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#$% &%''% ( )$% *+,'),)'% $*-./0-% 1*+-'0,% 2*34 1*+34-%$*/,4 34/506

,)10/%3 789:; <4/+01*'* )$ -4'24 )/010$*/+04/%3 /4 0/,*'=%34 [0, L]> -4$ 1*/6

+01%1* ρ> ?'*% 1* +*@A4 ,'%/+=*'+%3 A * $B1)34 1* *3%+,0-01%1* E; C*D% u(x, t) %

24+0@A4 14 24/,4 x /4 0/+,%/,* t * f(x, t) % E4'@% *F,*'/% %4 +0+,*$%; G% H5)'%

( $4+,'%14 )$ *F*$234 1* &%''% IHF% *$ )$% *F,'*$01%1* * 30='* /% 4),'%J;

K*H/*6+* 24'L

 ; u(·, t) % -4/H5)'%@A4 14 -4'24 /4 0/+,%/,* tM

8; u(x, ·) -4$4 % ,'%D*,B'0% 14 24/,4 x;

N05)'% O; L PF*$234 1* Q%''% HF%630='*

R *S)%@A4 1% 10/.$0-% 1% &%''% ( 1%1% 24' IO6 J 78":L

ρ(x)A(x)
∂2u

∂t2
(x, t)−

∂

∂x
(E(x)A(x)

∂u

∂x
(x, t)) = f(x, t). IO6 J

<4/+01*'%/146+* -4/+,%/,*+ % +*@A4 ,'%/+=*'+%3 1% &%''% * %+ 2'42'0*1%1*+

14 $%,*'0%3> % *S)%@A4 IO6 J '*1)T6+* %L

ρA
∂2u

∂t2
(x, t)− EA

∂2u

∂x2
(x, t) = f(x, t). IO68J

G% *S)%@A4 IO6 J %0/1% 1*=*$ +*' 0/-3)U1%+ %+ 0/E4'$%@V*+ +4&'* %+

-4/10@V*+ 1* -4/,4'/4 I4) +*D%> *F,'*$01%1*+ 0 * LJ * -4/10@V*+ 0/0-0%0+

I24+0@A4 * =*34-01%1* 1* ,414+ 4+ 24/,4+ /4 0/U-04 14 2'4-*++4J;

G*+,* ,'%&%3W4 +A4 $4+,'%1%+ %+ +*5)0/,*+ -4/10@V*+ 1* -4/,4'/4L 30='* 6

30='*M HF%630='*M HF%6*F,'*$01%1* 10'*0,% -4$ $43% keM HF%6*F,'*$01%1* 10'*0,%

-4$ $%++% me;

X%'% '*+43=*' % *S)%@A4 10E*'*/-0%3 IO6 J /4 -%+4 *$ S)* %+ E4'@%+ %,)%/,*+

/% &%''% +A4 /)3%+ *> 241*' %++0$ 1*,*'$0/%' %+ E'*S)Y/-0%+ * $414+ 1*

=0&'%@A4> %230-%6+* 4 $(,414 1* C*2%'%@A4 1* Z%'0?=*0+; K*++% E4'$%> 2'4-)'%6

+* )$% +43)@A4 u(x, t) S)* +*D% 4 2'41),4 1* 1)%+ E)/@V*+> )$% 1*2*/1*/,*

%2*/%+ 1% 24+0@A4 x * 4),'% 1*2*/1*/,* +4$*/,* 14 0/+,%/,* tL

u(x, t) = X(x)T (t). IO6[J

C)&+,0,)0/14 IO6[J *$ IO6 J I-4$ f = 0J * '*2'*+*/,%/14 % 1*'0=%1% *$

'*3%@A4 % t 24' ∂
∂t

=˙ *> % 1*'0=%1% *$ '*3%@A4 % x 24'

∂
∂x

=′> 4&,($6+*L
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#$%&'()*+,$ x = 0 x = L

EA∂u
∂x
(0, t) = 0 EA∂u

∂x
(L, t) = 0

u(0, t) = 0 EA∂u
∂x
(L, t) = 0

u(0, t) = 0 EA∂u
∂x
(L, t) = −kEu(L, t)

u(0, t) = 0 EA∂u
∂x
(L, t) = −mE

∂2u(L,t)
∂t2

u(0, t) = 0 EA∂u
∂x
(L, t) = −cE

∂u(L,t)
∂t

-*./0* 12 3 #$%45+6/7 4/ 8$%9$)%$ / 8$%&'()*+6/7 4/ .*))*72

XT̈ =
E

ρ
X ′′T. :1;<=

>.7/)?*%4$;7/ :1;<=@ ?/)5&8*;7/ A(/ * /A(*+,$ B$4/ 7/) 7/) 7/B*)*4* /C

4(*7 /A(*+6/7 45D/)/%85*57 :1;"= / :1;1=2 E*F/%4$;7/ c2 = E
ρ
3

X ′′ + λ2X = 0 :1;"=

T̈ + c2λ2T = 0. :1;1=

G*)* 4/9/)C5%*) * 7$0(+,$ 4/77*7 4(*7 /A(*+6/7 4/?/;7/ 8$%754/)*) *7

8$%45+6/7 4/ 8$%9$)%$ / 8$%45+6/7 5%585*57 4$ B)$.0/C*2 G$) /H/CB0$@ 7(B$%4$

A(/ * .*))* I 05?)/;05?)/@ / A(/ u(x, 0) = u0(x) /
∂u
∂t
(x, 0) = v0(x)3

∂u
∂x
(0, t) = 0 −→ X ′(0)T (t) = 0 −→ X ′(0) = 0

∂u
∂x
(L, t) = 0 −→ X ′(L)T (t) = 0 −→ X ′(L) = 0.

:1;J=

K B*)95) 4* /A(*+,$ 45D/)/%85*0 :1;"= B$4/;7/ 4/9/)C5%*) *7 D)/A(L%85*7

/ C$4$7 4/ ?5.)*+,$ 4* .*))*@ $( 7/M*@ 4/9/)C5%*) $ B*) (λ,X) 9*0 A(/ X 6= 02

G*)* 577$ B*)9/;7/ 4* 7$0(+,$ '/)*0 4* B)5C/5)* /A(*+,$ 45D/)/%85*0 :1;"= 4*4*

B$)3
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X(x) = B1 cosλx+B2 sinλx

X ′(x) = −B1λ sinλx+B2λ cosλx.

#"$%&

'()*+,+(,-./ 0 1/-.,23/ .4 1/-+/5-/ X ′(0) = 06 -0 47(023/ .4 X ′

845,910$*4 7(4 B2 = 0: ;**,<6 0 */=(23/ .4 X(x) 54.(>$*4 0?

X(x) = B1 cosλx. #"$@&

'()*+,+(,-./ 0 *4A(-.0 1/-.,23/ .4 1/-+/5-/ X ′(L) = 0?

−B1λ sinλL = 0 −→ sinλL = 0. #"$ !&

B/</ B1 6= 06 4 λ = 0 1/554*C/-.4 0/ </8,<4-+/ .4 1/5C/ 5DA,./ .0

)05506 E -414**F5,/ 7(4? sinλL = 0: GH,*+4< ,-9-,+0* C/**,),=,.0.4* .4 λ 7(4

0+4-.4< 0 4**0 1/-.,23/: I4C54*4-+0-./ 10.0 (<0 .4=0* C4=/ D-.,14 n?

λn =
nπ

L
n = 1, 2, · · · . #"$  &

J050 10.0 λn .49-4$*4 (<0 */=(23/ Xn 0**/1,0.0 #"$ K&6 .4 L/5<0 7(4 0

4H,*+4< ,-9-,+0* */=(2M4* Xn(x):

Xn(x) = B1 cosλnx n = 1, 2, · · · . #"$ K&

J050 0 */=(23/ A450= .0 *4A(-.0 47(023/ .,L454-1,0= #"$"&6 +0<)E<

4H,*+4< ,-9-,+0* */=2M4* -0 L/5<0?

Tn(t) = C1n cosλnct+ C2n sinλnct. #"$ N&

;**,<6 10.0 0 */=(23/ ./ C5/)=4<0 C/.4 *45 4*15,+0 1/</?

un(x, t) = Xn(x) Tn(t)

un(x, t) = cosλnt (D1n cosλnct+D2n sinλnct)

#"$ O&

/-.4?

D1n = B1nC1n D1n = B1nC2n. #"$ P&

; */=(23/ A450= .0 47(023/ .4 </8,<4-+/ .0 )0550 E .0.0 C4=0 *(C45C/$

*,23/ .4 +/.0* 0* */=(2M4*?

u(x, t) =
∞∑

n=0

cos(λnx)(D1n cos(λnct) +D2n sin(λnct)) #"$ "&

*4-./ λnc 0 -$E*,<0 L547(Q-1,0 -0+(50= ./ *,*+4<0 46 /* 1/491,4-+4* D1n 4

D2n 10=1(=0./* C4=0* 1/-.,2M4* ,-,1,0,* .4 C/*,23/ 4 84=/1,.0.4 .0 8,A06 1/</
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#$%&'()$ ( %*+,-'.

/,0%&-&,-1)$ u(x, 0) = u0(x) *# 234 356 #,7&-87-9(1)$ ( *:8'*%%;$ 8$'

sin(λmx) * 8$%&*'-$'#*1&* -1&*+'(1)$ 1$ )$#<1-$ )* [0, L]6 9=*+(4%* ($ %*+,-1&*

'*%,7&()$>

∫ L

0

∞∑

n=0

D1n cos(λnx) cos(λmx)dx =

∫ L

0

u0(x) cos(λmx)dx 234 "5

? 7()$ *%@,*')$ )* 234 "5 A(7* L/2 @,(1)$ n = m * B*'$ 9(%$ 9$1&'C'-$.

