — 0, the two first and second terms in
the RHS of (5-46) become zero:

Ol (ot g, yp = 2F(0) el
< [ [ss(erntns = erobag) ol ods . (7
010
The parameter k15 defined in (5-34) vanish, and we can now use
Jntn (K12) = Op—nry,  for  Kig — 0, (5-48)

to further simplify (5-47):

51,52
CYl(n

p),2(n'p’)

0150 = 59 2m /(elp,nth(b,np’ - €1¢,nph2p,fnp’)pdp7 (5_49>

where we have recovered the modal indices np (for fields in region 1) and n'p/

(for fields in region 2).

S92m f(elp,nph%—np’ — €1pmph2p,—np )P dp, for n = —n’

010 0
)

Csl ,82

1(np),2(n'p’)

else
(5-50)

The above equation shows that fields are azimuthally orthogonal over the
coupling cross-section as the tilt angle §; — 0. Further, by using the azimuthal

symmetries in (3-129), we can immediately obtain

081 ,82

1(np),2(—np’)

0150 = —52 27r(_1)n /(Snelp,nth(ﬁ,np’ + eld),nthp,np’)pdp? (5_51)

where s, = 1— 24 ,. The above coupling integral is invariant in terms of s; (=
— _CSI7+

+), and over the sign of sy (= %) we can derive C}/> L) 2(—np)

for 6; = 0.
Should be observed that for sy = + (5-49) is equal to the definition of

the reaction in (3-165) that we have derived for the case 6; = 0, as expected.

(np),2(—np")

Also, the following relations can be obtained for the coupling integrals (5-14)
and (5-20):

Ximitn) = Yitmyiony (5-52)

Xitm ity = Xilmy sy (5-53)

(5-54)

(5-55)

51, _ VS, T
Yitmy.itm) = ~Yi(m).j(n)»
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where s; can independently assume any value in LHS and RHS.
Case the matrices X'fj and ?ﬂ; are mounted in the same shape of (4-315)
(by using sub-matrices to relating the azimuthal dependences in region 1 and

2), for the special case in which 6; = 0, we derive the following relations:

):(2{[2 +n,—n — é% (5‘56>
Xl nn = X2, (5-57)
Y non = £Q1, (5-58)
Yyl non = Xbs, (5-59)
Vil inon = —Xia, (5-60)

where 6:21, 6:22 and X 1,2 are the reaction matrices we have derived in Chapter 3.
All others off-diagonal sub-matrices are mull; as a consequence of the modal
orthogonality in terms of the azimuthal harmonics. We can finally verify that
under the above relations, the GSM sub-matrices in (5-27) will reduce exactly

to their counterparts presented in (3-151) (for a PEC boundary condition over

SQ — Sl, i.e., EQ = 6)

5.2.2
Symmetry Relations for the Coupling Integrals

Using the symmetry relations in (3-129), the coupling integral involving
the modal fields with azimuthal indices —n (in region 1) and —n’ (in region 2)

are given by

51,52 _ ‘n+n’ —i(nt+n')p1
C1(—np),2(—n'p’) = 2mi e

X / {— (e1pho. — s182€1:R00)1 ), i (K12) Sin 6y

n+n .
+ (8182€1zh2p - 61ph22)7f€ Jn+n'(/€12) sin 0,
12

+ 32<61ph2¢ - €1¢>h2p)Jn+n/(f<¢12) cos 01| pdp. (5‘61)

Comparing the last two equation, we clearly see a symmetrical relationship of

the azimuthal indices in relation to angle ¢;:

Cri2 oy = (1) e 2mtmdongass . (5-62)
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5.3
Preliminary Conclusion

In this chapter, we have explored the mode-matching technique along
oblique surfaces. The preliminary mathematical description of this problem
show that we can reuse all closed-form well-known expressions for modeling
radially-stratified media in conjunction of the new generalized scattering
matrices (GSMs) derived here to proper model dipping-bed formations.

An important result derived here is about the modal orthogonality: the
modal fields are no longer orthogonal over the oblique matching surface. In this
way, the new GSM matrices require the inclusion of fields associated to several
azimuthal index. In contrast, the axial mode-matching along a cylindrical
cross-section (presented in Chapter 3) can use the modal orthogonality to
simplify the problem to be over fields of same azimuthal index.

Further investigations are required to verify the efficacy of the approach

presented herein.
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6

Conclusions and Suggestions for Future Research

Accurate electromagnetic propagation analysis of complex geophysical
formations enables the modeling of well-logging tools as an alternative to
costly experimental tests. The modeling of logging-while-drilling (LWD) and
measurement-while-drilling (MWD) tools used in hydrocarbons exploration
have been successfully handled by means of a 3D-FD, 3D-FE or 3D-FV
methods. However, the CPU time and the computer memory required by
these methods can be prohibitive. In addition, these techniques require fine
spatial discretization to accurately model complex geophysical formations. An
alternative to improve the efficiency rely on the mode-matching technique: we
can employ a 2D-FD or 2D-FE formulation to solve the fields along the well
logging cross-section regions and then match the field continuities along each
junction. In this way, the discretization of the axial space is no longer needed,
reducing one dimension from the initial problem. Going further, we can use the
azimuthal symmetry of the problem to match fields with the same azimuthal
harmonic dependence, such just a 1D-FD or 1D-FE formulation can handle
the radial variations of the fields. This last approach combined with the mode-
matching technique is known as NMM. Remarkably, or initial 3D problem was
now transformed to an equivalent form where the discretization of two spatial
coordinates was circumvented.

