
∆
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 !"#$%& '( )*+,-$ .%-/01 *#$/2/3"$/*1 4/$! "1 ,15%&$"/1 2*.%6 *7 "

1*16/1%"& #%&5,--/8% %6%5$&*2%5!"1/5"6 -9-$%2  !

"#$%&'( )'"*+,-"+& ./.0')1 τ 1 "+, 2' 34-00', +.

τ (t) = ∆(t)× f(t) , 5 678

3*'4' ∆ = (∆ cosα(t), ∆ sinα(t), 0) -. 0*' 9'"0#4 4'&+0'( 0# 0*' '""',04-"-0/

#: 0*' %-,1 +,( 3*'4' f -. 0*' "#$%&-,; :#4"' 2'03'', 0*' <= )#0#4 +,( 0*'

"+406 >..$)-,; 0*+0 0*'4' -. 9-."#$. :4-"0-#, 2'03'', 0*' %-, +,( 0*' .&#01 0*'

9'"0#4 f *+. 03# "#)%#,',0.? 0*' *#4-@#,0+& :#4"' 0*+0 0*' <= )#0#4 'A'40.

-, 0*' "+401 fx1 +,( 0*' 9'40-"+& :#4"'1 fy1 -,($"'( 2/ 0*' 9-."#$. :4-"0-#,6 B*'

+9+-&+2&' 0#4C$' τ +,( 9'40-"+& :#4"' fy +4' 34-00', +.

τ(t) = fy(t) ∆ cosα(t)− fx(t) ∆ sinα(t) , 5 6D8

fy(t) = cpin ∆ α̇(t) cosα(t) , 5 6E8

3*'4' cpin -. 0*' 9-."#$. :4-"0-#,6 B*' ')2+4F'( *+))'4 -. )#('&'( +. + 4-;-(

2#(/ #: )+.. mh +,( -0. 4'&+0-9' (-.%&+"')',0 -. h 3-0* 4'.%'"0 0# 0*' "+406 G,

0*' +(#%0'( )#('&1 0*' "#,.0-0$0-9' 'C$+0-#, #: 0*' .%4-,; "#)%#,',0 2'03'',

0*' *+))'4 +,( 0*' "+40 -. 34-00', +. fs(t) = kh1 h(t) + kh3 h(t)36 B*'

4+0' #: ,#,&-,'+4-0/ #: 0*' *+))'4 .0-H,'.. -. ('I,'( +. rh = kh3/kh16 J'

-,04#($"' 0*' ,+0$4+& :4'C$',"/1 ωh1 #: 0*' *+))'4 .$.%',('( 0# 0*' &-,'+4

.%4-,; 3-0* "#,.0+,0 .0-H,'.. kh1 .$"* 0*+0 ωh =
√

kh1/mh6 B*' *#4-@#,0+& "+40

(-.%&+"')',0 -. 4'%4'.',0'( 2/ x6 <$' 0# "#,.04+-,0.1 0*' "+40 -. ,#0 +&&#3'(

0# )#9' -, 0*' 9'40-"+& (-4'"0-#,6 B*' .%4-,;K(+)%'4 '&')',0 )#('&-,; 0*'

)'(-$) #, 3*-"* 0*' -)%+"0. #""$41 -. "#,.0-0$0'( #: + &-,'+4 .%4-,; 3-0*

.0-H,'.. "#'L"-',0 ki +,( + (+)%'4 3-0* (+)%-,; "#'L"-',0 ci6 B*' 'C$+0-#,.

#: 0*' "+40K*+))'4K2+44-'4 ./.0') 3'4' #20+-,'( 3-0* 0*' M+;4+,;' %4-,"-%&'6

B*'/ +4'

ẍ(t) (mc +mh) + ḧ(t) mh + cext ẋ(t) = −f !"

(t) + fx(t) , 5 6N8

ẍ(t) mh + ḧ(t) mh + cint ḣ+ kh1 h(t) + kh3 h
3(t) = −f

 !"

(t) , 5 6 8

3*'4'1 cext -. 0*' 9-."#$. :4-"0-#, "#'L"-',0 2'03'', 0*' "+40 +,( 0*' 4+-& +,(

cint = 2ςint
√
mhkh1 -. 0*' 9-."#$. :4-"0-#, "#'L"-',0 2'03'', 0*' "+40 +,( 0*'

*+))'4 5ςint -. 0*' (+)%-,; 4+0-#86 B*' 0'4) fx -. 0*' *#4-@#,0+& "#$%&-,; :#4"'

2'03'', 0*' <= )#0#4 +,( 0*' "+401 +,( f
 !"

-. 0*' -)%+"0 :#4"' 2'03'', 0*'

*+))'4 +,( 0*' 2+44-'41 3*-"* -. 34-00', +.

f
 !"

(t) = −φ(t)
(

ki (x(t) + h(t) + g) + ci (ẋ(t) + ḣ(t))
)

, 5 6O8

3*'4'

DBD
PUC-Rio - Certificação Digital Nº 1121481/CA



 !"#$%& '( )*+,-$ .%-/01 *#$/2/3"$/*1 4/$! "1 ,15%&$"/1 2*.%6 *7 "

1*16/1%"& #%&5,--/8% %6%5$&*2%5!"1/5"6 -9-$%2  !

