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5
Appendixes

5.1.
Appendix of Chapter 1

5.1.1.
Aggregate Price Level

In this appendix, we show how to express the (equilibrium) aggregate
price level in terms of the high order beliefs. First, we replace (1.1) in (1.3) to

obtain:
P =37, IA,_. E[rP,+(1-1r)0, | 3.(2)]dz
=ry7, IA,_, EP: | 3@z +(1-1)37, [ . E[0, | 3.(2))dz
From the definition of the average 1" order belief in (1.4):

P, = rE[P,]+ (1 — r)E[0,].

If we iterate one time, we obtain:

P, rE[rE[P 1+ =r)E[0,]]+ (1 -=r)E[0,]
*E[E[P 1]+ r(1 - r)E[E[0,]]+ (1 - r)E[0,]

2EX[P)+ r(1 = r)E*[0,]+ (1 - r)E[O,].

If we iterate N times:
P, = rNEN[P, +(1—r)2 =L ERO,].
Taking the limit as N — oo, we obtain expression (1.5):
P,=(0-r) Zle r=1EX9,],

which proves the result.

5.1.2.
Expectations

In this appendix, we show how a firm z that updated its information set a
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period ¢—j computes its expectation about the fundamental &

t—-m?

E [ﬁt_m 1S, (z)J First, we calculate the distribution of the fundamental 6, ; given

that the firm updated its information set at period #— j. We can compute

£6.,18,_,.x_,)as

f(@,_~,0,,j,1,x,_j)
|7 100300 1.x0)d01
_ SO, x5 | 05)0)
[ 101,00 1.x15)db,
_ SOrjor | 0 )iy | 0:5)f(015)
[© 705,60 1,x05)db.

f(et—j | et—j—lyxt—j) =

where the last equality holds due to the independence of ¢, (z) and E_ ;. As
x(2) =0, +&5(2),
011 = 0 — &rys
where  &£(z)~N(0.87") and e ;=N (0.e').  we have that
f(x,_j |¢9t_j)= N(Gt_j,ﬁ_l) and f(ﬁt_j_l |¢9t_j)= N(&,_j,a‘l). If the dynamics of

0: was 6,_, | = pb,_, —¢,_;,we would have

—-j?

Ele:]
E[Qtfj] = E[gt] = l—tp =0,
. . Var[s,] . a_l
Varlf,;] = Varl0,] = s = R

Therefore, the distribution of 6, ; would be given by f (Ht_ j): N (O,‘P'l) where
Y= Ot(l— pz). Thus, we would obtain
@ =0)7 O -p'0)° 07
FO04,0r1.%15) = € X exps (e ](Z)_l i) | O 0 — o), -
2 B (p*a) ¥
=cx exp{—%[(ﬁ + o+ ‘I’)Q,z_j = 2(Px1—j(z) + ap,_j-1 )0 ]}

X eXp{_%[ﬁx?_j(Z) + apzetzfjfl :I}

~endx L yexpd 1O
L2rox 2 x? '

where
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c=(27)"(Baw)"?, d=~2roexpl-i[- 1227 + g () + ap0? ., |}
p=an @)+0-08)z ] A=p(B+a+w),
Zyoju1 = Apet—j—l’ A= a(ﬁ+ a)_l'

2 =(B+a+¥)",
As p—1, we have ¥ —0, A—J5, and X’ —>(f+a)’. Thus
f(&,_j |9t—j—l"xt—j)= N(,u,az) where  u= l§xr_j(z)+(l—5) Gr_j_lJ, and
o =(B+a)’

5.1.3.
High order beliefs

In this Appendix we derive the general formula of the k -th order average

expectation
Ek[et] = 2'ZZZO(I - 2')m [Km,ketfm + 5,,1’/{9[4”71]

)

m,k

[ ][00 Yomamarren] ]
6m,k+1 0 6m’k

where the matrix A is given by

with the weights (K ) recursively defined for k >1

m,k?

[A-)[1-a-)"" ]+8[1-(1-1)"]] 0
S[[1-a-)™]-1-a-1)"1]  [1-0-)""]
and the initial weights are (Kl,k’al, k)E(l—d, ). We start by computing E'[6,] as

El[et] = ;:0 J‘AJE[EO[Ht] | St,j(z)]dz
=200, B | Sz
=270 ] [ =8)xi(2) + 80,1 1dz

j=0

= A7 (1= 2Y[(1 = 8)0,;+ 60,41,

We can use this result to obtain E’ [9,] as
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E?[0,] = Z::o J‘Am E[E'0,] | Sim(2)]dz
=230 o] 2L (U= AYE(1 = 8)0i + 80,1 | Jim ()],

We know that

E[0.; | 3rm(z)] = { (1=06)xrm(z)+060, .1 :m>],

0 tm < j.
Thereafter,

EX0.]=23" jAm Zjigl(l V{1 =8)EB. | Sem(@)]+0E0, 11 | Sm(@)]}dz
220 o[ =2~ OEOn | Sen(@)] + 80,01 b2

m=0
20 o] X =AY [(1=6)6,+ 80,01 Jdz
=220 o[, 20 = AY[(1 = 0)x1m (@) + 60,11 Jz

A2 JAm(l = )" [(1 =1 =0)x1-m(2) + 0011 ] + 00,1 1dz
200 o] X =AY [(1 = 6)00+ 80,501 Jdz

=223 (L= 2)"[(1=8)0rm + 00,--1] Z,-"igl (1-1)y

A2 (=2 [(1=8)*0ip +[1=(1-6) ]0in1 ]

A2 (=) [(1=6)0, +000 4120 A =2)"

= A2 (U= 2)"[(1 =8)0im + 60, J[1 = (1 = 2)"]

Y A=) [(1-8) 0 + [ 1= (1-8)* 10 1er |

+ A2 (1= 2Y[(1=8)0,5+ 605 [ 1 - (1-2) ]

=220 (A= A)"2[1 = (L= A)"I[(1 = 8)0rsn + 00, ]

+ A2 (=) [(1=08)20mm + [ 1= (1=6)* |0 |-
We can write this expression as
E?[0,] = 12120(1 — AY (K20, + 620,511,
where
Kio=(1-)[1-1-2Y]+1-8)[1-(1-21)"]
=[1-a-2" ]2+ [1-a-2ay](1-62).
S =0 1-(1-2Y]+[1-(1-8)][1-(1-2)"]
=[1-a=-2y"](1-«x2) +[1-(1-2y]62,.
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Note that

Kj2 +5j,2 = Zyl,=()|:1 - (1 —A)j:ln[l — (1 —A,)j+1 ]lin.

