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A
Glossary

bottom type A type that is subtype of all types.

closed table type A table type that does not provide any guarantees about
keys with types not listed in the table type. See complete definition in
page 63.

coercion A relation that allows converting values from one type to values of

another type without error.

consistency A relation used by gradual typing to check the interaction
between the dynamic type and other types. See complete definition in

page 18.

consistent-subtyping A relation that combines consistency and subtyping.

See complete definition in page 20.

contravariant A part of a type constructor is contravariant when it reverses
the subtyping order, that is, the part T} of a type being a subtype of the
corresponding part 7T, of another type implies that T, <: T7.

covariant A part of a type constructor is covariant when it preserves the
subtyping order, that is, the part 77 of a type being a subtype of the
corresponding part 7T, of another type implies that T} <: Ts.

depth subtyping A subtyping relation over records that allows variance in

the type of record fields.

dynamic type A type used by gradual typing to denote unknown values. See

complete definition in page 18.

filter type A type used by Typed Lua to discriminate the type of local
variables inside control flow statements. See complete definition in page

65.
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fixed table type A table type which guarantees that there are no keys with
a type that is not one of its key types, and that can have any number of

fized or closed references. See complete definition in page 63.

flow typing An approach that combines static typing and flow analysis to

allow variables to have different types at different parts of the program.
free assigned variable A free variable that appears in an assignment.

gradual type system A type system that uses either the consistency relation
or the consistent-subtyping relation instead of type equality to perform

static type checking. See complete definition in page 18.

gradual typing An approach that uses a gradual type system to allow static
and dynamic typing in the same code, but inserting run-time checks
between statically typed and dynamically typed code. See complete
definition in page 18.

invariant A part of a type constructor is invariant when it forbids variance,
that is, the part T of a type being a subtype of the corresponding part
Ty of another type implies that T} <: T, and T, <: T7. It is also a way
to define type equality through subtyping.

metatable A Lua table that allows changing the behavior of other tables it
is attached to.

nominal type system A type system that uses the type names to check the

compatibility among them.

open table type A table type which guarantees that there are no keys with a
type that is not one of its key types, and that only have closed references.

See complete definition in page 63.

optional type system A type system that allows combining static and
dynamic typing in the same language, but without affecting the run-

time semantics. See complete definition in page 17.

projection environment An environment used by Typed Lua to handle

unions of second-level types that are bound to projection types.

projection type A type used by Typed Lua to discriminate the type of local
variables that have a dependency relation. See complete definition in

page 65.
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prototype object An object that works like a class, that is, it is an object

from which other objects inherit its attributes.

self-like delegation A technique to implement inheritance in dynamically

typed languages through prototype objects.

sound type system A type system that does not type check all programs

that contain a type error.

structural type system A type system that uses type structures to check

the compatibility among them.

table refinement An operation from Typed Lua that allows programmers to
change a table type to include new fields or to specialize existing fields.

See complete definition in page 80.
top type A type that is supertype of all types.
type environment An environment that binds variable names to types.

type tag A tag that describes the type of a value during run-time in dynam-
ically typed languages.

unique table type A table type which guarantees that there are no keys with
a type that is not one of its key types, and that has only one reference.

See complete definition in page 63.

unsound type system A type system that type checks certain programs

that contain type errors.

userdata A Lua data type that allows Lua to hold values from applications

or libraries that are written in C.

vararg expression A Lua expression that can result in an arbitrary number

of values.
variadic function A function that can use an arbitrary number of arguments.

variance A property that defines the subtyping order between the compon-

ents of a type constructor.

width subtyping A subtyping relation over records that allows the subtype
to include fields that do not exist in the supertype.
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The syntax of Typed Lua

This appendix presents the complete syntax of Typed Lua.

chunk ::
block

stat ::

retstat ::
label ::
funcname ::
varlist ::
var ::

namelist ::

block
{stat} [retstat]

(]
)

| varlist ‘=" explist
| functioncall

| label

| break

| goto Name

| do block end

| while exp do block end

| repeat block until exp

| if exp then block {elseif exp then block} [else block] end

4

| for Name ‘=’ exp ©,” exp|[‘,’ exp| do block end
| for namelist in explist do block end
| [const| function funcname funcbody
| local function Name funcbody
| local namelist [‘=" explist]
| [local] typealias Name ‘=’ type
| [local] interface typedec
return [ezplist] [ ;]
“::? Name ¢ ::’
Name {¢.’> Name} [“:’ Name]
[const]| var {“,’ [const] var}
Name | prefizexp < [’ exp ‘1° | prefizezp .’ Name
Name [€:7 type] {¢,’ Name [¢:’ type|}
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explist ::

erp

prefiverp ::
functioncall ::
args :
functiondef ::
funcbody
parlist ::
tableconstructor ::
fieldlist ::
field ::
fieldsep
binop ::

unop ::
typedec ::
decitem ::
wdtype
= ad {¢,? id}
id :