φ(t) =







1, "# x(t) + h(t) + g < 0 $%& ḣ(t) + ẋ(t) < 0 ,

0, "% $'' ()*+, -$.+. ,
/0123

"% 4*"-* g ". &+5%+& $. )*+ *(,"6(%)$' &".)$%-+ #,(7 )*+ *$77+, /4*+%

α = π/2 ,$&3 )( )*+ +89"'":,"97 ;(.")"(% (# )*+ :$,,"+,1 <% )*+ 7(&+' &+5%+&

:= >81 /0123? $% "7;$-) .)$,). 4*+% x(t)+h(t) ". %+@$)"A+ $%& +89$' )( −g $%&?

ḣ(t) − ẋ(t) < 01 B9,"%@ $% "7;$-)? )*+ $-)"(% (# )*+ :$,,"+, (% )*+ *$77+,

.)(;. $. .((% $. )*+ )()$' A+'(-")= ḣ(t) + ẋ(t) :+-(7+. ;(.")"A+ /)*+ ,+)9,% (#

)*+ *$77+,3? "1+? )*+ :$,,"+, 7(A+. ",,+A+,.":'= "% (%+ &",+-)"(%? ."79'$)"%@

$ ;+%+),$)"(%1 B9+ )( )*+ .=.)+7 @+(7+),=? x(t) $%& α(t) $,+ ,+'$)+& := )*+

#(''(4"%@ -(%.),$"%)

x(t) = ∆ cos (α(t)) . /01C3

D9:.)")9)"%@ >8.1 /01E3 )( /01C3 "%)( >8.1 /E1F3 $%& /E1E3? 4+ (:)$"% )*+

"%")"$' A$'9+ ;,(:'+7 #(, )*+ 7()(,G-$,)G*$77+,G:$,,"+, -(9;'+& .=.)+7 )*$)

". 4,"))+% $. #(''(4.1 H"A+% $ -(%.)$%) .(9,-+ A(')$@+ ν? 5%& (α, c, h) .9-* )*$)?

#(, $'' t > 0?
lċ(t) + rc(t) + keα̇ = ν , /01I3

α̈(t)
(

jm + (mc +mh)∆
2sin (α(t))2

)

− ḧ(t) (mh∆ sin (α(t)))− kec(t)

+α̇(t)
(

bm + α̇(t)(mc +mh)∆
2 cos (α(t)) sin (α(t))

+cpin∆
2 cos (α(t))2 − cext∆

2 sin (α(t))2
)

= φ
(

ki(∆ cos (α(t)) + h+ g) + ci(−dα̇(t) sin (α(t)) + ḣ(t))
)

∆ sin (α(t)) ,

/01F!3

ḧ(t)mh − α̈(t) (mh∆ sin (α(t)))− α̇(t) (mh∆ α̇(t) cos (α(t)))

+ḣ(t)cint + kh1h(t) + kh3h
3(t)

= φ(t)
(

ki(∆ cos (α(t)) + h+ g) + ci(−∆ α̇(t) sin (α(t)) + ḣ(t))
)

,

/01FF3

4*+,+

φ(t) =







1, "# ∆ cosα(t) + h(t) + g < 0 $%& ḣ(t)−∆ α̇(t) cos (α(t)) < 0

0, "% $'' ()*+, -$.+. ,

/01FE3

4")* )*+ "%")"$' -(%&")"(%.?

α(0) = 0 , α̇(0) = 0 , c(0) =
ν

r
, h(0) = 0 , ḣ(0) = 0 . /01FJ3
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1*16/1%"& #%&5,--/8% %6%5$&*2%5!"1/5"6 -9-$%2  !

 !" #$%&'($)'*&(( +$,-).$%/012 &*&12-)%&130'.

$10* (4(2&%

"# $%&' '()$&*#+ $%( &#&$&,- .,-/( 01*2-(3 $* $%( .&21*4&30,)$ (-()$1*3()%4

,#&),- '5'$(3 &' 01('(#$(6 &# , 6&3(#'&*#-('' 7*13 /'(6 7*1 '&3/-,$&*#'8 9* :($

$%( 6&3(#'&*#-('' 7*13+ ;( $,<( α̇ (t) = u (t) ,#6 ḣ (t) = η (t)+ ,#6 1(;1&$( $%(

&#&$&,- .,-/( 01*2-(3 6(=#(6 25 >?'8 @A8BC $* @A8!DC ,' , =1'$ *16(1 '5'$(3+ ,'

7*--*;'

u̇(t) =
{

−[bm +mc∆
2u(t) cos (α(t)) sin (α(t)) + c

 !"

∆2cos (α(t))2

−c
#$%

∆2sin (α(t))2] u(t)mh + ke c(t)mh − c
!"%

η (t)mh∆sin (α(t))

−(kh1 h(t) + kh3 h
3(t))mh∆sin (α(t))}

/mh (jm +mc∆
2sin (α(t))2)

η̇(t) =
{

−[bm + c
 !"

∆2cos (α(t))2 − c
#$%

∆2sin (α(t))2] u(t)mh∆sin (α(t))

+ke c(t)mh∆sin (α(t))− jm∆ u2(t) cos (α(t))

−φ(t) [ki(∆ cos (α(t)) + h(t) + g) + ci(−∆ u(t) sin (α(t)) + η(t))]

[jm +mc∆sin (α(t))
2]

−[c
!"%

η(t) + kh1 h(t) + kh3 h
3(t)] [jm + (mc +mh)∆ sin (α(t))2]

}

/mh (jm +mc∆
2sin (α(t))2)

c(t) =
1

l
(ν − ke u(t)− r c(t))

@A8!EC

;%(1(

φ(t) =







1, &7 ∆ cos (α(t)) + h(t) + g < 0 ,#6 η(t)−∆ u(t) sin (α(t)) < 0 ,

0, &# ,-- *$%(1 ),'(' ,

@A8!AC

F1&$&#:

t =
l

r
s, α

(

l s

r

)

