
∆

mp

lp θ

m mc+mp

x
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"#"$%&'("$)*+,$*# -.-%"(/ %)" "+"&0. *+*#.-,- ,- 1"&2'&("3 2&'( * -%'$)*-%,$

4,"5 1',+% 2'& 3,6"&"+% #"4"#- '2 7+$"&%*,+%,"-/ *+3 *#-' 2'& %)" 3"%"&(,+,-%,$

$*-"8

9+ %)" 3"%"&(,+,-%,$ *+*#.-,-/ %)"-" 1*&*("%"&- *&" %)" )'&,:'+%*# 3,-%*+$"

2&'( %)" -7-1"+-,'+ 1',+% '2 %)" 1"+37#7( %' %)" ";7,#,<&,7( 1'-,%,'+ '2

%)" <*&&,"& *+3 %)" $'71#,+0 1*&*("%"& <"%5""+ ('%'& *+3 %)" ("$)*+,$*#

-.-%"(/ ∆8 =7("&,$*# -,(7#*%,'+- 5"&" 1"&2'&("3 5,%) 3,6"&"+% 4*#7"- '2 %)"-"

1*&*("%"&-8 >)" $'71#,+0 1*&*("%"& )*- <""+ 4*&,"3 2&'( :"&'/ *+ *-.(1%'%,$

$*-"/ ?("*+,+0 +' $'71#,+0 <"%5""+ ('%'& *+3 %)" ("$)*+,$*# -.-%"(@ 71 %'

10−3 (8 A'(1*&,+0 %)" &"-7#%- '<%*,+"3 5,%) ∆ = 0 *+3 5,%) ∆ > 0/ ,% ,-

1'--,<#" %' '<-"&4" %)" ,+B7"+$" '2 %)" $'71#,+0 ,+ %)" (*C,(*# "+"&0. -%'&"3

,+ %)" <*&&,"&8

 !" #$%&'()* +, -./ '+-+01)&0-12/%3454'1

6&00(/0 *$*-/'

D $'+%,+7'7- $'+%*$% 3.+*(,$ ('3"# ,- 3"4"#'1"3 *+3 %)" ,(1*$% ,-

3"-$&,<"3 7-,+0 %)" -1&,+0E3*-)1'% ('3"#8 >)" -1&,+0E3*(1"& "#"("+% '2 %)"

,(1*$% ,- &"1&"-"+%"3 <. * -1&,+0 5,%) -%,6+"-- ki *+3 * 3*(1"& 5,%) 3*(1,+0

$'"F$,"+% ci8 >)" ";7*%,'+- '2 %)" $*&%E1"+37#7(E<*&&,"& -.-%"( 5"&" '<%*,+"3

5,%) %)" G*0&*+0" 1&,+$,1#"8 >)". *&"

mpl
2
pθ̈(t) +mplpẍ(t) cos θ(t) +mpgalp sin θ(t) = f

 !"

(t)lp cos θ(t) , ? 8H@

(mp +mc)ẍ(t) +mplpθ̈(t) cos θ(t)−mplpθ̇
2(t) sin θ(t) = f(t) , ? 8I@

5)"&"/ ga ,- %)" *$$"#"&*%,'+ '2 0&*4,%./ f &"1&"-"+%- %)" )'&,:'+%*# $'71#,+0

2'&$" <"%5""+ %)" JA ('%'& *+3 %)" $*&% *+3 f
 !"

%)" ,(1*$% 2'&$" "C"&%"3 ,+

%)" 1"+37#7(8 >),- 2'&$" ,- 5&,%%"+ *-K

f
 !"

(t) = −φ(t)
[

ki (lp sin θ(t) + 0*1) + ci (lpθ̇(t) cos θ(t))
]

, ? 8L@

φ(t) =

{

1 / if − lp sin θ(t) > 0*1 ,

0 / if − lp sin θ(t) ≤ 0*1 ,
? 8 @

,+ M;8 ? 8 @ 0*1 ,- %)" )'&,:'+%*# 3,-%*+$" 2&'( %)" -7-1"+-,'+ 1',+% %' %)"

";7,#,<&,7( 1'-,%,'+ '2 %)" <*&&,"&8 J7" %' %)" -.-%"( 0"'("%&./ x(t) *+3 α(t)

