PUC-RIo - Certificacdo Digital N° 1012682/CA

3
Propositional Dynamic Logic for Petri Nets (Petri-PDL)

This chapter presents a Propositional Dynamic Logic that uses Petri
Nets terms as programs (Petri-PDL). We define an axiomatic system and
prove soundness, completeness, and the EXPTime-hardness of its satisfiability
problem.

As pointed out by the work of Mazurkiewicz (1987, 1989), logics that
deal with Petri Nets use to be incomplete due to the possibility of a place
always increase its token amount (up to countable infinity). To restrict a subset
of Petri Nets where we can achieve decidability and completeness, we call
normalised Petri Net any Petri Net composed as in Section 2.3.2 and do not
contains any place that can accumulate an infinity amount of tokens. From

now on, all the proofs deals only with normalised Petri Nets.

3.1
Language and semantics

The language of Petri-PDL consists of

Propositional symbols: p, q..., where ® is the set of all propositional

symbols
Place names: e.g.: a,b,c,d...
Transition names: e.g.: t1,19,%3...
Petri Net Composition symbol: ©

Sequence of names: S = {¢, s1, S, ...}, where € is the empty sequence. We
use the notation s < s’ to denote that all names occurring in s also occur

in s, regardless its order.

Definition 23 Petri-PDL program
We use 7 to denote a Petri Net program and s to denote a sequence of
names (the markup of w). The transitions may be from three types, Ty : xt1y,

Ts : xytoz and Ty : xtsyz, each transition has a unique type.

Basic programs: 7, ::= at1b | atebc | abtsc where t; is of type T;,i = 1,2,3
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Petri Net Programs: 7 ::=s,m | 7O

Definition 24 Petri-PDL formula
A formula is defined as

pu=p|T|op|oAg]|(m)e.

We use the standard abbreviations L = =T, o V¢ = —(=p A —¢),
© = ¢ =-(pA-¢) and [s,m|p = —(s, ).

Definition 25 Firing function
We define the firing function f : S x® — S as follows

s1bsy if s = s1ass
€ ifafs
51CS983  if s = S1a82bs3
€ ifahsorb4s
s189bc if s = s1as
€ ifafs

~ f(e,n) =€, for all petri nets programs .

~ f(s,at1b) = {
— f(s,abtsc) = {

— f(s,atsbc) = {

F(s.m) f(s,m) if In C m such that n is a basic transition and f(s,n) # €
- f(s,m) =
€ otherwise

Definition 26 Petri-PDL frame
A frame for Petri-PDL is a 3-tuple F = (W, R, M), where

— W is a non-empty set of states;
-M: W —=S;

- R, is a binary relation over W, for each basic program 7, satisfying the

following condition. Let s = M(w)

—if f(s,m) # €, wRv iff f(s,m) < M(v)
—if f(s,m) =€, wRv iffw ="
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Definition 27 Behaviour of R over composed Petri Net programs
We inductively define the behaviour of the relation R, for each Petri Net
program

T=mOm®: - Om,, as

R, = {(w,v) | for some 7;, Ju such that s; < M(u) and wR,,u and uR,v}

Where s; = f(s,m;), for all 1 <i <n and s = M(w).

Definition 28 Petri-PDL model
A model for Petri-PDL is a pair M = (F, V), where F is a Petri-PDL

frame and V is a valuation function V: ® — 2V,

The semantical notion of satisfaction for Petri-PDL is defined as follows.

Definition 29 Petri-PDL satisfaction notion
Let M = (F,V) be a model. The notion of satisfaction of a formula ¢
in a model M at a state w, notation M, w IF ¢, can be inductively defined as

follows:

- Muw Ik p iff w € V(p);

- MuwlF T always;

- Muw Ik =g iff Maw I p;

- MuwlF o1 A gy iff Mow IF @1 and M I+ ps;

- M - (s,n)p iff there exists v € W, wRyv, s < M(w) and M,v IF ¢.

If M IF A for every state v, we say that A is wvalid in the model M,
notation M |- A. And if A is valid in all M we say that A is wvalid, notation
I+ A.
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3.2
Axiomatic system

We consider the following set of axioms and rules, where p and ¢ are
proposition symbols, ¢ and v are formulae, n =19, @y © --- ©® n, is a Petri

Net program and 7 is a Petri Net program with a sequence of names.

(PL) All propositional logic tautologies

(K) [s,7](p = q) = ([s,7]p — [s,7]q)

(Du) [57 ﬂp A _'<5v 7T>—|p

(PC) (s,mp < (s,m){s1,m@ V (s,72) (52, )@V -+ V (8, 7n) (50, m)p,
where s; = f(s,m;), for all 1 <i <n and 7 is not a basic program

(Re) (s,mp <> o, if f(s,m) =€

(Sub) If IF ¢, then IF ¢7, where ¢ uniformly substitutes proposition symbols

by arbitrary formulae
(MP) If IF ¢ and IF ¢ — 1), then IF ¢

(Gen) If IF ¢, then IF [s, 7]y

Notice that the restriction over (PC) to not be applied over basic

programs avoids the needing of axioms for basic programs.

3.3
Soundness and completeness

The axioms (PL), (K) and (Du) and the rules (Sub), (MP) and (Gen)

are standard in the modal logic literature.

Lemma 30 Validity of Petri-PDL axioms

1. IF PC

Proof:  Suppose that there is a world w from a model M =
(W, Rz, V, M) where PC is false. For PC to be false in w, there are

two cases:

(a) Suppose M,w - (s,n)¢ (1) and
M, wlf (s,m)(s1,me V(s m2) (2, M@ V-V (s,00) (snm)e (2);
From Definition 29, (1) iff there is a v such that wR,v, s < M(w)
and M,v k¢ (3).
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(b)

By Definition 26 R, = {(w,v) | for some n;,3u such that s; <
M (u) and wR,,u and uR,v},
from (3) M,ulk (si,n) and M, w - (s,n;)(s;, n). This implies

MwlE (s, m)(s1,m@ V{8, 12) (2, @V =+ V {8, 10) (8, 1) 0, which
contradicts (2).

Suppose

M, w Ik (s,m)(s1,me V (s,m2)(s2, ) V -+ V (s, 70) (50, M) (2), by
Definition 26, iff for some i (1 <i<n), M,wlF (s,n:)(ss,n)¢ iff

there is a u such that wR,u, s < M(w) and M,u = (s;,n)¢ (3),
by Definition 29,
iff there is a v such that uR,v, s; < M(u) and M,v - ¢ (4),

By Definition 26, (3) and (4) we have wR,v and s < M(w) and
M, vl ¢. Thus, M,w I (s,n)@, which contradicts the hypothesis.

So, PC is valid. |

2. IF R

Proof:  Suppose that there is a world w from a model M =
(W, Ry, M, V) where R, is false. For R to be false in w, there are two

cases:

(a)

(b)

Suppose M,w |- (e,n)p (1) and

MowlfF ¢ (2)

(1) iff there is a v such that wR. v and M,v I ¢. As f(e,n) =€,
then w = v and wRyw and M, w Ik ¢, which contradicts (2).
Suppose M, w ¥ (e,n)p (1) and

Mow k@ (2).

(1) iff for allv such that, if wR. v then M, v - —p. As f(e,n) =,
then w = v and wRy,w and M, w Ik —~p, which contradicts (2).

So, R. is valid. |

Then, Petri-PDL is sound.

The completeness proof goes as in the work of Blackburn et al. (2001);

Harel et al. (2000) and Goldblatt (1992b).

Definition 31 Filtration

Given a Petri-PDL formula ¢, a Petri-PDL model IC = (W, R,,, M, V),

we define a new model

K = (W?, R, M?, V),
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the filtration of IC by FL(p), as follows.

The relation = over the worlds of K is defined as
u=v<< Vo e FL(p),Kulk ¢ iff Colk ¢
(the equivalence class of u) and the relation Ry is defined as

[u]RY[v] < (Fu' € [u] AT € o] Au'R0").

(a) [u] = {v | v =u}, where [u] is the equivalence class of u
(b)) W ={[u] | ue W}

(c) [u] € V¥(p) iff u € V(p)

(d) M#([u]) = (s1, S2,...) where for all j > 1,v; € [u] iff M(v;) = s,

All rules may be composed inductively to extend in order to compound all

programs and propositions due to compositions as in section 5.1.