We use induction to obtain the general case. Suppose that (1.11) holds for

k—1. Then

A (= )" [t Om + st Ot ],
where
o (U= Y (g +8550) = L1 - (1= 2"
As a result,
ENOT =20 ], ELES'0.] | S () )z
= ol E[AR (= 2T+ 8010011 | Sen (@) Jde

= }“Z:=0I {'_H(l ~ MYk B0y | Sem @1+ 6501 E0i | Sim(2)]}dz
+ lzw_o J.A (1 - ﬂv) {Km k— 1E[0t—m | ‘St—m (Z)] + 5m k— 19t—m l}dz

A0 ]y, 2 — A (4101 + 8741 011 1dz

=220 -[Am ) ) (1 ’/L)j(’(j,kfl + 04 (1= 0)x 1 (2) + 60 1y 1dz
S AT (=2 [ [ = 005 (@) + 80,1+ 6501001 I
M J.Am Z;Omﬂ = 2V [K41 01y + 8141011 1dz

=22 Z“O,O(l =) (1= 800 + 80w ]2 (1= 2V cjir + 841
+A2 Z“’ - )Mk, w1 (1=0)0m + [Kmso10 + i1 10 mm—1]

F AT (1= VTt 00+ Bp 00 10 (1= A)"

= /IZ““_O(l )" L= =) 1= 8)0m + 00,1t ]

+A2 Zw /1)2"1 Kt (1 =0)0m + [Km 10 + O st 10 -m-1]
+/12“’ "= =2A)" K mso1O=m + O 10 o1 ).

We can rewrite the last three lines above as

Ek[gt] = 2'Z::O(l - 2')m[KVn,I<0Fn1 + 5m,k0tfm71 ]7

where
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K = (1=8)[1 = (1= )"+ [A-)A0 =)™ +[1= (1= 2)" e st
= (-8 -a-1"
+H[A=-[1- =" ]+6[1 = (1 =2)"T]kmscrs
Smae = 01— (1= )" 1 + 6401 = 1) "k pser + [AA = )" + 1= (1= 2)" 118 4
=8[1-(-)"1!
+O[[1- =)™ -1 =1 =" Jxppcr + [ 1= A= 2)"" 8,41
since A(1- A)" = |1- (1= Ay |- [1- (1= 2)"]

Rewriting these weights in matrix format, we obtain

|: Km,k+l :| _ |: (1_6) :||:1(12,)m]k+Am|: Km,k :|’
6m,k+1 0 6m’k

where the matrix A is given by

[A-)[1-a-)"" ]+o[1-(1-1)"]] 0
S[[1-a-n"']-1-a-»"1]  [1-0-)""]

m

which is exactly our result.

iﬁbendix of Chapter 2
5.2.1.
Expectations
At this appendix we show that
Eleri | ymil = (YT}/OJ)’H'
and that

Elerj | yijivei]l = [(ﬁ)y” " (Wgﬂ?ﬁ)v”}

In order to derive E [8r—i I y,_i], we have to find f(g,_, 1y,_,). Using Bayes

theorem, we have

fleri,yii) _ fOei | eni)f(eri)

T ) = 6 T ™ oo | e e,

But
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f(Yt—i | 8z—i)f(8t—i)

N W | [ Ori=ee)® | i J
2(ay) 7 y! o

_ 1 S N Vi +yE2 .+ ag?,
- 27[(a7/)71/2 eXp 2 [/}/yl‘*l zygt_lyt_l + /)/gtfl + agl‘*l]

— 1 1 ¥ 2 ?/2 s )
= —27;(057/)_1/2 exXp — §|:(7’ + a)(em - <—7, y )yH‘> - (7, Ta )y,_i + y/yt_l.:|

_ 1 1 eri = (F )y
it ZK ¢ +a) ﬂ

where
e {3 (a%7) ev - 5[ (FFa )i ]
So
. N SO | eni)fleni)
f(gt_l ) J.f(yt—i | gtfi)f(gt—i)dgt,i
(ko)
Therefore

Eleri | ymil = (N%)ym,w > 1
We could obtain this result computing

COV\Ei—iy Vi—i
Ele,i | yril = %})Ii
-1

_cov(Eri, & + M) ,
= -1

Var(gt—i + nt—i)
-1
—_1>yt—i = (QH_LOJYH

We also use Bayes theorem to obtain £ (e | Yigvig].

I
7~ N\
QI
Tl
_l’_
<

f(}’t—jv"t—j,gt—j)
JOwjsve)

_ SOy | e eny)
[fOevey | ec)fe)de.
_ f(Yt—j | St—j)f("t—j | St—j)f(gt—j)
[fOegvis | e)fe;)dery

f(gt—j | yt—'th—j) =
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where the last equality holds due to the independence of &, i (Z) and 77, ;. So

f(Yt—j | gt—j)f(vt—j | gt—j)f(gt—j)

e )2 2 2
= dexp —%[(%) + ((szﬂju) >+ Zt_f :|

=dexp - %[7)’:&/ = 2y&yej+ 7’3;2f/ + ﬂvtz—j = 2Berviy + ﬂg?—j + agtz—j:l

= dexp — %[w?_j + B2 =28 (yyey + Prig) + (y + B+ a)el, ]