D*%%( E$'#(6 $ 9$*F9-*1&* D1n A(7*>

D1n =
2

L

∫ L

0

u0(x) cos(λnx)dx 234 G5

/,0%&-&,-1)$ ( %*+,1)( 9$1)-H;$ -1-9-(7 *# 234 356 #,7&-87-9(1)$ (

*:8'*%%;$ 8$' cos(λmx) * -1&*+'(1)$ 1$ )$#<1-$ )* [0, L]6 -+,(7#*1&* E*B4%*

(1&*'-$'#*1&*6 8$)*4%* )*&*'#-1(' $ 9$*F9-*1&* D2n

∫ L

0

∞∑

n=0

D2ncλn cos(λnx) cos(λmx)dx =

∫ L

0

v0(x) cos(λmx)dx. 234 I5

D2n =
2

Lλnc

∫ L

0

v0(x) cos(λnx)dx 234J!5

K%%-#6 ( %$7,H;$ +*'(7 )( )-1L#-9( )( 0(''( M )*F1-)( 8$' 234 356 234 G5

* 234J!5. K% E'*@,N19-(% 1(&,'(-% * $% #$)$% )* A-0'(H;$ )*%&* %-%&*#( %;$>

ωn = cλn = c
nπ

L
n = 1, 2, · · · 234J 5

φn(x) = cos
nπx

L
n = 1, 2, · · · . 234JJ5

 !"!"

#$%&'

O-+(% %;$ *%&,)(% ,%,(7#*1&* (&'(AM% )* )$-% #$)*7$%> P,7*'4Q*'1$,77-

* R-#$%=*1S$ TJGU TJVU. W$ #$)*7$ )* P,7*'4Q*'1$,77-6 $ 9-%(7=(#*1&$ * (

-1M'9-( )* '$&(H;$ %;$ )*%8'*B()$%6 $, %*X(6 (% %*HY*% &'(1%A*'%(-% 87(1(%

8*'#(1*9*# 87(1(% * 8*'8*1)-9,7('*% Z 7-1=( 1*,&'( (8[% ( )*\*:;$. ]C

1$ #$)*7$ )* R-#$%=*1S$6 9$1%-)*'(4%* @,* (% %*HY*% &'(1%A*'%(-% 87(1(%

8*'#(1*9*# 87(1(%6 #(% 1;$ 1*9*%%('-(#*1&* 8*'8*1)-9,7('*% Z 7-1=( 1*,&'(.

W*%&( )-%%*'&(H;$6 M ,&-7-B()$ $ #$)*7$ )* P,7*'4Q*'1$,77-. ^$1%-)*'(4%*

@,* ( A-+( 8$%%,- 9$#8'-#*1&$ L6 #(%%( 8$' ,1-)()* )* 9$#8'-#*1&$ ρ(x)6

C'*( )* %*H;$ &'(1%A*'%(7 A(x)6 #$#*1&$ )* -1M'9-( )( C'*( )( %*H;$ I(x) *

#[),7$ )* *7(%&-9-)()* E(x). /$0'* ( A-+( (&,( ,#( E$'H( *:&*'1( f(x, t)6 *

(%%-# 9$#$ 8('( (% 0(''(% %,8Y*4%* @,*>
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 # u(·, t) $ % &'()*+,%-.' /' &',0' (' 1(23%(34 t5

6# u(x, ·) $ % 3,%7438,1% /' 0'(3' x#

9 )*+,% :;#6< ='23,% +=% 24-.' /% >1*% '(/4 %3+%= ?',-%2 &',3%(342 :V <

4 ='=4(3'2 @43',42 :M<# A%B4(/'C24 ' D%E%(-' /4 F+%(31/%/4 /4 ='>1=4(3'

(% 24-.' 4 0'234,1',=4(34 ?%B4(/' ' 3%=%(G' /422% 24-.' 34(/4, H B4,'I $

0'22J>4E 'D34, % 4F+%-.' /% /1(K=1&% /% >1*% :;C6L<#

A1*+,% ;#6M N4-.' /4 >1*% M ?',-%2 &',3%(342 4 ='=4(3'2#

O'(21/4,%C24 %2 24*+1(34 ,4E%-P42M

V = −
∂M

∂x
:;C6Q<

M = E(x)I(x)
∂2u

∂x2
:;C6R<

ρ(x)A(x)
∂2u

∂t2
(x, t) +

∂2

∂x2

(

E(x)I(x)
∂2u

∂x2
(x, t)

)

= f(x, t). :;C6L<

S*+%E=4(34 %' 0,'DE4=% /4 D%,,%2I (% 4F+%-.' :;C6L< %1(/% /4>4= 24,

1(&E+J/%2 %2 1(?',=%-P42 2'D,4 %2 &'(/1-P42 /4 &'(3',(' :'+ 247%I 4T3,4=1/%/42

0 4 L< 4 &'(/1-P42 1(1&1%12 :0'21-.' 4 >4E'&1/%/4 /4 3'/'2 '2 0'(3'2 (' 1(J&1'

/' 0,'&422'<#

U4234 3,%D%EG' 2.' ='23,%/%2 %2 24*+1(342 &'(/1-P42 /4 &'(3',('M

 # E1>,4CE1>,45

6# 4T3,4=1/%/4 4(*%23%/%5

Q# 4T3,4=1/%/4 42F+4,/% 4(*%23%/% C 4T3,4=1/%/4 /1,413% &'= ='E% ke5

R# 4T3,4=1/%/4 42F+4,/% 4(*%23%/% C 4T3,4=1/%/4 /1,413% &'= =%22% me5

V%,% ,42'E>4, % 4F+%-.' /1?4,4(&1%E :;C6L< (' &%2' 4= F+4 %2 ?',-%2

%3+%(342 (% D%,,% 2.' (+E%2 4 0'/4, %221= /434,=1(%, %2 ?,4F+W(&1%2 4 ='/'2 /4

>1D,%-.'I %0E1&%C24 ' =$3'/' /4 N40%,%-.' /4 X%,1Y>412# Z422% ?',=%I 0,'&+,%C

24 +=% 2'E+-.' u(x, t) F+4 247% ' 0,'/+3' /4 /+%2 ?+(-P42I +=% /404(/4(34

%04(%2 /% 0'21-.' x 4 '+3,% /404(/4(34 2'=4(34 /' 1(23%(34 tM
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#$%&'()*+,$ x = 0 x = L

V (0, t) = 0 M(0, t) = 0 V (0, t) = 0 M(0, t) = 0

u(0, t) = 0 ∂u
∂x
(0, t) = 0 V (L, t) = 0 M(L, t) = 0

u(0, t) = 0 ∂u
∂x
(0, t) = 0 V (L, t) = kEu(L, t) M(L, t) = 0

u(0, t) = 0 ∂u
∂x
(0, t) = 0 V (L, t) = mE

∂2u
∂t2

(L, t) M(L, t) = 0

-*./0* 1234 #$%56+7/8 5/ 9$%:$)%$ / 9$%&'()*+7/8 5/ ;6'*82

u(x, t) = X(x)T (t). <1=31>

?(.8:6:(6%5$ <1=31> /@ <1=3A> <9$@ f = 0B 8/+,$ :)*%8;/)8*0 5* .*))* /

C)$C)6/5*5/8 5$ @*:/)6*0 9$%8:*%:/8> / )/C)/8/%:*%5$ * 5/)6;*5* /@ )/0*+,$ *

t C$) ∂
∂t

=˙ /B * 5/)6;*5* /@ )/0*+,$ * x C$)

∂
∂x

=′ B $.:D@=8/4

−XT̈ =
EI

ρA
X ′′′′T <1=3E>

F.8/);*%5$=8/ <1=3E>B ;/)6&9*=8/ G(/ * /G(*+,$ C$5/ 8/) 8/) 8/C*)*5* /@

5(*8 /G(*+7/8 56H/)/%96*68 <1=3I> / <1=3">2 J*K=8/4 c2 = EI
ρA

/ λ4 = ω2/c2B $%5/

ω 8,$ *8 H)/G(L%96*8 %*:()*68 5$ 868:/@*2

X ′′′′ − λ4X = 0 <1=3I>

T̈ + c2λ4T = 0 <1=3">

M*)* λ 6= 0B * 8$0(+,$ '/)*0 5* C)6@/6)* /G(*+,$ 56H/)/%96*0 D N3AO4

X(x) = C1 cosh(λx) + C2 sinh(λx) + C3 cos(λx) + C4 sin(λx). <1=P!>

#$%865/)*%5$ G(/ * ;6'* D /%'*8:*5*=06;)/B :/@=8/ G(/4

X(0) = X ′(0) = X ′′(0) = X ′′′(0) = 0. <1=P >

Q886@B 8(.8:6:(6%5$ /88*8 9$%56+7/8 /@ <1=P!>B $.:D@=8/ $ 8/'(6%:/

868:/@* 5/ /G(*+7/84
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C1 + C3 = 0

C2 + C4 = 0

C1 cosh(λL) + C2 sinh(λL)− C3 cos(λL)− C4 sin(λL) = 0

C1 sinh(λL) + C2 cosh(λL)− C3 sin(λL)− C4 cos(λL) = 0

"#$%&'

()*+ ,-.)/0- 12

cos(λL) cosh(λL) + 1 = 0 −→ cos(λL) =
−1

cosh(λL)
. "#$%%'

345,678 59:956+, ;-,,5<5.5=+=7, =7 λ >)7 +679=78 + 7,,+ (-9=5/0- "(+=+

)8+ =7.+, 1 ?7;?7,796+=+ ;7.- @9=5(7 n'A B<,7?C+9=- - D?E:(- =+ :D)?+ "#A%'F

C7?5:(+$,7 >)7 + G)9/0- −1/ cosh(λL) (-9C7?D7 ?+;5=+87967 ;+?+ H7?- I&JKA

L5D)?+ #A%2 M7;?7,796+/0- D?E:(+ =+, G)9/N7, cosF cosh 7 −1/ cosh

O,,58 (+=+ λn >)7 +679=7 "#$%%' ;-=7 ,7? 7,(?56- (-8-2

λn =

(
(2n− 1)

2
π + en

)
1

L
"#$%P'

-9=7 en 1 )8 G+6-? =7 (-??7/0- >)7 ?+;5=+87967 679=7 Q H7?-F (-8- 8-,6?+=-

+ ,7D)5?2
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e1 = 0.3192

e2 = −0.0724

e3 = −0.0640

e4 = 0.0044

!"#$%&

'())* +,-.*/ *) +-(012345*) 3*61-*5) 7( 859-*:;, );, (<=-())*) =,->

ωn =

(
(2n− 1)

2
π + en

)2
1

L2

√

EI

ρA
!"#$"&

?*-* 7(6(-.53*- ,) .,7,) 7( 859-*:;, *)),45*7,) @) +-(012345*)/ A 3(#

4())B-5, 7(6(-.53*- ,) 8*C,-() 7*) 4,3)6*36() C1/ C2/ C3 ( C4 ( =,)6(-5,-.(36(

)19)6561D#C,) (. !"#$E&F G-956-*37, 01( C2 = 1>

C1 = − sinh(λL)+sin(λL)
cosh(λL)+cos(λL)

C3 = sinh(λL)+sin(λL)
cosh(λL)+cos(λL)

C4 = −1.

