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A
Glossary

bottom type A type that is subtype of all types.

closed table type A table type that does not provide any guarantees about

keys with types not listed in the table type. See complete definition in

page 63.

coercion A relation that allows converting values from one type to values of

another type without error.

consistency A relation used by gradual typing to check the interaction

between the dynamic type and other types. See complete definition in

page 18.

consistent-subtyping A relation that combines consistency and subtyping.

See complete definition in page 20.

contravariant A part of a type constructor is contravariant when it reverses

the subtyping order, that is, the part T1 of a type being a subtype of the

corresponding part T2 of another type implies that T2 <: T1.

covariant A part of a type constructor is covariant when it preserves the

subtyping order, that is, the part T1 of a type being a subtype of the

corresponding part T2 of another type implies that T1 <: T2.

depth subtyping A subtyping relation over records that allows variance in

the type of record fields.

dynamic type A type used by gradual typing to denote unknown values. See

complete definition in page 18.

filter type A type used by Typed Lua to discriminate the type of local

variables inside control flow statements. See complete definition in page

65.
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fixed table type A table type which guarantees that there are no keys with

a type that is not one of its key types, and that can have any number of

fixed or closed references. See complete definition in page 63.

flow typing An approach that combines static typing and flow analysis to

allow variables to have different types at different parts of the program.

free assigned variable A free variable that appears in an assignment.

gradual type system A type system that uses either the consistency relation

or the consistent-subtyping relation instead of type equality to perform

static type checking. See complete definition in page 18.

gradual typing An approach that uses a gradual type system to allow static

and dynamic typing in the same code, but inserting run-time checks

between statically typed and dynamically typed code. See complete

definition in page 18.

invariant A part of a type constructor is invariant when it forbids variance,

that is, the part T1 of a type being a subtype of the corresponding part

T2 of another type implies that T1 <: T2 and T2 <: T1. It is also a way

to define type equality through subtyping.

metatable A Lua table that allows changing the behavior of other tables it

is attached to.

nominal type system A type system that uses the type names to check the

compatibility among them.

open table type A table type which guarantees that there are no keys with a

type that is not one of its key types, and that only have closed references.

See complete definition in page 63.

optional type system A type system that allows combining static and

dynamic typing in the same language, but without affecting the run-

time semantics. See complete definition in page 17.

projection environment An environment used by Typed Lua to handle

unions of second-level types that are bound to projection types.

projection type A type used by Typed Lua to discriminate the type of local

variables that have a dependency relation. See complete definition in

page 65.
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prototype object An object that works like a class, that is, it is an object

from which other objects inherit its attributes.

self-like delegation A technique to implement inheritance in dynamically

typed languages through prototype objects.

sound type system A type system that does not type check all programs

that contain a type error.

structural type system A type system that uses type structures to check

the compatibility among them.

table refinement An operation from Typed Lua that allows programmers to

change a table type to include new fields or to specialize existing fields.

See complete definition in page 80.

top type A type that is supertype of all types.

type environment An environment that binds variable names to types.

type tag A tag that describes the type of a value during run-time in dynam-

ically typed languages.

unique table type A table type which guarantees that there are no keys with

a type that is not one of its key types, and that has only one reference.

See complete definition in page 63.

unsound type system A type system that type checks certain programs

that contain type errors.

userdata A Lua data type that allows Lua to hold values from applications

or libraries that are written in C.

vararg expression A Lua expression that can result in an arbitrary number

of values.

variadic function A function that can use an arbitrary number of arguments.

variance A property that defines the subtyping order between the compon-

ents of a type constructor.

width subtyping A subtyping relation over records that allows the subtype

to include fields that do not exist in the supertype.
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B
The syntax of Typed Lua

This appendix presents the complete syntax of Typed Lua.

chunk ::= block

block ::= {stat} [retstat]

stat ::= ‘;’

| varlist ‘=’ explist

| functioncall

| label

| break

| goto Name

| do block end

| while exp do block end

| repeat block until exp

| if exp then block {elseif exp then block} [else block] end

| for Name ‘=’ exp ‘,’ exp [‘,’ exp] do block end

| for namelist in explist do block end

| [const] function funcname funcbody

| local function Name funcbody

| local namelist [‘=’ explist]

| [local] typealias Name ‘=’ type

| [local] interface typedec

retstat ::= return [explist] [‘;’]

label ::= ‘::’ Name ‘::’

funcname ::= Name {‘.’ Name} [‘:’ Name]

varlist ::= [const] var {‘,’ [const] var}

var ::= Name | prefixexp ‘[’ exp ‘]’ | prefixexp ‘.’ Name

namelist ::= Name [‘:’ type] {‘,’ Name [‘:’ type]}
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explist ::= exp {‘,’ exp}

exp ::= nil | false | true | Number | String | ‘...’ | functiondef

| prefixexp | tableconstructor | exp binop exp | unop exp

prefixexp ::= var | functioncall | ‘(’ exp ‘)’

functioncall ::= prefixexp args | prefixexp ‘:’ Name args

args ::= ‘(’ [explist] ‘)’ | tableconstructor | String

functiondef ::= function funcbody

funcbody ::= ‘(’ [parlist] ‘)’ [‘:’ rettype] block end

parlist ::= namelist [‘,’ ‘...’ [‘:’ type]] | ‘...’ [‘:’ type]

tableconstructor ::= ‘{’ [fieldlist] ‘}’

fieldlist ::= [const] field {fieldsep [const] field} [fieldsep]

field ::= ‘[’ exp ‘]’ ‘=’ exp | Name ‘=’ exp | exp

fieldsep ::= ‘,’ | ‘;’

binop ::= ‘+’ | ‘-’ | ‘*’ | ‘/’ | ‘//’ | ‘^’ | ‘%’

| ‘&’ | ‘~’ | ‘|’ | ‘>>’ | ‘<<’ | ‘..’

