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"#$%& '" ()'*" "& %&'+*,'- *./&%0.1*'" &"2'23"2*1'" 4'%' &52%'*% *./#%-'67&" "#8

$%& '" #$"&%9'67&":

;" &2'4'" <# -=2#<# <& >#.2& ?'%+# "@# 2*4*1'-&.2&A

 : B&%'% %&'+*,'67&" <& )-' 9'%*C9&+ #) 9&2#% '+&'2D%*# 1#- )-' <&2&%-*8

.'<' <*"2%*$)*6@# <& 4%#$'$*+*<'<&:

E: F&'+*,'% 1C+1)+#" <&2&%-*.3"2*1#" )"'.<# 1'<' )-' <'" '-#"2%'" G&%'<'":

H: ;G%&G'% #" %&")+2'<#" <#" 1C+1)+#" <&2&%-*.3"2*1#" .# %&")+2'<# I.'+

<&"&J'<# K&"2'23"2*1'" #) '4%#5*-'67&" <' <*"2%*$)*6@# <& 4%#$'$*+*<'<&

<' %&"4#"2'L:

M: N',&% )-' '.C+*"& <' 1#.9&%G0.1*' <' %&"4#"2'O #) "&J'O '""&G)%'%8"&

()& #" %&")+2'<#" "@# %&4%&"&.2'2*9#" & ()& '+2&%'.<#8"& # .P-&%# <&

%&'+*,'67&" <' 9'%*C9&+ #) 9&2#% '+&'2D%*#O '" &"2'23"2*1'" <' %&"4#"2'

4&%-'.&1&- <&.2%# <& )-' -'%G&- <& &%%# 4%&"1%*2':

N*G)%' E: A >=2#<# <& >#.2& ?'%+#:

?#-# # -=2#<# 2*4*1'-&.2& &.9#+9& ' G&%'6@# <& #$"&%9'67&" <& '+G)-'

<*"2%*$)*6@# <& 4%#$'$*+*<'<&O 2#%.'8"& *.<*"4&."C9&+ &"2)<'%8"& G&%'6@# <&

9'%*C9&*" & 9&2#%&" '+&'2D%*#" 4'%' 4#<&%8"& 2%'$'+Q'% 1#- >#.2& ?'%+#:

R"2& 1'432)+# = <&<*1'<# '# &"2)<# <& G&%'<#%&" <& '-#"2%'" <& 9'%*C9&*"

'+&'2D%*'" %&'*": S.*1*'+-&.2& "@# 2%'2'<#" #" 1'"#" <& <*"2%*$)*6@# <& 4%#$'$*8

+*<'<& ).*/#%-& KG&%'<#%&" $'"&'<#" &- 1#.G%)0.1*' +*.&'%L & 4#"2&%*#%-&.2&

#" 1'"#" <& #)2%'" <*"2%*$)*67&" K-=2#<# <' T%'."/#%-'<' S.9&%"'L: ;+G)."

'+G#%*2-#" )2*+*,'<#" 4'%' ' G&%'6@# "@# <&"1%*2#" '# +#.G# <# 1'432)+# &O .'

2&%1&*%' "&6@# = /&*2' )-' '.C+*"& <' *.U)0.1*' <#" 9'+#%&" <#" 4'%V-&2%#" <&"8

"&" '+G#%*2-#": F&")+2'<#" <& G&%'<#%&" *-4+&-&.2'<#" &-  !"#!$ & <#*"

-=2#<#" <& 2&"2&" 4'%' ' 9'+*<'6@# <#" G&%'<#%&" "@# '4%&"&.2'<#" .# I.'+ <#

1'432)+#:
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"#$%&'$ &# ()'*+$%* &# ,%$-./#-* (0#%+1$-%*

"#$%& $#'() *& *+$$#,%&'() $() -)$%,&*)$ )$ .,+/01.+)$ 23$+0)$ &$$)0+&*)$

4 5#,&'() *# &-)$%,&$ *# 6&,+36#+$ &7#&%8,+&$ ,#&+$9

:-& 6&,+36#7 &7#&%8,+& ,#&7 ; *#</+*& 0)-) =-& >=/'() ,#&7 X ?=# &$$)0+&

& 0&*& .)/%) &-)$%,& @A .#,%#/0#/%# &) #$.&') *# &-)$%,&$ ΩA =- /B-#,)

x(@) ∈ R CDEF C GF9

X : Ω 7−→ R

@ 7−→ x(@).
HDI J

K /)%&'() =%+7+L&*& .&,& ,#.,#$#/%&, 6&,+36#+$ &7#&%8,+&$ $() 7#%,&$ -&+B$I

0=7&$9 M -&.& ,#.,#$#/%&*) #- HDI J ; #$?=#-&%+L&*) /& <5=,& HD9DJ9

N+5=,& D9DO P&,+36#7 &7#&%8,+& H-&.& *# Ω .&,& RJ9

K *+$%,+2=+'() *# .,)2&2+7+*&*#A P A *# =-& 6&,+36#7 &7#&%8,+&A XA ;

*#</+*& .#7& >=/'()O

P : R 7−→ [0, 1]

x 7−→ P (x) = Pr({@ ∈ Ω : X(@) ≤ x})
HDIDJ

)/*# Pr({@ ∈ Ω : X(@) ≤ x}) +/*+0& & .,)2&2+7+*&*# *# X &$$=-+, =- 6&7),

-#/), )= +5=&7 & x9 Q), #$$# -)%+6)A ; =$=&7 =%+7+L&, & /)%&'() $+-.7+<0&*&O

P (x) = Pr(X ≤ x). HDIRJ

K >=/'() *#/$+*&*# *# .,)2&2+7+*&*#A pA *# =-& 6&,+36#7 &7#&%8,+& ,#&7 #

0)/%1/=& X ; *#</+*& 0)- & *#,+6&*& *& $=& >=/'() *+$%,+2=+'() *# .,)2&2+I

7+*&*#A )= $#S&O

p(x) =
d

dX
P (x). HDITJ

DBD
PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+$',' ,- *'.$-  !/&'  !

"#$%&' &()(*$+)( ,(-$- $.')/-$- &( #.$ 0$-120(3 $3($/4-1$ -($35 X5 6'.

#.$ &(%)1&$&( &( 7-'8$8131&$&( p5 8#)6$+)( '8/(- #.$ )(9#:%61$ &( 0$3'-()

{xi}i∈N5 6'. xi ∈ R, ∀i 9#( -(7-()(%/(. -($31;$<=() &( X>

?#1/') 310-') ( $-/1,') 6@$.$. ') ,(-$&'-() &( $.')/-$) &( 0$-120(1)

$3($/4-1$) A-(9#(%/(.(%/( &( ,(-$&'-() &( %B.(-') $3($/4-1') C !"+ !"#$%

&'%()* +)")*!,$* D> E8$1F' )(,#( #.$ 31)/$ 6'. ') 7-1%617$1) -(9#1)1/') &(

#.  !"5 ()7(-$+)( 9#( (3(G

 > )(*$ -271&'5 7'1) (. )#$) $7316$<=() 7'&(. )(- %(6())2-1' ,(-$- .13@=()

&( $.')/-$)>

H> )(*$ -(7(/I0(35 7$-$ /'-%$- 7'))I0(3 #.$ &(7#-$<J' &' 7-'6())'>

K> )(*$ 7$))I0(3 &( $%231)(5 7$-$ 7'&(-+)( ()/#&$- $) 7-'7-1(&$&() &$ )#$

&1)/-18#1<J' &( 7-'8$8131&$&(>

L> /(%@$ #. 3'%,' 7(-I'&'>

M> )(*$ $7$-(%/(.(%/( $3($/4-1' 7$-$ $ $7316$<J' $ 9#$3 N &()/1%$&'>

O' 1%I61' &' &()(%0'301.(%/' &( ,(-$&'-()5 .#1/$) /N6%16$) @I8-1&$) &(

)1)/(.$) $%$34,16') ( &1,1/$1) A'-$. (F7(-1.(%/$&$)> P'.' (F(.73'5 /(.+)(

') 61-6#1/') (3(/-Q%16') ,(-$&'-() &( -#I&' 8-$%6'> O' (%/$%/'5 ()/() .N/'&')

$7-()(%/$0$. .#1/$) &()0$%/$,(%)G (-$. .#1/' 3(%/')5 %J' -(7(/I0(1)5 /(%&1$.

$ /'-%$-+)( /(%&(%61')') (5 (F1,1$. (9#17$.(%/') .#1/' ()7(61$31;$&')> R'-

1))'5 ())$) /N6%16$) A'-$. )(%&' )#8)/1/#I&$) 6'. ' 7$))$- &') $%')> S'*(5

7-$/16$.(%/( /'&') ') ,(-$&'-() )J' 8$)($&') (. $3,'-1/.')>

P'.' ' 6'.7#/$&'- N #. &1)7')1/10' &(/(-.1%I)/16'5 7'&( 7$-(6(- 1.+

7'))I0(3 9#( (3( )(*$ #/131;$&' 6'.' #. ,(-$&'-> T( A$/'5 $.')/-$) ,(-$&$) 7'-

6'.7#/$&'-() )J' '8/1&$) $/-$0N) &( $3,'-1/.') &(/(-.1%I)/16')> O' (%/$%/'5

(3$) 7$-(6(. )(- $3($/4-1$) (5 7$-$ 6'%U-.$- ())( 6'.7'-/$.(%/'5 &(0(-1$.