!"#$H&

G))5. ,) .,7,) 7( 859-*:;, 7* 85I* );,>

Xn(x) = sinh(λnL)−sin(λnL)−

[
sinh(λL) + sin(λL)

cosh(λnL) + cos(λnL)

]

[cosh(λnL)− cos(λnL)]

!"#$J&

 !"

# $%&'(' (') *+,-,.&') /0.0&')

K LA6,7, 7( MC(.(36,) N5356,) !LMN& )1-I51 3*) 7A4*7*) 7( %E ( "E

4,., 1.* +(--*.(36* =*-* *3BC5)( ()6-161-*C OP QF MC( *=-()(36* 1.* 6A4354*

7( 75)4-(65R*:;, 7( 1. =-,9C(.* 7()4-56, 3* +,-.1C*:;, +-*4* OPJQ (/ * =*-65-

7())* 75)4-(65R*:;,/ 1.* *=-,<5.*:;, 7( )1* ),C1:;, =,))* )(- ,9657* =,-

(<(.=C, *6-*8A) 7, .A6,7, 7( S*C(-T53F
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 !"!#

$%&'()*+,% $%&-. . $&*/* 0. (' 1&%2).'*

" #$%&'()*+$ #$%,- .- '& /%$0(-&) .- 1)($% .- 2$3,$%3$ /$.- 4-% /$%

-5-&/($ .-637.) 2$&$8

9-,-%&73- u : [0, L] −→ R: ,)( ;'-

d2u

dx2
+ f = 0 <=>?@A

- ;'- ) 2$3.7*+$ .- 2$3,$%3$ 4-B) u(L) = a -: ) 2$3.7*+$ 73727)( 4-B)

du/dx = −bC D' 4-B): ) -;')*+$ .7E-%-327)( .-1- 4-% 4),74E-7,) -& ,$.$4 $4

/$3,$4 .$ .$&F37$C

G)%) .-,-%&73)%>4- ) #$%&'()*+$ #%)2) -;'71)(-3,- ) -44) #$%&'()*+$

#$%,- H!IJ H!=J: &'(,7/(72)>4- ) -;')*+$ .7E-%-327)( /$% '&) E'3*+$ w ∈ V <=>

IKA - /$4,-%7$%&-3,- 73,-L%)>4- 3$ .$&F37$ <K:MA .$ /%$0(-&)C "447&: .-4-B)>4-

.-,-%&73)% u ∈ U : ,)( ;'-8

∫ L

0

[
d2u

dx2
+ f

]

w(x)dx = 0 <=>IKA

∫ L

0

[

−
dw

dx

du

dx
+ wf

]

dx = 0 <=>I A

$3.- U N $ 2$3B'3,$ .)4 E'3*O-4 ,-4,- .-637.$ 2$&$8

U =

{

u

∣
∣
∣
∣
∣
u(L) = a -

∫ L

0

(
du

dx

)2

dx <∞

}

<=>I!A

- V N $ 2$3B'3,$ .)4 E'3*O-4 /-4$ .-637.$ 2$&$8

V =

{

w

∣
∣
∣
∣
∣
u(L) = 0 -

∫ L

0

(
dw

dx

)2

dx <∞

}

<=>I?A

 !"!3

45-%0% 0%6 7.680(%6 1%90.&*0%6

P$4 &N,$.$4 1)%7)27$3)74 <732('73.$ Q(-&-3,$4 #737,$4A: $ /%$2-44$ .-

.742%-,7R)*+$ -4,S )44$27).$ T /%$2'%) .- '&) )/%$57&)*+$ /)%) ) E'3*+$

uC 9-44) E$%&): 0'42)>4- -& '& -4/)*$ .- .7&-34+$ 637,) uN ∈ UN ⊂ U

<dim(UN) = NA ,)( ;'-8

uN =
N∑

j=1

cjφj(x) <=>IIA

$3.- ci 4+$ 2$-627-3,-4 ) 4-%-& .-,-%&73).$4: - φj 4+$ E'3*O-4 0)4- .- UN

(73-)%&-3,- 73.-/-3.-3,-4 - /%-17)&-3,- .-637.)4C

UV)&)>4- .- %-4F.'$: W: .) -;')*+$: ) &-.7.) .- ;')3,$ uN )/%$57&)

).-;').)&-3,- $ /%$0(-&): $' 4-B)8

DBD
PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+,-!./01 21$'341$+3!1 05 6+1$05!1  '7$#7%'1   !

R =
d2uN
dx2

+ f. "#$%&'

()*+,-+ ./+ *+ uN = u0 +1234 4 ,+*56/4 R = 07 8**9:0 14 ;<2464 64*

=+*56/4* >416+,?64*0 6+*+@?$*+ ./+A

∫ L

0

Rw = 0 "#$%#'

B4 ;<2464 64* =+*56/4* >416+,?64*0 ? C/1D34 2+*2+ w 2?:)<: < ?E,4F9$

:?6? +: /: +*E?D4 6+ 69:+1*34 G192? VN 2?H ./+ dim(UN) = dim(VN) = N 7

I41*96+,?$*+ J4:4 )?*+ E?,? +**+ +*E?D4 ?* *+K/912+* C/1DL+*A ψ1, ψ2, · · · , ψN

H91+?,:+12+ 916+E+16+12+*7 M/)*292/9164 uN 1? 912+K,?H "#$%&'0 4)2<:$*+A

∫ L

0

[

−
dwN

dx

duN
dx

+ wNf(x)

]

dx = 0. "#$%N'

M?)+$*+ ?916? ./+A

uN =
N∑

j=1

cjφj(x) →
duN
dx

=
N∑

j=1

cj
dφj

dx
(x). "#$%O'

8 +./?D34 "#$%N' E46+ *+, +FE,+**? J4:4 /: J41@/124 6+ N +./?DL+*7

>?,? J?6? /:? 6+H?* E46+$*+ +*J,+-+,A

∫ L

0

[

−
dψi

dx

N∑

j=1

cj
dφj

dx
+ ψif

]

dx = 0. "#$%P'

8**9:A

N∑

j=1

cj

∫ L

0

[
dψi

dx

dφj

dx

]

dx =

∫ L

0

ψifdx. "#$&Q'

=+E,+*+12?164$*+ E4,A

aij =

∫ L

0

dψi

dx

dφj

dx
dx "#$& '

bi =

∫ L

0

ψifdx "#$&R'

? +./?D34 "#$&Q' E46+ *+, +*J,92? J4:4A

N∑

j=1

aij ci = bi. "#$&!'

=+E,+*+12?164$*+ +: C4,:? :?2,9J9?H0 2+:$*+A

[a] {c} = {b} "#$&%'

416+ 4 -+24, {c} < J4:E4*24 E+H4* J4+GJ9+12+* ? *+,+: 6+2+,:91?64*0 4/ *+@?0

?* 91JSK192?* 64 E,4)H+:?7 TH+ E46+ *+, J?HJ/H?64 E4,A

{c} = [a]−1 {b} . "#$&&'
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"#$#%&#%&' &( #)*'+,( -#./( $(0( () -1%23#) φi # ψi4 ' 56/'&' &')

0#)7&1') $'%&#0(&') 0#*#8# 15( &#%'5.%(29' &.-#0#%/#: ;' *()' &# 1/.+.<(0=)#

φi = ψi4 #+# 6 *,(5(&' &# 56/'&' &# >18%'?=@(+#0A.% B CD:

 !"!"

#$%&'& '( )*+(,-./0 1,&2+(3*4 '( 5(6.3( 7,*/4.(/%(

;#)/( $(0/# &' /0(8(+,' 6 5')/0(&' *'5' ' 56/'&' &# @(+#0A.% 6

($+.*(&' #5 $0'8+#5() &# 0#E.5# /0(%).#%/# F*'5' $'0 #G#5$+'4 %') $0'8+#5()

H1# #%?'+?#5 ( &.%I5.*( &# ?.E() # 8(00()J:

K(0( #G#5$+.L*(0 ' 56/'&'4 #+# )#0M ($+.*(&' (' $0'8+#5( &( ?.E(

#%E()/(&(=+.?0# &.)*1/.&' %' .%7*.' &#))# *($7/1+': N $0.5#.0( #/($( 6 $0'O#/(0

( #H1(29' &# 5'?.5#%/' FP=QRJ %() -1%23#) /#)/#) φi: S'%).&#0(%&' H1# ( M0#(

&( )#29' /0(%)?#0)(+ A4 5())( $'0 1%.&(&# &# *'5$0.5#%/' ρ4 5'5#%/' &#

.%60*.( &( M0#( &( )#29' I # 5T&1+' &# #+()/.*.&(&# E )9' *'%)/(%/#)U

ρA
∂2u

∂t2
(x, t) +

∂2

∂x2

(

EI
∂2u

∂x2
(x, t)

)

= f(x, t). FP=RPJ

N)).5U

∫ L

0

[

ρA
∂2u

∂t2
(x, t) + EI

∂4u

∂x4
− f(x, t)

]

φidx = 0. FP=RVJ

W%/#E0(%&' $'0 $(0/#) &1() ?#<#)U

∫ L

0

ρA ∂2u
∂t2
φidx+

∫ L

0
EI ∂2u

∂x2

∂2φ

∂x2+

−
∂2φ

∂x2
EI

∂2u

∂x2

∣
∣
∣
∣

L

0

+ φiEI
∂3u

∂x3

∣
∣
∣
∣

L

0

=

∫ L

0

f(x, t) φidx.