Lemma 32 Filtration Lemma
Vu,v € W, uRyv iff [u] RY[v]
Proof:  As in Definition 31 w € [w] iff Vw' € [w], w' =w (1)
and [u] R¥[v] for some u € [u] and v € [v] we have that u'Rfv" (2).
So if uRfv and we do not have that [u]R¥[v] then it will contradicts (1). If
[u] R¢[v] but we do not have that uR{v then it will contradicts (2). |

Lemma 33 K% is a finite Petri-PDL model.
Proof:

- W¥ is finite a set of states by Definition 31 and lemma 43.
- M¥: W¢ — S by Definition 31.

- R = {([w], [v]) | for some n; F[u] such that s; < M*?([u]) and [w]R,,[u] and [u] R, [v]}
for any program n =n, © --- © ny, where s; = f(s,1;) and 1 < i < n.
- Ve & — 2W7 by Definition 31.

Then K% is a finite Petri-PDL model. ]

Corollary 34 Decidability
Proof: As, by Lemma 33, the number of states is finite, there is an algorithm
to check whether a formula ¢ of Petri-PDL is satisfiable. |
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Definition 35 Canonic Model

The canonic model for Petri-PDL with language A is a 4-tuple C* =
(WA RA MY VA, where WA is the set of all maximal consistent sets of
formulae; V* is the valuation function where for all w € W, w € V()

iff o € w; M is the markup of the Petri Net programs, defined as
MY w) = {s1,...,80 | (s5,T)p €w,1 <i<nwe W'}

and R™ is the binary relation between the elements of W defined for each
program m as
RY = {(n,m) | n,m € W™ {p/[s, 7] € n,s < M*(n)} C m}.

T =

Lemma 36 C* is a model for Petri-PDL
Proof: By Definition 35:

~ W™ is a set of states.

- MM WA S S,

— R = {(w,v) | for some 7; Ju such that s; < M*(u) and wR,,u and uR,v}

for any program m =m ©® -+ @ m,, where s; = f(s,m;) and 1 <i < n.

- VAP 2,
So, C» is a model for Petri-PDL. |

Lemma 37 [s, 7|y € u iff in all v such that uR™v, p € v.
Proof:

Supose [s, 7@ € u and there is no v € W such that uRv and ¢ € v
(1).

As m = m @ -+ ® m,, by the definition of R} we have that all
[s,7][si, T, 1 <i<n€w forall 1 <i<nifuRb (2).

By (PC), all [s,m][si, 7], 1 <i<né€wuforall<i<n (3)

But if (3) then ¢ is in some v such that uRv by R™ definition, which
contradicts (1).

So, in all v such that uRM, p € v.

Supose that exists some u € W where [s,7]p & u and such that in all v
that uRA, ¢ € v (4).

By RY definition, if in all v that uR™v, ¢ € v, then [s, 7]y € u (5).

Then, there is a contradiction. |
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Lemma 38 Let C* = (WA RM MA V2) a Canonic Model (as in Defini-
tion 35). Then, for any w € WA, w - ¢ iff ¢ € w.

Proof: ~ We make an induction on ¢.
1. If ¢ is an atomic formula, it holds by the definition of V.
2. If ¢ is =¢ then w Ik ¢ iff @ € w by the definition of canonic model.

3. If v is in the form ¢1 A ¢ then, w IF @ iff w - ¢ and w I ¢o, and
01 € w and ¢y € w.

4. If ¢ is (s, m)o, then, w Ik @ iff:

(Ro): f(s,m) = €, wRMy, w IF ¢ and w € V(@) by the inductive
hypothesis;
(PC): Judv,wRAu, uRM, 1 <i < n, vk ¢ and v € VA(¢) by the

iductive hypothesis and by Lemma 37, where m =11 O -+ O .

So, this lemma holds. |

Lemma 39 If p € w for all w mazimal consistent set of formulae, then I+ ¢.
Proof:  Suppose I ¢; then, by Lemma 38, ~¢ € w. But if p € w and ¢ € w

then we have a contradiction. [ ]

Theorem 40 Completeness

If - then = .
Proof: If ¢ is valid then it is valid in all models, including the canonic. So,
it is valid in all worlds of C* (all mazimal consistent sets). So by Lemma 39,

@ 1is deriwable. Therefore if IF ¢, then F . ]

Definition 41 The Fischer-Ladner closure
It is inductively defined as follows, where F'L(yp) denotes the smallest set

containing @ which is closed under sub formulae.
FL:Y — 2%, where Y is the set of all formulae

1. FL(p) is closed under subformulae;

2. if (s,m)¥ € FL(p), then (s,m)(si,m € FL(p),
wheren =m O © - O, and s; = f(s,n;), for all 1 < i < n.
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Lemma 42 Letn=1n0n2©---©n, be a composed Petri Net program where
each n;, 1 <1i <mn, is a basic Petri Net program and s is a sequence of names.
For every sequence (so,n) — (s1,1m) — -+ — (S, 1), where so = s, k>0 and
s; = f(s,m;) for some 1 < i < n, then either s, = € or one of s; = sy for
0<j<k,0<tl<Fkandj#L.

Proof: As n has no places that accumulates tokens infinitely, after firing all
the basic Petri Net programs of n on and on there are two possibilities for the

markup of n:
1. there is no transition able to fire, so s = €;

2. some markup m of n activated a loop in the Petri Net (e.g. n as a graph
is cyclic), so after a non empty serie of fires the markup m of n will
appear again, so s; = sy for some 0 < j < k and some 0 < { < k such
that j # (.

Lemma 43 FL(p) is finite.

Proof: The only possibility of construct ¢ »= o (i.e. o is derived from the
formula ) is iff  is in the form (s, )V and o is in the form (s, m;){s;, )W for
some 1 < i < n where n is the size of the Petri Net program 7 (i.e. the number
of atomic programs of ™) and 7; is an atomic program. Then the smallest closed
set T' containing a formula p is obtained by closing FL(p) under »-; hence
¢ € I' iff there is a finite sequence of the form ¢ = @1 = -+ = @; = ¢, where
VinstnPm # on and @ € FL(p). So, if (s,k)¥ = (p, )¢ for k a normalised
Petri Net program, then T is an atomic Petri Net program or is equal to k.

Therefore there can be no infinitely-long >-sequences.
So, FL(y) is finite. |

Lemma 44

(1) If o € FL(yp), then FL(o) C FL(p)
(ii) If o € FL((s, 7)), then FL(o) C FL({s,m)p) U FL(p)
Proof:  We make an induction on FL(¢).

(i) If o € FL(p), then as by 1. in Definition 41 FL(p) is closed under

subformulae. There are three cases depending on the form of .

(a) If ¢ is an atomic proposition p then according to Definition 41 0 = p
and FL(o) = FL(p).
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(b) If ¢ is in the form —¢ then according to Definition 41 ¢ = —¢ and
by induction and (i) FL(o) C FL(p).

(c) If ¢ is in the form ¢ A b then according to Definition 41 either
o=¢ANY, oro € FL(¢) or o € FL(). In the first case FL(o) =
FL(p); in the second and third cases we have FL(c) C FL(¢) and
FL(o) C FL(y), respectively, by induction and (i). By Definition 41
in either case FL(o) C FL(yp).

Then FL(o) C FL(y)

(i) If o € FL((s,m)p), then by 2. in Definition 41 o € FL({(s,m)p) or
o € FL(p). In the former case, FL(o) C FL((s,m)p) U FL(p), by
induction and (ii). In the latter case, FL(c) C FL(p) by induction and
(i). Thus in either case, FL(c) C FL({s,m)p) by 2. in Definition 41.
Assuming that (i) and (i) hold for subexpressions, we have three cases
(let m=m Oma @+ Omy).

(a) If o = (s,m)p then FL(c) = FL((s,m)p) U FL(p) by 2. in Defini-
tion 41.

