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8
Surfaces invariant by one-parameter group of hyperbolic

isometries having constant mean curvature in PA/SLz(R, T)

On (3) Ricardo Sa Earp gave explicit formulas for parabolic and hyper-
bolic screw motions surfaces immersed in H? x R. There, they gave several
examples.

In this chapter we only consider surfaces invariant by one-parameter
group of hyperbolic isometries having constant mean curvature immersed in
PSL, (R, 7). Since for 7 = 0 we are in H? xR then we have generalized the result
obtained by Ricardo Sa Earp when the surface is invariant by one-parameter

group of hyperbolic isometries having constant mean curvature.

In this chapter we focus our attention on surfaces invariant by one-
parameter group of hyperbolic isometries. To study this kind of surfaces, we
take M? = H? that is the half plane model for the hyperbolic space. Thus, the

metric of M? is given by:
2 2072 2 1
do” = N (dz* + dy*), A= —.
Yy

From Proposition 5.1.1, we know that to obtain a hyperbolic motion on
PSLy(R, 1), it is necessary consider a hyperbolic motion (hyperbolic isometry)

on HZ.

8.1
Surfaces invariant by one-parameter group of hyperbolic isometries main
lemma

The idea to obtain a surface invariant by one-parameter group of hyper-
bolic isometries is simple, we will take a curve in the xt plane and we will apply
one-parameter group I' of hyperbolic isometries on 1/33'732 (R, 7). We denote by
a(z) = (z,1,u(x)) the curve in the xt plane and by S = I'(«), the surface
invariant by one-parameter group of hyperbolic isometries generate by a.

Since the most simple hyperbolic isometry on H? is the homotetia from

the origin, we re-parameterized the hyperbolic plane whit coordinates R and
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0 € (0,m), so that

x = Rcos(0)
y = Rsin(0)

where R € R and 0 € (0, ).

Thus, the surface S is parameterized by,

©(p,0) = (Rcos(#), Rsin(f), u(0))

124

Now, we rewrite all the expressions in this news coordinates, thus we

obtain the next lemma.

Lemma 8.1.1. By considering the above re-parametrization to the hyperbolic

plane, we may rewrite all terms in the form,

— 0, = cos(0)0r — Sm(e)ag
R
@:m@@+f@@
- R, = cos(0)
- R, =sin(0)
_ sin(0)
0, = =
cos(0)
-6, = 7
oy 1
~ Rsin(6)
1
- do? = ———— (dR* + R*db?
7 TR sin?() ( - )
Proof. From,
x = Rcos(f),
y = Rsin(6),
we obtain,
dx = cos(0)dR — Rsin(0)d0,
dy = sin(0)dR + R cos(6)db,
since,

de? +dy? = dR*+ R*d¥?,

1
A= Rsin(6)

(8-1)

(8-2)
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then \? = b thus
- RZsin®(6)’ ’

do® = N(da® + dy?)

————— (dR* + R*d0*
R2sin?(0) (4B + )

Furthermore, setting
0, = a0r + b0y

and evaluating in equation (8-2). We obtain,

1 = cos(#)a — Rsin(0)b,
0 = sin(f)a + R cos(0)b,

hence, n(6)
sin
a=cos(f), b=-— =
that is,
0, = cos(6)0r — sin () Op.
R
By considering,
0y = a0 + b0y

and evaluating in equation (6-2). We obtain,

0 = cos(f)a — Rsin(0)b,
1 = sin(f)a + R cos(0)b,

SO 0
Ccos
— sin(@ b=
a = sin(6), I
that is,
0
0, = sin(0)dg + Cojé ) oy,
From 22 + y* = R?, we obtain,
2 = 2RR,
2y = 2RR,
Considering the equation (8-1), we obtain,
R, = cos(0)

R, = sin(0)
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Derivation of equation (8-1) with respect to = and y respectively gives,
1 =R, cos(f) — Rsin(0)0,

1 = R, sin(f) + Rcos(8)0,

Now, by using R, and R,, we obtain,

)
0, = 7
cos(0)
b, =

This completes the proof.