FP=RXJ

S'%).&#0(%&' () *'%&.23#) &# *'%/'0%' &' $0'8+#5( &( ?.E( #%E()/(&(

*'5' 5')/0(&' %( /(8#+( FP:QJU







V (L, T ) = EI
∂3u

∂x3

∣
∣
∣
∣
L

= 0 →
∂3u

∂x3
(L, t) = 0

M(L, T ) = EI
∂2u

∂x2

∣
∣
∣
∣
L

= 0 →
∂2u

∂x2
(L, t) = 0

FP=RYJ
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u(0, t) =
N∑

j=1

uj(t) + φj(0) = 0 → φj(0) = 0

∂u

∂x
(0, t) =

∑N

j=1 uj(t)
∂φj

∂x
(0) →

∂φj

∂x
(0) = 0

"#$#%&

' ()*'+,- "#$!.& /-0( 1(2 2((13245' 3-6-7

∫ L

0

ρA
∂2u

∂t2
φidx+

∫ L

0

EI
∂2u

∂x2
∂2φ

∂x2
=

∫ L

0

f(x, t) φidx = 0. "#$# &

8'9(:0-$1( ' 04132(549'+,- :' /-14+,- (6 u7

u(x, t) =
N∑

j=1

uj(t) φj(x) "#$#;&

( 1*<1545*4:0- (6 "#$#;&7

N∑

j=1

üj

∫ L

0

ρAφjφi dx+
N∑

j=1

uj

∫ L

0

EI
d2φj

dx2
d2φi

dx2
dx =

∫ L

0

f(x, t)φi dx. "#$#=&

>?*'@6(:5( A-4 A(45- ':5(24-26(:5(B /-0($1( (132(C(27

mij =

∫ L

0

ρAφjφi dx "#$#D&

kij =

∫ L

0

EI
d2φj

dx2
d2φi

dx2
dx "#$#!&

fi =

∫ L

0

f(x, t)φi dx "#$##&

(B '1146B "#$#=& E (F/2(11' (6 A-26' 6'52434'@ /-27

[m] {ü(t)}+ [k] {u(t)} = {f(t)} . "#$#G&

H1 6'5249(1 [m] ( [k] 1,- 3I'6'0'1 0( 6'5249(1 0( 6'11' ( 24?40(9 ?@-<'41

0- /2-<@(6' (B - C(5-2 {f} 0( C(5-2 0( A-2+' ?@-<'@J

 !"!#

$%&'()* +,)-)&./0)*

K<1(2C':0- '1 ()*'+L(1 "#$#D&B "#$#!&B "#$##& /(23(<($1( )*( /'2' -<5(2

3'0' (@(6(:5- 0'1 6'5249(1 ?@-<'41 [m] ( [k] E :(3(11M24- 4:5(?2'2 '1 A*:+L(1

<'1( φi (6 5-0- - 0-6N:4- 0- /2-<@(6'J

O'2' 146/@4P3'2 (11( 3M@3*@-B *6' (13-@I' '/2-/24'0' 0( A*:+L(1 φi /-0(

1(2 A(45'B 0( 5'@ A-26' )*( '1 A*:+L(1 ( 1*'1 0(24C'0'1 1Q 1(R'6 04A(2(:5(1 0(

9(2- (6 '/(:'1 *6'1 /()*(:' /'25( 0- 0-6N:4-J H1146B ' 4:5(?2'@ /2(341' 1(2
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"#$"%$#&# '()*+,* +*''# -#.,* &( &()/+0( (+&* # 1%+23( 4 &01*.*+,* &* 5*.( *6

"(+'*7%*+,*)*+,* #' )#,.05*' 8$(9#0' [m] * [k] '* ,(.+#) )#,.05*' *'-#.'#':

; 0&*0# 9<'0"# 4 &0'".*,05#. &()/+0( &( -.(9$*)# *) %) "(+=%+,( &*

'%9&()/+0('6 ">#)#&(' *$*)*+,('6 "()( )(',.# # ?8%.# @!:AB: ; 1.(+,*0.# &*

"#&# *$*)*+,( 4 &*$0)0,#&# -(. -(+,(' @">#)#&(' +C'B: D#&# +C "(..*'-(+&*

# %)# 1%+23( 9#'* φi &* uN :

E08%.# !:AF GH*)-$( &()/+0( &0I0&0&( *) *$*)*+,(' $0+*#.*'F 1%+2J*' &*

0+,*.-($#23( -#.# (' +C' A * K

D() # &0'".*,05#23( &( &()/+0(6 # )(+,#8*) &#' )#,.05*' 8$(9#0' 4 1*0,#

#,.#I4' &* )#,.05*' *$*)*+,#.*' @[m](e) * [k](e)B "#$"%$#&#' *) "#&# *$*)*+,(

&( -.(9$*)#:

D()( # 1(.)# &#' 1%+2J*' 9#'* φi 4 08%#$ -#.# ,(&(' (' *$*)*+,('6 1#5L'*

%)# )%&#+2# &#' "((.&*+#&#' 8$(9#0' -#.# "((.&*+#&#' *$*)*+,#.*': ;''0)6

+( "<$"%$( &#' )#,.05*' *$*)*+,#.*'6 #' 1%+2J*' φi '3( &*'".0,#' *) "((.&*+#&#'

$("#0': D(+'0&*.#L'* 7%* "#&# *$*)*+,( '* *',*+&* &* ξ = −1 # ξ = 1:

M#.# %)# #-.(H0)#23( $0+*#.6 "#&# *$*)*+,( 4 1(.)#&( -(. &(0' +C'6

"()( )(',.# # ?8%.# @!:KB: N%#' 1%+2J*' *$*)*+,#.*' '3( &#&#' -(. O  PF

φ1(ξ) =
1− ξ

2
φ2(ξ) =

1 + ξ

2
@!L!QB

E08%.# !:KF E%+2J*' 9#'* $0+*#.*' +( '0',*)# &* "((.&*+#&#' $("#$:

R# #-.(H0)#23( 7%#&.<,0"#6 "#&# *$*)*+,( 4 1(.)#&( -(. ,.S' +C'6 "()(

)(',.# # ?8%.# @!:!B: N%#' 1%+2J*' *$*)*+,#.*' '3( &#&#' -(.F
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φ1(ξ) = ξ(ξ−1)
2

φ2(ξ) = ξ(ξ+1)
2

φ3(ξ) = −(ξ + 1)(ξ − 1)

"#$#%&

'()*+, #-#. '*/0123 4,32 5*,6+78(9,3 /: 3(382;, 62 9::+62/,6,3 <:9,<-

=,+, ,>+:?(;,+ , 3:<*0@: 6, 25*,0@: 6, A(), ,8+,AB3 6: CB8:6: 6:3

D<2;2/8:3 '(/(8:3E B /292337+(: 5*2 9,6, F*/0@: 4,32 φ 32G, 9:/8H/*, 2 9:;

32)*/6, 62+(A,6, 6(F2+2/82 62 I2+: J  K J#K- L33: ),+,/82 , 9:/8(/*(6,62 6:

623<:9,;2/8: 8+,/3A2+3,< 2 +:8,0@: 2/8+2 6:(3 2<2;2/8:3 A(I(/M:3- =,+, (33:E

9:38*;,$32 *8(<(I,+ F*/0123 4,32 62 F:+;, N2+;(8(,/,-

O: 2<2;2/8: 62 N2+;(82 9:; 6:(3 /P3E 3@: 9:/3(62+,6:3 5*,8+: )+,*3 62

<(42+6,62 "623<:9,;2/8: 2 +:8,0@: 2; 9,6, /P& 9:;: ;:38+, , Q)*+, "#-!&-

'()*+, #-!. D<2;2/8: M2+;(8(,/: 9:; 6:(3 /P3-

',I2/6: *;, ,>+:?(;,0@: >,+, : 623<:9,;2/8: 8+,/3A2+3,< v 9:; *;

>:<(/R;(: 62 (/82+>:<,0@: 9S4(9:E 2 9:/3(62+,/6:$32 , +:8,0@: θ = dv/dξ 82;$

32.

v(ξ) = c0 + c1ξ + c2ξ
2 + c3ξ

3
"#$!T&

θ(ξ) = c1 + 2c2ξ + 3c3ξ
2. "#$! &

U:;: :3 A,<:+23 62 623<:9,;2/8: 2 +:8,0@: 2; ξ = −1 2 ξ = +1 3@:

9:/M29(6:3.
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v(−1) = v1 θ(−1) = θ1

v(+1) = v2 θ(+1) = θ2

"#$%&'

() *(+,*-+./+) c00 c10c2 + c3 1(2+3 )+4 2+/+43-.52() "#$%6' + ( 2+)7(*53+./(

v 1(2+ )+4 +814+))( *(3( 935 *(3:-.5;<( 2+ =9.;>+) :5)+ φ?

c0 =
1

2
v1 +

1

4
θ1 +

1

2
v2 −

1

4
θ2

c1 = −
3

4
v1 −

1

4
θ1 +

3

4
v2 −

1

4
θ2

c2 = −
1

4
θ1 +

1

4
θ2

c4 =
1

4
v1 +

1

4
θ1 −

1

4
v2 +

1

4
θ2

"#$%6'

v(ξ) = v1φ1(ξ) + θ1φ2(ξ) + v2φ3(ξ) + θ2φ4(ξ). "#$%@'

