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Abstract

Silva, Thuener; Poggi, Marcus Vinicius(Advisor); Valladao, Davi Michel.

Optimization Under Uncertainty for Asset Allocation. Rio de

Janeiro, 2015. 99p. DSc Thesis — Departamento de Informatica, Pontificia

Universidade Catoélica do Rio de Janeiro.

Asset allocation is one of the most important financial decisions made
by investors. However, human decisions are not fully rational, and people
make several systematic mistakes due to overconfidence, irrational loss aversion
and misuse of information, among others. In this thesis, we developed two
distinct methodologies to tackle this problem. The first approach has a more
qualitative view, trying to map the investor’s vision of the market. It tries to
mitigate irrationality in decision-making by making it easier for an investor to
demonstrate his/her preferences for specific assets. This first research uses the
Black-Litterman model to construct portfolios. Black and Litterman developed
a method for portfolio optimization as an improvement over the Markowitz
model. They suggested the construction of views to represent an investor’s
opinion about future stocks’ returns. However, constructing these views has
proven difficult, as it requires the investor to quantify several subjective
parameters. This work investigates a new way of creating these views by using
Verbal Decision Analysis. The second research focuses on quantitative methods
to solve the multistage asset allocation problem. More specifically, it modifies
the Stochastic Dynamic Dual Programming (SDDP) method to consider real
asset allocation models. Although SDDP is a consolidated solution technique
for large-scale problems, it is not suitable for asset allocation problems due
to the temporal dependence of returns. Indeed, SDDP assumes a stagewise
independence of the random process assuring a unique cost-to-go function
for each time stage. For the asset allocation problem, time dependency is
typically nonlinear and on the left-hand side, which makes traditional SDDP
inapplicable. This thesis proposes an SDDP variation to solve real asset
allocation problems for multiple periods, by modeling time dependence as a
Hidden Markov Model with concealed discrete states. Both approaches were
tested in real data and empirically analyzed. The contributions of this thesis
are the methodology to simplify portfolio construction and the methods to

solve real multistage stochastic asset allocation problems.

Keywords
Portfolio Selection; Multistage Asset Allocation; Investments Analysis;
Decision support systems; Black Litterman; Stochastic Dual Dynamic Pro-

gramming.
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Resumo

Silva, Thuener; Poggi, Marcus Vinicius; Valladao, Davi Michel. Otimi-
zagao Sob Incerteza para Alocacgao de Ativos. Rio de Janeiro,
2015. 99p. Tese de Doutorado — Departamento de Informatica, Pontificia
Universidade Catélica do Rio de Janeiro.

A alocagao de ativos é uma das mais importantes decisoes financeiras
para investidores. No entanto, as decisoes humanas nao sao totalmente racion-
ais. Sabemos que as pessoas cometem muitos erros sistematicos como, excesso
de confianca, aversao a perda irracional e mau uso da informacao entre outros.
Nesta tese desenvolvemos duas metodologias distintas para enfrentar esse prob-
lema. A primeira abordagem é qualitativa, utiliza o modelo de Black-Litterman
e tenta mapear a visao que o investidor tem do mercado. Esse método tenta
mitigar a irracionalidade na tomada de decisao tornando mais facil para um in-
vestidor demonstrar suas preferéncias em relagao aos ativos. Black e Litterman
desenvolveram um método para otimizacao de carteiras com a proposta de mel-
horar o modelo Markowitz, utilizando a construgao de visoes para representar
a opiniao do investidor sobre o futuro. No entanto, a forma de construir essas
visoes é bastante confusa e exige que o investidor estime varios parametros
que sao subjetivos. Assim, propomos uma nova forma de criar essas visoes,
utilizando Anadlise Verbal de Decisao. A segunda pesquisa envolve métodos
quantitativos para resolver o problema de alocacao de ativos com multiplos
estagios com premissas mais realistas. Embora a Programacao Dinamica Dual
Estocastica (PDDE) seja uma técnica promissora para a solugao de problemas
de grande porte, nao é adequada para o problema de alocagao de ativos devido
a dependencia temporal associada aos retornos dos ativos. PDDE assume que
0 processo estocastico tem independéncia por estagio assegurando uma funcao
unica de custo futuro para cada estagio. No problema de alocacao de ativos, a
dependéncia do tempo é tipicamente nao-linear e no lado esquerdo, o que torna
PDDE tradicional nao aplicavel. Propomos uma variacao do PDDE usando
modelo oculto de Markov com estados discretos para resolver problemas reais
de alocacao de ativos com multiplos periodos e dependéncia no tempo. Ambas
as abordagens foram testadas em dados reais e empiricamente analisadas. As
principais contribuicoes sao as metodologia desenvolvidas para simplificar a
construcao de portfélios e para resolver o problema de alocagao de ativos com
multiplos estagios.

Palavras—chave
Selegao de Carteiras; Alocagao de Ativos em multi-estdgio; Anélise
de Investimentos; Método de Apoio a Tomada de Decisao; Black Litterman;

Programacao Dinamica Dual Estocastica.
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1
Introduction

Asset allocation is one of the most important financial decisions made
by investors. The asset allocation problem consist in finding a portfolio (for
example stocks, bonds, cash and gold) that better suits the investor’s needs.
Selecting good portfolios represents a competitive advantage, and to make
good decisions in this regard it is necessary to leave emotions aside.

Emotions often affect investment decisions. In most cases, human de-
cisions are not fully rational and people often make systematic mistakes due
to overconfidence, irrational loss aversion and misuse of information. Such mis-
takes, made frequently by investors, can lead to big financial losses, which is
one of the reasons why the behavioral finance field is dedicated to analyzing the
psychology of financial decision making. Hence the need for tools that support
the investors’ financial decisions and prevent pitfalls.

Investment analysis techniques can be used as a tool or as automated
optimization models to minimize, as much as possible, irrational intervention
in decision making. In the last decades, there has been a remarkable increase
in the use of financial models and optimization techniques for asset allocation.
One of the main reasons for this is the attractive assumption that it is possible
to forecast the conditional moments of the return distributions [1]. Another
reason is the growth in processing power and the development of methods and
optimization solutions that can handle a large volume of data. The field hardly
existed in 1980, but has experienced a rapid surge ever since. Every day more
tools are used to support the creation of investment strategies, and currently
there is a large variety of approaches to the problem; Robust Optimization,
Stochastic Programming and Machine Learning being only a few of the many

fields in which we can encounter solutions to assist in financial decision making.

1.1 Objective

The main objective of this thesis is to help investors solve real asset
allocation problems. In this regard, it presents two alternatives that aim at
helping financial decision making.

The first approach has a qualitative perspective, trying to map the

investor’s vision of the market. It is an attempt to mitigate irrationality
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in decision making, making it easier for investors to demonstrate reasoned
preferences concerning assets. For this purpose, the method combines the
Black-Litterman portfolio optimization method with verbal decision analyses.

However, even when using decision-support methods, we are not safe
from irrational decisions. That is why this work proposes quantitative methods
using stochastic models to evaluate and solve the multistage asset allocation
problem. More specifically, it suggests modifying the Stochastic Dynamic Dual

Programming method to consider real asset allocation models.

1.2 Contributions

The major contributions of this work are derived from the two proposed
methodologies. The first part of this thesis contributes by developing a simple
new methodology that fits the investor’s needs based on verbal decision
analyses and Black-Litterman. This work has shown that it is possible to
optimize portfolios even when the investor is not an expert on the subject. In
addition, this approach makes it easier for the investors to manifest their own
opinion, in an organized fashion, and allows them to change their portfolios
more frequently. Finally, a case study based on Brazilian stocks demonstrates
that this methodology creates more intuitive and diversified portfolios.

The second part of this thesis proposes a new approach to solve
multistage stochastic asset allocation problems with time dependency. The
method maps the temporal dependence as hidden Markovian states, trans-
forming them into a convex problem that can be solved by adapting the SDDP.
In addition, it presents a more general model that consider the ambiguity
on the states’ probabilities of the optimization problem. As our experiments
demonstrate, the proposed model performs very well and shows promising

results.

Main contributions:

— Proposes a new way to generate the Black-Litterman views using VDA,
enabling the investor to construct personalized portfolio based on the
his/her opinion.

— Model the multistage stochastic portfolio optimization problem with

hidden Markovian temporal dependence and transactional cost.

— Create a more general model for the multistage stochastic portfolio op-
timization problem with ambiguity aversion, with the intent to mitigate

returns estimation errors.
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1.3 Outline

This work is organized as follows: Chapter 2 introduces asset allocation
and gives an overview of the methods that have been used to approach this
problem. Chapter 3 is dedicated to the first proposed methodology, providing
an overview of the Verbal Decision Analysis and Black-Litterman, and of how
these two methods are combined. It also presents experiments conducted in the
Brazilian stock market and some remarks about the proposed methodology.
Chapter 4 describes the second, more quantitative, methodology proposed
in this work. Its first part introduces the concept of SDDP and explains
how this method may be adapted for asset allocation, while its final part
proposes alternative models and shows various computational experiments.
Chapter 5 brings this thesis’ final conclusion and debate regarding future
works, presenting the main contributions of the two proposed methodologies

and suggestions for future works.

1.4 Assumptions and Notation

In this section, we present some assumptions and notation used through
this thesis. It will be used bold-faced upper (3, IT, Q, P, . ..) and lowercase (p,
p, I, ...) letters to denote, respectively matrices and vectors [2]. To simplify
the formulations it will be use a vector with all elements equal one with proper
dimension 1 = [1,...,1]".

The multistage problem has a finite planning horizon T'; the probability
space is (Q, F,P) with filtration F, where F = {0, Q} and F = Fr. A specific
notation for the portfolio selection application was created and is shown in
Table 1.1 and Table 1.2.

Sets

A={1,...,A}: Index set of the A > 1 assets.
H=A{0,...,T—1}: Set of stages.

Stochastic Process

i (8): Excess return of asset ¢ € A, between stages ¢t €
{1,...,T} and t — 1, under scenario s € §2, where
ri(s) = (rig(s),...,rae(s)’  and rypg(s) =

(rp (s),...,1e(s)) for ! <t.

r )T: Realization sequence of the asset returns for ¢ < t.

Ty g = (Tyry ..., Ty

Tl = Ty Realization sequence of the asset returns for 0 to .

Table 1.1: Set and stochastic process notation
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State Variables

Wi (s):  Wealth at stage t € H U {T'} under scenario s €

Decision Variables

x4 (s):  Amount invested in asset ¢ € A, at stage ¢ € H under scenario
s € Q, where x¢(s) = (x14(8),...,TA¢ (s))" and X[ (8) =
(xp (s),...,x;(s)) fort' <t

Table 1.2: State and decision variable notation

Without loss of generality, the risk-free asset is represented as the first
asset of the portfolio without excess return, i.e., for each scenario r, (s) = 0,
for all t € HU{T} and all s € Q.
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2
Asset Allocation

Before Markowitz’s work [3] the concept of diversification was greatly
simplified. People had an intuition that putting everything in one asset lead
to largely different results, while distributing their money among many assets
greatly reduced the chance of all having bad returns simultaneously.

The essence of portfolio optimization theory is based on diversification,
as by combining different assets it is possible to obtain a lower risk than the
offered by any of the assets individually. As the number of the assets increase,
the variance of the portfolio decreases towards zero [1].

The Asset Allocation consists in finding the most appropriate group of
assets while considering the individual properties of each asset. The optimal
portfolio varies according to the profile of each investor, and there isn’t a single
portfolio that is recommended for every type of investor. This is due to the
specific characteristics of each individual, institution or group. An investor
averse to risk may prefer to invest in assets with low risk and low return, while
another investor, who is more open to risk, might prefer assets with more risk

when it is possible to achieve higher returns.

2.1 Utility function

To provide the most suitable portfolio for a given investor, it is necessary
to understand its preference among the set of possible investments. A way
to accomplish this is to map the utility function U that captures investor’s
satisfaction or happiness at a given level of wealth. For a given level of
wealth W, the usefulness U (W) is the investor’s satisfaction achieved with
this wealth. Assuming that an investor with utility function U attempts to
make an investment portfolio and that P(wy) is the probability of this portfolio
generating a wealth w, for a scenario s, we can calculate the expected utility

for the portfolio as being:
E[C] = Z U(ws)P(ws)

Utility functions have some important properties. First, the utility func-

tion should prefer more to less wealth, and therefore the utility of X + 1 units
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is greater than that of X units. This implies a positive first derivative of the
utility function. The investor’s attitude towards risk is also related to the util-
ity function. Considering that when it comes to risk, an investor can be averse
to it, neutral or like it.

The investor’s classification can be defined by considering a fair bet, i.e.
an investment where the value is equal to the expected cost. The investor
that rejects a fair bet is risk averse, and thus its dissatisfaction with a loss is
greater than its satisfaction with a gain for the same value. Functions with this
behavior have a negative second derivative. The opposite occurs in the case
of an investor who accepts a fair bet, a case in which the second derivative
is positive. For an investor who is indifferent to risk, the utility of these two
investments, with the same expected value, is the same, meaning the second
derivative of this function is zero. Table 2.1 presents the characteristics of the

second derivative according to investors’ profiles.

Profile Behavior Implication

"

Risk aversion Rejects fair bet U (W)<o

Risk neutral | Indifferent to fair bet | U (W) =0
Taste for Risk | accepted the fair bet | U” (W) > 0

Table 2.1: Some properties of the utility function

2.2 Mean-Variance Model

In his pioneering work “Portfolio Selection” [3], Markowitz developed a
model that allows the selection of portfolios considering the relation between
return and risk. This became known as the mean-variance model, which uses
the expected return as a measure of performance of the portfolio and the
variance as a risk measure.

A portfolio with n assets can be represented by the amount invested
on each asset x = (x1,...,74). Assuming that future returns are random
variables and using each individual expected return, the portfolio return can

be estimated by the equation

B[R, = inE[Ri]

In order to evaluate the variance of portfolio 2, it is used the covariance

of the return series between all pairs of assets that make up the portfolio

Oij, Vi, j € {1, . ,A}
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o= > (wwjoi)

i=1 j=1

Using the mean-variance approach, one can create an efficient frontier.
That is the set of portfolios in which a given risk level has the highest possible
return, or a certain level of return has the lowest possible risk. These are
efficient portfolios. All other portfolios can be considered inefficient, because
they have either lower return or higher risk.