(b) Ifo € FL((s,m){f(s,m), m)p) then FL(c) C FL({s,m){f(s,m),m)¢)U

FL((f(s,m),m)¢) by induction and (ii) and FL(o) C
FL((s,m)(f(s,m),m)p) U FL((f(s,m), m)p) U FL() by 2. in
Definition 41. Hence F L(c) C FL((s, m)¢) U FL(p) by 2. in Defini-
tion 41.

So FL(o) C FL((s,m)p)UFL(p).

3.4
Computational complexity

In this section we present a polynomial reduction of a well-know
EXPTime-hard problem to Petri-PDL SAT: the two person corridor tiling
game. This proof is base on another proof presented in the work of Blackburn
et al. (2001).

In the two person corridor tiling game, two players (Eloise and Abelard)
must place square tiles in a finite grid, where each tile side may have a different
color in each side, so that the colours of each side of the tiles match. Each player
begins with a finite amount of tiles (with colours randomly defined) and the
begin of the grid has a special colour (says white) and there is a special tile for

Eloise where, if it is put on column 1 then Eloise wins. When the game begins
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Eloise should put a tile in the column 0; in his turn, Abelard must place a tile
in the following position on the grid. After the end of the row (for an instance
n of the game, the game has n columns), the player must place a tile in the
next row, column 0. If no player is able to make a valid move or there are
no tiles then Abelard wins. The objective of this game is determine whether

Eloise has a winning strategy.

Lemma 45 The satisfiability of Petri-PDL is EXPTime-hard.
Proof:  The proof goes by reducing the two person corridor tiling problem to
the Petri-PDL satisfiability problem, following the methodology of Blackburn
et al. (2001).

Given an instance T = (n,{To,...,Ts11}) of the two person corridor
tiling game where n is the width of the corridor and T; are the tiling types, we

will construct a formula @™ such that

T

(i) If Eloise has a winning strategy, @
tree for T (viewed as a reqular Petri-PDL model).

is satisfiable at the root of some game

(i) If ©" is satisfiable, then Eloise has a winning strateqy in the game T .
(iii) The formula ¢ can be generated polynomially sized regarding n and s.

The formula ©™ describes the game tree and states necessary and suffi-
cient conditions for Eloise to win. To construct @7, we will use the following

proposition letters:
to,...,tsyi1 to represent the tiles, where ty is white;
P1,-..,Pn to indicate where the tile must be placed in the current round;

ci(t),0 <i<n+1,Vte{ty,...,ts;1} to indicate the type t of previously

placed tile in column i;
w to indicate that the current position is a winning position for Eloise.

The general schema of a Petri Net (mapped in a Petri Net program n)
which models this game is in Figure 3.1, where there is one transition similar
to R* for each row r such that 1 < r < n to denotes that a new row has begun.
This Petri Net is constructed as an induction into the definition of the problem.
The places denote the states of the game (i.e. after each move the other player
may make a move) and each transition is controlling the flow from states.

The sequence s denotes the initial markup of the Petri Net, that is, one
token in Row, and the tokens needed to denote the initial set of pieces of Eloise

and Abelard, according to the legend below. Each place is described bellow.
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EC FEloise can play

EH FEloise has piece

EP Floise plays

AC Abelard can play

AH Abelard has piece

AP Abelard plays

COll,. .

.,Col,, Each column of the game

Row,. .. ,Row, FEach row of the game

R*
Row. n

ROW2

i

2

Figure 3.1: Schema of a Petri Net for tiling game

Row 1

EC/:l
0

I

Then, the beginning of the game is described as [s,nle A p1 A co(white) A

ci(tn) A+ Aew(tn,) A cpyr(white), where I;,1 < i <n denotes the initial tiles
and e denotes that it is Eloise’s turn and f(s,n) # €.

(i)

(i)

The set of formulae that rules the game is below.

If FEloise does not have a piece to play at that moment, it is the turn
of Abelard: (([s,n]¢ <> ¢) A =([',n]¢ « ¢)) — [s',n]¢, where s’ is a
sequence which differs from s only by replacing the tokens EC and AC,
and EH and AH;

If Abelard does not have a piece to play at that moment, it is the turn
of Bloise: (s',m¢ < ¢) A ~([s,n)é < 9)) = [s,1)é (from now on
all formulae have omitted a disjunction with a formula p such that p
differs from the corresponding formula only for changing s to s’ in this

enumeration of rules);


DBD
PUC-Rio - Certificação Digital Nº 1012682/CA


PUC-RIo - Certificacdo Digital N° 1012682/CA

Extending Propositional Dynamic Logic for Petri Nets 37

(i1i) The referee has already placed white tiles in the columns 0 and n + 1:
[s, n]coly(white) A col,,, 1(white);

(iv) The players must respect tiles colors: C(t',t,t") < right(t') = left(t) and
down(t') = up(t”) (e.g. C holds if the tile t can be placed on the right of

t" and above t”, where t, t' and t" are the positions correspondents to T,

T and T");

(v) Ensures tile matching left and downwards: [s,n]((pi A c;i_1(t') A e(t”)) —
[s,n) V{ci(t) | Ct',t,t")}), where \[{c;(t) | C(t',t,t")} is the disjunction
of all C(t',t,t"), 0 <i < n and, by convention, \/ ) = L

(vi) Ensures matching of tiles placed on column n with white corridor:
[s,m](pn = [5", 0] V{en(t) | right(¢) = white})

(vii) The first position is a winning position for Eloise: w.

As Eloise has a winning strategy, then: [s,n](w — (¢1(tse1) V ([, n]—w) Vv

([, nlw))).-
To ensure that the game is finite (e.g. if the game has no end, Abelard

st2 steps with no repetition, so:

wins), the game is limited to N = n
[s,n](counter = N) — [s', n]—w.

We define ¢™ as the conjunction of all these formulae.

If Eloise has a winning strategy, then there is a game tree such that ¢
is satisfiable at the root of the game tree viewed as a Petri-PDL model. So, if
Eloise has a winning strateqy, she can win in at most N steps. For a Petri-PDL
model M that corresponds to this at-most-N steps strategy it is straightforward
to check @™ satisfiability at the root of M.

If M,v IF ¢, then FEloise has a winning strategy, encoded in M, in
the game T. As w is satisfied in v, Eloise can keep moving through winning
positions that she is always able to choose. Hence if counter = N (e.g.
the counter has reached), [s,n]—w is satisfied, so there are no more winning
positions, but as cy(tsy1) is satisfied, so the winning tile was placed in the first
step and FEloise has already won.

So, in a model M = (W, R,,, M, V) expressing an instance of the two-

person corridor tiling game we have two possibilities in a world w.

1. If Floise wins the game then ©7 is true in u. As @7 is true it is necessary

that all of the following formulae are valid in .

(a) [s,n]e A p1 A co(white) A cy(tr,) A -+ Acp(tr,) A cupr(white), where

According to the firing function [s,nle must be true in u, as f(s,n) #
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€. (1)
co(white) Ay (tr,) A+ Aey(tr,) A cnir(white) denotes that the limit

tiles are white, as defined in the game where the length of the corridor

isn (a generic instance), so it is true in u (2)
As (1) and (2) are true, then the formula is true.

(b) (([s,n]¢ < ) A=([s, 19 > ¢)) = [s',n]¢

For this formula there are two cases.

(i)

(i)

if f(s,m) =€ then f(s',n) # € according to n definition and the
firing function definition (1)

So [s',n]|¢ is true in u (2)

Then, by (2), ([5,1]6 &) A~(s', 116 > 6)) — [/, 1] is true
in u.

if f(s,m) # € then f(s',n) = € according to n definition and the
firing function definition (1)

Then [s',n]¢ is true in u. (2)

As [¢',n]¢ is true in u by (2), then ¢ is true in all v such that
uRyv. (3)

According to (1) [s,n]¢ is not true, so there is some world v
such that uR,v where ¢ is false in u. (4)

By (3) and (4) ([s,n]¢ <> @) A=([s',n]¢ <> @) is not true in u.
(5)
So, (([s,nl¢ < ) A=([s,n]¢ < ¢)) = [s', 1] is true in u.

So, (([s,m¢ < @) A=([s',m]¢ <> @) — [, m]¢ is true in u.
(¢) (([s'sn¢ <> &) A=([s,n]¢ <> @) — [s,n]

For this formula there are two cases.