= p (s) , u

(

l s

r

)

=
r q (s)

l
,

c

(

l s

r

)

=
ke w (s)

l
, h

(

l s

r

)

= ∆ a (s) , η

(

l s

r

)

=
r

l
∆ y(s)

@A8! C

*#( :($' $%,$ s &' 6&3(#'&*#-('' 0,1,3($(18 9%( 7/#)$&*#' p (s)+ q (s)+ w (s)+

a (s) ,#6 y (s) ,1( 6&3(#'&*#-('' 7/#)$&*#'8 G5 '/2'$&$/$&#: $%( #(; 7/#)$&*#'

&#$* $%( >?8 @A8!EC *#( *2$,&#'
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1*16/1%"& #%&5,--/8% %6%5$&*2%5!"1/5"6 -9-$%2  !

q′(s) =
{

−v3q(s)− v1q
2(s) cos (p(s)) sin (p(s))

− v12q(s)cos (p(s))
2 + v11q(s)sin (p(s))

2 + v2w(s)

−v9y(s) sin (p(s))−
[

v4a(s) + v18a
2(s) + v6a

3(s)
]

sin (p(s))
}

{

1

1 + v1sin (p(s))
2

}

"#$%&'

y′(s) =
{

−v3q(s) sin (p(s))− v12q(s)cos (p(s))
2 sin (p(s)) + v11q(s)sin (p(s))

3

+ v2w(s) sin (p(s)) + q2(s) cos (p(s))−
[

v10 + v9sin (p(s))
2(v8 + 1)

]

y(s)

−
[

v5 + v4sin (p(s))
2(v8 + 1)

]

a(s)−
[

v7 + v6sin (p(s))
2(v8 + 1)

]

a3(s)

− φ(s)
[

(v13 + v14v8sin (p(s))
2)(cos (p(s)) + a(s) + v15)

−(v16 + v17v18sin (p(s))
2)(q(s) sin (p(s))− y(s))

]

}
{

1

1 + v1sin (p(s))
2

}

"#$%('

w′(s) = −w(s)− q(s) + v0 "#$%)'

p′(s) = q(s) "#$!*'

a′(s) = y(s) "#$!%'

+,-.-

′
/-012-3 2,- /-.456245- +42, .-37-82 21 s 60/ vi, i = 0, . . . , 19 6.-

/49-03410:-33 76.69-2-.3 ;45-0 <=

v0 =
ν l

ke r
, v1 =

∆2 mc

jm
, v2 =

k2
e l

jm r2
, v3 =

bm l

jm r
, v4 =

kh1 l
2∆2

jm r2
,

v5 =
kh1 l

2

mh r2
, v6 =

kh3 l
2∆4

jm r2
, v7 =

kh3 l
2∆2

mh r2
, v8 =

mc

mh

, v9 =
cint∆

2 l

jm r
,

v10 =
cint l

mh r
, v11 =

cext l∆
2

jm r
, v12 =

cpin l∆
2

r
, v13 =

ki l
2

mh r2
, v14 =

ki l
2∆2

jm r2
,

v15 =
;

∆
, v16 =

ci l

mh r
, v17 =

ci l∆
2

jm r
.

"#$!!'
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 !" #$%&'($ )* +,$ &-&+$. /$(*)(.%01$

"# #$%& t' #(& &)&*#+$* ,-.&+ $/#+-01*&0 23 #(& &)&*#+$*4) 5+$0 $/ #(& %-#-+

$6

π
 !

(t) = ν c(t) . 789:!;

<&# tjb 4/0 tje 2& #(& $/6#4/#6 -= 2&5$/ 4/0 &/0 -= #(& j>#( $%,4*#' 61*( #(4#

=-+ 4)) t 2&)-/5$/5 #- [tjb , t
j
e]' .& (4?& ẋ(t) + ḣ(t) < 09 "# #$%& t' #(& $%,4*#

,-.&+' πj
 "#

(t)' $6 #(&/ .+$##&/ 46

πj
 "#

(t) = ki (x(t) + h(t)) (ẋ(t) + ḣ(t))' tjb ≤ t ≤ tje . 789:@;

A(& #$%& 4?&+45& -= #(& $%,4*# ,-.&+ 01+$/5 #(& j>#( $%,4*#' πj
 "#

' $6 .+$##&/

46

πj
 "#

=
1

tje − tjb

∫ t
j
e

t
j
b

πj
 "#

(t) dt . 789:8;

A(& 61%' π
 "#

' -= #(& 4?&+45&6 -= #(& $%,4*# ,-.&+6' .($*( $6 -/& -= #(&

?4+$42)& -= $/#&+&6# $/ #(& 0&6$5/ -,#$%$B4#$-/ ,+-2)&%' $6 .+$##&/ 46

π
 "#

=

N
 !"

∑

j=1

πj
 "#

, 789: ;

.(&+& N
 "#

$6 #(& #-#4) /1%2&+ -= $%,4*#6 #(4# -**1+ 01+$/5 #$%& $/#&+?4)

[0, T ]9 A(& #$%& 4?&+45& -= #(& &)&*#+$* ,-.&+ *-/61%&0 $/ #($6 #$%& $/#&+?4) $6

π
$%$&

=
1

T

∫ T

0

π
 !