Formally, the two minimization (2.1) and maximization (2.2) formula-

tions are described below

A A A
min Zx?a? + Z Z T ;045 (2.1)
i=1

i=1 j=1,j#i

A
s. t. Z,uixi > Tp
i=1

A
i=1

A
max Z i (2.2)
i=1

A A A
2 2
s. t. E Tjo; + E E x50 < U
i=1

i=1 j=1,j#i

A
i=1

where the number of assets that may be part of the portfolio is N, and z; is
the percentage of the portfolio that will be granted to asset i. The covariance
between assets ¢ and j is represented by o;;, and o7 is the variance of asset i.
Finally, p; is the expected return of asset i, and r, and v, are the minimum

return and the maximum risk for the desired portfolio, respectively.

2.3 Modern Asset Allocation Methods

Even with several tools available to help investors create mean-variance
optimized portfolios, they are still very skeptical about the mean-variance

theory and its practical implications. Albeit revolutionary, Markowitz’s work
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has shown major drawbacks in practical applications, yielding portfolios that
can be counter-intuitive [4, 5], that tend to concentrate on a small subset
of available assets and that do not seem well diversified [6,7]. The optimal
portfolio is also extremely sensitive to small variations in the input data [5,6,8].

This does not mean, however, that the mean-variance theory is flawed,
but only that the idea needs to be remodeled or adapted in order to achieve
better results. Hence, several new methodologies for portfolio optimization,
and consequently for asset allocation, have been developed.

For instance: regarding the mean-variance’s hypersensitivity to changes
on the estimated inputs, which suggests that those parameters need to be
estimated in an extremely precise way, several attempts to reduce the impact
of estimation errors have been made. In fact, there are several ways to
create portfolios that are less sensitive to these variations, such as shrinkage
estimators, Bayesian and resampling methods and robust optimization [4, 5,
9,10]. Frost and Savarino [11] have demonstrated that these optimization
constraints stabilize the portfolio and generally improve performance. As
mentioned by Jagannathan and Ma [12], these constrains can be interpreted
as a posteriori regularization.

In this thesis, we will focus on two different approaches, presented in
the following chapters. Considering the instability problems and parameter-
estimation method of the Markowitz model, we will propose a methodology to
construct a portfolio based on the investors’ opinion. Another approach is to
focus on solving the asset allocation problem in a quantitative way. This will

be modeled as a multistage stochastic problem with temporal dependence.
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3
More Human-like Portfolio Optimization
Approach

3.1 Introduction

The practical disadvantages of the Markowitz model motivated Fisher
Black and Robert Litterman to develop a new approach. Thus the Black-
Litterman approach [13], which combines the expected equilibrium between
returns estimated through the Capital Asset Pricing Model (CAPM) and views
to optimize the portfolio. The views represent the investor’s opinion about the
stocks’ future returns. This model yields more stable and diversified portfolios
than the mean-variance standard model [14].

Black and Litterman’s original paper [4] only explained the core aspects
of their idea, leaving it to others to better explain the implication of their
model. Satchell and Scowcroft [15], Walters [14], He and Litterman [16] explain
the Black-Litterman solution in further detail. Walters [14] also constructed
a framework! to use the model and other portfolio optimization techniques.
Mankert [17] sheds more light on the practical implications of the Black-
Litterman approach. Other studies focus on extensions of the original model,
like Herold [18], Idzorek [19], Fernandes et al. [20], and Meucci [21].

Also, Bertisimas et al. [2] proposed a more general extension of the ori-
ginal Black-Litterman model that can incorporate investor opinion about volat-
ility and construct estimators for more general notions of risk. Reinterpreting
the problem through inverse optimization Bertisimas et al. [2] extends the
traditional model creating a approach that can combine a greater variety of
views.

The expression of the investor’s preferences can be seen as a decision
making process. Traditionally, decision making scenarios involve the analysis
of objects from several points of view and can be assisted by multi-criteria
methodologies. These help generating knowledge about the decision context
and, as a consequence, increase the confidence of those making decisions [22].

There are multi-criteria methods based either on quantitative or qualitative

IThat is available in www.blacklitterman.org
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analysis of the problem, and choosing the best approach is a great challenge.
Examples of problem-solving using quantitative methods can be found in
Castro et al. [23], Toncovich et al. [24], and Pinheiro et al. [25]. Among those
who apply qualitative methods, we have Mendes et al. [26], Tamanini et al. [27],
Tamanini et al. [28], Tamanini et al. [29] and Castro et al. [30].

The Verbal Decision Analysis is based on multi-criteria problem-solving
through qualitative analysis methods. One of the advantages of qualitative
methods is that all the questioning in the process of eliciting preferences is
made in the decision maker’s native language. Moreover, verbal descriptions
are used to measure preference levels. This procedure is psychologically valid,
respecting the limitations of the human information processing system. This
characteristic makes the incomparability cases [31] become almost unavoidable
since the scale of preferences is purely verbal and consequently not an accurate
way of estimating values. Therefore, the method may not be capable of
achieving satisfactory results in some situations, presenting an incomplete
solution to the problem.

Establishing views in the traditional quantitative way is not an easy task
and an investor would need help from an expert in the process. That is why we
chose a method to setting views using Verbal Decision Analysis (VDA). For this
propose, we developed questionnaires that are intuitive and can be answered
by anyone with basic knowledge of investment options without needing any
further special training.

The purpose of this chapter is to develop a methodology that constructs
a personalized portfolio based on the investor’s opinions. Our problem is not a
typical multi-criteria problem, being actually very different from normal VDA
applications. This is one of the major difficulties that have to be overcome in
order to create the Black-Litterman views. For this purpose, in the final part of
Section 3.4 we compare the return of investing on the investor most preferred
asset with our proposed approach.

Moreover, the objective pursued is a technique to support the creation
of a personal portfolio based on an individual’s opinion, preferences or view.
Therefore, a comparison among performances of portfolios, in the present case,
should only consider portfolios that are aligned with the considered individual
preference. The technique proposed here follows the mean-variance balance of
Markowitz generated portfolios.

In Section 3.2 we present a brief explanation of the Verbal Decision
Analysis (VDA) framework used in this work. Section 3.3 brings a review
of the Black-Litterman methodology. Finally, in Section 3.4 we report about

the experiments made with Brazilian stocks.
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3.2 Verbal Decision Analysis

A decision may be defined as the result of a process of choice when
someone is confronted with a problem or with an opportunity for creation,
optimization or improvement of a given situation. On the other hand, decision
making is a special activity of human behavior, aimed at the achievement of
a given goal. It takes place in every activity of the human world, from simple
daily problems to complex situations inside an organization. The conclusion of
a decision making process can be an ordination of alternatives or the selection
of a single alternative from a list of possible solutions for the problem.

Establishing its preferences and interests is usually enough to allow an
individual to make decisions that solve simple problems. However, individuals
often find it hard to separate emotions from reason. As a result, emotions
often influence the decision making process [32,33]. The decision also involves
several factors, some of which may not be measurable. Thus, when a decision
maker needs to solve complex problems, covering many alternatives and a large
volume of information that may not be measurable nor easily comparable, some
methodologies exist to support the decision making process.

In order to solve a given problem, alternative solutions are taken into
consideration. Such alternatives are defined and characterized according to a
set of criteria, structured around its verbal and qualitative nature. There are
a huge number of practical problems which is necessary to generate an ordinal
scale of alternatives [34]. The construction of such an ordinal scale is helpful
in many situations, for example, to reject less preferable alternatives from a
given set.

The Verbal Decision Analysis (VDA) framework is a set of methods
defined to support the decision making process through the verbal representa-
tion of problems. Some methods that constitute the Verbal Decision Analysis
framework are: ZAPROS-III, ZAPROS-LM, PACOM, and ORCLASS Larichev
and Moshkovich [34]. According to Gomes et al. [35], in the majority of multi-
criteria problems there is a set of alternatives that can be evaluated against the
same set of characteristics (called criteria or attributes). The VDA framework
is structured on the supposition that most decision making processes can be
qualitatively described [36]. Although the decision maker’s ability to choose is
very dependent on the occasion and the stakeholders’ interest, the methods to
support decision making are universal.

Moreover, in Ustinovich and Kochin [37] the analysis of a large amount of
data-processing performed by human beings has shown that the psychologically

correct operations are:
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— Comparison of two assessments in verbal scale by two criteria;
— Assignment of multi-criteria alternatives to decision classes;

— Comparative verbal assessment of alternatives according to separate

criteria.

This last operation is the only classification methodology within the VDA
framework. The goal of the Verbal Decision Analysis framework is to establish
a ranking of alternatives in order of preference.

The methods belonging to the Verbal Decision Analysis framework may

be evaluated in light of their objectives:

— As a tool for ordinary classification, ORCLASS was one of the first
methods designed to tackle classification problems. There are several
other widely known methods for solving classification problems that can
be applied and analyzed for future applications [38-40], but that does
not belong to Ustinovich and Kochin’s [37] VDA framework;

— The other objective is to organize the solutions alternatives for the
problem in a rank, from the most preferable to the least preferable one.
Three methods are proposed within the VDA framework: ZAPROS-LM,
ZAPROS-III, and PACOM. Although they have the same final goal, they

have different purposes:

— PACOM is exclusively created to be applied according to pair com-
pensation and consists in comparing the advantages and disadvant-
ages of multi-attribute alternatives.

— The ZAPROS method was created to be applied by pair comparison
and consists in comparing a pair of alternatives with the advantage
of reaching a decision by using simple and understandable dialogue.

It is also divided in two alternative methods:

x ZAPROS-III differs from ZAPROS-LM in its level of treatment
of inconsistence. ZAPROS-III can be considered an evolution
of ZAPROS-LM in this concept.
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(a) Formal Statement of the Problem

The methodology follows the same problem formulation proposed by [34],

where:
1. K={e,¢9,...,¢cn}, representing a set of N criteria;

2. ngq represents the number of possible values on the scale of g-th criterion,

(¢ € K); For the ill-structured problems, as in this case, usually n, < 4;

3. Xy = {x1,29,...,2,,} represents a set of values to the g-th criterion,
which is this criterion scale; |X;| = n,; The values of the scale are ranked
from best to worst, and this order does not depend on the values of other

scales;

4. Y =X x Xy x -+ - X Xy represents a set of vectors y;, in such a way that:

i ={yi vio.- .- yiv} " and y; € Y, yiy € Xy, where |V =T, ny;

d2. Z = {zl}]1 and z; € ), where the set of j vectors represents the

description of the real alternatives.

The order of the multi-criteria alternatives on set A is defined based on the

decision maker’s preferences.

(b) The ZAPROS-IIl Method

According to Ustinovich and Kochin [37], one of the most important
features of ZAPROS methods is the use of psychologically grounded procedures
for identifying the preferences. This method evaluates personal abilities and
limitations of human information processing system. The disadvantages of the
method also include the limited amount of attributes and difficulties in using
quantitative criteria.

Furthermore, ZAPROS-III [33] considers values known as Quality Vari-
ations (QV) or Quality Changing (QC) [36] and Formal Index of Quality (FIQ).
The QV represents the distance between the evaluations of two criteria. The
FIQ mainly aims at minimizing the number of comparable pairs of alternatives.
The FIQ is used in the ranking of the alternatives.

Figure 3.1 [31] presents a flowchart with steps for the application of
the VDA method ZAPROS-III. As described in the Figure 3.1, the method’s
application can be divided into four stages: Problem Formulation, Elicitation
of Preferences/Comparison of Alternatives, Validation of the Decision maker’s

preferences, and Comparison of Alternatives.
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. Define the criteria and the values of criteria
Problem Formulation

for the problem

Elicitation of Preferences Preferences elicitation based on pairwise

Dependent

. Check of preference independence of criteria
criteria

Validationofthe
decision maker's

Eliminationof Independent criteria preferences

dependences

Contradictory Structuring of the Joint Scale of Quality
information Variations (JSQV) for all criteria

Eliminationof Consistent informatior

contradictions

Definition ofthe Formal Index of Quality

. . (FIQ) for each alternative
Comparison of Alternatives

Pairwise comparisonofalternatives
according to the preferences rules

Figure 3.1: Procedure to apply ZAPROS-III methodology

A disadvantage of the method is that the number and values of criteria
that can be handled are limited, in order to keep complexity under control.

Tamanini [31] defends that although ZAPROS-III-i follows a procedure
similar to its predecessor’s to extract preferences, it also implements modifica-
tions that make it more efficient and more accurate regarding inconsistencies.

The number of incomparable alternatives is essentially smaller than in previous
ZAPROS [36].

3.3 Black-Litterman

The traditional portfolio approach proposed by Markowitz has some
issues and does not consider the investor’s vision of the market. Hence, the
Black-Litterman [13] was conceived to be a more practical and more flexible
portfolio management method [41]. Its methodology begins by determining the
equilibrium portfolio and the views of the investor, after these are combined to
construct a new distribution of the stocks’ returns. Using this new distribution,
a portfolio optimization problem is formulated and a new optimal portfolio is

obtained. A summary of the Black-Litterman model is present in Figure 3.2.
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Risk Aversion . Market Uncertainty
o Covariance o ) )
Coefficient , capitalization Views (Q) of Views
Matrix (3) .
(9) Weights (x,,) ()
Implied Equilib-

View Distribution

rium Return Vector
N ~ (QQ)

II = Xx,,

Prior Equilibrium Distribution
N ~ (II,7X)

N

New Expected Return
Distribution N ~ (f, M)

New Return Distri-

bution N ~ (@, %)
Figure 3.2: Flowchart of Black-Litterman method [19]

The model proposed by Black and Litterman can be seen, in a rather
simplistic way, as an adjustment in the prior distribution of the assets’ returns
to adapt it to the investor’s vision. Essentially, however, it combines the

investor’s views with the CAPM notion of market equilibrium [4,13].

(a) Market Equilibrium

The Black-Litterman assumption is that the a priori distributions of
returns are consistent with market equilibrium. Considering that all investors’
utility functions are the same, the CAPM theory shows that everyone should
hold the same portfolio, the market portfolio x,,. The market portfolio is the
portfolio where the amount of assets is proportional to its market value.

First we have to assume that the returns of the stocks r are normally
distributed with mean E(r) and covariance matrix ¥ i.e. r ~ N(E(r), X).

When the market is efficient, the expected return for any asset has the following

property
E(ri) —rp = Bi(E(rm) — 74) (3.1)
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The E(r;) and E(r,,) are the asset ¢ and market portfolio’s expected returns,
while 7 is the risk free asset return. Coefficient f3; is the covariance between
asset ¢ and the market portfolio returns, divided by the market portfolio
variance Cim

2
m

Bi =

Also, the market portfolio return is

(3.2)

g

T = er:cmj (3.3)
j=1

The risk equilibrium premium IT is the expected excess of return yielded
by the risky stocks, which should perform better than the risk free stock. It
is properly defined as the difference between the asset returns and risk free
returns II; = E(r;) — ry. Using the fact that

Oim — Z[Eij'jZ' (34)
j=1

and (3.1) we have

With the risk aversion parameter ¢§

Elr,,] —
5— Elrml =1y ]2 i (3.6)
O_m
the final result can be expressed in matrix form as
I1=603x,, (3.7)

A more detailed demonstration of these equations and more about the
CAPM theory can be found in [42] and [43]. The result above can also be
obtained by deriving the traditional quadratic utility function of the mean-
variance model, assuming that all investors solve this problem.