The next Lemma is crucial for our study. We follow ideas of Appendix
A of (11). Consider the graph ¢ = wu(f) in the plane zt, and denote by
S = grap(T'u). Supposing that S has constant mean curvature H, we have

the lemma:

Lemma 8.1.2. The function u satisfies

[ (d—2H cot(0))/T§ 47 02 (7)

o — 270 (8-3)

where d is a real number.

Proof. Since S has mean curvature H, then by lemma 5.2.1 the function u

satisfies the equation

, a
2H = divype (Wel + %62) , (8-4)

Whefewzm>a=%—27,andﬁ=%.

By abuse of notation we consider u(x,y) = u(R(z,y),0(x,y)), since S is
a surface invariant by one-parameter group of hyperbolic isometries, then the

function u does not depend of R, so,

Uy = uRRJ} + U@Hm - uﬁeza
uy = uplRy, + uply, = upb,,
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By considering the lemma 8.1.1, this implies,

= —ugsin®()

2 = wugsin(f) cos(0)
Thus

a = —ugsin®(f) — 27

B = wugsin(f) cos(0)
this implies,

o 4+ 4% = sin?(0)(ug + 27)* + 477 cos?(0)
W? = 1+4sin?(0)(ug + 27)* + 472 cos*(0)

. o 1 Oy 0,
Setting X, = Wel + %62 = W (oz? + B%)

We need express X, in coordinates R and 6. Observe that,

% = Rsin @ cos 00 — sin® 00y
and P
Xy =R sin2 QaR + sin 0 cos 98@
Furthermore,
Oy ay . 9 . -2
C(T + ﬁx = —(sin” OQuy + 27)(Rsin 0 cos 00r — sin” 00y) +

+sin 6 cos Qug (R sin® 00x + sin 0 cos 00y)
= —[Rsin® 6 cosOug + 27 Rsin 6 cos 0]0g + [sin® Qug + 27 sin® 09y
+ R sin® 6 cos QugOr + sin® 6 cos? QugOy

= —27Rsinf cos§0r + sin® O(ug + 27)0y

So, we conclude that,

1

X, = W [SiHQ O(ug + 27)0p — 2T Rsin 6 cos 083}

and

W = \/1 + 4720520 + sin® 0 (ugy + 27)2
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Let 6y,0; € (0,7) with 6y < 6; and Ry, Ry € RT with Ry < R; and
consider the domain 2 = [0y, 0] x [Ry, R1] in the plane RT6.

0]

|
"Ry Ry

By integrating the equation (8-4), we obtain

/ (X n) = 2H Area([f, 1] % [Ro, Ba])
a(Q)

where 7 is the outer co-normal.
Since
[ wn = [ Cn)+ [ Cum)+ [ o+ [ (Xam)
[2/9] 71 72 73 V4
we compute each integral:

For the fist integral: Observe that,
71(8):('9’90)’ ROSSSRI-

This implies,

Y1 = Og,

thus

| ’| — #

ni= Rsinf’
and

1 = —sin 00.
Furthermore

sin® O(ug + 27)(6p) 1 sin 0(ug + 27)

<XU7 771) =

%% sinZf %% ’
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hence

R
Youg 427
Xpon) = | - 00)dR
[ emy= [ e

Y1

For the third integral: Observe that,
’}/3(8) = (Rl - 8,91), 0 S S S R1 — Ro.

