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5
Correspondence between Natural Deduction and Sequent
Calculus

In this chapter we examine how the correspondence shown in last chapter
extends when we deal with non-normal and non-cut-free derivations. As in the
previous chapter, we need the notion of pseudo-derivation and the translations
between derivations in LJT and derivations in ND are extended to cope
with derivations with cut and with non-normal derivations. We also define
conversion steps for derivations in LJT and for derivations in ND so that there
is a bijection between them.

The definitions of elimination sequence and of pseudo-derivation remain
the same. The only difference is that II does not need to be a cut-free/normal
derivation. This means that the sequents in elimination sequences are allowed

to be premisses of cut/substitution rules.

5.1
Definitions

Definition 23 (Pure elimination derivation in LJT) A pure elimina-

tion derivation in LJT is a derivation according to definition 17 by replacing

the second case by the item below:

-5 A B B, 1 < i <mn, is the conclusion of the application of either the

left rule or cut rule of which I'; A;_1 = B;_1 is a premiss and,

Lemma 11 If there is a sequent of the form I'; A = B, in a derivation II,
which is conclusion of an application of cut, then, if we delete every sequent

below I'; A = B, the resulting tree is a pseudo-derivation.

Proof: Just note that when the conclusion of either a head-cut or a middle-

cut has a head-formula, then one of the premisses has a head-formula. [ |

Definition 24 (Pure elimination derivation in ND) A pure elimination
derivation in ND is a derivation according to definition 14 by considering the

additional item below:
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IT Ir
— a derwation T'HA T',AF B s a pure elimination deriwation if 11
I'-B

18.
We also define:

Definition 25 The degree of a formula P is the number of connectives in P.
The degree of a derivation 11 (G(I1)) is the degree of the largest cut-formula of
II, #G(11) is the number of formulas of I1 with degree G(II) and ¢(I1) is the

length of I1. The definitions are analogous for pseudo-derivations.

Definition 26 The rank of a rule r in a (pseudo-)derivation WV is the number

of rules applied in ¥ above r up to the top-formula.

Proposition 1 If for every derivation 11 in LJT of A from T there exists a
derivation 112 of A from T U{B}, then, if ¥ is a pseudo-derivation of F from
I and G is a formula, then there exists a pseudo-derivation X¢ of F from
L' U{G}. Moreover, £(X%) = ().

Proof: Suppose that for every derivation II of A from I' there exists a
derivation 117 of A from I' U {B}. The proof is by induction on the length
of the pseudo-derivation. Let ¥ be a pseudo-derivation of F' from I'U{H} and

let GG be a formula.

Basic case: If Y =TI H - F, then X¢ =T'G; H - F.

Let r be the last rule applied in 3. We have the following cases to

consider:
2 Ef
(r=AR)lfx= D[iorF  .thnX¥= T.GQrF
T;PAQFF T.G;PAQFF "
2 ElG
(r=nF)IfX= DiPFF _ thenX®= D GPFF
AN
[;PAQEF T.G.PAQFF "
I, 1,
(r=vk)IfYX= I'P;-F T,Q;FF F,then
T.PVQFrF '
Iy Ig

2= I,G,P;-F T,G,Q;+ F
TG, PVQFF

V=
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H1 22
(r=—k)IfYX= I'+P T;QF+F o then
T;P>QFF
) ¢ n¢
2= IDGEP T.GQEF
IG.P>QFF
2 »¢
(r=lF)IfYX= I:PFF cthen = 1 -pPEF
7J_|— Y Y
T;LEF TG, LFF
1 Yo
(r=Cu) If¥X= I''+P I',P;HFF , then
IHEFF "
) ¢ »g
XY= I,G+P T,G,P;HFF
[LGiHFF M
Hl 22
(r=Cy) If¥= I;H-P T;P-F _ ,then
T HFF "
) ¢ n¢
W= IGiH+P T,G;PFF
IG:HFF "
It is easy to see that ¢ and ¥ have the same length. ]

Proposition 2 If1I is a deriwation in LJT of A from I and B is a formula,
then there exists a derivation 1P of A from T U{B}. Moreover, ((I1) = ((I17).

Proof: The proof is by induction on the length of the derivation. Let II be a
derivation in LJT and let B be a formula.
—_— Az Az
F;AI—AD . then TI¢ = IG;AF A .
IEA IG;-A
Let r be the last rule applied in II. We have the following cases to

Basic case: If II =

consider:
I, I, 7 NE
(r=Fn) Ifll= ;P F;I—QH\,theHHB: I,B;F P F,B;I—QF
T'FPAQ T.B;F PAQ "
IT; NEY
(7“:|—\/) If I = ;=P F\/’thenHB: [, B;+ P ]
IiEPVQ T, B.FPvQ '
I 5
(r=Fv) Ifll= TiFQ then TP = 1 -

'_
rEPVQ TBFrPVvQ "
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I, I’
(r=Fk—=) Ifll= T, P:FQ F_),thenl'[B: I,B,P:Q )
[P —Q T BiFP—>Q
1T s
(r=FD) Ifll= T4 Dwmnwﬁz [BiFA
I PEA [ B;P+A
I, 1L,
(r=Cy) Ifll= TP T,P;FA , then
IEA M
ooy g
"= r B;+P I,B,P;-A
[,B:F A M
H1 22
(r=Cuy) If¥= I''FP TI;PFA , then
A "
oonf of
"= IBiFP I\BiPEA
[,B;F A "

It is easy to see that II® and II have the same length.

74

Proposition 3 If ¥ is a pseudo-derivation of F' from I' and G is a formula,
then there exists a pseudo-derivation X of F from T' U {G}. Moreover,

(2%) = (D).