)(- )#8.(/1&$) $ -1,'-')') /()/()> ?#1/$) 0(;()5 ())$) $.')/-$) )J' 6@$.$&$)

&( -./)'#$0!1)!,2*3!/- VKWX>

Y. V HX5 ' $#/'- Z%#/@ &()6-(0( #.$ /(%/$/10$ 1%161$3 &( )#$ 7$-/( %$

6'%)/-#<J' &( #. ,(-$&'- &( $.')/-$) &( 0$-120(1) $3($/4-1$)> Y3( ()6-(0(# #.

$3,'-1/.' 9#( /-$8$3@$0$ 6'. %B.(-') &(61.$1) &(  W &I,1/')5 ,(-$%&' #.$

)(9#:%61$ &( 0$3'-() {xi}i∈N $ 7$-/1- &( #. 0$3'- 1%161$3>

[ $3,'-1/.' &( Z%#/@5 N &()6-1/' $ )(,#1-> T$&' ' 0$3'- xi5 xi+1 N

6$36#3$&' $/-$0N) &$) )(,#1%/() (/$7$)G

\ [  !] P$36#3(G n = xi

109
5 ' &I,1/' .$1) )1,%1U6$/10' &( xi> CE %'/$<J'

a = ⌊b⌋ )1,%1U6$ 9#( a N ' .$1'- 1%/(1-' 6'. a ≤ b>D [) 7$))')  "− !#

)J' -(7(/1&') n+ 1 0(;()>
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" [  !] #$%&'%( ) *(+',-) -.+/0) 1$/* */+,/2&$0/3) -( xi 4m = xi

109
56 ( 37

8$9$ $ (0$8$  "+#:

" [  "] #$*) xi < 5.000.000.0006 ;$<$ xi ← xi + 5.000.000.000:

" [  $] ='>*0/0'$ ) 3$%)9 -( xi 8)9

⌊

x2
i

105

⌋

mod 1010: ?$ )8(9$<@) z =

y mod m6 -/AB*( C'( z D &),+9'(,0( $ y 1E-'%) m6 *( z − y ;)9 -/3/*.3(%

8)9 m:

" [  %] ='>*0/0'$ ) 3$%)9 -( xi 8)9 (1001001001 xi) mod 1010:

" [  &] #$*) xi < 100.000.0006 ;$<$ xi ← xi + 9.814.055.677: #$*)

&),0979/)6 ;$<$ xi ← 1010 − xi:

" [  '] F$<$ xi ← 105 (xi mod 105) +
⌊

xi

105

⌋

:

" [  (] ='>*0/0'$ ) 3$%)9 -( xi 8)9 (1001001001 xi) mod 1010:

" [  )] G/1/,'$ &$-$ -.+/0) -/;(9(,0( -( A(9) -$ 9(89(*(,0$<@) -(&/1$% -(

xi -( '1$ ',/-$-(:

" [  *+] #$*) xi < 1056 ;$<$ xi ← x2
i + 99999: #$*) &),0979/)6 ;$<$

xi ← xi − 99999:

" [  **] #$*) xi > 0 ( xi < 1096 ;$<$ xi ← 10xi ( 9(8/0$ (**( 8$**):

" [  *!] ='>*0/0'$ ) 3$%)9 -( xi 8)9

⌊

xi(xi−l)
105

⌋

mod 1010:

" [  *"] #$*) n > 06 ;$<$ n ← n − 1 ( 3)%0( $) 8$**)  !: #$*) n = 06

) $%+)9/01) 0(91/,$ &)1 ) 3$%)9 $0'$% -( xi *(,-) ) 89EH/1) 3$%)9 -$

*(C'I,&/$6 )' *(J$ xi+1 = xi:

K8(*$9 -( (H0(,*)6 L,'0M 3(9/2&)' C'( *(' $%+)9/01) 8)-/$ &),3(9+/9

9$8/-$1(,0( 8$9$ '1 8),0) 2H): K%D1 -/**)6 0(*0$,-)B)6 (%( 8(9&(>(' C'(6

1(*1) '0/%/A$,-) -/;(9(,0(* 3$%)9(* /,/&/$/*6 $ *(C'I,&/$ -( ,N1(9)* &)1(<$3$

9$8/-$1(,0( $ *( 9(8(0/9:

G(**$ ;)91$6 ) $%+)9/01) -( L,'0M D '1 (H&(%(,0( (H(18%) -( C'( $

'1$ +9$,-( &)18%(H/-$-( (1 '1 $%+)9/01) ,@) +$9$,0( C'( (%( *(97 '1

>)1 +(9$-)9 -( $1)*09$* -( 3$9/73(/* $%($0E9/$*: O'/0$* 3(A(*6 $ &)18%(H/-$-(

(*&),-( ) &)18)90$1(,0) -( 9(8(0/<@) -)* ,N1(9)* +(9$-)*: P $**/16 &),&%'/B

*( C'(Q  !"#$% # &' ( %)*(')#  +' $,%) # -." &'('! #'% /'% & # 0"! 1! !2$"&"

'#0"+3)&"  "  0 #" RS T:

?$ *(C'I,&/$ -( $1)*09$*6 x1, x2, · · · , xi, · · · &)1 xi ∈ R, ∀i ∈ N6

89)-'A/-$ 8)9 +(9$-)9(* >$*($-)* (1 $%+)9/01)*6 ) 0(91) xn D -(2,/-) $09$3D*

-( '1$ ;',<@) f -(8(,-(,0( -( $%+'1$* 3$9/73(/* ( 8$9U1(09)*Q

xi = f(3$9/73(/*, 8$9U1(09)*) 4 BV5

#$-$ 3(A C'( '1$ $1)*09$ D 9(C'/*/0$-$ $) +(9$-)96 ) $%+)9/01) &$%&'%$

$ ;',<@) f 89(*&9/0$ '0/%/A$,-) )* 8$9U1(09)* ( 3$%)9(* $0'$/* -( *'$* 3$9/73(/*:
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"#$%&'#()#* +, -%$.'#)$+, /% 01(23+ ,3+ 4%&+$#, 56+, #* + 71# '1/% /#

%'+,)$% -%$% %'+,)$% ,3+ %, 4%$894#8,:

;, 4%$894#8, -+/#' ,#$ 71%()8/%/#, #6)#$(%, %+ %&<+$8)'+* +1 4%&+$#,

%$'%=#(%/+, 8()#$(%'#()# 71# '1/%' % >%/% 8)#$%23+ ?(#,,# >%,+* %, 4%$894#8,

$#>#@#' + (+'# /# ,#'#()#,A: B1%(/+ + 4%&+$ /% 4%$894#& C %)$8@1D/% -+$ 1'

-$+>#,,+ #6)#$(+* /85>1&)%E,# '18)+ 71# % <#$%23+ /# 1'% ,#71F(>8% /# (G'#$+,

,#H% $#-#)D4#&: I+$ #,)% $%=3+* % 4%$894#& /#4# ,#$ <#$%/% 8()#$(%'#()# J 01(23+

f : K'% #6>#23+ % #,,% $#<$% C % %)$8@1823+ /+ -$8'#8$+ 4%&+$ x0:

L18)+, %&<+$8)'+, ,8'-&85>%' + >9&>1&+ /+, (G'#$+, %&#%)M$8+,* 1)8&8E

=%(/+ >+'+ ,#'#()# -%$% % <#$%23+ + 4%&+$ xi + -$M-$8+ 4%&+$ /# xi−1:

N%, -$M68'%, ,#2O#, /#,)# >%-D)1&+* 0%=E,# 1' #,)1/+ /# %&<1(, %&<+$8)'+,

<#$%/+$#, /# (G'#$+, %&#%)M$8+, -+,)#$8+$#, %+ ;&<+$8)'+ P(1)Q %-$#,#()%/+:

R,,#, <#$%/+$#, ,3+ >Q%'%/+,  !"#$%"!& $! '(%&)"#& $! *#"+,-!+& '.!#)/"+#&

0%" 1%23"4526+# .+2!#" E  !"#$ # <%$%()#' 71# %, ,#71F(>8%, -+$ #&#,

<#$%/%, -+,,1#' >#$)%, >%$%>)#$D,)8>%, /#,#H94#8,:

 !"

#$%&'(%$) '$ *+(),%&) '$ -&%./0$.) *1$&,2%.&) 3&)$&'() $+ 4(56%7859

:.& 1.5$&%

N#,)% ,#23+ /% /8,,#$)%23+* %(%&8,%E,# 'C)+/+, -%$% <#$%$ 1'% ,#71F(>8%

/# %'+,)$%, /# 4%$894#8, %&#%)M$8%, >+' 1'% /8,)$8@1823+ /# -$+@%@8&8/%/#

1(80+$'#: S#()$# #,,% >&%,,# /# <#$%/+$#,* +, /# >+(<$1F(>8% &8(#%$ 0+$'%' %

@%,# /+, %&<+$8)'+, '%8, 1)8&8=%/+, (% %)1%&8/%/#:

R,)# <#$%/+$ #(4+&4# )$F, -%$.'#)$+, 56+, a* c # m # )%'@C' 1' 4%&+$

8(8>8%& x0 ?% ,#'#()#A: ; ,#71F(>8% /# (G'#$+, <#$%/%, -+/# ,#$ /#5(8/% >+'+T

xi+1 = (a xi + c) mod m ∀i ∈ N ? EUA

V+'+ H9 /#5(8/+ %()#$8+$'#()#* (% +-#$%23+ z = y mod m* /8=E,# 71# z

C >+(<$1#()# % y 'M/1&+ m* ,# z−y 0+$ /848,D4#& -+$ m: I+$ #6#'-&+* )+'%(/+E

,#T a = 13* c = 0* m = 31 # x0 = 1* +, -$8'#8$+, )#$'+, /% ,#71F(>8% /#5(8/%

#' ? EUA 4%&#'T

1, 13, 14, 27, 10, 6, 16, 22, 7, 29, 5, 3, · · ·

N#,,# #6#'-&+* -+/#E,# +@,#$4%$ 71# +, -$8'#8$+, WX )#$'+, /% ,#71F(>8%

,3+ 1'% -#$'1)%23+ /+, 8()#8$+, /# ! % WX #* % -%$)8$ /+ )$8<C,8'+ -$8'#8$+

)#$'+* % ,#71F(>8% >+'#2% % ,# $#-#)8$: S#,,% 0+$'%* #&% -+,,18 1' -#$D+/+

8<1%& % m− 1:

I%$% +@)#$E,# 1'% ,#71F(>8% /# 4%&+$#, /8,)$8@1D/+, 1(80+$'#'#()# (+

8()#$4%&+ [0, 1]* @%,)% /848/8$ +, 4%&+$#, +@)8/+, -+$ m: N+ #6#'-&+ %>8'%* %

,#71F(>8% -%,,% % ,#$T
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 !"#$%&' () *+$',' ,- *'.$-  !/&'   

0.032 0.419, 0.451, 0.871, 0.322, 0.193, 0.516, · · ·

!"#$%&$ '"( [2])

a ≥ 2 * +,-

$./01+2( "13 4(%(5367839:$ #353 * +;-)

xi+k =

(

akxi +
(ak − 1)c

a− 1

)

mod m * +<-

 !"