1dlist

type :
primarytype ::

literaltype ::
basetype ::
functiontype ::
tupletype
typelist ::
rettype :

uniontuple ::

= exp{*,’ exp}

= nil | false | true | Number | String | <. ..’ | functiondef
| prefizexp | tableconstructor | exp binop exp | unop exp

= war | functioncall | <’ exp )’

= prefizexp args | prefizexp ¢ :° Name args

= O [explist] )’ | tableconstructor | String

= function funcbody
= O [parlist] <) [“:? rettype] block end
= namelist [*,” “...0 [“:7 type]] | ©...7 [ type]

= { [fieldlist] <}’
= |[const] field {fieldsep [const] field} [fieldsep]

= ‘[’ exp ]’ ‘=" exp| Name ‘=’ exp | exp
=
— e |
| &2 | | A o> | k< | L
R R e R
| and | or

= ‘=7 |not | ‘# |’
= Name {decitem} end
= ddlist < : wdtype

= type | methodtype

:= [const] Name

= primarytype [ 7]

= literaltype | basetype | nil | value | any | self | Name

| functiontype | tabletype | primarytype |’ primarytype
= false | true | Int | Float | String
= boolean | integer | number | string
= tupletype
= “( [typelist] <)’

= type{¢,’ type} [‘*’]

=>’ retiype

= type | uniontuple [¢7?’]

= tupletype | uniontuple ‘|’ uniontuple
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tabletype ::
tabletypebody ::
maptype ::
keytype ::
recordtype ::
recordfield ::
methodtype ::

“{’ [tabletypebody] ‘}’
maptype | recordtype

4

[keytype < 2] type

basetype | value

recordfield { ¢, recordfield} [, type]
[const]| literaltype < :° type

tupletype ‘=>’ rettype
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C
The type system of Typed Lua

This appendix presents the complete type system of Typed Lua.

C.1 Subtyping rules

(S-LITERAL)

YL <L
(S-FALSE)
Y. I false <: boolean
(S-TRUE)
Y F true <: boolean
(S-STRING)
Y | string <: string
(S-INT1)
Y Fint <: integer
(S-INT?2)
Y Fint <: number
(S-FLOAT)
¥ F float <: number
(S-BASE)

YFB<:B

(S-INTEGER)

Y - integer <: number

(S-NIL)
Y F nil <: nil
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(S-VALUE)

Y F F <:value
(S-ANY)

Y Fany <: any
(S-SELF)

Y F self <: self
(S-UNIONT1)

YEFR < F YFEFE<F

YR U < F

(S-UNIONZ2)
YHF < Fy

YHEF < U

(S-UNION3)

YEF < F
YEF < FiUF,

(S-FUNCTION)

YES; < S YE S <8,
Z|—51—>SQ<233—>S4

(S-PAIR)
YR < F YEP < B

E|_F1XP1<ZF2XP2

(S-VARARG1)

Y+ FyUnil <: £, Unil
Y Fix < Fox

(S-VARARG?2)

YRR Unil < F, YEFx< P

YEFx<:Fyx Py

(S-VARARG3)

Y < FyUnil YF P < Fox

E"F1XP1<IF2*

(S-UNTON4)
E|_81<IS E"SQ<S

Z|_51USQ<ZS
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(S-UNIONS)
YES < 51
YES<: Sl L SQ
(S-UNIONG)
YES < SQ
YES<: Sl L SQ
(S-TABLEL1)

Vidj SFF<:F SEF <F SFV, <,V

Y {F:V}fixedklosed < {F,:V/}ClOSEd
(S-TABLE2)

ViVj SEF<F =Yk Vi<y,V/
Vjidi SEF < F/ —Sknil<,V/
Y+ {FiV}umque <: {F,:V/}closed

(S-TABLES3)

Vidj SkF < FIASEV <, V)
Vidi LkF < F—YFnil<,V/
2= {F:V}unique < {F/:V/}unique|open|fixed

(S-TABLEA4)

Vi Vj ZI—E<:F;—>El—Vi<:CV;’
Vi Fi YEF < F - XYknil <, V]
EEAFVopen < {F"V'}losed

(S-TABLES)

Vi 35 ZFE<:F;/\EP%<:CVJ/
Vidi LEF < F—YSktnil<,V/
EHEA{FV}open <t {F":V'}open|fized

(S-TABLES)

Vidj SEE<F SEF<F SEV<, V!
Vidi SREF<F YREF<F YXEV;<. V]

EEA{F:V}ivea < {F"V'} fized
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(S-FIELD1)
Z"Fl <: Fy EI—F2<2F1
Y B < Fy
(S-FIELDZ2)
X Fy < Fy
> const F} <:. const Fj
(S-FIELD3)
Y EF < I
Y+ I <. const F,
(S-FIELDA4)
YEF < I
X+ F <iu F,
(S-FIELD5)
Y < I
> F const F} <:, const F)
(S-FIELDG)
Y < K
X const F} <, F5
(S-FIELD7)
Y < K
Y+ Fy <, const Fy
(S-FIELDS)
YFnil < F
Y Fmnil <, F
(S-FIELDY)
YFnil < F
> Fnil <:, const I
(S-AMBER)