(t) dt . 789:C;

A(&6& #.- ?4+$42)&6' π
 "#

4/0 π
$%$&

' 4+& *(-6&/ #- %&461+& #(& 636#&% ,&+=-+%>

4/*&9 A(& 2$55&6# π
 "#

$6 4/0 #(& 6%4))&+ π
$%$&

$6' 2&##&+ .$)) 2& #(& 636#&%

,&+=-+%4/*&9

 !2 3$0&4+454+- %0%6-&4& %07 1,)41$ )* +,$ 7$&480

/%(%.$+$(&

A- 1/0&+6#4/0 #(& +-)& ,)43&0 23 &4*( 636#&% ,4+4%&#&+ $/ π
 "#

4/0

π
$%$&

' 4 6&/6$#$?$#3 4/4)36$6 (46 2&&/ 0-/&9 A(& -2D&*#$?& .46 #- 0&#&+%$/&

.(4# .&+& #(& 636#&% ,4+4%&#&+6 #(4# (40 #(& 2$55&6# $/E1&/*& $/ π
 "#

4/0

π
$%$&

' $/ -+0&+ #- 0&F/& #(-6& #(4# .$)) 2& #(& 0&6$5/ ,4+4%&#&+6 =-+ #(& +-216#

0&6$5/ -,#$%$B4#$-/ ,+-2)&%9 A(& $/$#$4) ?4)1& ,+-2)&% 0&F/&0 23 GH69 789I; #-

789J!; (46 2&&/ +&.+$##&/ $/ 4 0$%&/6$-/)&66 =-+% =-+ *-%,1#4#$-/ 4/0 6-%&

0$%&/6$-/)&66 ,4+4%&#&+6 .&+& 0&F/&09 K-.&?&+' $/ #(& 6&/6$#$?$#3 4/4)36$6'

#(&6& 0$%&/6$-/)&66 ,4+4%&#&+6 .&+& /-# *-/6$0&+&0 46 ?4+3$/5 ,4+4%&#&+6

6$/*& #(&3 0- /-# (4?& 4/ &463 ,(36$*4) $/#&+,+&#4#$-/9 A(& ?4+3$/5 ,4+4%&#&+6

16&0 =-+ #(& /1%&+$*4) 6$%1)4#$-/6 4+& +&)4#&0 .$#( #(& 0&6$5/ -= #(& *4+# 4/0

#(& &%24+L&0 (4%%&+9 A(&3 4+&M
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" mc/mh# $%&'()*+ ,%(-%%+ (.% .'//%$ /'00 '+1 (.% 2'$( /'003

" kh1/mh# $%&'()*+ ,%(-%%+ (.% &)+%'$ 0()4+%00 *5 (.% 06$)+7 2*/6*+%+( '+1

.'//%$ /'00 8' 0*$( *5 +'(9$'& 5$%:9%+2; *5 (.% .'//%$<3

" g# .*$)=*+('& 1)0('+2% 5$*/ (.% .'//%$ 8-.%+ α = π/2 $'1< (* (.%

%:9)&),$)9/ 6*0)()*+ *5 (.% ,'$$)%$3

" ∆# %22%+($)2)(; *5 (.% 6)+> ?.)0 6'$'/%(%$ 1%(%$/)+%0 (.% &%+7(. *5 (.%

2'$( 6'(.>

?.% *(.%$ 6'$'/%(%$0# $%&'(%1 -)(. (.% /*(*$ 6$*6%$()%0 '+1 @)02*90 5$)2()*+

2*%A2)%+(0# '$% BC%1 '+1 (.% @'&9%0 *5 (.%0% BC%1 6'$'/%(%$0 '$% 7)@%+ )+

?',&% D>E> ?.% *9(69( $%06*+0%0 '$% π
 !"

'+1 π
#$#%

> F*$ 2*/69('()*+# (.%

?',&% D>EG H'&9%0 *5 (.% 0;0(%/ 6'$'/%(%$0 90%1 )+ 0)/9&'()*+0>

I'$'/%(%$ H'&9% I'$'/%(%$ H'&9%

mc 0.50 J7 ν 2.4 H

rh 0.30 EK/

2 r 0.307 Ω
cpin 5.00 L0K/ l 1.88× 10−4 M

cext 5.00 L0K/ jm 1.21× 10−4 J7/

2

ςint 0.05 bm 1.5452× 10−4 L/K8$'1K0<

ki 106 LK/ ke 0.0533 HK8$'1K0<

ci 103 L0K/

)+)()'& @'&9% 6$*,&%/ 1%B+%1 ,; N:0> 8D>O< (* 8D>EP< .'0 ,%%+ $%-$)((%+ )+

(.% 1)/%+0)*+&%00 5*$/ 7)@%+ ,; N:0> 8D>EQ< (* 8D>RR< > ?.% /')+ *,S%2()@%

-'0 (* $%192% (.% 2*/69('()*+ ()/%> T9$'()*+ )0 2.*0%+ '0 T = 10.0 0> ?.%

!(.U*$1%$ V9+7%UJ9((' /%(.*1 )0 90%1 5*$ (.% ()/%U)+(%7$'()*+ 02.%/% 5*$

-.)2. -% .'@% )/6&%/%+(%1 ' @'$;)+7 ()/%U0(%6> ?.% ()/%U0(%6 )0 '1'6(%1

(* (.% 0('(% *5 (.% 1;+'/)2'& 0;0(%/ '22*$1)+7 (* (.% *229$$%+2% *$ (.% +*+

*229$$%+2% *5 )/6'2(0> W.%+ (.% .'//%$ )0 +*( )/6'2()+7 (.% ,'$$)%$# (.%

()/%U0(%6 90%1 )0 10−4 0# ,9( -.%+ (.% .'//%$ )0 '66$*'2.)+7 (.% ,'$$)%$

'+1 -.%+ )( )0 )/6'2()+7 )(# (.% ()/%U0(%6 )0 2.*0%+ '0 (.% @'&9% 10−5 0>

X)/9&'()*+0 -)(. 1)4%$%+( @'&9%0 (* (.% )+)()'& 2*+1)()*+0# -%$% 6%$5*$/%1>

Y0 )( -'0 @%$)B%1 (.'( (.%; 1* +*( .'@% ' 0)7+)B2'+( )+Z9%+2% )+ π
 !"