This implies,

’yils = _aRa
thus
| ’| — #
3T Reing’
and
13 = sin 00,.
Furthermore
sin® O(ug + 27) (6 1 sin 6(ug + 27
gy — SO0+ 20)0) 1 im0+ 27)
%% sin” 0 w
hence,

F1=Bo gin O(ug + 27) 1 B (ug 4 27)
Xy, m3) = —ds = ~————(01)dR
[73< 13) /0 W (Ry — s)sinf ° /Ro RW (1)

For the second integral: Observe that,
72<S> = (Rlas)a 90 <s< 91-

This implies,

’Yé = 819?

thus

A

T2l = sinf’
and

1o = Rsin 60kg.
Furthermore
27 R%sin% 0 cos 6 1 27 cos 0

Xlu = - = - 9
(X 12) W R2sin 0 W
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hence,

1 97 cosb
X = — do
[,2< w ) 9, Wsinf

For the four integral: Observe that,
’}/4(8) = (R0,91 — S), 0 S S S 91 — (90.

This implies,

71/1 = _819?
thus
M
= Sne
and
Ny = —Rsin0g.
Furthermore
27 R% sin? 6 cos # 1 27 cos 0
<Xu’774> g 2 5 g s
W R2sin“ 0 W
hence,

01700 97 cos (6 — ) 1 9197 cos @
Xy 1) = . ds — 57 1
L4< ) /0 w sin(f; — s) ° 9, Wsind

Taking into account this four integrals, we obtain

[ (ug+27),, dR B (ug+27)  dR
/89<Xu777>—/ GT(Ql)f—/ GT(HO) 7

Ro Ro

Observe that,

R1
Area(f) = / / \/det(gi;)dRdO
0o
1
— ———dRdf
/9 / Rsin?6

So, we conclude that

B (ug+271)  dR B (ug+27)  dR SR EC I |
(0 ~ = 2(h ————dRdf
/Ro W O R /Ro W (o) R /9 /Ro Rsin® 6

0
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which we can write in the form:

91 91
/ 05 (M) 0 = 2H %de
o w 9, Sin

By considering that €2 is any domain in the plane Rf, and taking the derivative

with respect to p we obtain:

69 (U@"‘QT) B 2H

w ~ sin6
by integrating this expression:

Ug + 27

= —2Hcot +d
V14 472 cos? 6 + sin? O (ug + 27)2

where d € R. This implies:
(ug + 27)*[1 — sin® O(d — 2H cot 0)?] = (d — 2H cot §)*[1 + 472 cos* 0]
so the function u satisfies:

do — 270

d—2H cot0)v/1 + 472 cos0
(0)
u g
V1 —sin?0(d — 2H cot §)?

8.2
Examples of surfaces invariant by one-parameter group of hyperbolic

isometries in 15§/L2(]R, T)

Now, we explore the Lemma 8.1.2. By considering 7 = —1/2 we obtain

the next consequences.

Lemma 8.2.1. Making d =0 and 7 = —1/2, then the integral

2H cot(#)/1 + cos?(0))

N sinQ(Q)(QHcot(Q))Qde Y

u =
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has the next solution,

sin®(6) — 1+ (1 — 4H?)/8H?
u(f) = = arctan +
(6) 2 <\/(sin2(9) + (1 —4H?)/4H?)(2 — sin2(9))>
V2H 1—4H> (4H? —1)sin*6
et
JW L (0= 412) a2 4 sin ) (2 — sin?(9))) +

\/_H
V1-4H?

where 0 < H < 1/2.

In{sin® 6} + 0

Proof. Taking 7 = —1/2, d = 0, the expression

V1 + cos2(0))

cot (6
=
V1 —sin?(0)(2H cot(0))?

do

can be write as:

- 1 4 cos?(0))
f8) = /sine\/(l —4H2)/4H2+sin29cosed9

making b = (1 — 4H*)4H? v = sinf, then dv = cosfdf, so the integral

becomes:
o / \/—71;2

dv
Vb + 02

whose solution is given by:

f 1 ; ((1}2—1)%—19/2)+
= jarctan
V2 —v2/b+v?
V2 (4D 4+ 0?2 = D) + 2v201/(2 — v2)(b + v?)
+ In
2v/b v?
by substitution the values of v and b, we obtain the result. O