| ‘<’ | ‘<=’ | ‘>’ | ‘>=’ | ‘==’ | ‘~=’

| and | or

unop ::= ‘-’ | not | ‘#’ | ‘~’

typedec ::= Name {decitem} end

decitem ::= idlist ‘:’ idtype

idtype ::= type | methodtype

idlist ::= id {‘,’ id}

id ::= [const] Name

type ::= primarytype [‘?’]

primarytype ::= literaltype | basetype | nil | value | any | self | Name

| functiontype | tabletype | primarytype ‘|’ primarytype

literaltype ::= false | true | Int | Float | String

basetype ::= boolean | integer | number | string

functiontype ::= tupletype ‘->’ rettype

tupletype ::= ‘(’ [typelist] ‘)’

typelist ::= type {‘,’ type} [‘*’]

rettype ::= type | uniontuple [‘?’]

uniontuple ::= tupletype | uniontuple ‘|’ uniontuple
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tabletype ::= ‘{’ [tabletypebody] ‘}’

tabletypebody ::= maptype | recordtype

maptype ::= [keytype ‘:’] type

keytype ::= basetype | value

recordtype ::= recordfield {‘,’ recordfield} [‘,’ type]

recordfield ::= [const] literaltype ‘:’ type

methodtype ::= tupletype ‘=>’ rettype
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C
The type system of Typed Lua

This appendix presents the complete type system of Typed Lua.

C.1 Subtyping rules

(S-LITERAL)

Σ ` L <: L

(S-FALSE)

Σ ` false <: boolean

(S-TRUE)

Σ ` true <: boolean

(S-STRING)

Σ ` string <: string

(S-INT1)

Σ ` int <: integer

(S-INT2)

Σ ` int <: number

(S-FLOAT)

Σ ` float <: number

(S-BASE)

Σ ` B <: B

(S-INTEGER)

Σ ` integer <: number

(S-NIL)

Σ ` nil <: nil
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(S-VALUE)

Σ ` F <: value

(S-ANY)

Σ ` any <: any

(S-SELF)

Σ ` self <: self

(S-UNION1)
Σ ` F1 <: F Σ ` F2 <: F

Σ ` F1 ∪ F2 <: F

(S-UNION2)
Σ ` F <: F1

Σ ` F <: F1 ∪ F2

(S-UNION3)
Σ ` F <: F2

Σ ` F <: F1 ∪ F2

(S-FUNCTION)

Σ ` S3 <: S1 Σ ` S2 <: S4

Σ ` S1 → S2 <: S3 → S4

(S-PAIR)
Σ ` F1 <: F2 Σ ` P1 <: P2

Σ ` F1 × P1 <: F2 × P2

(S-VARARG1)

Σ ` F1 ∪ nil <: F2 ∪ nil

Σ ` F1∗ <: F2∗

(S-VARARG2)

Σ ` F1 ∪ nil <: F2 Σ ` F1∗ <: P2

Σ ` F1∗ <: F2 × P2

(S-VARARG3)

Σ ` F1 <: F2 ∪ nil Σ ` P1 <: F2∗
Σ ` F1 × P1 <: F2∗

(S-UNION4)
Σ ` S1 <: S Σ ` S2 <: S

Σ ` S1 t S2 <: S
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(S-UNION5)
Σ ` S <: S1

Σ ` S <: S1 t S2

(S-UNION6)
Σ ` S <: S2

Σ ` S <: S1 t S2

(S-TABLE1)

∀i ∃j Σ ` Fj <: F ′
i Σ ` F ′

i <: Fj Σ ` Vj <:c V
′
i

Σ ` {F :V }fixed|closed <: {F ′:V ′}closed

(S-TABLE2)

∀i ∀j Σ ` Fi <: F ′
j → Σ ` Vi <:u V

′
j

∀j @i Σ ` Fi <: F ′
j → Σ ` nil <:o V

′
j

Σ ` {F :V }unique <: {F ′:V ′}closed

(S-TABLE3)

∀i ∃j Σ ` Fi <: F ′
j ∧ Σ ` Vi <:u V

′
j

∀j @i Σ ` Fi <: F ′
j → Σ ` nil <:o V

′
j

Σ ` {F :V }unique <: {F ′:V ′}unique|open|fixed

(S-TABLE4)

∀i ∀j Σ ` Fi <: F ′
j → Σ ` Vi <:c V

′
j

∀j @i Σ ` Fi <: F ′
j → Σ ` nil <:o V

′
j

Σ ` {F :V }open <: {F ′:V ′}closed

(S-TABLE5)

∀i ∃j Σ ` Fi <: F ′
j ∧ Σ ` Vi <:c V

′
j

∀j @i Σ ` Fi <: F ′
j → Σ ` nil <:o V

′
j

Σ ` {F :V }open <: {F ′:V ′}open|fixed

(S-TABLE6)