(1)

(i)

if f(s',m) =€ then f(s,n) # € according to n definition and the
firing function definition (1)

So [s,n]|¢ is true in u (2)

Then, by (2), (([s',n]¢ < o) A=([s,n]¢ <> @) = [s,1]¢ is true
in u.

if f(s',n) # € then f(s,n) = € according to n definition and the
firing function definition (1)

Then [s,n]¢ is true in u. (2)

As [s,n]¢ is true in u by (2), then ¢ is true in all v such that
uR,v. (8)

According to (1) [s',n]¢ is not true, so there is some world v
such that uR,v where ¢ is false in u. (4)

By (3) and (4) ([s',n]¢ <> ¢) A=([s,n]¢ <> @) is not true in u.
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(d)

(f)

(5)

So, (([s',n]¢ < &) A= ([s,1]¢ < @) = [s,n]¢ is true in u.
s, n]coly(white) A col,,, 1 (white)
In order to begin the game the referee must place the white tites in
the first and last column, so s, n|colo(white), which describes the first
column white tiles, is true in u. (1)
In the same way col, 1(white) which describes the last column white
tiles, is true in w. (2). By (1) and (2) we have that [s, n|coly(white) A

col,, 1 (white) is true in u.
Ct',t,t") < (right(t') = left(T) A (down(T") = up(T"))) (this
sentence and w are true iff the tiles are well placed)

For this formula we have two cases.

(i) C(t',t,t") is true in u and right(t') = left(T) A (down(7") =
up(7”)) s false in w If right(t') = left(T) A (down(7") =
up(7")) is false then we have two possibilities.

— Ifright(t') = left(T) is false then the side tile do not match
and the new tile cannot be placed, so C(t',t,t") is false,

then there is a contradiction. (1)

— If (down(T") = up(T")) is false then the bottom tile do not
match and the new tile cannot be placed, so C(t',t,t") is

false, then there is a contradiction. (2)

(i) C(t',t,t") is false in u and right(t') = left(T) A (down(7") =
up(T")) is true in u
If right(t') = left(T") A (down(T”) = up(1")) is true in u then

C(t',t,t") is true in u, so there is a contradiction. (3)

So, by (1), (2) and (3), C(t' t,t") < (right(t’) = left(T) A
(down(T") = up(1"))) is true in u.

[s,n]((pi A cia () A e(t”)) = [s',n] V{ei(t) [ C',t,1")}), where
0 < i < n and, by convention, \/ 0 = L Suppose this formula is
false in .

So, [s,n]((pi A ci—1(t') Ae(t”)) is true inu (1)

and [s',n] \/{ci(t) | C(t',t,t")}) is false in u. (2)

By (2) there is some v such that uR,v where no ¢;(t) is true. (3)
So by (3) in v we have that c;_1(t') A c(t") is false. (4)

By (4) [s,n]((pi A ci1(t') A c(t”)) cannot be true in u, so there is a

contradiction. Then, this formula is true.
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(9)

[s,n](counter = N) — [s',n]—~w Suppose this formula is false in the
world w.

So [s,n](counter = N) is true in the world u (1), when there are
moves available (e.g. some proposition denoting an specific move is
true)

and [s',n]—w is false in the world u. (2)

By (2) there is some world v such that uR,v where the formula w is
false. (3)

So by (3) in v counter = N is false (e.g. the game step counter has
not reached its mazimum value as long as it is still possible to place
tiles). (4)

By (4) [s,n](counter = N) is false in the world u so there is a

contradiction. Then, this formula is true.

2. If Eloise loses the game then 7 is false. if ¢ is false then some "

subformulae is false.

(a)

(b)

(¢)

(d)

[s,nle A p1 A co(white) A cy(tr,) A -+ Aep(tr,) A cupr(white), where
L;,1<i<n

To this formula be false in u we have that

FEloise has no tile to place [s,nle is false in u, according to the firing
function f(s,n) =¢€, (1)

or there are no limitant white tiles, so co(white) A c1(ty,) A -+ A
cn(tr,) N cnyr(white) is false in u (2)

By (1) or (2) ¢" is false.

((s,nl¢ <> &) A=([s', 0] < @) = [s', 1]

If there are no wvalid tiles to place, then f(s,n) =€ and f(s',n) =€,
according to the firing function. (1)

By (1) and axiom R, ¢ is true in u. (2) If ¢ is true in u then some

tile must be placed, so ©™ is false.

((s";ml¢ < &) A=([s,n]¢ < ¢)) = [s,1]¢

If there are no valid tiles to place, then f(s',n) =€ and f(s,n) =€,
according to the firing function. (1)

By (1) and axiom R, ¢ is true in u. (2) If ¢ is true in u then some
tile must be placed, so ¢™ is false.

C(t',t,t") < (right(t') = left(T) A (down(T") = up(T")))

For this formula be false we have that an invalid tile was placed.

So C(t',t,t") is true in u (e.g. the tile was placed) (2) and right(t') =
left(T) A (down(T") = up(T")) is false in u (e.g. the placed tile does
not match). So, ¢™ will be false.
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(e) [s,nl((pi A cia(t') A e(t”)) = [s',n] VH{a(t) | CW,t,17)}), where
0 <i<n and, by convention, \/] ) = L For this formula be false we
have that an invalid tile was placed.

So, [s,n]((p;s A i1 (') A c(t")) is true in u (1)

and [s',n] \[{c:(t) | C(t',t,t")}) is false in u. (2)

As there is an invalid tile then using (2) we have that there is some
v such that uR,v where no ¢;(t) is true. (3)

So by (3) in v we have that ¢;_1(t') A c(t”) is false. (4)

By (4) [s,n]((pi A cii(t') A c(t”)) is not true in u, so this formula
will be false.

(f) [s,n](counter = N) — [s',n]—w Suppose this formula is false in the
world u.
So [s,n](counter = N) is true in the world u (e.g. the counter has
reached the maximum value) (1)
and [s',n]—w is false in the world u (e.g. Eloise is not in a winning
position). (2)
By (2) there is there is some world v such that uR,v where the
formula w is false. (3)
As by (1) [s,n](counter = N) is true in the world u and by (2)

[, n]—w then this formula will be false in the world .

As it is possible to encode any m > 2 in O(logm—+1) binary digits, N can
be encoded in O(logn®2), which corresponds to (s+2)logn < (s+2)n. Then,
the formula that models the game is polynomial in s and n. So, the two person
corridor tiling problem is polynomially reducible to the Petri-PDL satisfiability
problem. Hence, Petri-PDL satisfiability is EXPTime-hard. |

3.5
A Natural Deduction system for Petri-PDL

Based on other Natural Deduction systems for Modal Logics (Alechina
et al., 2001; Medeiros, 2006; Prawitz, 2006; Simpson, 1994) we define a Natural
Deduction system for Petri-PDL.

In all the rules a formula is preceded by a world where it is being
considered true (e.g. w : ¢, where w is a world of some model and ¢ is a

well formed formula).

wip wiyo wm(ﬂ MA_Q (3-1)
w: oA W w
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{w: —p}
: w: L
N w(pll (3—2)
w:l
w:p T
{w: o}
: w:p =P wie (3-3)
w y w1
wip Y
WP, Wiy (3-4)

wipVe w:p Vi

{w:py  A{w:y}
: : (3-5)
w:pVa u:o u:o

V—elt

Note that the “—” (3-3) introduction and “1” (3-2) and “V” (3-5)
elimination rules may discharge hypothesis (discharges are always identified
by “{-}” and the indexes identify the inference responsible for the discharge).

The inference rules to deal with programs (program rules) have restric-
tions according to the firing function, where 7 is any Petri Net program, R, is
the relation indexed to the program 7. The discharge of hypothesis is always

identified by curly braces (i.e. “{-}") indexed by the rule used in it.

w: (s, 7T><P n (3-6)
w%&ﬁﬂ(Sﬁ%ﬂwv <S%Nﬂ&%%ﬂ¢
e, oo, =

u: whiyu
w: (s, m)p

{ure}l  {wRru}f

To—1 (3-9)

(3-10)

w: (s, m)p v
vy
{wre, o {w e {wRru}’

To—elrt

: (3-11)
W:PL,...,W: Py u:y Moyt
w: s, 7Y
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w:ls,mly  wRyu (3-12)

U SO To—e

The program rules “f;” (3-6) and “f;” (3-7), that may already denote
formulae with composed Petri Net programs using the definition where 7 =
T O T @ -+ - @, with the restriction that in these rules f(s,7) # e. Although
the “€” (3-8) can be applied only if f(s,7) =e.

