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+! ;,9-%./*< 0*+*" 2*-0%," ! %0*-#!$,0!2#* &-*&*-$,*2%)6 7*0!2#! 2%" "!@

.E!" "!8(,2#!"< "/* 0*"#-%+*" *" ","#!0%" $*0 n 8-%(" +! ),9!-+%+! "(B!,#*" %
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7!-/* %&-!"!2#%+*" +*," 0?#*+*" +,"#,2#*" &%-% !"#(+%- ;,9-%.E!" %)!%@
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0!2#*< %(#*$*--!)%./* ! +!2",+%+! !"&!$#-%) &%-% $%+% 8-%( +! ),9!-+%+!

+* ","#!0%6

L6 I?#*+* +*" I*+*"  *-0%,"G >!-0,#! $%)$()%- %" !"#%#'"#,$%" +% -!"&*"#%

!0 +!")*$%0!2#* 4(%2+* * ","#!0% !"#: !"$-,#* !0 $**-+!2%+%" 0*+%,"6

 !,

-./&0*+' 12%2&3.$45%.60 (2 7.5%2305 6'3 80.5 (2 93 :&0) (2 ;./2&<
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M*2",+!-! (0 ","#!0% $*0 n 8-%(" +! ),9!-+%+!< $*0* 0*"#-%+* 2% N8(-%

OP6HQ6 R !4(%./* +! 0*;,0!2#* +* ","#!0% ? +%+* &*-G

[m] {ẍ(t)}+ [c] {ẋ(t)}+ [k] {x(t)} = {f(t)} OP@HQ

*2+! [m]< [c] ! [k] "/* 0%#-,5!" (n × n)< $S%0%+%" -!"&!$#,;%0!2#! +! 0%#-,5

+! 0%""%< 0%#-,5 +! %0*-#!$,0!2#* ! 0%#-,5 +! -,8,+!56 M%+% $*0&*2!2#! +*"

;!#*-!" {x} ! {f} On × 1Q -!&-!"!2#%0 * +!")*$%0!2#* ! % =*-.% %&),$%+% !0

DBD
PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+,-!./01 21$'341$+3!1 05 6+1$05!1 3'5 7!+1 80 95 :-!%

;+,0-8!80  !

"#$%&' ()*+ ,#-./0' 120 n $&'%- 3/ 4#5/&3'3/)

1'3' $&'% 3/ 4#5/&3'3/) 6.#4#7'832 '- 3/98#:;/- 3' <&'8-=2&0'3' 3/ "2%&#/&

32 1'>?.%42 '8./&#2& /@ '>4#1'832A' B /C%':D2 3/ 02E#0/8.2 F(A*G 25.H0A-/+

(−ω2[m] + iω [c] + [k]) {x (ω)} =
{

f (ω)
}

F(AIG

283/ {x } /
{

f
}

-D2 '- .&'8-=2&0'3'- 3/ "2%&#/& 3/ {x} / {f} &/->/1.#E'0/8./)

J 0'.&#7 (−ω2[m] + iω [c] + [k]) H 1K'0'3' 3/ [z(ω)]@ 3/ =2&0' C%/+

{x (ω)} = [z(ω)]−1
{

f (ω)
}

F(ALG

/ C%/ [z(ω)]−1 -/M' #3N8.#1' ' 0'.&#7 [h(ω)]+

{x (ω)} = [h(ω)]
{

f (ω)
}

. F(AOG

J- =%8:;/- 3/ .&'8-=/&N81#' >'&' %0 -#-./0' nA3#0/8-#28'4 -D2 3/98#3'-

>2& F(A(G@ / '- =%8:;/- 3/ &/->2-.' '2 #0>%4-2 >2& F(APG+

[h(ω)] =















h11(ω) h12(ω) · · · h1n(ω)

h21(ω)
)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

hn1(ω) · · · · · · hnn(ω)















F(A(G

[g(t)] =















g11(t) g12(t) · · · g1n(t)

g21(t)
)

)

)

)

)

)

)

)

)

)

)

)

)

)

)

gn1(t) · · · · · · gnn(t)















F(APG

283/+

Q gij(t) &/>&/-/8.' ' =%8:D2 3/ &/->2-.' '2 #0>%4-2 >'&' ' 122&3/8'3' i

3/E#32 ' =2&:' /0 jR

Q hij(ω) &/>&/-/8.' ' =%8:D2 3/ .&'8-=/&N81#' >'&' ' 122&3/8'3' i 3/E#32 '

=2&:' /0 jR /
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" hij(ω) # gij(t) $%&'(' )' *(& +# ,&(-.$%&'(+(. +# /%)&0#& +#1-0+%. *%&