In Chapter 3, we proposed a method to model well-logging tools based
on an eigenmode expansion that does not rely on spatial discretization. The
advantage of this approach is that the fields can be represented by a sum
of a relatively small number of eigenmodes compared to the number of grid
points or discrete mesh required to discretize the space. The main scientific
contribution of this work was the introduction of a new pseudo-analytical
technique that allows the accurate representation the electromagnetic response
of LWD sensors using a restrict numerical effort. As a consequence, a number
of remarkable features are allowed in the modeling of stratified cylindrical
structures: (1) The eigenfields are orthogonal both in terms of azimuthal as well
as axial harmonics, which simplify substantially our analysis; (2) The linear
combination of Bessel and Hankel functions naturally satisfies the boundary

conditions of the radially-stratified problem; (3) As we know the analytical
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solution for the fields, we can use the invariance of Maxwell’s equations
under the complex stretching mapping of the PML in order to archive closed
form solutions to mimic unbounded regions. Note that we do not need to
employ radially-dependent biaxial media as well as we can avoid the staircase
approximation for the PML profile; (4) The aforementioned eigenfields allow
an analytical mode-matching along the axial direction. Again, the inclusion of
the PML is very easy, requiring just a modification on the reaction integral’s
upper bound; (5) We were able to solve both the source excitation as well
as the received voltage of TCA antennas in closed-forms. In addition, a
further generalization allow us to proper model TCAs crossing axial regions.
In Chapter 3, we showed numerical results that validate our method, and we
also presented numerical simulations of TCAs placed within grooves into a
metallic mandrel, and its implications to the design of novel directional well-
logging sensors.

In Chapter 4, we developed a new analytical formulation to modeling the
electromagnetic propagation along radially-stratified and axially-bent structu-
res. Validation and preliminary results were presented, and we have derived a
generalization of the axial mode-matching to analyze the fields in curved wells.
This technique can be extended in the future to analyze more complex LWD
tools inside directional wells with axial stratifications.

The initial results showed in Chapter 3 brought to light some inquisitive
questions. The effectiveness of the complex stretching of the PML, for example,
appear not be a critical issue for lossy media at typical LWD operation
frequencies. We believed this happen due the prevalence of evanescent modal
fields, but we consider that this issue need be studied with more detail. Another
aspect we must draw attention is that our numerical algorithm becomes ill-
conditioned for high conductivity media. This problem comes from the complex
large argument of the cylindrical functions. In that situations, we could
consider approximated impedance boundary condition (as those proposed in
Section 3.3.3.1) and also the rescaling of Bessel functions (recently proposed
in [50,52,53]) to prevent this numerical problem.

As a future work, we plan to extend our studies of novel well-logging
tools in dipping bed formations. In Chapter 5, we have shown an elementary
application of the mode-matching technique along oblique surfaces. This
initiative was mathematically described as a combination of radial and axial
mode-matching techniques and allow us to depict the fields of a LWD tools
in a dipping-bed layer. We observe that the new modal scattering matrices
derived in this approach can be easily combined with the closed-form results

for fields and sources inside cylindrically layered media.
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Preliminary results shown in Chapter 5 can be naturally generalized in
future to model more complex structures where the axial bending is present.
Another similar formulation can also be of great interest: the directional mode-
matching could instead be formulated in terms of a surface normal to a
misaligned borehole, as illustrated in Fig. 6.1. In this case, we believe that new

radial scattering matrices can be derived to relate the vertical field expansions

used in [8,9].

»

(¢

n

[(q

Figure 6.1: Geometry of LWD sensor inside a misaligned borehole.
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A
Wave Equation in Cylindrical Coordinates

In this appendix we shown the solution for the wave equation in anisotro-
pic media using the cylindrical coordinate system. The derivations presented
here are heavily based on the work shown in [55, Ch. 5|, where the problem is
solved for isotropic media.

According the formulation in Chapter 3, the scalar Helmholtz equation
for axial fields in cylindrical coordinates is given by

10 () 1%  p.d%

—— | p= -+ —=— .PsP = 0. A-1

p%<ﬂh>+ﬂ&ﬁ+m8ﬁ+pr¢ (A1)
Following the method of separation of variables, we seek to find solutions of
the form

¥ = R(p)®(¢)Z(2). (A-2)

Substitution of (A-2) into (A-1), division by v, and noting that the partial
derivatives now becomes total derivatives, allow us to derive
1 d ([ dR 1 d*® p.1d* 9
—— | p— — == .Ds = 0, A-3
dep(pdp> 2 de? | p.zd2 PP (4-3)
where the third term is explicitly independent of p and ¢. This term must
also be independent of z because the equation is to sum to zero for all p, ¢, 2.

Hence, we can define

1d*Z 9
- S A-4
7 dz? kzv ( )
where k, is a constant. Substitution of the above into (A-3) multiplied by p?
gives 9
pd [ dR 1d® 9 - DPzio) o
22,2 227 _ Py — 0. A-

Now, the second term of the above is independent of p and 2, and the remaining

terms are independents of ¢. Hence, we can properly define

1o,

- A-6
= (A-6)
where n is a constant. Now, the preceding equation gives rise to
p d dR 2 2~ P22} o
—— | p— | - .Ds — —k =0. A-7

The wave equation is now separated by means of (A-4), (A-6) and (A-7).

To summarize, we can introduce
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2,2~ 2
kp = W PsPs — kz) (A—S)

and also the wavenumber related to the transversal anisotropy given by
k2 = wpsps = wegpts. (A-9)

We can write the separated equations as

d ( dR D, )2 )

—[p—] + —Zk —n?| R=0, A-10
Pap <pdp> <\/Ps P (A0
Pe

VA
—— +kZ=0. A-12
2 T (A-12)

The expression in (A-10) is a Bessel differential equation of order n [116,

p. 358], whose general solution is given by

Y2 Dz Y
R | [Zkop) = ATy [ ([ Zkop | + BY | ([ Zkpp |, A-13
( Ds pp) ( Ds pp> ( s PP > (A-13)

where J, and Y, are fisrt and second kind Bessel functions, respectively.
The constants A and B are determined by the boundary conditions. Another
commonly used solution to Bessel’s equation employ the first and second kind

Hankel functions of order n:

() a0 () e ().
Ds Ps Ps

HWY(z) = J,(z) + iV, (2), H () = J, () — iY, (). (A-15)

n

where

In general, any two of the functions J,, Y, H{Y and H(® are linearly
independent and can be used as a fundamental of solutions of (A-10). Note that
only the function J, is nonsingular at p = 0. Hence, if a field is to be finite at
the radial origin, we have R,,(-) = AJ,(-). In contrast, for an unbounded radial
domain, we must select R, (-) = AH(V(-) in order to satisfy the Sommerfeld
radiation condition.