∀i ∃j Σ ` Fi <: F ′
j Σ ` F ′

j <: Fi Σ ` Vi <:c V
′
j

∀j ∃i Σ ` Fi <: F ′
j Σ ` F ′

j <: Fi Σ ` Vi <:c V
′
j

Σ ` {F :V }fixed <: {F ′:V ′}fixed

DBD
PUC-Rio - Certificação Digital Nº 1012679/CA



Appendix C. The type system of Typed Lua 129

(S-FIELD1)
Σ ` F1 <: F2 Σ ` F2 <: F1

Σ ` F1 <:c F2

(S-FIELD2)
Σ ` F1 <: F2

Σ ` const F1 <:c const F2

(S-FIELD3)
Σ ` F1 <: F2

Σ ` F1 <:c const F2

(S-FIELD4)
Σ ` F1 <: F2

Σ ` F1 <:u F2

(S-FIELD5)
Σ ` F1 <: F2

Σ ` const F1 <:u const F2

(S-FIELD6)
Σ ` F1 <: F2

Σ ` const F1 <:u F2

(S-FIELD7)
Σ ` F1 <: F2

Σ ` F1 <:u const F2

(S-FIELD8)
Σ ` nil <: F

Σ ` nil <:o F

(S-FIELD9)
Σ ` nil <: F

Σ ` nil <:o const F

(S-AMBER)
Σ[x1 <: x2] ` F1 <: F2

Σ ` µx1.F1 <: µx2.F2

(S-ASSUMPTION)
x1 <: x2 ∈ Σ

Σ ` x1 <: x2

(S-UNFOLDR)

Σ ` F1 <: [x 7→ µx.F2]F2

Σ ` F1 <: µx.F2

(S-UNFOLDL)

Σ ` [x 7→ µx.F1]F1 <: F2

Σ ` µx.F1 <: F2
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(S-EXPRESSION)

Σ ` T <: T

(S-PAIR2)
Σ ` T1 <: T2 Σ ` E1 <: E2

Σ ` T1 × E1 <: T2 × E2

(S-VARARG4)
Σ ` T1 ∪ nil <: T2 ∪ nil

Σ ` T1∗ <: T2∗

(S-VARARG5)

Σ ` T1 ∪ nil <: T2 Σ ` T1∗ <: E2

Σ ` T1∗ <: T2 × E2

(S-VARARG6)

Σ ` T1 <: T2 ∪ nil Σ ` E1 <: T2∗
Σ ` T1 × E1 <: T2∗

(C-ANY1)

Σ ` F . any

(C-ANY2)

Σ ` any . F

C.2 Typing rules

(T-SKIP)

Γ1,Π ` skip,Γ1

(T-SEQ)
Γ1,Π ` s1,Γ2 Γ2,Π ` s2,Γ3

Γ1,Π ` s1 ; s2,Γ3

(T-ASSIGNMENT)

Γ1,Π ` el : S1,Γ2 Γ2,Π ` l : S2,Γ3 S1 . S2

Γ1,Π ` l = el,Γ3
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(T-METHOD1)

Γ1(id1) = Fs Fs = {F :V }unique
Γ1,Π ` id2 : L,Γ2 @i ∈ 1..n L . Fi n = |F :V |

closeall(Γ1)[self 7→ self , id 7→ F , σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Fo = {F :V , L:const self × F1 × ...× Fn × nil∗ → S}unique
Γ4 = openset(Γ1[id1 7→ Fo], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F ):S s,Γ5

(T-METHOD2)

Γ1(id1) = Fs Fs = {F :V }open
Γ1,Π ` id2 : L,Γ2 @i ∈ 1..n L . Fi n = |F :V |

closeall(Γ1)[self 7→ self , id 7→ F , σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Fo = {F :V , L:const self × F1 × ...× Fn × nil∗ → S}open
Γ4 = openset(Γ1[id1 7→ Fo], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F ):S s,Γ5

(T-METHOD3)

Γ1(id1) = Fs Fs = {F :V }unique
Γ1,Π ` id2 : L,Γ2 @i ∈ 1..n L . Fi n = |F :V |

closeall(Γ1)[self 7→ self , id 7→ F , ... 7→ F, σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Fo = {F :V , L:const self × F1 × ...× Fn × F∗ → S}unique
Γ4 = openset(Γ1[id1 7→ Fo], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F , ...:F ):S s,Γ5

(T-METHOD4)

Γ1(id1) = Fs Fs = {F :V }open
Γ1,Π ` id2 : L,Γ2 @i ∈ 1..n L . Fi n = |F :V |

closeall(Γ1)[self 7→ self , id 7→ F , ... 7→ F, σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Fo = {F :V , L:const self × F1 × ...× Fn × F∗ → S}open
Γ4 = openset(Γ1[id1 7→ Fo], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F , ...:F ):S s,Γ5
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(T-METHOD5)

Γ1(id1) = Fs Fs = {F :V }unique Γ1,Π ` id2 : L,Γ2 n = |F :V |
∃i ∈ 1..n L <: Fi ∧ Fi <: L ∧ const self × F1 × ...× Fn × nil∗ → S <: Vi

closeall(Γ1)[self 7→ self , id 7→ F , σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Vi 7→ const self × F1 × ...× Fn × nil∗ → S

Γ4 = openset(Γ1[id1 7→ Fs], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F ):S s,Γ5

(T-METHOD6)

Γ1(id1) = Fs Fs = {F :V }open Γ1,Π ` id2 : L,Γ2 n = |F :V |
∃i ∈ 1..n L <: Fi ∧ Fi <: L ∧ const self × F1 × ...× Fn × nil∗ → S <: Vi

closeall(Γ1)[self 7→ self , id 7→ F , σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Vi 7→ const self × F1 × ...× Fn × nil∗ → S

Γ4 = openset(Γ1[id1 7→ Fs], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F ):S s,Γ5

(T-METHOD7)