Finally, we can define the prior distribution as the real p return distri-

bution with mean IT and variance 7%

nw=II+¢€,
€: ~ N(0,7%) (3.8)
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The 7 is a small number that reflects the investor’s uncertainty about prior
return estimations [44]. It is the most confusing parameter of the model and
has several different calibration approaches. Further ahead we shall present

Idzorek’s technique to eliminate 7.

(b) Specifying Views

The views are the investor’s vision regarding future market behavior.
These views can be relative or absolute and need to be “fully invested”. Hence,
the sum of weights is zero for the relative view, and one for the absolute. An
example of absolute view is “Stock i will return ¢;%” and of a relative view is
“International stock will outperform domestic stock by ¢,%”. Furthermore, the
confidence has to be defined by the investor, and this will change how much
the view will affect the portfolio weights. The investor’s view can be expressed

as
Pu=Q+eg, (3.9)

Where P is the perspective of the investor and Q specifies the expected
return of each view. The €, is an non-observable random and normally
distributed vector with mean zero and a diagonal covariance matrix 2 that
expresses the uncertainty of the views (e, ~ N(0,)).

Considering v as the number of views and n the number of stocks, P
will be a matrix v x n with p; (i € {1,...,v}) representing a vector with n

elements, Q a vector with v elements and €2 a v x v diagonal matrix

PT = [plap27p3a s 7pv]
QT = [q17Q27QS7 LR 7QU]

W1 0 0
0- 0 W ... 0
0 0 ... w,

To better understand how to describe these views in matrix form, two
views were created: one relative and other absolute. In the first view, stock one

will outperform stock two by 1% and in the second view, stock three will have

1 -1 0
0 0 1

return 2%.
0.01

0.02

n= + €
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(c) The Estimation Model

With the expected excess return and the views of the investor, it is
possible to proceed to the next step of the Black-Litterman approach, which
combines these two items. There are two ways to estimate the final model. The
original Black-Litterman paper [13] references the Theil’s Mixed Estimation
model [45], but there is also a Bayesian approach. The first method was
chosen because it is easy to understand. By applying the identity matrix I,

the problem can be seen in the matrix form

I| II €
B= + (3.10)
P Q €,
. - . I 11 €.
Constructing the auxiliary matrices D = pl C= and € =
€q
we can reformulate the problem as
Dp=C+e (3.11)
¥ 0
e~ NO,W),W=|" (3.12)
0 Q
Solving this system of equations using least squares, we have
= (D*™W'D)"'D*W'C
=[(r2) '+ PTQ P (r )t + PTQTIQ] (3.13)

The variance can also be adjusted to reflect the change in the return

data. Hence, the variance of the returns relative to the new data is

M= (D"W'D)™!
=[(rZ) '+ PTQ P! (3.14)

With this value M, the actual new variance () can be evaluated as [16]

S=3%+M (3.15)

The final step in this process is to solve the mean-variance model by
using the posterior distribution of the Black-Litterman. Having the new vector
of expected returns and the covariance matrix, the new optimal portfolio can

be estimated using the standard mean-variance method

)
max X' fi — §XTEX (3.16)

The solution obtained using the first-order conditional is
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S h (3.17)

(d) Idzorek

Idzorek describes an easy way to determine the level of trust by specifying
the confidence level of each view as a percentage [19]. This method is deemed
to be much more intuitive [14].

Another problem commonly found in the Black-Litterman model is the
determination of 7 [44]. Idzorek calibrates the confidence of a view so that x/7
ratio is equal to the variance of the portfolio view (pTXp) [46], rendering the
scalar value of 7 irrelevant. Idzorek still presents his formulas with 7, but it

can be removed in order to simplify the equations [14].

3.4 Experiments with Brazilian stocks

Our process of composing a portfolio is divided in two stages: VDA and
Black-Litterman. In the first step, the investor must answer a series of questions
which will be used to create the views which, in turn, will be used in the Black-
Litterman to build the new portfolio. We created a methodology to construct

the view of the Black-Litterman model by using these questionnaires.

(a) Construction of the Views

Two different sets of questions were prepared. One of them is used to
identify what are the investor’s preferences regarding specific sectors of the
financial market, while the other aims at mapping the investor’s perspective
regarding the companies he/she intends to invest in.

The questionnaire about the sectors contains 3 questions. The first one
on how the domestic scenario is favorable to that sector, the second essentially
the same as the first but regarding the external scenario, and the last one on
the growth expectation for that sector. It was conceived simple, so it can be
answered by most people.

The other questionnaire, about the stocks, has 7 questions regarding risk,
reliability, expected growth, innovation, profitability, management, and com-
pany employees. It was also conceived to be as simple as possible, comprising
only a few questions.

In order to construct the views based on the answers given in the
questionnaires, we use the FIQ of the ZAPROS-III method. We consider the
FIQ as a rating through which we can quantify not only the classification of

stocks, but also how much one stock is better than another one. The FIQ has
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to be transformed into a standard for the views, and the values are normalized
between 0 and 1 to create an absolute view that represents the investor’s
perspective.

For questionnaires such as the one about sectors, in which an alternative
represents multiple stocks, we chose to equally divide the value attributed to
the sector among the stocks. For example, if the value of the sector is considered
to be 0.5 and we have two stocks, each one will have a value of 0.25.

Because confidence is a parameter that is somewhat complicated to
determine — even as a percentage —, we decided to insert one more question
in the questionnaires, in order to gauge how confident the participant is with
his/her answers, thus obtaining the confidence of the view. To discretize the
values, this question has four possible answers (very little confidence, little
confidence, reasonably confident and very confident), which are associated with
25, 50, 75, and 100 percent of confidence, respectively.

The last parameter of the view is the expected return. To have sufficient
impact on the portfolio, we chose 0.5% as its value. This value was chosen
based on the expected return of the assets and would be better calculated
automatically, but it was not possible to conceive a general formula which was

appropriate for any case.

(b) Results

To better understand how this methodology would behave in practice,
a test program was conceived to work with the Aranau [31] and Akutan
[14] frameworks. After the questionnaires have been filled out, the program
generates a graphical report showing the optimal portfolio and its details.

The Black-Litterman analytical resolution of the optimal portfolio has
some limitations: even while using a Lagrangian decomposition, like in Silva
et al. [47], the resulted formulation still cannot assure that the stocks’s
percentages are positive. Because of this limitation, the Jay Walters framework
has to be extended to solve the problems using the CPLEX? solver.

We chose the 10 major companies negotiated in the Brazilian market?:
Petrobras, ItatiUnibanco, Bradesco, Banco do Brasil, Vale, Itatisa, Eletrobras,
Sid. Nacional, Cemig and Oi. For each of these companies, we chose the
stock with the highest negotiated volume to construct our portfolio and define
the corresponding sector. These companies operate in the following sectors:
electricity, financial, mining, oil, gas and biofuels, steel mill and metallurgy

and telecommunications.

2Version 12.4.0.0
3In 2012 according to Forbes
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After answering the questions, we obtained the FIQ values for the stocks
Table 3.1 and for the sectors Table 3.2. The lower the FIQ, the better
the alternative. Therefore, these values were normalized using the difference

between the maximum values of the companies.

Stock Sector FIQ Stock
Petrobras Oil, gas and biofuels 19
ItaiUnibanco Financial 15
Bradesco Financial 26
Banco do Brasil Financial 19
Vale Mining 11
Itatusa Financial 31
Eletrobras Electricity 39
Sid. Nacional | Steel mill and Metallurgy 31
Cemig Electricity 31
Oi Telecommunications 46

Table 3.1: FIQ and sector of the stocks

The same normalization is done with the sector FIQ, but with the values

being distributed for all the stocks in the sector.

Sector FIQ Sector

Oil, gas and biofuels 12
Financial
Mining
Electricity
Steel mill and Metallurgy

S 00 W g o~

Telecommunications
Table 3.2: FIQ of the sectors

The expected return were estimated as the mean of the daily returns
for February 2013, and these values are shown in Table 3.3. The returns vary
greatly, but this was not specifically for this month, as the Brazilian market

was experiencing some instability.
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Stock Exp. Ret.
Petrobras -0.6107
[tatUnibanco 0.1759
Bradesco -0.145
Banco do Brasil 0.4877
Vale -0.3962
[tatusa 0.1924
Eletrobras -0.1139
Sid. Nacional -0.6274
Cemig 0.3786
Oi -0.5714

Table 3.3: The expected return of the stocks

Considering a confidence level of 75% for both the stocks and sector
questionnaires. Finally the views are composed by the confidence level, the
return and the normalized FIQ values for both the assets and the sectors,

which can be seen summarized in Table 3.4.

Stock View sector | View stocks
Petrobras 0.14 0.00
ItatUnibanco 0.16 0.08
Bradesco 0.10 0.08
Banco do Brasil 0.14 0.08
Vale 0.18 0.14
Itatsa 0.08 0.08
Eletrobras 0.04 0.13
Sid. Nacional 0.08 0.11
Cemig 0.08 0.13
Oi 0.00 0.17
Confidence 75% 75%

Return -0.0013 -0.00083

Table 3.4: A summary of the views data

Inputting the calculated views into the Black-Litterman, we obtain the
optimal portfolio of the Figure 3.3. To analyze how the portfolio changes, the

equilibrium portfolio is presented in Figure 3.4.
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Bradesco

5.7%

Banco do Brasil ItatiUnibanco

19%

———09%1 Sid. Nacional

Eletrobras
Cemig
Figure 3.3: The Black-Litterman portfolio with our views

Banco do Brasil

41.5%

58.5%

Cemig
Figure 3.4: Equilibrium portfolio

To analyze the sensibility of our method, we conducted some experiments,
as we shall see. However, we must emphasize that an improvement in the
qualification of an asset does not necessarily mean an increase of its percentage
in the optimal portfolio, as this variation also depends on the correlation and
on the assets’ return rates.

Answering the questionnaires with better expectations regarding the
growth, the risk, the innovation, the profitability and the employees of Sid.
Nacional, we obtained the portfolio in Figure 3.5. The participation of Sid.
Nacional’s stocks in the portfolio increased from 0.9% to 8.6%. The increment
was small because of the stock’s equilibrium return and high correlation with
Eletrobras.
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Bradesco

Banco do Brasil of
ItatUnibanco

20.5%

8.6%
Sid. Nacional
Eletrobras

Cemig

Figure 3.5: Result of the increase in the qualification of Sid. Nacional

The same thing happens if we increase the qualification of Oi, as seen in
Figure 3.6. In this case, the correlation between Oi and Bradesco is negative,

which explains why Bradesco’s percentage also increases.

Bradesco

ItatiUnibanco
17.4%

7%
Banco do Brasil Oi

8.
Cemig

Eletrobras
Figure 3.6: Result of the increase in the qualification of Oi

We have similar behavior when we increase the qualifications of the
sectors, but in this case the change is less significant due to the return of
the sectors’ view and because the increase is distributed among all the sector’s
stocks.

To analyze how the resultant portfolio would perform in different situ-
ations it was simulated two different views considering the future return of the
stocks. It is assumed that the investor answers the questionnaires knowing the
asset that will have the highest return and that is the only asset that he/she
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wants to invest. In the first scenario we have the best possible outcome, i.e.
the investor guess was right and he/she invested on asset with highest return.
In the second scenario the asset behavior contrary of what the investor was
expecting, resulting on the worst portfolio return among all.

The performance was evaluated for a period of 6 months from February
to September of 2013. In Table 3.5 it is presented the returns of the stocks for
this period and Table 3.6 the returns for the sectors.

Table 3.5: stocks returns for the period

Asset | Ret. (%)
Petrobras 4
ItatUnibanco -6
Bradesco -13
Banco do Brasil -7
Vale -7
Ttausa -7
Eletrobras -18
Sid. Nacional -2
Cemig -3
Oi -44

Table 3.6: Sectors returns for the period

Sector | Ret. (%)
Oil, gas and biofuels 4
Financial -8
Mining -7
Electricity -10
Steel mill and Metallurgy -2
Telecommunications -44

Considering these values for the first scenario the highest asset return
is Petrobras and the sector with the highest return is Oil, gas and biofuels.
For the second scenario the worst asset return is Oi and the sector with the
worst return is Telecommunications. Resultant portfolios obtain by answering
the questionnaires considering those scenarios are presented in Figure 3.7 and
3.8.

In Table 3.7 also compare these two portfolios with the Market Portfolio
(optimized portfolio with the best Sharpe Ratio) and the portfolio generated
before (Previous).

Analyzing the worst scenario it is evident the problem of allocating the
portfolio entirely in an active disregarding the risk. If the investor had invested

everything on Oi he/she would have lost 44% of its initial investment, using
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Petrobras
ItauUnibanco
33%
Banco do Brasil
Cemig

Eletrobras
Figure 3.7: Result of right scenario, where the investor guess is right

Banco do Brasil

Cemig

0Oi

Figure 3.8: Result of wrong scenario, where the investor guess is wrong

Table 3.7: Return for the different scenarios and the Market Portfolio

Portfolio | Ret. (%)
Previous 93.04
Market Portfolio 95.19
Right Scenario 97.46
Wrong Scenario 82.35

the methodology proposed in this article that loss would decrease to 18%.
However, a gain that would have invested in investor Petrobras decreases from

4% to -3%. These results indicate a decreased risk of the portfolio.
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4
Dynamic Asset Allocation Under Uncer-
tainty

In real life applications, we deal with decision-making processes marked
by uncertainty, i.e., with choices having to be made considering future realiza-
tions of risk factors. Stochastic Programming aims at finding optimal solutions
for such cases involving uncertain data. These decisions also have to be con-
tinuously and periodically re-evaluated, which is why real life applications are
often modeled as multistage stochastic problems.

However, there are many challenges in modeling and solving this type of
application in order to avoid the curse of dimensionality, which is the major
obstacle for multistage stochastic decisions. In fact, in several cases analysts
have to deal with a very large number of possible outcomes at each stage and
the scenario trees grow exponentially with the number of stages. Thus, as the

problems grow, the number of scenarios can easily become enormous.