Equations (A-11) and (A-12) are one-dimensional non-homogeneous

Laplace’s equations whose solutions are given by harmonic functions such as

®(ng) = C cos(ng) + Dsin(ng) or Ce™ + De ™, (A-16)

Z(k,z) = Ecos(k.z) + Fsin(k,z) or FEe®*:* 4 Fe 7 (A-17)
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where C, D, E' and F' are constants to be determined by enforcing the boundary
conditions. The azimuthal coordinate is an angle, and for this reason, we need
to restrict the choice of ®(n¢). In order to achieve single-valued fields, it is
required that ¢(¢) = ¥ (¢ + 2wp), p = 0,1,2,.... Thus, we have immediately
that n must be an integer. Finally, the elementary solution for (A-1) is given
by
o= 1o (([Z0) 000)200.), (A18)
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B
Modal Amplitudes from the Transmitter to the Receiver

The axial mode-matching at the junction between each pair of waveguides
allows to get a generalized scattering matrix. We denote the associated matrices
as local reflection and transmission operators. In this appendix, we will combine
these local operators in order to proper describe the fields at observation point
on the plane z = zr due to a source placed on the plane z = z7.

The electromagnetic field components in a radially-stratified, axially-

infinity cylindrical structure can be write as

(p, (ba Z Z AT npg]a np prnpp>6iikz,np(z*ZT)+m¢ fOI‘ cT § 2y
n=-—o00 p=1
+ + + (B-1)
where G, = {Eq, Ho} and a = {p, ¢, z}. The g, ., = {€janp Rianp) is the
proper electric and magnetic cylindrical function for the radial layer j. Based

on the azimuthal orthogonality of the fields, we can rewrite our fields as

,0, ¢> Z Gna p7 mqﬁ’ (B_Q)

n=—oo
where G,,, can be found comparing the last two equations. Truncating the
sum over p in order to include M modes, we can also write G, in a compact

matrix form as
Cralp, 2) = [G5(p)] P (20, 2) A% for 21 S 2, (B-3)

where gjﬂ;(p) is a M x 1 column vector containing the entries gﬁmp for
the proper radial position, P*(zr,z) is a M x M diagonal matrix with the
elements e*?=nr(>=21) and A% is a M x 1 column vector with the modal source

amplitudes.

B.1
Fields Matching Approach

We use here an algorithm similar to that in [25,26,29] and [15, pp. 360—
365] to compute the fields along the axial stratifications. We should mention
that this technique was used before in the NMM, where the eigenmodes
of an infinitely long cylindrical layered medium are solved by using a one-

dimensional finite-element method. Here, instead, we will employ our closed


DBD
PUC-Rio - Certificação Digital Nº 1312540/CA


PUC-RIo - Certificacdo Digital N° 1312540/CA

Appendix B. Modal Amplitudes from the Transmitter to the Receiver 279

form eigenfunction expansion for the fields in cylindrical coordinates.

Consider now an axially-stratified structure composed by N regions,
as illustrated in Fig. B.1. Each region j comprises 2,1 < 2z < zj, j =
1,2,3,...,N, for 0 < ¢ < 2m. Note that these regions can also be radially-
stratified. It is clear that fields in a multi-stratified medium can no longer be
represented just by one forward or one backward wave as in (B-3). In general,
we need a combination of two waves propagating to 42z and to —z to proper
express our field solutions. To proceed our analysis, we will consider just our
transversal (to z) electric field due the axial symmetry of its forward and
backward components!.

Suppose that an source is placed in the region m and we are interested in
the fields in the region n. The transversal electric field components in a region

n above the source, m < n, can be written as?

Eu(p,2) = éfl(p) P:(Zna z) + By (2n, 2) Rnnia A, (B-4)

Here € (p) is a 1 X M,, matrix with the eigenmodes of the region n, f:’j(zn, 2)
is a M,, x M, diagonal matrix that propagates a forward wave from z, to z

such as oy (=)
P (2 ,z)’pp = e*"r: . (B-5)

We also have introduced the global reflection operator for the up-going waves
in region n given by the M, x M, matrix én,nﬂ and A,: a M, x 1 column
vector for the up-going waves in region n at z = z,. Notice that the number
of modes considered in the axial layer is j given by M;.

Recursive relations for the global reflection operator Iénmﬂ and for the
up-going wave expansion vector A, can be derived by considering the local

reflection and transmission matrices derived by the mode-matching.

Region 1 e Region m e Region n e Region N,
X RX —> 2
<1 Zm—1 i Zm Zn—1 i Zn  AN.—-1
ZIT ZIR

Figure B.1: The axially-stratified structure under consideration.

1See (3-128) for more details. Notice that the axial magnetic field presents the symmetry
in respect to axis z. If we had used the axial electric or the transversal magnetic fields the
sign of the backward wave must be negative instead of positive in (B-4).

2For the sake of simplicity the superscripts in the scattering matrices omitted, but take
in mind that it could assume the quantity (z).
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Following the formulation proposed in [26], At the boundary z = z,,
the down-going waves consist of two contribution: (1) the transmission of the
down-going waves from region n + 1 (characterized by fn+17n), and (2) the
reflection of the up-going waves in region n + 1 (characterized by }:2n+1’n).
Using the appropriated expressions of the down-going and up-going waves in

(B-4), we can write

n,n—l—lAn = 7__’n—i—l,nf_)n—i—lFin—i—l,71—1—21471—5—1 + Rn,n+1An7 (B'6)

i

where _ _ _

P, =Pl (zm_1,2m) = P (2m; Zm_1)- (B-7)
Similarly, at the boundary z = z,, the up-going waves in region n consist

of two contributions: (1) the transmission of the up-going waves from region

n — 1 (characterized by T,_1,) and (2) the reflection of the of the down-going

waves in region n — 1 (characterized by R,_;,). Using (B-4), we can write

I

A’Zln - ﬁnfn—l,nﬁn—l + ﬁnén,n—lﬁnén,n—klﬁn- (B‘8>

From (B-8), we can find a recursive relation for the up-going vector A, given
by

Ay = PG T 0 A, (B-9)
where _ - - o= -1
M= ( - RW_IP”R”,WP”) . (B-10)
Substituting (B-9) into (B-6) allows us to find a recursive relation for the
global reflection matrices as
én,nﬂ = }:‘zn,nﬂ + fnﬂ,nﬁnﬂ§n+1,n+2f’n+1ﬂz4$+1fn,n+1. (B-11)

Notice that ]:%N—I,N = }:%N_LN at the last boundary z = zy_1, and all global
reflection matrices for the up-going waves can be found recursively from (B-11).

