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intuitionistic PUC-Logic

In human speech, one may change his opinion about the truth of a given

counterfactual sentence if his knowledge about the subject grows. For example:

— (Pedro) I found Ana sad during the party.

— (Jonas) If her boyfriend had come to party, then Ana would have been
happy during the party.

A day after this speech, Jonas discovered that Ana was sad during the party,
because his boyfriend betrayed her. So, he may think that his counterfactual

sentence is no longer valid.

The intuitionistic approach is a traditional way to deal with knowledge
growth. We discuss one alternative approach over the counterfactual logic
to express this property of the human speech, presenting the intuitionistic
reformulation of the PUC-logic, called iPUC-Logic for short.

We avoid the repetition in this chapter of definitions and lemmas of
PUC-Logic that are the same for iPUC-Logic.

Definition 61 Given a set of worlds W, a nested sets function $ over W and
a truth evaluation function V for each atomic formula, we define a relation
of accessibility from a world v to a world v, denoted by u > v, as a reflexive
and transitive relation such that $(v) = $(u) and, if u € V() and u> v, then

v € V(o). Given a world u, the set of worlds v, such that u> v, is denoted by

A(u).

The restriction $(v) = $(u) means that the proximity notions are
preserved by the accessible worlds. This restriction was meant to preserve
lemma 63. But since we are interested in knowledge growth, it is not an artificial
restriction. In the example above, the perception of Jonas about how things
works did not changed much from the additional knowledge. It means that,

for him, the notions of similarity were just the same as in the day before.
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Definition 62 Given a wvariable assignment function o, the relation = of
satisfaction between wff, labels, models and templates is given by:

2. W,$,V,x) E - (aF) iff: = (o) € F,, and, YA € A(x) : W, $,V,\) I~

QE;

5 W, 8V, x) E o — B iff: o — % € F, and, VA € Alx), if
W, $,V, ) | o, then (W, $,V,\) = %

14. W8,V x.N) E ~ (%) iff: = (a¥) € Fy and, VA € A(y)
(W, 8,V A\, N) £ o

17. W, 8.V, x,N) E o — B2 iff: o — B € F, and Y\ € A(x): if
W, $,V,\,N) = a®, then W,$,V,\,N) = 3.

The iPUC Natural Deduction System is obtained from the PUC-ND by

removing the rule 7 (classical absurd rule).

II1.1 iPUC Soundness and Completeness

Lemma 63 Given A without existential quantifiers, if (o> — D2 is wff,

then it implies a=h BQ’Z.

Proof: We proceed by induction on the size of A:
If A is empty, then the implication is true;

(base) If A contains only one label, it must be a neighbourhood label:

- (o — %)% means, by definition, that VN € $(x) : W,$,V,x,N) |
a® — 2 Then we know that YN € $(x) : VA € A(x) : if
W,$,V,\,N) E oF, then W,$,V,\,N) = % Given an arbitrary
A€ A(x), it W, 8, V,)) E oa™® then VM € $(\) : (W, $,V, A\ M) =
a®. Since $(\) = $(x), by the definition of the accessibility rela-
tion, we have VM € $(x) : W,$,V,\, M) &= o*. So, by a conclu-
sion above, we know that VM € $(x) : O, $,V,\, M) = B and
VM € $(\) : W, $,V,\, M) = 5%, then W, $,V,)\) | B%4®. In other
words, a®® — B4,

- (o = BYHY means, by definition, that o(N) € $(x) and
W,$.V,x,0(N)) &= o — B9 Then we know that VA € A(x) :
if W,$,V,\a(N)) E oF then W,$,V, )\ a(N)) = B Given an
arbitrary A € A(x), if W,$,V,\) E o™V, then o(N) € $()\) and
W,8,V, )\, a(N)) E o. Since $(\) = $(x), we know that o(N) € $(x)
and by a conclusion above, we know that (W, $,V,\,a0(N)) E 5%, so
W, $,V, ) | BN, In other words, o™V — g%V,
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(base) If A contains two labels, it may be {®, x}, {N,*}, {®,u} or {NV,u}.
But we just need to look at the distributivity for the * label and for world
variables, because we have already seen the distributivity of the — connective

for the label ® and for any neighbourhood variable.