(yyej+ Bviy)’ o Br\2
:dexp—%|:yy$j+ﬂv%j_m+(y+ﬂ+a)(gt_j_ VYii+ P z;)

y+pB+a y+p+a

o Dt 2
1 Y ytpra

1
exp — —
202 (y + B+ ) ) (y+pB+a)’

where
1

d=—1
271.3/2 (aﬁy)—UZ

2

_ 1 / afy 1| 2 2 (e +Bvey)

€T 2 7+ﬁ+anp 2|:yytj+ﬂv’j y+B+a
Therefore,

f()’t—j | 5t—j)f(Vt—j | 5t—j)f(5t—j)
If(Yt—j, Vi-j | Erj )f(gt—j )dgt—j

f(gt—j | ytfj,Vt—j) =

_ YYij+ By -1
= N(—7+ﬂ+a ,(r+pB+a) )
and, consequently,
. 1 _ e + Py
E[gt—z | yt—l] = }/+ﬂ+0l
5.2.2.
Beliefs

In this appendix we prove Lemma 1. That is, we wants to derive the

general formula of the k -th order average expectation E* [ﬁt ] .

EMO,] = /12::0(1 — )" [amiO-m + b p0rm-1]+ KZZ:()(I = A)" Cm kYi-m

considering that the weights (am! 3D 5 C k) are recursively defined, for k =1, by


DBD
PUC-Rio - Certificação Digital Nº 0610523/CA


PUC-RIo - Certificacdo Digital N° 0610523/CA

Informational Frictions and Inflation Dynamics 84

A ks (1-96) Ak
bm,k+1 = 0 [1 - (1 - l)m]k +Am bm,k B
b k1 p Cm k
where the matrix A, is given by
(L=8)[1- (=)™ ]+o[1-(1-A)"] 0 0
Aw=| O[[1--A"']-0-a-»m"] [1-a-»™']o | @D
Ap(L=2)" 0 1

and the initial weights are (a b )E(l 8,6,p),and p=1-A(1-9).

m,1? ml’

We start by computing E' [Gr] as

iIAjE[EO[Qt] | 3(z)]dz

(=)

~.

ij E0, | 3.(2)]dz
j=0

./

= 2 [0 =8)xi(@) + 80,1 + Sy + Kk 2oy yeos Jdz
0 I

A =AY [ (1= 8)0uy + 80,1 + 3Ky +K D0 yiei |

j=0

= 12(1 —2)[(1 =80, +686,1]

Jj=0

+K|:5),Z(1 — Ay +7LZyt- Z(l —l)’:|

i=0 J=i+l

= /12(1 - AY[(1- 0)0,+60, 1]+ px Z(l =)'y

j=0 i=0

b )E(l 8,0,p). We can use this

This expression shows that (a

m,1° ml’

result to obtain E’ [9;] as

ij EE'0,] | 51 (2))dz

—AZ N Z(l—i)fE[(l—awtﬁaet_,l | Sem@dz+ pe (1 = )y

k=0

This last equality holds because y,, belongs to the information set
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3...(z), Vk,m. We know that

(1= )Xy (@) + 80t + OKYim +K Dy 1j<m
Eb | Sin(@)] = ’ i

Ht—j :] >m
Using this expression, we can write E° [9;] as
A S DE | Sen@]+ OB 01 | S @]z
m=0 Am Jj=0

+ 4 Z [, (=20 = OEOem | Sen @]+ 80,1}z

1753 D (B (R RSN 2 3 CEP e

m=0 " j=m+1 k=0

m—1

=4 i [ 2 =YL = 8)xrm (@) + 60,1 bdz
m=0 " =0

0 m—1 m—1
+/1KZJ.A Z(l_/’L)j|:Z[(1_5)yzi+5yt—i—1]:|dz
m=0 " j=0

=

A (1= 0L )1 = 8151 Q)+ 8 + By ] + 0, M

+AZI 3 (1= Y1 = 8)0,; + 60,51 1dz + pre (1 — W)y

m=0 " j=m+1 k=0
—/122(1 "1 =6)0rm +00-m-1] 2(1—/1)’
j=0
© m—1 . )
+ A2 3 (1= )" [0 = 8)yii + 0yrint 1 20 (1 =AY
m=0 i=0

22 (1= 2P [(1=8)*0i + [1 = (1= 8)* 10rer +5(1 = 6)yin ]
m=0

+22 21(1 —AY[(1=8)0,+ 60,11 1210(1 — )"+ p kzo;(l ~ )k
j "
=2 iou = 2)" (1 = 8)0om + 60,1 1= (1= 2)"]
+ KA iioo:[(l =)y + Oy [1- 1 -] m%(l —A)"
+ A2 i)(l —A)" [ =8)20rm + [1= (1= 8)? [0t +0(1 = &)y |

P2 =AY = 8)0r+ 60,1 1[1 = (1= 2¥ ]+ pe X0 = Dy

Jj=1 k=0
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S A=A 21— (1= AL = 8)0 o + 0,1 ]

m=0

22 = [ =80, + [1= (1= 8)2 10t ]
m=0

Fr3 ~)ye{8[1-p(1 =) ]+ (1 =8)[1-p(1 - 1)* J+2p—1}
i=0

We can write this expression as
E?[0,] = AZ;:O(I - )L)j[ajgze,,j +b020, 1]+ KZ;:O(I - l)jcjgzy,,j
where
ajp=(1=-H)[1-1-2Y]+A-8)[1-(1-1)"]

bio =8 1-(1-2Y]+[1-(1-8)*][1-1-2)"]
cia=0[1-p=2Y]+(1-&)[1-p(l-2)Y"]+2p-1

These expressions shows that we have

aja (1-9) (1-9)
bjn | = o [1I-(1-1)"]+A, 5
5) P P

where the matrix A is given by (4.1). Note also that we can write a;, +b, , as

4.2)

k—1-n
b

aji+biy = ki[l —(=-A) " [1-a -2yt
n=0

for k =2 . We use induction to prove this formula and to obtain the general case.