234567 # 2345879

:#-+% +#1-0+% ( '(,&0; [g]< ( &#.*%.,( +# =(+( >&() +# ?0@#&+(+# xi

+#A0+% ( $%&B( fj C %@,0+( *%& )'( >#-#&(?0;(BD% +( #E)(BD% 23467F

xi(t) =

∫

∞

−∞

fj(t− θ)gij(θ)dθ 2G457

# ( &#.*%.,( ,%,(? +# =(+( >&() +# ?0@#&+(+# xi C 0>)(? ( .%'( +( &#.*%.,( *(&(

=(+( )'( +(. $%&B(. fjF

xi(t) =
n

∑

j=1

∫

∞

−∞

fj(t− θ)gij(θ)dθ. 2G4H7

 !"!#

$%&'(&) *+ ,)*)- + ./+0(12'34- 546(/43- *) 73-6+84

I. '%+%. # $&#E)J-=0(. -(,)&(0. #.,D% (..%=0(+%. (% .0.,#'( =%-.#&A(,0A%

2.#' +0..0*(BD% +# #-#&>0(79 KD% =(&(=,#&L.,0=(. 0-,&L-.#=(. +% .0.,#'(9 M..0'<

*(&( =(?=)?N4?%.< =%-.0+#&(4.# % .0.,#'( .#' ('%&,#=0'#-,% # .#' $%&B('#-,%F

[m] {ẍ(t)}+ [k] {x(t)} = 0 2G4 7

M #E)(BD% 2G4 7 (+'0,# .%?)BD% +% ,0*%F

{x(t)} = {v} eiω t
2G46!7

%-+# =(+( #?#'#-,% vi C )' #.=(?(& # +#-%,( ( '(>-0,)+# +( &#.*%.,(9

K)@.,0,)0-+% #' 2G4 7F

(−ω2[m] + [k]) {v} = 0 2G4667

# =%-.0+#&(-+% )'( .%?)BD% -D% ,&0A0(?F

det(−ω2[m] + [k]) = 0. 2G4687

M..0'< % =N?=)?% +(. $&#E)J-=0(. #E)0A(?# ( )' *&%@?#'( +# (),%A(?%&9

O(+( A(?%& +# ω2
E)# $(; % +#,#&'0-(-,# 0>)(? ( ;#&% C )'( $&#E)J-=0( -(,)&(?

+% .0.,#'( #< *(&( =(+( )' +#..#. A(?%&#. #P0.,# )' A#,%& {v} -D% -)?%

=%&&#.*%-+#-,# E)# .(,0.$(; 2G4687< =Q('(+% +# (),%A#,%&9

{v}i =









v1i
9

9

9

vni









2G46R7
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 !"!"

#$%&'&()*+,),- ,&. /&,&.

"# $%&'()&'*)# +',)- #)* .'*-$/01$,'# 2'- *)#+)0&' $ -$&*01 ,) -$##$

[m]3 4$*$ &$/5 &'-$6#) ' 067#0-' ) ' 867#0-' +$* ,) $%&'($/'* ) $%&'()&'*9

−ω2
i [m]{v}i + [k]{v}i = {0}

−ω2
j [m]{v}j + [k]{v}j = {0} .

:;6!<=

>)0&' 0##'5 -%/&0+/02$6#) $ +*0-)0*$ )?%$@A' +'* {v}Tj ) $ #)B%.,$ +'*

{v}Ti 5 'C&).,'6#)9

−ω2
i {v}

T

j [m]{v}i + {v}Tj [k]{v}i = 0

−ω2
j{v}

T

i [m]{v}j + {v}Ti [k]{v}j = 0.
:;6!;=

D'-$.,'6#) $ &*$.#+'#&$ ,$ #)B%.,$ )?%$@A' ) /)-C*$.,' ?%) [m] ) [k]

#A' -$&*01)# #0-7&*02$#9

−ω2
j{v}

T

j [m]{v}i + {v}
T

j [k]{v}i = 0. :;6!E=

F #%C&*$@A' ,) :;6!E= ,$ +*0-)0*$ )?%$@A' ,) :;6!;= *)#%/&$ )-9

(ω2
j − ω2

i ){v}
T

j [m]{v}i = 0. :;6!G=

F##0-5 &)-6#) ?%)9

{v}Tj [m]{v}i =

{

mi i = j

0 i 6= j.
:;6!H=

4$*$ ,)&)*-0.$* %-$ +*'+*0),$,) $.I/'B$ +$*$ $ -$&*01 ,) *0B0,)15

J))#2*)()6#) $ )?%$@A' :;6!E= +$*$ i = j9

{v}Tj [k]{v}i = ωi
2

:;6! =

,) K'*-$ ?%)9

{v}Tj [k]{v}i =

{

ω2
i i = j

0 i 6= j.
:;6LM=

N'.#&*%0.,' %-$ -$&*01 2'-+'#&$ +'* ()&'*)# 2'/%.$# 2'- '# -','# ,)