- (o — BH*® means, by definition, that VN € $(x) : Yw € N :
W, $,V,w) E o — B% Then we know that VN € $(x) : Vw €
N : VA € A(w) : it W, $,V,\) E o then (W,$,V,\) E B
Given an arbitrary A € A(y), if we have W,$,V,\) &= a®*®, then
VM € $(\) : V2 € M : W,$,V,2) E o Since $(\) = $(x),
VM € $(x) : V2 € M : W,$,V,2) E o* From z € A(z) and a
conclusion above, we know that VM € $(x) : Vz € M : (W,$,V, 2) = 8¢
and VM € $(\) : V2 € M - (W,$,V,2) = 8% s0 W,$,V,)\) E g%,

It means that a™*® — g4*®;

- The proofs of (a® — AN (a® — A2)»® and (o — SN are

analogous.

(induction) If C(a® — 5?) =1 and s(A) = n + 1, then the scope must be a
neighbourhood label and oA BQ’Z may be written as oA ﬁQ"z”N,
where s(A’) = n. Then, by the induction hypothesis, a2 — 264" —
(a™? — 292 From the base assertions, (a®¢ — 292 = ((o® —
BN = (@ = BN = (¥ = 7);

(induction) If C(a* — (%) = { and s(A) = n + 2, then the scope must
be a world label and o2& — B%A may be written as a=®94 5 326.0.87
where s(A’) = n. Then, by the induction hypothesis, aS$0A _y 306047
(=90 — f200)A By the base, (a™%© — fL9O)A — ((oF — [2)40)A —
(az N ﬁQ)d),e,N _ (042 N BQ>K ]

Lemma 64 iPUC-ND without the rules 5,11,18,20,27,28 and 29 preserves

resolution.

Proof: Consider M = (W, $,V, x). We present the proof for rule 12, because
the proof for the other rules are equal as in lemma 26.

(12) If M =2 o — 39 then M |= (o — S92, then, by lemma 63,
M E o2 — 22 Then, by definition, YA € A(x) : if W, $,V,)) =
o8 then W, $,V,)) E B2 Since x € A(x), then, if W, $,V,x) =
o2 then (W, $,V,x) | B%2. But we already know that (W, $,V, x) | ™2
and we can conclude M 2 g% |
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Lemma 65 If (W,$,V,x) E o, then VA € A(x) : W, $,V,\) E o*

Proof: Tt W,$,V,x) E «, a atomic, then, by the definition of the accessi-
bility relation, then VA € A(x) : W, $,V,A) = a. If W, $,V, x) = a*, ¥ non
empty, then VA € A(x) : W, $,V,\) | o because VA € A(y) : $(x) = $(N).
The systems of neighbourhoods being the same makes equal the evaluation of
the formula. So, if (W,$,V,x) E o, then VA € A(x) : W,$,V,\) E oF
because the evaluation of all subformulas of o are the same at all worlds of
A(x), including x itself. [

Lemma 66 iPUC-ND preserves resolution.

Proof: During the proof M = (W,$,V, ). We present the proof for each

remaining rule of the iPUC-ND inside an induction. Base argument:

5.1f M E2 o Vv 52 then M = (o Vv )2, then, by lemma 23,
M = a®2 v %A then, by definition, M | o™ or M |= %2, This
means, by definition, that M =2 o® or M =2 9. So, if II; and Il
only contains the rules from lemma 64, M [=® v in both cases, because
of the preservation of the resolution relation. And, for that conclusion,

the hypothesis are no longer necessary and may be discharged;

11. If IT only contains the rules of lemma 64, then, from the hypothesis that
M E2 o, the derivation gives us M 2 % If C(3%) = 1, then, by
the fitting relation and lemma 19, we know that s(A) is even. If we take
some model H = (W,$,V,z2), such that M —oyn) H and H | 5%,
then, by lemma 65, Vw € A(z) : (W, $,V,w) =  and, by definition,
H E o — B2 So, by definition, 2 Easa) o — B9, which means,
by lemma 21, that M 2 o — % If C(5%) = 1, then, by the fitting
relation and lemma 19, we know that s(A) is odd. If we take some
template 7 = (W,$,V,z, L), such that M —oya) T and T | 5%,
then, by lemma 65, Vw € A(z) : W, $,V,w, L) | 9 and, by definition,
T | o — B So, by definition, 3% Es(a) o — (9, which means,
by lemma 21, that M 2 o — 9. So the hypothesis is unnecessary
and may be discharged;