Suppose that (2.8) holds for k. Assume that

Ek[et] = 12(1 - l)j[aj,kgtfj + bj,ket—j—l] + KZ(I - )v)jCj,kYr—j

J=0 J=0

Then

a;j k+1
Ajjr1 + Dj it Z[ 110 } bj s

Cjk+1
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(1-5) %
:[1 1()} S [1—(1—l)~’:|+[1 IO}AJ' bjx
p Cik

(1= =27 T+ [1= (= 27" [ + )
S[-a- e S -a- -]
n=0

k
=3 [1-a-2y] 1 -a-ay]"
n=0
This proves that (4.2) holds forn any k. Therefore, we have that
m—1

Z(l - ;L)j(aj,k + bj,k)

Jj=0

m—1

= 2(1—/1)1 [1—(1—/1)1] [1-(-2)*]

k—1-n

= m21(1 —l)/[l — (1= ) ]k ! %[M:r

=y 1= (1- )"
m—1 ) ‘ .
=%§j{[1—(1—x)ﬁl] ~[1--2y] }
— k — _ m 1k
- Ln-a-nmr-i-a-27} = dn-a-wm
With this result, we are now able to obtain E*“*'[6, ], assuming that E*[6, ]
is given by (2.6).

Ek+l[9[]
= > [, EIE0.] | Sin(@)]dz

:0 m

= Z.[AME|:A'ZJOOO(1 A’)J[a]kel‘j +b]k0lj 1 +KZ(1 _A') Cj kY r—j | \Sr—m(Z):|

m=0 Jj=0

0

=120, Z(l—z)f{a,kE[ef, | Sem (@] + bisEl0, 1 | Fem(@)]rdz

m=0 Am Jj=0

+A Z [y, A= 2" an iEOrn | Sen(@)]+ busin bz

+zzj 2 (1= AY[a;j 0, + b0, 1]dz+1<2(1 —AYej e

" j=m+1 Jj=0
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—AZJ 2(1—1) (@jx + b (1= 8)X 1o (2) + 80,y + Ky 1dz

VI
m=0

m=0 " =0 i=j+1

m—1
+AZJ‘ Z(l_l)]{(a]k'i'bjk)’(Zyll+Ka]kyt]}dZ

88

+/’LZJ‘ (1 - )m[ mk[(1—5)x,_m(z)+50, m— 1+5Kyt— ]+bm ket m— l]d

m=0 Am
+;sz 2(1—1) (@40 + bjx0 dz+;<2(1—,1)c,ky,,
m=0 Am Jj=m+1 Jj=0
m-1
= A? Z(l "[(1=0)0rm + 001 + OKYi-m] Z(l - /,L)j(aj,k + bj,k)
m=0 Jj=0
© m—1 i—1 )
+KkAZ 2 =A)" Dy 2 (1= A) (ajn + bjs)
m=0 i=1 Jj=0
+xA2D (1 - ),)-faj,ky,,j > (a=-a)"
j=0 m=j+1

+ 12 Z(l A)Zm (lm k[(l - 6)9t m T 5Kyt m] + (am k6 + bm k)et m— 1]

Jj-1
+122(1—A)] a]kG,jer]kH,_, 1 2(1— )nl-i-KZ(l—l) CjkYj
J=1 m=0 j=0

=2 i(l — )" (1 =8)0 s + 80,y + Ky [1 = (1= 2A)"]F

m=0

ANy 1= (-2 3 -y
i=1

m=i+1

+ KA 2(1 - /’L)zj+1 a; i Yi-j
=0

+ /’Lz Z(l )2m am k[(l - 5)0t m + 5Kyt m] + (am k6+ bm k)et—m 1]

m=0
+ A (1= A [a;bj+ b0 [ 1- (1= 2) ]
Jj=1
+ KZ(l - /’L)jcj,kyzfj
J=0

= A2 (A=) =1 =2)" 11 = 8)0rm + 0, 1]
m=0
+AZ Z(l 2')Zm amk(l_é)elm +(am k5+bm k)et m-— 1]
+AZ(1 A)m am k9t m +bm k9t m— 1][1_(1_l)m]

f (= )"y {Pll = =2)" 1+ Ap(1 = A)" @y + s}
m=0
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We can rewrite this expression as

EXN00 =200 (1= 2)" {510 -m + b g1 Ot ]+ KCop g1 Vij s

where

mprr = A=) =1 =)"T +[(1-5)AA - 2)" +[1 = (1 = 2)" Nans
=(1-)n-a-»)"
+[A=-O)[1-A=1)""]+6[1— (1= 2)"]]amx
Bser = 0[1 = (1 =2)" P+ 6401 = 1) s + AL = 2)" +[1 = (1 = 2)" s
=o[1-(1-1)")
+o[[1-A=-D)"" ] -1=(U=2)"1]ane+[1=A=2)"" ]bys
Cman1 = pl1—(1- l)m]k +Ap(1 = A)" @y g + Com i

since A(1-A4)" = ll (-2 J— ll ~(1- /1)"1]

Rewriting these weights in matrix format, we obtain

A k=1 (1-9)

Ak
bm,k+1 = 0 [1 - (1 - 2')m]k +Am bm,k 5
Crm k+1 P Com k

where the matrix A, is given by (4.1), which is exactly our result.

5.2.3.
Linear Equilibrium

In this appendix we prove that the linear equilibrium is the unique

equilibrium of the game. We departure from the equilibrim expression for
P=(1-r)2,r""'E“[6] to obtain P =Y7,c6, ,+3.d,y,,. Plugging (2.6)
into (2.4), we obtain

Pi=(1-nX7 P ED,]

Ak
= (1 - I’) Zle rk_l ::0(1 - l)m|: /”LH,,m 2fgz‘—m—l KYt-m :| bm,k

Cm,k

We write (2.6) as a function of the initial parameters, we write it


DBD
PUC-Rio - Certificação Digital Nº 0610523/CA


PUC-RIo - Certificacdo Digital N° 0610523/CA

Informational Frictions and Inflation Dynamics 90

ani | (1-9) o [a-e
bui | = 2AWB 0 =[1-a-»)"1"'>c 0
Comk p ) p

where B, = ll—(l—/l)mll ,C, = [1 —(@1=-2) rA and I is the identity matrix of

m

order three. Using this expression and defining the column vector of inicial

parameters, V, =[(1-5) & p] ., we can express P as

o oo k-1

=N T X0l -A=D" D A= 20 MWpmr kyen [CaVi
m=0 k=1 i=0
=(l—r)ii(i(r[l—(l—/l)m])k1)(1—/1)'"[ Wi Mymr KYim }c;‘,,v1
m=0 i=0 \k=i+1