(0C*$@A'9
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[v] =







| | |

{v}1 {v}2 · · · {v}n
| | |






"#$!%&

'( )'*+,-.( /. )'((' [m] . +,0,/.- [k] 12/.) (.+ /,'023'4,-'/'( "[md] . [kd]&

5'-.3/2$(.6

[md] = [v]T [m][v] =















md1 · · · · · · 0
7

7

7 md2

7

7

7

7

7

7

7

7

7

7

7

7

0 · · · · · · mdn















"#$!!&

[kd] = [v]T [k][v] =















ω1
2 · · · · · · 0
7

7

7 ω2
2 7

7

7

7

7

7

7

7

7

7

7

7

0 · · · · · · ωn
2















"#$!8&

9:(.+;. <=. [md] = [v]T [m][v] . [kd] = [v]T [k][v] +.1+.(.3*') =)'

)=/'3>' /. :'(.7 ?3/,@') <=. '( )'*+,-.( [m] . [k] .(*A2 .(@+,*'( .) =)'

:'(. 2+*2023'4 52+)'/' 1.42( '=*2;.*2+.( /2 (,(*.)'7

B'+' 32+)'4,-'+ ' )'*+,- [md]C @23(*+D,$(. =)' )'*+,- [v(n)] @=E'( @24=3'(

(.E')6

{v}(n)i =
1

mdi

{v}i "#$!F&

12(*.+,2+).3*.C 5'-$(. ' 21.+'>A26

[m
(n)
d ] = [v(n)]

T
[m][v(n)] = [I] "#$!#&

23/. [I] +.1+.(.3*' ' )'*+,- ,/.3*,/'/.7

 !"!#

$%&'()*+%),(& -'&.&'*+&,/0

G ,3@4=(A2 /. *.+)2( /,((,1'*,;2( 3' )2/.4'0.) /. (,(*.)'( /,3H),@2(

3A2 I =)' *'+.5' (,)14.( J K J!%K7 B2+ ,((2C )=,*'( ;.-.( @23(,/.+'$(. ' )'*+,-

/. ')2+*.@,).3*2 [c] @2)2 =)' @2):,3'>A2 4,3.'+ /'( )'*+,-.( /. )'((' .

+,0,/.- "')2+*.@,).3*2 /. L'M4.,0N&7 G((,)C (.3/2 α . β /='( @23(*'3*.(6

[c] = α[m] + β[k]. "#$!O&
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"#$%&' ( #))( *'+,%-(./' 0%-#(1 #-21# [m] # [k]3 ( +(21%4 1#)502(-2# [c]

2(+,6+ 7'&# )#1 &%(8'-(0%4(&( (21($6) &( +(21%4 +'&(0 [v]9

[cd] = [v]T [c][v] = [v]T (α[m] + β[k])[v] = α[md] + β[kd]. :;<=>?

 !"!#

$%&%' (%)*+,'

@21($6) &() +(21%4#) &%(8'-(%) &#A-%&() (-2#1%'1+#-2# [md]3 [cd] # [kd]3 6

7'))B$#0 21(-)C'1+(1 ( #D5(./' &# +'$%+#-2' &' )%)2#+( :;<E? #+ 5+ )%)2#+(

&# n #D5(.F#) &%C#1#-*%() &#)(*'70(&()9

G))( 21(-)C'1+(./' 1#71#)#-2( #+ 5+( #-'1+# 1#&5./' -' #)C'1.' *'+<

752(*%'-(0 #H%8%&' 7(1( ' *I0*50' &( 1#)7')2( &# *(&( 5+ &') 81(5) &# 0%,#1<

&(&# (' 0'-8' &' 2#+7'9 J'1 %))'3 D5(-&' 21(,(0K(<)# *'+ )%)2#+() *'+ +5%2')

81(5) &# 0%,#1&(&#3 6 5)5(0 52%0%4(1<)# &#))# (12%CB*%'9

J(1( 2(0 6 -#*#))I1%' C(4#1 5+( +5&(-.( &# *''1&#-(&()9 L/' 52%0%4(&()

() *''1&#-(&() +'&(%) {y}M

{x(t)} = [v] {y(t)} . :;<=N?

L5,)2%25%-&' :;<=N? -( #D5(./' &# +'$%+#-2' :;<E?M

[m][v] {ÿ}+ [c][v] {ẏ}+ [k][v] {y} = {f(t)} . :;<= ?

# +502%70%*(-&'<)# 7'1 [v]T M

[v]T [m][v] {ÿ}+ [v]T [c][v] {ẏ}+ [v]T [k][v] {y} = [v]T {f(t)} :;<!O?

( #D5(./' &# +'$%+#-2' &' )%)2#+( )# 2'1-(M

[md] {ÿ}+ [cd] {ẏ}+ [kd] {y} = {q} :;<!E?

'-&# {q} 1#71#)#-2( ' $#2'1 &# C'1.() #)*1%2' -() *''1&#-(&() +'&(%)M

{q(t)} = [v]T {f(t)} . :;<!=?