*&" &"#*%"3 <. %)" 2'##'5,+0 $'+-%&*,+%

x(t) = ∆cosα(t) . ? 8!@

N7<-%,%7%,+0 M;-8 ?I8O@ *+3 ? 8H@ %' ? 8!@ ,+%' M;-8 ?I8H@ *+3 ?I8I@/ 5" '<%*,+

%)" ,+,%,*# 4*#7" 1&'<#"( 2'& %)" ('%'&E$*&%E1"+37#7(E<*&&,"& -.-%"(8 P,4"+
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" #$%&'"%' &$()#* +$,'"-* ν. /%0 (α, c, θ) &(#1 '1"'. 2$) ",, t > 0.

lċ(t) + rc(t) + keα̇(t) = ν ,

α̈(t)
[

jm + (mc +mp)∆
2(sinα(t))2

]

+ α̇(t) [bm + (mc +mp)∆
2α̇(t) cosα(t) sinα(t)]

−ke c(t) − θ̈(t) [mplp cos θ(t)∆ sinα(t)] + θ̇(t)
[

mp lpθ̇(t) sin θ(t)∆ sinα(t)
]

= 0 ,

θ̈(t)
[

mp l
2
p

]

− α̈(t) [mp lp cos θ(t)∆ sinα(t)]− α̇(t) [mp lp cos θ(t)∆ cosα(t)α̇(t)]

+ mp ga lp sin θ(t) + φ(t)
[

ki(lp sin θ(t) + -"3) + ci(lpθ̇(t) cos θ(t))
]

lp cos θ(t) = 0 ,

4 5!6

71*)*

φ(t) =







1, 82 − lp sin θ(t) > -"3 ,

0, 8% ",, $'1*) #"&*& ,
4 596

78'1 '1* 8%8'8", #$%08'8$%&.

α̇(0) = 0 , α(0) = 0 , θ̇(0) = 0 , θ(0) = π/2 , c(0) =
ν

r
. 4 5:6

 !" #$%&'($)'*&(( %)+),-./,+-0&'12*2%-3/,,$&,

(4(+&%

;% '18& &*#'8$%. '1* 8%8'8", +",(* 3)$<,*= '$ '1* =$'$)>#")'>3*%0(,(=>

<"))8*) &?&'*= 8& 3)*&*%'*0 8% " 08=*%&8$%,*&& 2$)=5 @"A8%- α̇(t) = u(t) "%0

θ̇(t) = n(t). '1* &?&'*= #"% <* 7)8''*% "& " /)&' $)0*) &?&'*=

ċ(t) =
−keu(t)− rc(t) + ν

l
,

u̇(t) = {−n(t)2mplp sin θ(t)∆ sin(α(t))− u(t)2(mc +mp)∆
2 cos(α(t)) sin(α(t))

−bmu(t) + kec(t) + [cos (θ(t))∆ sin (α(t))] [u(t)2mp cos θ(t)∆ cosα(t)

−mpga sin (θ(t))− φ [ki(lp sin θ(t) + -"3) + ci(lpn(t) cos θ(t))] cos θ(t) ] }
{

1

jm +∆2sin (α(t))2(mc +mpsin (θ(t))
2)

}

,

ṅ(t) = {mp cos (θ(t))∆ sin (α(t)) [kec(t)− u(t)2(mc +mp)∆
2 cos(α(t)) sin(α(t))

−bmu(t)− n(t)2mplp sin θ(t)∆ sin(α(t)) ] +
[

jm + (mp +mc)∆
2 sin (α(t))2

]

[−mpga sin (θ(t)) + u(t)2mp cos θ(t)∆ cosα(t)− φ [ki(lp sin θ(t) + -"3)

+ci(lpn(t) cos θ(t)) ] cos θ(t) ] }
{

1

mplp
[

jm +∆2sin (α(t))2(mc +mpsin (θ(t))
2)
]

}

.