A))-30 5) =9.;>+) :5)+ φ )<( 2+,.-25) 1(4 "#$%B' +0 )+9) C4D,*() (:/-2()

5/45EF) 25 4(/-.5 GAHIAJ  !"#$%!&'()* )<( 3()/452() .5 ,C945 "#K!'K

φ1(ξ) =
1

2
−

3

4
ξ +

1

4
ξ

φ2(ξ) =
1

4
−

1

4
ξ −

1

4
ξ2 +

1

4
ξ3

φ3(ξ) =
1

2
+

3

4
ξ −

1

4
ξ3

φ4(ξ) = −
1

4
−

1

4
ξ +

1

4
ξ2 +

1

4
ξ3

"#$%B'

A) 2+4-E525) 2+ )+C9.25 (42+3 25) =9.;>+) E57+3?
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d2φ1

dξ2
(ξ) = 3

2
ξ

d2φ2

dξ2
(ξ) = −1

2
+ 3

2
ξ

d2φ3

dξ2
(ξ) = −3

2
ξ

d2φ4

dξ2
(ξ) = 1

2
+ 3

2
ξ

"#$%#&

'()*+, #-./ '*01234 5,43 63+7(8(,0,4/ 3937308: ;:7 <:(4 0=4-

>,<, 3937308: <: 4(4837, ?:<3 43+ 3@?+344: ?39, 3A*,1B:/

[m(e)]
{
ü(e)

}
+ [k(e)]

{
u(e)

}
=

{
f (e)

}
"#$%%&

:0<3 : C38:+

{
u(e)

}
+3?+34308, : <349:;,7308: 3 +:8,1B: <:4 0=4 <: 3937308:-

D, 7347, E:+7,F : C38:+ <3 ;,++3),7308:

{
f (e)

}
+3?+34308, , E:+1, f 3

7:7308: m ,?9(;,<:4 37 ;,<, *7 <:4 0=4 <: 3937308:/

{
u(e)

}
=









v1

θ1

v2

θ2









{
ü(e)

}
=









v̈1

θ̈1

v̈2

θ̈2









{
f (e)

}
=









f1

m1

f2

m2









. "#$%.&

G,93 :543+C,+ A*3 ,?34,+ <3 ;,<, 3937308: 43+ ;:7?:48: ?:+ <:(4 0=4F
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#$ %&'#(&$

{
u(e)

}
&

{
f (e)

}
')* +,*&-$.# 4× 1/ 0#-$&12&-'&*&-'& 3$ *3'(,4&$

&5&*&-'3(&$ [m](e) & [k](e) ')* +,*&-$.# 4× 4/

03$# 2',5,4&6$& 7 &5&*&-'#$ 8&(*,',3-#$ +& +#,$ -9$ :3(3 +,$;(&',43( #

+#*<-,#= :#( &>&*:5#= +& 2*3 %,?3= 3$ *3'(,4&$ ?5#@3,$ +& *3$$3 & (,?,+&4

A[m] & [k]B :#$$2,(.# +,*&-$.# 2(N + 1)× 2(N + 1)/

C3(3 2*3 *&58#( 3:(#>,*3D.# +3 $#52D.# #@',+3 ;#* &5&*&-'#$ E-,'#$=

:#+&6$& ,-'(#+24,( 2* -9 ,-'&(*&+,F(,# -# &5&*&-'# +& G&(*,'& A&* ξ = 0B/

H$$,*= # &5&*&-'# I ;#*:#$'# +& $&,$ ?(32$ +& 5,@&(+3+& A+&$5#;3*&-'# &

(#'3D.# &* ;3+3 -9B ;#*# *#$'(3 3 E?2(3 AJ/KB/

L,?2(3 J/KM N5&*&-'# 8&(*,',3-# ;#* '()$ -9$/

N* 2* :(#;&+,*&-'# 3-F5#?# 3# O&,'# :3(3 # &5&*&-'# +& G&(*,'& ;#*

+#,$ -9$= O346$& 2*3 3:(#>,*3D.# :3(3 # +&$5#;3*&-'# '(3-$%&($35 v ;#* 2*

:#5,-P*,# +& #(+&* ;,-;#/ N ;#-$,+&(36$& 3 (#'3D.# θ = dv/dξ/

v(ξ) = c0 + c1ξ + c2ξ
2 + c3ξ

3 + c4ξ
2 + c5ξ

3
AJ6QKB

θ(ξ) = c1 + 2c2ξ + 3c3ξ
2 + 4c4ξ

3 + 5c5ξ
4. AJ6R"B

0#*# #$ %35#(&$ +& +&$5#;3*&-'# & (#'3D.# &* ξ = −1 & ξ = +1 $.#

;#-8&;,+#$ AJ6R B= #$ ;#&E;,&-'&$ c0= c1=c2= c3= c4 & c5 :#+&* $&( +&'&(*,-3+#$

&= # +&$5#;3*&-'# v :#+& $&( &>:(&$$# ;#*# 2*3 ;#*@,-3D.# +& O2-DS&$ @3$&

φ AJ6R!B/

v(−1) = v1 v(0) = v3 v(+1) = v2

θ(−1) = θ1 θ(0) = θ3 θ(+1) = θ2

AJ6R B

v(ξ) = v1φ1(ξ) + θ1φ2(ξ) + v3φ3(ξ) + θ3φ4(ξ) + v2φ5(ξ) + θ2φ6(ξ) AJ6R!B

H$ O2-DS&$ @3$& φ *#$'(3+3$ -3 E?2(3 AJ/ "B A(#',-3 THUVHW  !"#

$%&!'()*+B $.#M
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φ1(ξ) = ξ2 −
5

4
ξ3 −

1

2
ξ4 +

3

4
ξ5

φ2(ξ) =
1

4
ξ2 −

1

4
ξ3 −

1

4
ξ4 +

1

4
ξ5

φ3(ξ) = 1− 2ξ2 + ξ4

φ4(ξ) = ξ − 2ξ3 + ξ5

φ5(ξ) = ξ2 +
5

4
ξ3 −

1

2
ξ4 −

3

4
ξ5

φ6(ξ) = −
1

4
ξ2 −

1

4
ξ3 +

1

4
ξ4 +

1

4
ξ5

"#$%&'

( )*+) ,(-./+,+) ,( )(0*1,+ 2-,(34

d2φ1

dξ2
(ξ) = 2− 30

4
ξ − 6ξ2 + 60

4
ξ3

d2φ2

dξ2
(ξ) = 1

2
− 6

4
ξ − 3ξ2 + 20

4
ξ3

d2φ3

dξ2
(ξ) = −4 + 12ξ2

d2φ4

dξ2
(ξ) = −12ξ + 20ξ3

d2φ5

dξ2
(ξ) = 2 + 30

4
ξ − 6ξ2 − 60

4
ξ3

d2φ6

dξ2
(ξ) = −1

2
− 6

4
ξ − 3ξ2 + 20

4
ξ3

"#$%5'

6+,+ (7(3(182 ,2 ).)8(3+ 92,( )(- (:9-())2 9(7+ (;*+<=24

[m(e)]
{
ü(e)

}
+ [k(e)]

{
u(e)

}
=

{
f (e)

}
"#$%>'

21,( 2 /(82-

{
u(e)

}
-(9-()(18+ 2 ,()72?+3(182 ( -28+<=2 (3 1@) ,2 (7(3(182A

B+ 3()3+ C2-3+D 2 /(82-

{
f (e)

}
-(9-()(18+ + C2-<+ f ( 323(182 m +97.?+,2)

12) 1@) ,2 (7(3(1824
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 !"#$% &'()*  #+,-./ 0%/. 1.$2!3!%+%/* .4.2.+35 652 3$7/ +8/'

{
u(e)

}
=














v1

θ1

v3

θ3

v2

θ2














{
ü(e)

}
=














v̈1

θ̈1

v̈3

θ̈3

v̈2

θ̈2














{
f (e)

}
=














f1

m1

f3

m3

f2

m2














. 9&:;&<

=%4. 50/.$>%$ ?#. %@./%$ A. 6%A% .4.2.+35 /.$ 652@5/35 @5$ 3$7/ +8/B

5/ >.35$./

{
u(e)

}
.

{
f (e)

}
372 A!2.+/C5 6× 1' D5+/.?#.+3.2.+3. %/ 2%3$!E./

.4.2.+3%$./ [m](e) . [k](e) 372 A!2.+/C5 6 × 6' F @$56.A!2.+35 A. 6G46#45 A.

6%A% #2% A5/ .4.2.+35/ A. m
(e)
ij B k

(e)
ij . f

(e)
i H 25/3$%A5 +% @$8I!2% /.,C5 A%

A!//.$3%,C5'

D%/5 #3!4!E.:/. J .4.2.+35/ 1.$2!3!%+5/ A. 3$7/ +8/ @%$% A!/6$.3!E%$ 5

A52K+!5B @5$ .I.2@45B A. #2% >!"%B %/ 2%3$!E./ "450%!/ A. 2%//% . $!"!A.E

9[m] . [k]< @5//#!$C5 A!2.+/C5 2(2N + 1)× 2(2N + 1)'

 !"!#

$%&'()' &* +,,-&*('&'.