 !-

$./%&% &+ 01'2%'/+ +% 3*245'%

P#)2( )#./' 6 (71#)#-2(&' ' +62'&' &( 1#)7')2( (' %+750)'9 G0# 7#1+%2#

*(0*50(1 ( +6&%( &# &#)0'*(+#-2'3 (52'*'11#0(./' # &#-)%&(&# #)7#*21(0 &# 5+

)%)2#+( -<&%+#-)%'-(0 )5,+#2%&' ( C'1.(+#-2') *(1(*2#1%4(&') *'+' 71'*#))')

#)2'*I)2%*')9
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"# $%&#'(% )&*+*,#-#. % -/0+%1#2/$&% / 3%4'# 0(% 4/54/0/$&#-%0 5/+%0

6/&%4/0 {X(t)} / {F (t)} 7n× 189 :#-# 1%25%$/$&/ /0&; #00%1*#-# # )2 <4#)

-/ +*=/4-#-/. / 4/54/0/$&# )2 54%1/00% /0&%1;0&*1% -/ 5#4>2/&4% t #00%1*#-%

#% &/25%9

{X(t)} =









X1(t)
9

9

9

Xn(t)









{F (t)} =









F1(t)
9

9

9

Fn(t)









7?@AA8

B#4# 1#-# 4/#+*,#'(% -/ {F (t)}. %) 0/C# {f}. # 4/05%0&# -/ )2 -/&/42*@

$#-% <4#) -/ +*=/4-#-/ i D *<)#+ # 0%2#&E4*% -% -/0+%1#2/$&% -/ i 1#)0#-% 5%4

1#-# 1%25%$/$&/ fj -# 3%4'#. %) 0/C#F

xi(t) =
n

∑

j=1

xij(t) =
n

∑

j=1

∫

∞

−∞

fj(t− τ)gij(τ)dτ. 7?@A!8

G)5H/@0/ I)/ &%-#0 #0 1%25%$/$&/0 -/ {F (t)} 0(% 54%1/00%0 /0&%1;0&*1%0

/0&#1*%$;4*%0. %) 0/C#. &/2 2D-*# 1%$0&#$&/ µFi
/ 3)$'(% -/ 1%44/+#'(% 14),#-#

RFiFj
-/5/$-/$&/ #5/$#0 -# -*3/4/$'# /$&4/ -%*0 6#+%4/0 -% 5#4>2/&4% t. %)

0/C# τ = t2 − t19

B#4# 1#+1)+#4@0/ # 2D-*# -% 54%1/00% /0&%1;0&*1% -/ 1#-# <4#) -/ +*=/4@

-#-/ Xi(t). 5#4&/@0/ -# /I)#'(% 7?@A!8 1%2 )2 54%1/-*2/$&% 0/2/+J#$&/ #%

2%0&4#-% $% 1#5K&)+% #$&/4*%4F

E[Xi(t)] =
n

∑

j=1

∫ t

−∞

E[Fj(t− τ)]gij(τ)dτ

µXi
(t) =

n
∑

j=1

µFj

∫ t

−∞

gij(τ)dτ.

7?@A?8

L%2#$-%@0/ % +*2*&/ I)#$-% t→∞F

lim
t→∞

µXi
(t) =

n
∑

j=1

µFj
hij(0) 7?@AM8

%$-/ # *$&/<4#+

∫

∞

−∞

gij(τ)dτ 3%* 1#+1)+#-# # 5#4&*4 -/ 7!@NO89 P2 3%42#

2#&4*1*#+. # 2D-*# -/ {X(t)} D /Q54/00# 5%4F

lim
t→∞

{µX(t)} = [h(0)] {µF} . 7?@AN8

1%2F
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{µX(t)} =









µX1
(t)
"

"

"

µXn
(t)









{µF (t)} =









µF1

"

"

"

µFn









. #!$%&'

( )*+,-. / 01)2.341 3) *56.*))7*) 43 8,9:;1 4* <1..*=3:;1 * 4*9)-434*

*)6*<2.3="

>3.3 <3=<,=3.$)* 3 <1..*=3:;1 <.,?343 *92.* 1) 41-) 6.1<*))1) *)21<@)2-<1)

A,* <3.3<2*.-?30 1 4*)=1<30*921 41) +.3,) 4* =-B*.434* i * jC 1, )*D3 Xi * XjC

83?$)*E

RXiXj
(τ) = E[Xi(t)Xk(t+ τ)]

= E

[

n
∑

a=1

Xia(t).
n

∑

b=1

Xjb(t+ τ)

]

= E

[

n
∑

a=1

∫

∞

−∞

gia(α)Fa(t− α)dα.
n

∑

b=1

∫

∞

−∞

gjb(β)Fb(t+ τ − β)dβ

]

=
n

∑

a=1

n
∑

b=1

∫

∞

−∞

∫

∞

−∞

gia(α)gjb(β)E[Fa(t− α)− F(b)(t+ τ − β)]dαdβ

=
n

∑

a=1

n
∑

b=1

∫

∞

−∞

∫

∞

−∞

gia(α)gjb(β)RFaFb
(τ − β + α)dαdβ.