4.1 Introduction

There are two common types of methods that can be implemented to
solve multistage stochastic problems. Methods for scenario decomposition, like
progressive hedging and L-shaped (nested Benders); and sampling-based de-
composition methods, such as Stochastic Dynamic Dual Programming (SDDP)
[48], Abridged Nested Decomposition (AND) [49] and Convergent Cutting-
Plane and Partial-Sampling Algorithm (CUPPS) [50].

It is important to highlight that in most cases only sampling-based
methods can efficiently solve problems with a large number of stages, as even
for modern processing power other methods still require a huge computational
effort. Hence, when dealing with large instances, sampling-based algorithmis
are the most appropriate approach.

Pereira and Pinto [48] introduces the SDDP method, through a scenario
sampling process it adds new constraints on the problem using the dual
optimal solution. To overcome the curse of dimensionality, it assumes temporal
independence to separate cost-to-go functions by stage. Sometimes, however, it

is not reasonable to assume stagewise independence for some kind of problems.
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Therefore, if the problem presents some level of temporal dependence, the
challenge is to modify the SDDP methodology keeping the cost-to-go function
independent by stage.

Some problems with temporal dependence in the right-hand side, such as
the hydrothermal scheduling, are treatable augmenting the state space [51]. In
the hydrothermal model, for example, the rivers’ inflows are time-dependent
and, in order to create the independence between stages, the proposed solution
is to use the inflow as state variable [52] [53]. To represent this linear
correlation, it is also necessary to change the right-hand side accordingly.
However, this approach is specific for problems with right-hand side linear
dependence.

Mo et al. [54] and Philpott and Matos [55] have shown that when the
relationships between stages are nonlinear, the problem can also be modified
to maintain stagewise independence. Using the Markov chains to model
the nonlinear temporal dependence, it is also possible to preserve stagewise
independence between cost-to-go functions. As in the other methods mentioned
above, the downside of these approaches is to increase the state space, thus
raising the computational effort needed.

Furthermore, it is well-known that in financial time series returns also
have a nonlinear dependence [56,57]. Portfolio optimization problems can be
modeled as multistage stochastic problems in which for each stage a decision
has to be made regarding where to invest. Therefore, multistage problems
concerning asset allocation have temporal dependence on the left-hand side
and are usually solved using scenario trees like in Valladao et al. [58]. However,
not all the uncertainty regarding a problem can be represented using scenario
trees, because it would become computationally untreatable.

When Dantzig and Infanger [59] researched this problem in 1993, they
used classical Benders decomposition to solve the multistage portfolio problem.
Nonetheless, their method relied on multidimensional integration, and the issue
of dependence between stages was stated but not resolved.

Assuming temporal independence and no transactional cost, the optimal
multistage asset allocation solution is obtained by a myopic policy [60],
allowing such problems to be easily solved by solving a 2-stage problem.
However, when confronted with the reality of transaction costs and temporal
dependence, the proof of optimal myopic policy is not valid.

Our proposal in this chapter is to solve practical multistage asset alloca-
tion problems with realistic assumptions. Modeling the temporal dependence
as a Hidden Markov Model (HMM), using Gaussian mixture, where the state

likelihood depends on historical returns.
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In SDDP, we will create a worth function for each Markov state and
stage, with the states probabilities at each stage depending on past returns.
The downside of this approach is that it increases the size of the state
space. Normally, for financial series the states of the Markovian process are
concealed. Consequently, the HMM — a well-established technique — has been
used to predict returns and determine the states probabilities. Using the worth
functions for each Markovian states this proposed methodology will solve an
approximation of real problem.

Similar approach was used in Mo et al. [54] Philpott and Matos [55],
although their approach are different, the dependence is on the right-hand
side, while in the asset allocation problem it is on the left-hand side, and they
have observable states.

In these dynamic decision problems, like multistage asset allocation,
there are much uncertainty about the future realizations making necessary
to incorporate some form of risk aversion in the optimization model. Several
risk measures have been used for portfolio optimization [42], the Conditional
Value at Risk (CVaR) has recently become widely used because it is a coherent
risk measure [61,62] [63] [51].

It is very important to use a time consistency model with a clear
interpretation of the objective function. To overcome skepticism and earn
the investors’ trust, it is necessary that they understand what is the main
objective of the optimized portfolio. Time consistency is also a concern, since
inconsistency may not take risk aversion into account. Therefore, we are going
to adopt a recursive model based on convex combination of the expected
value and CVaR, as it ensures temporal consistency and can be interpreted
as certainty equivalent of the fund.

Section 4.2 describes a brief review of the SDDP with risk neutral and risk
averse proposals, in Section 4.3 we present the SDDP methodology modified
to asset allocation, with different assumptions, our proposal the H2SDDP and
the ambiguity aversion approach. Finally, Section 4.4 brings the experiments

in portfolio selection to analyze how the methods will perform.

4.2 Stochastic Dynamic Dual Programming

Stochastic Dynamic Dual Programming (SDDP) is an extension of
the Benders decomposition [64] that overcomes the curse of dimensionality,
common in multistage stochastic problems, by creating for each stage an
approximation of the cost-to-go function using a set of linear functions (cutting
planes) [48].
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In the literature we can find other multistage stochastic programming
methods that also uses sample average approximation [50] [49], all these meth-
ods successively sample the distribution, constructing better approximations of
the cost-to-go function. What distinguishes SDDP from the other methods is
how the cutting planes are evaluated, using the dual solution, making possible
to share cuts between solution of the same stage.

SDDP, and most of the sampling-based methods, assumes stagewise
independence to avoid having multiple cuts by stage. Considering stagewise
independence, the cutting planes can be shared between solutions from the
same stage. Thus only one approximation of the cost-to-go function has to be
constructed at each stage.

The SDDP algorithm is divide into two main parts, a simulation forward
in time and a backward in time recursion. It generates trials solutions x;; in
forward step and in backward step uses this solutions to compute the cutting
planes for cost-to-go functions.

More specifically, forward step sample m € {1,..., M} scenarios to
construct trial solutions x}" chosen from NV, random realizations for every stage
t. For each of these scenarios and stages it is evaluated the optimal solution
using the current approximation of the cost-to-go functions. This procedure
has this name because it goes forward in time taking samples from 1 to T
stages.

Backward step goes in the opposite time direction, from 7T to 1, taking
advantage of subsequent evaluated cuts. In backward step, the trial solutions
obtained in forward step are used as the solution for previous stage x;_;. For
each stage and sample it solves a problem to find the optimal value x;. These
results are used to calculate the cutting plane of the stages and then added to

the corresponding stage’s set of cutting planes.

(a) Risk Neutral SDDP

The following section is dedicated to present the dynamic programming
equations for the original SDDP, keeping in mind the assumption of stagewise
independence. The notation adopted herein is similar to that of Shapiro in
[60]. SDDP constructs a Sample Average Approximation (SAA) of the “true”

problem by sampling scenarios, typically using Monte Carlo. The generic risk

§T—1:|

neutral formulation for multistage stochastic problems is

max clTx1 +E max CQTXQJr...JrE max c; X7
Ai1x1=b; Asxs=ba—Box; Arxr=br—Brxr_1
x12>0 x22>0 x7>0

§1] (41)
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The number of stages is T and the number of conditional discrete

realization in each stages is V;. In this problem, a realization is

&i(s) = {ci(s), As(s), Bi(s), bi(s)} (4.2)

To reduce notation, in this formula and throughout the text & (s) has
been simplify, leaving &;; = {c;s, Ays, Bis, bys }. Assuming independent samples
with & € {&a, ..., &} VE € {2,..., T}, that means & does not depend on
{&,...,&-1} and that the cost-to-go functions Qyy1(xy¢,&+1) is independent

from past data. The multistage stochastic dynamic programming equation is

Qt(Xt—b fts) = rr;ax CtTSXt + Qt+1 (Xt) (4-3)
s.t. AyXxy = by — BroXxyq P Ts
Xt 2 0

where 74, is the vector of dual variables.

In this case, the cost-to-go function is

Ny
1
Qui1(xy) = ﬁt § Qir1(Xt, Ev15), VEEH (4.4)
s=1

In the last stage Qr(-) = 0. The cost-to-go function Q;y1(x;) shall be

approximated by a set of cutting planes Z;

Qi(xi-1) = %%X{ét(xtq,l) + fgv;(xtfl —Xp1)}, VEeH (4.5)

where ét(xt—l,l) = % PN @t(xt—17la §15) and gy = —N% S B

Using the dynamic programming equations, the SDDP algorithm can
be explained in further detail. In forward step, it uses @t+1(xt) with current
collections of cutting planes, to find the trials {x7",-- - ,x7'} for backward step.
Backward part goes from 7" to 1, using the trial solutions as x;_; to add new
cuts by evaluating ét(xt—l,l> and g;. The number of scenarios sampled in
forward will determine how many cuts will be added for iteration.

An estimate of an lower bound is evaluated during the forward procedure
by multiplying the trial solutions by the cost. The upper bound is obtained by

solving the first stages’ problem, using the sets of cutting planes Qs(-).

(b) Time Consistent Risk Averse Model

This section presents the formulation for the risk averse model for
multistage asset allocation problems, using CVaR as risk measure and assum-

ing independence between stages. It is important to notice that the definition
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of Value-at-risk for gain distributions [63] differs from the original [65], when
the domain is the final net worth(gain). To differentiate both definitions, we
will call the Value-at-risk for gain distributions VaR and the traditional Value-
at-risk for net worth VaR, analogously for CVaR and CVaR. As this section

will cover gain distributions, it will use CVaR, as in [63].

Conditional value at risk

Standard deviation is the most commonly used measure of dispersion
for asset allocation, however, there are other popular risk measures, such
as Absolute Deviation and Mean-Absolute Moment, as well as downside
measures like semivariance, Value at Risk (VaR) and Conditional Value at
Risk (CVaR), [1]. While dispersion measures attribute an equal weight to the
deviations below and above the mean, for downside risk measure the most
important part is on realizations worse than the portfolio mean return. The
downside risk measure suggests that the left-hand side of a return distribution
gives information about risk, while the right-hand side contains investment
opportunities [66].

One of the preferred downside measures is VaR, vastly used by financial
institutions to report on the exposure of their portfolios to risk. VaR is the
maximum portfolio loss within a certain confidence level «, normally 95% or
99% !. The popularity of this measure is due to its simple interpretation as the
maximum reasonable loss for a given portfolio. Formally, for a random variable

Z VaR is defined as?
VaR,(Z) =inf{l : P{w e Q| -Z(w) >1}) < (1—a)} (4.6)

Despite the popularity of VaR, this risk measure has several undesirable
properties. For one, it does not consider extreme events, changes on the tail
distribution will not have any impact on VaR. It is not subadditive, and more
diversification may lead to an increase in the portfolio risk, what also creates a
non convex function, making it unattractive for optimization. These issues with
VaR motivated the creation of a set of desired properties for risk measures, i.e.
what properties they should have to become coherent risk measures [65].

Therefore, using Z as the set of possible gains, for a risk measure
p: Z — R to be coherent it must satisfy the following axioms (for Z and
7' e Z):

1. Convexity, p(IZ + (1 —=1)Z") < Ip(Z)+ (1 —1)p(Z') | € [0,1];

IThis definition differs from [63], where the (1 — «) is the confidence level and « is a
small number

2 As we are using gains W;, we will use the original definition of VaR. [65] when the domain
is gain and not loss.
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2. Monotonicity, if Z < Z’ then p(Z) < p(Z');
3. Translation equivalence, if a € R then p(Z + a) = p(Z) + a;
4. Positive homogeneity, if [ > 0 then p(IZ) = lp(Z).

It is common to find in the literature studies defining the subadditivity
property instead of the convexity, because subadditivity and positive homo-
geneity are sufficient to ensure that p(-) is convex.

Over the last decade, a special effort has been made to use and find coher-
ent risk measures, CVaR being one example of solution found for this purpose.
Also known as expected tail loss (ETL), it is the conditional expectation of
losses beyond the VaR, and the mean of the distribution tail on the right side
of the VaR. It can also be simply explained as the expected loss when the VaR
is exceeded. CVaR is defined for a loss distribution(-Z)

CVaR,(Z) = VaRa(Z2) + (1 — o) 'E[~Z — VaRa(2)]4 (4.7)

Initially proposed by Rockafellar and Uryasev [62] for portfolio optimiz-
ation, the advantages brought by the CVaR, often proposed as a substitute for
the VaR, have led to many studies and applications [61,63,67]. It was lately
used by Shapiro [63] in conjunction with SDDP to propose and solve a risk
aversion multistage stochastic problem.

In definition (4.7), it is important to note that CVaR is an upper bound
for VaR, i.e. CVaR is always equal or greater than VaR. As a result, one
solution with constraint CVaR,(Z) < x will remain feasible for VaR,(Z) < k.
Figure 4.1, illustrating the concept of VaR and CVaR for loss distributions.

Frequecy

-V@R

Probability
11 - a)==—

-CV@R

Gain

Figure 4.1: -CVaR and -VaR for gain distribution
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As a coherent risk measure, the CVaR should be an appropriate way
to assess the risk. However, we want to stress the fact that if one chooses a
dynamic model, time consistency should be a concern since an inconsistent
policy may not consider aversion risk [68].

In a maximization problem it can also be used an alternative definition

using -CVaR to evaluate the equation above, as follows

—CVaR,(Z) = supueR{u — W} (4.8)

where £~ = — min(z, 0).

(c) Stopping Criteria

For general deterministic problems, as well as for deterministic Benders
decomposition, the optimal solution is achieved when the lower bound and
the upper bound are the same. However, the SDDP problem is SAA of the
“true” problem, thus the lower and upper bound are an approximation of the
actual value for the real “true” problem, and one has to consider the confidence
interval of this values to compare them.

Although the finite convergence of SDDP and other sampling-based
methods has been proven [63,69], the computational time required for the
algorithm to actually converge could be considerable. The traditional stopping
criterion proposed by Pereira e Pinto [53] consists in stopping SDDP when
the upper bound get into the lower bound’s confidence interval. As exposed
by Shapiro 2011 [63], this criterion does not seem to make much sense and
it would be more logical if the algorithm stopped when the gap between the
upper limit of the lower bound and the upper bound became small enough
(< €). However, this gap can be very large and normally does not get narrow
enough within a reasonable computation time [70].

There has been debate around what should be the stopping criteria
of SDDP. Several other different stopping criteria have been proposed in
the literature, but to this date none has been widely accepted as being the
best one. Additionally, finding the lower bound for the multistage stochastic
maximization problems that uses nested CVaR [63] is not easy. In spite of
some promising attempts [71], as seen above, there is no guarantee that by
using a stopping criteria with lower bound the solution of SDDP will converge.
Actually, in practical problems, achieving convergence is very time-consuming,
thus most of the time the SDDP has to be stopped before finding the optimal
solution. Further debate on the convergence of SDDP can be found in [63,72].