'+1

π
#$#%

# )+ '&& 0)/9&'()*+0 (.% )+)()'& 2*+1)()*+0 -%$% ('[%+ '0 2*+0('+(# 7)@%+ ,;

N:> 8D>EP<> \*+2%$+)+7 (.% 0%+0)()@)(; '+'&;0)0# 20, 000 +9/%$)2'& 0)/9&'()*+0

.'@% ,%%+ 2'$$)%1 *9( 2*/,)+)+7 (.% 5*&&*-)+7 @'&9%0 *5 (.% 6'$'/%(%$0G E]

@'&9%0 5*$ mc/mh 0%&%2(%1 )+ (.% )+(%$@'& [0.10 , 2.00]# E] @'&9%0 5*$ kh1/mh

)+ [657 , 4 410] $'12
K0

2
# E] @'&9%0 5*$ g )+ [0 , 0.02] /# '+1 R] @'&9%0 5*$ ∆

)+ [0.003 , 0.013] /> T9% (.% .)7. +9/%$)2'& 2*0( *5 (.%0% 0)/9&'()*+0# 0*/%

0($'(%7)%0 -%$% '1*6(%1 (* $%192% (.% 2*/69('()*+ ()/%G
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20

20, 000

π

5, 690

(mc/mh)
? = 0.40 (kh1/mh)

? = 1, 580
2 2 g? = 0.011 ∆? = 0.013

π = 3.93 ∆ = ∆? mc/mh =

(mc/mh)
? π g kh1/mh

g kh1/mh

[0.06 , 0.02] [1 250 , 1 953]

π π

π π

mc/mh kh1/mh g ∆

g kh1/mh ∆ π π

mc/mh

π π mc/mh kh1/mh g

∆

kh1/mh g
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(mc/mh)
? ∆? π

g kh1/mh

π g kh1/mh [0.06 , 0.02] [1 250 , 1 953]

π mc/mh (kh1/mh)
? g?

∆? π kh1/mh (mc/mh)
? g? ∆?

π g (mc/mh)
? (kh1/mh)

?

∆? π ∆ (mc/mh)
? (kh1/mh)

? g?
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π mc/mh (kh1/mh)
? g?

∆? π kh1/mh (mc/mh)
? g? ∆?

π g (mc/mh)
? (kh1/mh)

?

∆? π ∆ (mc/mh)
? (kh1/mh)

?

g?

π π kh1/mh g 1, 580
2 2 0.011 ∆

∆

π π

π π ∆ ∆ = 0.013

∆

mc/mh π

π ∆

g kh1/mh
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 !"#$%& '( )*+,-$ .%-/01 *#$/2/3"$/*1 4/$! "1 ,15%&$"/1 2*.%6 *7 "

1*16/1%"& #%&5,--/8% %6%5$&*2%5!"1/5"6 -9-$%2  !