18. If M 2* ¥, then, by the rule 14, M |2 o**. From C(a™*) = {, the
fitting relation and lemma 19, we know that s(A) is odd. If we take some
template 7 = (W, $,V, 2z, N), such that M —o ) T and T = a™*,
then, N € $(z) and Jw € N : W, $,V,w) | a*. Since the variable u
occurs nowhere else in the derivation, v can be taken as a denotation
of the given existential and we conclude that (W,$,V,u) = o, what
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means that 7~ = a™*. So, by definition, a™* j=1.5a) @™, which means,
by lemma 21, that M 2 a®*. We conclude, using the rule 13, that
M EA% o If 11 only contains rules of the lemma 64, then we can
conclude M |® 3% Then we can discharge the hypothesis because
we know that any denotation of the existential may provide the same

conclusion;

20. If M E&® o*, then, by the rule 14, M E2 o¥®. From C(a™®) = f,
the fitting relation and lemma 19, we know that s(A) is even. If we take
some model H = (W,$,V,z), such that M —oyn) H and H = o™,
then M € $(z) : W,$,V,2, M) | o*. Since the variable N occurs
nowhere else in the derivation, N can be taken as a denotation of the
given existential and we conclude that (W, $,V, 2, N) = o, what means
that H | o™". So, by definition, a™® Erqsa) o™, which means,
by lemma 21, that M 2 o®. We conclude, using the rule 13, that
M =8N oF If TT only contains rules of the lemma 64, then we can
conclude M |=® 3% Then we can discharge the hypothesis because
we know that any denotation of the existential may provide the same

conclusion.

Inductive case: the same argument as in lemma 28. [

Theorem 67 T+ o implies T |= o (Soundness).

Proof: The fitting restriction of the rules of iPUC-ND ensures that o” has
neighbourhood characteristic because it appears in the empty context. The
same conclusion follows for every formula of I'. The derivability assures that
there is a derivation that concludes o and takes as open hypothesis a subset
of I, which we call I'". If we take a model M that satisfies every formula of T",
then it also satisfies every formula of I". So, M = ~®, for every 4© € I". But
this means, by definition, that for every wff of I'” the resolution relation holds
with the empty context. Then, from lemma 66, we know that M = o*. So,
every model that satisfies every formula of I' also satisfies o™ and, by definition,
IEao” |

We use prime theories to prove completeness. The reader can see the

intuitionistic logic case of this way of proving completeness in [17].

Lemma 68 Given I' € S, (I' C S, ), if there is a model (template) that

satisfies every formula of ', then I' is n-consistent.

Proof: This proof is analogous to the classical case, with the addition that

here we use theorem 67 instead of theorem 31. [ |
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Lemma 69 GivenT'C S, ([ CS,), if TU{¢®°} F L,, then T+ —¢®.

Proof: 'The assumption implies that there is a derivation D with with
hypothesis in I'U{¢®} and conclusion L,,. If we apply the rule —-introduction
and eliminate all occurrences of ¢© as hypothesis, then we obtain a derivation

with hypothesis in I' and conclusion —¢®. The same argument holds for

rcs,. |

Definition 70 I' C S, (' C S,,) is a prime n-theory (prime w-theory) iff (i)
I'Fao* (T Y o) implies o € T and (i) if o V B € T implies o* € T or
g erl.

Lemma 71 Given T U{a*} C S, TU{a®} C S,), if T I/ a® (T KN oF),
then there is a prime n-theory (w-theory) I, such that T C T" and T I/ o*.