Z[CCl <: xz] < B
X IU.I'l.Fl <: /,L.QTQ.FQ

(S-ASSUMPTION)
T <: Xy € X

Yhax <y

(S-UNFOLDR)

Y EF <[z pr.F)F,
YFF < px.Fy

(S-UNFOLDL)

YF [z pr.F)F < Fy
Ypx By < Fy
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(S-EXPRESSION)
YT < T

(S-PAIR2)
SET < Ty Sk Ey < By

YHET, X Ey <: Ty x Ey

(S-VARARGA)
S Ty Unil <: T, U nil

Y ETi* <: Tox

(S-VARARGS5)

YETiUnil<: Ty X ETix<: E
Y ETix <: Ty X By

(S-VARARG6)

YET, <:ToUnil Y+ B <: Thx
Zl_T1XE1<3T2*

(C-ANY1)
Y FF S any

(C-ANY?2)
Yhany S F

C.2 Typing rules

(T-SKIP)
Ty, 11+ skip, T,

(T-SEQ)
Fl,H - Sl,Fg FQ,H - 32,F3

F17H|_ 51, 827F3

(T-ASSIGNMENT)

Iy, Ikel: S, Ty Ty, IIF1:5,T5 S; <5,

[, II-1=celTy
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(T-METHOD1)

Fyidy) = Fy Fy = {FV }unigne
D, OFidy: LTy pieln LSF, n=|FV]|
closeall(T'y)[self + self,id — F,o v F,),II[p+ S| F s,T3
F,={F:V, L:const self x F} x ... x I}, x nilx = S}niquc
'y = openset(T'1[id; — F,), fro(fun (id:T):S s))
['s = closeset(Ty, fav(fun (id:T):S s))
Iy, 11+ fun id,:idy (id:F):S 5,T'5

(T-METHOD2)

Ty(id)) = Fy Fy = {F:V}open
D, Obidy: LTy piecln LSF, n=|FV]|
closeall(T'y)[sel f + self id — F, o+ F,),II[p+ S| F 5,T3
F,={F:V, L:const self x I} x ... x F, X nilx = S},cn
'y = openset(T'1[id; — F,], fro(fun (id:T):S s))
I's = closeset(Ty, fav(fun (id:T):S s))
[, I F fun id:idy (id:F):S s,T'5

(T-METHOD3)

Ti(idi) = Fs Fy = {FV }unique
Dy, Obidy: LTy, picln LSF, n=|FV]|
closeall(T'y)[sel f + self id — F,...— F,o + F,,II[p — S] F 5,13
F,={F:.V, L:const self x F} X ... x F, X F* = S }unique
'y = openset(T'1[id, — F,], fro(fun (id:T):S s))
I's = closeset(Ty, fav(fun (id:T):S s))
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[y, I F fun idy:idy (id:F,....F):S s,T5
(T-METHODA)

Ty(id)) = Fy Fy = {F:V }open
[, IIFidy: LTy ficlnL<SF n=|FV]|
closeall(Ty)[self + self,id — F, ...+ F,o + F,|,lI[p+ S| F 5,T3
F,={F:V, L:const self x F| x ... x Fj, x Fx — S }open
Iy = openset(T1[idy — F,), fro(fun (id:T):S s))
I's = closeset(Ty, fav(fun (id:T):S s))

[y, I+ fun idy:idy (id:F,....F):.S s,T5
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(T-METHOD5)

Ty(idy) = Fy, Fy={FV}uigue Ti,IFidy: L, Ty n=|FV]|
diel.nL<:F,ANF;<:LAconstself x [| Xx..x F, xnilx - 5 <:V,
closeall(T'y)[self v self id — F, o+ F,),II[p+ S| F 5,T3
Vi — const self x F| x ... x F,, x nilx — S
Iy = openset(T'1[id, + FJ], fro(fun (id:T):S s))

['s = closeset(Ty, fav(fun (id:T):S s))

Pl, II + fun idliidg (’ldF)S S, F5
(T-METHODS)

Uy(id)) = Fy Fy={F:V}open T1,1IFidy: L, Ty n=|F:V|
diel.nL<:F,ANF;<:LAconstself x [, Xx..x F, xnilx - 5 <:V,
closeall(T'y)[sel f + selfid — F,o + F,),II[p+ S| F 5,T3
V. — const self x I} x ... x F,, x nilx — S
Iy = openset(T'1[id, + F.], fro(fun (id:T):S s))

['s = closeset(Ty, fav(fun (id:T):S s))

Fl, II + fun idliidQ (ZdF)S S, F5
(T-METHOD?)