 ! "#$%&'()&*#$ #+ &,- .'#/0/*1*&2 3#4-1

"# $%&'()*$+ )* ,-$ )*,./+01,)/*2 ,-)# 1-(&,$. +$('# 3),- ,-$ ./40#,

+$#)5* /6 ,-$ $'$1,./7$1-(*)1(' #8#,$7 )* &.$#$*1$ /6 0*1$.,()*,)$# )* ,-$

1/7&0,(,)/*(' 7/+$'9 :-$ ,-.$$ &(.(7$,$.# ,-(, (.$ (##07$+ ,/ 4$ 0*1$.,()*

(.$ kh12 ki (*+ ci2 3-)1- (.$ 7/+$'$+ 48 ,-$ )*+$&$*+$*, .(*+/7 ;(.)(4'$#

Kh12 Ki (*+ Ci9 :-$ &./4(4)'),8 +)#,.)40,)/* /6 $(1- /*$ )# 1/*#,.01,$+ 0#)*5

,-$ <(%)707 =*,./&8 >.)*1)&'$ ?@A2 !!2 !B2 BC2 !D2 BA2 BDE9 :-)# >.)*1)&'$

(''/3# ,-$ &./4(4)'),8 +)#,.)40,)/* /6 ( .(*+/7 ;(.)(4'$ ,/ 4$ 1/*#,.01,$+ 0#)*5

/*'8 ,-$ (;()'(4'$ )*6/.7(,)/*2 (;/)+)*5 ,-$ 0#$ /6 (*8 (++),)/*(' )*6/.7(,)/*

,-(, )*,./+01$# ( 4)(# /* ,-$ $#,)7(,)/* /6 ,-$ &./4(4)'),8 +)#,.)40,)/*9 F6

( '(.5$ (7/0*, /6 $%&$.)7$*,(' +(,( (.$ (;()'(4'$2 ,-$* ,-$ */*&(.(7$,.)1

#,(,)#,)1# 1(* 4$ 0#$+9 F6 ,-$.$ (.$ */ (;()'(4'$ $%&$.)7$*,(' +(,(2 /. )6 ,-$.$ (.$

/*'8 ( 6$3 $%&$.)7$*,(' +(,(2 ,-$* ,-$ <(%)707 =*,./&8 6./7 F*6/.7(,)/*

:-$/.8 )# ,-$ 7/#, $G1)$*, ,//' 6/. 1/*#,.01,)*5 ( &.)/. &./4(4)'),8 7/+$'9

:-$ <(%)707 =*,./&8 >.)*1)&'$ #,(,$#H /0, /6 ('' &./4(4)'),8 +)#,.)40,)/*#

1/*#)#,$*, 3),- ( 5);$* #$, /6 (;()'(4'$ )*6/.7(,)/*2 1-//#$ ,-$ /*$ ,-(,

-(# 7(%)707 0*1$.,()*,8 I,-$ J-(**/* 7$(#0.$ /6 $*,./&8K9 :-$ (;()'(4'$

)*6/.7(,)/* /6 ,-$ .(*+/7 ;(.)(4'$# )# +$L*$+ (#

C9 Kh12 Ki (*+ Ci (.$ &/#),);$M;('0$+ )*+$&$*+$*, .(*+/7 ;(.)(4'$#2

N9 ,-$ 7$(* ;('0$# (.$ O*/3*H E{Ki} = Ki2 E{Ci} = C i (*+ E{Kh1} =
Kh12

@9 )* /.+$. ,-(, ,-$ .$#&/*#$ /6 ,-$ +8*(7)1(' #8#,$7 4$ ( #$1/*+M/.+$.

#,/1-(#,)1 &./1$##2 3$ )7&/#$ ,-$ 6/''/3)*5 1/*+),)/*#H ‖E{logKi}‖ <

∞2 ‖E{logCi}‖ < ∞ (*+ ‖E{logKh1}‖ <∞9

:-0#2 ,-$ <(%)707 =*,./&8 >.)*1)&'$ 6/. $(1- .(*+/7 ;(.)(4'$ Ki2 Ci2 (*+

Kh12 8)$'+# ( P(77( +)#,.)40,)/* I#$$ ?BQEK2

p(a) = 1[0,+∞)(a)
1

µ

(

1

δ2

)
1

δ2 1

Γ(1/δ2)

(

a

µ

)
1

δ2
−1

exp

(

a

δ2µ

)

2 ID9N!K

3-$.$ 1[0,+∞)(a) )# (* )*+)1(,/. 60*1,)/* ,-(, )# $R0(' ,/ 1 6/. a ∈ [0,+∞) (*+

0 /,-$.3)#$2 (*+ 3-$.$

S Γ )# ,-$ P(77( 60*1,)/*H Γ(b) =

∫

∞

0

tb−1 exp(−t)dtT

S δ = σ
µ
)# ,-$ 1/$G1)$*, ;(.)(,)/* /6 ,-$ .(*+/7 ;(.)(4'$2 µ )# ),# 7$(*

;('0$ .$&.$#$*,)*5 Ki2 C i2 /. Kh12 (*+ σ )# ),# #,(*+(.+ +$;)(,)/*9
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1*16/1%"& #%&5,--/8% %6%5$&*2%5!"1/5"6 -9-$%2  !

 !" #$%&'( )*'+,- $.(+/+01(+$- .2$%3*/

"# $%&'% ($ )$%*+,-(' (.' %$/+0( &'012# 3%$/,'*4 (.' 0'( $) -,, (.'

050('* 3-%-*'('%0 10 &161&'& 1#($ (.%'' 0+/0'(07 8.' 9%0( 0+/0'( 10 (.'

)-*1,5 $) (.' 9:'& 3-%-*'('%0 (.-( 10 %'3%'0'#('& /5 (.' 6';($% p
 !

= { ν,
l, r, jm, ke, bm, cpin, cext, ςint, rh, mc, mh, ∆ }7 8.' 0';$#& $#' 10 (.' )-*1,5 $)

(.' &'012# 3-%-*'('%0 (.-( 10 %'3%'0'#('& /5 (.' 6';($% p
"#$

= {Kh1/mh, g}7
8.' (.1%& $#' 10 (.' )-*1,5 $) (.' +#;'%(-1# 3-%-*'('%0 (.-( 10 %'3%'0'#('& /5

(.' %-#&$* 6';($% P
%&'

= {Ki, Ci, Kh1}7 <1#;' P
%&'

10 - %-#&$* 6';($%4

(.' $+(3+(0 $) (.' ',';(%$*';.-#1;-, 050('* -%' 0($;.-0(1; 3%$;'00'0 -#&4

;$#0'=+'#(,54 π
()*

(p
"#$

,p
%&'

) -#& π
#+#'

(p
"#$

,p
%&'

)4 /';$*' %-#&$* 6-%1-/,'0

Π
()*

(p
"#$

) = π
()*

(p
"#$

,P
%&'

) -#& Π
#+#'

(p
"#$

) = π
#+#'

(p
"#$

,P
%&'

)7 8.' ;$0(

)+#;(1$# $) (.' %$/+0( &'012# $3(1*1>-(1$# 3%$/,'* 10 &'9#'& /5

J(p
"#$

) = E{Π
()*

(p
"#$

)} . ?@7A!B

8.' %$/+0( &'012# $3(1*1>-(1$# 3%$/,'* 10 C%1(('# -0

p
,*-

"#$

= argmax
p
 !"