Proof: According to lemma 37, we may have a list ¢q, 1, ... of all wif in S,.
We build a non-decreasing sequence of sets I'; such that the union is a prime
theory. We put I'y = I'. Then we take the first disjunctive sentence that has
not been treated and T', F o V 1: Tpyr = [y U {po} if Ty U {po} I/ o,
Coy1 = T, U {1} otherwise. It cannot be the case that T', U {¢o} F o
and T, U {p1} F o, because, in this case, I, = a* by V-elimination. So,
"=l | n >0}

(a) I i/ o*: by induction, since I'y I/ o and T',,;; I o® by the definition of
the induction step. (b) I' is a prime theory: (i) if ¢y V 9o € IV, then take the
least number £ such that I'y - 11 V s. So, 11 V 1)y cannot have been treated
at a stage before k and 'y, - 1)1 V 1o, for h > k. At some point 11 V 19 must
be treated at a stage h > k. Then, ¥ € ', or 1y € I'41 and, by definition,
Py € I or ihy € TV, (ii) if IV = 4), then IV F ) V ¢, then by (i) ¢ € T".

The same argument holds for wsents. [

Definition 72 Given a prime n-theory I' and a prime w-theory A, we say that
[ accepts A (T < A) if o® € A implies o™® € T. If o € T implies a™* € A,
then A o< T'.

Definition 73 Given prime w-theories I and A, we say that I' subordinates
A (ACT) iff a®* € A implies o®* € T and o®* € T implies o>* € A.
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Lemma 74 IfI' C S, is n-consistent, then there is a model M, such that
M = o, for every o* € T.

Proof: By definition, I' / 1,, and, by lemma 71, I' is contained in a prime
n-theory IV, such that I" I/ 1,. We take every prime n-theory ¥ as a
representation of one world of W, denoted by xy. Every prime w-theory will be
seen as a set of worlds that may be a neighbourhood. We take o as the nested
neighbourhood function $ and  as the total order among neighbourhoods. We
take the subset relation among prime n-theories as the accessibility relation
among worlds. To build the truth evaluation function V, we require, for every
prime n-theory ¥ and for every « atomic: (a) xyg € V(o) if a € ¥; (b)
xo € V(o) if a ¢ 0. If we take M = W, $,V, xrv), then, for every wif
a® € TV, M = o*. We proceed by induction on the structure of o*:

(Base) If o* is atomic, M |= o iff o* € I", by the definition of V;

a¥ = BEAP. M E o iff M E B2 and M | +© iff (induction hypothesis)
B2 eI and v° € I". We conclude that o € T by a single application of the
A-introduction rule and the fact that a prime theory is closed by derivability.
Conversely o € I" iff 3% € I" and v® € I by A-elimination and the fact
that a prime theory is closed by derivability. The rest follows by the induction
hypothesis;

a” = 2V ~4®. By the definition of prime theory, 5 € I or v© € I'" and we

proceed by induction.

a® = B9 — % M £ o iff Ixg € A(xr) such that (W, $,V, xe) E 5 and
W, $,V, xg) I~ ~° iff (induction hypothesis) 8% € ¥ and v© ¢ U. So, by the
fact that a prime theory is closed by derivability and by —-elimination, we
conclude that 3% — +® ¢ U. By the definition of accessibility among worlds,
[ C U and B¢ — ~® € I'. Conversely, 3% — 7v© ¢ I implies that, if 5 € I”,
then v© ¢ I, because, on the contrary, for every prime n-theory ¥, such that
[ C VU, 4® € ¥ and by i.h. (W,$,V, xu) = 7. So, by the definition of
accessibility of worlds, for every x¢ € A(xr) : W,$,V, x¢) E 7© and, by
definition, M | 8% — 4°. From % € I we know that by i.h. M | 5% So,
from xp € A(xr) and M = 5% — 72, we get M = ~© and by i.h. v© € T
But, in this case, 5 — v® € I" by a single —introduction and the fact that
a prime theory is closed by derivability;

a” = =B, This case is treated by the previous case, because =3¢ = 8% — 1,;

a” = %% This wiff do not require the existence of a prime w-theory to
represent a neighbourhood in which 3% holds, on the contrary, it only requires

that there is no prime w-theory, accepted by T, in which v® does not hold.
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o = B¢ We take any enumeration py, ps, ... in F,, such that p? € I and

po = 3. We construct a w-theory by following:

- To={8%}
- Tz = Ti—lu{pi}7 if ((,00/\ . /\QOm/\pZ)@ S F/, where Ti—l = {900, ce (,Om}

T, = T,;_1 otherwise;
- T =U,en T
Now we must prove the following:

1. T is a w-theory:

- Tt 1,,. A derivation in iPUC build only with wff from F',, must
have all rules with odd sized context. To do so, we choose a neigh-
bourhood variable, that do not occur during the derivation, to be
the leftmost label at every context that appears during the deriva-
tion. This new variable may be understood as the representation
of the neighbourhood in which the inference is made. So, if T is
not w-consistent, then, given some derivation D that concludes L,
from wff of T, there is an index n € N, such that T, contains
all wif that appears in D. So, by definition, that there is a wiff
(o Ao Apm)® € 1Y) such that ¢y, . .., @, represent all wif of T,
and 1, € I" by the derivation below, which is a contradiction by
the definition of I".