Γ1(id1) = Fs Fs = {F :V }unique Γ1,Π ` id2 : L,Γ2 n = |F :V |
∃i ∈ 1..n L <: Fi ∧ Fi <: L ∧ const self × F1 × ...× Fn × F∗ → S <: Vi

closeall(Γ1)[self 7→ self , id 7→ F , ... 7→ F, σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Vi 7→ const self × F1 × ...× Fn × F∗ → S

Γ4 = openset(Γ1[id1 7→ Fs], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F , ...:F ):S s,Γ5

(T-METHOD8)

Γ1(id1) = Fs Fs = {F :V }open Γ1,Π ` id2 : L,Γ2 n = |F :V |
∃i ∈ 1..n L <: Fi ∧ Fi <: L ∧ const self × F1 × ...× Fn × F∗ → S <: Vi

closeall(Γ1)[self 7→ self , id 7→ F , ... 7→ F, σ 7→ Fs],Π[ρ 7→ S] ` s,Γ3

Vi 7→ const self × F1 × ...× Fn × F∗ → S

Γ4 = openset(Γ1[id1 7→ Fs], frv(fun (id:T ):S s))

Γ5 = closeset(Γ4, fav(fun (id:T ):S s))

Γ1,Π ` fun id1:id2 (id:F , ...:F ):S s,Γ5
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(T-WHILE1)

Γ1,Π ` e : F,Γ2 closeall(Γ2),Π ` s,Γ3

Γ4 = closeset(Γ2, fav(s))

Γ5 = openset(Γ4, frv(s))

Γ1,Π ` while e do s,Γ5

(T-WHILE2)

Γ1(id) = F

closeall(Γ1[id 7→ φ(F, filter(F,nil))]),Π ` s,Γ2

Γ3 = openset(Γ1[id 7→ F ], frv(s))

Γ4 = closeset(Γ3, fav(s))

Γ1,Π ` while id do s,Γ4

(T-IF1)

Γ1,Π ` e : T,Γ2 Γ2,Π ` s1 : Γ3 Γ2,Π ` s2 : Γ4 Γ5 = join(Γ3,Γ4)

Γ1 ` if e then s1 else s2,Γ5

(T-IF2)

Γ1(id) = F Ft = fot(F,nil) Fe = fit(F,nil)

Γ1[id 7→ φ(F, Ft)],Π ` s1,Γ2

Γ1[id 7→ φ(F, Fe)],Π ` s2,Γ3

Γ4 = join(Γ2,Γ3)

Γ1,Π ` if id then s1 else s2,Γ4[id 7→ F ]

(T-IF3)

Γ1(id) = F Ft = fot(F,nil) Fe = fit(F,nil)

Fe = void Γ1[id 7→ φ(F, Ft)],Π ` s1,Γ2

Γ1,Π ` if id then s1 else s2,Γ2[id 7→ F ]

(T-IF4)

Γ1(id) = F Ft = fot(F,nil) Fe = fit(F,nil)

Ft = void Γ1[id 7→ φ(F, Fe)],Π ` s2,Γ2

Γ1,Π ` if id then s1 else s2,Γ2[id 7→ F ]

DBD
PUC-Rio - Certificação Digital Nº 1012679/CA



Appendix C. The type system of Typed Lua 134

(T-IF5)

Γ1(id) = πx
i

St = fopt(Π(x),nil, i) Se = fipt(Π(x),nil, i)

Γ1,Π[x 7→ St] ` s1,Γ2

Γ1,Π[x 7→ Se] ` s2,Γ3

Γ4 = join(Γ2,Γ3)

Γ1,Π ` if id then s1 else s2,Γ4

(T-IF6)

Γ1(id) = πx
i

St = fopt(Π(x),nil, i)

fit(proj(Π(x), i),nil) = void

Γ1,Π[x 7→ St] ` s1,Γ2

Γ1,Π ` if id then s1 else s2,Γ2

(T-IF7)

Γ1(id) = πx
i

Se = fipt(Π(x),nil, i)

fot(proj(Π(x), i),nil) = void

Γ1,Π[x 7→ Se] ` s2,Γ2

Γ1,Π ` if id then s1 else s2,Γ2

(T-IF8)

Γ1(id) = φ(F1, F2) Ft = fit(F2, string) Fe = fot(F2, string)

Γ1[id 7→ φ(F1, Ft)],Π ` s1,Γ2

Γ1[id 7→ φ(F1, Fe)],Π ` s2,Γ3

Γ4 = join(Γ2,Γ3)

Γ1,Π ` if type(id) == “string” then s1 else s2,Γ4[id 7→ F1]

(T-IF9)

Γ1(id) = φ(F1, F2) Ft = fit(F2, string) Fe = fot(F2, string)

Ft = void Γ1[id 7→ φ(F1, Fe)],Π ` s2,Γ2

Γ1,Π ` if type(id) == “string” then s1 else s2,Γ2[id 7→ F1]

(T-IF10)

Γ1(id) = φ(F1, F2) Ft = fit(F2, string) Fe = fot(F2, string)

Fe = void Γ1[id 7→ φ(F1, Ft)],Π ` s1,Γ2

Γ1,Π ` if type(id) == “string” then s1 else s2,Γ2[id 7→ F1]
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(T-LOCAL1)

Γ1,Π ` el : S,Γ2

S . F1 × ...× Fn × value∗ n = | id:F |
Γ2[id 7→ F ],Π ` s,Γ3

Γ1,Π ` local id:F = el in s, (Γ3 − {id})[id 7→ Γ2(id)]

(T-LOCAL2)

Γ1,Π ` el : E,Γ2, (x, S)