0 [1 l)m])i " 0
(1 - r)WlZ( 1 _ (1 )m] )(1 - A) |: xet—m ﬂvelfmfl KYt-m }(% Cm)vl
B © (1 _ z{)m 0 .
- (l_r)%<l—rl—(l—l)m])|: lelfm lgt—m—l KYt-m }(g(rAm) )Vl

[
. ~ 0 (l—k)m
=@ r)mz;a A-(-2

1- )m] )|: ﬂ‘el‘—m lez—m—l KYt-m i|(1_ rAr11)71 Vl

Computing (7 — rA, )", we obtain

— 1 -
1= (1=8)[ 1-(1=2)™ Jo[1-(1-2)"7 ] 0 0
ro [ 1-(1-2)™ ]-[1-(1-2)"71 ] I
[1= a-[1-a-2)"" J+s1-a-m1 ] [ 1= 1-a-2™ ]]  [1={1-a-2)""]]
rAp(1-2)" 0 1
1= (1=8)[ 1-(1=2)™ J+o[1-(1-2)"] ] (1-r) 1-r

Therefore,

-8 1 1-(1-2)""]]
[1={ a=-®)[1-(1-2)"" J+s[1-(-2)™1 ] ][ 1= 1-(1-1)"" ] ]
S[1-r{1-(1-2)"]]
[1- a-o)[ 1-(1-2)"" Jrs[1-(1-2)"1 ] ][ 1= 1-(1-2)"* ] ]

[1- a-o[1-a-2)™ J+s1-a-2)"1 ] ][ 1= 1-(=2)"" ] ]

(I_ rAm)71 Vl =

Finally, we use this expression to compute P; as
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P,

- (L=A)"
(1 - r) Z(l _ I"[l _ (1 _ l)m]>|: /let—m 2fet—m—l KYt-m :|

m=0

A-&[ 1= 1-(1-2)""1]]

[1- a-®[1-a-1)™" J+s[1-a-1)"1 ] [ 1= 1-1-2)"" ] ]
S[1-r{1-(1-1)"1]

[1=[ a=-®)[1-1-)"" J+s11-(-2)"1 | ][ 1= 1-(1-2)"* ] ]

|: (1= 1-(-)" [ 1= 1-(-2)"" ]] :| ,

(1= a=®)[ 1-1=2)™" J+s[1-(-2)"1 ] ][ 1= 1-(-1)"" ] ] =

Z Km [(1 - Am )Qtﬂn + Am Qt—m—l] + Z dmytfm
m=0 m=0

where

(1-rAd -2a)"
A-Al-A-"D-1-a-1""])°

o[l -1 - -1)"]]
[1-a-®[1-a-n"" ]+s1--2)"1]]

>
3
Il

dm EK|: p = D)™ :|
[1-A-8[1--1)""]+s[1-(1-1)"1]]

L-f-)[1-a-)"" ]+o1-A-2)"]] =1-1-p(1-2)"]
and

co = Ko(1-Ay),
Cr = KmflAmfl +Km(1 —Am), m = 1,

we have our result.

5.2.4.
Matching coefficients

In this appendix we compute the equilibrium P., assuming that it is a

linear function of (O, ¥), i.e.

Pr=270ci0u+ 220 diye. (4.3)

First, remember that
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j-1

(1= 8)x,(2) + 00,1 + 0Ky, j+K D yii m<j

i=m

E[Qt—m | Stfj(z)] =

et—m ,m >]

We combine (2.1) and (2.2) to obtain optimal price for a firm z that last

updated information at ¢ — j as, p j,,(z), as

pii(2) = E[(1 =)0, +rP; | 3,(2)]
=(1-nE0; | 35@]1+rY  cnE0rm | 35(2)]

m=0

0 o0
+ ersz CmOi—m + erzo dmYi-m-

This last equality holds because St_j(z) encompasses © and Y,

1—j-1

meaning that firm z knows 6_, , for m> j, and y,_, . We use (2.5) to obtain

—m°

pj,t(z) as

i=0

-1
pii(z) = (1 - ")|:(1 = 0)x,j(2) + 60,1 + 0Ky, + KZYt—i:|

i=m

J J-1
+rY. Cm |:(1 = 8)x1j(2) + 601 + OKyj + K Zyt,-:|
m=0

+r D cmOem +rY dnyim

m=j+1 m=0

j-1
=(1- r)|:(1 - 5)xt—j(Z) + 59t—j—1 + 5Kyt—j + szt—i:|

i=0

J J-1 i
+1[(1 =6)x(z) + 60, + 5Kyt_j](z Cm> + rKZy,_,(Z cm>
i=0

m=0 m=0

+r D cnOem +1 Y duyim

m=j+1 m=0

=[1-r(1-C)I(1 - 6)xj(z) + 60,1 +0Kky,]

J-1 ©

+ KZ[I - I’(l - Ck)]ytfk +r Z Cmgt—m +r Z dm})t—m
k=0 m=j+1 m=0
where
Cm = jri() Cj.