[po Ao A o) N
(Lo Ao App)® D’ N
(Lo Ao App)® - Lw
Co N NP, 1,
1n

The derivation D’ is obtained from D by 1) adding pg A ... A ¢, in
the place of the hypothesis ¢; and the following A-eliminations to
recover ;; 2) binding the variable N added to produce D.
~IfwviyeT thenH eN:p,=wVIeT;,and (pg A... AN pm A
(wV1))® € I'. By the distribution of V over A, we know that ((¢o A
o ANE ATV (oA A, AD))® € TV, By the following derivation
(I1y), we know that (g A... A A@)®V (o A... AN AND)® €T
and, by the definition of prime theory, (o A ... A @, Aw@)® € TV
or (o A ... Nom AN 9)® € TI". We proceed now considering the
possibilities of the order provided by the enumeration p. Without
loss of generality, we suppose that p, = @, py = ¥ and k < [. In the

case | < i, we are done, because, from (oo A ... A @, Aw)® € TV
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or (oA ... ApmAD)® €I’ we can eliminate the extra formulas
to recover Y, or Y; by the rule of construction of the set Y. In
the case 1 < m, at the moment of verification of p,,, we know that
for all formulas of Y,,-1 = {wo,...,(@w V V),...,¢:} we have a
conjunction (g A ... A (@ VI)A...Ag)® € I". By a derivation
similar to II;, we know that (w9 A ... A@w A ... Ag)® € IV or
(oA . ANOA ... ANg)® € T and by means of a V-introduction in
another derivation we know that (pgA.. . A(wVI)A... A Aw)® €
IMor (o A ... AM(w VI)A...A @ AND)® € IV, If we have
(o A...AN(@wVI)A...Nps Aw)® € T”, then T, and T contain w.
If we have (po A ... A(w VI)A...ANps AD)® €TV, at the moment
of verification of p;, we make the distribution of the disjunction
(w VvV 1I9) again. Given Y;—1 = {pq,...,(w V I),...,ps} we have a
conjunction (g A ... A (wVI)A...Aps)® €I By a derivation
similar to II;, we know that (pg A ... A @ A ... A ps)® € TV or
(po Aot A A .. Aps)® € TV and by means of a V-introduction
in another derivation we know that (¢o A ... A (w VI) A ... A
s ANw)® € TV or (po A ... A(@w VI)A ... Aps AND)® € TV If
(po Ao A VI) Ao A s AND)® € TV, then we are done. If
(oA . . AN(@VI)A...NpsAw)® € IV, then we have a contradiction,
because we supposed that (g A...A(@VI)A...ANps Aw)® €TV
were not the case and we can recover it by eliminating the extra

formulas. The the case m < i < [ is analogous.
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(oA Apm Am) V(o Ao Ao A))® (Po A s AP AV (Po Ao Ao AD)
(o N N A)V (o Ao A AD))® I,
I (oA ANpm A@) V(o Ao Apm A D) (Po Ao e A A@)®V (o Ao Ao AND)®
! (Qo Ao  ANom AV (o A .. A @ AD)®
(oA .o A pm A @] [Lo Ao A pm AU
YoN...Nom N N VoA ANom AY
I3 Iy
(o N.c . Ao AN@) V (o Ao A pm A D) (oA A A)OV (o Ao Ao AND)® (Po N e Aom A@)OV (o Ao Ao AND)®
(Po Ao Ao A@@)V (o Ao Apm A D) (PoAeec Ao A@)®V (o A v e A AD)®

11>

114 is analogous.