Proof: Let ¥ be a pseudo-derivation of A from I' and let B be a formula.

The proof is by induction on the length of 3.

i =P
(r=FE) IfS= TrPAQ thenXf= T B PAQ
L ———— T En
TFP [B+-P
51 =7
(r=FE) IfS= TrPAQ then = T BPAQ
T N En
TFQ I,BFQ
21 E2 Z3
THA !
M| Yo 23
= I'BrPvQ I,B,PHA [,B.QFA
I BF A !
2 Yo

(r=E,)If¥X= TFP-=Q PHDE , then
IFQ -
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. »b »B
¥= I'BFrP—-Q I,BFP
I,BFQ -
% =y
(r=FE.) f¥= 11 ,then ¥ = 1 g |
TP T,BFP
X ) %7 %y
(r=5)IfX= r-p I,PrA theaX"= T BrP I B PHA
T A I.BF A
It is easy to see that % and ¥ have the same length. ]

Proposition 4 If I is a derivation in ND of A from I" and B is a formula,
then there exists a derivation 112 of A from T U{B}. Moreover, ((I1) = ((I1B).

Proof: The proof is by induction on the length of the derivation. Let II be a

derivation of A from I' and let B be a formula.

Basic case: If [l = T A 4 4z then 117 = T B AF A A

Let r be the last rule applied in II. We have the following cases to

consider:
m I e Iy
(r=I,) Ifll= T+P I'+Q ,thenlI?= p pgrp LBFQ
TFPAQ T BFPAQ "
I, Iy
(r=1)1ill= _prp . thenll®= 1 Brp
IT'FPVQ I BFPVQ "’
I, Iy
(r=L) Ull= TrQ  thall®= 71 p-Q
TFPVQ [.BFPVQ '
I, Iy
W:LgHﬂzglgiiiJ ,then TP = 1 B P Q ,
rFP—-Q ILBFP—-Q
I, Iy
(r=E)) Ifll= THPAQ ,thenTl”= T BrPAQ
rep " r.Brp
I, Iy
(r=E\) Ifll= TFPAQ ,then I = T B PAQ
TFQ ILBFQ
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1T 1L, I1;
(r=Ey) Ifll= TFPvQ T.PFA T.QFA  then
I'FA !
H1 HQ H3
M¥= TI.BrPvVQ T.,B.PFA T'B,QHA
[,BF A !
11, I,
(r=E5) lfll= THP—>Q THP . then
I'FQ -
Iy Iy
= T BFrP—Q r,B-P
IBFQ ”
I, Iy
(r=FE)) Hl= pr1 , ,thenll®= 1 B
Tk P T.BFP *
11, 11, Iy

Iy

76

(r=8) Ifll= TP I,PFA ,thenll’= T B-P TI,B,PFA

TFA ° T.BF A

It is easy to see that II® and II have the same length.

5.2
Conversions in LJT

Let ¢ be a cut rule (either head or middle-cut) application in II.

Conversions on II can be separated into three kinds: trivial, permutative and

reductive. Trivial conversions are those in which one of the premisses of ¢ is

initial, permutative conversions are those in which #G(II) remains the same

when the conversion is applied and reductive conversions are those in which

#G(I1) diminishes when the conversion is applied.

Definition 27 Let ¥ be a pseudo-derivation with at least one occurrence of

cut. We have the following conversion cases for >.:

1. Conwversion for head-cut:

Let 32 be a pseudo-derivation of the form

2 2o
™ T
I'DEFA F;AI—BC
I'DEB
LE

2

(a) Trivial conversions (either r1 or ry is Ax):
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Y
A r
[MAFA A+ B .
A B
U3

T 2

> ,
T:DF A
Ih'DEA
Vs

1

c

Az
BAFA L Tora’

2 )

W

(b) Permutative conversions (ry is a left rule):

. mm=AFand D=PANQ:
2
rQFA . P
PAQEA IMAFB
PANQEDB

Wy

)
> rioQr B

2 Yo -
rhorA TI'’AEB

H

r

T;PAQF B
U3

The case where D = Q N\ P s analogous.

1. 1 =VkFand D=PVQ:

Hll H12
IP;-A F,Q;I—AT1 P ry
PVQQEA INAFB >
I;PVQF B
U3
Iy 25 T o Z? -
IPi-A T,PAEB | T,Q:-A T,Q;AFB
[,P:F B " I.Q:F B "
T-PVQOF B “
U3

Note that we applied propositions 1 and 2 in the rewriting of the

pseudo-derivation.

1. 1 =—F and D =P — Q:

11 Y12 Y12 Yo ro
P F;QI—AT1 Yo ry I QA TI';AEB .
IP—-QFA I'NA+B > INEP IQr B -

P >QFB P >QF B

Uy U
w.rm=_1LkFand D= 1:
21 E1 E2 Ty

TPk A 2, IP-A T.AF B
I'lFrA "T.AFB ‘b T-PFB "

T LFB ¢ T-LFB

Uy Vs

2. Conversion for middle-cut

Let 32 be a pseudo-derivation of the form
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H1 - 22 T
A I'A:DFB .
I'DF B
U3

(a) Trivial conversions:

r1 cannot be Az (for the stoup is empty). If ro is Ax, then D = B

and
Hl 1 Ax
;- A F,A;BI—BC > F;BFBAI
"B+ B W,y
s

(b) Permutative conversions (rq is a left rule):

i. o =AFand D=PANQ:

Sy . PN
IT; IA;,QF B A IA,QF B
1 A Cum
EA T APAQEB Mo LOFB
I'PAQF B IPAQF B
Vs Uy
Yo . DN
m , LAPFB  TFA  DLAPEB
EA T APAQEB Mo LPEB
I'PAQF B IPAQF B
U, U,
1. 19 =—F and D = P — Q:
H21 222
m ., TAFP TAQEB
Tk A T AP —>QFB
I'P>QFB
Uy
Hl r H21 Hl 1 Z22
LEA T ARP  TiEA  TLAQEB
D> L;F P " T;QF B M
I'P>QFB =
Uy
1. o =V and D=PVQ:
H21 H22
m ., TAPEB DLAQEB
Tk A [LAPVQFB
I;PVQF B
Vs
w0 Iy ny o T
T,P;-FA 'T,APFB T,Q:;FA 'T,A,Q:FB
> T.P:F B M T.OFB Cr
T"PVOF B vk
Uy

w. ro=1LkFand D= 1:
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3o IT, " DI
IT; " IA;C+ B L A IA;,C+B o
IHA I'A; L+ B . > r,CrB n
IiL+B Ih1+EB
\1[3 \113

Definition 28 [Conversion for derivations| Most of the cases are analogous

to the cases shown in definition 27. The other cases are as follows:
1. Conwversion for head-cut:
Let 11 be a derivation of the form
Wy 1T,
1 r
TAEFA ITAFB .

T;AF B
U3

2

(a) Trivial conversion.:
I
r Az
A [VAFA >
IiHA
L&
(b) Permutative conversion:

Hl Hl Yo r
T:PHA % .o DiPFA TAFB
A F;AI—BC IhP+B

T:F B T'F B
(¢) Reductive conversions:

1

2

H

If r1 is a right rule, then A must be empty. As A is the active
formula in the major premiss, then, if A is of the form P ® @,
where ® 1is either —, A\ or V, then ry is = © and ry is © F (the
case in which ro is Ax was already shown as a trivial conversion,).

We have the following cases to consider:

i. Ais PANQ:
]-_-[11 H12 22 H12 22
T:-P T:FQ r:QF B
D . .
T;FPAQ FADPAQPBZT Dkﬁwing "
I+ B ’
Iy, 1y Yo
Hll 22
:FP TiFQ TP+ B
) ) ? [> . .
T.FPAQ FADPAQFBg% RFﬁWZfFB "
T:F B !
ii. Ais PV Q:
I Oy T Lo
TP I P.-B T,Q:F B
|> . .
CrPvg T TPVQrB Rkﬁw25chM

T.F B
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I1, Iy 115,

15 1y
- Q P,B TI',Q;FB
rrpvg Y rmpvgrp T HRC LORE
T;F B ¢ ’
iii. Ais P— Q:
Iy 15 Y99 1o Iy
I'P;FQ - P IQEFB . P I,PFQ y Y99
T;FP - Q IP—QFB T;F Q T;QF B
T.F B T.:F B
Conversion for middle-cut:
Let 11 be a derivation of the form
1 Uy
1 )
A I'A;A-B
T-AF B ¢
U3
1. Permutative conversion:
2o LV )
I, D AACB I, , TiFA TAARB
(a) T.;FA ' " T,AFB > T,FA ° T:AF B M
I;- B M I;- B "
U3 U3
22 Hl r 22
IT, IA;,C+B A IA;C+B
1 D Cumr
IiHA I’,A;F—BC > r,CrB
I+ B ;B
U3 U3
(b) ro =N and A =P NQ:
Iy oo
IT, IAEP T,AFQ
rr4a ' TAFPAQ A
T;FPAQ ¢
s
I r 1y 11 r 1LY
IEA AR P A IAFQ
> ;- P " T;-Q "
TFPAQ mA
s
(c) 1o =F—= and A =P — Q:
1T, e r I1,

I, - A, P;EQ N I'P;HA A, P;EQ y
A F,A;I—P—>QC > IP;FQ L
P —Q P —Q
\113 \113

(d) r9 =FV and A =PV Q:
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1T, m . 1
m ., _Larp - TFA ' TARP
rEA T AFPVQ TP LEP
I'EPVQ I'EPVQ
Wy Wy
1T L, Ib
IT, IAFQ A IAFQ
rF4A 'T.AFPvO Vo T:F Q v
T'FPvQ ¢ r-pvg VY
\113 \113

Definition 29 We say that two derivations I1 and II" are equivalent (II ~ 1)

if I and I1" reduce to a same cut-free derivation.

5.2.1
Normalization Theorem

To define translations between derivations in ND and derivations in LJT,
we need the normalization property. To prove normalization, we take into
account the uppermost application of cut in LJT and the uppermost detour
in ND.

Lemma 12 If every derivation in LJT can be transformed into a cut-free
derivation, then every pseudo-derivation ¥ of a derivation in LJT can be

transformed into a cut-free pseudo-derivation.

Proof: Suppose X is a pseudo-derivation of degree G(X), #G(X) is the
number of formulas of ¥ with degree G(X) and ¢(X) is the lenght of ¥. The
proof is by induction on the pair (#G(X), ((X)).

Let ¢ be an application of cut such that the degree of the cut-formula is
the degree of . We only show three cases, the others are analogous to cases

already seen.