4 5B6

C)8'8%-
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t =
l

r
s" α

(

l

r
s

)

= γ(s)" u

(

l

r
s

)

=
rq(s)

l
" θ

(

l

r
s

)

= β(s)"

n

(

l

r
s

)

=
ry(s)

l
" c

(

l

r
s

)

=
kew(s)

l
"

# $%&'

()* +*,- ,./, s 0- 102*)-0()3*-- 4/5/2*,*5$ 6.* 78)9,0()- γ (s)" q (s)" β (s)"

y (s) /)1 w (s) /5* 102*)-0()3*-- 78)9,0()-$ :; -8<-,0,8,0)+ =>$ # $%&' 0),(

=>$ # $?' ()* (<,/0)-

w′(s) = −w(s)− q(s) + v0 "

q′(s) = {−v3q(s)− y(s)2v5 sin (γ(s)) sin (β(s))− v6 sin (β(s)) cos (β(s)) sin (γ(s))

+v2w(s)− q(s)2 cos (γ(s)) sin (γ(s))
[

v9 − v4 cos (β(s))
2]

−ϕ(s) cos (β(s))2 sin (γ(s)) [v10 sin (β(s)) + v11 + v12 cos (β(s))y(s)] }
{

1

1 + sin (γ(s))2
[

v1 + v4 sin (β(s))
2]

}

# $%%'

y′(s) = {−v3v7q(s) cos (β(s)) sin (γ(s)) + q(s)2v7 cos (γ(s)) cos (β(s))

−v4y(s)
2 sin (γ(s))2 sin (β(s)) cos (β(s)) + v2v7w(s) cos (β(s)) sin (γ(s))

[

1− v9 sin (γ(s))
2] [−v8 sin (β(s))− ϕ(s)(v13(sin (β(s)) + v14)

+v15y(s) cos (β(s))) cos (β) ] }

{

1

1 + sin (γ(s))2
[

v1 + v4 sin (β(s))
2]

}

"

# $%@'

A.*5*

ϕ(s) =

{

1 " if − sin β(s) > a14 "

0 " if − sin β(t) ≤ a14 "

# $%B'

/)1 A.*5*

′
1*)(,*- ,.* 1*50C/,0C* A0,. 5*-4*9, ,( s /)1 ai" i = 1, · · · , 16 /5*

102*)-0()3*-- 4/5/2*,*5- +0C*) <;

v0 =
νl

ker
" v1 =

∆2mc

jm
" v2 =

lk2
e

jmr2
" v3 =

bml

jmr
" v4 =

∆2mp

jm
"

v5 =
mplp∆

jm
" v6 =

mp∆gal
2

jmr2
" v7 =

∆

lp
" v8 =

gal
2

lpr2
" v9 =

(mc +mp)∆
2

jm
"

v10 =
kilp∆l2

jmr2
" v11 =

ki+/4∆l2

jmr2
" v12 =

cilp∆l

jmr
" v13 =

kil
2

mpr2
" v14 =

+/4

lp
"

v15 =
cil

mpr
$

# $% '

D(24/50)+ ,.* 102*)-0()3*-- 4/5/2*,*5- (7 ,.* 2(,(5E9/5,E4*)18382E</550*5

-;-,*2 A0,. ,.* 102*)-0()3*-- 4/5/2*,*5- (7 ,.* 2(,(5E9/5,E4*)18382 -;-,*2

+0C*) <; =>$ B$?" 0, 9/) <* (<-*5C*1 ,./, ,.* 0),*5)/3 </550*5 0),5(189*- -0F

)*A- 4/5/2*,*5- ,( ,.* *>8/,0()-G v10 ,( v15$
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 !" #$%&'( )*)+,-

"# $%&'()*$+ )* ,-$ )*,./+01,)/*2 ,-$ /34$1,)5$ /6 ,-)# 1-(&,$. )# ,/

(*('78$ ,-$ 9(%)909 $*$.:7 #,/.$+ )* ,-$ 3(..)$. )* $(1- )9&(1, )* 60*1,)/* /6

#/9$ &(.(9$,$.# /6 ,-$ $'$1,./9$1-(*)1(' #7#,$9; <-$#$ &(.(9$,$.# (.$ :(&/lp

(*+ ∆; <-$ 9(%)909 )9&(1, $*$.:7 +0.)*: ,-$ j=,- )9&(1,2 λj2 /110.# >-$*

,-$ #&.)*: ki )# 1/9&.$##$+ ,/ ,-$ 9(%)9092 ,-(, )#2 >-$* lp sin (θ) (1-)$5$# ),#

9)*)909 5('0$ +0.)*: ,-$ j=,- )9&(1,; ?/,)*: (# θ? ,-$ (*:'$ /6 ,-$ &$*+0'09

1/..$#&/*+)*: ,/ ,-)# 1/*@:0.(,)/* /6 9(%)909 1/9&.$##)/*2 λj )# 1('10'(,$+

37

λj =
1

2
ki (lp sin(θ

?) + gap)22 >),- − lp sin θ
? > :(& ; A ;BCD

<-$ (5$.(:$ /6 ,-$ 9(%)909 )9&(1, $*$.:7 )# >.),,$* (#

λ =

∑N
 !"

j=1 λj

N
 !"