#$%&'()%*+ ,* -(%$,*% .$+($,* (' /*01%23045$ 650($%

=(2/3 2(9:$ &3 &722(5/39:$> 2:$ 3#5(2(%/3&32 364"132 71#$5/3%/(2 ?$%27+

&(539@(2 %3 (2?$6A3 &$2 B36$5(2 &$2 #35C1(/5$2 a> c (m &$ 4(53&$5 &( 31$2/532

&( B357DB(72 36(3/E5732 .32(3&$ (1 ?$%45"F%?73 67%(35G

H 137$5 %I1(5$ #$22JB(6 &( &7K(5(%/(2 B36$5(2 4(53&$2 #$5 "1  !"#$ 0

74"36 3 m> $ 1E&"6$G L$5 (2/( 1$/7B$> (1 '"36'"(5 3#67?39:$ 5(36> &(2(M3+2( '"(

m 2(M3 $ 137$5 #$22JB(6> #$5 (N(1#6$> 232G O67D2> "13 (2?$6A3 #353 m &3 K$513

2k> $%&( k 0 $ /313%A$ &3 #363B53 &$ ?$1#"/3&$5 * !"#$%&'() + /313%A$ &$

5(472/53&$5 &$ #5$?(223&$5-> #$&( 2(5 71#6(1(%/3&3 1"7/$ (P?7(%/(1(%/( QRSTG

U223 (P?7F%?73 (2/D 322$?73&3 3 K$513 ?$1$ $ ?$1#"/3&$5> '"( 0 "1

&72#$27/7B$ .7%D57$> ?36?"63 3 &7B72:$ %3 $#(539:$ &$ 1E&"6$G H ?D6?"6$ &$ 5(2/$

&( "13 &7B72:$ K(7/3 (1 %$/39:$ .7%D573 *?"M$ &7B72$5 2(M3 "13 #$/F%?73 &(  - 0

1"7/$ 271#6(2G V32/3 367%A35 #(63 &75(7/3 $ &7B72$5 ( $ &7B7&(%&$ 5(#5(2(%/3&$2

(1 %$/39:$ .7%D573 (> $ 5(2"6/3&$ &$ 5(2/$ &3 &7B72:$ 0 &3&$ #(6$2 36435721$2 &$

&7B7&(%&$ '"( ?$55(2#$%&(1 3$2 8(5$2 &$ &7B72$5G =3 /3.(63 * GW- 0 1$2/53&$

"1 (N(1#6$G

#%&'()% *+,-.'/ #%&'()% 0-123-'

X7B7&(%&$ WR WWSW

X7B72$5 Y WSS

Z(2/$ SW

[3.(63  GW) \D6?"6$ &$ 5(2/$ &( "13 &7B72:$ (1 5(#5(2(%/39:$ .7%D573 #353

&7B72$5 2(%&$ "13 #$/F%?73 &(  G

]36( $.2(5B35 '"( 32 #$/F%?732 &(  (1 5(#5(2(%/39:$ .7%D573 2:$ ?$1+

#$2/32 3#(%32 #$5 "1 &J47/$ W 2(4"7&$2 &( 8(5$2> ?$1$ 1$2/53&$ %3 /3.(63

* G -G

X(223 K$513> $.2(5B3+2( '"( '"3%&$ $ 1E&"6$ &3 (N#5(22:$ * +;- 0 "13

#$/F%?73 &(  > 3 ?$%/3 &$ 5(2/$ 0 .32/3%/( 271#67P?3&3G =(22( ?32$> 32 $#(539@(2

%(?(22D5732 3$ ?D6?"6$ 2:$)
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 !"#$%! &'()*#+  !"#$%! ,)-./)#

20 0

21 01

22 011

23 0111

24 01111

"

"

"

2

2

2

#$%&'$  " ( )*+,-./$0 1&  &2 3&43&0&-+$56* 1&./2$' %/-73/$"

8" .*4/$3 * 1/9/1&-1* (a xi + c) 1$ 2&2:3/$ 4$3$ * 43*.&00$1*3;

 " .*4/$3 * 1/9/0*3 <2:1='* m> 1$ 2&2:3/$ 4$3$ * 43*.&00$1*3;

!" .*-+$3 ?=$-+*0 @&3*0 4*00=/ * 1/9/0*3 1* %/+ 2&-*0 0/A-/B.$+/9* $+C

&-.*-+3$3 * 43/2&/3* $'A$3/02* 8;

D" 1&0'*.$3 * 1/9/1&-1* 4$3$ $ 1/3&/+$ 1& $.*31* .*2 * +$2$-E* 1*

1/9/1&-1* 2&-*0 &00& -F2&3* 1& @&3*0 &;

G" 1&0'*.$3 * 1/9/1&-1* 1& 9*'+$ $ 4*0/56* *3/A/-$'"

H0+& 43*.&1/2&-+* &-A'*%$ ./-.* *4&3$5I&0J 0&-1* ?=& &00& -F2&3*

4*1& $/-1$ .3&0.&3 1&4&-1&-1* 1$ $3?=/+&+=3$ 1* 43*.&00$1*3 1* .*24=+$1*3

=+/'/@$1* .*2* A&3$1*3" K'C2 1/00*J $ .:4/$ 1*0 1$1*0 1$ 2&2:3/$ 4$3$ *

43*.&00$1*3 C =2$ *4&3$56* .=0+*0$J 1$1* ?=& * 43*.&00$1*3 +3$%$'E$ &2

L3&?=,-./$0 2=/+* 1/L&3&-+&0 1$ L3&?=,-./$ 1* %$33$2&-+* $* ?=$' 0& .*-&.+$2

$0 2&2:3/$0 <'/2/+$5I&0 LM0/.$0 1$0 2&2:3/$0  !" >" N&00$ L*32$J $ &.*-*2/$

1$ .:4/$ 1& 1$1*0 1$ 2&2:3/$ 4$3$ * 43*.&00$1*3 3&1=@/3/$ 0/A-/B.$+/9$2&-+&

* .=0+* .*24=+$./*-$' 1* .7'.='* 1* 3&0+* 1& =2$ 1/9/06*"

O2$ *=+3$ .$3$.+&3M0+/.$ $ 0&3 *%0&39$1$ C ?=& *4&3$5I&0 -* 43*.&00$1*3

.*-0*2&2 ./.'*0 1& 43*.&00$2&-+* &J 4*3+$-+*J +&24*" K00/2J ?=$-+* 2&-*0

*4&3$5I&0 L*3&2 L&/+$0 .*2 *0 1$1*0 -* 43*.&00$1*3J &2 2&-*0 +&24* =2

A&3$1*3 1$ $2*0+3$0 1& 9$3/79&/0 $'&$+:3/$0 0&37 .$4$@ 0& 43*1=@/3 =2$

0&?=,-./$ 1& 9$'*3&0"

K *456* &-.*-+3$1$J 2$/0 0/24'&0 & &B./&-+& 4$3$ 2/-/2/@$3 $ *4&3$56*

1& .:4/$ 1*0 1$1*0 1$ 2&2:3/$ 4$3$ * 43*.&00$1*3J C =+/'/@$3 .*2* 2:1='*

=2$ 4*+,-./$ 1& 2k" P-1& k C * +$2$-E* 1$ 4$'$93$ 1* .*24=+$1*3"

#/4/.$2&-+&J $0 /-L*32$5I&0 06* $32$@&-$1$0 -$ 2&2:3/$ 1* .*24=Q

+$1*3 1/9/1/1*0 &2 4$'$93$0 1& +$2$-E* k" N&00$ L*32$J 4*3 &R&24'*J =2

-F2&3* 1& S %/+0 8T88T8T8 $32$@&-$1* &2 =2$ 2&2:3/$ .*2 +$2$-E* 1&

4$'$93$ /A=$' $ 4 &0+$3/$ -$ L*32$( 8T88 T8T8" K00/2J * 3&0+* 1$ 1/9/06* 1&00&
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"#$%&' ('& 2k) '"*% k = 4) + ,-./0 / (/0/1&/ $%"'2 2,-",34/5,1/ *% 6766 7676)

'. 2%8/ 7676 9%$ &%(&%2%"5/:;' <,"=&,/>?