Az 2 T2 Yo
AFA IMAFB — T2
L xn= - : : — 5
T AF B c > I f\lpl— B
Uy ’
As #G(Y) < #G(X), by IH ¥’ can be reduced to a cut-free pseudo-
derivation.
¥ 2 Y2,
T'QF A 7, T'QFA T,AFB °
T T2 Cu
2.%= T,PAQFA 'T,AFB b T OF B

1

T.PAQF B ¢ T.PAQF B
‘113 \IJS
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) DI
By IH the sub-pseudo-derivation T () T— A 1“7,47?—3 22 reduces to a
T,QFB "
i
cut-free pseudo-derivation X#. If ¥ = T PAQF B , as #G(Y) <
v
#G(X), by TH X' can be reduced to a cut-free psgeudo—derivation.
Iy 1Y)
IT, . AP, B T,AQ;F B v
3. Y= ThFHA F,A;PVQI—BC
IhPVQFEDRB
s
Hf r 8BS} H? , 1199
TP.FA 'T,APFB T,Q:;FA 'T,AQ:;FB
> T,P;FB Y T,Q;F B .
"PVOF B v
s
1y [l
By  hypothesis  both mﬁ I'A P+ B and
[.P:FB Cr
% I, :
mrl LA Q:F B reduce to cut-free derivations !
L A Cu I,P;-B
Q- B
I e
and 1L, , respectively. Then, ¥/ = LPirB LGB vV
ro,- B L,PVvQFrRB
v
and, as #G(Y) < #G(X), by IH ¥’ can be reduced3 to a pseudo-
derivation.
[ |

Theorem 7 Fvery derivation 11 in LJT can be transformed into a cut-free

derivation.

Proof: Suppose II is a derivation of degree G(II), #G(II) is the number of
formulas of II with degree G(II) and ¢(II) is the lenght of II. The proof is by
induction on the pair (#G(II), £(I1)).

Let ¢ be an application of cut such that the degree of the cut-formula of
c is the degree of II. We only show two cases, the others are analogous to cases

already seen.

2 M S

T'QF A IR I'QFA T;AFB °

r1 () Cu
L= TPAQFA "T;AEB '& LQFB
T;PAQF B T;PAQFB |

\113 \IIS
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By induction hypothesis, any subderivation of ¥} and Y, reduces
to a cut-free derivation. Hence, by lemma 12, the pseudo-derivation
X %

=2 7
rQrA I'’AEB o
T;QF B "

2 reduces to a cut-free pseudo-derivation ¥'. The

Z/
resulting derivation II' = T'; P A Q F B issuch that #G(1l') < #G(1I).
£

I 15, Y99
I' P;FQ P I'QFB
2= T,FP>Q = T;P-QrB >
T B ¢
U3

I 1Ty
F,}_P F,P,"QC 222
:FQ " IQrB
T:+F B
U

H

1y I
By IH, the sub-derivation T';-P T, P;FQ reduces to a cut-free
T FQ Y

I1# 222
FEQ I'sQFB
I''+B

derivation IT#. The resulting derivation II' = is such

that #£G(IT') < #G(II).

) I o
I, " F,A;AI—BD L A IA;A- B
3. 1= T A VA B > ItHA AR B
T;- B Y
‘1’3 11[3
I " Yo
By lemma 12, T:F A I'A;AFB reduces to a cut-free pseudo-

T-AF B G

11, P
IHA ITAFB
I+ B
Wy

reduces to a cut-free derivation follows from the other cases.

derivation Y. That the resulting derivation

Cy
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5.3
Conversions in ND

Before defining the conversions, we need to define the notion of simplified

derivation.

Definition 30 (Simplified (pseudo-)derivation) A (pseudo-)derivation

U 4s simplified if no major premiss in W is conclusion of an elimination rule.

Lemma 13 FEvery (pseudo-)derivation can be transformed into a simplified

(pseudo-)derivation.

Proof:
— If ¥ is of the form
T, T, T,
'AVB T,A+CVD T,B-CVD 0, s
r-CVvD “I,C+HE ILDFE
TFE !
W
vy
then ¥ can be transformed in FAVEB Uy ¥y B, , where
THE
W
0, vy vy
V7= TI'ArCvD T,ACHE T,ADFE and
[LAFE !
|2 124 123
Vs= I'B-CvD I'B,CHE T\B,DFE
[B+E !
vy v, U3
'AVB IA+C TI,B+C 0,
— If U is of the form TEC Ev rED ,
I'FE ©
Wy
then ¥ can be transformed into
Uy vy |2 vy
U, ILAFC T,AvFD I.B+C TI,BFD
I'HAVB [ AFE © [.BFE ©
TFE B
&

where ® € {A, —=}.

[ |
As in conversions for LJT, conversions in ND can be separated into

trivial, reductive and permutative.
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Definition 31 Let ¥ be a non-normal pseudo-derivation of a derivation in
ND. By definition, a pseudo-derivation cannot have a maximal sequent, hence
all the cases shown here are cases where W has at least one occurrence of a
substitution rule.

Let W be a pseudo-derivation of the form

U, Wy .
'-A I''AFB
I'+B
Vs
1. Trivial conversions:
U,
—— Az \IJQ
INAF A I''AFB
T Ar B s > F,ilIJI—B
U, 3
v,y
—— Az \1’1
I'FA F,AI—AS > LA
'FA N
U, 3
2. Reductive conversions:
LD Voo
Uy A B, ... F,AI—BnT
(a) If ro € {E_,E\,EL}, then TF A [LAFB ’
I'tB
Uy
>
\111 \1112 \Ijl \IInQ
'FA T AR By < '-A TI''Ar B, 5
' B '+ B, v
I'+B
Uy
where 1 < n < 2.
Wi Woo LED)
¥, T,A-CVD T,A,CFB T,ADFB
(b) If ro = E\, then rra T,AF B Bvp
TFB S
&S
vy Wio e Voo wp W32
'FA T,AFCVD ILC-A T,ACFB ILDFA T,ADFB
TFCVvD o T,CFB o T,DFB
TFB v
U3

Definition 32 (Conversion for derivations) Most of the cases are analog-

ous to the cases shown in definition 31. The other cases are as follows:

1. ¥ has a maximal sequent of the form I' - F':
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\Ifl \112
A THB , vy
F=AANB: TEAAB "> THA

TFA Uy
Uy

¥y Wy
rFA T-B v,
T-FAAB , "> TkB

T B A
U3

Uy
I' A+ B 0,
F=A-B: TrAB ~IFA
I'-B
Ty

v, vy
. I'FA T AFB
B TFB
U3

Wy

/]
A 2 U, !