∈Cad

J(p
"#$

) , ?@7DEB

1# C.1;. Cad = {p"#$

∈ P
"#$

; E{Π
#+#'

(p
"#$

)} ≤ c
#+#'

}4 C.'%' P
"#$

10 (.' -&*100F

1/,' 0'( $) (.' 6-,+'0 $) p
"#$

4 -#& C.'%' c
#+#'

10 -# +33'% /$+#&7

 !4 #*'&3(' $5 (6* 2$%&'( $.(+/+01(+$- .2$%3*/

8.' .53'%3-%-*'('%0 δKi
-#& δCi

4 C.1;. ;$#(%$, (.' ,'6', $) +#;'%(-1#(1'0

)$% Ki -#& Ci -%' 9:'& ($ 0.17 8.' %$/+0( &'012# $3(1*1>-(1$# 3%$/,'* 10 (.'#

0$,6'& )$% (.%'' ,'6',0 $) +#;'%(-1#(1'0 )$% Kh14 &'9#'& /5 (.' )$,,$C1#2 6-,+'0 $)

(.' .53'%3-%-*'('%0 δKh1
= 04 δKh1

= 0.14 -#& δKh1
= 0.47 8.' $3(1*1>-(1$#

3%$/,'* 10 -,0$ ;$#01&'%'& C.1($+( +#;'%(-1#(1'0 1# (.' 050('*0 3-%-*'('%04

(.-( 104 (.' &'('%*1#10(1; ;-0' ?δKh1
= δKi

= δCi
= 0B7 G$% p

"#$

∈ Cad4

(.' ;$0( )+#;(1$# 10 '0(1*-('& /5 (.' H$#(' I-%,$ 01*+,-(1$# *'(.$& +01#2

100 1#&'3'#&'#( %'-,1>-(1$#0 $) %-#&$* 6';($% P
%&'

)$,,$C1#2 1(0 3%$/-/1,1(5

&10(%1/+(1$#7 8.' $3(1*1>-(1$# 3%$/,'* ?&'9#'& /5 J=7 ?@7DEBB 10 0$,6'& +01#2

(.' (%1-, *'(.$& )$% C.1;. (.' -&*1001/,' 0'( Cad 10 *'0.'& -0 )$,,$C0K )$%

Kh1/mh4 LD 6-,+'0 -%' #$#+#1)$%*,5 0',';('& 1# (.' 1#('%6-, [703 , 3 830]4 -#& )$%

g4 AE #$#+#1)$%* 6-,+'0 1# [0 , 0.038]7 8.+04 26, 000 #+*'%1;-, 01*+,-(1$#0 .-6'

/''# ;-%%1'& $+( ($ 0$,6' $3(1*1>-(1$# 3%$/,'* )$% '-;. ,'6', $) +#;'%(-1#(1'07

M+' (.' .12. #+*'%1;-, ;$0( $) (.'0' 01*+,-(1$#04 (.' 0-*' 0(%-('21'0 +0'& 1#

(.' 0'#01(161(5 -#-,5010 C'%' -&$3('& ($ %'&+;' (.' ;$*3+(-(1$# (1*'7 8.'5

C'%'K
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T = 10.0

20

26, 000

mc = 0.3 mh =

0.5 ∆ = 0.01 c

6.00

p (Kh1/mh) = 1, 580 2 2 g = 0.011

δKi
0.1 δCi

0.1

δKh1
= 0 (Kh1/mh) = 957 2 2 g = 0.018 δKh1

= 0.1

(Kh1/mh) = 1, 950 2 2 g = 0.008 δKh1
= 0.4

(Kh1/mh) = 2, 360 2 2 g = 0.008

Cad
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δKi
= δCi

= 0.1 δKh1
= 0

g 7→ E{Π ((Kh1/mh) , g)} Kh1/mh 7→ E{Π (Kh1/mh , g )}
g 7→ E{Π ((Kh1/mh) , g)} Kh1/mh 7→ E{Π (Kh1/mh , g )}

p

δΠ (p ) Π (p )

g 7→ δΠ ((Kh1/mh) , g)

Kh1/mh 7→ δΠ (Kh1/mh , g )

δΠ (p )

g 7→ δΠ ((Kh1/mh) , g) Kh1/mh 7→ δΠ (Kh1/mh , g )
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δKi
= δCi

= δKh1
= 0.1

δKi
= δCi

= 0.1 δKh1
= 0.4

g (Kh1/mh)
Kh1/mh g E{Π (p )}
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g (Kh1/mh)
Kh1/mh g E{Π (p )}

Π g (Kh1/mh)
Π Kh1/mh g

δΠ (p )
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"#$%&'( )& *+,& -*#. /*0.&1 +1 &234$/$- -$5&6$1-&7%+-$01 ./*&5& +1' 10- +1

$534$/$- 01&( 8&,&%-*&4&..9 '#& -0 -*& 3%&.&1/& 0: 40;6:%&"#&1/< /01-%$=#-$01.

$1 -*& -$5& %&.301.&.9 + 4017 -$5& '#%+-$01 $. %&"#$%&'9 ;*$/* ;$44 $534< + *#7&

1#5=&% 0: $1-&7%+-$01 -$5&6.-&3 $: -*& -$5&6.-&3 ;+. /*0.&1 /01.-+1-( >*$. $.