#!$% '

194* RFaFb
.*6.*)*923 <1..*=3:;1 <.,?343 *92.* 1) 41-) 6.1<*))1) *)21<@)2-<1)

41 81.:30*921 91) +.3,) 4* =-B*.434* a * bC 1, )*D3C Fa(t) * Fb(t)"

( 63.2-.C 4* RXiXj
C 3 4*9)-434* *)6*<2.3= <.,?343 4* Xi(t) * Xj(t) /

4*F9-43 61.E

SXiXj
(ω) =

1

2π

∫

∞

−∞

RXiXj
(τ) exp−iωτdτ #!$GH'

I*941 3) *56.*))7*) #!$% ' * #!$GH'C 614*$)* 4*F9-. 3) 032.-?*) 4*

<1..*=3:;1 * 4*9)-434* *)6*<2.3= 63.3 1 4*)=1<30*921 {X(t)}E

[RXX(τ)] =









RX1X1
(τ) · · · RX1Xn

(τ)
"

"

"

"

"

"

"

"

"

RXnX1
(τ) · · · RXnXn

(τ)









#!$GJ'
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[SXX(ω)] =









SX1X1
(ω) · · · RX1Xn

(ω)
"

"

"

"

"

"

"

"

"

SXnX1
(ω) · · · RXnXn

(ω)









#$%&'(

)* +,-./ /012,3/4 /5 ./6-78*5 9* :,--*2/;<, * 9*0579/9* *5=*:6-/2 =/-/

, +,-;/.*06, {F (t)} 5<,>

[RFF (τ)] =









RF1F1
(τ) · · · RF1Fn

(τ)
"

"

"

"

"

"

"

"

"

RFnF1
(τ) · · · RFnFn

(τ)









#$%&?(

[SFF (ω)] =









SF1F1
(ω) · · · SF1Fn

(ω)
"

"

"

"

"

"

"

"

"

SFnF1
(ω) · · · SFnFn

(ω)









#$%&&(

@, :/5, 9, 5756*./ :,. n 3-/A5 9* 27B*-9/9*4 C =,55DE*2 9*F07- A./

-*2/;<, *06-* / ./6-78 9* 9*0579/9* *5=*:6-/2 9* {X(t)} * {F (t)} 5*.*2G/06*

:,. 9*F079/ 0, :/=D6A2, /06*-7,- #&% ?(" H/-/ *0:,06-1%2/ 5AB5676A7%5* #$%? (

*. #$%&I(" J=K5 +*76/5 /23A./5 ./07=A2/;L*5 /23CB-7:/54 ,B6C.%5* , 5*3A706*

-*5A26/9,>

SXiXj
(ω) =

n
∑

a=1

n
∑

b=1

h ia(ω)hjb(ω)SFaFb
(ω). #$%&$(

,09* h ia -*=-*5*06/ , :,.=2*M, :,0NA3/9, 9* hia" O. +,-./ ./6-7:7/24 #$%&$(

C *M=-*55/ =,->

SXiXj
(ω) =

{

h i

}

[SFF (ω)]{hj}
T
. #$%&!(

@*55/ 0,6/;<,4 , 6*-.,

{

h i

}

C A. E*6,- 270G/ 9* 97.*05<, #1× n(>

{

h i

}

= [h i1 · · · h in] #$%&P(

* , 6*-., {hj}
T
C A. E*6,- :,2A0/ 9* 97.*05<, #n× 1(>

{hj}
T =









hj1(ω)
"

"

"

hjn(ω)









. #$%&Q(

)*55/ +,-./4 / *RA/;<, #$%&!( =,9* 5*- 3*0*-/278/9/ =,->
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[SXX(ω)] = [h(ω)][SFF (ω)][h(ω)]
T
. "#$% &

 !"#$%& '()(* "'()*+* +, -./0*/), ,* 12034/*&( 530*67, 83. +./.9,$/.

+.).-216,- , 2,)-1: +. +.6/1+,+. ./0.;)-,4 [SXX ] +, -./0*/), .2 +./4*;,2.6)*

+. 32 /1/).2, +. +*1/ <-,3/ +. 41=.-+,+. ;*2* 2*/)-, , ><3-, "#?@&? A B*-C,

83. ,)3, .2 m1 ( ;,-,;).-1:,+, ;*2* 32 -3D+* =-,6;* ;*2 +.6/1+,+. ./0.;)-,4

S0?

E1<3-, #?@F 51/).2, 2,//,$2*4,$,2*-).;.+*- ;*2 @ <-,3/ +. 41=.-+,+.?