J% A./6$!,C5 .4.2.+3%$ A5 @$504.2%B L%E:/. #2% 2#A%+,% A. 655$A.+%A%/

"450%4 @%$% 655$A.+%A%/ 456%!/' M.//% L5$2%B @%$% 5 @$504.2% A% >!"%B 6%A%

.4.2.+35 A%/ 2%3$!E./ "450%!/ A. 2%//% [m] . $!"!A.E [k] . A5 >.35$ A. L5$,%

"450%4 {f} A.>. /.$ $../6$!35 +%/ +5>%/ 655$A.+%A%/ .4.2.+3%$./'

N +.6.//G$!5 A.O+!$ %/ 2%3$!E./ [m(e)]B [k(e)] . 5 >.35$
{
f (e)

}
.2 655$A.:

+%A%/ 456%!/' P//!2B %/ .?#%,-./ 9&:&Q<B 9&:&R< . 9&:&&< /. 35$+%2*

DBD
PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+,-!./01 21$'341$+3!1 05 6+1$05!1  '7$#7%'1  !"

m
(e)
ij = ρA

h(e)

2

∫ 1

−1

φiφjdξ #$%&'(

k
(e)
ij = EI

(
2

h(e)

)3 ∫ 1

−1

d2φj

dξ2
d2φi

dξ2
dξ #$%&&(

f
(e)
i = f (e)(t)

h(e)

2

∫ 1

−1

φidξ #$%&)(

*+,- h(e) .-/.-0-+12 * 1232+4* ,* -5-3-+1*6 7 8958:5* ,*0 8*-;8<-+1-0 ,20

321.<=-0 -5-3-+12.-0 .->:-. * 8958:5* ,- <+1-?.2<0 +* -5-3-+1*@ ,2 A*.32B

∫ 1

−1

g(ξ)dξ #$%)C(

D3/5-3-+12+,* * 3E1*,* ,*0 -5-3-+1*0 ;+<1*0@ -002 <+1-?.25 ,-F- 0-.

A-<12 ,- A*.32 0<01-391<82 21.2FE0 ,* 3E1*,* ,2  !"#$"%!$" &"!''(")"

G!)H G!$HB

∫ 1

−1

g(ξ)dξ =
NGP∑

i=1

g(ξ)wi #$%) (

*+,- NGP E * +I3-.* ,- /*+1*0 :1<5<=2,*0 /2.2 2 <+1-?.2JK* - wi *0 /-0*0

:1<5<=2,*0 /2.2 82,2 /*+1*6 L:2+1* 32<*. * +I3-.* ,- /*+1*0@ 3-54*. 0-.9 2

2/.*M<32JK* *N1<,26 O 12N-52 #$6"( 3*01.2 *0 F25*.-0 ,- ξi - wi /2.2 ,<A-.-+1-0

NGP 6

NGP ξi wi

1 0.0 2.0

2 ±0.57735 1.0

3 ±0.77459 0.555
0.0 0.888

4 ±0.86113 0.347
±0.33998 0.652

6 ±0.93246 0.171
±0.66120 0.360
±0.23861 0.467

P2N-52 $6"B L:2,.21:.2 Q2:00<2+2B F25*.-0 ,- ξ - w -3 A:+JK* ,* +I3-.* ,-

/*+1*0 :1<5<=2,*0 /2.2 2 <+1-?.2JK*6
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 !"

#$%&'%( )(* +()(* , -.,/'01&23* 435'.32* 35.367* )(* 8%,9,15(*

-2125(*

#$%&'()*+, ) &-.)/0, +& 1,(21&*3, +) (24) &*4)%3)+)562('& +2%7'&328)+)

) 9)'32' +,% &6&1&*3,% :*23,% ;<5<=>? (&'2:7)5%& -.& ) &-.)/0, ;<5!@> A,2

3')*%A,'1)+) &1 .1 %2%3&1) +& &-.)/B&% +2A&'&*72)2%C

D%%21? )3')(E% +, 9',$6&1) +& ).3,()6,' +&:*2+, &1 ;@5 !> E 9,%%F(&6

7)67.6)' )9',G21)/B&% 9)') ,% 1,+,% & A'&-.H*72)% *)3.')2% +) (24)I

det(−ω2[m] + [k]) = 0 ;<5J!>

,*+& [m] & [k] %0, )% 1)3'28&% +& 1)%%) & '242+&8 46,$)2% ,$32+)% ) 9)'32' +,

1E3,+, +,% &6&1&*3,% :*23,%C

K.)*+, 1)2,' A,' , *L1&', +& &6&1&*3,% .32628)+,% 9)') +2%7'&328)'

, %2%3&1)? 1&6M,' %&'N ) )9',G21)/0, ,$32+) 9)') ,% 1,+,% & A'&-.H*72)%

*)3.')2%C

D :4.') ;<C  > 1,%3') ,% -.)3', 9'21&2',% 1,+,% 7)67.6)+,% ) 9)'32' +)

&-.)/0, )*)6F327) ;<5OP>C D :4.') ;<C !> 1,%3') )% )9',G21)/B&% +&%%&% -.)3',

9'21&2',% 1,+,% ,$32+)% 7,1 , QE3,+, +,% R6&1&*3,% S2*23,% 2196&1&*3)+,

&1 QDTUDVC W) +2%7'&328)/0, A,')1 .32628)+,% @X &6&1&*3,% +& Y&'123& 7,1

! *Z%? , -.& 9&'1232. ,$3&'5%& $,)% )9',G21)/B&%C

S,')1 7,*%2+&')+,% ,% %&4.2*3&% ()6,'&% +& 9)'[1&3',% +) (24)I 1Z+.6,

+& &6)%3272+)+& E = 200 \])? +&*%2+)+& +, 1)3&'2)6 +& 7850 ^4_m3
? +2[1&3',

d = 0.05 1 & 7,19'21&*3, L = 0.5 1C

)̀6& ,$%&'()' -.& -.)*+, 3')$)6M)5%& 7,1 N &6&1&*3,% +& M&'123&?

,% (&3,'&% ,$32+,% 9)') ) )9',G21)/0, +,% 1,+,% +& (2$')/0, {v} 9,%%.&1

+21&*%0,I

a 2(N + 1)× 1? 7)%, , &6&1&*3, %&b) 7,19,%3, 9,' +,2% *Z%c

a 2(2N + 1)× 1? 7)%, , &6&1&*3, %&b) 7,19,%3, 9,' 3'H% *Z%C

d%%, %& +&(& ), A)3, +& -.& 7)+) *Z &%3N )%%,72)+, ) +,2% 4').% +& 62$&'+)+&

;+&%6,7)1&*3, & ',3)/0,>C e,1, A,2 )%%.12+, -.& )% 7,19,*&*3&% +, (&3,'

{
u(e)

}
'&9'&%&*3)'2)1 , +&%6,7)1&*3, & ',3)/0, +& A,'1) 2*3&'7)6)+) ;<5=P>

;<5P<>? 7)+) &6&1&*3, vi +, (&3,' +& 1,+, +& (2$')/0, '&9'&%&*3)I

a , +&%6,7)1&*3, +& .1 *Z? %& i A,' F19)'c

a ) ',3)/0, +& .1 *Z? %& i A,' 9)'C
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#$%&'( )*  + ,&(-'. /'$01$'.2 0.3.2 3( 4$%( 15%(2-(3(67$4'1*

#$%&'( )* !+ 8/'.9$0(:;. 3.2 <&(-'. /'$01$'.2 0.3.2 3( 4$%( 15%(2-(3(67$4'1

=#>?@ .A-$3( B.0 "C 171015-.2 31 D1'0$-1 31 ! 5E2*
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 !"

#$%&'$ (&%)*+%$

#$%&'()*+%($ ,-) + .+'$* /$%0*'1-'23$ 4+*+ $ .$5'.)%0$ (+ 5'6+ )&07

+&&$/'+(+ +$& 4*'.)'*$& .$($& () 5'1*+23$ (+ 5'6+ 8!9:; < 4$&&=5)> *)(-?'* +

('.)%&3$ ($ 4*$1>).+ +0*+5<& ($& .$($& %$*.+'&@

#$%&0*-'%($ -.+ .+0*'? [v] /$.4$&0+ 4)>$& 5)0$*)& /$>-%+& ($& n 4*'A

.)'*$& .$($& () 5'1*+23$ /+>/->+($& 4)>$ .<0$($ ($& )>).)%0$& B%'0$&C

[v] =






| | |

{v}1 {v}2 · · · {v}n
| | |




 D"AEFG

$ ()&>$/+.)%0$ {u} 4$() &)* *)4*)&)%0+($ +0*+5<& (+& /$$*()%+(+& .$(+'&

{y}@ H+*+ '&&$; I+?A&) + .-(+%2+ () /$$*()%+(+&C

{u(t)} = [v] {y(t)} . D"AEJG

K-1&0'0-'%($ D"AEJG %+ ),-+23$ () .$5'.)%0$ ('&/*)0'?+(+ 4)>$ .<0$($

($& )>).)%0$& B%'0$& D"A"LGC

[m][v] {ÿ(t)}+ [k][v] {y(t)} = {f(t)} . D"AEMG

N->0'4>'/+%($ 4$* [v]T ; $10<.A&)C

[v]T [m][v] {ÿ(t)}+ [v]T [k][v] {y(t)} = [v]T {f(t)} . D"AE"G

H)>+& ()B%'2O)& ($ /+4=0->$ +%0)*'$* DMA!!G ) DMA!FG; ). ,-) +& .+0*'?)&

() .+&&+ ) *'6'()? I$*+. ('+6$%+>'?+(+& 4$* [v]; + ),-+23$ () .$5'.)%0$ 4$()

&)* 0*+%&I$*.+(+ ). -. &'&0).+ () ),-+2O)& ('I)*)%/'+'& ()&+/$4>+(+& D.$()>$

*)(-?'($GC

[md] {ÿ(t)}+ [kd] {y(t)} = {q(t)} D"AELG

$%() {q} *)4*)&)%0+ $ 5)0$* () I$*2+& )&/*'0$ %+& /$$*()%+(+& .$(+'&C

{q(t)} = [v]T {f(t)} . D"AE9G

P .$()>$ *)(-?'($ < -.+ 4$()*$&+ I)**+.)%0+ () *)(-23$ %$ )&I$*2$

/$.4-0+/'$%+> )Q'6'($ 4+*+ $ /7>/->$ (+ *)&4$&0+ () /+(+ -. ($& 6*+-& ()

>'1)*(+() +$ >$%6$ ($ 0).4$@ #$.$ )Q).4>$; &-4$%R+ ,-) $ .<0$($ ($&

)>).)%0$& B%'0$& 0)%R+ &'($ +4>'/+($ +$ 4*$1>).+ () -.+ 5'6+; ) 0)%R+. &'($

-0'>'?+($& N = 10 )>).)%0$& S)*.'0'+%$& () 0*T& %U& 4+*+ I+?)* + ('&/*)0'?+23$

($ ($.=%'$@

V)&&) /+&$; +& .+0*'?)& 6>$1+'& () .+&&+ ) *'6'()? D[m] ) [k]G 0T. ('.)%&3$

2(2N +1)× 2(2N +1) = 42× 42 ); $ 5)0$* {u} 42× 1@ #$%&'()*) 0+.1<. ,-)
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#$%%$ $&$'()* +,$ %*'$#-$ *% +,.-/* (/0'$0/*% '*1*% 1$ 203/.45* (*%%,.'