-*& %&+.01 ;*< ;& *+,& $534&5&1-&' +1 +'+3-$,& $1-&7%+-$01 -$5&6.-&3( ?-

;+. 01& 0: -*& '$@/#4-$&. &1/0#1-&%&' :0% -*& .04,&% $534&5&1-+-$01( >*& #.&

+ ,+%<$17 -$5&6.-&3 $1-&7%+-$01 ./*&5& ;+. 10- -*& 014< .-%+-&7< +'03-&' -0

%&'#/& -*& /053#-+-$01 -$5&( >*& $1$-$+4 ,+4#& 3%0=4&5 *+. =&&1 %&;%$--&1

$1 + '$5&1.$014&.. :0%59 ;*$/* %&'#/&' -*& /053#-+-$01 -$5& 0: &+/* .$5#4+6

-$01 :%05 A 5$1#-&. -0 B 5$1#-&. 01 +,&%+7&( C#%-*&%50%&9 + /4#.-&% ;$-* 20

/053#-&%. *+. =&&1 #.&' -0 -0 3+%+44&4$D& -*& .$5#4+-$01. /+%%$&' 0#- $1 -*&

.&1.$-$,$-< +1+4<.$. +1' $1 -*& 03-$5$D+-$01 3%0=4&5( E=.&%,$17 -*& %&.#4-. 0:

1#5&%$/+4 $1-&7%+-$019 +. -$5& *$.-0%$&. +1' 3*+.& '$+7%+5.9 .05& $1-&%&.-$17

3*&105&1+ ;&%& ,&%$F&'9 +. :0% &2+534& =$:#%/+-$01( G$:#%/+-$01 $. + -<3$/+4

1014$1&+% 3*&105&1+9 +1' $- $. :%&"#&1-4< '$./#..&' $1 5+1< ;0%H. I.&& :0% $16

.-+1/& J KLM( ?1 -*& +1+4<D&' ,$=%06$53+/- &4&/-%05&/*+1$/+4 .<.-&59 $- +33&+%.

=&/+#.& '&3&1'$17 01 -*& ,+4#&. 0: -*& .<.-&5 3+%+5&-&%.9 -*& .<.-&5 %&.301.&

;$44 *+,& -*& 0//#%%&1/& 0% -*& 101 0//#%%&1/& 0: $53+/-.( G#- -*$. -03$/ $.

+1 0170$17 %&.&+%/* -*+- ;$44 =& 0=N&/- 0: + :#-#%& ;0%H( >*& /01.-%#/-$01 0:

-*& .04#-$01 :0% -*& '&.$71 03-$5$D+-$01 3%0=4&59 *+. =&&1 3%&3+%&' =< /+%%<6

$17 0#- + .&1.$-$,$-< +1+4<.$. ;$-* %&.3&/- +44 -*& 30..$=4& '&.$71 3+%+5&-&%.(

>*$. 3%&6+1+4<.$. *+. +440;&' :0% %&'#/$17 -*& 1#5=&% 0: '&.$71 3+%+5&-&%.

-0 -;0 3+%+5&-&%.( O01.&"#&1-4<9 + %+1'05 .&+%/* +470%$-*5 0% + 7&1&-$/ +46

70%$-*5 ;+. 10- 1&/&..+%<9 +1' ;& *+,& -*#. #.&' + -%+$4 5&-*0'( ?- .*0#4'

=& 10-&' -*+- $1 -*& :%+5&;0%H 0: + %0=#.- +1+4<.$. :0%5#4+-&' $1 -*& /01-&2-

0: -*& 3%0=+=$4$-< -*&0%<9 +1' -+H$17 $1-0 +//0#1- -*& -<3&. 0: 1014$1&+%$-$&.

$1 -*& '<1+5$/+4 .<.-&59 -*& P01-& O+%40 1#5&%$/+4 .$5#4+-$01 5&-*0' *+.

=&&1 #.&'9 +1' -*$. $1-%0'#/&. + .$71$F/+1- $1/%&+.& 0: -*& 1#5&%$/+4 /0.-( >*&

'&.$71 03-$5$D+-$01 3%0=4&5 0: -*& '<1+5$/+4 .<.-&5 ;$-*0#- #1/&%-+$1-$&.

<$&4'. +1 03-$5+4 '&.$71 30$1- -*+- '$Q&%. :%05 -*& 105$1+4 ,+4#&.9 +1' ;*$/*

/+1 10- =& '&-&%5$1&'9  !"#$"#9 ;$-*0#- .04,$17 -*& '&.$71 03-$5$D+-$01 3%0=6

4&5( ?1 +''$-$019 -*& %0=#.- +1+4<.$. -*+- *+. =&&1 3%&.&1-&' '&501.-%+-&. -*&

$1-&%&.- -*+- -*&%& $. -0 -+H& $1-0 +//0#1- -*& #1/&%-+$1-$&. $1 -*& /053#-+6

-$01+4 50'&4( >*& 03-$5+4 '&.$71 30$1- -*+- *+. =&&1 $'&1-$F&' $1 -*& %0=#.-

'&.$71 :%+5&;0%H .$71$F/+1-4< '$Q&%. :%05 '&.$71 30$1- 0=-+$1&' ;$-* -*& /056

3#-+-$01+4 50'&4 ;$-*0#- #1/&%-+$1-$&.( C0% -*$. &4&/-%05&/*+1$/+4 .<.-&59 $-

*+. =&&1 .&&1 -*+-9 -*& 5$1$5#5 ,+4#& 0: -*& '$.3&%.$01 0: -*& %+1'05 0#-3#-

0//#%. $1 -*& %&7$01 0: -*& 03-$5+4 '&.$71 3+%+5&-&%.9 ;*$/* 5&+1. -*+- -*&

03-$5+4 '&.$71 30$1- $. %0=#.- ;$-* %&.3&/- -0 #1/&%-+$1-$&.(
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