Suppose now we are interested in the fields in the region n below the
source, i.e., m > n. Similar to (B-4), the transversal electric field components

in region n can be written as

En(p,2) = &,(p) | Py (20-1,2) + B (201, 2) Run-1| Ba, (B-12)
where the global reflection operator for the down-going waves in region n is
given by the M, x M, matrix ]on,n_l and Bn; a M, x 1 column vector for the
down-going waves in region n at z = 2,,_;. We can derive recursive relations for
B, and én,n_l using the same argument leading to (B-6) and (B-8) but now
employing the fields in the shape of those in (B-12). For example, at z = z,_1,

the up-going waves in region n satisfy

n,n—an - fn—l,npn—lén—l,n—ZBn—l + én,n—lén' (B’13>

i
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The down-going waves also at z = z,_; in region n must satisfy

I

Bn = Ip n+1,an+1 + ﬁnén,n—l—lann,n—an- (B‘14)

From (B-14), we can find a recursive relation for the up-going vector B, given

by pu— pu— p—
By = PyM; Tyi1.0 B, (B-15)

where _ _ _ o= _ N1
M = (I - Rn7n+1Pan7n_1Pn> . (B-16)
Substituting (B-15) into (B-13) allows us to find a recursive relation for

the global reflection matrices as

nn—1 — Rn,n—l + 7an—l,rbﬁn—l}:%n—l,n—QPn—l]\:471__17_—;1771—1- (B‘17)

i

Notice that é271 = 15%1 at the first boundary z = z1, and all global reflection
matrices for the down-going waves can be found recursively from (B-17).
Suppose now we are looking for the fields in the region of the source.
In this region the fields can be written in three parts [26]: (1) the direct
field from the source in the absence of the axial discontinuities at z = z,,
and z = z,_1 (the regions m is considered as an infinite-long and axial-
homogeneous medium), (2) the up-going waves due to multiple reflections,
and (3) the down-going waves due to multiple reflections. Thus, the field in

region m becomes [26], [15, p. 363]
Eon(p.2) = ,(p) [P (20, 2) A% + P1(0,2)Cpn + P (0,2)D,] . (B-18)

for zp < z, where we have assumed that the source may radiate differentially
for forward and backward directions as A3, and the M,, x 1 column vectors
C,, and D,, are the up-going and down-going amplitudes yet to be determined.

At z = 2,1, the up-going waves result from the multiple reflections

(characterized by R,,,_1) of the down-going waves, i.e.,

PO, 201)Cm = Rt [P (21, 2t ) A7 + Py (0, 201) Dy | . (B-19)

Similarly, at z = z,,, we must satisfy

3To the best of our knowledge, the application of axial mode-matching (or its NMM
version, i.e., the A-NMM) appear restrict to model point sources or horizontal coils
[10,15,23-26,29-32,60]. This happen because both source and the axial discontinuities are
matched over a constant axial plane. For sources with non-zero span along the axial direction
(such as tilted-coil antennas that are described in Section 3.5.4), vertical mode expansion
described in [6,8,27,46] (where both sources and radial discontinuities are matched over a
constant radial plane) appears an appropriate way to model the problem. In [147-149] we
demonstrate a way to compute the contribution of general and non-zero span sources using
the axial mode-matching. To use this method; that is described in detail in Section 3.5.6;

we need to consider the existence of general modal excitation coefficients, which may leads
to A £ A7.
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Prr(0, ) Dy = Royns [P (21, 20) A + P (0, 2) Ci] (B-20)

Solving the coupled equations (B-19) and (B-20) yields the vectors C,, and
D,, as

where we have introduced the multiple reflection matrices M= given by

= = = -1
ME = (I — Rm,mumRm,mﬂP@ . (B-23)

It should be observed that the fields in (B-18), (B-21) and (B-22)
involve propagation matrices similar to 13%(0, 2,) Or Igi(O, 2,). For an arbitrary
position z = z, (mainly large positive or negative z,), these matrices might
require very large exponents [31]. In order to prevent the overflow during the

numerical computing of the fields, it is better to rewrite (B-18) as

]-;’nf(zT, z)f_lch + ]%t(zm_l, z)é’m + P (zm, z)lﬁ)m} , (B-24)

Epn(p, 2) = €y(p)

where the forward reflected waves at 2z = z,,_1 and the backward reflected

waves at z = z, are given by

ﬁm = ]\?_ém,m—i—l |:P+<ZT7 Z,—,JA? + f:)m}:%m,m—l 7;<ZT, Zm—l)Aj_“:| ) (B_26)

respectively.

Now, the fields into region m can be completely determined by means of
(B-24). Therefore, the expansion vector A,, of the up-going waves at z = z,,
is given by B _ B N
A = P} (21, 2m)AF + P, C, (B-27)
and the expansion vector B,, of the down-going waves at z = z,,_; is given by

A

B, = ﬁn_.b(ZT, Zm-1)AT + Ingm. (B-28)

The expansion vectors for other regions can be derived recursively from (B-9)
and (B-15).

The above results are derived for the transversal electric fields, however,

we can use them to find all electromagnetic field components. In general, we

can write the fields at an observation plane z = zg (characterized by A%) due
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to a source located at z = zy (characterized by AF) as

oo Mpg(n)

p7 ¢7 ZR Z Z ( Rnp + AR np) Yja, nzﬂ(kjpmpp) z”(f) (B_29)

n=—oo p=1

where G, = {E,, H,}, « = {p, ¢, z} and the non-harmonic portion of the fields
in radial layer j is given by gjanp = {€janps Rjanp}- In the above summation
MEg(n) is the number of modes considered in the axial region of the receiver
point, and the sign + must be selected such as: (+) for the transversal electric
and the axial magnetic fields, and (—) for the axial electric and transversal
magnetic fields.

The proper values of flﬁ can be extracted from the forward and backward
contribution of the fields in (B-4), (B-12) and (B-24) by using the algorithms
shown in Fig. B.2 to Fig. B.6.