(Po N A A)OV (o Ao Ao AND)®

(Lo N Ao AV (o Ao Ao AD))©

(woAu-A%nAw>vwmA.qumA0W3C) CoA - N om AT

(o Ao Npm A@) V(o Ao Apm A D)) 900/\...Acpm/\w@
woN...Nom Nw

(Qo A ... A pm Aw)®
(oA e Ao AV (o A oo Ao AD)®

I3

2L50T-Dd drsmuonmutr “IT I193der;)

9.
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— T is closed by derivation. Given a derivation D of wff in F',, that
concludes w and that has a new neighbourhood variable N like
described above. Then there is i € N, such that T; = {®o, ..., ©m}
contains all hypothesis in D. It means that (pg A ... A p,)° € TV
and, by the following derivation, we know that (poA. . . A@,Aw)® €
[ because I is a prime theory. If p, = w and k < i, then
w € T, because we can obtain (pg A ... A p; A w)® € I, where
Ti-1 = {®o,...,p;}, by eliminating the extra formulas. If & > 1,
then, from (o A ... A p;)®, we can obtain, by a similar derivation,
(po A ... Ap; Aw)® because all the wif of T; are in Ty

[0 A+ A om]

(@0/\---/\(,0771)@ [(‘00/\ /\(P ] N
m D’
@
(o Ao A pm) (Po Ao Aom)® oA Nom N wﬁ
(o Aeeo Apm)® ® oA ... N Pm CoA... Nom AN ®

woN...\Npm CoN...Npm Nw ®
©oN...Nom N

(Po Ao Apm Aw)®

The derivation D’ is obtained from D by 1) adding pg A ... A ¢, in
the place of the hypothesis ¢; and the following A-eliminations to
recover ;; 2) binding the variable N added to D.

2. T is accepted by I'V: for every wif o € T, thereis ¢ € N, such that w € T,
what means that there is a conjunction such that (goA. . . A, Aw)® € T7.

We obtain @w® € I by a derivation with some A-eliminations.

3. The wff of the form 7®* € T demand a prime n-theory to represent a
world in which v® holds. The argument is, like in the classical situation,

analogous to the case of the wif 3%© € I,

4. The wif of the form v®* € T do not require the existence of a prime
n-theory to represent a world in which ¥® holds, on the contrary, it only
requires that there is no prime n-theory, accepted by Y, in which v® does
not hold.

Corollary 75 T' I/ o iff there is a model M, such that M = ¢°, for every
¢° €T, and M £ o*.

Proof: Tt o iff T U {—a*} is n-consistent by lemma 69 and the definition
of n-consistent set. By lemmas 68 and 74, I' U {—a*} is n-consistent iff there
is a model M, such that M = ¢®, for every ¢® € ' U {=a*}. It means that
M satisfies every formula of I" and M [~ o*. |
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Theorem 76 T' |= o implies T' - o (Completeness).

Proof: T I/ o implies I' £ o, by the corollary 75 and the definition of

logical consequence. |

Theorem 77 FEvery derivation of iPUC-Logic is normalizable.

Proof: To the PUC normalization arguments we add some permutation re-

ductions following the approach of van Dalen [19] for the operators not in £_.1

The arguments about decidability and complexity of iPUC are analogous

to PUC and produce analogous results.

Theorem 78 The problem of satisfiability is PS-complete for iPUC-Logic.

Proof: We repeat the arguments for theorem 57, but with reference to the
article of Statman[24]. |

II1.2 Constructive Counterfactuals

In the proof of the relative completeness of PUC-Logic for the Lewis V-
Logic, the proofs of CONNEX and CPR demanded the classical absurd rule.
In order to do provide a constructive approach over the counterfactual logic,
we need to find another way to prove them. Lewis [1] gave us (page 124) an
alternative formulation for the CPR rule with a simpler rule and an axiom

schema:

¢ =
mzmd (@< (dV)V (¥ < (pV))

That rule is a derived rule in iPUC as we can see by the derivation below,

using lemma 59 (proof II):