@5,0,A/"*' ('5B"4,/2 *% 2k (/&/ ' $C*.0') / '(%&/:;' *' 4=04.0' *' &%25'

%D,-% $.,5' ('.4' 4.25' 4'$(.5/4,'"/0? E%25% 4/2') '  !"#$ (&%4,2/ /(%"/2

' 4=04.0' *% .$/ $.05,(0,4/:;' % .$/ /*,:;'? F/0% '<2%&1/& 2% G'& *%2%8/*'

H.% '2 "#$%&'2 -%&/*'2 (%0'  !"#$ %25%8/$ .",G'&$%$%"5% *,25&,<.I*'2

"' ,"5%&1/0' [0, 1]) *%1%&= 2%& &%/0,A/*/ .$/ *,1,2;' ('& m (/&/ 4/*/ 1/0'&

4/04.0/*'?

@$/ '.5&/ '(:;' *% %24'0J/ *'2 (/&K$%5&'2 *'  !"#$ + c = 0? L%22/

G'&$/) %1,5/M2% / '(%&/:;' *% 2'$/) % '2 1/0'&%2 */ 2%H.B"4,/ 2;' 4/04.0/*'2

('&N xi+1 = (a xi) mod m? F/0% '<2%&1/& H.% "%22% 4/2') ' (%&I'*' */ 2%H.B"4,/

";' 2%&= m */*' H.% ' (&,$%,&' 5%&$' x0 *%1% 2%& *,G%&%"5% *% A%&'? O %24'0J/

*% x0 = 0 G/&,/ 4'$ H.% 5'*'2 '2 *%$/,2 5%&$'2 */ 2%H.B"4,/ 5/$<+$ 1/0%22%$

A%&'? P/A%"*'M2% c = 0) ' (%&I'*' m−1 + '<5,*' 2% ' $C*.0' G'& *%3",*' 4'$'

.$ "#$%&' (&,$'?

O 2%-.,& 2%&= $'25&/*' 4'$' <'/2 %24'0J/2 *% a) c % x0 ('*%$ G/A%&

4'$ H.% / 2%H.B"4,/ *% "#$%&'2 5%"J/ .$ (%&I'*' $=D,$' m? Q/&/ ,22') 2;'

%"."4,/*'2 5&B2 5%'&%$/2 H.% -/&/"5%$ .$ (%&I'*' m *% .$  !"#$? O (&'1/

*%25%2 5%'&%$/2 ('*%$ 2%& %"4'"5&/*/2 %$ R6 S?

 !"#!$% &'

T -%&/*'& *% "#$%&'2 /0%/5C&,'2 ('& 4'"-&.B"4,/ 0,"%/& xi+1 = (axi +

c) mod m ('22., (%&I'*' m 2% % 2'$%"5% 2%N

6? c + .$ "#$%&' (&,$' %$ &%0/:;' / m 9'. 2%8/) m % c ";' ('22.%$ *,1,2'&

4'$.$ *,G%&%"5% *% 1>U

 ? a− 1 + .$ $#05,(0' *% 5'*'2 '2 "#$%&'2 (&,$'2 c H.% *,1,*%$ mU

V? a− 1 + .$ $#05,(0' !) 2% m G'& $#05,(0' *% !?

W'$' %D%$(0') ('*%M2% %24'0J%& .$ $C*.0' m = 232) c = 1 % a = 4l+1)

'"*% l + H./0H.%& ,"5%,&' ('2,5,1'?

 !"#!$% ('

L%4'$('"*' ' $C*.0' mN

m = pe11 . . . pett 9 MX>
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"#$%& pe11 . . . pett $'(#)&" *)+(&", & (-.+(& /01&) %& *#)2&%& %# 3(  !"#$

4530$%& c = 06 *&%# "#) 7017310%& *#10 83$9:& λ %& (;%31& m, %#<$+%0 #(

4 =>?6@

λ(pe) = pe−1(p− 1)

λ(pe11 · · · p
et
t ) = ((7 (λ(pe11 ) · · · λ(pett ))

4 =>?6

&$%# ((7 (a1 · · · an) +$%+70 & (#$&) ('1A+*1& 7&(3( #$A)# a1 · · · anB C"A#

*#)2&%& D 0170$90%& "#@

>B x0 D *)+(& #( )#109:& 0 mE

 B a D 3( #1#(#$A& *)+(+A+/& (;%31& mB

FG"#)/# 53# 530$%& c = 0, &GAD(="# 3( *#)2&%& %# 7&(*)+(#$A&

m− 1 A&(0$%&="# m 3( $'(#)& *)+(&B H#""0 8&)(0, & *#)2&%& "#)- "&(#$A#

3(0 3$+%0%# (#$&) %& 53# & *#)2&%& (-.+(&B I& A#&)#(0 J, (&"A)0="# 0"

7&$%+9K#" $#7#""-)+0" *0)0 A#)="# 3( $'(#)& a "#$%& 3( #1#(#$A& *)+(+A+/&

(;%31& mB

 !"#!$% &'

F $'(#)& a D 3( #1#(#$A& *)+(+A+/& (;%31& pe "# # "&(#$A# "# &7&))#)

3( %&" "#L3+$A#" 70"&"@

>B p = 2, e = 1, # a D 2(*0)E

 B p = 2, e = 2, # a mod 4 = 3E

MB p = 2, e = 3, # a mod 8 = 3, 5 &3 7E

NB p = 2, e ≥ 4, # a mod 8 = 3 &3 5E

!B p D +(*0), a 6≡ 0 ((&%31& p), # a
(p−1)

q 6≡ 1 ((&%31& p), *0)0 530153#)

%+/+"&) *)+(& q %# p− 1E

OB p D +(*0), e > 1, a 0A#$%# 0" 7&$%+9K#" %& +A#( 4!6 # ap−1 6≡

1 ((&%31& p2)B
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 !"

#$%&'()* +% ,-./0

"# $%&#$# $' !() #  !" *+&,-*- '. /-#/ .01-*+#/ -. 2'3#$43 $'

#.4/53#/ &6#.#$4  !" 4-  #!"$ 789:; </5' 2'3#$43 -5*,*=#># &4+23-?+&*# ,*+'#3

&4. 4/ /'2-*+5'/ >#,43'/ $' @#3A.'534/B a = 65539) c = 0 ' m = 231;

C D#54 $' a = 216+3 543+#># # 4@'3#EF4 $' .-,5*@,*&#EF4 .-*54 /*.@,'/)

$#$4 1-' .-*54/ &4.@-5#$43'/ 5*+6#. -. &4.@3*.'+54 $' @#,#>3# $' G H*5/;

I43%.) '//' >#,43 $' a $#># # /'1-?+&*# 2'3#$# -.# @34@3*'$#$' .-*54 3-*.)

&4.4 % .4/53#$4 '. J K88L; M @#35*3 $# 3',#EF4 J KNL) @4$'K/' $'O+*3 4 5'3.4

xi+2 $# /'1-?+&*# 2'3#$# @',4 #,243*5.4  !" &4.4B

xi+2 = [(216 + 3)
2
xi] mod 231

= [(6(216 + 3)− 9 + 232)xi] mod 231

= [(6(216 + 3)xi) mod 231 − (9xi) mod 231 + (232xi) mod 231] mod 231

= [6xi+1 − 9xi] mod 231

J K88L

M//*.) O&# .4/53#$4 1-' 'P*/5*# -.# D435' 3',#EF4 '+53' 53?/ 5'3.4/

&4+/'&-5*>4/ $# /'1-?+&*#; M *.@,'.'+5#EF4 $'//' 2'3#$43  !" D4* D'*5# '.

"#$%#! ' D4* -5*,*=#$# @#3# &#,&-,#3 -. >#,43 #@34P*.#$4 @#3# π #53#>%/ $4

Q%54$4 $' Q4+5' R#3,4; M/ 345*+#/ $'/'+>4,>*$#/ @#3# '//' 'P'.@,4 &6#.#.K

/'B #&'()*+,-,(. ' /012 !";

C &0,&-,4 D'*54 D4* H#/'#$4 +# 3',#EF4 $' >4,-.' 'P*/5'+5' '+53' -. &-H4

-.# '/D'3# *+/&3*5# +'//' &-H4B

S*2-3#  ;GB T',#EF4 $' >4,-.' '+53' &-H4 ' '/D'3#;

<5#@#/ $4 Q%54$4 $' Q4+5' R#3,4 @#3# #@34P*.#3 πB

8; U'3#3 n #.4/53#/ $*/53*H-V$#/ -+*D43.'.'+5' $'+534 $' -. &-H4 $' ,#$4

l = 2r;
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 " #$%&'( )*'%&'+ ',$+&('+ -+&.$ /-%&($ /' -+0-(' /- ('1$ r2 $* +-3' )*'%&'+

',$+&('+ '&-%/-, ' 4$%/15.$6 x1 + x2 + x3 < r"

7" #'84*8'( ' ('9.$ : -%&(- $ %;,-($ /- ',$+&('+ /-%&($ /' -+0-(' - $

%;,-($ /- ',$+&('+ &$&'8 n"

<" =>($?1,'5.$6 π = 6R"

@ (-+*8&'/$ $A&1/$ B ,$+&('/$ %$ C(DE4$ /' EC*(' F "<G"

H1C*('  "<6 #D84*8$ /- *,' '>($?1,'5.$ >'(' π '&('IB+ /$ C-('/$(  !" /'

 !" *&1819'%/$ JKKKK ',$+&('+"