In the firing (3-6), “m,” (3-9) (3-10) and in the the “mp” (3-11) (3-12)
rules it it is important to notice that the sequence s in the program modality
introduced must ensure that f(s, ) # € unless the world be reflexive and that

the world u must be the point where the program stops.

3.5.1
Soundness of the Natural Deduction system for Petri-PDL

We prove the soundness of the Natural Deduction system in the same
way of van Dalen (2008). A formula ¢ can be derived from I' is true iff it may
be achieved by a sequence of inference rules D of ¢ with all hypotheses on T
So, it suffices to show that the semantical notion of satisfiablity is preserved
(i.e. if I' F ¢ then I' IF ¢ in the sense that I is a set of assumptions used for
the derivation of ¢). Let T' Ik, ¢ “¢ is true with the hypotheses I" in a world

7

w.

Lemma 46 IfT"F o then I IF ¢: the Natural Deduction system for Petri-PDL
s sound.
Proof:  The propositional operators are standard into the modal logic literat-

ure. We use induction on D.

(base) If the derivation has only one element, then obviously w : ¢ € T', so it is
straightforward that T" Ik, .

(f) 1. Induction hypothesis: for any T containing all hypotheses
D

of , we have that T I+, (s,m)¢ and

w: (s,0)¢
f(s,m) # €. Consider a I' containing all hypotheses of a
D
w: (s, m)p .Letallgp €T

w: (s, m)(f(s,m1), M)p V-V (8, ) (f (5, T0), T)p
be walid, then (s,m)¢ is walid in w; so (s,m)(f(s,m), ) V

-V (s, ) (f(s,mn), M) is also walid in w, then T Ik,
<S,7T1><f(8,71'1),7r><p VeV <5’7Tn><f(577rn)a7r>90'
D D

d
w: [s, e a wRyu
for each I';T" containing the hypotheses of D, D', I Ik, [s,7]¢ and

2. Induction hypothesis: are derivations and
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(¢)

(770 _i)

(7T<> —e)

(o —1)

{wR,u} C I and f(s,m;) # €. Now let I'" contain the hypotheses
D D’
of w:[s,wle  wRyu . Choosing T” to be the set of hypotheses

w: [f(s,m), 7o
of D and D' then I DT UI". So I' Ik, [s, 7]¢ and {wR,u} CT".

Let all ¢ € T” be valid, then [s, | is true in w and wR;u; hence

[f(s,m;), m|p is true in w, which shows that T" Ik, [f(s,m;), 7).
D
w: (s, m)p
we have that T' I+, (s,m)p and f(s,m) 2:) €. Consider a I containing all
D
hypotheses of w: (s, m)p and w:(s,m)p . Let all ¢ € I' be valid,
w:p whRu
then (s, )y is true in w; so ¢ is true in w and wR;u, then I' Ik, ¢ and

Induction hypothesis: for any I' containing the hypotheses of

wR,u.

D Y2
U and wRu
[, T containing the hypotheses of D, D', T' Ik, ¢ and {wR,u} CT" and

D/
f(s,m) # €. Now let T” contain the hypotheses of wu: ¢ wRyu
w: (s, m)p
Choosing I'" to be the set of hypotheses of D and D' then T" D T'UI". So

Ik, ¢ and {wRyu} CT". Let all ¢ € T be valid, then ¢ is true in u

and wRyu; hence (s, m)p is true in w, which shows that I' Ik, (s, 7).

Induction hypothesis: are derivations and for each

Induction hypothesis: for any I' containing all hypotheses of D
w: (s, m)p
u:p wRyu
and D and f(s,m) # €, then I I, . Let T contain all
v '
{w:e}l  {wRu}
hypotheses of D 2 MU d{u U
w (S, e v y
" 7,
u: wRyu
. D D’
{wR,u} contains all the hypotheses of
w: (s, m)p v

vy
5o (s, m)p is true in w, ¢ s true in w and wRyu as also all o € I are
valid, then v is valid in v; hence T Ik, 1.

Induction hypothesis:  for any T containing all hypotheses of

) D _ and D’w:%""’w:@”’wRﬂu and u is the final
WP, .., W Py w

state of a program 7 (i.e. w stops in u), then I Ik, 1. Let I contain all
{w: o}, e} {wRu}’
D D'
WPy, W Py u:Y
w: [s, 7)Y
U {u s o U U e} U{wRLu} contains all the hypotheses of

hypotheses of
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WPy, W O, WRY
D 2
WPy, W Py (TR
w: s, 7Y

in w, ¥ is valid in w and wRu as also all o € T are valid, then [s, |y

, SO V1, ..., pn are valid

is true in w; hence I' Ik, [s, m|1.
D D

(o — e) Induction hypothesis: and are derivations and

w: [s, 7] whRqu
for each T',T" containing the hypotheses of D, D', T' Ik, [s,7|p and
{wR,u} C I and u is the final state of the program w (i.e. m stops
D D'
in w). Now let T” contain the hypotheses of - [s, 7] wR.u
u:
Choosing T to be the set of hypotheses of D and D' then T D T UT".
So I by, [s,mle and {wRyu} CT". Let all ¢ € I be valid, then [s, 7]

is true in w and wRyu; hence ¢ is true in u, which shows that I Ik, ¢.

As all rules preserve the truth, the system is sound. |

3.5.2
Completeness of the Natural Deduction system for Petri-PDL
To prove the completeness of the system we derive the axioms and show

the representation of the operators.

Lemma 47 The axioms of Petri-PDL are derivable by its Natural Deduction
system.
Proof:

(PL) The non-modal propositional part is complete regarding derivations of
w : a from w : . Thus, all (PL) labeled axioms are provable in Petri-
PDL Natural Deduction system.

(K) [s,ml(p = @) = ([s,7]p = [5,7]q)
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(Du) s, mlp <> =(s,m) ¢
For this formula we have two derivations.

(a) [SﬂT](p — _'<$’7r>_'90

. {w: [s,7]p}? {wRu}? {w: (s,m)~p}? {u: —pH{wRu}! -

-
u:Q U QP o—e

u: J_2
w: (s, My €

'3

w: sy = (s,
(b) _‘<5a7r>_'90 — [8771-]90
To—e {U : _'80}1 {wRﬂ'U’}Q
N w: (s, m)7p {w : = (s, m)~p}
5 w 1 J_l
fw: ~(s,m)~p) e

w : [s, 7]

w: (s, ) = [s, T -

(PC) <3’77>Q0 A <S7771><31’77>§0 \ <37?72><S2777>()0 VeV <3a77n><3n777>§07
where s; = f(s,m;), foralll1 <i<n

For this formula we have two derivations.

(a) <57 77>90 - <57 n1><517 77>90 \ <S> 772><527 77>‘10 VeV <5a 77n><5n7 77>90
This case is straightforward from the definition of the firing

rule (3-6).

(b) {s,m){s1,me V (8,m2)(s2, M@V -V (8,7m) (80, M)p = (8,0)¢p
Due to the lack of space we abbreviate “(s,m)(s1,n)p V
<S,T}2><82,77>(,0 Vo Vv <S777n><3m"7>‘70 ><$j777>‘10 vV
(8sMj41) (811, MOV V{8, M) (Sny M) to Wiy and “(s,n:)(si,m)¢p”
to W,

”»

to U, (s,n;
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(Re) (s,mye > @, if f(s,n) =€
For this formula we have two derivations.

(a) (s,me — ¢
This case is straightforward from the definition of the e; (3-8) rule.

(b) ¢ = ¢(s,n)

{w: (s,me}! s
w:p wRyw e
w (s, N
— —i
w: (s, me = (s,m¢
— —e
w: (s,m)ep

(Sub) It is straightforward from the rules definition.
(MP) It is straightforward from the rules (3-3).
(Gen) It is straightforward from the rules (3-11).