Despite all the discussion around the convergence of SDDP, the most
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straightforward method to stop SDDP with nested CVaR is the stabilization
of the upper bound. As pointed out by Shapiro [63], the stabilization of the
upper bound does not mean that SDDP is close to the optimal solution.
However, during this thesis, when stabilization was achieved, even by changing
the number of trials and leaving the algorithm running for many days, the
upper bound could not be changed. Thus, given the fact that none of the
methods has guaranteed convergence, we think that the stabilization of the
upper bound represents the better trade off between the computational time

and proximity to the optimal solution.

(d) Sampling Scenarios

The idea to represent the random process through samples was used
by different authors over the years. Sample Average Approximation (SAA)
consists in representing a distribution by random realizations sampled from
“true” distributions. Therefore, the “true” optimization problem is replaced
by its SAA version. The method traditionally used in SAA is the Monte Carlo,
that randomly selects independent and identically distributed (i.i.d.) samples,
all realizations having an equal probability of being selected.

In practical situations, sampling the scenarios with Monte Carlo requires
a large number of samples in order to keep deviations small. Nonetheless,
there are techniques that can be used to reduce the variance, like Importance
Sampling and Latin Hypercube Sampling.

Importance sampling having been created to be a variance reduction
technique [73], but is also particularly useful when it is impossible to sample
from the real distribution, it allows to study and analyze a distribution using
samples taken from another distribution.

J; gi is well defined, if there

is some 2z € R? where f(z) = 0, then g(x) = 0, the expected value of a random

Assuming that the likelihood ratio function

variable X ~ h can be calculated as
h(z)f(x) h(X)f(X)
E(h(X :/hxfxdm:/—gxdx:]E —_— 4.9
(h(X)) D()() @) () i\ " 5(X) (4.9)
For a given set of i.i.d. samples x; drawn according to a probability

density ¢g(X) the importance sampling estimator of u = E,(h(X)) is
- 1 ¢ h(z:) f (i)
== 3 g (4.10
' g >

The importance sampling estimator /i, is an unbiased estimator of p. By

sampling from distribution probability density function g(-) and making an
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adjustment using the likelihood ratio ch ((;13 , it is also possible to obtain samples

from the original or nominal distribution h.

This approach in SDDP may be used, for example, for a cost-to-go func-
tion Qy(x;_1,&:s), while an importance sampling estimator can be evaluated
given realizations different form £. However, as indicated by Shapiro in [60],
the importance sampling method has some issues, it is very sensitive to the
choice of p.d.f., for example, and its instability is notorious, even for small
perturbations in g(-).

Latin Hypercube Sampling, another variance reduction technique, uses
probability dense inverse function to sample the distribution more evenly.
Initially proposed by Mckay et al. 1979 [74], it is a stratified sampling method, a
K-dimensional extension of Latin square sampling. Latin Hypercube Sampling
divide the p.d.f. in intervals with the same probability and collect one sample
from each interval. Controlling how random samples are generated, the method
spreads the samples more evenly throughout the distribution.

It is possible to observe on Figure 4.2 how Latin Hypercube Sampling
method performs on two uniform distributions X ~ U(0,1) and Y ~ U(0,1).

06
04

0.2~

0 I I I I ]
0 0.2 0.4 0.6 0.8 1

X

Figure 4.2: Example of Latin Hypercube Sampling for uniform distribution
with two dimensions

To illustrate how Latin Hypercube Sampling and Monte Carlo behave,
two examples were designed, which can be seen in Figure 4.3 and Figure 4.4. For
the first example, five hundred iterations were performed, sampling 30 points of
normal distribution N ~ (0, 1) by using Monte Carlo and also Latin Hypercube
Sampling. The resulting figures present the estimated normal distribution for

each one of the five hundred iterations.
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Figure 4.3: Sampling with Figure 4.4: Sampling with
Monte Carlo Latin Hypercube Sampling

On the figure it is clear that the variance of the Monte Carlo is larger
than the Latin Hypercube Sampling. Latin Hypercube Sampling also requires
a reasonable number of examples, mainly to better represent the distribution
tails. The intervals on the tails are bigger, as we can see in Figure 4.5, thus more

samples would be necessary to better represent this part of the distribution.

0.4 /v\

0.35[ i
0.3 i
0.25
0.2
0.15
0.1

0.05

Figure 4.5: LHS interval for a normal distribution N ~ (0,1)

4.3 Stochastic Dynamic Programming for Asset
Allocation

In this section we will explain how to adapt SDDP for multistage asset

allocation. First, we will begin with the risk-neutral formulation and risk averse
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formulation, followed by the time independent model, transactional costs with
SDDP and, finally, by our proposal to treat temporal dependence.

Supposing an investor wishes to construct a portfolio dividing a given
amount of cash among the assets {xy;, Vi € A} each of which has an uncertain
return r;(s) for time ¢. Each stage brings the need to reallocate the portfolio,
considering the profits obtained in the previous stage W; = (1 + rt)Txt,l.
Considering an initial capital W7, and not allowing a short sell (i.e. x > 0),

the risk-neutral portfolio multistage stochastic problem is stated as

max E| max E max E[WT‘f[T_H] R gt (4.11)
ﬂTX1=W1 ]lTXQZWQ ﬂTXt71:WT,2
x12>0 x22>0 x¢—1>0

The realization of the investment made in t is accounted for in the following
stage t + 1. The optimal solution for this risk-neutral formulation would be
to allocate everything in the asset with the highest expected profit. However,
it is a known fact that investing everything in a single asset is not very wise.
Neglecting risk in the optimization problem can lead to big losses, especially
in fall trends.

Using #(+); function it is possible to add risk aversion formulation for

rlu (4.12)

The function v (-), is the convex combination combination of the expect value

asset allocation

max | max s max U _o [WT IF[T_I]} .
]]-TX1:W1 ]].TXQZWQ ]].TXt_lsz_Q
x12>20 x22>0 x¢_1>0

and the CVaR, as it is a maximization problem. Formally, the function 1);(+)
is

bi(Z|&) = (1 = ME[Z]|&] + AM(—CVaRa[Z]&]) (4.13)

(a) Myopic policy: No transaction costs and temporal in-
dependence

For the special case when the multistage portfolio selection does not
have transactional cost and no temporal dependence the optimal solution can
be easily found using a myopic policy. In the appendix A.2 it is presented the
myopic prove for a coherent risk measure [60].

The myopic policy, that aims on maximizing one-step reward ignoring
the impact on future rewards, is optimal. However, this policy is optimal in a
very specify situation. In a more realist situation, with transactional costs, the

myopic policy is not optimal.
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(b) SDDP for asset allocation: Transaction costs and tem-
poral independence

In this section, the asset allocation problem will be formulated with x;
in the state space and risk aversion with CVaR, in order to be used in SDDP
and to later include transactional costs. However, this model still disregards
the temporal dependence.

According to Rudloff et al. [68], the nested CVaR is the certainty
equivalent of the portfolio and, consequently, the worth of the portfolio.
Therefore, for the multistage asset allocation problem the cost-to-go is actually
the worth function. The dynamic programming equation can be defined using
the risk averse multistage formulation for asset allocation (4.12) and the
function 1(-)(4.13). The worth function is

Q¢(x¢—1,T;) = max I_'tTthl + Q1 (xy) (4.14)
Xt

S.t. ]lXt = (f‘t + H)Txt_l

XtZO

and the expected recourse function, in this case, the portfolio expected worth

function is
1
Qipa(xe) = (1 - ’\>N D Quia(xiria(s)+ (4.15)
¢ s=1

A (@M<xt, () ~ ey S (@t (0 11 (5) — Qe rtH(r))])

s=1

Is important to emphasize that the Qu1(Xs,re41(7)) is the -VaR of
{Qui1(xe,v001(1)), -+, Quir (X4, i1 (Ny)) }, 1. the right or positive a quantile.
Herein the -CVaR, and consequently -VaR, will be evaluated using the dual
representation of the CVaR that is a fractional knapsack problem [61,65].

N
—CVaR(X) = r%inZQt+1(xt, ri1(s)) X v (4.16)
S os=1
Nt
s.t. sz =1

s=1

< L Vs e {1 N}

US_(l_a)Nt S yee ey Vg
vs >0 Vs e {l,..., N}

To determine the cut, it is necessary to evaluate the subgradient of the
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worth function Q;(x;-1), it was used -CVaR. With ~,, being the subgradient

of Q,(x;_;) at point X} _;, the subgradient of the expected recourse function is

Nt Nt
. 1
g =VQi(xj_y) =(1- /\)ﬁt Z'Yts + A ('Ytr - Z 77ts> (4.17)
s=1 s=1

where using the weights vy of (4.16) we have n,,Vs € {1,..., N;}

)0 if Qu(x-1,1:(5)) > Qu(X¢-1,14(7))
T’ts - . (418)
—(’7t+1,s - ’Yt+1,r)Us if Qr(x¢-1,14(8)) < Qu(Xe-1,14(7))
and the subgradient of Q;(x;) changes to
Y=t + (L+r) 7 (4.19)

It must be kept in mind that traditional SDDP is a minimization problem,
however, this work maximizes the objective function, thus the solution of

Q:(x;_1,T;) is an upper bound to the model presented here.

Transactional costs

Most of the early asset allocation methods did not consider the transac-
tional costs on purchases or sales of assets. When the costs of each transaction
are neglected, the gain apparently obtained can be misleading. Depending on
the frequency of the transactions and costs, an estimated positive return could,
in reality, became loss. Moreover, costs stimulate the maintenance of the se-
lected portfolio in the previous period, because it is an explicit regularization
of portfolio movements. It is a L1 regularization [75], since the sum of the
absolute differences, the changes on the portfolio, is penalized on the object-
ive function. It will be seen later in the experiments section this behavior in
practice.

Introducing d;; and d;; to represent how much from each asset 4 is bought
and sold. Also, the variable ¢ that is the proportional cost, selling will bring
an income (1 — ¢)d;;, and buying will mean a cost (1 + ¢)d; to current wealth

(1 +7)"x;_1. The problem with transactional cost can be formulated as

Qt(xtfla f't) =
max B xo1 — Yy e(d +dy) + Qia(xy) (4.20)
Xt Gp Gy i€A
s. t. LTxi 4 (df+dy) = (1+710) "%y (4.21)
€A

d,d;,x, >0 (4.23)
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Notice that there is no transactional cost in the purchase or sale of risk-
free asset. Furthermore, in this model the complementarity of the simultaneous
purchase and sale of a given asset is guaranteed, i.e. dfd,;; = 0. If there
were simultaneous purchase and sale operations of an asset, that could not
be the best solution as it would be possible to obtain a better return without
interfering with xy;.

The subgradient of the worth function for SDDP also changes. In this
context there are additionally A dual variables, represented by the vector
my € R4 associated with constraint (4.22), then the subgradient of Qy(x;)
become

vy =T+ (L +71) 7w+ (1 +1,) 7 (4.24)
with 7r; representing the dual variables of constraint (4.21). Furthermore, the
optimal solution of this new problem cannot be found using myopic policy,

now it cannot ignore future implications caused by the current decision.

(c) H2SDDP for allocation: Transaction costs and temporal
dependence

In previous sections it was shown that when the multistage asset alloc-
ation problem has no time dependency the optimal solution can be achieved
using a myopic policy. When transactional costs are added to the model this
myopic optimal behavior does not hold, under these circumstances the tradi-
tional SDDP can be used to find the optimal solution. However, the stagewise
assumption of traditional SDDP is an issue when modeling temporal depend-
ence problems. In this section we will discuss some approaches to model time
dependency and how to modify SDDP for this purpose.

In many applications a more general problem has to be considered, when
there is time dependency between the stages. The worth function becomes
dependent on the historical achievements of the random variable Q;,;(x;, T}).
Thus, we have a worth function (future cost function on original SDDP) for
each node in the stochastic tree, and therefore is so common to use L-shaped
methods. The hydrothermal scheduling is one of the problems that typically
has time dependency. This dependence usually occurs in inflows, on the right-
hand side of the problem. The inflows are modeled as an AR(1) autoregressive

of order one, that is
b; = ¢,;bi 1 + & (4.25)

Changing the stochastic process to & = (ci, By, Ay, ;) and increasing
the state space to (x¢, b;), we can define the generic problem as well as solving

it using the similar SDDP method used by independent case, problem (4.3),
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with the cost-to-go function as

Q(x¢-1,bi-1,&) = nggx CtTXt + Qpi1(x4) (4.26)

s. t. AtXt = —BtXt,1 -+ (ﬁtbt,l + &
Xt Z 0

Furthermore, in hydrothermal scheduling there are situations where the
inflows are best mapped as nonlinear functions, for example, as a Markov
process. There are some advantages in mapping the time dependency as a
Markov process, in addition to encapsulate all the historical information it
also incorporate autocorrelated dependency, this is extremely important since
seasonality is present in the inflows data [76].

Using Markovian process to represent the inflows probability distribution,
it is also possible to preserve stagewise independence between cost-to-go
functions. This approach was first develop in [54], and later adapted in [55]
for the New Zealand electricity system and similar methodolodgy was applied
to Energy contracts management of Liquefied Natural Gas in [77]. All these

approaches use deterministic states and has dependency on the right-hand side.

H2SDDP
Undoubtedly, the methodology developed by Pereira and Pinto [48],

SDDP, has great advantages, however, the assumption of stagewise independ-
ence is not realistic for some problems. When dealing with with temporal
dependence, the methodology must go through some adaptation in order to
be able to solve this type of problem.

In the alternative L-shaped method, there is one worth function for every
node of the scenario tree, each node has a unique history and the worth
function depends on the historical return. Therefore, this technique has greater
computational complexity since the expected worth function has to consider
the whole previous realization of the scenario.

The solution proposed here for multistage asset allocation is the Hidden
States Stochastic Dynamic Programming (H2SDDP), that can be described as
a combination of SDDP and L-shaped procedures. In the H2SDDP method,
the market is classified and separated by states, so only the probability of each
state depends on the past returns. The method can be seen as a generalization
of SDDP and L-Shaped, if the number of states is equal to the number of nodes
in the stochastic tree, the model will behave like L-Shaped; otherwise, if the

number of states is one, it will act similarly to SDDP.
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The foremost difference between the three methods (SDDP, L-Shaped
and H2SDDP) is the trade-off between how historical information is considered
in each node of the stochastic tree and the computational complexity involved.
With H2SDDP method we expected to achieve the best compromise in this
regard, as it creates a small increase in complexity while being able to deal
with problems with temporal dependence within a reasonable computational
time.