Algorithm 1: Amplitudes A}

Determine A%; ICalculate the source amplitudes in region
m:

Determine R“il and T, s j+1 from the mode matching at z = z;;

Determine P M RJ j+1s Tjgﬂ and M
Execute Algorithm 2; ICalculate C' and D

ITransfer C' and D to the receiver position in region n:
if (m <n) then
Execute Algorithm 3;
else if (m > n) then
Execute Algorithm 4;
else if (m =n) then
‘ Execute Algorithm 5;
end if

Figure B.2: Description of the algorithm used to calculate the amplitudes of
the forward and backward waves at the observation point.
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Algorithm 2: Calculate é’m and f)m

if (m =1) then
C’l =0; !There is no up-going wave at zj
151 = Elzfz’fr(zT, 21)AF;
else if (m = N) then
N = f:fNN—J:)ﬁ(ZT,ZN—l)A%;
2N 0; IThere is no down-going wave at zyi

else

2

ICalculate C,, using eq. (B-25):

é y émm 1 |:Pn_1(ZTa Zm71>AT + Ig ém m+1ﬁr—ni_(ZTa Zm)AT:| )
ICalculate f?m using eq. (B-26):
ﬁm - y ém ;m—+1 {PJF(ZTa Zm)A + ﬁ é m,m—1 :%(ZT7 Zm—l)A;]a

end if

BI)

Figure B.3: Algorithm used to calculate C and

Algorithm 3: Calculate A% for m < n

IDetermine the forward wave at z = z,,:

if (m = 1) then

‘ Al = Pl (ZT> Zl)zzl;,

else

‘ Ay = P (zr, 20) A + PCo; ICalculate A,, using (B-27)
end if

IDetermine the forward and backward waves at z = zp:
if (n = N) then
dop=m+1,N—-1,+1
| Ay = BMIT, 1A, ICalculate A, using (B-9)
end do
Af; —PN(ZN 1>ZR)TN LNAN_1;
r=0; !There is no backward wave

‘ Ay = ﬁp]\;ﬁqu,pzzlpq; ICalculate A, using (B-9)

Figure B.4: Algorithm used to calculate the amplitudes of the forward and
backward waves at z = zp (in region n) due to a source at z = zp (in region
m), for m < n.
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Algorithm 4: Calculate A% for m > n

IDetermine the backward wave at z = z,,_1:
if (m = N) then

‘ BN = P];(ZT, ZN_l)/_lj_ﬂ
else

A

‘ B,, = :,;(ZT,zm,l)[l} —|—]5mDm; Calculate B, using (B-28)
end if

Determine the forward and backward waves at z = zp:
if (n=1) then

dop=m—12 -1

‘ Bp = ppMp_TpH,poﬂ; Calculate B’p using (B-15)

end do

AR = Pf(zla 2g)To1 B;

AR =0; IThere is no forward wave
else

dop=m—1,n,-1

‘ Bp = Pp _;Tp-l—l,pép-i,-l; Calculate Bp using (B-15)

end do

A]_% - pn_(zn—b zR)l?nv

AE = pn (Zn—b ZR)Rn,n—ana

Figure B.5: Algorithm used to calculate the amplitudes of the forward and
backward waves at z = zg (in region n) due to a source at z = zp (in region
m), for m > n.
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Algorithm 5: Calculate A% for m =n

if (ZT < ZR) then

IDetermine the forward wave at z = zp:
if (m = 1) then

‘ Af = P1+(ZT7 ZR)AJTr;

else
‘ A;’% = P;;(ZT, ZR)A/}_ + p»,j{(zm—l? ZR)éma
end if

IDetermine the backward wave at z = zg:
if (m = N) then

‘ r=0; !There is no backward wave
else

‘ A}} :Pyg<zmazR)Dm7

end if

@

Ise if (27 > zR) then
IDetermine the backward wave at z = zp:
if (m = N) then

| Ap = Py(or, 2r) Ars

else

| Aj = Pr(ors 20) A7 + Py (5 27) Do
end if

IDetermine the forward wave at z = zp:
if (m =1) then

‘ AL =0; !There is no forward wave
else

‘ A} = P} (zm-1,2r)Chn;

end if

end if

Figure B.6: Algorithm used to calculate the amplitudes of the forward and
backward waves at z = zg due to a source at z = zp when these positions are
in region m = n.
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B.2
Geometrical Optics Approach

In order to proper express the fields that a transmitter antenna at the
plane z = zp generates at a receiver antenna at the plane z = zg, here we use a
geometrical optics approach to proper transfer the amplitudes Z% of a source
embedded in the axial region m to an observation point placed at region n.
In this section, we combine the GSM matrix derived at each axial junction to
express the fields as a superposition of direct and multiple reflected rays by
means of a convergent geometric series. We consider the same axially-layered
structure used in last section (see Fig. B.1) and the appropriated modal field
expansion in terms of exp(+ik,z).

In the following analysis, we first consider that the observation point
is at the same axial region of the source (m = n) and also we assume that
zr < zg, as illustrated in Fig. B.7. In our analysis, we will decompose the
electromagnetic fields into forward and backward propagating waves in relation
to the axial axis.

Initially, consider only the forward amplitudes of the source Af, and
for simplicity, we will seek just to the forward amplitudes at the receiver
position on the plane z = zp. For this situation, the fields excited by the
source amplitude flJTr will propagate from z = 27 to z = zg, as shown in
Fig. B.8. Additionally, the associated field will also propagates forwardly, and
will experience a reflection at z = z,,, and will propagates backwardly from
Z = Zy, to 2 = z,_1. At this step, this field will suffer a new reflection at
2 = Zm,_1, changing its propagating direction again, becoming a forward wave.
This wave propagates from z = z,,_1 to z = z. This propagation process
continues endlessly. In a compact manner, we can mathematically describes

the forward amplitude at z = zp due A7 as

Afygsy = @+ ba + bba + bbba + . .., (B-30)
| v
S ! ! S
o i i =
.© | | .8
C%o A;Miwﬁj Ar—miw[lj g_g‘D — >
Zm—1 ZIT ZIR Zm

Figure B.7: The source and the observation point in the region m = n.
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— X RX .
| \ \ +
S ! ! g
4 : . -
2 i o 2
o0 |— T — > 20
~ i~ AS > ) = T2
Zm—1 ZIT ZIR Zm

Figure B.8: The contribution of the forward source amplitudes to the received
fields in the forward direction.

where

T;";(ZT7 ZR)A;v (B—?)].)

z = P:)rj;(zm—h ZR)}:%m,m—lﬁrg (Zma Zm—l)}:%m,m—&—lﬁy—rt(ZR; Zm)‘ (B_32)
We have introduced the diagonal propagation matrices ]5?(2’ ,2), that relates
the axial propagation along the axial positions 2z’ to z on the region m. The

elements for a mode p is given by

P, )| = e, (5-33)

where k,, is the axial wavenumber of the pth mode of the region j. Note that

]%*(z’ 2) = ]5j_(z,z/ )*. The generalized reflections matrices Ry, +,, comprise

all the reflection that the fields are subject in the forward /backward direction.