86

Uy

I, TFA T,AFC

F=AVB: T-FAVB 'T[,A-C T,B-C ©

r-c
Wy

o b v

r-p_, " Vs I'~B TI,BFC

'-AvVEB

I A-C T,BFC _©

U, Vs

Uiy Vo
¥, T,A+B, ... T,AFB,
2. Ifry € {In, I, }, then T+ A T AFB ">
I'FB 5
Uy
vy Uiy vy Vo
IEA DAFB I'A T,AF B,
T+ B L T+ B,
T B :

2

where 1 <n < 2.

3. Ifro =1, then
), 4% ),
U, rLACED | I'CHA T,AC+D
'-A I''AFC—-D P ICkFD

TrC S D s rrc>D
Vg Vs

v r-c
Wy

Definition 33 We say that two derivations Il and II" are equivalent (II ~ 1)

if I and I1' reduce to a same normal derivation.
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Lemma 14 If every deriwvation in ND can be transformed into a normal deriv-
ation, then every pseudo-derivation of a derivation in ND can be transformed

into a normal pseudo-derivation.

Proof: Suppose X is a pseudo-derivation of degree G(X), #G(X) is the
number of formulas of ¥ with degree G(X) and ¢(X) is the lenght of ¥. The
proof is by induction on the pair (#G(X), ((X)).

Let S be an application of substitution rule such that the degree of the
cut-formula is the degree of 3. We only show one case, the others are analogous

to cases already seen.

oy Yoo
I, I'NArB T''AHC — B
Y= TFA T.AFB >, then
T B °
23
H1 H21 H1 E22
'rA T AFC 5 'rA T'"AFC— B
2k e r'-C—B ,
I'FB -
33
I oy
By hypothesis, II" = ' A T',AF C reduces to a normal derivation
r=cC
I Yo
[# and by IH X* = T+HA T,A+C — B reduces to a normal pseudo-
T+ B °
117 x#
derivation 7 . The resulting pseudo-derivation ¥/ = rec Frl—l_BC — B E.
23
is such that #G(X') < #G(X). [ |

Theorem 8 Fvery derivation in ND can be transformed into a normal deriv-

ation.

Proof: Suppose II is a derivation of degree G(II), #G(II) is the number of
formulas of IT with degree G(II) and ¢(II) is the lenght of II. The proof is by
induction on the pair (#G(II), ¢(11)).

We only show two cases, the others are analogous to cases already seen.

Let ¢ be an application of S such that the degree of the cut-formula of ¢ is the

degree of II.
Uy U,
'-A T'HB vy
1.¥= TFHAAB > T+HA =%
T A PO
PR

It is easy to see that ((X) < £(X).
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1T, I 1T,
I, I'A,CFD , ICrA T'A,CHD
2. Ifll= 14 RAFC—M);>m%H> LCED |
'C— D r-C—D
\113 \1[3
I T,
As T,C+A TI,A,Ct D is smaller than II, by IH it reduces to
IcrD
T1#
a normal derivation II”. The resulting derivation Il' = T ¢ — D is
U3
such that #G(II') < #G(11).
|
5.4
Translation

In this section we define transformations f’ from pseudo-derivations of
derivations in LJT to pseudo-derivations of derivations in ND, ¢’ from deriv-
ations in LJT to derivations in ND, s’ from pseudo-derivations of derivations
in ND to pseudo-derivations of derivations in LJT and ¢’ from derivations in
ND to derivations in LJT and prove that these transformations hold. Finally,
we show that the transformations form a bijection that preserves equivalence
induced by normal form as defined in sections 5.2 and 5.3.

Lemmas 5 and 6 from section 4 can be extended to deal with cut and

substitution rules:

v

Lemma 15 If IoA, ;_ A i =1,2, are (pseudo-)derivations in LJT, then
vy Uy Uy Wy
1. T;-B T;BFA . and T;FB T,B;FA o are derivations in
A " A M
LJT.
Uy Wy vy Uy
2. T;CHB T;BEA and T B I',B;CFA are pseudo-
[;CHA " [;CHA M

derivations of derivations in LJT.

Proof: 'The proof is straight from the definition of derivation and of pseudo-

derivation. [}

THA T,AFA

be a substitution rule in ND.
A

Lemma 16 Let
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r ll—IlAl and F,ATQIQI— A are deriwations in ND and r ;A s a
1 1y
'HA T,AFA
'-A
by

1. If

pseudo-derivation of a derivation in ND, then 8 a

derivation in ND.

1 18 a derivation in ND and rEA
' A, pM
IT;
'HA, T'VAIFA
' A
¥

2. If

s a pseudo-derivation of

a derivation in ND, then s a pseudo-derivation of

a derivation in ND.

Proof: The proof follows from the definition of pseudo-derivation and of
derivation in ND. [ |

Definition 34 (f’) Let ¥ be a pseudo-derivation of a derivation II in LJT.
If ¢ is a translation from derivations in LJT to derivations in ND then
the translation f' from pseudo-derivations of derivations in LJT to pseudo-
deriwations of derivations in ND is defined recursively as follows:

Let ¢ be the bottommost rule applied in 3.