In this work the temporal dependence will be expressed as states of hid-
den Markovian process and the asset return will be modeled as a multivariate
mixture of Gaussians. There are other ways to separate financial time series
in states, the HMM was chosen because it is more suitable for necessities in-
volved in this circumstances. Indeed, the method is especially appropriate for
this application because it can be used to estimate the states likelihood and
to sample the return distributions given the states.

Many traditional financial applications used the normal distributions
with stationary parameters to model the log-returns distributions. Nowadays,
it is well known that this does not reproduce some important stylized facts or
well known properties of the financial time series.

Fama [78] study analyses the behavior of stock market prices and presen-
ted some evidences that contradicts the assumption of normality. Granger and
Ding [79] presented some of the stylized facts of properties for a variety of
log return series. Rydén et al. [80] shown that modeling the financial time
series as a Gaussian mixture according to the states of an unobserved Markov
chain, the HMM model, reproduces most of the stylized facts for daily return
series demonstrated by Granger and Ding [79].Thus, HMM is frequently used
to model return series [80-83].

Figure 4.6 is an example of a simple a HMM for stock market, which
uses, for the sake of simplicity, discrete emission distributions. The objective
is to determine the market state Bull, Bear, Neutral given the return status
of the current day stable, down, up. Observe that, given an emission, it is not
possible to determine, with certainty, what is the state; and given a state and

using the state emission distribution, we can obtain a realization.
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Figure 4.6: An example of HMM for stock market

But in this application the return of each asset will depend on the state
of the HMM, Figure 4.7 is an example on how return can be represented by

HMM as a mixture of Gaussians.
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Figure 4.7: An example of a Gaussian mixture model.

Since temporal dependence of the return series will be modeled as a
HMM, the SDDP’s worth function will be separated by state, creating a

stagewise independence. Therefore, there is only one worth function for each
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stage that depends on a specific market state. These functions do not depend on
the previous returns, only the probability of the Markov states is conditional to
historical returns. The downside of this approach is increasing computational
effort, since it has more worth functions, one per state.

Let us first assume that at time ¢ the market state k is known, then we

solve the following problem

Ur(xt|k) = tu[ug(xe, rt+1)|k] (4.27)

ik (X, o1 (5)) = Tepa(s) ' xi + max Z Up1(xe41|5) P (j] k)

xt41€X (x¢,re41(s

where U;(x¢|k) is the worth function given the state k and the transition
probability from state k to j is P(j|k).

In practice, since the state k is unknown, we need to solve problem (4.27)
using the past observed returns ry to estimate the states probabilities. To

simulate the system and find the optimal policy we solve the following problem

K

R (%1, %) =T X1+ max Y Uy(xi|k)P(k|ry) (4.28)

xt€X (X¢—1,Tt) )

where P(k|ry) is the likelihood of the state k estimated by the forward-
backward algorithm [84] given the past returns rp.

The worth function Q,,1(x;) is approximated by a set of cutting planes
7,

(x4 k) = max{utk(xt 1) F 8y (k1 —x 1)}, VEEH (4.29)
where Uy (x¢-1;) = E Zsztl Uk (X1, T(s)) and gy analogously to
equation 4.17 with the subgradient equal to 4.24.

To solve the problem (4.28), it is necessary to know each state’s prob-
ability, in order to weigh the worth function of the next stage. Our approach
with HMM uses past returns to estimate the present probability of each mar-
ket state in forward step. With the states’ probabilities, the objective function
can be evaluate by combining the state probability with the respective worth
function. Also, the states’ probabilities of each stage determine the joint dis-
tributions that are used to establish the sequence of observed returns.

In backward step, each state emission distribution is considered and
one or more cuts are added to each respective state. In other words, when
realizations from a given state are used, the cut will be added to the set of
cuts of that same state. Also, as in problem (4.28), the worth function is
conditional on the state, meaning there will be K functions per stage. Using

the dynamic programming equations above, the models used in forward and
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backward steps are (4.30) and (4.31), respectively, with transactional costs.

K
X; = arg max — Z (df +dy;) Z (x| k) P (K|t ) (4.30)

xt,d d

st 17x, +Z (df +d;) = (1 +71,) x4

vy — dfi +dy = (L+ Fu) T Vie A\ {1}
Xt,d;r,d; Z 0

Utk(Xt, rt+1(8)) :rt+1(S)TXt+ (431)
max = - Z (dj +dy;) + Zﬂtw (xe+1[7) P (j]k)
Xi+1,dyy1,dy icA
sS. t. ]]. Xe+1 + ZC d:; —+ d;) = (]l —+ rt+1(8))TXt
€A
Tp1,i — d:; + d; = (1 + Tt+17i<$))$ti, Vi € ./4\ {1}

+ —
X415 dt-i—l? dt+1 >0

In the backward step the decision at ¢t are conditional to the state at
time t for every t and for every state. In the forward step only the current
first stage is treated differently, i.e., the state is assumed unknown. Note that,
for the forward step the recourse or future decision are also conditioned to
the states. Separating the worth functions for each state makes this approach
an approximation for the SAA problem. The entire proposed algorithm for

H2SDDP approach is presented below.
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Algorithm 1 H2SDDP

Require: {Q%},_,

.....

7+1(Init. Upper approx.) and € = 0.0001 (accuracy)

Initialize: i < 0, Z = —oo (Upper Bound)

while stb_count < 5 and 7 < max do

Sample M scenarios: {{Tt(S)hgsgNt}

[Foward step]
form=1— M do
selects scenario Sy, = {To,..., I}
fort=1—=1T do

1<¢<T

i{: ut<Xt’]{])P(/€’I_'[Lt]) :

X' < argmax r—1

end for

end for

Xt

]lTXt = (]l + f't)Tf{ﬁl,Xt Z 0

[Backward step]
form=1—-M,t=T — 2do
for k=1— K do
for s =1— N, (k) do

[ (R0 74(8)), 77 (x4(5))] = max

end for

atk(iﬁﬂ

g e (1- )5 Z%erA(%TJr(laNZCtrt( )

qul —{xi1 € ‘utk DX > (X)) —

end for

end for

K
I‘t(S)T)_C?il + Z:lﬂtJrl(Xt’j)P(j’k) :
j=

]].TXt = (]]. + rt(S))TXﬁl,Xt Z 0

Xt

< (1 — )\)Ntl(k) Z |:Utk; Xt I,I't

)
Mitoin) = e & () -
U (X1, rt)} _}

)}

[Upper bound update]
K .
Z 4 max{ 2 ﬂ;Jrl(XlUC)P(kH‘[T]) . 1TX1 = (]1 + f'l)TXO,Xl > 0}

if |(z/lag,(z) — 1| < ¢ then
stb_count < stb_count + 1

else

stb_count + 0

end if
1+—1+1

end while
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The dynamic asset allocation process under uncertainty embeds a se-
quence of decision at each time succeeded by the asset return realization of
the following period. In Figure 4.8, an illustrative decision tree depicts the
described process. This example represent a generic time dependence of asset
returns, since it is possible to consider different conditional probability distri-

butions of ry,; for each given r;.

t-1 t

Figure 4.8: Decision tree of the generic problem with return dependence

In particular, when the return time dependence is modeled using HMM

the decision process can be represented as in Figure 4.9.

t-1 t

Figure 4.9: Decision tree of the problem with return dependence modeled with
HMM

Note that, in Figure 4.9 the conditional allocation at a given time would
depend on the whole history of asset returns, which would lead to an intractable
optimization problem where the full tree must be represented. In Figure 4.10,

represents an computationally tractable approximation of Figure 4.9, that can
be solved by SDDP.
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t-1 t

Figure 4.10: Decision tree of the problem of our proposal

(d) Robust H2SDDP for asset allocation: Transaction
costs, temporal dependence and ambiguity aversion

As previously mentioned, it is well known that is difficult to reliably
estimate the joint probability distribution of the returns, this uncertainty
regarding the distribution can be perceive as ambiguity. Therefore, we propose
a model that is robust to such uncertainty assuming that the investor would
be averse to ambiguity.

For portfolio optimization, there are some approaches using ambiguity
aversion over mean-variance model to mitigate the returns estimation errors
[85, 86]. Our methodology is an alternative to the previously mentioned
methods in Chapter 2, to construct a robust model that reduces the sensitivity
of Markowitz’s optimal portfolio.

In the H2SDDP optimization model there is uncertainty about the
likelihood of the states, thus our approach will be to estimate the interval
of possible values for each state. It will be used those intervals on a robust
optimization to obtain a portfolio less sensitive to changes in the returns
distribution. This formulation is a generalization of the H2SDDP, presented in
the previous Section 4.3(c).

The objective function is similar to (4.28), but in this case we will use
a confidence interval for P(k|rp ), that is ¢z < P(k|r[1y) < G The robust

model will choose the worst combination of p, between these values.

K
i U, k 4.32
min ; oA (4.32)

Q= {qeRK

quzl,géqéa,} (4.33)

keK
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Using (4.32) and (4.33) we can define our 2-stage robust problem as

K
Xte)lr(r%)%iljt)mgn kz:; Up(x¢ k) g (4.34)
s. t. qu =1 1z
k
—qx > —q, Yke{l,...,K}:uy
Qe > qr VEe{l,...,K}:wg
z >0

The objective function has a nonlinearity due to the product of first
and second stage variables U;(x:|k) gx. To solve the two-stage problem (4.34),
first we have to formulate the dual problem of (4.32), using the dual variables
(2, wg, yg) we have
K

max z+ Z (@tuk — ﬁyk) (4.35)
k=1

Z7y7w

s.t. wp —uyr +2 < U(xelk) VE€{1,...,K}
w,y>0,z€eR

Adding the restrictions from the original problem and transactional costs,

we have
Rf(xt_l, I_‘[t]) = I_';l—Xt_l (436)
K
max — Z c(df +d;) + 2+ Z (q_kwk - %?/k)
xeywdld e A k=1
st LTx + Y eldf +dy) = (1+7) "%
i€A
xy — df + dy; = (14 )1, Vie A\ {1}
wr — Yk + 2 < Up(x¢|k) Vke{l,...,K}

df,d;,x;,w,y >0,2z€R

This robust model is used only in forward procedure, since the state is
unknown, it is necessary to estimate the likelihood of the states. In backward
procedure the states are known, thus there is no uncertainty associated with
it.
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(e) H2SDDP for asset allocation: Transaction costs, tem-
poral dependence and sell short

Sell short consist in selling an asset that is not owned by the seller,
betting on the fall in the asset price, to later buy the asset with a lower value,
thus earning the difference between the sell price and the bought price. Sell
short(selling and later purchasing) has the opposite properties of purchasing
and later selling, in which the loss is limited and gain unlimited, in short selling
the gain becomes limited but the loss is unlimited, since there is not an upper
limit for the asset price.

However, in practice it know that asset price will not rise indefinitely,
there is a reasonably limit for this value that can be evaluate, for example,
using the CVaR. Allowing sell short in asset allocation optimization models
enable the portfolio to allocate negative values for the assets, making possible
to better exploit market opportunities. In many markets the sell short involves
renting the asset until the asset is purchase and returned for who bought.

Sell short is very important for quantitative models, as with it is possible
to succeed even when the market has downward trend. For example, short
sell allows the model to obtain a positive expect value for the portfolio even
in situations when all assets have negative expected returns. Actually, using
short sell the model can take advantage of these situations, and without it the
only reasonable alternative is to invest on risk-free asset, a downward trend is
useful as upward trend when using sell short. It also allows a some leverage
behavior, by short selling an asset in order to obtain cash to invest in other
assets. With z,; being the negative allocation of asset 7, the short sell, and
z; the positive, also we consider the rent of sell short with penalization in

objective function costing c

Utk(Xt, rt+1(8)) :I_‘:Xt_l—l— (437)
maX T Cs Z xtz Z d:z— + dtz + Zﬂt—&-? Xt+1|]) <j|k)
xt Xi ’d dy i€A i€A 7=1
st 17x, + Z cldf +dy) = (1 +7) 'x,1
i€A

D ap < (M41) X (4.38)
i€A
T — 1, = xy Vie A (4.39)
Tti — d;— + d; = (]_ + ’ftz‘)xt_Li, \V/Z S ./4.\ {1}

df.d;,x ,x, >0

Analogous, using the constrains (4.38), (4.39) and the rent on the
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objective this can be formulated for the forward step (4.30). Notice that the
constrain (4.38) makes this a problem without complete recourse, because the
right side can be negative. But it occurs in a very rare occasion when the whole

portfolio in negative.

4.4 Computational Experiments

To analyze how the proposed methods would behave in practice, we will
test and simulate with real data. The data sets used in the experiments consist
of industrial portfolios, the stocks are grouped according to the industry in
which belongs, with stocks from NYSE, AMEX and NASDAQ3. The stock
weight in the portfolio is proportional to its market value. We will use monthly
data of 5 industrial portfolios(Cnsmr, Manuf, HiTec, Hlth and Other) and daily
data for 10 industrial portfolios (NoDur, Durbl, Manuf, Enrgy, HiTec, Telcm,
Shops, Hlth, Utils and Other), and also the risk free asset with 0% of return.

Additionally, we used HMM and the k-means?* of the machine learning
library Mlpack [87] and the Latin Hypercube Sampling method from Matlab.
The multivariate Gaussian mixture of the HMM was estimated considering
the log-normal distributions of the historical returns, but in the optimization
problem was transformed to be accordingly to the real return distribution.

Algorithms were implemented in C++ language, using CPLEX® to solve
the linear problems and also some auxiliary functions of the Armadillo library
[88]. All the experiments were conducted on Intel quad-core 15-3570 3.4 GHz
with 16GB RAM machine, only one core were used during the optimization.

The experiments are organized as follows: first it will be presented some
information about the data, used in this work, some metrics and the historical
returns of the financial time series. The following section will compare two
sampling methods, the Monte Carlo and the Latin Hypercube Sampling. Later
in this section, the model’s sensibility to variations on the parameters will be
tested, further investigating on how the results and optimal solution behaves.

Finally, out of sampling simulation is done to compare the presented methods.

(a) Data analysis

Two data sets was used on our experiments, a monthly and another daily,
both from Kenneth R. French data set 6. First tests we will use monthly data
from January 1970 to December 2014 for 5 industrial portfolios. In Table 4.1

3http://mba.tuck.dartmouth.edu/pages/faculty /ken.french /data_library.html
4Used to initialize the emissions distributions of the HMM
Shttp://www-01.ibm.com /software/integration/optimization/cplex-optimizer/
Shttp://mba.tuck.dartmouth.edu/pages/faculty/ken.french /data_library.html
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we exhibit some metrics about the return series of the data set industrial

portfolios. The second data set consists in daily returns for 10 industrial

portfolio, and Table 4.2 contains a summary of the data.