L*('%&- ,*1&$+ '%$+2 $ C-('/$( /$ "#$%#! F4$,'%/$ #$%&G &',AB,

-(' A'+-'/$ -, 4$%C(*M%41' 81%-'(" @+ I'8$(-+ /$+ >'(N,-&($+ *&1819'/$+ >$(

-++- C-('/$( 0$(', (-4$,-%/'/$+ %$ '(&1C$ /- O'(P - Q188-( RJ7S - +.$6

a = 75 = 16807 c = 0 m = 231 − 1 = 2147483647. F TJ G

@ '8C$(1&,$ /$ "#$%#! B 4'>'9 /- C-('( %;,-($+ (-'1+ /' 0$(,'

k
m

>'(' k = 1, · · · m−1" @ ,-%$( - ,'1$( +.$ (-+>-4&1I',-%&- 0.00000000046566

- 0, 99999999953434" = +-)*M%41' +- (->-&- '>U+ m − 1 I'8$(-+2 $* +-3'2 -,

&$(%$ /-  A18VW-+ /- %;,-($+"
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"##$ %&'()* )$+%,*+ ,*  !"#!$ '%-./- 0*( 1'(2(3%,* &* 4/'*,*

,$ 4*&'$ 5%+2* 6%+% 7%2712%+ 1-% %6+*8(-%9:* 6%+% π; %##(- 7*-* 0$('*

6%+% * )$+%,*+ ,% %$ ,% ,/7%,% ,$ <=> ?# +*'(&%# ,$#$&@*2@(,%# &$#'$

$8$-62* 7A%-%-B#$ !&'()*+,-,(.% $ /012 !"#!$> C +$#12'%,* *.'(,*

/ -*#'+%,* &* )+DE7* ,% E)1+% F >GH>

I()1+%  >GJ 5D2712* ,$ 1-% %6+*8(-%9:* 6%+% π %'+%@/# ,* )$+%,*+ %&'()* ,*

 !"#!$ 1'(2(3%&,* K==== %-*#'+%#>

L%+% 6*,$+B#$ 7*-6%+%+ *# +$#12'%,*# 0*+&$7(,*# 6$2*# %2)*+('-*# ,%

%$ $ ,* %&'()*  !"#!$; 0*+%- '+%9%,*# A(#'*)+%-%# 7*- *# +$#12'%,*#

,$ 2000 #(-12%9M$# 6%+% * 7D2712* %6+*8(-%,* ,$ π> "- 7%,% #(-12%9:* 0*+%-

1'(2(3%,*# 10000 6*&'*#; $ *# +$#12'%,*# #:* -*#'+%,*# &%# E)1+%# F ><H $ F >NH>

I*+%- 7%2712%,*# '%-./- % @%+(O&7(% $ ,$#@(* 6%,+:* ,%# #(-12%9M$#>

L%+% * %2)*+('-* ,% %$ 0*( *.'(,% 1-% @%+(O&7(% ,$ 0.0021 $ ,$#@(* 6%,+:*

,$ 0.0463> L%+% * %2)*+('-* ,* %&'()*  !"#!$ 0*( *.'(,% 1-% @%+(O&7(%

,$ 0.0021 $ ,$#@(* 6%,+:* ,$ 0.0454> "##$# +$#12'%,*# -*#'+%- P1$ %-.*# *#

)$+%,*+$# 0*+%- $E7%3$# &% '%+$0% ,$ %6+*8(-%+ π $ *.'(@$+%- 1-% 6+$7(#:*

,$ +$#12'%,*# 6%+$7(,%>

"- KQQG; % @$+#:* G ,*  !"#!$ (&'+*,13(1 1- '(6* 7*-62$'%-$&'$

,(0$+$&'$ ,$ )$+%,*+ ,$ &R-$+*# %2$%'S+(*#> C %2)*+('-* / .%#$%,* &* '+%.%2A*
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"#$%&'  ()* +#,-.$&'/' 0 $1&'2.& 2'  !"(

"#$%&'  (3* +#,-.$&'/' 0 $1&'2.& '4-#$. 2. "#$%#!(

21 51.&$1 6'&,'$7#'8 %/ 9&.:1,,.& 2'  !"#$%& '(&() *+$,)#-$(. ;<=(

> $1&'2.& 21 6'&,'$7#' ;<= 4?. %-#7#@' A.4$&%B4A#' 1/ ,1% '7$.&#-/.( C.

AD2#$. -'/EF/ 4?. ,?. &1'7#@'2', 41/ /%7-#97#A'GH1, 41/ 2#I#,H1, 18 '. #4IF,

21 -1& %/' J4#A' ,1/14-18 . 4.I. $1&'2.& -1/ KL 9'7'I&', 21 /1/D&#' #4-1&4'

.% . 1,-'2.( M&#4-' 1 2%', 21,,', 9'7'I&', ,?. 4J/1&., 14-&1 0 1 1(

 !"

#$%&'('&%)*+, -&,./%'01) 2, -&')2,' 3456-

C1,-' ,1G?. 2. -&'E'7N.8 :'@0,1 %/' #4-1&9&1-'G?. $1./F-&#A' 2. '70

$.&#-/. 2. $1&'2.& 9.& A.4$&%B4A#' 7#41'&( O P$%&' Q (RS 1T1/97#PA' %/

$1&'2.& xi+1 = (5 xi + 1) mod 32( U.210,1 .E,1&I'& V%1 ., 171/14-., 2'

,1V%B4A#' x0, x1, . . . 1,-?. 7.A'7#@'2., ,.E&1 ', &1-', 1/ I1&/17N. Qf(x) =

(5 x + 1) mod 32S( O :%4G?. '%/14-' 7#41'&/14-1 ' 9'&-#& 21 f(0) = 1 '-F

'-#4$#& . I'7.& 31( C1,,1 9.4-.8 ' .91&'G?. 2. /D2%7. :'@ A./ V%1 . I'7.& 21
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f "#$% &#'()*'+ % )#&+, -&*%.'+ (/% '#"-+.0*.(*'%'#1

2*3(&% 4156 7.0#&8&#0%9:+ ;#+/<0&*-% '+ ;#&%'+&  !"#$1

 !"

#$%&'( )*&+,'&*( ,* -.'(%&+( ,* /+&012*0( -3*+%4&0+(

=(0&+" %>3+&*0/+", '*?#&#.0#" '+" 3#&%'+&#" '# -+.3&(@.-*% >*.#%&, ?+&%/

8&+8+"0+" .+" A>0*/+" %.+"1 B+/+ #C#/8>+, 0#/D"# + %>3+&*0/+, -&*%'+ .%

'<-%'% '# E!, F%"#%'+ .% "#G(@.-*% '#  !"#$%&&!1 H#""% ->%""# '# 3#&%'+&#",

+ I%>+& '# (/ #>#/#.0+ xi+1 '#8#.'# .:+ "+/#.0# '# xi # "*/ '# /%*" '# (/

I%>+& %.0#&*+& '% "#G(@.-*%, -+/+ /+"0&%'+ #/ J4DK L6

xi+1 = (xi + xi−1) mod m. J4DK L

M""# 3#&%'+&, %8#"%& '# 0#& (/ 8#&N+'+ /%*+& '+ G(# m, 8&+'() (/%

"#G(@.-*% '# I%>+&#" -+/ (/% ?+&0# &#>%9:+ #.0&# 0#&/+" -+."#-(0*I+", +( "#$%,

%8&#"#.0% (/ -+/8+&0%/#.0+ "#/#>O%.0# %+ 3#&%'+& (0*>*)%'+ .% '<-%'% '#

P! 8#>% %&' J4DKKL1

;#&%'+&#" F%"#%'+" .% "#G(@.-*% '#  !"#$%&&! 0%/F</ ?+&%/ '#"#.I+>D

I*'+" 8+& ;&##. Q/*0O # R>#/ SK4T .+ U.%> '% '<-%'% '# E!1 V *'#*% #&% (0*>*)%&

.+ -W>-(>+ '+ I%>+& (/ #>#/#.0+ xn #>#/#.0+" %.0#&*+&#", +( "#$%, xi−k, "#.'+

G(# k '#I# "#& /%*+& +( *3(%> % 161

xi+1 = (xi + xi−k) mod m k ≥ 16 J4DKXL

=(0&+" 3#&%'+&#" '# .A/#&+" ?+&%/ 8&+8+"0+", -+/+ + %>3+&*0/+ '# ;1

Y1 Z*0-O#>> # [1 \1 Z++&# SK4T '# K]E5 /+"0&%'+ .% #G(%9:+ J4DKEL6

xi = (xi−24 + xi−55) mod m i ≥ 55 J4DKEL
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"#$% m & '()* % x0 · · · , x54 +," -#.%-)"+ #," ."$"+ '()%+/ 0(-+ 12 %3%2'4"

-#.%)%++(#.% & 12 5%)($") #," 4-#%() 61% 1.-4-7( 8"2" +%2%#.% '()( " .%)2"

i+ 1* " -#9%)+" $" .%)2" xi−1/

xi+1 = (a x−1i−1 + c) mod p 8"2 p ')-2"/ :;<!=>

?#1.@ +15%)-1 %2 !AAB 12 "1.)" .-'" $% 5%)($") C(+%($" %2 8"#5)1D#8-(

#," 4-#%() E!FG #" 61(4 "+ .%)2"+ (#.%)-")%+ (" %4%2%#." xi H")2(2 12

'"4-#I2-" $% 5)(1 ;J

xi+1 = (d x2
i−2 + a xi−1 + c) mod m. :;<!K>

L%)($")%+ 8"2 '"4-#I2-"+ $% 5)(1 +1'%)-") ( ; .(2C&2 H")(2 ')"'"+."+/

 !"