2 A ;BED

>-$.$N
 !"

)# ,-$ ,/,(' *093$. /6 )9&(1,# ,-(, /110. +0.)*: ,)9$ )*,$.5(' [0, T ];

T )# ,-$ +0.(,)/* 1-/#$* 6/. (*('7#)#; <-$ 5(.)(3'$ λ )# 1-/#$* ,/ 9$(#0.$ ,-$

#7#,$9 &$.6/.9(*1$; <-$ 3)::$. λ )#2 ,-$ 3$,,$. >)'' 3$ ,-$ #7#,$9 &$.6/.9(*1$;

 ! ./$)+0'&1 20$/1&(03*2 34 (5) 6-*&$0'2 34 (5)

'3/%1)6 2-2()$

</ /3#$.5$ ,-$ )*F0$*1$ /6 ,-$ 1/0&')*: 3$,>$$* ,-$ $'$1,.)1(' (*+ 9$1-=

(*)1(' &(.,# )* ,-$ 9(%)909 $*$.:7 #,/.$+ )* ,-$ 3(..)$.2 ,>/ 1/*@:0.(,)/*#

/6 ,-$ 5)3./=)9&(1, #7#,$9 >$.$ (*('78$+ #$&(.(,$'7; G* ,-$ @.#, /*$2 ), )#

1/*#)+$.$+ */ 1/0&')*: 3$,>$$* ,-$ 9/,/. (*+ ,-$ 9$1-(*)1(' #7#,$92 );$;2

∆ = 0 9; G* ,-)# 1(#$2 ,-$ 9/,/. 3$-(5$# (# )6 ), )# ,0.*$+ /H (*+2 1/*=

#$I0$*,'72 ,-$ 1(., +/$# */, 9/5$; G* ,-$ #$1/*+ 1/*@:0.(,)/*2 ), )# 1/*#)+$.$+

1/0&')*:2 );$;2 ∆ > 0 9;

 ! !" #$ %$&'()*+ ,-./--* .0- 1$.$2 3*4 .0- 1-%03*)%3(

565.-1

J-$* ∆ = 0 92 ,-$.$ )# */ 1/0&')*: 3$,>$$* ,-$ 9/,/. (*+ ,-$

9$1-(*)1(' #7#,$9; <-0# ,-$ 1(., +/$# */, 9/5$; K/*#)+$.)*: ,-(, ,-$.$ )# */

$*$.:7 +)##)&(,)/* )* ,-$ )9&(1, 9/+$' 3$,>$$* ,-$ &$*+0'09 (*+ ,-$ 3(..)$.

Aci = 0 ?#L9D2 ,-$ 9(%)909 $*$.:7 #,/.$+ )* ,-$ 3(..)$. )* $(1- )9&(1, 1(*

3$ 1('10'(,$+ (# 60*1,)/* /6 ,-$ )*),)(' &/,$*,)(' (*+ M)*$,)1 $*$.:)$# /6 ,-$

&$*+0'09; K('')*: ,-$ )*),)(' 1/*+),)/*# 6/. ,-$ &$*+0'09 (# θ(0) = θ0 (*+

θ̇(0) = θ̇02 ,-$ )*),)(' 9$1-(*)1(' $*$.:7 /6 ,-$ &$*+0'09 )#
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λ0 = mp g cos (θ0) +
1

2
mp[(lpθ̇0 cos θ0)

2
+ (lpθ̇0 sin θ0)

2
] .

ki j

λ0

ki λj

λ0 = mp g cos (θ?) +
1

2
ki (lp sin(θ

?) + gap)2 .