[y(idy) = Fy Fy = {F:V}unigue U1, Fidy: LTy n=|F:V|
diel.nL<:F;NF;<:LAconstself x F| x...xF,xFx—5<:V,
closeall(Ty)[self + self,id — F, ...+ F,o + F,|,II[p+ S| F 5,T3
Vi const self x F| x ... x F,, x Fx — S
'y = openset(T'1[id, — F.], fro(fun (id:T):S s))

I's = closeset(Ty, fav(fun (id:T):S s))

[y, I F fun idy:idy (id:F,....F):S s,T5
(T-METHODS)

[y(idy) = Fs Fy={F:V}open T1,1IFidy: LTy n=|F:V|
diel.nL<:F;NF;<:LAconstself x F| x..xF,xFx—8§5<:V
closeall(Ty)[self + self,id — F, ...+ F,o + F,|,lI[p+ S| F 5,T3
Vi const self x F| x ... x F,, x Fx — S
Iy = openset(T1[idy +— Fy), fro(fun (id:T):S s))

I's = closeset(Ty, fav(fun (id:T):S s))

[y, I+ fun idy:idy (id:F,....F):.S s,T5
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(T-WHILE1)

I, IIte: F,T'y closeall(T'y), 1T F s,T3
[y = closeset(I's, fav(s))
['s = openset(Ty, fru(s))
I'y,II - while e do s,I'5

(T-WHILE2)

Iy (id) = F
closeall(T'1[id — ¢(F, filter(F,nil))]), T F s, Ty
['s = openset(I'1[id — FY, fro(s))
[y = closeset(I's, fav(s))
'y, I1 - while id do s, Ty

(T-IF1)

Fl,Hl—e:T,FQ FQ,Hl_Slirg FQ,Hl_SQ:F4 F5:j0in(F3,F4)

I'; - if e then s; else s, 5

(T-IF2)
['(id) = F F,= fot(F,nil) F, = fit(F, nil)
[yfid — o(F, Fy)], 1T s1,T9
T [id — ¢(F, F,)], 11 - sy, Ty
F4 = jO’in(Fg, F3)
[, I F if id then s; else so, T'4[id — F
(T-IF3)
['(id)=F F,= fot(F,nil) F, = fit(F, nil)
F, =void Ti[id — ¢(F, F,)|,11F s1,T
[, II F if id then s; else s, ['s[id — F
(T-TF4)

I'1(id) = F F, = fot(F,nil) F,= fit(F, nil)
F, = void T[id s ¢(F, F)], I+ $5,T5
[, II F if id then s; else s, ['s[id — F
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(T-IF5)

I'y(id) = n?
Sy = fopt(Il(z),nil, i) S. = fipt(Il(z),nil, 7)
[,z — Sy b s, Ty
[y, Oz — Se] b sg, g
[y = join(I'y, ')
'y, II Fif id then s; else 55,1y

(T-IF6)
['y(id) = n?
Sy = fopt(Il(z), nil, )
fit(proj(Il(z), ), nil) = void
[y, Oz — Sy b s, Ty
I'y,II = if id then s; else s9, 15

(T-1F7)
[y(id) = 77
Se = fipt(Il(x), nil, 7)
fot(proj(Il(x),4),nil) = void
[y, Mz = Se] b 59, Ty
I'y,II = if id then s; else sy,

(T-1F8)

[y (id) = ¢(Fy, Fy) Fy = fit(Fy, string) F, = fot(Fy, string)
[1[id — ¢(Fy, Fy)], 1T E 51,19
T [id — ¢(Fy, F,)],I1F 55, T
Iy = join(T'y,T'3)

[y, T+ if type(id) == “string” then s; else sy, ['y[id — F}]
(T-IF9)

Fl(’Ld) = Qb(Fl, FQ) Ft = th(Fg, StI‘il’lg) Fe = fOt(FQ, StI’il’lg)
F, = void Pl[ld — ¢<F1, Fe)],H F SQ,FQ

[y, I Fif type(id) == “string” then s; else s, I's[id — F7]
(T-IF10)

[i(id) = ¢(F1, Fy) Fy = fit(Fy, string) F. = fot(F, string)
Fe = void Fl[ld — (b(Fl’Ft)]’H F 81,F2

[y, I F if type(id) == “string” then s; else sq, I's[id — F7]
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(T-LOCALT)

T IF el : ST,
S<F X...x F, xvaluex n=|idF |

FQ[ZdP—> F],H + s,I's

I, 11+ local id:F = el in s, (I's — {id})[id — T3 (id)]

(T-LOCAL2)

I, JIkel: E Ty (x,5)
['s = yidy — infer(E,1),...,id, — infer(E,n)]
Dy, Iz~ S| F5,Ty n=|id]|
Iy, 11+ local id = el in s, (Ty — {id})[id — T3 (id)]

(T-LOCALREC)

Fl[idf—)F],H}_€ZF1,F2 F1§F FQ,H}_S,Fg
Ty T1F rec id:F — ¢ in s, (T — {id})[id — T(id)]

(T-RETURN)