Measure ‘ Cnsmr ‘ Manuf | HiTec ‘ Hlth ‘ Other

Max
Min
Mean
StdDev
VaR
CvaR

21.73
-25.03
1.04
4.66
4.22
7.64

17.28
-20.80
1.00
4.44
4.22
7.45

19.98
-22.65
0.93
5.71
5.67
10.04

29.52
-20.46
1.06
4.96
4.90
8.02

20.22
-23.60
0.94
2.39
0.45
9.28

Table 4.1: Monthly data series for 5 industrial portfolios

Measure ‘ NoDur ‘ Durbl ‘ Manuf ‘ Enrgy ‘ HiTec ‘ Telcm ‘ Shops ‘ Hlth ‘ Utils ‘ Other

Max
Min

Mean
StdDev

VaR

CVaR

10.26
-17.03
0.05
0.91
0.93
1.58

9.73 10.75
-18.35 | -20.00
0.04 0.05
1.37 1.09
1.42 1.11
2.40 1.91

19.33
-19.43
0.05
1.36
1.38
2.34

16.06
-19.98
0.04
1.48
1.58
2.62

14.51
-16.68
0.05
1.14
1.13
1.97

10.99 | 11.09 | 14.43
-16.74 | -17.89 | -12.86
0.05 0.05 0.04
1.10 1.12 0.88
1.16 1.19 0.80
1.93 1.97 1.52

11.27
-15.24
0.04
1.19
1.15
2.08

data as bar charts on Figure 4.11 and Figure 4.12.

40%

30%

20%

10%

0%

-10%

-20%

-30%

Table 4.2: Daily data series for 10 industrial portfolios

Mean

StdDev .’al. -v’

To make it easier to visualize and compare the measures, we presented

m Cnsmr

m Manuf
HiTec

H Hlth

M Other

Figure 4.11: Metrics for historical monthly return series of the five industrial

portfolios
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® NoDur
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m Hith
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m Other

Figure 4.12: Metrics for historical daily return series of the ten industrial

portfolios

It is also important to present the financial time series of these data sets,

where Figure 4.13 and Figure 4.14 show the monthly and daily cumulative

performance from 1970 to 2014 for 5 and 10 industrial portfolio, respectively.

180

160 - —— Cnsmr

—— Manuf
——— HiTec

40— Hith

—— Other

3 120

[or]
o

Return(%

i

0 T T T T T T T T

Jan70 Jan73 Jan76 Jan79 Jan82 Jan85 Jan88 Jan91 Jan94 Jan97 Jan00 Jan03 Jan06 Jan09 Jan 12

Date

Figure 4.13: Cumulative performance for monthly data set of the five industrial

portfolios
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Figure 4.14: Cumulative performance for daily data set of the ten industrial
portfolios

(b) Sampling Methods

As discussed before, Latin Hypercube Sampling is a promising technique
to substitute the Monte Carlo sampling in SAA techniques. Latin Hypercube
Sampling is especially important for this optimization problem, because it is
crucial to represent the distributions with least samples as possible, otherwise
it will lead to a heavy computational burden.

To compare the results of the different sampling methods, we prepared
an experiment that consists in running the optimization multiple times,
comparing the average and standard deviations of the final upper bound. It was
used the monthly data set (from 1970 to 2011), with six stages, three states,
A 0.1, @ 0.9 and no transaction cost. The test was done for Monte Carlo and
Latin Hypercube Sampling, it gradually increase number of the samples per
state {20, 100, 1000, 2500, 3000, 3500, 4000, 4500, 5000, 7000} repeating 5 times,
for each one of this values, but with different random seeds. Notice, that the
final total number of samples depends on the number of states, for example,
with 2500 samples per state and three states the problem will have a total of
7500 samples.

We did an extensive amount of tests using Monte Carlo. However,
even with 5,000 samples per stage, the standard deviation was still high. In

Figure 4.15 we compare, using the average of the upper bound for the wealth
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and the standard deviation of it, the two sampling selection techniques for

different numbers of samples.

1072 1072

521 —— MC ||
— 5l —=—LHS || 41 :
=
S 48} | i |
E 3
/M - 1 =
246 E |
S 44| 1 ‘
) 1| i
2 4.2} |

41 ] 0} L - -

0 2,000 4,000 6,000 0 2,000 4,000 6,000
Samples Samples

Figure 4.15: Comparison between Latin Hypercube Sampling (LHS) and Monte

Carlo (MC)

It seems that with more samples, Monte Carlo gets a better average.
However, running with 10,000 samples it reaches 0.0407858, which is much
closer to the Latin Hypercube Sampling value with 5,000 samples, and even
with 10,000 samples the standard deviation still was very high.

As the solution of the problem is very stable using Latin Hypercube
Sampling, to get the same stability with Mote Carlo it would require much
more samples, this would increase the convergence time of the SDDP. Rep-
resenting the distribution with last realizations, as possible, can substantially
reduce computational times. Thus, we find the Latin Hypercube Sampling
more adequate sampling method to be used for this model and choose to use
2500 samples per state as it seems that using more samples does not improve

significantly the upper bound.

(c) Sensitivity Analysis

In addition to choosing the sampling method, there are many parameters
that need to be selected to be able to implement the proposed methods. We
need to select SDDP parameters such as number of stages, samples number,
number of trials, risk aversion coefficient and many others. It is also necessary
to analyze the model sensibility to variations, and if the model will behave as
expected on this tests.

The number of samples N; can be different for each stage, but for the
sake of simplicity, the same number of sample has been considered for all
stages in this work, i.e | V| is the same for ¢ € H. Also, for all tests it was used
the monthly data set (from 1970 to 2011), with the default parameters as six
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stages, three states, 2500 samples per state, A 0.1, a 0.9 and no transaction

cost.

HMM

Moreover, there are other parameters from HMM that have to have some
initial good guessing of the states emission probabilities. We employ k-means
method to pick some centroids for every state and adopt these distributions as
the initial guess for HMM. To determine the number of states, we did a sliding
window validation for every number of states between 1 and 8, selecting the
best log-likelihood.

Figure 4.16 shows the likelihood of each state for the monthly historical

train data set.

100% v— P ; , . G .
90% \
80%
70%
60%
u3
50% -2
40% w1
30%
20%
10% l
0% - “r“ I ] = o 1 0 1 1 I

Jan 70 Jan 73 Jan 76 Jan 79 Jan 82 Jan 85 Jan 88 Jan 91 Jan 94 Jan 97 Jan 00 Jan 03 Jan 06 Jan 09
Date

Figure 4.16: States likelihood for train data

Likelihood

We can see that the state transitions are not smooth, it seems to be
because we are using k-means as our initial emissions distributions for the
HMM, since k-means tries to minimize the number of intersections in the
clusters. We should expect more diversified results if the samples were classify

instead of using clusters.

Impact of the Risk Aversion

The risk aversion coefficient (A) also has big impact in the upper bound,
that is the certainty equivalent of the portfolio, which can be interpreted as the
fund worth. In Figure 4.17 we present the upper bound for different A values,
for monthly returns on left and on right for daily returns. This results shows
how the value of the portfolio changes for investors with different aversion to

risk.
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Figure 4.17: Impact of the risk aversion coefficient (A) on the upper bound for
monthly returns and daily returns, respectively on the left and right

As expected, to have the same return as in monthly data set, the risk
aversion coefficient has to be lower for the daily returns. For daily returns when
A = 0.1 the optimal solution is to allocate everything on the risk-free asset,
the correspondent value for monthly returns is 0.3. The risk aversion coefficient

should get higher when allowing short sell.

Convergence and trials

Since the number of possible scenarios increases exponentially with the
number of stages, it is important to investigate how the number of stages affects
the computational time, convergence and also the final solution. As the number
of stages increase the computational time should also rise, since H2SDDP needs
more iterations to converge. In Table 4.3 we present upper bound, time and
number of cuts according to number of states, time is presented in minutes.

The computational time needed to converge the SDDP get really high. Observe

n. stages ‘ upper bound ‘ time ‘ n. cuts

12 0.0772493 41 50
24 0.15515 149 75
48 0.324179 356 32
96 0.754923 1088 109

Table 4.3: Number of stages and the computational time

that with twice more stages the number of cuts increases slightly and the
computational time increases substantially.

We did some prior tests to check whether it would be better to use many
trials or only one trial at a time. This also determine the number of cuts added

at each stage. Three ways of choosing the number of trials were tested; first
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using only one trial, second using 5 trials and, finally, using 5 trials as the upper
bound becomes stable for 10 iterations. From our limit experiments, using more
than one trial, i.e., adding multiple cuts, increase the convergence time even
with the alternative approach using dynamic number of trials. It seems better
to do C' iterations adding one cut per iteration than to add C' cuts on one
iteration, for the convergence of the algorithm. The real advantage of adding
multiple cuts could be on the quality of the worth function approximation,
this could enhance stability of primal solutions.

The used method to test the convergence of SDDP was the stabilization
of the upper bound. Whether, the upper bound of 10 iterations ago z;_1g
is stable for 5 iterations, i.e., 15 iterations without change greater than e.
Notice that the upper bound of the iteration i — 10 is compared with the
current ¢ upper bound value. We opted for a tighter convergence criteria with
e = 0.0001 than do more tries. To illustrate the convergence of the H2SDDP,
Figure 4.18 exhibits the upper bound changes, in percentage, for optimization
of the H2SDDP with 96 periods.

9%
8%
7%
6%
5%
4%

3%

Change UB(%)

2%
1%
YSEALDLRN PR PR PR P RGP PSP
Number of iterations
Figure 4.18: Convergence of the Upper Bound for monthly data set

Transactional costs

Another interesting subject is the impact of the transactional costs. First,
we present how of the upper bound is sensible to variations of the transactional
costs on Figure 4.19. Later we will discuss further implications of taking the

transactional costs into account. It was used the monthly data set (from 1970
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to 2011), with six stages, three states, 2500 samples per state, A 0.1, a 0.9 and

no transaction cost.
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Figure 4.19: Impact of the transactional costs on the upper bound

It is evidently that the transactional costs can really impact the optimal
solution. Since the return is uncertain but the transactional cost is not,
higher transactional cost makes not worth to do some small changes on the
investments, thus the model only invest when the expect return is higher
enough to mitigate the costs involved.

Further analyzing how the transactional costs will affect the optimal solu-
tion. The portfolio allocation can be seen on Figure 4.20 with no transaction
costs, and in Figure 4.21 with transactional cost equal to 0.1 %. Even at a
cost of 0.1 %, smaller deviations are avoided when the model does not expect
a significant gain with changing the portfolio. In Figure 4.20 and Figure 4.21
we can clearly see the portfolio stabilization effect caused by transaction costs,

it is evident the resemblance to a regularization L1.
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Figure 4.20: Portfolio allocation without transactional costs
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Figure 4.21: Portfolio allocation with transactional costs

(d) Models Evaluation

This section present the final results of simulations on out of sample

data, in order to do evaluate the performance of the models. We will compare

H2SDDP with different approaches and present the results for ambiguity

aversion model. The parameters for the experiments on this sections are: 2500
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samples per stage, three states form the HMM, lambda 0.1, alpha 0.9 and
transactional cost 0.1%, it will be mentioned if there is any changes on this
parameters. As the initial wealth is one, this value can also be interpreted as

the return of the policy in percentage.

Experiment with Monthly Data Set 2012 to 2014

On the first tests we are going to use the monthly data set, training with
dates from 1970 to 2011 and simulating with 2012 to 2014 (36 months). In
H2SDDP simulations the train data set(1970 to 2011) was used to evaluate
the policy, then the policy was used to evaluate the performance on test data
set(2012 to 2014).

To compare the performance of the policy accordingly to the risk aversion
coefficient, we alternate the A value to evaluate what would be the behavior

in out of samples data, the result is presented in Table 4.4.

A CVaR | Ret.
0.2 4.16 | 155.72
0.1 4.14 | 158.34
0.09 4.18 | 160.79
0.08 4.04 | 162.29
0.07 4.06 | 166.35
0.06 4.12 | 165.04
0.05 4.31 | 170.45
0.025 | 4.75 | 171.36
Table 4.4: CVaR and return values of the simulated polices for different risk
coefficients, results in percentage

In order to analyze and compare the proposed approaches, besides of
simulating the previous presented models we also evaluate the results for the
equally weight portfolio and the myopic strategy. One can easily underestimate
the value of the equally weighted portfolio but in practical situations they
outperform most of the traditional optimization approaches [89]. Important to
mention, since we are considering equal distribution of returns for each stage,
the myopic method has the same portfolio in percentage for the entire period,
then the myopic portfolio was establish with a 2-stage optimization.

Figure 4.22 show the result of the simulations. This is an experiment
using the monthly data set comparing H2SDDP with A 0.1 and 0.05 with the

myopic and equally weight policies.
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Figure 4.22: Comparing the different methods for asset allocation data form
2012 to 2014

Further investigation is required to interpret the results of Figure 4.22.
Inspecting the assets cumulative returns on Figure 4.23 for the same time
period we can observe that this was an interval of strong upward trend and,
furthermore, all assets has also very similar behavior for this period. This
hypothesis also is sustained by results presented on Table 4.4, where the
greatest return is obtained with A = 0.025. In this scenario, it is expected

to have similar results for all the presented methods.
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Figure 4.23: Cumulative returns series from January 2012 to December 2014
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Experiment with Monthly Data 2007 to 2014

To test this interpretation we develop a new test case now simulating on
data from 2007 to 2014, as in this period there is more volatility, and changes in
trends, the dynamic policy should be capable of changing the portfolio to adapt
to this variations. The models uses samples from 1970 to 2006 and 96 stages,
after finding the optimal solution the approximations of the expected worth
functions are used on the test with 96 months, January 2007 to December
2014. The cumulative performance for the industrial portfolio from this period
is exhibit in Figure 4.24. The transactional costs was account to all the models,
for those that do not consider in the optimization model it was discounted the

costs after the optimization.
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Figure 4.24: Returns series from January 2007 to December 2014

In this experiment, on Figure 4.25 beside the H2SDDP, Equally weighted
and Myopic models, it is also presented the performance of the Robust model,
using and interval of 10%, i.e. 0.9 x P(k|tp ) < qp < 1.1 x P(k|tpy), Yk €
{1,...,K}.
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Figure 4.25: Comparing the different methods for asset allocation data form
2007 to 2014

The H2SDDP has almost 20% and 50% more income than the Myopic
and equal policies, respectively. Analyzing more carefully the Figure 4.25, we
can see that as soon as the H2SDDP observe the downward trend it allocates
everything on the risk-free asset. However, there is a delay to see the upward
trend of the market.