∆ = 0 λj j

/lp = 0

λref

λref

ki = 106 λ/λref /lp

ki /lp = 0

/lp = 1

∆ = 0
/lp ki

∆ > 0

∆

∆ /lp
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"# $%& '&()*+*, )-.'+/0&,&($1 ,/2-,*, 3&+"0-$4 "# $%& ,"$"5 .%/#$ /()

$%&5&#"5&1 $%& -,'/0$ 6&%/3-"5 "# $%& .4.$&,7 8%& #"5, "# $%& 95/'% "# $%&

/3&5/9& "# $%& -,'/0$ &(&594 0%/(9&. /. .%":( -( ;&07 <7<7 ="(.-)&5-(9 >*.$

$%& 0"*'+&) ,"$"5?0/5$ .4.$&,1 -7&71 $%&5& -. (" '&()*+*, &,6/5@&) -( $%& 0/5$1

$%& &2-.$&(0& /() /.4,'$"$-0 .$/6-+-$4 "# / '&5-")-0 "56-$ :&5& /+5&/)4 "6$/-(&)

-( / ,/$%&,/$-0/++4 5-9"5"*. :/4 -( AB 1 BCD7 8%& -(E*&(0& "# $%& '/5/,&$&5.

∆ /() 9/'/lp -( λ1 FG7 H<7BIJ1 :/. -(3&.$-9/$&) (*,&5-0/++47 K"5 0",'*$/$-"(1

$%& -(-$-/+ 3/+*& '5"6+&, )&L(&) 64 FG.7 H<7IJ $" H<7CJ %/. 6&&( 5&:5-$$&( -(

$%& )-,&(.-"(+&.. #"5, 9-3&( 64 FG.7 H<7BBJ $" H<7B<J7 M&.'-$& "# *.-(9 $%&

)-,&(.-"(+&.. -(-$-/+ 3/+*& '5"6+&, #"5 (*,&5-0/+ .-,*+/$-"(.1 $%& 5&.*+$. /5&

'5&.&($&) -( $%& )-,&(.-"(/+ #"5, 6&0/*.& :& 6&+-&3& $%/$ -( $%-. :/4 $%&4

%/3& /( &/.-&5 '%4.-0/+ -($&5'5&$/$-"(7 M*5/$-"( -. 0%".&( /. T = 20.0 .7 8%&

<$%?"5)&5 N*(9&?O*$$/ ,&$%") -. *.&) #"5 $%& $-,&?-($&95/$-"( .0%&,&7 8%&

.'&0-L0/$-"(. "# $%& ,"$"5 '/5/,&$&5. *.&) -( /++ .-,*+/$-"(. :&5& "6$/-(&)

#5", $%& .'&0-L0/$-"(. "# $%& M= ,"$"5 P/2"( 65*.%+&.. (*,6&5 <BBIQC

H3/+*&. 0"*+) 6& L() /$ A<RDH$/6+& BJJ7 8%& /''+-&) 3"+$/9& :/. /..*,&) $"

6& 0"(.$/($ -( $-,& /() &G*/+ $" 2.4 S7 8%& '&()*+*, +&(9$% :/. /..*,&) $"

6& 0.075 ,7 8%& 3/+*&. "# $%& 0/5$ /() $%& '&()*+*, ,/..&. :&5& mc = 0.0 @9

/() mp = 5.0 @91 ." $%/$ $%& $"$/+ ,/..1 m = mc + mp = 5.0 @91 -. &G*/+

$" $%& &,6/5@&) ,/..1 / +-,-$ 0/.&7 8%& 3/+*&. "# $%& .$-T(&.. /() )/,'-(9

0"&U0-&($ *.&) -( $%& .-,*+/$-"(. :&5& ki = 106 VW, /() ci = 0 V.W,1 ."