Γ3 = Γ2[id1 7→ infer(E, 1), ..., idn 7→ infer(E, n)]

Γ3,Π[x 7→ S] ` s,Γ4 n = | id |
Γ1,Π ` local id = el in s, (Γ4 − {id})[id 7→ Γ2(id)]

(T-LOCALREC)

Γ1[id 7→ F ],Π ` e : F1,Γ2 F1 . F Γ2,Π ` s,Γ3

Γ1,Π ` rec id:F = e in s, (Γ3 − {id})[id 7→ Γ2(id)]

(T-RETURN)

Γ1 ` el : S1,Γ2 Π(ρ) = S2 S1 . S2

Γ1 ` return el,Γ2

(T-STMAPPLY1)

Γ1,Π ` e(el) : S,Γ2

Γ1,Π ` be(el)c0,Γ2

(T-STMINVOKE1)

Γ1,Π ` e:n(el) : S,Γ2

Γ1,Π ` be:n(el)c0,Γ2

(T-NIL)

Γ1,Π ` nil : nil,Γ1

(T-FALSE)

Γ1,Π ` false : false,Γ1

(T-TRUE)

Γ1,Π ` true : true,Γ1
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(T-INT)

Γ1,Π ` int : int ,Γ1

(T-FLOAT)

Γ1,Π ` float : float ,Γ1

(T-STR)

Γ1,Π ` string : string ,Γ1

(T-IDREAD1)

Γ1(id) = F

Γ1,Π ` id : close(F ),Γ1[id 7→ open(F )]

(T-IDREAD2)

Γ1(id) = F

Γ1,Π ` id : fix(F ),Γ1[id 7→ fix(F )]

(T-IDREAD3)
Γ1(id) = φ(F1, F2)

Γ1,Π ` id : F2,Γ1

(T-IDREAD4)

Γ1(id) = πx
i

Γ1,Π ` id : proj(Π(x), i),Γ1

(T-INDEXREAD1)

Γ1(id) = {F :V } Γ1,Π ` e2 : F,Γ2 ∃i ∈ 1..n F . Fi n = |F :V |
Γ1,Π ` id[e2] : rconst(Vi),Γ2

(T-INDEXREAD2)

Γ1,Π ` e1 : {F :V },Γ2 Γ2,Π ` e2 : F,Γ3 ∃i ∈ 1..n F . Fi n = |F :V |
Γ1,Π ` e1[e2] : rconst(Vi),Γ3

(T-INDEXREAD3)

Γ1,Π ` e1 : any,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1[e2] : any,Γ3
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(T-COERCE1)

Γ1(id) <: F tag(F, closed)

Γ1,Π ` <F> id : F,Γ1[id 7→ reopen(F )]

(T-COERCE2)

Γ1(id) <: F tag(F, fixed)

Γ1,Π ` <F> id : F,Γ1[id 7→ F ]

(T-FUNCTION1)

closeall(Γ1)[id 7→ F ],Π[ρ 7→ S] ` s,Γ2

Γ3 = openset(Γ1, frv(fun (id:F ):S s))

Γ4 = closeset(Γ3, fav(fun (id:F ):S s))

Γ1,Π ` fun (id:F ):S s : F1 × ...× Fn × nil∗ → S,Γ4

(T-FUNCTION2)

closeall(Γ1)[id 7→ F , ... 7→ F ],Π[ρ 7→ S] ` s,Γ2

Γ3 = openset(Γ1, frv(fun (id:F ):S s))

Γ4 = closeset(Γ3, fav(fun (id:F ):S s))

Γ1,Π ` fun (id:F , ...:F ):S s : F1 × ...× Fn × F∗ → S,Γ4

(T-CONSTRUCTOR1)

Γ1,Π ` ([e1] = e2)i : (Fi, Vi),Γi+1 T = {F1:V1, ..., Fn:Vn}unique
wf(T ) n = | [e1] = e2 | Γf = merge(Γ1, ...,Γn+1)

Γ1,Π ` { [e1] = e2 } : T,Γf

(T-CONSTRUCTOR2)

Γ1,Π ` ([e1] = e2)i : (Fi, Vi),Γi+1

Γ1,Π ` me : Fn+1 × ...× Fn+m × Fn+m+1∗,Γn+2

T = {F1:V1, ..., Fn:Vn, 1:Fn+1, ...,m:Fn+m, integer:Fn+m+1 ∪ nil}unique
wf(T ) n = | [e1] = e2 | Γf = merge(Γ1, ...,Γn+2)

Γ1,Π ` { [e1] = e2 } : T,Γf

(T-FIELD)

Γ1,Π ` e2 : V,Γ2 Γ2,Π ` e1 : F,Γ3

Γ1,Π ` [e1] = e2 : (F, vt(F, V )),Γ3

DBD
PUC-Rio - Certificação Digital Nº 1012679/CA



Appendix C. The type system of Typed Lua 138

(T-ARITH1)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: integer F2 <: integer

Γ1,Π ` e1 + e2 : integer,Γ3

(T-ARITH2)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: integer F2 <: number

Γ1,Π ` e1 + e2 : number,Γ3

(T-ARITH3)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: number F2 <: integer

Γ1,Π ` e1 + e2 : number,Γ3

(T-ARITH4)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: number F2 <: number

Γ1,Π ` e1 + e2 : number,Γ3

(T-ARITH5)

Γ1,Π ` e1 : any,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1 + e2 : any,Γ3

(T-ARITH6)

Γ1,Π ` e1 : F,Γ2 Γ2,Π ` e2 : any,Γ3

Γ1,Π ` e1 + e2 : any,Γ3

(T-CONCAT1)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: string F2 <: string