Figure 4.26 compares the state of the market with the performance of
the H2SDDP. With it, becomes clear that the model can react to changes in
the market behavior, even in a downtrend, this show how important is to have
a constant evaluation of the portfolio. Considering the choices on Figure 4.25
the best investment for this period is H2SDDP. In this scenario Robust model
perform very similar to the H2SDDP, to estimate property the interval require

further investigation.
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Figure 4.26: Comparing the market states with the performance of the
H2SDDP for data form 2007 to 2014

Moreover, to better judge the performance of the models over different
periods, we simulate the investment for 6 consecutively months in each strategy
as if it was a fund. Figure 4.27 presents the semiannual cumulative performance

for every month.
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Figure 4.27: Trailing returns for asset allocation methods with monthly data
form 2007 to 2014

Using short sell the model can take advantage of these situations, and

without it the only reasonable action is to invest on risk-free asset. Therefore,
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we want to verify if the use of short selling can help the model improve the
policy return. In order to test how H2SDDP will perform with short sell, we
implement a model that allow short selling but limit it on the total wealth of
the portfolio in the last period. On Figure 4.28 we compare the performance

of H2SDDP, allowing short selling, with other methods for the same period.
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Figure 4.28: Comparing the performance of H2SDDP with sell short sell short
with other methods, monthly data form 2007 to 2014

The sell short model has by far the highest cumulative return of the
models and also perform similar to the H2SDDP, without short sell, in the
downward trend, investing most of the portfolio on the risk free asset. However,
the sell short took longer to identify the downward trend it also react very fast
when the trend changed.

It seems that allowing short sell makes the model enhance the high
returns, short selling the more stable assets to invest more on asset with high
expected returns. The final cumulative return with sell short(527%) was more
than twice the value of the second best model H2SDDP (218%).

In the trailing returns on Figure 4.29 we can observe that Sell Short
H2SDDP has the higher return for most of the period, but this is also a more
risk model than the H2SDDP without short selling. Although, the model has
it lowest’ possible return at the end of the year 2011 the Myopic and Equal
models reaches lower returns than this, in the begin of 2009. Is is also possible

to decrease the A, that was 0.1, to obtain more stable performance.
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Figure 4.29: Trailing returns of H2SDDP with sell short sell and other methods,
monthly data form 2007 to 2014

Experiment with Daily Data Set

To be able to observe how the model will behavior with more assets and
more volatility, we perform an experiment with daily returns from 10 industrial
portfolios. It was used data from 2007 to 2014, it not possible to create cuts
for 2012 days, thus the daily data set was divide in intervals of 22 days, so the
optimization has 22 cuts and every 22 day the model will be retrained. The
only difference in the parameters was the A = 0.03.

Figure 4.30 shows the results for the H2SSP and, Equal weight and
Myopic, the figure emphasizes the importance of a dynamic allocation, in
which the model can change allocation when facing critical events, without
it the portfolio depends on the tendency of the market to get good results. By
the end of 2008 the cumulative return for the period was 113.16%, 71.16% and
73.98%, for the H2SSP, Equal weight and Myopic, respectively. Figure 4.31 is

trailing returns for this experiment.
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Figure 4.30: Cumulative performance for asset allocation methods with daily
data set form 2007 to 2014
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Figure 4.31: Trailing returns for asset allocation methods with daily data set
form 2007 to 2014

Although, H2SDDP strategy fails to predict the upward tendency after
2008, it has clearly a more controlled risk than the other strategies; it has
lower CVaR and standard deviation for this period (2008 to 2014). This can
be evidence that the model should be retrained more frequently than 22 days.
Besides that, some further investigation is necessary to better compare these

strategies using different data sets with more diversity.
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5
Conclusions and Future Works

This thesis aims at contributing for the optimization of models for asset
allocation under uncertainty. Different techniques are proposed herein to assist
in the asset allocation problem. Experiments were performed to evaluate the
behavior of ours approaches and they turn down to be very promising for both
of the presented cases.

It is a challenge to find the portfolio that best suit the investor’s needs.
The uncertainty surrounding future returns and the behavior of the assets is a
delicate issue in its own, but when the irrationality caused by human emotions
is added to the equation, the problem becomes even more difficult.

In the traditional asset allocation model, the investor has to choose the
return or the risk of the portfolio. Such mean-variance model has several issues,
however and, as a consequence, we have some proposals for improving the
mean-variance model by making it less sensitive to such issues. One of these
proposals is the Black-Litterman, which combines the investor’s vision with
the mean-variance model and the CAPM theory.

Although it is undeniable that the Black-Litterman technique is able
to mitigate most of the shortcomings of the traditional method proposed by
Markowitz, the construction of views can be a confusing process and depends
largely on the investor’s ability to quantify something extremely subjective.

We propose a new way to solve this problem by using questionnaires
and the ZAPROS-III method to construct the views. Techniques like the VDA
enable us to transform the answers provided in the sets of questions into views
of the Black-Litterman model. A case study based on Brazilian stocks was
conducted as a demonstration of how to use the methodology, and the results
were as expected.

The most important advantage of the proposed solution is that it allows
an investor to create his own portfolio, based on his own opinion, and without
the help of an expert. The final allocation will be optimized considering the
investor vision about the future, this typically will create a more diversified
and less risk portfolio. It also makes it easier for the investor to manifest his
own opinion and facilitates the process, allowing the investor to modify his

portfolio more frequently.
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While we believe that this approach presents a lot of advantages, it also
has its limitations. The ZAPROS method is not adequate for a larger number of
alternatives or criteria, rendering this method applicable only to cases involving
a few stocks and questions. This shortcoming is a relative one, as the focus of
this proposal has always been to create a simple method, we believe it is not
reasonable to ask an investor too many questions. Besides, even though only
two views were constructed in the scope of this work, a larger number of views
may be constructed in order to represent other visions.

It would be interesting to have further work done in the sense of proposing
or developing new ways to improve the acquisition of the necessary parameters
for the Black-Litterman views, like the expected return. Future work could also
put other risk functions to the test and analyze the model’s behavior. Also the
construction of the views can be done in multilevel using ORCLASS, or some
other similar method, to select the assets of each view and then use ZAPROS
to determine the weight of the assets in the views.

Aiming at a multistage solution that also analyzes the assets in a more
qualitative way, this work proposes the use of stochastic programming for assets
allocation. Most of the proposed solutions in the literature cannot handle a
large number of stages, but the SDDP method has been efficiently used for
large-scale problems for several years now, and was thus chosen in this work
for the multistage asset allocation.

Largely used for hydrothermal scheduling problems, SDDP is specially
suited for large-scale problems. In it, the algorithm implicitly represent the
scenarios tree, building at each iteration better approximations for the worth
function for each stage. The time independence hypothesis of the original
proposed SDDP makes it non-applicable to some types of problems. While
some proposals to adapt the SDDP to consider the time dependence already
exist, none of these can be directly applied to the asset allocation problem.
Hence the methodology in this work, which models this dependency by using
hidden Markovian states. In addition, as there is some ambiguity in the joint
probability of the returns’ distribution, a more general method with ambiguity
aversion has also been developed.

In the experiments section we present the metrics for the data sets, com-
parison between Monte Carlo and Latin Hypercube Sampling, the sensitivity
analyses of the model, showing how H2SDDP performs with different para-
meters, and the final simulations of the proposed methods with out of sample
data. Besides showing how the optimization models would perform as an actual
fund, the experiments emphasizes the importance continuous re-evaluation of

the portfolio.
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As the use of multistage stochastic techniques for portfolio optimization
becomes more and more widespread, both fields experience constant changes
and new ideas and methods are often proposed. Therefore, several ideas for
possible future work arose during the development of this thesis. One of them
would be to constraint the CVaR, aiming at maximizing the expected value
of the portfolio. The advantage in this case would be to have an easy way
to calculate the lower bound, as well as an easier way of interpreting the
model’s characteristics, risk constraint and objective function. Also, choosing
a maximum value for the CVaR makes interpretation easier and is a more
natural choice than the risk aversion index.

The multistage CVaR constraint has been suggested for the hydrothermal
scheduling problem [90], but adding this constraint to such model my render
it unfeasible. Thus, the normal approach for such cases is to use Lagrangian
relaxation to penalize violations, of the constraint, in the objective function.
In asset allocation problems, however, such feasibility issue is not expected
because allocating everything in the risk free asset is always feasible (just has to
have v bigger than the transactional cost). This makes the model significantly
more straightforward and not imposing any changes to the objective function.

The main difference in this model is that the optimization needs to be
done in two-stages. The variables y;; must be created, representing a vector
with the amount invested in each asset in t. Adding these ideas with H2SDDP,

we acquire
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where P(s|j) = N% Further experimentation will be made with this model in
near future, in order to compare it with the other models developed in this
thesis.

The estimation of the joint distributions of the returns is especially
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problematic in asset allocation problems, but there are some approaches that
may be used in order to minimize this issue. One of them is to incorporate
robust approaches to the models proposed here by using the Bertsimas ideas
on the probability states of the Markov model. Such proposal is an extension
of the ambiguity aversion model presented in Section 4.3(d).

In addition, it must be said that some of the concepts proposed here
could not be computed due to the long computational time needed to run the
experiments, which is why it would be interesting to have some proposal to
reduce the algorithms’ execution time. In this regard, our research indicates
that a first and straightforward possible solution would be to design parallel
algorithms, making better use of modern computers that currently have
multiple cores. Another alternative would be to create heuristics to remove
some of the cutting planes’ cuts, a solution that has already shown some
improvements in other researches.

There is also the need to better understand the behavior of the HMM in
practice, and how to better estimate the initial probabilities. The method k-
means is a suitable method for this situation, but may have unwanted collateral
effects. We could not find a better alternative in literature, but it is possible

to test with manual classification.
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A
Appendix

A.1 Questionnaires

The questions that were mention on section 3.4 are presented in Table A.1
and Table A.2. This first survey on Table A.1 is specific about companies and
it is used to construct the assets view. Six questions about the companies

covering issues such as risk, stability, innovation and profitability.

Criteria Possible values

A. Risk Al. Low risk

A2. Medium risk

A3. High risk

B. Stability B1. Company with years of market experience
and tradition

B2. Company with some market time

B3. Company with little market time

C. Expected growth | C1. Company with promising future and ac-
celerated growth

C2. Company that is expected some growth
C3. Company which is not expected growth
D. Innovation D1. The company invests heavily in R&D and
always comes up with new ideas

D2. The company invests little in

R&D and new ideas usually arise

D3. The company does not invest in R&D and
almost never comes up new ideas

E. Profitability El. Company always transfers profits to
shareholders

E2. Company usually transfers profits to
shareholders

E3. Company almost never transfers profits to
shareholders

F. Employees F1. Highly qualified employees that are always
motivated

F2. Good employees that are usually motiv-
ated

F3. Employees without much qualification and
lack of motivation

Table A.1: Questionnaire about the stocks
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Second survey on sectors Table A.2 is more simple and relative to the

sectors of the market.

Criteria Possible values

A. Internal market | Al. Very favorable to industry
A2. Favorable to industry

A3. Not favorable to industry
B. External market | B1. Very favorable to industry

B2. Favorable to industry
B3. Not favorable to industry

C. Expected growth | C1. It is expected a high growth
C2. It is expected some growth
C3. It is expected little or none growth

Table A.2: Questionnaire about the sectors

A.2 Myopic prove

Proposition 1 For the portfolio selection with no transaction cost and without
temporal dependence the myopic policy is optimal, i.e. Qi(-) is positive homo-
geneous. As a result, in this case one only needs to consider the return of the

next moment to decide on an investment.

Proof: To prove by induction we will first show for the base case that Qr_1(+),
then assuming that the proposition holds up to Q;11(:) and deduce Q,(-)
For the base case the optimal value on T" depends on Wr_; and Tj7_y),it

will be used Ry = 1 + rp, thus we have
Qr—1(Wr_1,Tr_q)) = max ¢T—1[R;Xt—1|f[T—1]]
Xt—
S. t. ]lTXt_l = WT_1
Xi—1 >0

Fort=T-2,...,0

Qi(Wy,tpy) = THXE}X Ve[ Qrpr (We, Ty
.t 1'x, =W,
rt—i—l(I_'[t])TXt =Win

tho
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As Ry is independent from the past ry_y

QTA(WTA): ax Q/J[R;th]

Xt—1
s. t. ]lTXt,1 = WT,1

X1 >0
Fort=T—-2,...,0

Qi(W;) = HEX V[Qr1(Wigr))
S. t. ILTXt = Wt
RtTHXt = Wi

XtZO

QT—l(WT—l) = gfnax w[R;YT—le—l]
T—1
st 1Ty =1

yr-1 >0

QT—l(WT—l) = Wpr_y x ;T;E?l( w[R’jF—YT—l]

s. t. ]lTyT_l =1

yr-120
Qr-1(Wr-1) = Wr_1Qr_1(1)

Inductive hypothesis, assuming that this proposition is valid for ¢t 4+ 1

T-1

Qt+1(Wt+l> = VVH—I X H Qt'(]')

t'=t+1
Inductive step, for ¢

QW) = H;%X V[Qr11(Wiga)]

s. t. ]lTXt = Wt
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by our inductive hypothesis

V[Qer1(Wigr)] =W x 1:[ Qu(1)] = ¥rfax; x 1:[ Qv (1)]

t'=t+1 t'=t+1

T-1
QW) = T @v(1) x max Ylrgs ]

t'=t+1
S. t. ]lTXt =W,

Swapping x; for y; x W,
T-1
Q(Wh) = H Qu (1) x max Plrlye x Wi

t'=t+1

s.t. 1y, =1

y: =0
T—1
QW) =W, x [ Qv(1) x max Vlreyil
t=t+1
s. t. ]lTyt =1
y: =20
T—1
QW) =Wy x (1) x [ @v(1)
e
Qi(We) = Wy x [ Qu(1)
t'=t

Note the first stage problem ¢ = 1 using formulation (A.1)

T-1
Qo(Wo) = [ ] Qu(1) x max ¢[R3x)
t'=2

.t 1Txg=W,

X120

As the first stage decisions xq are independent from Q(1) Vt € {2,...,T — 1},
to retrieve optimal solution it is only necessary to solve the problem below

ignoring future returns.

max Y[Ry x1] (A.2)

X1
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s.t. 1'x;, =W,

X()ZO

Likewise, it is possible to obtain optimal solution for Q;(W;) Vt € T.
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