*[¢] 11
R T
Y o
— N, u
1[(;5.] N iN,o
¢ N.eo v N
o oy
w.
oo Y
o — °
(0= 0%

Inside iPUC-Logic, the axioms (¢ < (¢ V) V (¥ < (¢ V ¥)) are
unnecessary to recover the completeness of the V-Logic, because they are
derived formulas in the presence of CONNEX:
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(6" > o"F 1] W =) 2]
F o 0 g © oo © g ©
LA " % e
BT 6 e
oV oV
(v o0 , oVl
(0 V O) V= 6V )
(6° = 4*)® V (¢ = ¢*)° « S oV Uy (0" = (6V )*)°

G (= U)TV T2 60T (¢ (6 V)

(= (@Vy))®  (¢° = (9VY))* V([ = (9VY)*)®
)0

)® Vv
((¢* = (@ V) )"V ((¥* = (6 V¥)*)®

2L50T-Dd drsmuonmutr “IT I193der;)

6.
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So, in order to recover the full V-Logic expressivity, we need to introduce
some rules into the iPUC-Logic. The first approach is a single rule, motivated
by the article of Lopez-Escobar [15].

pIN) Qe Qe e
[ ;ﬂ lre U ;a N
-1 2
r © A ©
v 2 o)
31
A

(a) the formulas fit into their contexts; (b) A has no universal quantifier.

Given the rule 31, the CONNEX axioms are theorems:

[042" N BQ,O] ® [ﬁﬂ,o - aZ,o]
azv'—>ﬁQ’° BQ’.%&Z’.
(a2’°—)ﬂ9’°)® (ﬁﬂ,o%az,o)@@

(O&E’. N BQ,.)@ Vi (BQ,Q N aZ,o)@ (aZ,o SN 69,0)@ v (Bﬂ,o N OéE’.)®
(az,. - 59,:)@ V, (BQ’. N aZ,o)@

Definition 79 Given any model M = (W, $,V, x), the set of testimonials of
a® is the set of neighbourhoods T (o) = {N € $(x) | W,$,V,x, N) E o>*}
and the set of belicvers of o is the set of neighbourhoods B(a*) = {N €
$(x) | W, 8, V. x,N) |F o™},

T (a*) is an hereditary set [6] in $(), because given any neighbourhood
M € T, for every L € $(x), such that M C L, then W,$,V,x,L) = TM
and, by world existential propagation, (W, $,V,x, L) = o®* and L € T. But
the hereditary sets are in total order in $(x), so, given any set T (8%), either
T(a®) C T(BY) or T(B8Y) C T(a¥). In the case where T (a*) C T(5%), we

*_world, must have a %-world

know that every neighbourhood, that has a «
and we conclude that M = (a®* — B%*)®. By analogy, in the other case
M | (8% — a®*)®. So, by definition, M |= (a™* — )P Vv (B4 — oF*)®

and the rule 31 is sound.

We can see that the soundness of rule 31 relies upon the hereditary sets
definition. But the rule depends on the index of two formulas, the operator
— and the scope of the rule and it makes this rule two much complex. So,
instead of adding rule 31 into iPUC-Logic, we prefer to add the representation
of the hereditary sets into the system. We can also treat the hereditary sets
of believers to recover some symmetry between the world quantifiers, because
we have, by a similar argument, M | (a®* — B4*)® v (f%* — o®*)®. This
extension of iPUC will be called iPUCY-Logic.
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A, T(B2) —— A/®
. b} b3} Q0 >
32— AT (%) 33— Aw a1 P00 A e
B — ’ o> ’
[0™*] [57]
A, T(8? A, T(a
Hl (B ) H2 ( ) . T A,B(,BQ)
7 © 7 © 36: —— A, B(a”) «a
N v a Sk 37 Q b} ®
35: e) BT = a
,Y\I/
o] (571
A I A, B(89) i A, B(a®)
B —a¥ Q \; © q2/
38 ———— A,)B
o (8*) 39. 1 . "
v

Figure II1.1: The additional rules of iPUCY-ND

Restriction for rules from 32 to 39: All formulas must fit into their contexts.

Restriction for the rules 32 and 39: A has no universal quantifier.
Lemma 80 iPUCY is sound.