So, the Natural Deduction system for Petri-PDL can derive its azioms. |

Theorem 48 The Natural Deduction system for Petri-PDL is complete.
Proof: By Lemma 47 the Natural Deduction system can simulate Petri-PDL
axiomatic system and the operators behaviour derivation are straightforward

from the rules definition, so the system is complete. |

3.6
A Resolution system for Petri-PDL

In this section we present a clausal Resolution based calculus for Petri-
PDL proposed by Nalon et al. (2014). In order to prove that a formula ¢
is valid, we apply the inference rules to the clausal form of the negated
formula, —¢. The transformation into the normal form follows the works
of Nalon & Dixon (2006) and Degtyarev et al. (2006), which use anti-prenexing
together with simplification, followed by rewriting and renaming to separate

the contexts to which the inference rules are applied.
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3.6.1
Normal Form

Let ¢ be a formula in the language of Petri-PDL. The set of inference
rules are applied to the transformation of ¢ into a specific normal form, called
Divided Separated Normal Form for Petri-PDL (DSNFpppy), which separates
the contexts (formulae which are true only at the initial state; formulae which
are true in all states) for reasoning. Before applying the transformation, we
require that a formula ¢ to be in Anti-Prenex Normal Form (APNF), i.e.
when modal operators are moved inwards a formula and only applied to modal
literals. It has been shown by Egly (1994) that the transformation of a given
problem into anti-prenex normal form (i.e. when quantifiers are moved inwards
a formula) results in a better set of clauses for First-Order Logics. The same
approach for modal logics was investigated by Nalon & Dixon (2006), where
it has been shown that anti-prenexing together with simplification may also
result in a better set of clauses for a particular logic if its language allows for
collapsing and/or simplification of modal operators. The application of such a
technique to formulae in the language of Petri-PDL is justified by the axiom
(PC), which allows similar simplifications. The transformation rules into APNF

are given after the following definitions.

Definition 49 Literal

A literal is either T, p or —p, for p € ®. For a literal | of the form —p,
where p is a propositional symbol, =l denotes p; for a literal | of the form p, —l
denotes —p. The literals | and =l are called complementary literals. A modal
literal is either (s, m)l or [s,7|l, where s is a sequence of names, 7 is a Petri

Net program, and | is a literal.

Definition 50 Modal term
A modal term s a formula of the form My - - - Mgl, where l is a literal
and M; is of the form [s;,m;] or (s;,m;), 0 < i <k, k € N, where each s; is a

sequence of names and m; is a Petri Net program.

Note that when k = 0, the literal [ is not preceded by any modal operator.

Definition 51 Anti-Prenex Normal Form (APNF)
Let ¢ and 1) be formula in the language of Petri-PDL. A formula x is in
Anti-Prenex Normal Form (APNF) if, and only if,

1. x 18 a modal term; or

2. x is of the form (p A1), (pV), or (¢ — ), and ¢ and ¢ are in APNF;
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3. x 1s of the form [s,m|p, ¢ is disjunctive (in the form ¢y V ---V ¢, ), and
@ is in APNF; or

4. x is of the form (s, m)p, ¢ is conjunctive, and ¢ is in APNF.

We define a function a(y), where ¢ is a formula, which produces the
anti-prenex normal form of ¢. The base case occurs when the formula ¢ is
already in APNF, that is, ¢ is a modal term. In this case, a(p) = ¢. If the
main operator is modal, it can be distributed over subformulae in the following

cases (where ¢ and v are formulae):

als, 7l(e = ¢)) = alls, e = [s,7l¢)
als, 7l Ap)) = alls 7l Als,my)
afls, 7]=(p =) = alls, 7l Als, 7]=)
afls,7]=(p V) = alls,mlop Als, 7]-¢)
a((s,m)(p =) = al{s,m)=pV (s, m)P)
a((s,m(eVy)) = al(smeV(s,mP)
a((s,m)=~(e AY)) = a({s,m=pV (s, m)=0)

If we have two consecutive modal operators, the function is applied
recursively, where @ is of the form [s', 7’|y or (s', 7")1, for any s’ a sequence of

names and 7’ a Petri Net program, and 1) is a formulae which is not in APNF:

a(ls, 7le) = a(ls, 7]a(p)) a((s, me) = al(s, m)a(p))

If the main operator is a modal operator, but the formula inside its scope
is not one of the above, we apply the anti-prenexing function to this formula,
that is:

a(ls, 7lp) = [s, 7]a(p) a(s, m)e) = (s, m)a(p)

When the main operator is classical, the transformation function is also applied
recursively. Note that when the polarity of a subformula is negative, we rewrite

the formula in order to make this explicit.

a(=[s,7e) = al(s, ™))
alp=1) = al-p)Va)
alpAy) = alp) Aa¥)
alpVy) = alp)Va)
a(={s,me) = alls, 7))
a(=(p=¢) = (alp) Aa(=))
a(=(eAY)) = (al=¢) Va(=y))
a(=(p V) = (a(=¢) Aa(=y))
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Because of the axiom (PC) and seriality, simplification of modal operators
can be applied at any step of the transformation into the anti-prenexing normal

form, as follows (where 1 =m O m @ - O m,, 1 <7< n):

afls, ml[f(s,m), wle) = al(s,me)
afls, m](f(s,m), m)p) = a({s,m)e)
a((s,m)f(s,m), 7le) = al(s,m)¢)
a((s, m)(f(s,m), M) = al(s,m)e)

Note that, at the end of the transformation, a(y) is in both APNF and in
Negated Normal Form (that is, a formula where the connectives are restricted
to =, V, A, and the modal operators and the negations are applied only
to propositional symbols). The proof that the transformation into APNF is

correct and satisfiability preserving is given by the following lemma.

Lemma 52 Let ¢ be a formula in the language of Petri-PDL and let a(p)
be a formula resulting from the transformation of ¢ into APNF. If I+ ¢, then

IFa(p).
Proof:  Suppose ¢ is a Petri-PDL formula.

1. If ¢ is atomic it is straightforward from Petri-PDL language definition.

2. If ¢ is in the form —¢ it is straightforward from Petri-PDL language
definition.

3. If v is in the form [s,7|(¢p — 1) it is straightforward from axiom (K).
4. If ¢ is in the form [s,7|(¢ A1) it is straightforward from aziom (K).

5. If ¢ is in the form [s, w|=(¢ — ) it is straightforward from the standard

implication equivalence by means of conjunction and aziom (K).

6. If p is in the form [s, w| (o V) it is straightforward from the De Morgan

rule and aziom (K).
7. If ¢ is in the form (s, ) (¢ — 1) it is straightforward from azxiom (K).
8. If v is in the form (s, m)(¢ V) it is straightforward from axiom (K).

9. If ¢ is in the form (s, m)=(p A1) it is straightforward from De Morgan

rule and aziom (K).

10. If v is in the form [s,7|¢ it is straightforward from Petri-PDL language
definition.
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11.

12.

15.

1.

15.

16.

17.

18.
19.

20.

21.

22.

23.

If v isin the form (s, m)¢ it is straightforward from Petri-PDL language
definition.

If ¢ is in the form —[s,w|¢ it is straightforward from aziom (Du).
If p is in the form — (s, m)¢ it is straightforward from axiom (Du,).

If v is in the form ¢ — 1 it is straightforward from Petri-PDL language
definition.

If ¢ is in the form ¢ V 1 it is straightforward from Petri-PDL language
definition.

If ¢ is in the form ¢ A it is straightforward from Petri-PDL language
definition.

If ¢ is in the form —(¢ — ) it is straightforward from the standard

implication equivalence by means of conjunction.
If @ is in the form = (¢ A1) it is straightforward from De Morgan rule.
If p is in the form —(¢ \V ) it is straightforward from De Morgan rule.

If ¢ is in the form [s,m][f(s,m;), 7|¢ it is straightforward from aziom

(PC).

If v is in the form [s, m;|(f(s,m;), m)¢p it is straightforward from aziom
(PC).

If ¢ is in the form (s, m){f(s,m;),®)¢ it is straightforward from axiom

(PC).

If v is in the form (s, m)[f(s,m;), 7|¢ it is straightforward from aziom
(PC).