Fl Fel: Sl,FQ H(p) :SQ Sl 5 SQ
I'y F return el, 'y

(T-STMAPPLY1)

Fl,H + 6(61) : S, FQ
Fl,H [ Le(el)Jo,Fg

(T-STMINVOKET1)

[, I Fem(el) : S,Ty
Fl, T+ Le:n(el)Jo, FQ

(T-NIL)
[, 1T+ nil : nil, 'y
(T-FALSE)
I'y, Il I false : false, I';
(T-TRUE)

['y,II F true : true, I';
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(T-IN'T)
'y, I+ ent : int, Ty
(T-FLOAT)
'y, 1T+ float - float, 'y
(T-STR)

'y, IT - string : string, 'y
(T-IDREAD1)

Ty (id) = F
[, I+ id : close(F),T'1[id — open(F)]

(T-IDREAD?2)

Iy(id) = F
[y, I Fid: fix(F),T[id — fiz(F)]

(T-IDREAD3)
i (id) = ¢(F1, F»)
Fl,H Fid : FQ,Fl

(T-IDREADA4)

Fl(ld) = ﬂ-z?:
[, I Fid : proj(Il(x),i), Ty

(T-INDEXREADI)

I'y(id) ={F:V} TI',lIFey: F,T'y Jiel.nFSEF n=|FV]|
[y, I F dd[es] : reonst(V;), Ty

(T-INDEXREAD2)

[, ke :{F:V}Ty Tyllkey: F,Ty diel.nFSE n=|F:V]|
[y, I F eqes] : reonst(V;), T's

(T-INDEXREAD3)

', IIFe any, I'y Ty, Il Fey: F T3
Fl,H - 61[62] : any,Fg
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(T-COERCE1)

I'y(id) <: F tag(F, closed)
[, I <F>id: F,T'1[id — reopen(F)]

(T-COERCE?2)

I'y(id) <: F tag(F, fized)
T <F>id: F,T1[id s F]

(T-FUNCTION1)

closeall(T'y)[id — F|,[p— S]F s,y
I's = openset(T'y, fro(fun (id:F):S s))
[y = closeset(T's, fav(fun (id:F):S s))
[, 11+ fun (id:F):S s : Fy X ... x F, x nilx — S, Ty

(T-FUNCTION2)

closeall(Ty)[id +— F,... — F],H[p+ S| F s,T;
'3 = openset(T'y, fro(fun (id:F):S s))
I'y = closeset(I's, fav(fun (id:F):S s))
[, IIF fun (id:F,...F):S s: F| X ... x F, x Fx — S, Ty

(T-CONSTRUCTOR1)

F1>H l_ ([61] = 62)7j : (Ev%))ri—kl T = {Fl:‘/b "-aFn:Vn}unique
wf(T) n=|erl] =e2| T'y=merge(Ty,...,Thi1)
Fl,Hl—{[el] = €2 }T,Ff

(T-CONSTRUCTOR?2)

[, ITE (fed] = e2)i o (F5, Vi), i
I, IIEme: Frpqg X oo X Fypn X Fypmar®, Dgo
T={Fi:Vi,.... F.:Vy,, L Fy 1, ooy me By integer: F o1 Uil unigue
wf(T) n=|le:] =ea| I'y=mergel,...,Iyi2)
I {[e] =e }:T,Ty

(T-FIELD)

Fl,Hl_eg : ‘/,FQ Fg,Hl‘@l : F,F3
Fl,H H [61] = €9 . (F,’Ut(F, V)),Fg
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(T-ARITH1)

Fl,H F eq: FI,PQ FQ,H F €9 : FQ,Fg F < integer Fy < integer
I', I Fe; + ey : integer, ['3

(T-ARITH2)

Fl,H Fei: Fl,FQ FQ,H Fey: FQ,Fg F < integer F; <: number
I'y,II - e; + ey : number, I';

(T-ARITH3)

Fl,H Fe: Fl,PQ FQ,H Fey: FQ,Fg Fi <: number F; <: integer
I'y,II - e; 4+ e : number, I';

(T-ARITH4)

', IIEey: Fi, Ty Do, Il ey Fy, '3 F} <: number F, <: number
I'y,II - e; + ey : number, I';

(T-ARITH5)

Fl,Hl—elzany,FQ FQ,Hl_GQZF,Fg,
I',IIFe; +ey:any,I's

(T-ARITHS6)

Fl,H}_€1ZF7F2 FQ,HI—GQ:any,Fg
F17H|_€1+6213ny,rg

(T-CONCAT1)

I',IItFe: B,y Do, Il Fey: Fy,I's Fy <:string F, <:string
I'y,II e .. eg : string, '3

(T-CONCAT?2)

F17H|_61 . any,Fg F27H|_62 . F,F3
Fl,H F €1 .. €9 . any,I‘g

(T-CONCATS3)

Fl,Hl—el : F,FQ Fg,Hl—eg:any,Fg
I',IIFe;..e:any, '3
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(T-EQUAL)