1. If 3 is cut-free, then f'(X) = f(X), where f is the function defined last
chapter (definition 19).

2. If c is a left rule, then the definition of f' is analogous to the definition
of f (by the definition of pseudo-derivation, ¢ cannot be a right rule):

I >
(a) If © = kA TBEC o then f(5) =
IMA—BFC
g' (1)
TFA TFASB
TFB
(2
N T-AAB
(b) IfS= T,A;BFC then f/(S)= T+ B
TANBFC " £
> T-AAB
(c) IfL= T.,B;A+C Jthen f'(X)= TFA "
T-ANBFC " £
I, I,
(d) IfS= T,A:+C T.B:+C
rAvBrc /"

g()  ¢'(Ily)
then f'(X)= THAVB T,AFC LBFC
TFC

2
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> I
(e) IfS= T;AFC LF,thenf’(E): r
r,L+=C f

3. If ¢ 1s a head-cut, then

, Az 2 T2 y I
() f | TAFA “TAFB 2| =7

FAT B I Ak B
2
(b) f DDFATIRAFA?x:aﬁ<P§LA)
TDF A ’
¥

| rora ¥, B
P\ sprora " Tars 2|
T-PAQF B
S
f QrA TI'’AEB
T.OF B
T-PAQF B
¥
| rPra 5,
(@) ] TPAQFA 'T.AFB
T'PAQF B ¢
] 5,
p| nQiPrA AT B
LPFB
T-PAQF B
14 11,5
o p|DPEA TEa
IPVQEA F;AP—BC
T-PVOF B
1_[11 25 H12 Eg

2

H

1

2 =

2

H

1

2

p| TPk T.P-AFB > I QFA T.O.AFB

H

T,P,F B

Q.- B "
IPVQFEDRB
Iy, PP
P F;QI—AT1 Yo .
P—>QFA ITAFB
P—-QFB
Y2 29 ,
| R riQ+F B
P—-QFB

(f) 1

2

2

H

f/

1

2

CH
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2 2 X2,
o p | DPEA % | TPEA LAEB
J LA " TARE LPEB
Ir1+B8B Ir1+n8B
4. If ¢ is a middle-cut, then
Hl 1 Az -
(a) ff\ TsEA " T ABEB Zf(anBAﬂ
T'Br B
Hl 22 g/(Hl)
b f|l kA T.aceB 7] = LEA TAFC o ¢
T.-CF B ‘ THC g
{ 1 f1(32)
/\7 \/7 %7

Definition 35 (¢') Let I be a derivation in LJT. The transformation g' from
deriwations in LJT to derivations in ND is defined recursively as follows:

Let ¢ be the bottommost rule applied in 11.

1. If 11 is cut-free, then ¢'(I1) = g(I1), where g is the function defined last
chapter (definition ?77).

2. If ¢ is either a D rule or a right rule, then the definition of ¢’ is analogous
to the definition of g:

H/ g/(H/)
(F—) Ifll= T ,A;FB FH,theng’(l'[): IA- B .
I'FA— B rFA—B
11, 11, g () ¢'(Ily)
(FA) = Ti-A TiEB - theng()= 14 TEB
I:FAAB r-AnB "
g g'(ar)
(FVv) IfII = EA , then ¢'(I1) = T'E A
Trave Y TrHAVEB "
Ir g'(I')
Ifll= T;-B Fv,theng’(H): r-B
I;-FAVB TFAVB
2/ Ax
(D) Ifll= T;AFB _, then g'(Il) = F/l—{l
T, B F'()

3. If ¢ is a head-cut, then

11,
(a) ¢ F;I—AT1 F;AI—A?JC :gl<F-IF—1A)
IEA ’
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) ¥ PO r
I;PHA )y I;P+-A T;AFB
b / ) 2 — 4 y )
)9 DF;AI—BZZ g rers
I''+B I''F B
I ) g'(1)
()¢ | iFC "TCFB " | =Trc
I;F B F(3,)
4. If ¢ is a middle-cut, then
X
/ 11, INA;AFB _
(W I\ A" T ArD
T:F B M
14 . 5,
J IA;EA I'A;A- B o IT, .
T AF B "T,F A Cl
T:- B M
P I " X5
() ¢ 1T, " A, C+B ol =g A IA;,C+ B
;- A [LAFEB LCFB M
I B =B
11, I, gl(Hl) QI(H2)
(¢)g | IskA TAFB | =THA T,AFB
I'HB I'+B

Lemma 17 If ¢’ is a translation from derivations in LJT to derivations in
ND, then, if ¥ is a pseudo-derivation of a derivation in LJT, then f'(X) is a

pseudo-derivation of a deriwation in ND.

Proof: Let II be a derivation of B from I' and let ¥ be a pseudo-derivation
of II. The proof is by induction on the length of ¥ and on the rank of the

cut-formulas of ¥ (if any) and it is straight from definition 34. We show two

cases.
T )
.If ¥ = ItHEP IQFB , then, by definition 34, f'(¥X) =
P—QFB
g'(I)
TP THP—>Q
I'FQ -
f1(E)

By hypothesis, ¢'(II') is a derivation in ND and, as /(¥') < ¢(X), by IH,
f/(¥') is a pseudo-derivation of a derivation in ND. Hence, f'(X) is a

pseudo-derivation of a derivation in ND.
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Iy, Y12
2. If ¥ = F%’:PP_)Fé?_ZA r I‘;/%IQ—B ro then, by definition 34,
TP > OF B
Y2 Yo ro
M, T:QFA T.AFB
/Z Y E’ Z/: 11 ) )
re=rm =y, DAL TAED .,
TP QFB '

It is easy to see that the rank of the lowest cut-rule applied in Y’ is
smaller than the one in X. Hence, by TH, f’(X) is a pseudo-derivation of

a derivation of in ND.
|
Theorem 9 If 11 is a derivation in LJT, then ¢'(11) is a derivation in ND.