As all the rules preserve the satisfiability, then if IF @, then IF a(y) |

In order to separate the contexts for reasoning, we define a Petri-PDL

problem to be a tuple (Z,U), where Z, the set of initial formulae, is a finite

set of non-modal propositional formulae; and U/, the set of universal formulae,

is a finite set of formulae in the language of Petri-PDL. We will extend the

frame model for Petri-PDL by including an initial world wy € W. So, let

M:

(W, wo, Ry, M, V) be a Petri-PDL model where wy € W is the initial

world (an initial state for the Petri Net, corresponding to its initial markup).
We say that a Petri-PDL problem (P) = (Z,U) is satisfied in M (denoted by
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M - (P)) if and only if M,wq |- Z and, for all wy € W, M,wy IF U (where
satisfiability of sets is defined in the usual way).

Let a(¢) be a formula in APNF. The set of resolution-based inference
rules, given in Section 3.6.2 are applied to the transformation of a(y) into a
clausal Petri-PDL problem, which is formally defined as Petri-PDL problem
(Z,U), where Z, the set of initial clauses, contains formulae in the form of
V., li, i € N, where [; are literals; and U, the set of universal clauses, contains
formulae in the form of \/;l; V' \/;[s;, m]l; V \V =[sy, m )iy, 4, j, k € N, where
li, U, I} are literals, s;, 55, 5 are sequences of names, and ;, 7;, 7, are Petri Net
programs.

The transformation of a formula ¢ into the clausal form starts by taking
the problem ({to}, {to — a(¥)}), where ty is a new propositional symbol (i.e. a
propositional symbol that does not occur in ¢), and applying exhaustively the
following rewriting rules (where t is a literal, ¢; is a new propositional symbol,

and 1)y, 1y are formulae):

(’7'1) (I,L{ U {t — (1/11 N ¢2)}> — <I,Z/{ U {t — 1/11,15 — 1/12}>,

(12) (ZUU{t = (01 V)}) — (LUU{L = (1 Vi), te = o)), if by is
not a literal;

(13) (Z,UU{t — (s,m)11}) — (Z,UU{t — (s, m)t1,t1 — Y1 }), if ¥ is not
a literal;

(14) (Z,UU{t — [s,m]tp1)— (Z,UU{t — [s,7|t1,t1 — Y1}), if ¢y is not a

literal .

Note that we take conjunctions and disjunctions as being associative and
commutative. Thus, for instance, the transformation rule (7341) also applies
when )7 is not a literal. As a final step, we replace the modal operator (s, 7)
by its dual and rewrite implications as disjunctions, that is, we apply the
following rewriting rules (where ¢, are literals, D is a disjunction of literals

and/or modal literals, s is a sequence of names, and 7 is a Petri Net program):

(15) (Z,UUA{t — (s, m)l}) — (Z,UU{t — —[s,7|l});
(16) (Z,UU{t - D}) — (ZUU{=tV D}).

Note that simplification takes place at any step of transformation, that
is, we remove occurrences of the constants T and L as well as duplicates of
formulae in conjunctions and disjunctions. This is achieved by exhaustively ap-
plying the following simplification rules (where conjunctions and disjunctions
are commutative, ¢ is a formula, s is a sequence of names, and 7 is a Petri

Net program):
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pANT — ©
VT — T
pANL — L
pVL — op

-T — 1L

-1 — T
Vo —
N — P
V- — T
pAN—p — L
[s,7]T — T
[s,m7]L — L
Y @

Lemma 53 Let ¢ be a well-formed formula in the language of Petri-PDL.
@ is satisfiable if and only if the transformation of a(y) into DSNFpppy, is
satisfiable.

Proof:  This proof is straightforward from Lemma 52 and from the azxiomat-
1sation of Petri-PDL. |

3.6.2
Resolution rules

Let ¢ be a formula in the language of Petri-PDL and let 7(¢) be the
set of clauses resulting from the transformation of ¢ into its normal form, as
given in the previous section. The resolution method for Petri-PDL, named
RESpppr, consists of applying the following inference rules to clauses in 7(¢)
(where C,C" are disjunctions of literals, D, D" are disjunctions of literals or
modal literals, [,1;, 0 < i < n, are literals, s is a sequence of names, and 7,7

are Petri Net programs).

ires C' VvV I e€eZUulU ures C VvV I €U
v -l €T v ol eU (3-13)
cC v C eI cC v C eu
serl D Vv [s, 7]l ceu (3-14)
D v =ls,m]-l eU
ser2 D VvV —[s, 7]l ceU
i Vv ...V, VI ceu (3-15)

D Vv Ss,w=ly V...V s, w)-l, €U
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D v
[ (3-16)
if f(s,m)=¢ D V 1 eU
comp D v =ls,w|l el
if # Cn and D' v [mpll €U (3-17)
f(s,m,) <—>f(7", 7Tb) D v D el

The inference rules ires and ures (3-13) are equivalent to classical res-
olution applied within each context of a given problem. The inference rules
serl (3-14) and ser2 (3-15) deal with seriality: a Petri Net cannot lead to a
contradicting state. The inference rule ref (3-16) corresponds to reflexivity
and it can only be applied if f(s,7) = e. The last inference rule, comp (3-17),
deals with compositionality: if 7 is a Petri subnet of 1 (as a graph), then we
cannot have that both m and 7 lead to a contradicting state, through sequences
of names s and r where for all basic program of 71 =1 @ -+ @ m,,f(s,7;) # €
iff f(r,m) # € i =1,...,n. Note that when m# = n and s = r, the inference
rule comp is an instance of classical resolution. The next lemma shows that

the resolution rules for Petri-PDL are sound.

Lemma 54 The resolution rules for Petri-PDL are sound.

Proof:  Soundness of ires and ures (3-13) follow from soundness of the res-
olution inference rule for propositional logic (Robinson, 1965). Soundness of
serl (3-14) and ser2 (3-15) follow from (PC) and (Du). Soundness of ref (3-16)
follows from (R.). Soundness of comp (3-17) follows from (PC). [

Definition 55 Derivation

A derivation from a Petri-PDL problem in DSNFpppr, P = (Z,U) by
RESpppy, is a sequence Py, P1, Pa, ... of Petri-PDL problems such that Py = P,
P; = (L;,U;), and Py is either

- (Z; UD,U), where D is the conclusion of an application of ires; or

- (Z;,U; U D), where D is the conclusion of an application of ures, serl,

ser2, ref, or comp;
and D # T.

We note that the resolvent D is only included in the set of clauses if
it is not a tautology. Also, a resolvent is always kept in the simplest form:
duplicate literals are removed; T and L are removed from conjunctions and
disjunctions with more than one conjunct/disjunct,respectively; conjunctions
(resp. disjunctions) with either complementary literals or L (resp. T) are
simplified to L (resp. T).
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Definition 56 Refutation

A refutation for a Petri-PDL problem in DSNFppp;, P = (Z,U) (by
RESpppr) is a derivation from P such that for some i > 0, P; = (I;,U;)
contains a contradiction, where a contradiction is given by either 1L € I; or
1 elu;.

A derivation terminates if, and only if, either a contradiction is derived
or no new clauses can be derived by further application of resolution rules of

Theorem 57 The resolution method for Petri-PDL is sound.

Proof:  Soundness of the resolution method for Petri-PDL follows from
Lemma 53, which shows that transformation into the normal form is satisfiab-
ility preserving, and from Lemma 54, which shows that each of the resolution

inference rules is satisfiability preserving. |

3.6.3
Usage example

Suppose we want to test the formula

e = ([s,moOmlp—q—
(([s; mi][f (s, 1), 1 © Talp A [5, ][ f (s, 2), 1 © Ta]p) —
([s, mi][f (s, m1), 1 © Walg A [s, 2] [f (5, 2), T1 © m2]q)))

for unsatisfiability. Firstly, we transform =y into APNF, which results in:
alp) = [s,m © m(=p V q) A (s, m1 © ma)p A (s, T1 © T2) g

The transformation of a(yp) into the normal form results in the following

clauses:

1. to [I] 4. _|t0\/_'[5,7T1@7T2]_|p [Z/{]
2. _|t0 V [S,’ﬂ'l ® 7T2]t1 [Z/{] 9. _|t0 V _|[S, YRO) 7T2]q [Z/{]
3. <ty V-pVyg U]

The refutation proceeds as follows:

6. —toV s, m ©malty V o[s,m © m)mq [U]ser2,4,2
7. —tgV s, m O molty [U]comp, 6,5
8. iy [U]comp, 7,2
9. L [Z]ires, 8, 1
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3.7
Some examples

In this section it follows some examples of applications.