Fl,H F €1 . FI,FQ F27H F €9 . FQ,Fg
I'y,II - e; == e, : boolean, I';

(T-ORDERI)

Fl,H Fep: Fl,FQ FQ,H Fey: FQ,Fg F| <: number

139

F5, <: number

[ITF e; < es: boolean, I';

(T-ORDER2)

Fl,H Fe: Fl,FQ FQ,H Fes: F27F3 F < string

F; <: string

I'y,II - e; < ey : boolean

(T-ORDERS3)

', IIFe any, I'y Ty, Il Fey: T3

Fl,H H e < ey any,Fg

(T-ORDERA4)

Fl,Hl—ele,FQ Fg,Hl—eg:any,Fg

I',IIFe <ey:any,l's

(T-BITWISE1)

Fl,H F eq : Fl,FQ F27H H €9 : FQ,Fg F < integer

F; <: integer

I['1,ITF e; & ey : integer, I's
(T-BITWISE2)

Fl,Hl—el:any,FQ FQ,Hl_egiF,Fg

I',IIFe; & ey :any,I's
(T-BITWISE3)

F17H|_612F,F2 Fg,Hl—egzany,Fg,

Pl,H H €1 & €9 ! any,Fg

(T-AND1)
FhH F €1 . nil,FQ

I'y,II - e; and e : nil, 'y

(T-AND2)
Fl, I+ (AT false, FQ

I',II - e; and e, : false, I'y
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(T-AND3)
I'y,II - e; : nil U false, I'y

['t,II - e; and e, : nil U false, I'y

(T-ANDA)

Fl,erliFl,FQ FQ,HP@Q:FQ,FE} nllel falsezFl
Fl,H F €1 and €9 FQ,Fg

(T-AND5)
Fl,Hl_eliFl,Fg Fg,Hl‘@QlFQ,Fg
Fl,Hl—elandenglqu,Fg
(T-OR1)
I, lIFe : F,T'y nil £ F false £ F
Fl,Hl—eloreg:F,Fg
(T-OR2)
Fl,Hl—elznil,I‘g FQ,H"GQZF,Fg
F17H|_610r621F7F3
(T-OR3)

Fl,Hl—elzfalse,FQ FQ,H}_GQIF,Fg
Fl,Hi_Gl OI'GQZF,Fg

(T-ORA4)

Fl,Hl—el . nilUfalse,F2 F27H|_62 . F,F3
Fl,Hl—el or eg . F,Fg

(T-OR5)

Fl,Hl—el . Fl,FQ FQ,H"GQ : FQ,Fg
[y, ITF ey or ey : filter(filter(F,nil), false) U Fy, T3

(T-NOT1)
[',IIFe:nil 'y
['\,II - not e : true, I'y
(T-NOT2)
I'y,II - e : false, I'y
['\,II - not e : true, I'y
(T-NOT3)

', 11 F e : nilU false, I'y
['\,II - not e : true, I'y
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(T-NOT4)
I',lIFe: F nil £F false £ F
['1,II+ not e : false, I',
(T-NOT5)
Fl, [IEe: F’7 FQ
I',II - not e : boolean, I'y
(T-LENT1)
I',lIFe: F,T'y F <:string
['),II = # e : integer, I's
(T-LEN2)
Fl,H Fe: F, FQ F < {}closed
['),II = # e : integer, s
(T-LEN3)

I',IIFe:any,I'y
I',IIF#e:any, 'y

(T-EXPAPPLY1)

[, I Fe(el): S, Ty
Flu I+ Le(el)Jl : pTOj(S, 1)7 I_\2

(T-EXPINVOKET1)

'y, ITFemn(el) : S, Ty
[, I F |en(el)|q : proj(S, 1),y

(T-EXPDOTS)

F17H|_ et F*,FQ
Fl,H F LJl . FUl’lil,PQ

(T-IDWRITE1)
Ty (id) = F
Fl,H F ’Ldl : F,Fl

(T-IDWRITE?2)

1 (id) = ¢(F1, 1)
F17H F ldl : Fl,Fl[id — Fl]
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(T-INDEXWRITE1)

Fl,H H €1 {F:V},Fz
[o,lIFey: F\T's Jiel.nF S F;A-const(V;) n=|FV|
NI 61[6’2]1 Vi, Ts

(T-INDEXWRITE?2)

Fl,Hl_ €1 . any,F2 FQ,Hl_ €g . F,Fg
[, I F egfes]; - any, Iy

(T-REFINE1)

F1<’Ld) = {F:V}unique

L IlFe: Frew, Ty Pi€ln Frw SE Viyew = 0 EFpew, V) n=|F:V|
Ty, 0 id[e]<V > : View, Dafid = {F:V, Frew:View bunique)
(T-REFINE2)
[y (id) = {F:V } open
[ IIFe: Frw, Ty Pi€1.n Frew SF View = 0 Fpew, V) n=|F:V|