%06#078.-02. 8*#-/03,045* (./. . /$%(*%-. 1. 206.9 *, %$:.9 . '.-/0; [v] <

8*'(*%-. %*'$#-$ ($)*% 2$-*/$% 8*),#.% 1*% +,.-/* (/0'$0/*% '*1*%=

{u}
︸︷︷︸

42×1

= [v]
︸︷︷︸

42×4

{y}
︸︷︷︸

4×1

. >?@AAB

C$%%. D*/'.9 .* 0#2<% 1$ -$/ +,$ %$/ /$%*)201* ,' %0%-$'. 8*' 42

$+,.4E$% 10D$/$#80.0% .8*().1.%9 3.%-. /$%*)2$/ +,.-/* $+,.4E$% 1$%.8*().1.%

(./. y1, y2, y3 $ y4F







md1 ÿ1(t) + kd1y1(t) = q1(t)

md2 ÿ2(t) + kd1(t) = q2(t)

md3 ÿ3(t) + kd1(t) = q3(t)

md4 ÿ4(t) + kd1(t) = q4(t)

>?@ GGB

H*1$).#1*@%$ * .'*/-$80'$#-* 1* %0%-$'. 8*'* ,'. 8*'30#.45* )0#$./

$#-/$ .% '.-/0;$% 1$ '.%%. $ /0601$; >.'*/-$80'$#-* 1$ I.J)$06KB L! M=

[c] = α[m] + β[k] >?@ G B

. '.-/0; [c] (*1$ %$/ 10.6*#.)0;. .-/.2<% 1. /$).45*=

[cd] = [v]T [c][v] = [v]T (α[m] + β[k])[v] = α[md] + β[kd]. >?@ G!B

N%%0'9 . $+,.45* 1$ '*20'$#-* 1* %0%-$'. -*/#.@%$=

[md] {ÿ(t)}+ [cd] {ẏ(t)}+ [kf ] {y(t)} = {q(t)} . >?@ GOB

P%8/$2$#1*@%$ 8*'* ,' %0%-$'. 1$ $+,.4E$%9 *3-<'@%$=







md1 ÿ1(t) + cd1 ẏ1(t) + kd1y1(t) = q1(t)
F

F

F

F

F

F

F

F

F

F

F

F

mdn ÿn(t) + cd1 ẏn(t) + kd1yn(t) = qn(t)

>?@ GQB

 ! 

"#$%&'() *+,$- .$ /$-01-234(

R./. $&$'()078./ * $%-,1* 1.% 203/.4E$% .)$.-S/0.% $' %0%-$'.% 8*#-T@

#,*%9 D*0 1$%$#2*)201* ,' $&$'()* $#2*)2$#1* ,' /0%$/ K0(*-<-08* 1$ ($/D,/.@

45* 1$ ,'. ().-.D*/'. 1$ ($-/S)$*9 '*%-/.1* #. 76,/. >?F OBF U. '*1$).6$'

.1*-.1. (./. * /0%$/9 8*#%01$/.@%$ +,$ ,'. 1$ %,.% $&-/$'01.1$ $%-V $#6.%-.1.
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#$ %&#'$ '$ ()*+ , ) $&-*) .*,/) ) &() .0)-)%$*() ', .,-*10,$ 2&, 3&-&) #$

$4,)#$5 6$7*, $ *8/,* )-&)( 4)**,9)(,#-$/ ',:8'$/ ;<

 5 ($:8(,#-)=>$ ') ()*?+ $#')/ , 4$**,#-,/ ()*@-8()/A

!5 ($:8(,#-)=>$ ') .0)-)%$*()5

B89&*) C5 D< E8/,* ', .,*%&*)=>$ ', &() .0)-)%$*() ', .,-*10,$5

F *8/,* %$8 ($',0)'$ 4$($ &() :89) ', G&0,*HI,*#$&008 4$( ,2&)=>$

') '8#J(84) ')') .$* KCH!LM5 6&.N/H/, 4$($ 4$#'8=O,/ ', 4$#-$*#$ ) :89)

,#9)/-)')H08:*, KC5!M5 F 4)**,9)(,#-$ 4)&/)'$ .,0) ($:8(,#-)=>$ ') .0)-)H

%$*() %$8 ($',0)'$ 4$($ &() %$*=) 4$#4,#-*)') #) ,P-*,(8')', /&.,*8$* '$

*8/,*+ 4)*)4-,*8Q)') .,0$ .*$4,//$ ,/-$4R/-84$ F1(t)+ 4&S$ .)*)(,-*$ t ,/-R )/H

/$48)'$ )$ -,(.$5 F %$*=)(,#-$ 4)&/)'$ .,0) ()*? %$8 ($',0)'$ 4$($ &(

4)**,9)(,#-$ &#8%$*(,(,#-, '8/-*87&@'$ )$ 0$#9$ '$ 4$(.*8(,#-$ '$ *8/,*5

G0, ? 4)*)4-,*8Q)'$ .,0$ .*$4,//$ ,/-$4R/-84$ F2(t, x) ', .)*J(,-*$ t )//$48)'$

)$ -,(.$+ T U9&*) KC5 VM ($/-*) &( ,/2&,() '$ *8/,* , '$/ '$8/ 4$**,9)(,#H

-$/5

T/ ,P.*,//O,/ )'$-)')/ .)*) F1(t) , F2(t, x) />$ /8(.0,/ , -,( 4$($

$7S,-8:$ /$(,#-, ,P,(.08U4)* ) )#R08/, ', :87*)=O,/ ,/-$4R/-84)/ ,( /8/-,()/

4$#-@#&$/5 W$',0)9,#/ ()8/ *,)08/-)/ .)*) $ %$*=)(,#-$ 4)&/)'$ .$* 4$**,#-,/

()*@-8()/ .$',( /,* ,#4$#-*)'$/ ,( X!YZ+ XDZ , X!Z5

B$8 4$#/8',*)'$ 2&, $/ .*$4,//$/ ,/-$4R/-84$/ F1(t) , F2(t, x) />$ ')

%$*()<

DBD
PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+,-!./01 21$'341$+3!1 05 6+1$05!1  '7$#7%'1  !"

#$%&'( )* +, -(''.%(/.0123 (45$6(723 02 '$3.' 7. 4.'8&'(9:2*

F1(t) = A1 cos(ωt) ;)< =>?

F2(t, x) = A2 cos(ωt) ;)< =)?

207. A1 . A2 3:2 @('$A@.$3 (5.(1B'$(3 62''.5(6$20(7(3*

C.D0.<3. .01:2 2 @.12' (5.(1B'$2 {A} = [A1 A2] .E 3&4F.<3. G&. (

7$31'$H&$9:2 7. 4'2H(H$5$7(7. 7. {A} I &/( 7$31'$H&$9:2 7. 4'2H(H$5$7(7.

620J&01( 7. A1 . A2 7(7( 42',

pA(a1, a2) =
K

2πσ1σ2
√

1− ρ2
exp

[

−
z(a1, a2)

2(1− ρ2)

]

1(0,400)×(0,200)(a1, a2) ;)< =K?

207. 0:2 3. 620L.6. 2 @(52' 7. K .E 1./<3.,

z(a1, a2) =
(a1 − µ1)

2

σ2
1

−
2ρ(a1 − µ1)(a2 − µ2)

σ1σ2
+

(a2 − µ2)
2

σ2
2

;)< =M?

ρ =
σ12
σ1σ2

. ;)< ="?

N 8&09:2 7.03$7(7. 7. 4'2H(H$5$7(7. 82$ /&51$45$6(7( 4.5( 8&09:2

1(0,400) (0,200) 4('( %('(01$' G&. (3 @('$A@.$3 (5.(1B'$(3 A1 . A2 4233(/ 1.' 32<

/.01. @(52'.3 423$1$@23 02 $01.'@(52 (0, 400) . (0, 200)* -2/2 A1 . A2 '.4'.3.0<

1(/ ( (/45$1&7. 723 82'9(/.0123 F1(t) . F2(t, x)E .33( '.31'$9:2 I $/42'1(01.*

O(H.072<3. (3 6('(61.'P31$6(3 .31(1P31$6(3 7. F1(t) . F2(t, x)E 82'(/ 7.<

1.'/$0(7(3 (4'2Q$/(9F.3 4('( /I7$( 7( '.34231( 7. 7.3526(/.012 . '21(9:2

7( @$%(* R1$5$S2&<3. 2 /I1272 7. T201. -('52 62/ -(7.$( 7. T('U2@ ;(5%2<

'$1/2 7. T.1'B425$3 < V(31$0%3 /&51$7$/.03$20(5? (4'.3.01(72 02 6(4P1&52 W

7( 7$33.'1(9:2*

N1'(@I3 72 (5%2'$1/2 7. T.1'2425$3<V(31$0%3 82'(/ %.'(7(3 (/231'(3

4('( (3 @('$A@.$3 (5.(1B'$(3 A1 . A2* X('( 6(7( &/( 7(3 (/231'(3E 2H1.@.<3.