A .83,CG* +. 2*H12.6)* +.).-216D/)1;, +* /1/).2, ( +,+, 0*-F

[m] {ẍ(t)}+ [c] {ẋ(t)}+ [k] {x(t)} = {f(t)} "#$#I&

*6+.F

[m] =

[

m1 0

0 m2

]

[c] =

[

c1 + c2 −c2

−c2 c2 + c3

]

"#$#J&

[k] =

[

k1 + k2 −k2

−k2 k2

]

{f(t)} =

[

f1(t)

0

]

"#$#@&

A 2,)-1: ;*2 ,/ B36CK./ +. )-,6/B.-L6;1,/ [H (ω)] ( +.).-216,+, ,)-,H(/

+* 16H.-/* +, 2,)-1: [Z(ω)] "#$M&F

[Z(ω)] = −ω2[m] + iω[c] + [k] "#$#M&

[H (ω)] = [Z(ω)]−1 =

=
1

det[Z]

[

−m2ω
2 + iω(c2 + c3) + k2 iωc2 + k2

iωc2 + k2 −m1ω
2 + iω(c1 + c2) + (k1 + k2)

]

*6+.F
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det[Z] = ω4(m1 m2)− iω3(m2c1 +m2c2 +m1c2 +m1c3) +

− ω2(m2k1 +m2k2 + c2c1 + c3c1 + c3c2 + k2m1) +

+ iω(c2k1 + c3k1 + c3k2 + k2c1) + k2k1

"#$#%&

'()( *( +,+-.)/ +0 12 3(45/ /-6/*7( .) m1 "6) 4687( 94/*:(&; / )/-4,<

7. 7.*+,7/7. .+=.:-4/> 7. F ?/>.@

[SFF (ω)] =

[

S0 0

0 0

]

. "#$##&

A++,); =.>/ .B=4.++C( "#$% & :/7/ .>.).*-( 7/ )/-4,< 7. 7.*+,7/7.

.+=.:-4/> 7/ 4.+=(+-/ 7( +,+-.)/ X D@

SX1X1
(ω) = H11(ω) S0 H11(ω)

SX1X2
(ω) = H11(ω) S0 H21(ω)

SX2X1
(ω) = H21(ω) S0 H11(ω)

SX2X2
(ω) = H21(ω) S0 H21(ω).

"#$#E&

A FG64/ "#HI& )(+-4/ (+ G42F:(+ -4/5/7(+ .) JAKLAM /-4/?D+ 7/ 4(-,*/

 !"#$%!&'(!$%)$*+,-%./$) =/4/ SX1X1
. SX2X2

.) 36*5C( 7/ 34.N6O*:,/H

P(4/) 6-,>,</7(+ (+ +.G6,*-.+ ?/>(4.+ 7. :(*+-/*-.+@ m1 = 0.99 QRGS; m2 = 1.00

QRGS; k1 = 3.00 QTU)S; k2 = 5.00 QTU)S; c1 = 0.10 QRGU+S; c2 = 1.00 10−4 QRGU+S

. c3 = 0.10 QRGU+SH

P,G64/ #HI@ V.*+,7/7. W+=.:-4/> 7. SX1X1
. SX2X2

$ JD-(7( 7/ X.+=(+-/ /(

Y)=6>+(
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PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+,-!./01 21$'341$+3!1 05 6+1$05!1 3'5 7!+1 80 95 :-!%

;+,0-8!80   

 !"

#$%&'& '&( #&'&( )&*+,-(

!"#$% #"&'( ) %*+"#",$%-( ( .)$(-( -(# .(-(# ,(+.%/#0 12" *"+./$"

3%2342%+ % .)-/% -" -"#2(3%.",$(5 %4$(3(++"2%&'( " -",#/-%-" "#*"3$+%2 -"

4. #/#$".% 3(. n 6+%4# -" 2/7"+-%-" #47."$/-( % 8(+&%.",$(# 3%+%3$"+/9%-(#

3(.( *+(3"##(# "#$(3:#$/3(# "+6;-/3(#0

<(.( -/$( ,% /,$+(-4&'( -( 3%*=$42(5 %*2/3%>#" "##" .)$(-( ?4%,-(

( #/#$".% "#$: "#3+/$( ". 3((+-",%-%# .(-%/# @A>BCD0 E##/.5 ,% ,($%&'(

4$/2/9%-%5 ( -"#2(3%.",$( " 8(+&% @3((+-",%-%# .(-%/#D #'( +"*+"#",$%-(# *"2(#

F"$(+"# {Y (t)} " {Q(t)} @n × 1D0 <%-% 3(.*(,",$" "#$: %##(3/%-% % 4. 6+%4

-" 2/7"+-%-"5 " +"*+"#",$% 4. *+(3"##( "#$(3:#$/3(0

{Y (t)} =









Y1(t)
0

0

0

Yn(t)









{Q(t)} =









Q1(t)
0

0

0

Qn(t)









@A>AGD

E 3%-% +"%2/9%&'( -" {Q(t)}5 % +"#*(#$% -"$"+./,=#$/3% {y} *(-" #"+

"#3+/$% ". 3((+-",%-%# {x} 7%#$%,-( %*2/3%+ % +"2%&'( -" $+%,#8(+.%&'( -"

3((+-",%-%# @A>HID0 E##/.5 *%+% 4. -"$"+./,%-( 6+%4 -" 2/7"+-%-" i5 *(-">#"

"#3+"F"+J

xi(t) =
n

∑

j=1

vij yj(t). @A>AID

K47#$/$4/,-( @A>AID ,% "L*+"##'( -% 3(++"2%&'(J

RXiXj
(τ) = E[Xi(t)Xk(t+ τ)]

= E

[

n
∑

a=1

n
∑

b=1

viavjbYa(t)Yb(t+ τ)

]

.