Proof: 'The proof is by induction on the length of II and it is straight from
definition 35. We show two cases.
Let II be a derivation in LJT of B from T
X —— Az
1. IfIl= T,A;F B _, then, by definition 35, ¢/(II) = L4
T8 ° (&)
;B
By lemma 7?7, f/(¥') is a pseudo-derivation of a derivation in ND. Hence,
¢'(II) is a derivation of B from I' in ND.
Hl r Az
2l = I;-B I''BE B . then, by definition 35, ¢'(II) =

T;F B
/ Hl
g (r;%3>'

As F'lrle is smaller than II, by IH, ¢/(II) is a derivation of B from I'
in ND.

1

Definition 36 (s') Let ¥ be a pseudo-derivation of a derivation Il in ND.
If t' is a translation from derivations in ND to derivations in LJT then
the translation s from pseudo-derivations of derivations in ND to pseudo-
derivations of derivation in LJT is defined recursively as follows:

Let ¢ be the uppermost rule applied in 3.

1. If ¥ is normal, then s'(X) = s(X), where s is the function defined last
chapter (definition 21).

2. If ¢ is an elimination rule, then the definition of s’ is analogous to the
definition of s:
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TEAAB . s'(X)
(a) If X = 'FA , then 8'(X) = T.B;AFC
b TLANBFC "
TEBAA , S(%)
(b) If ¥ = kA ,thens'(¥)= T .B;A+C
5 T.BAAFC "
H/
(C) [f » _ A Frl_l_BA — B B, then S,(E) —
E/
t'(IT") s'(%)
A TIBEC
TAsBFC
1T, 11,
(d) f¥= THAVB T A-D TI,BED
D !
t'(ILy) t'(I,)
then S(X)= 1 4o p 1.B.ED
T.AVB.FD '~
TrEL 5 s'(X)
(e) IfS= THFA s then () = ;AR C
X L, L-C T

3. If ¢ is a substitution rule, then

H1 / / A
t'(114) s'(X5)
| THA TVARC =T,FA T,A,CFB , where B is a c-

r=c M

formula. Remember that, from the definition of pseudo-derivation, both

S

[VAFC and T'F C are major premisses.

Definition 37 (t') Let II be a derivation in ND. The transformation t' from
deriwations in LJT to derivations in ND is defined recursively as follows:

Let ¢ be the bottommost rule applied in I1.

1. If 1 is normal, then t'(IT) = ¢(I1).

I, IL,
2. If c is an introduction rule, thenll= T, +C, ... T,FC, L
TFC ?
t(Hl) t(Hn)
and =Tk ¢ . TG |
r;=C

3. If ¢ 1s an elimination rule, then we have two cases to consider:

(a) there is no occurrence of an introduction rule in II and then the

definition of s’ is analogous to the definition of s.
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(b) there is an occurrence of an introduction rule in I1 and then, if it is

the case, we first simplify I1. The resulting derivation has a mazimal

1
sequent I' = C and is of the form II' = TF (O > and t'(I1") =

Eo
2o

#(I1,) (%)

ke “T.crE °".

;- E "
I, 11, #(IL)  ¢(I)
4. Ifcisan S rule, thent' ( '-A T'AFB ) =IFA T,AFB
I'F B 8 I'F B Cw

Lemma 18 If t' is a translation from derivations in ND to derivations in
LJT, then, if ¥ is a pseudo-derivation of a derivation in ND, then s'(3) is a

pseudo-derivation of a derivation in LJT.

Proof: Let 3 be a pseudo-derivation of a derivation in ND. The proof is by
induction on the length of > and it is straight from definition 36. We show one

case:
IL;
fy = 1FA4 LAFC o yhen by definition 36, (%) =
TFC
23
(M) s
iFA TACHB
Cnm

r,CrB
By hypothesis, #'(II;) is a derivation in LJT and, by IH, s'(34) is a

pseudo-derivation of a derivation in LJT. Hence, by lemma 15, s'(¥) is a

pseudo-derivation of a derivation in LJT.

]
Theorem 10 If 11 is a derivation in ND, then t'(Il) is a deriwation in LJT.

Proof: Let II be a derivation in ND. The proof is by induction on the length

of IT and it is straight from definition 37. We show one case:

1
' = TFECQO {EZ , © € {A,V,—}, then, by definition 37, ¢/(Il') =
3}
t/(Hl) S/(Zg)
T.rc “T.CrE 25
H

I''FE
By IH, ¢'(II) is a derivation in LJT and by lemma 18, s’(3,) is a pseudo-

derivation of a derivation in LJT. Hence, by lemma 15, #/(II') is a derivation

in LJT. [ |
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Lemma 19 If t/(¢'(I)) ~ II for every derivation 11 in LJT then, for every
pseudo-derivation X of 11,

S(f/(2)) = L.

Proof:  The proof is by induction on the length of 3. Suppose that ¢'(¢'(II)) ~
IT for every derivation II and let ¥ be a pseudo-derivation of II. We will make

three cases, the others are analogous to cases already seen.