As a result, the price level P; is writen as
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Ipt(z)dz

(1- r)|: (1=8)01-m + 60—t + OKYiem + K D Viemai :|
i1

=231 =) +r2cj[(l —8)0pm + 060,y +OKYrm + KZ;Zijt_m_H':I
m=0

=0

+r D0 €0+ diye
-0

Jj=m+1 J

Comparing this solution with the proposed one, we obtain

2 0€i0n+ 2 Ay

=(1=-rA=8)A2" (A=2A)"0rm +1=1r)SA2 " (1 =A)"0,
+r(1=6)A2." (1 =2)"Cpb:n

+ )Lr522=0(1 —)"Cpn0 iy + rzjil ¢l — rz;il c;(1- )L)jQ,,j
+(1=rask Y A= 2)"yem + (1= X7 (1 =2) "y

+ rAdx Z:=0(1 — )" Cuyrm + Krzzo Ci(1-2)"y i+ rZ}ZO diy.j

Matching coefficients of 0 , We obtain
co=0-r)A-8)A+r(1-06)Ac
and, Vj>1,

ci=0-r)A=-8)A1-2Y+1-r)oa(l -1y
+7(1 = )AL =AY C; + Ars(1 = 1) Cj,

+rcj—rej(1 = 1).

Solving recursively this equations we obtain
A-nl-p) _(1-y [ 1 }
= = -1
TS - (59 1—r(1-p)

4.4)
v <1;r)[[1_r[1—;<1—z>f]] . [l-r[l—pl(l—mf‘l]] }P 1

where p=1-A(1-9).

This result show us that
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A
3
{1

c0+2jm:1cj
A-N-p)  /1- _
- 1—&1—5 +(hf>u—ru—&1—mmﬂ‘(lrr>u—aﬁ—mJ
(1-r) (1-p)-1 _
:[1—dlipn[r ; } (= r>[1—r1—%1—zw1}

‘<1_r>[1—r1—30—z)] 1}

Although this solution considers m >0, it also holds for the case m =0.

Matching coefficients of y, ;, we have, Vj 20,

= (1 -kl =AY + (1 = r)k(l — Ay
+rAdk(1 = LY Cj + xrCi(1 = 2)* + rd,.

Therefore, we have that

(1 -r)d; = [Ask + k(1 = 2)](1 = AY[(1 = r) + rC}]

Using the solution we found for Cj, we obtain

(1 ay Aok + k(1 — 1) 5
di = (1 ;L)|:l—r|:l—p(1—/1)j:|:|' 4.5)

In summary, the equilibrium price level is given by (4.3), where the
coefficients (¢, d ;) is given by (4.4) and (4.5).

5.2.5.
Prices

f-,--er) as a function of independent

In this appendix we write p, (x O]

—j*

shocks.

Pi(x,Oo1,Yr)
{1 = 8)x,i(2) + 60,11 + 0Ky}
T K H 0 ik
2 i1 Qi = Q1 )0 + 2 o dmYem
i{(1 = 0)[01 1 + &+ Ej()] + 00, -1 + 0Kk(&rsj +Nij) }
+ K 2 Qulern + i)

rp(1 —2)"

0 0
-Qi0, 1 + Zm=j+1 Q&im + K2m=0 T,

Qm (gtfm + ntfm )
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J{(l - 5)[8t—j + étfj(Z)] + 51('(6},]' + ntfj)} + rp(ll—)
+ KZ:a{M + 1:|Qm (Erm + Neem)

1
. rp(1— A)"
+ Zm:j+1 mEr-m + sz =j+1 —r

{(1=0)er + E(@)] + k(e + i) b + [ = 1] Qe + 11y)
+K D Qu(Eem + M)
+>. i Quérm+K), ,+1[Q;11 — 11 (&em + Niem)
= +Q;(1 = 0)&1(2) + [1 =6 (1 —x)]ery + [1 = (1 = oK) In.-
+Kk )" (&rm + Nem)
+ 2 [+ Q= 1) Jerm +x 200 (1= Qi

Q(&ﬂfﬂt;)

Qi (&m + Ni-m )

5.2.6.
Social Welfare and optimal pricing

We now introduce an efficiency benchmark that addresses whether higher
welfare could be obtained if agents were to use their available information in a
different way than they do in equilibrium. Following Angeletos and Pavan (2007),
we adopt as our efficiency benchmark the strategy that maximizes ex ante utility
subject to the sole constraint that information cannot be transferred from one

agent to another. The Lagrangian for our problem is
EM==a[ [ (1= Yules,0,Y) dF(rey | ©,,7) |dF(©,.7,)
CIN AL

+ I n(®t, Y)h(©,,Y,)dF(©,Y;) =0

[th

where u(x 0 Y) t(”,@,“, t) [(1-7)8, +rP(®,,Y,)] and 7(® LY )isa

—j to%t [
Lagrangian multiplier associated with the constraint

hO:,Y:) = P(O,,Y;) - /12;0(1 - ;L)jj Pt(xt—j,®t—j—1,Yt)dF(xt—j | ©,7).

X1

Because the program is concave, the solution is given by the first-order

®,,..1,).

conditions relative to P(@ Y ) and pt(

tj’
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27 (=AY | ux,0,Y)dF (s | ©,Y) + (0, Y:) = 0,

X1

2] e @0 Y)AF©; | X101, ))

_ J‘® T](@[, Y[)dF(@[ | xt_',®t_j_1 N Y[) = 0
Consider the first condition. Noting that

P(®.,Y;) = ;LZ}ZO(I _l)jJ‘ .pt(xtij(at—‘—leYt)dF(xtfj | ©,71),

X

we obtain an expression for the multiplier
nO,Y,) =2r(1 = r)[6,— P(O,Y,)].
If we substitute this expression in the secord condition we obtain
Pixj,Oujo1,Yy) = E[(1 =)0, + r*P(0.,Y;) | 3()],
where
rr=1-(1-r)2

5.2.7.
Welfare and communication

In this appendix, we show that the efficiency criterion EII can be

expressed as

_ A 1-2) 5% (1 _ 1y02
(a+ﬁ+y+a+7) j=0(1 Ay

The efficiency criterion is given by

ETl = -2 I(@ Y)|: ;0(1 - l)jj _u(xz—j,®t—j—1,Yt)zdF(xz—j | ®t,Yt):|dF(®t, Y,)

L)

+[  n(@.,Y)h(0,,Y)dF(©,, )
©n.11)

Y ), considering that the equilibrium price

First, we compute u(x ]

—j?