3.7.1
General applications

Let B be a proposition that means “the markup of the current state
includes (b)” and C' means “the markup of the current state includes (¢)”. The
token of b by itself in the Petri Net defined in the Figure 3.2 does not implies
that v is achieved: ((b), abtoc) B — —((c), abtsc)C.

Figure 3.2: A Petri Net where only b has a token

A more abstract example may be composed as: looking at the Petri
Net defined in the Figure 3.3, the upper left place (¢) is the power button
of a vending machine; the bottom left is the coin inserted (m) and the
bottom right is the chocolate output (c¢); if the vending machine is powered
on, always when a coin is inserted you will have a chocolate outputed:
((6,m), bmtox © xtsyc @yt ) T — (€, m), bmitsx){(x), bmitsx © xtsyc Oyt £) T.

Figure 3.3: A Petri Net for a chocolate vending machine

In the Petri Net example in Figure 2.2, it is possible to say that, in the
initial mark, it is not possible that the elevator goes down a floor. That is,
(U,U,0,0),Ut;D ©® DHU)T — =((U,U,U,U,U),Ut1D ® Dt;U)T; and that
it the elevator goes up a floor it can down too, as in ((U,U,U,U),Ut;D ©®
Dt UYT — (U, U,U,D),Ut;D ® DLU)T.

Concerning the Petri Net example in Figure 2.3, we can say that when
a message is being received, it is not possible to receive another at the same
time: ((p1, p3, Pa), P1taP1P2©OP2t1P3OP3pataps Opstipa) T — —((p3, Pa), P1tap1pe©
pat1p3 © pspataps © pstipa) T.
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3.7.2
Game modelling and properties verification

This section presents an example of game modelling using Petri Nets and
how to verify properties using Petri-PDL. Game formalization that makes use
of logical tools to infer properties lacks in some points depending on the kind
of the game modelled (Chen et al., 2013).

In the work of de de Oliveira et al. (2011) is presented a formalization
to specify and infer properties of a RPG game, the method uses a WorkFlow
Petri Nets (WFPN) with linear logic. Although this method is sound it is
not complete. Other disadvantage in this formalism involves the restriction
of resources used in each transition of the WorkFlow Petri Net. Once the
soundness of the formalism is inherited from the soundness of Linear Logic, it
lacks on represent the use of a same resource despite of the representation in
a Petri Net due to its markup.

One case study in which the Petri Nets can be applied to model is the
“Rock-Paper-Scissors” game. It is presented in Figure 3.4 where, once a player
inserts a coin in a supposed machine (i.e. the place “Coin” has a token), a
transition may fire and the place “Player;” (the gamer) and “Playery” (the
machine bot) will have a token. Now the player can select one of the options
at the same time that the machine can choose one. If the user wins, a token
will be placed at “Win;” and the user will be able to play again; if he loses, at

the place “Winy” or the game restarts if there is a draw match.

Coin

QPlaycrl Player,

Figure 3.4: Petri Net for “Rock-Paper-Sicissors” game

Consider the Petri Net represented in Figure 3.5(a). The upper left place
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(H) is the handle to open a door to the next stage in the actual game level;
the bottom left is the key (K') takes by the player in the previous level and the
bottom right is the door opening (O); if the key is in the lock, always when the
handle is lowered the door for the next stage is open. A token in place z means
that the door is unlocked and one in y that the player is handling the door.
The formula (HKKK), HKtyx ® xt3yO © yt1 H)p models this actual state
of the Petri Net program in Figure 3.5(a) where after the Petri Net program
stops ¢ will be true in a future state. Supposing that (HKKK), HKtyx ©
xt3yO © yt1H)p is true, the only enabled transition is t2, so we have that
(HKKK),HKtyz)((KKz), HKtax©atsyOoyt: H)p is true; then ¢, fires and
we have that (K Kz), HKtyx ® xt3yO @yt H)p is true. Now the only enabled
transition is t3, so we have that (K Kz), 2tsyO)((K KOy), H Ktyx ® xt3y0 ©
yt1H ) will be true and, after the firing of ¢3, the formula ((K KOy), H Ktox ®
xt3yO @ yt1 H)p will be true. Finally ¢; is the only enabled transition. Hence
we can now verify that (KKOvy),yt1H)((KKOH), HKtyr ® xtsyO Oyt H)p
will be true where after the firing of ¢; will achieve the markup of Figure 3.5(b)
and (KKOH), HKtyx ® at3yO © yt1H)p will be true. So we can verify
that if (HKKO),HKtyx ©® xt3yO © yt1H)e is true in an actual state,
(HKKO), HKtyx ® xt3yO ® yt1 K)p is true in a future state (i.e. one door

is opened, the player has two keys and it is possible to unlock another door).

Supigw Ol Oay:
o Q*E% o Qi

K O
3.5(a): Initial markup 3.5(b): After some firings

Figure 3.5: Two markups of a Petri Net for a game where doors separate stages

Note that the player has three keys and, once one of them is used the
resource amount is decreased (i.e. one token moves out from place H) and it
is possible to set the amount of doors opened (i.e. the amount of tokens in O).
There is, it is possible to deal with count of resources and its consumption.

Another property inherited from Petri Nets is the simplified way to deal
with concurrence. In a scenario where the player cannot only open a door (as
in Figure 3.5(a)) but there is also the possibility to take an object disposed into
the room, as in Figure 3.6, where place B denotes that the user is taking same
object in the current room. If #| fires then ¢, will be unable to fire. So, it is
possible to model in Petri-PDL that when a player is taking something in the

current room he cannot open a door. So, modelling the scenario in Figure 3.6
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in a formula ¢ we have that ¢ = (KKK, B), HKtyx©OxtsyO 0yt HOHt\ BO
Bt/HYT — (KKK, B), HKtyx)(e, HKtox ©xtsyO 0Oyt H O Ht\ BOBt{H) A,
where A is some property true after the running of this program. Looking
to the left side of the implication, as t{ is able to fire it is straightforward
that the left side of the implication is true by the semantical notion of
satisfaction of Petri-PDL. But, for the right side of the implication, ¢; is
not able to fire, so cannot be true, hence its negation is true and the
formula is valid. Note that the e in the second modality of the right side
of the implication is the result of the firing function for f(K KK B, HKtyzx).
Using the Resolution system for Petri-PDL to verify if this formula holds we
have that a(y) = (KKKB), HKtyr © xt3yO © ytuH © Ht/B © Bt{H)A N
(KKK, B),HKtyz|[e, HKtox © xt3yO © yt1H © Ht|B ® Bt|H]|-A (i.e. ¢ in
the APNF). The transformation of (1) into the normal form results in the

following clauses:

1. tp T
2. —tgV-[(KKKB),HKtox ® x2t3y0 © yt1H ©® Ht) B ® Bt{H|-=A [U]
3. —toV|[(KKK,B), HKtsx]t; U]
4. =t Ve, HKtox © at3yO © yt1 H © Ht) B © Bt H|to U]
5. —ta VoA U]

The refutation proceeds as follows:

6. —toV —t1 Ve, HKtox © xt3yO @ yt1 H © Ht| B © Bt{H|-A [U,ser2,4,5]

7. =ty V ity [U, comp, 6, 2]

8. —tgVi [U, ref, 3]

9. it [U, ures, 7, 8]
10. L [Z,ires, 1,9]

The same methodology may be applied to many board games.

Figure 3.6: A Petri Net for a game where the user open doors with keys
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3.8
Petri Nets modelling limitations

As will be presented in the next chapter, ordinary Petri Nets are not
able to deal with many situations involving time. That is no way to model a
scenario in which some transition fires necessarily more than others. To increase
the expressiveness of the logic, we will introduce an extension of Petri Nets
(Stochastic Petri Nets) and present an extension of Petri-PDL to deal with
this kind of Petri Nets.
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