#$%&'() *$ +,)-.%&- *$ /&%012$0- +3$&.4%0&- 5), 60-.%0780'() *$

9%)7&7030*&*$ *0:$%$;.$ *& <;0:)%,$= >?.)*) *& @%&;-:)%,&*& A;2$%-&

M.& ( ')%+%#.% +%N,"* +"2%#.% H")(2 (')%+%#.($"+ 2&."$"+ '()( +% 5%<

)() (2"+.)(+ $% 9()-O9%-+ (4%(.P)-(+ 8"2 12( $-+.)-C1-N," $% ')"C(C-4-$($%

1#-H")2%/ Q")&2* 21-.(+ 9%7%+ (" ('4-8() " 2&."$" $% 0"#.% R()4"* & #%8%++O<

)-" +-214() " 8"2'").(2%#." $% 9()-O9%-+ (4%(.P)-(+ 8"2 "1.)(+ $-+.)-C1-NS%+

$% ')"C(C-4-$($%* 8"2" '") %3%2'4"* ( $-+.)-C1-N," L(1++-(#(* T3'"#%#8-(4*

U%.(* %.8 E!FG/ Q") -++"* #%+.( +%N," $" .)(C(4@" & 2"+.)($" 8"2" "C.%) (2"+<

.)(+ $%++(+ $-+.)-C1-NS%+ $-H%)%#.%+ $( 1#-H")2% (.)(9&+ $" 0&."$" $( V)(#+<

H")2($( W#9%)+(/

X%51#$" %++% 2&."$"* 12( (2"+.)( xi $% 12( 9()-O9%4 (4%(.P)-( X 8"2

$-+.)-C1-N," $% ')"C(C-4-$($% P 8"#.Y#1( % %+.)-.(2%#.% 2"#".I#-8(* '"$% +%)

5%)($( (.)(9&+ $(+ +%51-#.%+ %.('(+J

!/ 5%)% 12( (2"+.)( ui $( $-+.)-C1-N," 1#-H")2% #" -#.%)9(4" 1#-.O)-"

[0, 1] :'"$%<+% 1.-4-7() '") %3%2'4" (4512 5%)($") $% 8"#5)1D#8-( 4-#%()

(')%+%#.($" (#.%)-")2%#.%>Z

;/ H(N( xi = P−1(ui)/

M $%2"#+.)(N," $% 61% "+ 9(4")%+ 5%)($"+* {xi}i∈N* +," $% H(." (2"+.)(+

$% X & 2"+.)($( ( +%51-)/

R"2" [O $%\#-$" (#.%)-")2%#.%* 12( 9()-O9%4 (4%(.P)-( )%(4 & 12( H1#N,"

)%(4 X 61% (++"8-( ( 8($( '"#." (2"+.)( ]* '%).%#8%#.% (" %+'(N" $% (2"+.)(+

Ω* 12 #^2%)" x(]) ∈ R E;KG E!=G/ Q"$%<+% %+8)%9%)J

X : Ω 7−→ R

] 7−→ x(]).
:;<!B>
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" #$%&'$()$*+, #- .',(/($0$#/#- P #- )1/ 2/'$32-0 /0-/&4'$/ /'($&'3'$/ X

5 #-67$#/ ./'/ &,#, x ∈ R .-0/ '-0/*+,8

P (x) = Pr(X ≤ x) 9!:;<=

,7#- Pr(X ≤ x) 5 / .',(/($0$#/#- #/ 2/'$32-0 /0-/&4'$/ X %-' 1-7,' ,) $>)/0

/ x? @%%/ A)7*+, P 5 7+, #-B'-%B-7&-C 1/% 7+, 7-B-%%/'$/1-7&- -%&'$&/1-7&-

1,7,&D7$B/ -C 7+, 7-B-%%/'$/1-7&- B,7&E7)/? F(%-'2- G)- P .,#- &-' .-'E,#,%

#- -%&/($0$#/#- ,) #-%B,7&$7)$#/#-%? H,7&)#,C %/(-:%- G)-8

lim
x→−∞

P (x) = 0 - lim
x→∞

P (x) = 1 9!:!I=

J).,7#, G)- / A)7*+, P 5 B,7&E7)/ - -%&'$&/1-7&- 1,7,&D7$B/C &-1:%-

G)- / A)7*+, $72-'%/ P−1 -K$%&- - 5 B,7&E7)/? @0/ 5 #-67$#/ B,1,8

P−1(y) = inf {x|P (x) ≥ y , 0 < y < 1}. 9!:!;=

"%%$1C ./'/ −∞ < x <∞ - 0 < y < 18

P−1(P (x)) = x - P (P−1(y)) = y. 9!:!!=

J-7#, U )1/ 2/'$32-0 /0-/&4'$/ )7$A,'1- 7, $7&-'2/0, )7$&3'$, [0, 1]C &-1:

%- G)-8

Pr(P−1(U) ≤ x) = Pr(P (P−1(U)) ≤ P (x))

= Pr(U ≤ P (x)).

9!:! =

H,1, U 5 #$%&'$()E#/ )7$A,'1-1-7&- 7, $7&-'2/0, [0, 1]C / .',(/($0$#/#-

Pr(U ≤ P (x)) 5 $>)/0 /, &/1/7L, #, $7&-'2/0, [0, P (x)]? M-%%/ A,'1/8

Pr(P−1(U) ≤ x) = P (x) 9!:!N=

, G)- O)%&$6B/ , 15&,#, #/ P'/7%A,'1/#/ Q72-'%/?

" &/(-0/ 9!? = 1,%&'/ /0>)1/% #$%&'$()$*R-% -1 G)- , 15&,#, #/ P'/7%:

A,'1/#/ Q72-'%/ .,#- %-' /.0$B/#,?

" A)7*+, #-7%$#/#- #- .',(/($0$#/#- S/)%%$/7/ 7+, .,%%)$ )1/ -K.'-%:

%+, /7/0E&$B/ A-BL/#/ #- %)/ $72-'%/? T,' $%%,C )1/ ,.*+, ./'/ >-'/' /1,%&'/%

#- 2/'$32-$% /0-/&4'$/% B,1 -%%/ #$%&'$()$*+, 5 )&$0$U/' , 15&,#, #- V,K:W)00-'

.',.,%&, ;<XY? @0- 5 -K.0$B/#, 7/ .'4K$1/ %-*+, #/ #$%%-'&/*+,?

 !"#$%& '()(* 9W5&,#, #/ P'/7%A,'1/#/ Q72-'%/=( J).,7L/ G)- #-%-O/:%-

>-'/' /1,%&'/% #- )1/ 2/'$32-0 /0-/&4'$/ X B,1 )1/ A)7*+, #-7%$#/#- #-

.',(/($0$#/#- p #/#/ .,'8
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!"# $%&'()*

+,)-(,./,012 p(x) P−1(u)

3%,#2(4' U(a, b) 1
b−a a+ (b− a)u

a ≤ x ≤ b

56!2%'%7,*8 E(λ)
λ e−λx − 1

λ
ln (1− u)

λ > 0; x ≥ 0

9'-* B(α, 1)
α xα−1 u

1
α

α > 0; 0 ≤ x ≤ 1

 !"# B(1, β)
β (1− x)β−1 1− (1− u)

1
β

β > 0; 0 ≤ x ≤ 1

$%&'(")*# L(α, β) e−(x−α)/β

β[1+e−(x−α)/β ]
2 α + β ln[u/(1− u)]

β > 0; −∞ < x; α <∞

+!),-.. W(α, β) α
β

(

x
β

)α−1

e−(x/β)
α

β[− ln (1− u)]1/α
α, β > 0; x ≥ 0

/#-*01 C(α, β) 1
π

β

(x−α)2+β2 α + β tan π[u− (1/2)]
β > 0; −∞ < x; α <∞

2#,!.# 3456 78"%9% 9# 2:#;(<%:=#9# >;?!:(# #@.)*#9% # #.&-=#( 9)(":),-)AB!(4

p(x) =











2x , 0 ≤ x ≤ 1

0 , x < 0 %- x > 1

C3D3EF

G <-;AH% 9)(":),-)AH% 9! @:%,#,).)9#9! P (!:I6

P (x) =































0 , x < 0

∫ x

0
2y dy = x2 , 0 ≤ x ≤ 1

1 , x > 1

C3D3JF

G@.)*#;9% % 78"%9% 9# 2:#;(<%:=#9# >;?!:(#K *#9# #=%(":# xi 9! X 8

%,")9# @%:6

xi = P−1(ui) =
√
ui ∀i ∈ N C3D3LF

%;9! *#9# ui 8 -=# #=%(":# 9! -=# ?#:)I?!. #.!#"M:)# -;)<%:=!K U K ;% );"!:?#.%
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"#$%&'$( [0, 1])

*+'+ ,-'$./+' + -./$0#/$+ 1( 23%(1( +4'-5-#%+1(6 7($ $248-2-#%+1+

"2+ '(%$#+  !"#!$ /9+2+1+ "%&'()*%+&,&-'./%(& :"- /(24+'+ (

9$5%(;'+2+ 1+5 +2(5%'+5 1- X <(=%$1+5 /(2 ( >3%(1( 1+ ?'+#57('2+1+

@#,-'5+A /(2 + 7"#BC( 1-#5$1+1- 1- 4'(=+=$8$1+1- f ) D-55+ '(%$#+6 +5 +2(5%'+5

1- U 7('+2 ;-'+1+5 +%'+,35 1( /(2+#1(  !"# 1(  !"#!$) E .;"'+ <F)GA

2(5%'+ (5 ;'&./(5 (=%$1(5)

H$;"'+ F)GI <+A J$5%(;'+2+ 1- KLLLL +2(5%'+5 1- X) <=A M'&./( 1+ 7"#BC(

1-#5$1+1- 1- 4'(=+=$8$1+1- f <FNFOA)

D+ %+=-8+ <F)!A 4(1-N5- /(24+'+' +5 -5%+%P5%$/+5 <231$+6 ,+'$Q#/$+ -

1-5,$( 4+1'C(A /+8/"8+1+5 /(2 1$7-'-#%-5 #R2-'(5 1- +2(5%'+5 1- X) S-#1(

+ 231$+ 1- X $;"+8 + 0, 66676 + ,+'$Q#/$+ 0.0556 -6 ( 1-5,$( 4+1'C( 0.23576

,-'$./+N5- :"- ( >3%(1( 1+ ?'+#57('2+1+ @#,-'5+ (=%32 =(+5 +4'(T$2+BU-5

4+'+ -55+5 -5%+%P5%$/+5)

DR2-'( 1- +2(5%'+5 K)LLL O)LLL KL)LLL

>31$+ L)VWFW L)VV ! L)VVOX

Y+'$Q#/$+ L)LOVO L)LOOW L)LOO!