Iy, I idle]<V> 1 View, Dafid — {F:V, Frew:View Fopen)
(T-LHSLIST)

Uy, Fy T Ty =merge(Ty, .., Thyy) n=|1]
[, IIFT: Fy X ... x F, x valuex, T’y

(T-EXPLIST1)

[, e: BTy Tp=merge(T'y,....,I 1) n=]¢|
I',IIFe: F; x ... x F, xnilx, I';

(T-EXPLIST?2)

Iy, IIbEe: Fiy Uiy T lTEme: Frpyr X X Fpm X Fogmgrx, Do
'y =merge(I'y,....;Th42) n=]¢|

Fl,H F e, me : Fl X ..o X Fn—‘rm X Fn+m+1*,rf
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(T-EXPLIST3)

Iyl bEe F Ty T lIEme: STy
S=Fy1 X .. X Fopp xnils UF) | x ... x F x nilx

I'y =merge(l'y,....,Thy2) n=1]€|

' IIEeme: Fy x ..o x Fy x 7w X ... x w2 X nilx, 'y, (z,5)

(T-APPLY1)

Fl,Hl—e:Sl —>SQ,F2 FQ,HF@ZISg,Fg Sg§511
[, I Fe(el) : Sy, T

(T-APPLY?2)

Fl,Hl—e:any,FQ F27H|_€ZIS,F3
[, I F eg(el) : any#, '3

(T-INVOKE1)

[T Fe: F.T,
[yl — F|, I F eid] : const S} — Sy, '3
Lo Fl,IIFel: S35, Ty F xS < [self — F|S;
[y, 1T F exid(el) : [self — F|Sy, Ty

(T-INVOKE?2)

I, lIFe:any,I'y Ty, lIFel:S T3
[y, I F etid(el) - any*, '3

(T-DOTS)
Fl,Hl_ et F*,Fl

(T-SELF)
Fl,H Fe: self,F2 FQ(O’) =F
Fl,H Fe: F, FQ

(T-SETMETATABLE1)

[y (id) = self
[y, I F setmetatable({}, {[“_—index”]| = id}) : self, 'y

(T-SETMETATABLE2)

Fl(/ld) = {Fl:‘/l, ey Fn:Vn}f’ixed
Iy, I+ setmetatable({}, {[“-—index”] = id}) : {F1:Vi, ..., Fo: Vi opens L't
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(T-SETMETATABLES3)

Fl,H Fe: T, FQ T = {Fl:‘/h ...,Fn:Vn}closed Fl(ld) = self F1<O') <: T
[y, I F setmetatable(e, {[“__index”] = id}) : self, T's[o +— T

(T-UNFOLD)

Iy, IIFe: px. F, Ty
[, IIFe: |z px.FIF Ty

(T-FOLD)
[, IIFe: |z px.FF Ty

', IIFe: px. F, Ty

(T-TERNARY)

Fl,Hl_GliFl,Fg FQ,H"@Q'FQ,Fg Fg,HI‘@gZFQ,F4
F17H|_61 and620r63 F27F4

C.3 Auxiliary functions

U)f({F . V}um’que\open|fiaced\closed) =V ((ﬂ] { 7& j A E 5 F) A wf(%) A\
~tag(Ve, unique) A —~tag(V, open))

wf(const F') = wf(F)

wf(F1UFy) =wf(F) AN wf(F,)
wf(pz.F) =wf(F)
wf(S1 — S2) =wf(51) N wf(Ss)
wf(S1US2) =wf(51) A wf(Ss)
wf(F*) = wf(F)
wf(FxP)=wf(F) N wf(P)
wf(F) =T for all other cases
tag(Fy U Fy, ag(Fy,t) V tag(Fa,t)

tag({F:V '}y, ts

T
1
tag(F,t) = L

t) =
tag({F:V},,t)
)
)
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vt(L, V) = fiz(V)
VL(FY, Fy) = nal( fiz(F))
vt(Fy, const Fy) = const nil( fiz(Fy))

1(T) T ifnil <T
ni =
T Unil otherwise

fix({w}um'que\open) = {F:V}fixed
fir(F) = F

close(Fy U Fy) = close(Fy) U close(Fy)

close({ -V }uniquelopen) = {F:V }etosea
close(F)=F

open(Fy U Fy) = open(Fy) U open(Fy)
open({F:V Yunique) = {F:V }Yopen
open(F)=F

TGOpen({F : V}closed) = {F : V}open
reopen(F) = F

rconst(const F) = F
rconst(F) = F
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const(const F) =T
const(F) = L

proj(Sy LSy, proj(Sy,i) U proj(Sa,i)

i) =
proj(Fa,i) = < )
proj(F x P,1) =
proj(F x P,i) = prog(P,z - 1)
proj(Ex,i) = (E)
proj(T' x E;1) =
proj(T' x E i) =proj(E,i—1)

general(T;) ifi<n

infer(Ty X ... X Tp*,i) = ‘
general(nil(T,)) ifi>=n

general(false) = boolean
general(true) = boolean
general(int) = integer
general(float) = number
general(string) = string

general(Fy U F,y

general(Fy) U general (Fy)
general(Sy — Sa) = general2(Sy) — general2(Ss)