From the definitions in (B-33), it is clear that amplitude entries of
Ei(z’ ,z) are limited to 1 for 2’ < 2. From this, we can verify that lim; V=
0, and the geometrical series [+b+b?+b3+. .. converges to (I—b)~* [116, p. 15].
Then,

_ -1

AE(T—F) - I_ - qui(fzm—h ZR) m,m—lp»f; (Zmu Zm—l)Rm,m+1per_(ZR7 zm)

i

x P (zp, zr)AF. (B-34)

In order to simplify the notation, we will introduce the generalized

multiple reflection matrix ]\_4;“(2) at the axial position z, given by

M7 () = {1 _Di(s, z)} o (B-35)

where

D} (2, 2) = P (25-1,2) Ryy1 Py (25, 2-1) Ry P (2 25). (B-36)

J

4At first glance, this may seem like a redundant notation. However, we prefer to use this
form because it preserves the sense of forward/backward (£) propagation.
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The matrix Z:);L(z’ , z) can be understood as an operation that transfer a forward
propagating wave from 2’ to z experiencing a double reflection in the borders
of region j. The matrix .7\:4;r (2), on the other hand, can be interpreted as the
sum of all multiple reflections that a forward field shows in the region j, with
reference to the axial position z.

Using the above definitions, we can rewrite the contribution of the

forward source amplitudes to the received fields in the forward direction as

AE(TH = Mt (2g) P} (21, 2r) AF. (B-37)
The physical interpretation of the above equation can be done from right to
left: the forward source fields propagate to the receiver position, but it are
subject to the multiple reflections at the junctions of regions m — m + 1 and
m —m — 1.
Now, we consider the excitation of the backward source amplitude A7.
The down-going associated fields will also generate a forward field at z = zg.
A sketch of this situation is shown in Fig. B.9. For this situation, the fields
excited by A7 will propagate in the backward direction from zp to z,_;. This
field suffer a reflection at z,,_1, change its propagation direction, becoming a
forward wave that propagates from z,, ;1 to the zg. At this point, this forward
wave will experience multiple reflections in the region j. In a compact fashion,

we can write the forward amplitude at zp due A7 as

Ay = M (2p)Us (2p, 2r) Az, (B-38)

in which we define a matrix that describes a unique reflection of the backward

fields given by

1Py (2, 221). (B-39)

“(¢,2) = P (zj-1,2)

J J

i
i

The combination of (B-37) and (B-38) gives us the complete forward

— TX X —

| | i N

S ! ! g

= i i =
.S | | S

oy ;—A— ol ! | & —
o' t I L Dj

Zm—1 zIT ZIR Zm

Figure B.9: The contribution of the backward source amplitudes to the received
fields in the forward direction.
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received field amplitudes at zg, i.e.,

(B-40)

In order to find the backward fields at the receiver position zg, we first
consider the contribution of the forward source amplitudes to the received
fields in the backward direction, as illustrated in Fig. B.10. By going through
an analysis similar that to used above, we can write the backward amplitude

at zg due A7 as

Apiryy = M, (2r)U; (21, 2r) AT, (B-41)
where the generalized multiple reflection matrix J\j[j_(z) defined at the axial

position z is given by

M () = {1 D (-, z)} o (B-42)

The matrix l:)j_(z’ ,z) can be interpreted similarly to l:);“(z' ,Z), but operating
in the opposite direction. Now, DJ_(Z/ ,z) transfers a backward propagating

wave from 2z’ to z experiencing a double reflection in the borders of region j,

ie.,

i
i

D5 (2',2) = P; (2j,2)Rjjs1 P (2j-1,2)) R 1 P (2, 25-1), (B-43)

J
The matrix (Z-*(z’, z) is similar to [:]j’(z’, z) , but, operate in the opposite

direction, i.e., ~

U;L(Z/, Z) = .Pji (Zj, Z)Rj,j+lpj+(2/7 Zj). (B—44>
Finally, we can write the contribution of the backward source amplitudes
to the received fields in the backward direction (see the illustration shown in

Fig. B.11) in the fashion of

A;{(Tf) = Mﬁ (ZR>D;1(ZT, ZR)A%. (B—45)

o w3

3 : i S

o i i o
.2 | i 2

&1 b AF : g _ 5,
ot i t H j oo

Zm—1 ZIT ZIR Zm,

Figure B.10: The contribution of the forward source amplitudes to the received
fields in the backward direction.
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Figure B.11: The contribution of the backward source amplitudes to the
received fields in the backward direction.

The combination of (B-41) and (B-45) give us the complete backward

received field amplitudes at at zg, i.e.,

Ap = ]\:4_(23) {U:[L(zT, 2r)A+ + D, (21, zR)A;] , form =n and zp < zp.
(B-46)

Now we consider the case in which the source is at an axial region m,

and the source is at a region n, for m < n (and zr < zg). The first step is to

transfer the source amplitudes A% from z = 27 to 2z = 2, i.e.,
Aflima = M) | Phlor, ) A 4+ Unlor, 27| (BAAT)

Note that we have used (B-40) and (B-46), but we replaced the receiver position
by zm. Next, we can use the generalized transmission matrix from the regions

m to n, denoted by fmn, to get the forward fields in region n at z = z,_1 as
Aw—tlZZznq = jz—vmnle;mz:zm (B—48)

Now, we need to transfer At|._. | to the plane of the receiver at zx using

AE = ]57—:_(2’”_1, ZR)A:‘Z=zn—17 (B-49)