Γ1,Π ` e1 .. e2 : string,Γ3

(T-CONCAT2)

Γ1,Π ` e1 : any,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1 .. e2 : any,Γ3

(T-CONCAT3)

Γ1,Π ` e1 : F,Γ2 Γ2,Π ` e2 : any,Γ3

Γ1,Π ` e1 .. e2 : any,Γ3
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(T-EQUAL)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3

Γ1,Π ` e1 == e2 : boolean,Γ3

(T-ORDER1)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: number F2 <: number

Γ,Π ` e1 < e2 : boolean,Γ3

(T-ORDER2)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: string F2 <: string

Γ1,Π ` e1 < e2 : boolean

(T-ORDER3)

Γ1,Π ` e1 : any,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1 < e2 : any,Γ3

(T-ORDER4)

Γ1,Π ` e1 : F,Γ2 Γ2,Π ` e2 : any,Γ3

Γ1,Π ` e1 < e2 : any,Γ3

(T-BITWISE1)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 F1 <: integer F2 <: integer

Γ1,Π ` e1 & e2 : integer,Γ3

(T-BITWISE2)

Γ1,Π ` e1 : any,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1 & e2 : any,Γ3

(T-BITWISE3)

Γ1,Π ` e1 : F,Γ2 Γ2,Π ` e2 : any,Γ3

Γ1,Π ` e1 & e2 : any,Γ3

(T-AND1)
Γ1,Π ` e1 : nil,Γ2

Γ1,Π ` e1 and e2 : nil,Γ2

(T-AND2)
Γ1,Π ` e1 : false,Γ2

Γ1,Π ` e1 and e2 : false,Γ2
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(T-AND3)
Γ1,Π ` e1 : nil ∪ false,Γ2

Γ1,Π ` e1 and e2 : nil ∪ false,Γ2

(T-AND4)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 nil 6. F1 false 6. F1

Γ1,Π ` e1 and e2 : F2,Γ3

(T-AND5)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3

Γ1,Π ` e1 and e2 : F1 ∪ F2,Γ3

(T-OR1)

Γ1,Π ` e1 : F,Γ2 nil 6. F false 6. F

Γ1,Π ` e1 or e2 : F,Γ2

(T-OR2)
Γ1,Π ` e1 : nil,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1 or e2 : F,Γ3

(T-OR3)

Γ1,Π ` e1 : false,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1 or e2 : F,Γ3

(T-OR4)

Γ1,Π ` e1 : nil ∪ false,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1 or e2 : F,Γ3

(T-OR5)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3

Γ1,Π ` e1 or e2 : filter(filter(F1,nil), false) ∪ F2,Γ3

(T-NOT1)
Γ1,Π ` e : nil,Γ2

Γ1,Π ` not e : true,Γ2

(T-NOT2)
Γ1,Π ` e : false,Γ2

Γ1,Π ` not e : true,Γ2

(T-NOT3)
Γ1,Π ` e : nil ∪ false,Γ2

Γ1,Π ` not e : true,Γ2
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(T-NOT4)

Γ1,Π ` e : F nil 6. F false 6. F

Γ1,Π ` not e : false,Γ2

(T-NOT5)
Γ1,Π ` e : F,Γ2

Γ1,Π ` not e : boolean,Γ2

(T-LEN1)
Γ1,Π ` e : F,Γ2 F <: string

Γ1,Π ` # e : integer,Γ2

(T-LEN2)
Γ1,Π ` e : F,Γ2 F <: {}closed

Γ1,Π ` # e : integer,Γ2

(T-LEN3)
Γ1,Π ` e : any,Γ2

Γ1,Π ` # e : any,Γ2

(T-EXPAPPLY1)

Γ1,Π ` e(el) : S,Γ2

Γ1,Π ` be(el)c1 : proj(S, 1),Γ2

(T-EXPINVOKE1)

Γ1,Π ` e:n(el) : S,Γ2

Γ1,Π ` be:n(el)c1 : proj(S, 1),Γ2

(T-EXPDOTS)

Γ1,Π ` ... : F∗,Γ2

Γ1,Π ` b...c1 : F ∪ nil,Γ2

(T-IDWRITE1)
Γ1(id) = F

Γ1,Π ` idl : F,Γ1

(T-IDWRITE2)

Γ1(id) = φ(F1, F2)

Γ1,Π ` idl : F1,Γ1[id 7→ F1]
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(T-INDEXWRITE1)

Γ1,Π ` e1 : {F :V },Γ2

Γ2,Π ` e2 : F,Γ3 ∃i ∈ 1..n F . Fi ∧ ¬const(Vi) n = |F :V |
Γ1,Π ` e1[e2]l : Vi,Γ3

(T-INDEXWRITE2)

Γ1,Π ` e1 : any,Γ2 Γ2,Π ` e2 : F,Γ3

Γ1,Π ` e1[e2]l : any,Γ3

(T-REFINE1)

Γ1(id) = {F :V }unique
Γ1,Π ` e : Fnew,Γ2 @i ∈ 1..n Fnew . Fi Vnew = vt(Fnew, V ) n = |F :V |

Γ1,Π ` id[e]<V > : Vnew,Γ2[id 7→ {F :V , Fnew:Vnew}unique]

(T-REFINE2)

Γ1(id) = {F :V }open
Γ1,Π ` e : Fnew,Γ2 @i ∈ 1..n Fnew . Fi Vnew = vt(Fnew, V ) n = |F :V |

Γ1,Π ` id[e]<V > : Vnew,Γ2[id 7→ {F :V , Fnew:Vnew}open]