level is given by (2.7) and a firm z that last updated its information set at period

t — j computes expectations using (2.5), we have that
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pt(xt—'7®tfj717Yt)
= E[(l =)0+ 1Y emOem AT dnYim | St—j(z)]

= (1=nEWB; | 35@1+rY) _ cmElim | 35)]

2 CmEl0m | 35@)+ 120 dnYim

= (1= P[0~ 8)xiy@) + 80,1 + vy + k) yisi]

o em [(1 — 3)x15(2) + 00y + Ky H KD yH-]

+ 72 EmOm 13 dnYiom

= (1= [ (1= 8)x15(2) + 80,1+ Skyiy +K D0 yii |

+ (1= 8)x1j (@) + 80y + Sy )(T) yem )+ X0 yii(Th g em )
12t CmOiem + 1200 dmYim

= (1= r+rC1{(1 = 8)x,(2) + 80,1 + 5Ky, }

+ kD[ =r+rCly

o0 o0
+ ersz CmOim + ”Zm:() dmytfm

As a result,

u(xt—j,®t—j—1, V) = pt(xz—j,(")z—j—l, Y:) - [(1-7)0;+rP,]
1=+ G = 852 + 0,51 + 0Ky}
+ KZJQ)[I —r+rCily i — (1 —r)0,— rZ{ﬂ:O CmOm.

Note that l=r+rC, =Qjand

- (1 - }")Ht - rZ{n:O Cmgtfm
=—[1=r+rcol0 =Y | cnOim

= _QOQI - er.n=1 [Qm - Qm—l ]Qtfm

= - ln:i() Q. (Qt—m - etfmfl ) - Qjet—j

= _Zjn:io Querm — Q011 + &)
- _Z{n:o Quérm =0,

where

_: 1-—r
Q’ |:1—r|:1—p(l—),)j:| J

These observations allows us to write u(x O]

1—j> Fi—j-124

independent shocks

97

Y) as a function of
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U, 01, Y) = Q{(1 =0)[01j1 + & + & (@) ] + 60,1 + Ok (erj + Nij) }
+ K'Z Qe +Niyt) — Z o0 Qmérm — Qb
i{—0(1 —x)erj + (1 = 0)&j(2) + Oknj y
-(1-x) ij_:l() Quei + KZ’IQ) Qi

we have that

Q;
u(xtfj’(at—j—l,yt) = (a+—ﬂ+){ agsj + ﬁét ](Z) + 7/71”}
-1 Q
jk:O (a +k/}/) [_agl‘*k + 7“#/{]

We use this expression to obtain the efficience criterion EIT as

o0 i 2
— z, J‘(@hYt)[ ]:0(1 - ),)l J‘x[; M(.xt_',®t,j,1 ) Yt) dF(x,_/ | @t, Y[) JdF(@t, Yt)

>, (1= 2) (a+ﬁ+y)2{ o+ Ry
=-2> 7 (1-2A
j=0

2 -1 -1
kom){ a”t +7%y7)

o] 2 o
=L Gy PR Gy J

= AY7,a —z)f(#m)gz} + (

— _ © _ j # 2 1 © 2 © _ H
= A2, W(ourﬂﬂ/)gz " l(a 7>Zk=09k =AY

(e ) -0k

_ A 1-2 © (1 _2YO2
(a+ﬂ+y+a+7’) j:0(1 AYQ;

5.3.
Appendix of Chapter 3

) -AX, (- )

+
o k+1
) (- )02

5.3.1.
Expectation

In this appendix, we derive equation (3.10). In order to compute

El&r_mISt_j(z)J when m<j, we need to obtain Efu,,lw,_] and
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Elu

-

i lwest (z)J First, we are going to obtain the distribution of e, | u,

From the Bayes theorem, we know that

i N — flewisuri) _ fluri | eri)f(eri)
f(et—z | Mt—t) f(ut—i) J‘f(etﬂ-,utﬂ-)detii .

But, using (3.8), we have that

f(et—iyut—i)
= fluri | eri)fers)

2
1 l+o¢ 4 €

-k _1
1eXp 75 ((1+0¢)2a>_1 0!

=kiexp — %{((1 + U¢)2a>”r27i + ‘/’(erzi + zwet—iut—i>}

o )ac 2
o [T | (6’;—5+Wut—i>
=K1 2"%‘“})__

2 y/’l
where
J((l +0¢)2a>a)
t- 2
kay = ‘/%[(1 +0¢)a- « +Gi)(w¢)2 Juf,-
v =a(0p)’ +o
Therefore,

L fewu) o (vopash
flen | e = et w(-Lopeot, )

With this result, it is easy to see that
W —ao
f(Wt—i | ut—i) = Ui +f(€t—i | ut—i) =N —¢ut7i’l//71
v

We use this result to compute Elu~; | wi]. Since

f(Wz—i,ut—i) :f(Wt—i | uz—i)f(uz—i)
=kexp — %{y/wtzi —2(w— aod)w, iU, + (M + (p)u,zl}
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o + (aop)* + ao( 1+ (c¢)?

= kexp —%{wwfi—Z(w—aa¢)wliu,i+( (acg) - ( (c¢) ) u?,
1 2 2 w-aocf
= kexp — 1YWt (a+o)u; =2\ —ga |Weitt-i
w—ao¢ 2
3 1 »  (o- acp)® 1 (“H‘ - <_¢z+w )WH)
- kexp{ 2 |:I//Wt—i o+ o wt—i CXp 2 (0! + w)—l ’
using Bayes theorem we obtain

flusi | wii) = J.f({l(/?_j,t,lb;:t)gut_, =N((wa+ag¢)w,i,(a+w)l>.