$%/$ $%&5& -. (" &(&594 )-..-'/$-"( -( $%& -,'/0$ ,")&+7 8" -(3&.$-9/$& $%&

-(E*&(0& "# ∆ /() 9/'/lp -( λ/λref
1 700 (*,&5-0/+ .-,*+/$-"(. %/3& 6&&(

0/55-&) "*$ 0",6-(-(9 $%& #"++":-(9 3/+*&. "# $%& '/5/,&$&5.X Q 3/+*&. #"5 ∆

("(*(-#"5,+4 .&+&0$&) -( $%& -($&53/+ [0 , 10−3] ,1 /() B!! 3/+*&. #"5 9/'/lp

*(-#"5,+4 .&+&0$&) -( [0 , 1]7 K-9*5& <7Y .%":. $%& 95/'% "# λ/λref
/. #*(0$-"(

"# 9/'/lp #"5 )-T&5&($ 3/+*&. "# ∆7 Z$ -. ("$&) $%/$ #"5 3/+*&. "# d (&/5 [&5"1

/. 10−5 , /() 10−4 ,1 $%& 95/'% "# $%& -,'/0$ &(&594 -. 3&54 .-,-+/5 $"

$%& 95/'% :-$% ∆ = 0 ,7 8%& /3&5/9& -,'/0$ &(&594 '5&.&($. -$. ,/2-,*, /$

9/'/lp = 0 /() -$. ,-(-,*, :%&( 9/'/lp = 17 \%&( ∆ -. 6-99&51 /. 2×10−4 ,1

5×10−4 ,1 8×10−4 , /() 10−3 ,1 $%& #"5, "# $%& 95/'% "# $%& /3&5/9& "# $%&

-,'/0$ &(&594 0%/(9&. 0",'+&$&+47 8%& ,/2-,*, )"&. ("$ "00*5 /(4,"5& /$

9/'/lp = 07 M&'&()-(9 "( $%& 3/+*& "# ∆1 $%& ,/2-,*, "00*5. /$ / )-T&5&($

3/+*& "# 9/'/lp7 ],"(9 $%& 0"(.-)&5&) 3/+*&. "# ∆ /() 9/'/lp1 $%& ,/2-,*,

"# $%& /3&5/9& "# $%& -,'/0$ &(&594 :/. "6$/-(&) :-$% ∆ = 10−3 , /()

9/'/lp = 0.62637 ="(.-)&5-(9 ∆ = 10−3 , /() 3/54-(9 $%& 3/+*& "# ki1 $%&

.%/'& "# $%& 0*53& "# $%& /3&5/9& "# $%& ,/2-,*, -,'/0$ &(&594 -( #*(0$-"(

"# $%& '/5/,&$&5 9/'/lp H.%":( -( K-97 <7<J 0%/(9&. -( /( *(&2'&0$&) #/.%-"(7

=",'/5-(9 -$ :-$% K-97 <7Y1 -$ -. '"..-6+& $" "6.&53& $%/$ #"5 .,/++ 3/+*&. "#
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∆ > 0
/lp ∆

ki 102 103 ki

ki /lp

ki = 104 /lp = 0.293

ki ∆ = 0

ki /lp

0 1 600

ki

Ki

Ki
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∆ > 0
/lp ki

∆ = 10−3

E{Ki} = µ

‖E{logKi}‖ <∞

p Ki

p(ki) = 1[0,+∞)(ki)
1

µ

(

1

δ2

)
1

δ2 1

Γ(1/δ2)

(

x

µ

)
1

δ2
−1

exp

(

x

δ2µ

)

1[0,+∞)(ki) 1 ki ∈ [0,+∞)

0

Γ Γ(a) =

∫

∞

0

ta−1 exp(−t)dt

δ = σ
µ

σ

ki
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Λ/λref lp
δ = 0.15 E{Ki} = 104 E{Ki} = 105

λ Λ

Λ

100 Ki

lp E{Ki}

δ Ki

3 E{Ki} 104 105 106 3

δ 0.15 0.25 0.35 100 lp

[0 , 1.0] 90, 000

E{Λ}/λref

lp E{Ki} = 104 105 106 δ = 0.15

E{Ki}

E{Ki} = 106 δ = 0.15 E{Λ}/λref lp

Λ/λref

E{Λ}/λref

lp E{Ki} = 104 105 106

δ = 0.25 0.35 δ

Λ/λref
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Λ lp
δ = 0.15 E{Ki} = 106 Λ/λref

lp E{Ki} = 106 δ = 0.15

Λ/λref lp
E{Ki} = 104 δ = 0.25 δ = 0.35

DBD
PUC-Rio - Certificação Digital Nº 1121481/CA



Λ/λref lp
E{Ki} = 105 δ = 0.25 δ = 0.35

Λ/λref lp
E{Ki} = 106 δ = 0.25 δ = 0.35
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