Proof: First of all, we need to add 7 and B as labels. Those sets may be
empty and may be defined by an universal quantification. For example, T (a*)
may be defined by the sentence: for all N € $(x), such that a* holds in some
of its worlds. So, we consider 7 and B as restrictions of the label ®, thus as

universal quantifiers over neighbourhoods. For the semantics:

19. W, $,V,x) = BT iff: o € F,, 2 € F, and YA € A(y),
VN € $(\) :if W, $,V, A\, N) = a®*, then (W, $,V,\, N) = 5%

20. W.$,V,x) E BB iff: o € F,, 2 € F, and VA € A(x),
VN € $(N) :if W, $,V, A, N) = o®*, then (W,$,V, A\, N) = 52

For the definition of the previous rules, we only need to change the first
restriction of the rule 9: (a) A must have no occurrence of universal quantifiers
over neighbourhoods. For the proof of the lemmas and theorems for soundness
and completeness, the arguments for 7 and B should follow the arguments for
®. To prove that iPUCV is sound, we follow the strategy for PUC and iPUC.

So, we need to prove that the additional rules preserve resolution.

32. From the fitting relation and lemma 19, s({A, 7 (a*}) must be odd,
because C(a™*) = 1. So, s(A) is even. If we take some model H =
(W,$,V, 2), such that M —o ay H, then we know, by definition, that
VA € A(x), VN € $(A) :if W, $,V, A\, N) = o®°, then W, $,V,\,N)
o, which means that M =2 o*7©@") and, by rule 13, M 2705

aZ,o;
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33.

34.

35.

36.

37.

38.

39.

If M EAT6Y o then, by the rule 14, M E2 o706 From
C(a™TBM) = 1, the fitting relation and lemma 19, we know that s(A) is
even. If we take some model H = (W, $,V, z), such that M —o ) H and
H = T then VA € A(2), VN € $(\) : if W, $,V,\,N) = g%,
then W,$,V,\, N) | o®. By definition VA € A(z) : $(\) = $(2), then
we know that VN € $(z) : VA € A(z), if W, $,V,\,N) | %, then
W,$,V,\,N) = o, what means that VN € $(z) : f%* — o¥. We
conclude that H = (6%* — o®)® and, by definition, a7 () EAMs(a)
(B%* — o®)®, which means, by lemma 21, that M =2 (3%* — oF)®
and, by rule 13, M 2® g — o¥;

Analogous to the rule 33, but in the reverse order of the conclusions;

From rule 14, the fitting relation, and lemma 19, we know that s(A) is
even. If we take some model H = (W,$,V, z), such that M —o a) H,
we know that T (a®) C T(8%) or T(8%) C T(a*). This means that
VN € $(z) @ if (W, $,V,2,N) = o®* then W, $,V, 2, N) | 5% or
VN € $(2) : if W, $,V,2,N) = B%* then (W,$,V, 2, N) = o®*. We
can expressed it by H |= aZeTBY \y geT(@) hecause VA € A(z) -
$(\) = $(z). By definition, H |= o®*T"%) or H = g7 then, by
definition, M 2 = TBY or M =4 BT and, using rule 13,
M EATEY g% or M =275 g% Using the same argument for
the subderivations II; and II, as in lemma 28, then M =® ¥ and the
hypothesis may be discharged;

Analogous to the case of rule 32;
Analogous to the case of rule 33;
Analogous to the rule 37, but in the reverse order of the conclusions;

Analogous to the case of rule 35.
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Lemma 81 iPUCY is normalizing.

Proof: We consider only the additional rules in this proof. The rules 32
and 36 introduce no maximum formula and no detour, because they take
no hypothesis. The rules 35 and 39 introduce no maximum formula and no
detour, because they do not change the formulas and because they left no
open hypothesis to produce a detour. The rules 33 and 34 can only produce
a maximum formula if the conclusion of the rule 33 is taken as hypothesis of
the rule 34. This situation can also be seen as a detour and is easily removed

by the following reduction rule:

- AT
33— A® - Q
BQ,o - CKE’. 0 > CYE’. Aa T(ﬁ )
I1
The case of rules 37 and 38 is similar to the case of rules 33 and 34. [ |

Lemma 82 iPUCY is complete for V -Logic.

Proof:
ol T
Foa Y
(8° = a*)® (a* = B°)°

(@ = ) V(= 0" (@ 5 BV (B )
(a* = 5%V (5" = a*)°

Considering the arguments of the beginning of this section, we only need to
prove that the CONNEX axioms are theorems. [ |
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