@A>A D

!( M)$(-( -% N"#*(#$% %( O.*42#( %*+"#",$%-( ,% #"&'( %,$"+/(+5 *%+%

3%2342%+>#" % 3(++"2%&'( ",$+" -(/# 6+%4# -" 2/7"+-%-" i " j 8(/ 4$/2/9%-% %

"L*+"##'( @A>BPD "5 *(#$"+/(+.",$" 4$/2/9%-(# (# $"+.(# -% .%$+/9 [g] -" 84,&Q"#

-" +"#*(#$% %( /.*42#( @A>RD0

!"#$% #"&'(5 4. *+(3"-/.",$( .4/$( #"."2S%,$" ) 8"/$(0 T(+).5 3(.(

4$/2/9%>#" %# 3((+-",%-%# .(-%/#5 4. /.*(+$%,$" -"$%2S" -"F" #"+ +"##%2$%-(J

% .%$+/9 -" 84,&Q"# -" +"#*(#$% %( /.*42#( "#3+/$% ". 3((+-",%-%# .(-%/#5

[g⋆]5 ) -/8"+",$" -" [g]0
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"#$%&'()* +,# ' #+,'-.* )# $*/0$#(1* 2*0 1&'(32*&$')' #$ ,$ 3031#$'

)# n #+,'-4#3 )#3'5*67')'3 89:; <= [g⋆] > ,$' $'1&0? )0'@*('7A B')' 1#&$*

)02#&#(1# )# ?#&* #+,0/'7# C &#36*31' '* 0$6,73* )# ,$ 3031#$' )#  @&', )#

70%#&)')# #= 6*&1'(1*D

[h⋆(ω)] =









h⋆
1 (ω) · · · 0
A

A

A

A

A

A

A

A

A

0 · · · h⋆
n(ω)









[g⋆(t)] =









g⋆1(t) · · · 0
A

A

A

A

A

A

A

A

A

0 · · · g⋆n(t)









89:E!<

*()#D

h⋆
i (ω) =

1

−mdiω
2 − icdiω + kdi

. 89:E <

B*(F#5#()*:3# *3 1#&$*3 )' $'1&0? [g⋆]= 6'&' 5')' &#'70?'-.* )* 2*&-':

$#(1* {Q(t)}= ' &#36*31' )# 5')' 5**&)#(')' $*)'7 yi > #G6&#33' 6*&D

yi =

∫ t

0

qi(τ)g
⋆
i (t− τ)dτ. 89:EH<

I,%3101,0()* 89:EH< #$ 89:9J< # 2'?#()* ' K&'(32*&$')' )# L*,&0#& )#

RXiXj
= 5F#@':3# '* 3#@,0(1# &#3,71'()* '6M3 '7@,$'3 $'(06,7'-4#3 '7@>%&05'3D

SXiXj
(ω) =

n
∑

a=1

n
∑

b=1

viavjbh
⋆
a(ω)h

⋆
b (ω)SQaQb

. 89:E;<

N$ (*1'-.* $'1&050'7D

[SXX(ω)] = [v][h
⋆
(ω)][SQQ(ω)][h

⋆(ω)][v]T 89:EO<

*()# [SQQ] > ' $'1&0? )# )#(30)')# #36#51&'7 )'3 2*&-'3 #$ 5**&)#(')'3

$*)'03A N7' 3# &#7'50*(' 5*$ [SFF ] '1&'/>3 )' 3#@,0(1# #G6&#33.*D

[SQQ(ω)] = [v]T [SFF (ω)][v] 89:E9<

 !"#$%& '()(* 8P>1*)* )*3 $*)*3 (*&$'03<( Q' R@,&' 89A;< )* #G#$67*

'(1#&0*& 9A;A 3.* $*31&')*3 *3 @&SR5*3 )# SX1X1
# SX2X2

&#2#&#(1#3 '* 3031#$'

89AH< 5'75,7')*3 6#7' #G6&#33.* '('7T105' )* P>1*)* )' U#36*31' '* V$6,73*A

I,6*(F' '@*&' +,# 3# )#3#W'D

 A 5*$6'&'& #33#3 &#3,71')*3 5*$ SX1X1
# SX2X2

5'75,7')*3 6#7* P>1*)*

)*3 P*)*3 Q*&$'03X

HA 2'?#& ,$' #310$'-.* )# SX1X1
# SX2X2

6#7* $>1*)* )# P*(1# B'&7*= 5*$

104 &#'70?'-4#3 )* )#37*5'$#(1* )# {X(t)}A

V@,'7$#(1# '* #G#$67* )' 3#-.* '(1#&0*&= 5*(30)#&':3# ' 2*&-' '1,'(1#

#$ m1 ,$ &,T)* %&'(5* S0A Y330$= '3 #G6&#334#3 '('7T105'3 ,1070?')'3 6'&'
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"#$"%$#& # '#(&)* +, +,-.)+#+, ,./,"(&#$ ,.(01 +,2-)+#. -#. ,3%#45,. 6789:; ,