Example 8.2.1. Making H = 0.3 in the lemma 8.2.1, since § = arctan <y),
x
so in coordinates XY'T, the graph has two sheet. The first sheet is given by

x> 0 (here we have two views to the first sheet),
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. . } . H Surfaces, Invariantby Hyperbolic Isometries, with x>0
H Surfaces, Invariantby Hyperbolic Isometries, with x>0

4,7

Now, we consider the sheet given by x < 0,

H Surfaces, Invariantby Hyperbolic Isometries, with x<0 H Surfaces, Invariantby Hyperbolic Isometries, with x<0

Example 8.2.2. Making H = 1/2, 7 = —1/2, d = 0, and by following
the ideas of the proof of the Lemma 8.2.1, we obtain a surface invariant by

one-parameter group of hyperbolic isometries having constant mean curvature
H =1/2. We plot the surface with Maple’s help.

1/2 Surface, Invariantby Hyperbolic Isometries, with x>0 1/2 Surface, Invariantby Hyperbolic Isometries, with x<0

x -10,0

S ST S SSSSOS 7
sSosso il
=

10,0
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Example 8.2.3. Making H =0, d = 1, we obtain a minimal surface invariant

by one-parameter group of hyperbolic isometries. To see this, observe that

. / (d—2H cot(@))\/l + 472 COS2(9))d0 98
V1 —sin?(0)(d — 2H cot(h))?

becomes:
1+ 472 cos?(
u_/‘/ AT 0 0) 4y _ o9
cos 6
Making:
1+ 472 cos?(
/ V/1+ 472 cos?(0)) 50
cos 6
then,
1+ 472 cos?(
/\/ i TQCOS cos 0df
cos? 0
: : 1+ 472 :
let w =sin@ so dw = cos0df. Setting a = 2 the last integral becomes:
T

|2|/m

which has the next solution:

w 1 a—w+v—1+ava—w?
= t — —v—1 1
f arcan(m)+2 +an< T+ w +

—mln (a—l—w+\/—1+a\/a—w2)

2 w—+1

which can be write in the form:

a—11n((a—w+\/—1+a\/a—w2)(w+1))
(a+w++v—1+ava—w?)(w—1)

f o= arctan( |27 sin 0 )+
V14472 cos? 0
n 1 In ((1 + 472 —47%sin 6 + \/m)(sin0+ 1))
2|27 (1+4724+472sin6 + /1 + 472 cos? 0)(sinf — 1)
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So, our integral has the solution:

27| sin @
u(d) = arctan( |27]sin ) — 270 +
V1 + 4712 cos? 0

N 1 1 (1+47% —47%sin0 + /1 + 472 cos?2 ) (sin 0 + 1)
n
2|27 (1+4724+472sin0 + /1 + 472 cos? 0)(sinf — 1)

Observe o domain.

Observe that, by considering T = —1/2 we obtain (following the same
idea):

in 6@ 1 2 ind 1 ng — 2
u = arcsin (sm ) — —arctanh (ﬂ> — éarctanh (L> +6

&) 3 7 N
This surface goes to x = 0 when y goes to 0, and when © — 07 the surface
goes to —oo, if x — 07 the surface goes to —oo. See figure:

Minimal Hyperbolic Surface Minimal Hyperbolic Surface
&tau; = -1/2 &tau; = -1/2

Example 8.2.4. Making H = 0, 7 = —1/2, d = 0, we obtain a minimal
surfaces which consist of two sheet (see figure). When y goes to 0 the surface
goes to x = 0. When x — 07 the function u goes to a negative finite value,

and when x —* the function goes to a positive finite value. Observe that:

u(zx,y) = arctan (E)
x

We plot the surface with Maple’s help.


DBD
PUC-Rio - Certificação Digital Nº 0621213/CA


PUC-Rio - Certificacdo Digital N° 0621213/CA

Surfaces of Constant Mean Curvature in Homogeneous Three Manifolds with

. . -
Emphasis in PSLa(R, 7) 136
Minimal Hyperbolic Surface Minimal Hyperbolic Surface
with Heigh Bounded with Heigh Bounded
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