)
)
)
)
)
)
)
)
)
)

general({Fi:Vi, ..., Fu: Vi beag) = {Fiigeneral(Vh), ..., F:general(
general(px.F) = px.general (F)
general(T) =T

general2(Fx) = general (F)*
general2(F x P) = general(F) x general2(P)
general2(S; LU Sy) = general2(Sy) U general2(Ss)

146

Vn)}tag
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closeall(T'[idy — Ty, ...,id, — T,]) = T'[id; — close(Ty), ...,id, — close(T,)]
closeset(I',{idy, ...,id,}) = T'[idy — close(T'(idy)), ..., id,, +— close(T'(id,,))]
openset(T', {idy, ...,1d,}) = 'lidy — open(I'(idy)), ..., id, — open(I'(id,))]

) = reduce(T, merge2)
merge2(I'y, I'y) = {(id, merget(I'y(id), T'y(id))}
merget(Ty,Ty) =T, if To <T)
merget(Ty,Ty) =Ty if Ty STy

merge(T

the next case applies if
VIS,V VTS,V
and the right side is w f

merget({F : VL=V bumiques
{F V" F" V" nique) = {F « sup, (VL V7)),
F V" umigue
the next case applies if
VIS Ve VTSV
and the right side is wf

merget({F : VL, F': V' inique|opens
{F VP F" VI iiquelopen) = {F 1 supe(VE, V),

Fr vy
W}Open

merget(Ty,Ty) = L otherwise

supy(V1,V2) = Vo i Vi Su Vo
supu(Vi, Vo) = Vi if Vo S Vi
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supe(Vi, Vo) = Vo if Vi <. V5
supc(Vi,Vo) =Vi if Vo S Wy

join(I'y,I'y) = {(id, joint(I'1 (id), I'2(id)) }
goint(Ty,Ty) =T, if To ST
joint(Ty, Ts) = Tp it Ty < T
the next case applies if
VIS, VeV VTS,V
and the right side is w f
joint({F - VL F iV unigues {F - VI F 5V  unigue) = {F : supu (V3 V'),
F7 il (V") Yunigue
joint(Ty,Ty) = L otherwise

filte’r(Fl U FQ, Fl)
f?:lteT(Fl U FQ, FQ)
filt@?"(Fl U F27 Fg)

)

filter(FQ, Fl)
filter(Fl, FQ)
fz'lter(Fl, F3) U filter(Fg, F3)

filter(Fy, Fy) = Fy
fopt(PyU Py, F\i) = Py if fot(proj(Py,i), F) = void
fopt(PyU Py, F.i) = P if fot(proj(Ps,i), F') = void
fopt(PLU Py, Fli) = PLU P, otherwise
fopt(P LS, F,i) = fopt(S, F,1) if fot(proj(P, i), F') = void
fopt(PU S, F,i) = PU fopt(S, F,1) otherwise
fopt(SU Py, F.i) = fopt(S, F,1) if fot(proj(P, i), F) = void
fopt(SU P, F,i) = fopt(S, F,i) U P otherwise
fopt(S1 U Sy, Fyi) = fopt(Sy, F,i) U fopt(Ss, F, 1)
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fot(Fy U Fy, F3) = fot(F, F3)
fot(Fy U Fy, F3) = fot(Fy, F3)
fot(Fy U Fy, F3) = fot(Fl, F3) U fot(Fy, F3)
fot(Fy, Fy) =
foufq,ﬁg)::fa
fipt(PyU Py, Fyi) = Py
fipt(PLU Py, Fyi) = Py
Fipt(PL U Py, F,i) = P, U P,
Fipt(P U S, F,i) = fipt(S, F, )
fipt(P U S, F,i) = P fipt(S, F,1i)
fipt(SU Py, F,i) = fipt(S, F,1i)
fipt(SU P, F,i) = fipt(S, F,i) U P
fipt(S1 U Sy, F i) = fipt(Sy, F,i) U fipt(Ss, F,1)

Fit(F, U Fy, Fy) = fit(F,, Fy)

fit(Fy U Fy, Fy) = fit(Fy, F3)

fit(Fy U Fy, Fy) = fit(Fy, F3) U fit(Fy, F3)
fit(Fy, Fy) = Fy
fit(Fy, Fy) = void

149

if fot(Fy, F3) = void

if fot(Fy, Fs) = void
otherwise

if F} <: Fyand Fy <: Fy

otherwise

if fit(proj( P,
if fit(proj(Ps,

i), F') = void
i), F') = void
otherwise

if fit(proj(P,i), F') = void
otherwise

if fit(proj(P,i), F') = void

otherwise

if fit(Fy, F3) = void

if fit(Fy, F3) = void
otherwise

if I} <: Fyand Fy <: Fy

otherwise
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