67897;< 1-+, "#+# "1$%-# +# '#(&)* [v] = %' '1+1 +, >)?&#401 +1 .).(,'#< ,

[SFF ] = +#+# /1& 67877;@ A,..# B1&'#C

[SXX(ω)] = [v][h
⋆
(ω)][v]T [SFF (ω)][v][h

⋆(ω)][v]T . 67899;

D. '#(&)*,. +, '#..# [m]< &)E)+,* [k] , #'1&(,")',-(1 [c] .01 1?()+#. /1&

6787 ; 6787F; "1-.)+,&#-+18., 1. ',.'1. >#$1&,. +, m1<m2< k1< k2< c1< c2 , c3 +1

,G,'/$1 +# .,401 #-(,&)1&@ H..,. >#$1&,. /,&')(,' "1-.)+,&#& [c] /&1/1&")1-#$

I. '#(&)*,. +, '#..# , &)E)+,* 6-1 "#.1 "1' α = 0.10 , β = 2.00 × 105;@

D ,3%#401 +, '1>)',-(1 +,(,&')-J.()"# +1 .).(,'# ,."&)(1 ,' "11&+,-#8

+#. '1+#). = '1.(&#+# ,' 6789K;< 1-+, #. '#(&)*,. +)#E1-#). [md]< [kd]< , [cd]

.01 "#$"%$#+#. &,./,"()>#',-(, /1& 678FF; 678FL; , 678F9;@

[md] {ÿ(t)}+ [cd] {ẏ(t)}+ [kd] {y(t)} = {q(t)} . 6789K;

H' "11&+,-#+#. '1+#).< "#+# &,#$)*#401 +# B1&4# {f} = ,G/&,..# /1&C

{q(t)} = [v]T {f(t)} 6789M;

1 +,.$1"#',-(1 yi /1& 6789N;< , 1 +,.$1"#',-(1 xi /1& 678K!;C

yi(t) =

∫ t

0

qi(t)g
⋆
i (t− τ)dτ

g⋆i (t) =
1

mdi ωd

e−ζωnt sinωd t

6789N;

xi(t) =
2

∑

j=1

vij yj(t). 678K!;

O#$, 1?.,&>#& 3%, # %()$)*#401 +, "11&+,-#+#. '1+#). .)'/$)2"# '%)(1

1 "P$"%$1 +, "#+# &,#$)*#401 +, {X(t)}@ Q1).< "#.1 ,..# (&#-.B1&'#401 -01

.,R# B,)(#< #. ,G/&,..5,. +, 6789N; -01 /1+,' .,& %()$)*#+#. , 1 +,.$1"#',-(1

+,>, .,& "#$"%$#+1 #(&#>=. +, 678L:; 61-+, "#+# B%-401 gij = 1?()+# /,$#

S&#-.B1&'#+# +, T1%&),& +1. (,&'1. +, [h ];@

D. ,.()'#()>#. +, SX1X1
, SX2X2

< 1?()+#. # /#&()& +, &,#$)*#45,. +1

+,.$1"#',-(1 {X(t)}< .01 B,)(#. #(&#>=. +# ,3%#401 6:89 ;@

D &1()-#  !"#$%!&'()*)$+),-./$ )'/$,',-(#+# ,' UDSVDW

B#* 1 "P$"%$1 +,..#. ,.()'#()>#. +, SX1X1
, SX2X2

@ X1 "Y+)E1 +,.,->1$>)+1<

/#&# "#+# .)'%$#401 +1 .).(,'# ',"Z-)"1< %'# &,#$)*#401 +1 B1&4#',-(1

{f} = 1?()+# #(&#>=. +# &1()-# 0!,.*),'12/*)3,."&) ,< 1 +,.$1"#',-(1
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#$%%&'($)*&)+&, {x(t)}, - #./#0/.*$ ($% 1234!56

7 890%. 126:5 ;$'+%. $' 9%<8#$' *& SX1X1
& SX2X2

$=+>*$'6 ?$;$

&'(&%.*$, $ %&'0/+.*$ *. &@(%&''A$ .)./B+>#. #$>)#>*& #$; $ &'+>;.*$ .+%.C-'

*.' %&./>D.EF&' *& {X(t)}6

G>90%. 26:H I&)'>*.*& J'(&#+%./ *& SX1X1
& SX2X2

3 K-+$*$ *$' K$*$' L$%;.>'
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