_é - U:(Zn—b ZR)A:L_|Z:ZW,717 (B_50>

or, combining the preceding results, we have

Af = P2y, 20) Ton M (2) | P (2, 2m) A + Us (21, 2m) Az |, (B-51)

=Vl
|
T
+

(2ot 21) Toon Mo (2) | P (20, 2m) A + U (21, 2) A7 |, (B-52)

valid for m < n.
The above formulation consider that the zy < zr and for that reason

m < n. Case the source in an axial position greater than the observation point,
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we can analyze the problem considering the inversion of the z-axis direction.
With the mapping 2 — —Z, we can preserve the above definitions just replacing
Zm = Zm—1, Zn—1 — Zn, and all superscripts + — F. Performing these changes
in (B-40), (B-46), (B-51) and (B-52) we can derive general expressions for A%

as

1K

Af = PE(2T, 2p) Ton ME(25) | PE (2, 25) AF + Uyl (21, 25) AT |, (B-53)

AF, = UE(2F, 20) T M (25) | PE (2, 25) A% + U (27, 25)AT|,  (B-54)
valid for m < n, and

A% = M (zp) [ﬁgg(zT, r)AE + UF (2r, zR)A;] , (B-55)

AT = M7 (zn) {Ugg(zT, n)AZ + D7 (2, zR)A;] , (B-56)

for m = n and 27 < zg. In order to improve the symmetry of our equations,

notice that in the above we have introduced zji such as

zj = z;, (B-57)
z; = 21 (B-58)

It is important to be noted that the field matching between the source
and the observation point is done apart from the source excitation. This allow
us to reuse all transfer matrices in (B-53), (B-54), (B-55) and (B-56) case we
want to analyze the response of different types of sources, i.e., we can store
the local and global scattering matrices of the structure and the field for many

transmitters and receivers can be computed efficiently [26].

B.2.1
Generalized Reflection Matrices

A geometrical optics interpretation is evident in both equations (B-11)
and (B-17). For example, the generalized reflection of the up-going wave at
z = zI comes from the local reflection JTEWLH plus a term accounting the
multiple reflections in all regions above n. This second term can be written
as the transmission from region n — n + 1, the forward propagation from
Zni1 — 241, and the generalized reflection from region n+ 1 — n + 2, the

backward propagation from z,; — 2,,,. Further, we need to consider all
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multiple reflections in region n + 1, by using ]\:4;r +1(2)°. Finally, we need to
transfer the wave back from region n + 1 — n using Tn-l—l,n- We can write the

above mathematically as

n,n+l — Bn,n—&—l + Tn+1,npn+1Rn+1,n+2Pn+lM;L:_l (Z;_)Tn,n—i—k (B‘59>

i

where the forward multiple reflection matrix M j+(z) satisfies

M (z) = [1:— Df(z,z)}il, and (B-60)

BJ—'F(Z,@') P+( )R]J 1P (2 7

)R P 2. (B-61)
Noting that M, (zF) = Mn++1, comparing (B-59) with (B-11) we can see that

J’J

both equations are identical.

It is interesting to be noted that in the above analysis we have included
the multiple reflection term just before the down-going wave be transmitted
from region n +1 — n at z = 2. Generally speaking, the inclusion of the
multiple reflection term is not strictest to this position, and could be consider
at any point inside region n + 1. In this way, any of the above forms are
equivalent to (B-59):

Rn,n 1= Rn n+1 + Tn—‘rl nMr—L:_l( )Pn+1Rn+1,n+2Pn+1Tn,n+17 (B_62a)

- Rn n+1 + Tn+1 nPn+1Mn+1< T—i_Jrl)Rn—o—l n+2pn+1Tn,n+17 (B’62b>

= Rn,n+1 + Tn+1,npn+1Rn+1,n+2Mn+1< n+1)Pn+1Tn,n+1- (B'62C>

1K

Similar results hold also for R, ,_i, and we can be easily verify that the
changing the subscripts and superscripts + — — in (B-59) results in (B-17),

where _

]\:4].’(2) = [1;— Dj’(z,z)}_l, and (B-63)

D;(z’, 2) = P (2] Z)Rj,jﬂlf’f(z;, z;-r)R]-,j,ll%’(z', zy). (B-64)

J 7

The same is true for the equivalent forms shown in (B-62).

B.2.2
Generalized Transmission Matrices

The forward propagating amplitude in region j + 1 at z;-r can be written

as

5Note that we could instead employ the generalized multiple reflection matrix M +1( z).
However, in this case we will couple the generahzed forward and backward reflections, i.e.,

Rn n+1 and Rn n—1. Here we prefer to employ M ( ) and fields in the shape of those in

(B-4) in order to express R, n+1 in terms of Rn+1 nt2-
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A;r+1 - = M]—:-l( )Tj,jHAIw (B'65)
in which allow us to define the generalized transmission matrix between the

region 7 to 7+ 1 as

N

Gt = MF ()T (B-66)
At 2z = ;Zrl, the forward amplitude in region j + 2 can be written as the
forward amplitude in region j+1 at z;; propagated up to P2 i+1 and transmitted

from region j + 1 to 5 + 2, i.e.,

A;FH,* T 7]+2‘P]+1( J+1s j+1)A;_+17 (B‘67)
J+1,J+2P]+1( ]+1a2;'r+1) J’J+1Aj+,+ (B‘68>
== T_’]',jJrzAj,—i-' (B-69)

From the above we can find fj,ﬁg comparing the last two equations. This pro-
cedure can be used to derive the remaining generalized transmission matrices
fm,n for m < n.

The backward propagating amplitude in region j—1 at z; can be written
as _

A]:LJF = Mj_ 1(ZJ ) Jid— lAg -1 (B-70)
in which allow us to define the generalized transmission matrix between the

region j to 7+ 1 as = - -
Tija =My (2)Tj 1. (B-71)

At 2z = z;_4, the backward amplitude in region j — 2 can be written as
the backward amplitude in region j — 1 at z _, propagated up to z;_; and

transmitted from region j — 1 to j — 2, i.e.,

Aj_—z,+ = Tj—l,j—2]5j_ 1(2;r 1) %j— 1)143_ 1,+ (B-72)
= 73_17j_2Pj__1(z;r_1,zj_1) j7j—1Aj_,— (B-73)
= Tjj-24;_ (B-74)

From the above we can find TM-_Q comparing the last two equations. This pro-
cedure can be used to derive the remaining generalized transmission matrices
Tmm for m > n.