2
LY = F;D|_AT1 F;AI—AAz7thens'f'(2):s’f/< ¥ )
C

T DFA IhDEA
As ¥ = F;ET— A is smaller than ¥, by IH &' f/(3) ~ ¥/. As ¥ ~ ¥/,
S =X,
DX
2. If ¥ = LorA T 22 ry , then §f'(¥) =
PAQEA I'TAEB
PAQEB
DX o
S/f/ F,QFA F,Af_B
LB "
T,PAQFB |
R
As ¥ = T"QFHA T;AFB 2 is smaller than ¥, we have that
T,QFB "
/
s f'(X') = ¥'. As the last rule applied in I p /\E OB is an elimination
rule, we have that
gf( s ) _ y(FPPAQ) _ s'f1(X)
PANQFEB (2 PAQEB
Z/
PAQFEB -
E/
As Y =~ "FI(Y) =~ X,
’ reagrp S
o % oF
3. If X = I'HFA TUVACHB . then ¢ f' (%) =
T,CF B ‘
g/(H1> 1! ¥
t'g' (1) s'['(22)
g| I'FA TVARC s|= rira Tacrs oF
LEC g, ICF B ‘
f'(32)

By hypothesis, t'¢’(Il;) ~ II; and by IH, §f'(¥3) = X,. Hence,
tg'(Ily)  s'f'(39)
I'FA T.ACFB ' ~3

T;CF B ‘
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Theorem 11 For every derwation 11 in LJT
t'(g'(I)) =~ IL.

Proof: 'The proof is by induction on the length of the derivation. Let II be a

derivation. We will make three cases, the others are analogous to cases already

seen.
2
IPEA by
1. Il = = 2 , then
r'rA PTArB ?
I''+HB
5w
IhPHA TAFB
t//H :t,, 5 3
g (Il) = t'g LPrE Cr
;B
A
Consider Y/ = I"PHA T;AFB 2 . By lemma 19 and by IH, we
[:P+ B "

have that s’ f/(¥') &~ ¥'. As the last rule applied in F'IE—/B is the D rule

I

having I'; P = B as hypothesis, we have that

t/g/ 2/ — t/ F l_ P A — S/f/(zl) ~ Z/
I''EB () I':+B I''EB

Z/
As Il ~ ,t'g' (1) ~ 11

I''+FB
LN B g
2. IflI = TI;-C r,CHB , then t'g’ (1) = ¢/ F|_Cb? =
T:F B F(Z)
t'g'(1L) s'f'(22)
rFc  “T.crB °".
I''F B
By IH, ¢'¢/(I1;) ~ II; and by lemma 19 and by TH, s’ f’(3,) & 3,. Hence,
t'g'(IT) =~ II.
3
3 1fm= b Mp,then
A T,AFB .
[:- B M
I 2
I A;FA T VA;ARB
t/ (11 :t/ / 1 ) 4 it
g (I ="ty I A [,A;F B "

M

I''+FB
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4 )Y
As II' = F,A;ll— A I‘,A;/i - B is smaller than II, we have that
T.AFB c
t'g'(11") =~ II'. Hence, we have that
I I g'(L)  ¢'(Il)
g | T:F A LLAFB = t|TI'+A I'A+B =
T;- B Y T'FB
t/gl(]:[l) t/g/(H/) Hl H,
A T,AFB ~ Ih+HA TAFB
F B . T:F B Y
11 I
Asll~ TI';HA T,A;F B , t'g/ (D) =~ T1.
T:- B M

Lemma 20 If ¢/(t'(I1)) ~ II for every deriwation 11 in ND then, for every
pseudo-derivation 3 of 11

fi(s'(%) = %

Proof: The proof is by induction on the length of the pseudo-derivation.
Suppose that ¢'(¢/(II)) ~ II for every derivation II and let 3 be a pseudo-

derivation. We will only show one case:

H1 / (A
(L) s'(X5)
f's' Fkﬁwifkc = f'{ ;A 1A CFHB =
> I;C+B M
3
g't'(I1y)
I'FA D,AFC
r=cC
f/S/(E3)
By hypothesis, ¢'t'(II;) ~ II; and by IH, f's’(¥3) ~ X3. Hence,
F(s(%)) ~ 3. [ |

Theorem 12 For every derivation I1 in ND
g'(t'(I1)) ~ 1L

Proof: The proof is by induction on the length of the derivation. Let II be a
derivation. We will make two cases, the others are analogous to cases already

seel.
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m M) S
1. If II = F,_CEZ,theng’t’(H):g’ I;FC T,CFE =
b I''+FE
g't'(I1y)
r-C_,
J's'(52)
By IH, ¢'¢'(II;) ~ II; and by lemma 20 , f's’(¥;) ~ X,. Hence,
g't'(IT) ~ II.
I I, t(11y) (1)
2. Ifll= THA T AFB thengt(Il)=¢' | T;HA T, A+ B
T'FB T:F B o

gt(Il)  g't'(Ily)
TFA T,AFB
I'kB
By IH, ¢'t'(I1;) ~ II; and ¢'t'(Ily) = I3 and hence ¢'t'(IT) ~ II.

5.5
Conclusion

We have defined a direct mapping between Natural Deduction and
Sequent Calculus. By ‘direct’, we mean we did not use an intermediate system
to define the translations as is, for instance, the case of (13), where the author
uses Linear Logic to define the translations. In chapter 4, we have achieved a
one-to-one correspondence between LJT and ND so far as cut-free and normal
derivations are concerned. When taking into account non-cut-free and non-
normal derivations, we lose this one-to-one correspondence, but by defining an
equivalence relation between derivations we have retrieved bijection.

Comparing our work with Herbelin’s (11), the use of a substitution rule
in ND is more natural as there is no need (apparently) of a formalization of
explicit substitutions to achieve isomorphism. Comparing our work with Negri
and von Plato’s (15), we have achieved bijection between normal and cut-free
derivations, although there is no gain (nor loss) when considering non-cut-free
and non-normal derivations.

As future work, we suggest the development of the bijection by showing
translation between the A-calculus and a term notation for LJT (as, for

example, Herbelin’s syntax in (11)).
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