(T-LHSLIST)

Γ1,Π ` li : Fi,Γi+1 Γf = merge(Γ1, ...,Γn+1) n = | l |
Γ1,Π ` l : F1 × ...× Fn × value∗,Γf

(T-EXPLIST1)

Γ1,Π ` ei : Fi,Γi+1 Γf = merge(Γ1, ...,Γn+1) n = | e |
Γ1,Π ` e : F1 × ...× Fn × nil∗,Γf

(T-EXPLIST2)

Γ1,Π ` ei : Fi,Γi+1 Γ1,Π ` me : Fn+1 × ...× Fn+m × Fn+m+1∗,Γn+2

Γf = merge(Γ1, ...,Γn+2) n = | e |
Γ1,Π ` e,me : F1 × ...× Fn+m × Fn+m+1∗,Γf
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(T-EXPLIST3)

Γ1,Π ` ei : Fi,Γi+1 Γ1,Π ` me : S,Γn+2

S = Fn+1 × ...× Fn+m × nil∗ t F ′
n+1 × ...× F ′

n+m × nil∗
Γf = merge(Γ1, ...,Γn+2) n = | e |

Γ1,Π ` e,me : F1 × ...× Fn × πx
1 × ...× πx

m × nil∗,Γf , (x, S)

(T-APPLY1)

Γ1,Π ` e : S1 → S2,Γ2 Γ2,Π ` el : S3,Γ3 S3 . S1

Γ1,Π ` e(el) : S2,Γ3

(T-APPLY2)

Γ1,Π ` e : any,Γ2 Γ2,Π ` el : S,Γ3

Γ1,Π ` e1(el) : any∗,Γ3

(T-INVOKE1)

Γ1,Π ` e : F,Γ2

Γ2[σ 7→ F ],Π ` e[id] : const S1 → S2,Γ3

Γ3[σ 7→ F ],Π ` el : S3,Γ4 F × S3 . [self 7→ F ]S1

Γ1,Π ` e:id(el) : [self 7→ F ]S2,Γ4

(T-INVOKE2)

Γ1,Π ` e : any,Γ2 Γ2,Π ` el : S,Γ3

Γ1,Π ` e:id(el) : any∗,Γ3

(T-DOTS)
Γ1(...) = F

Γ1,Π ` ... : F∗,Γ1

(T-SELF)
Γ1,Π ` e : self ,Γ2 Γ2(σ) = F

Γ1,Π ` e : F,Γ2

(T-SETMETATABLE1)

Γ1(id) = self

Γ1,Π ` setmetatable({}, {[“ index”] = id}) : self ,Γ1

(T-SETMETATABLE2)

Γ1(id) = {F1:V1, ..., Fn:Vn}fixed
Γ1,Π ` setmetatable({}, {[“ index”] = id}) : {F1:V1, ..., Fn:Vn}open,Γ1
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(T-SETMETATABLE3)

Γ1,Π ` e : T,Γ2 T = {F1:V1, ..., Fn:Vn}closed Γ1(id) = self Γ1(σ) <: T

Γ1,Π ` setmetatable(e, {[“ index”] = id}) : self ,Γ2[σ 7→ T ]

(T-UNFOLD)

Γ1,Π ` e : µx.F,Γ2

Γ1,Π ` e : [x 7→ µx.F ]F,Γ2

(T-FOLD)
Γ1,Π ` e : [x 7→ µx.F ]F,Γ2

Γ1,Π ` e : µx.F,Γ2

(T-TERNARY)

Γ1,Π ` e1 : F1,Γ2 Γ2,Π ` e2 : F2,Γ3 Γ3,Π ` e3 : F2,Γ4

Γ1,Π ` e1 and e2 or e3 : F2,Γ4

C.3 Auxiliary functions

wf({F : V }unique|open|fixed|closed) = ∀i ((@j i 6= j ∧ Fi . Fj) ∧ wf(Vi)∧

¬tag(Vi, unique) ∧ ¬tag(Vi, open))

wf(const F ) = wf(F )

wf(F1 ∪ F2) = wf(F1) ∧ wf(F2)

wf(µx.F ) = wf(F )

wf(S1 → S2) = wf(S1) ∧ wf(S2)

wf(S1 t S2) = wf(S1) ∧ wf(S2)

wf(F∗) = wf(F )

wf(F × P ) = wf(F ) ∧ wf(P )

wf(F ) = > for all other cases

tag(F1 ∪ F2, t) = tag(F1, t) ∨ tag(F2, t)

tag({F :V }t, t) = >

tag({F :V }t1 , t2) = ⊥

tag(F, t) = ⊥
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vt(L, V ) = fix(V )

vt(F1, F2) = nil(fix(F2))

vt(F1, const F2) = const nil(fix(F2))

nil(T ) =

{
T if nil . T

T ∪ nil otherwise

fix(F1 ∪ F2) = fix(F1) ∪ fix(F2)

fix({F :V }unique|open) = {F :V }fixed
fix(F ) = F

close(F1 ∪ F2) = close(F1) ∪ close(F2)

close({F :V }unique|open) = {F :V }closed
close(F ) = F

open(F1 ∪ F2) = open(F1) ∪ open(F2)

open({F :V }unique) = {F :V }open
open(F ) = F

reopen({F : V }closed) = {F : V }open
reopen(F ) = F

rconst(const F ) = F

rconst(F ) = F
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const(const F ) = >

const(F ) = ⊥

proj(S1 t S2, i) = proj(S1, i) ∪ proj(S2, i)