The above recursive formulas can be generalized as

Tjjur = M]:tlT j+1, and (B-75)

(1

FiFLFI ¥33F1) Tm,mil; (B‘76>

ﬂm
’ﬂuz
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for m < n, where szl A]- means A; Ay ... Aj.

B.2.3
Further Remarks

We can use the above expressions for sources and observation points at
any positions. However, we can simplify (B-51) and (B-52) for spacial case.

First, we can use the following helpful definitions for regions 1 and N,:

Ur (2, 2) = DE(#,2) = 0, (B-77)
(:]]'G(Z', z) = l:)ﬁ(z', 2) =0, (B-78)
M (z) = Mif(2) = 1 (B-79)
Mi(z) = Mi(2) = 1 (B-80)
If The GSM matrix is normalized such as S5 = :, it allow us to write
- = t
Rjju1 = |Rjjm] (B-81)
= = t
Tijor = [Tiv] - (B-82)
Additionally, we can easy verify that
= = t
Rjje1 = | Rjjn (B-83)
B.3
Comparison of Formulations
The matrices in (B-7) are related to the ones in (B-33) via
pf(zf, zj[) = ]5j (B-84)

Notice also that the generalized multiple reflections matrices in (B-35) and
(B-42) are closely related to (B-10) and (B-16) such as

ME(2F) = M (25,) = ME. (B-85)

Similar relations also hold for ]\:@i(z) (without the tilde). Consequently, after
a few simplifications, we can show (B-55) and (B-56) can be represented in the
same manner as described in the algorithm shown in Fig. B.6 for m = n.

For m < n we can verify that the forward propagation of ALL_ from
2 to zf, in (B-65) results in (B-9), i.e., Ajg = ]gjﬂf_l;;l,_. Similarly, for
m > n we can verify that the backward propagation of f_ljiL 4 from 2;21 to

z7_y in (B-70) results in (B-15), i.e., Bj_1 = Pj_1 A7, ,.

J
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Accordingly, we can conclude that (B-53) and (B-54) are the same as
those calculated by the algorithms shown in Fig. B.4 and Fig. B.5 under the
proper definition of the Tyun given in (B-75) and (B-76).

In our numerical calculations we have verified the above reported equi-
valence between the modal received amplitudes derived using the algorithm
described in Fig B.2 and the amplitudes derived by means of (B-54), (B-53),
(B-55) and (B-56). By this reason, all results shown in this Dissertation where
calculated by using the second formulation due to its symmetry that enable

us to relate the source to the observation point using one simple step.
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C
Local Toroidal Coordinate System

Consider the curved, circular cross section waveguide shown in Fig. C.1.
This structure is centered at the origin of the Cartesian coordinates (X,Y, Z),
and has a constant curvature R~1. A local toroidal coordinate system is defined
through the transversal polar parameters p and ¢, and by the bend axial
coordinate (. We will assume that the curvature radius R is larger than the
maximum required p. Denoting the toroidal angle as ® = {/R, and the poloidal
angle such as ¢ + v, as shown in Fig. C.1, the torus transformation of the

coordinates is given by

). (1)

=v]Ea

X = (R — pcos(¢+ 1)) cos <

=v]la

y = <R—pcos<¢+¢>>sin( ) (C-2)

Z = psin(¢p + ). (C-3)

As the coordinate system (p,¢,() is clearly orthogonal, the metric
coefficients can be calculated by using the formulas in [143, pp. 47-50], such

X

Figure C.1: Geometry of a Torus and its coordinate systems.
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ox\* [ovy\® [0z\°
o = (ap> *(m) +<p> =t )
5) (%)

as

=P (C_5>

() < (&) (&) 1o o

Let r denote the vector from the origin to a variable point P(X,Y, 7).

We can write the position vector as
r=XX+YY 422, (C-7)

Now, we can compute the unit vectors in our toroidal coordinate system as

p= hlpg; = —cos(¢+ ) [cos <é> X +sin (é) f/] +sin(¢+1¢)Z,
(C-8a)

b= };g; = sin(¢ + ) [cos (é) X +sin <]C%> 57] +cos(¢+1)Z, (C-8b)

¢ = hlggz — —gin (}2) X + cos (é) V. (C-8¢)

Using the above equations, we can transform the Cartesian unit vectors X,V
and Z into our unit toroidal vectors 0, @ and f . Similarly, we can derive the
reverse transformation, given by

X = [~ cos(¢ + ¥)p + sin(¢ + ¥)¢] cos (é) — sin ( ) ¢, (C-9)

¢
R
Y = [— cos(¢ + ¥)p + sin(¢ + w)gﬂ sin (é) + oS (}C%

A ~

Z =sin(¢ +¥)p + cos(¢ + 1) ¢. (C-11)

¢, (C-10)

In addition to the above formulas, we can express the local polar vectors

p and gg according to their associated local Cartesian coordinates & and ¥:

p =T cos¢+ sin ¢, (C-12)
ngS: —Zsin ¢ + 1 cos ¢. (C-13)

From the above results, we can verify that our toroidal coordinate system

preserves the well-know relations of polar coordinates, as expected.
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The differentiation of the unit vectors in (C-8) yields [150, Appendix Al:

¢
o
¢
5=
aC . 10h

376_ php dp

0,

0,

ap

ap:O’

8ﬁ_A

%_gba

0p »1 0Oht A

— =(——— = —CR " cos(¢ +v),
oc =i gy = OB eos(6+v)
0

PP

9 .

a¢ p7

06 _ 21 0he _opi

1 0n

hg O¢

(C-14a)
(C-14b)

(C-14c)

(C-15a)
(C-15b)

(C-15c¢)

(C-16a)

(C-16b)

— PR cos(¢p 4+ 1) — GRsin(¢ + ). (C-16¢)

The metric coefficient defined in [150, p. 477] differs from ours, introduced in
(C-4), (C-5) and (C-6). We can show that the coefficients in [150] are equal to

1/hp, 1/h¢ and 1/h<

in our notation.
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