Z-5,$( 4+1'C( L)F WW L)F VL L)F O 

?+=-8+ F)!I [5%+%P5%$/+5 1+5 +2(5%'+5 1- X (=%$1+5 4-8( 23%(1( 1+ ?'+#57('N

2+1+ @#,-'5+)

 !"

#$%&'() *$ +,)-.%&- *$ /&%012$0- +3$&.4%0&- #&5--0&6&-

E2(5%'+5 1- ,+'$&,-$5 +8-+%\'$+5 M+"55$+#+5 4(1-2 5-' ;-'+1+5 +%'+,35

1( >3%(1( 1- ](TN>"88-' 4'(4(5%( -2 KGOX ^ F_)
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"#$$# %&'()(* +%($',+$ )# )-+$ .+,/0.#/$ +1#+'2,/+$ 3+-$$/+4+$* X1 #X2*

5(% %&)/+ 4-1+ # .+,/645/+ -% $7( (8'/)+$ +',+.&$ )# )-+$ .+,/0.#/$ +1#+'2,/+$

-4/9(,%#$* U1 # U2* 4( /4'#,.+1( -4/'0,/( [0, 1]:

; %&'()( & )#$5,/'( + $#<-/,: =#>+% X1 # X2 )-+$ .+,/0.#/$ +1#+'2,/+$

<+-$$/+4+$ /4)#?#4)#4'#$ )# %&)/+ 4-1+ # .+,/645/+ -%: @ 9-4A7( )#4$/)+)#

)# ?,(8+8/1/)+)# 5(4>-4'+ )# X1 # X2 & ( ?,()-'(B

p(x1, x2) =
1√
2π

e−x
2
1/2 .

1√
2π

e−x
2
2/2 =

1√
2π

e−(x
2
1+x2

2)/2. CDEDFG

H(%( #$'+ )#4$/)+)# 5(4>-4'+ & ,+)/+1%#4'# $/%&',/5+* X1 # X2 ?()#%

$#, #$5,/'($ #% '#,%($ )# )-+$ .+,/0.#/$ +1#+'2,/+$ I-# ,#?,#$#4'#% +$ 5((,)#E

4+)+$ ?(1+,#$B R # Θ* 5(% 0 < Θ < 2π: @$$/%B

X1 = R cos (Θ) # X2 = R sin (Θ). CDEDJG

=#4)( Θ -4/9(,%#%#4'# )/$',/8-K)( 4( /4'#,.+1( [0, 2π]* +%($',+$ θ(i)*i ∈
N* $7( (8'/)+$ ?(,B

θ(i) = 2πu
(i)
1 . CDE LG

$#4)( u
(i)
1 +%($',+$ )# -%+ .+,/0.#1 +1#+'2,/+ -4/9(,%#* U1* 4( /4'#,.+1(

-4/'0,/( [0, 1]: @ 9-4A7( )/$',/8-/A7( )# ?,(8+8/1/)+)# )# R ?()# $#, #$5,/'(

5(%(B

Pr(R < r) =

∫ 2π

Θ=0

∫ r

r′=0

1

2π
e−r

′2/2r′dr′ dθ =

∫ r

r′=0

e−r
′2/2r′dr′. CDE MG

N+O#4)( -%+ %-)+4A+ )# .+,/0.#/$B r′2/2 = s* r′dr′ = ds* 5+15-1+E$#B

Pr(R < r) =

∫ r2/2

s=0

e−sds = 1− e−r
2/2. CDE DG

@ $(1-A7( )+ )/$',/8-/A7( )# ?,(8+8/1/)+)# CDE DG & +$$-%/, I-#B R =
√

−2 ln (U2)* $#4)( U2 -%+ .+,/0.#1 +1#+'2,/+ -4/9(,%# 4( /4'#,.+1( -4/'0,/(

[0, 1]:

P#$$+ 9(,%+* ?+,+ <#,+, +%($',+$ x
(i)
1 # x

(i)
2 * 5(% i ∈ N* )# X1 # X2B

M: <#,+E$# -%+ +%($',+ u
(i)
1 )# U1 # u

(i)
2 )# U2Q

D: 5+15-1+E$#B θ(i) = 2πu
(i)
1 # r(i) =

√

−2 ln (u(i)
2 )Q

 : 5+15-1+E$#B x
(i)
1 = r(i) cos (θ(i)) # x

(i)
2 = r(i) sin (θ(i)):

R+1# (8$#,.+, I-# +$ +%($',+$ <#,+)+$ )# X1 # X2 C3+-$$/+4+$ ?+),7(*

(- $#>+* %&)/+ 4-1+ # .+,/645/+ -%G ?()#% $#, ',+4$9(,%+)+$ #% +%($',+$ )#
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"#$%&"'%( #)'#*+$%#( ,#-((%#.#( Y1 ' Y2 /01 123%#( µ14 µ2 ' "#$%5./%#( σ2
14 σ

2
2

#*$#"2( 3'6

y
(i)
1 = µ1 + σ1 x

(i)
1 789  :

y
(i)
2 = µ2 + σ2 x

(i)
2 . 789 ;:

 !"#$%& '()(* 7<2*030 3' =0>9<-))'$:( ?-@0.A# B-' 3'('C#9(' D'$#$ #10(9

*$#( 3' 3-#( "#$%&"'%( #)'#*+$%#( ,#-((%#.#( Y1 ' Y2 #*$#"2( 30 12*030 3'

=0>9<-))'$E F 123%# 3' Y1 "#)' µ1 = 2, 0 '4 (-# "#$%5./%# σ2
1 = 2, 0E G#$# X24

µ1 = 3, 0 ' σ2
2 = 3, 0E ?-#( H-.IJ'( 3%(*$%K-%IJ'( 3' @$0K#K%)%3#3' (L06

pY1(y1) =
1

√

2πσ2
1

e−(y1−µ1)2/2σ2
1

789 M:

pY2(y2) =
1

√

2πσ2
2

e−(y2−µ2)2/2σ2
2 . 789 !:

F( #10(*$#( (L0 D'$#3#( #*$#"2( 3' -1# $0*%.# %1@)'1'.*#3# '1

 !"#!$ /A#1#3# $%& '(()*E N'((# $0*%.#4 #( #10(*$#( 3#( "#$%&"'%(

-.%H0$1'( -.%*&$%#( '1 [0, 1]4 U1 ' U24 H0$#1 D'$#3#( /01 0 /01#.30  !"#E O(

D$&P/0( 3# PD-$# 78EQR: /01@#$#1 0( D$&P/0( 3' H$'B-S./%# 3#( #10(*$#( 3'

Y1 ' Y2 70K*%3#( /01 0 <2*030 3' =0>9<-))'$: /01 #( H-.IL0 3'.(%3#3' 3'

@$0K#K%)%3#3' pY1 ' pY2 E

T%D-$# 8EQR6 7#: ,$&P/0( 3' H$'B-S./%# 3' QRRRR #10(*$#( 3' Y1E 7K: ,$&P/0(

3' H$'B-S./%# 3' QRRRR #10(*$#( 3' Y2E

N# *#K')# 78EM: @03'9(' /01@#$#$ #( '(*#*U(*%/#( 7123%#4 "#$%5./%# '

3'("%0 @#3$L0: /#)/-)#3#( /01 3%H'$'.*'( .V1'$0( 3' #10(*$#( 3' Y1 ' Y2E

W'$%P/#9(' B-' 0 <2*030 3' =0>9<-))'$ 0K*21 K0#( #@$0>%1#IJ'( @#$# '((#(

'(*#*U(*%/#(E
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PUC-Rio - Certificação Digital Nº 0921514/CA



 !"#$%&' () *+$',' ,- *'.$-  !/&'  !

X1 X2

"#$%&' (% )$'*+&)* ,-... /-... ,.-... ,-... /-... ,.-...