&/( '.(5$S(9:2 723 82'9(/.0123 F1(t) . F2(t, x) .E 6(56&52&<3. 2 7.3526(/.012

. '21(9:2 7( @$%( (2 520%2 72 1./42 4.52 /I1272 7. Y(5.'U$0*
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# $%&'%()( *) +,-.,/ 0 !"#"$%&'()$)%&'*)+,1 2*3*45&6572&

$(%( 8(9*% (3 37):6(;<*3 = *>$67?(2& 4& ($@427?* /A B&)& )&57)*4C& 2&

%73*% = 3:D)*%3& *E ?&43*F:*4C*)*4C* ()&%C*?72& $*6( G':(E :)( )(C%79 2*

()&%C*?7)*4C& 8&7 (27?7&4(2( H )&2*6('*) 2& %73*%A I(%( ( ?&43C%:;J& 2*33(

)(C%79E 8&7 :C7679(2( ( K7$LC*3* 2* ()&%C*?7)*4C& $%&$&%?7&4(6A

,337)E ( *F:(;J& 2( 274M)7?( 2( D(%%( 273?%*C79(2( $*6&3 N6*)*4C&3

O747C&3 :C7679(2( =P

[m] {ü(t)}+ [c] {u̇(t)}+ [k] {u(t)} = {f(t)} 0QR  "1

&42* [c] = α[m] + β[k]A S 7)$&%C(4C* &D3*%5(% F:* ?&)& & 5*C&% 2* 8&%;(3

'6&D(73 {f} 5(%7( 4& C*)$&E 4( 37):6(;J& $&% *6*)*4C&3 T47C&3E *6* 2*5* 3*%

%*?(6?:6(2& ( ?(2( 743C(4C* 2* C*)$&A

I(%( %*2:97% & ?:3C& ?&)$:C(?7&4(6 2& ?G6?:6& 2& 2*36&?()*4C& * %&C(;J&

2( 57'( *) ?(2( %*(679(;J& 2& 8&%;()*4C&E 4& $%&'%()( +,-.,/ 8&%()

:C7679(2(3 ?&&%2*4(2(3 )&2(73A

[v]T [m][v] {ÿ(t)}+ [v]T [c][v] {ẏ(t)}+ [v]T [k][v] {y(t)} = [v]T {f(t)} 0QR   1

[md] {ÿ(t)}+ [cd] {ẏ(t)}+ [kd] {y(t)} = {q(t)} 0QR  U1

&42* ( )(C%79 [v] = ?&)$&3C( $*6&3 5*C&%*3 ?&6:4(3 2&3 $%7)*7%&3 )&2&3 2*

57D%(;J& ?(6?:6(2&3 $*6& )=C&2& 2&3 *6*)*4C&3 T47C&3 0QRV!1A ,3 27)*43<*3 2&

%73*%E $%&$%7*2(2*3 2& )(C*%7(6E ?(%(?C*%W3C7?(3 2& 8&%;()*4C& * 2&3 *6*)*4C&3

T47C&3 :C7679(2&3 4(3 37):6(;<*3 3J& )&3C%(2&3 4( C(D*6( 0QAX1A N33*3 5(6&%*3

3J& K7$&C=C7?&3 * 8&%() *3?&6K72&3 (%D7C%(%7()*4C* ( CWC:6& 76:3C%(C75&A

#:C%&3 5(6&%*3 2* 4Y)*%& 2* *6*)*4C&3 N :C7679(2&3 $(%( 273?%*C79(% &

2&)W47& 8&%() C*3C(2&3A Z*%7T?&:R3* F:* ( $(%C7% 2* N = 5E ( )(6K( ($%*3*4R

C(5( :)( ?&4?*4C%(;J& 2* *6*)*4C&3 3:T?7*4C*3 $(%( 2*3?%*5*% & )&57)*4C&

2( 57'(A

#3 5(6&%*3 2(3 8%*F:@4?7(3 4(C:%(73 (33&?7(2(3 (&3 X $%7)*7%&3 )&2&3 2*

57D%(;J& 2& %73*% 2* $*%8:%(;J& *3CJ& 4( C(D*6( 0QA[1A

\(3 T':%(3 0QA [1E 0QA Q1E 0QA ]1 * 0QA ^1 3J& )&3C%(2&3 &3 5(6&%*3 2*

2*36&?()*4C& * %&C(;J& )=27&3 (& 6&4'& 2& C*)$& $(%( &3 $&4C&3 x = L *

x = L/2A S $&33W5*6 &D3*%5(% F:* (337) ?&)& 4&3 373C*)(3 2*C*%)74W3C7?&3E

$&2*) 3*% 72*4C7T?(2(3 2:(3 8(3*3 273C74C(3 4( %*3$&3C( *) 2*36&?()*4C&

* %&C(;J& 2& %73*%A _)( 8(3* ?&%%*3$&42*4C* (& )&57)*4C& C%(437*4C*E *

&:C%( ?&%%*3$&42*4C* ( :) )&57)*4C& $*%7L27?& ?&) 8%*F:@4?7( ω 7':(6 (

2& 8&%;()*4C&A
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"#$%&'$()*# L = 50 m
+',$(*&# (-*(&)# de = 0.8 m
+',$(*&# ')*(&)# di = 0.5 m

./012# 0( 3245*'6'040( E = 200 GPa
+()5'040( 0# .4*(&'42 789: Kg/m3

;$#&*(6'$()*#< α :=9

;$#&*(6'$()*#< β :=:

>?$(&# 0( 32($()*#5  :

32($()*# @(&$'*'4)# A )/5

>?$(&# 0( $#0#5 6#)5'0(&40#5 B

C&(D1E)6'4 ω = 0.2 Hz
µ1 A:: F>G

µ2  :: F>H$G

σ1 9:

σ2 A9

σ12  :

I4J(24 K=B< L42#&(5 0( %4&,$(*&#5 1*'2'M40#5 )4 5'$124NO# .;IP;Q< %&#R&4$4

0( (2($()*#5 S)'*#5=

.#0#5 C&(D1E)6'45 [Hz]

T&'$('&# .#0# 18.06
U(R1)0# .#0# 113.21
I(&6('&# .#0# 317.06
V14&*# .#0# 621.74

I4J(24 K=9< C&(D1E)6'45 >4*1&4'5 0# &'5(& 0( %(&W1&4NO# 455#6'4045 4#5 B

%&'$('&#5 $#0#5 0( X'J&4NO#=

YJ5(&X4Z5( *4$J[$ D1( 5#$()*( @\ 0'5%(&5O# 0#5 &(512*40#5 ($ &(24NO#

4 4$%2'*10( 0# 0(52#64$()*# ( &#*4NO#= 3554 64&46*(&]5*'64 (5*\ 0( 46#&0# 6#$

#5 $#0(2#5 0( 64&&(R4$()*#5 F1(t) ( F2(t, x) 40#*40#5= 3$ ^KZ :9_ ( ^KZ :K_`

4 W&(D1E)6'4 ω W#' 6#)5'0(&404 0(*(&$')]5*'64` ( 5#$()*( 45 4$%2'*10(5 W#&4$

$#0(24045 6#$# X4&'\X('5 42(4*/&'45=

; (56#2@4 0# )?$(&# 0( $#0#5 1*'2'M40#5 %4&4 (56&(X(& 4 (D14NO# 04

0'),$'64 0( 1$ 5'5*($4 6#)*])1# ($ 6##&0()4045 $#04'5 0(X( 5(& W('*4 0(

W#&$4 6&'*(&'#54= a )(6(55\&'# R4&4)*'& D1( (&&# 04 &(5%#5*4 #J*'04 5(b4 $()#&

1$ (&&# %&(X'4$()*( 0(*(&$')40#=

c$4 W#&$4 0( W4M(& (554 X42'04NO# [ #J*(& 4 &(5%#5*4 0# 5'5*($4 %4&4 0#'5

)?$(&#5 6#)5(61*'X#5 0( $#0#5` ( X(&'S64& 5( 4 0'W(&()N4 ()*&( 45 &(5%#5*45 [

46('*\X(2=
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#$%&'( )* +, -$./', 0/.123(4/562 (2 125%2 02 6/472 7('( x = L*

#$%&'( )* ), -$./', 0/.123(4/562 (2 125%2 02 6/472 7('( x = L/2*

82 /9/4712 02 '$./': 7('( 42.6'(' ;&/ 2. ;&(6'2 4202. &6$1$<(02. 5(.

.$4&1(=>/. ?2'(4 .&@3$/56/. 7('( 3('(36/'$<(' (. '/.72.6(. 0/ 0/.123(4/562 /

'26(=A2: 6'(=2&B./ 2. %'C@32. 02 0/.123(4/562 0( /96'/4$0(0/ 0( D$%( Ex = LF

324  4202 / " 4202.* G/'$@32&B./ ;&/ 2. %'C@32. 2H6$02. E42.6'(02. 5(.

@%&'(. E)* IF / E)*"JFF .A2 /;&$D(1/56/.*
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"#$%&' () *+ ,#-.&+ &/0'12/ '/ 3/4$/ 5/ 0.67/ 7'&' x = L)

"#$%&' () 8+ ,#-.&+ &/0'12/ '/ 3/4$/ 5/ 0.67/ 7'&' x = L/2)

9.--'- -#6%3'1:.-; '- </&1'- F1(t) . F2(t, x) </&'6 =/4-#5.&'5'- 5.0.&6#>

4?-0#='-; @'3.45/ ='5' %6' 5.3'- 200 N . 100 N/m &.-7.=0#@'6.40.) A- /%0&/-

@'3/&.- 5. 7'&B6.0&/- %0#3#C'5/- 4/- =D3=%3/- -2/ 6/-0&'5/- 4' 0'E.3' F0'E()GH)
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#$%&'( )* +, -./012(3.451 6( .75'.3$6(6. 61 '$/.' 214/$6.'(4618/. (9.4(/ &3

3161 6. :$;'(<=1*

#$%&'( )*>?, -./012(3.451 6( .75'.3$6(6. 61 '$/.' 214/$6.'(4618/. 61$/ 3161/

6. :$;'(<=1*
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