proj(F∗, i) = nil(F )

proj(F × P, 1) = F

proj(F × P, i) = proj(P, i− 1)

proj(E∗, i) = nil(E)

proj(T × E, 1) = T

proj(T × E, i) = proj(E, i− 1)

infer(T1 × ...× Tn∗, i) =

{
general(Ti) if i < n

general(nil(Tn)) if i >= n

general(false) = boolean

general(true) = boolean

general(int) = integer

general(float) = number

general(string) = string

general(F1 ∪ F2) = general(F1) ∪ general(F2)

general(S1 → S2) = general2(S1)→ general2(S2)

general({F1:V1, ..., Fn:Vn}tag) = {F1:general(V1), ..., Fn:general(Vn)}tag
general(µx.F ) = µx.general(F )

general(T ) = T

general2(F∗) = general(F )∗

general2(F × P ) = general(F )× general2(P )

general2(S1 t S2) = general2(S1) t general2(S2)
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closeall(Γ[id1 7→ T1, ..., idn 7→ Tn]) = Γ[id1 7→ close(T1), ..., idn 7→ close(Tn)]

closeset(Γ, {id1, ..., idn}) = Γ[id1 7→ close(Γ(id1)), ..., idn 7→ close(Γ(idn))]

openset(Γ, {id1, ..., idn}) = Γ[id1 7→ open(Γ(id1)), ..., idn 7→ open(Γ(idn))]

merge(Γ) = reduce(Γ,merge2)

merge2(Γ1,Γ2) = {(id,merget(Γ1(id),Γ2(id))}

merget(T1, T2) = T1 if T2 . T1

merget(T1, T2) = T2 if T1 . T2

the next case applies if

V l .u Vr ∨ V r .u Vl

and the right side is wf

merget({F : V l, F ′ : V ′}unique,

{F : V r, F ′′ : V ′′}unique) = {F : supu(V l, V r),

F ′ : V ′,

F ′′ : V ′′}unique
the next case applies if

V l .c Vr ∨ V r .c Vl

and the right side is wf

merget({F : V l, F ′ : V ′}unique|open,

{F : V r, F ′′ : V ′′}unique|open) = {F : supc(V l, V r),

F ′ : V ′,

F ′′ : V ′′}open
merget(T1, T2) = ⊥ otherwise

supu(V1, V2) = V2 if V1 .u V2

supu(V1, V2) = V1 if V2 .u V1
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supc(V1, V2) = V2 if V1 .c V2

supc(V1, V2) = V1 if V2 .c V1

join(Γ1,Γ2) = {(id, joint(Γ1(id),Γ2(id))}

joint(T1, T2) = T1 if T2 . T1

joint(T1, T2) = T2 if T1 . T2

the next case applies if

V l .u Vr ∨ V r .u Vl

and the right side is wf

joint({F : V l, F ′ : V ′}unique, {F : V r, F ′′ : V ′′}unique) = {F : supu(V l, V r),

F ′ : nil(V ′),

F ′′ : nil(V ′′)}unique
joint(T1, T2) = ⊥ otherwise

filter(F1 ∪ F2, F1) = filter(F2, F1)

filter(F1 ∪ F2, F2) = filter(F1, F2)

filter(F1 ∪ F2, F3) = filter(F1, F3) ∪ filter(F2, F3)

filter(F1, F2) = F1

fopt(P1 t P2, F, i) = P2 if fot(proj(P1, i), F ) = void

fopt(P1 t P2, F, i) = P1 if fot(proj(P2, i), F ) = void

fopt(P1 t P2, F, i) = P1 t P2 otherwise

fopt(P t S, F, i) = fopt(S, F, i) if fot(proj(P, i), F ) = void

fopt(P t S, F, i) = P t fopt(S, F, i) otherwise

fopt(S t P2, F, i) = fopt(S, F, i) if fot(proj(P, i), F ) = void

fopt(S t P, F, i) = fopt(S, F, i) t P otherwise

fopt(S1 t S2, F, i) = fopt(S1, F, i) t fopt(S2, F, i)
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fot(F1 ∪ F2, F3) = fot(F1, F3) if fot(F2, F3) = void

fot(F1 ∪ F2, F3) = fot(F2, F3) if fot(F1, F3) = void

fot(F1 ∪ F2, F3) = fot(F1, F3) ∪ fot(F2, F3) otherwise

fot(F1, F2) = void if F1 <: F2 and F2 <: F1

fot(F1, F2) = F1 otherwise

fipt(P1 t P2, F, i) = P2 if fit(proj(P1, i), F ) = void

fipt(P1 t P2, F, i) = P1 if fit(proj(P2, i), F ) = void

fipt(P1 t P2, F, i) = P1 t P2 otherwise

fipt(P t S, F, i) = fipt(S, F, i) if fit(proj(P, i), F ) = void

fipt(P t S, F, i) = P t fipt(S, F, i) otherwise

fipt(S t P2, F, i) = fipt(S, F, i) if fit(proj(P, i), F ) = void

fipt(S t P, F, i) = fipt(S, F, i) t P otherwise

fipt(S1 t S2, F, i) = fipt(S1, F, i) t fipt(S2, F, i)

fit(F1 ∪ F2, F3) = fit(F1, F3) if fit(F2, F3) = void

fit(F1 ∪ F2, F3) = fit(F2, F3) if fit(F1, F3) = void

fit(F1 ∪ F2, F3) = fit(F1, F3) ∪ fit(F2, F3) otherwise

fit(F1, F2) = F1 if F1 <: F2 and F2 <: F1

fit(F1, F2) = void otherwise
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