01(2) 3-.4.5 3-.,.6 ,-66!. 3-65/7  -. !4  -.. .
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<)=%>) 3-/? @*+)+A*+2;)* ()* )$'*+&)* (% X1 % X2 '=+2()* B%>' 01+'(' (%

C'DE0F>>%&-

 !"#

$%&'%& (% )%*+(,*%& (% -.,&'*+& (% /+*012%0& -3%+'4*0+&

GF):(' (%*%H)E*% *2$F>)& ' ;'$B'&+)$%:+' (% F$) I)&2JI%> )>%)+K&2)

)+&)I1* (% F$) *%LFM:;2) :F$1&2;)N +%$E*% ;'$' B&2:;2B)> '=H%+2I' ) '=+%:OP'

(% )$'*+&)* LF% (% Q)+' ;'$B'&+%$E*% (% Q'&$) *2$2>)& R I)&2JI%> )>%)+K&2)-

")* *%OS%* ):+%&2'&%* (%*+% +&)=)>T'N Q'2 Q%2+' F$ %*+F(' ('* B)&9$%+&'*

('* U%&)('&%*- 0'*+&)&)$E*%N B'& %D%$B>'N )>UF:* +%'&%$)* LF% U)&):+%$ LF%

' B%&A'(' (% F$) *%LFM:;2) B'(% *%& +P' >':U' LF):(' ' (%*%H)('- V'&1$N

)B%*)& (' B%&A'(' *%& F$ ;&2+1&2' 2$B'&+):+%N :P' U)&):+% LF% '* :#$%&'*

'=+2('* ;'$ ) *%LFM:;2) *2$F>)$ *% Q)+' F$) I)&2JI%> )>%)+K&2)- WF *%H)N *%

*P' X*FY;2%:+%$%:+%X )>%)+K&2'*-

V'& 2**'N :%*+) *%OP' *P' )B&%*%:+)('* +%*+%* LF% +M$ ;'$' '=H%+2I'

I%&2Y;)& ) :P'E)>%)+'&2%()(% (% F$) *%LFM:;2)- Z*+' 1N )B%:)* B'(% $'*+&)&

LF% ) *%LFM:;2) :P' 1 )>%)+K&2) [:P' 1 ;)B)\ (% &%I%>)& *% ) *%LFM:;2) 1 (% Q)+'

)>%)+K&2)]- WF+&'* +%*+%* *P' $'*+&)('* %$ ^,3_-

` ;':*2(%&)OP' (% LF% F$) *%LFM:;2) B&'(F\2() B'& F$ U%&)('& (%

:#$%&'* )>%)+K&2'* 1 )>%)+K&2)N %*+J *%$B&% )**';2)() ) &%)>2\)OP' (% F$

:#$%&' Y:2+' n (% +%*+%* T1, T2, · · · , Tn- ")() B'(% *%& )Y&$)(' *'=&% '

;'$B'&+)$%:+' *% *%LFM:;2) LF):(' %>) Q'& *F=$%+2() ) F$ +%*+% Tn+1-

"' %:+):+'N ;)() )I)>2)OP' Q%2+) B%&$2+% LF% *% +%:T) $)2* ;':Y):O)

*'=&% ) &%)> )>%)+'&2%()(% () *%LFM:;2)-
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$%&'% (, 560−76+(*+(,

W +%*+% (' LF2ELF)(&)(' ^,3_ 1 F$ +%*+% %*+)+A*+2;' F+2>2\)(' B)&) I%&2Y;)&

*% '* &%*F>+)('* )**';2)('* ) F$ %DB%&2$%:+' %*+P' (% );'&(' F$) %*B%;2Y;)()

(2*+&2=F2OP' (% B&'=)=2>2()(%- `=)2D' *%UF% F$ &'+%2&' B)&) ) )B>2;)OP' ('

$1+'('-

aFB':T) LF% '* B'**AI%2* &%*F>+)('* (% F$ %DB%&2$%:+' *P' B)&+2;2':)('*

%$ %I%:+'* E1, E2, · · · , Ek- aFB':T) )2:() LF% ) B&'=)=2>2()(% (% F$ %I%:+'

Ei *%H) ()() B'& piN ;'$ pi > 0 %

∑k
i=1 pi = 1- a%:(' ' %DB%&2$%:+' &%)>2\)('
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N "#$#%& #%'#()*%# +,# - ./0#(- 1# -2-((3.24)% Yi 1- #"#.5- Ei %#6) 47,)8 )

(N pi)9

:0) -';<- ')() %)=#( %# 2)1) ,0 1-% #"#.5-% 1- #>'#(40#.5- #%5?

-2-((#.1- 1# @-(0) )1#+,)1)& A 2)82,8)( - +,)1()1- 1) 14@#(#.;) #.5(# - (#)8

./0#(- 1# -2-((3.24)% Yi # - ./0#(- #%'#()1- 1# (#)84$);B#% (N pi)9

C ')(54( 1#%%) 2-.5)& '-1#*%# 1#5#(04.)( %# - #>'#(40#.5- 2-0- ,0

5-1- #%5? -2-((#.1- 1# @-(0) )1#+,)1)9 D)() 4%5- =)%5) @)$#( - %-0)5E(4-

1#%%) 14@#(#.;) #.5(# - ./0#(- (#)8 1# -2-((3.24)% # - ./0#(- #%'#()1- 1#

(#)84$);B#% ')() 5-1-% -% k #"#.5-% 1- #>'#(40#.5-F

V =
k

∑

i=1

(Yi −N pi)
2

N pi
. GH* IJ

K) #>'(#%%<- GH* IJ& V '-1# %#( )'(->40)1) '-( ,0) ")(4?"#8 )8#)5E(4)

+,4*+,)1()1- 2-0 ν = k − 1 7(),% 1# 84=#(1)1#9 L)8# -=%#(")( +,# #%%)

)'(->40);<- %-0#.5# A "?841) +,).1- N A %,M24#.5#0#.5# 7().1# #& #0 7#()8

,5484$)*%# ) %#7,4.5# (#7() NOHPF N A 2-.%41#()1- %,M24#.5#0#.5# 7().1#& +,).1-

- ./0#(- #%'#()1- 1# (#)84$);B#% 1# 2)1) #"#.5- (N pi) A 0)4-( -, 47,)8 ) Q9

D-%%R"#4% ")8-(#% 1# V #%5<- 5)=#8)1-% .) M7,() GH9OOJ9 C 4.5#('(#5);<-

1#%%) 5)=#8) A @#45) 1) %#7,4.5# @-(0)F - ")8-( x 1) 5)=#8) #0 ,0) 1#5#(04.)1)

84.S) ν # 2-8,.) p 4.142) +,# ) +,).541)1# V 1) #+,);<- GH* IJ %#(? 0#.-( -,

47,)8 ) x 2-0 ,0) '(-=)=4841)1# )'(->40)1) p9

T 5#%5# 1- +,4*+,)1()1- A )'842)1- ) #>'#(40#.5-% )%%-24)1-% ) ")(4?"#4%

)8#)5E(4)% 14%2(#5)% # 2-.5R.,)%9 U#5)8S#% 1- 0A5-1- )'842)1- ) ")(4?"#4%

2-.5R.,)% '-1#0 %#( #.2-.5()1-% .- )(547- 1# V)5%-. W9 X9 NOP9

 !"#! 

$%&'% (% )*+,*-*.*/−0,1.2*/

T 5#%5# 1# Y-80-7-(-"−X04(.-" NOHP& )%%40 2-0- - 5#%5# 1- +,4*

+,)1()1-& 5)0=A0 A ,5484$)1- ')() "#(4M2)( %# -% #8#0#.5-% 1) %#+,3.24)

.,0A(42) '(-1,$41) '-( 7#()1-(#% 1# ")(4?"#4% )8#)5E(4)% #%5<- 1# )2-(1- ,0)

#%'#24M2)1) 14%5(4=,4;<- 1# '(-=)=4841)1#9 C=)4>- %#7,# ,0 (-5#4(- ')() )

)'842);<- 1- 0A5-1-9

X,'-.S) +,# %# 1#%#6) "#(4M2)( %# )% )0-%5()% x1, x2, · · · , xn #%5<- 1#

)2-(1- 2-0 ,0) @,.;<- 14%5(4=,4;<- 1# '(-=)=4841)1# P 9 D)() 4%%- 4.424)80#.5#

2)82,8)*%# ,0) )'(->40);<- ')() ) @,.;<- 1# 14%5(4=,4;<- )2,0,8)1) )5()"A%

1) @();<- #.5(# - ./0#(- 1# )0-%5()% xi +,# %<- 4.@#(4-(#% -, 47,)4% ) t # -

./0#(- 5-5)8 1# )0-%5()% GH* !J9

P̂N(t) =
# {i xi ≤ t}

N
. GH* !J

X,'-.1- +,# xi %<- (#)84$);B#% 4.1#'#.1#.5#%& 5#0*%# +,#F
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"#$%&' ()**+ ,#-#./0 12 ./0./ 12 3%#43%'1&'12)

lim
N→∞

sup
t

∣

∣

∣
P̂N(t)− P (t)

∣

∣

∣
= 0 5(4 !6

7/8'+

DN = sup
t

∣

∣

∣
P̂N(t)− P (t)

∣

∣

∣
5(49:6

;2-2 -20.&'12 #<%0.&'12 =' >$%&' 5()*(6? 2=1/ P @ ' A%=BC2 1/ D&2E'E#<#1'1/

';%-%<'1' 1' 1#0.&#E%#BC2 %=#A2&-/)
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"#$%&' ()*(+ "%,-./ 01 2&/3'3#4#0'01 '5%6%4'0' P 701 %6' 0#89&#3%#-./

%,#:/&61; 1 :%,-./ 0#89&#3%#-./ '5%6%4'0' '2&/<#6'0' 2'&' %6 1<21&#61,9/

5/6 12 &1'4#='->18)

? 9'314' 0' @$%&' 7()*A; '2&181,9' /8 4#6#918 01 '51#9'-./ 01 DN 214/

91891 01 B/46/$/&/C−D6#&,/C) E1@,#,0/F81 DN =
∥

∥

∥
P̂N(t)− P (t)

∥

∥

∥

∞

G / C'4/&

0' 9'314' dN,α 8#$,#@5' Pr(DN ≥ dN,α) = α)

"#$%&' ()*A+ H#6#918 0/ 91891 01 B/46/$/&/CFD6#&,/C
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