This means that
w— oo
Eluri | wii] = (qus)wti-

Alternatively, we can obtain this result from

COV\Uij, Wi
Eluri | wiil = [MJWH

var(w.;)
since
Cov(ut—i,Wt—i) = COV(”t—iyut—i + et—i)

2
= ( 1 +16¢ ) cov(e, i —ode & i +er)

- ( 1 )2[var(8,i) —o¢var(er;)]

:(11 )2[0!1—045@1]: o —oda

an(l +c¢)?

and

var(ue; + e.;)

1 2
(1+6¢) var(e, i + e,;)

_alteot . a+o

(1+0¢)? ao(l +o¢)? '

var(w-;)

Nevertheless, computing  f (w,_j Iu,_j) is useful to  assess
El”;-j th_j,tt_j(z)J. As before, we use Bayes Theorem to compute

flu_,1w,_,,1,_;). Thatis,
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S swig,tiy) _ f@gowey | we)f(uey)
Swejstig) J.f(u,,j,wt,j,t,,j)du,,j .

flury | wej,tiy) =

Since
tj(2) = x5 — 0 = uj + Ej(w),
Wi =@ i = Uy + ey,

and e,_; is independent of & i (z), we have

f(tt—j | Mt—j)f(Wt—j | Mt—j)f(”t—j) '
(At | ue)fwey | we)fue;)du,

f(ut—j | Wt—j’tt—j) =

As f(tt—j | ut—j) = N(u,_j,ﬂ_l)’ f(Wt—j) = N(ut—j,w_l), and f(”t—j) = N(Ov(l)_

we have that

f(tt—j | ut—j)f(wtfj | ”t—j)f(”t—j)
12 2 _ weod 2 2
_ (Lre 2 ) exp- 1 ey __b:tfj) + <WH - utﬁj) + utj
(2n) 2 p y ¢
((271’)3 ) {ﬁtt —j 2ﬂ”t—Jtt—/ + ﬁutj}
X exp —% ywi ;= 2(0 — acd)u jw.; + (M) + (pu,_,}

((2@3 ) %{ﬁ CAMCH [ﬁ ' (W> ' ("J }

X exp — —{ 2(ﬁt” +(0—aod)w,j)u.j}

ex sy Bt @=aohw, )’
Qm3 P i+ wwi T

PtijHo—-acd)wi ) 2

Pro+a

u_._
N

2 B+o+a)’

X exp

where the last equality holds because

ao(l +o¢)?

v= o+ (0d)*a

From this expression we finally obtain

101

1)’
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Ptij+ (@ —ach)w,;
f+o+a

flury | wij,tey) :N( 7(ﬂ+w+a)l),

and consequently,

Elury | woptis(2)] = ﬂ”f(Z);fa; —aob vy

5.3.2.
Ex-ante total profit

In this appendix we derive (3.21). First we are going to compute the

equilibrium price of each firm z, P:(z) Substituting (3.1) in (3.5) and using the

fact that in equilibrium the price index is guiven by (3.13), we get

pi(@) = pi(xrs Oy, 1)

= E[(1 =10+ rP: | 31(2)]

=(1-rEWD; | I@]1+ rZ::() cmE0im | 3@)]+ rZ::() A irm
= (1= [ (1= 8)x5(@) + 80,1 + ki + Kk D iy |

Y em| (1= 8)x(@) + 80,1 + Skiny + k2 iy ]

+ rZ:=j+1 CmOem +1 . dmicm

= (1= (1= 8)xiy(@) + 00y + ki + K X4 iy |

+ [r(1 = 8)x15(2) + 180 -y + rdKir;1C; + e 3y Crir

172 ey Cm O + 7200 Ao

= [1 = r+rC( = 8)x1(2) + 80,1 + ki } + 1 D0 o [1—r+ rCellis
+ rZ:Zj+1 CmOem +12  duicm

where

CjE J

=0 Cm.

This expression shows that the price set by each firm z is a function of the
signals present on the information set 3,_,(z), i.e. p,(z)=p,lx_;(2).©,_,..1,} As
a result,

pi(2) = [(1 =)0, + rP,]

= [1 —-r+ I’C]]{(l - 6))(;7'(2) + 59t—j—1 + 5Kl't7j}

+K J,:O[l —r+rCili — (1 =1)8, - rZ{ﬂ:O CmBim.
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is a function of (x,_;,®,,1,). To simplify this expression, it is important to obtain

Cx and compute —(1-7)8, —rY/ _;c,.6,_,.- We calculate C, as

=3 - J
CJ = Zm=() Cm =Co t Zm=1 Cm

_ (l—r)(l—p)+(1—r> 1 _ 1
1-r(1-p) ’ - 1-p(1-2)] 1-r(1-p) (4.6)

B (1;r>|:1—r+r1)(1—/l)j _1:|'

Although this derivation assumes j > 0, it also holds for j=0. Furthermore,

—(1=7)0, =Y cmOim
=—[1-r+rcyll; - rZ{Fl CmOim

= =000, = 2 Q= Q1 )0

= =3 QO — Onr) — Q04
== Quttem — (01 + ury)

_ j
= - Qltym — ngt—j—l

m=0

where

' _ 1—r
) |:1—r|:1—p(l—l)j:| J

Thus,

pi(@) = [(1 =)0, +rP]
=[1-r+rC;j]{(1 = 0)x1(z) + 60,j- + OKirj}
i D =4 rClik = D0 Quttiom — 0,51
= Q{1 = 8)x1(2) + 80,1 + Ok} + K D0 Dl = D0 it — 0,51
= Qi{(1 =001 +urj+Ej(@)] + 60,1 + Ok[Purj + eyl +
KDl + de ] = Quttim — Q0
= Q{1 = )[usj + &1j(2) ] + PoKus + €]}

l ]
+ ¢K jk=0 Qy [“t—k + et—k] - ij=0 Qlhi—m
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-0 (55 ) 0 - Dles — @her)+ (1= 9@ + (15 )i + e
(s ) S s+ e - (1o ) g ulien — (olern]

_Q,{(f’i ¢>5g,,+(1 8)E () + (¢(“+Z;)>5e,,_,}

+(ar )T (G555 2 o

Using this expression we write the criterion EII as a function of the

parameters (k,6). That is,

ETI(x,6) = -2 Y(1 - x)fg,?[ (‘f’i—;;)zazal F(1-8)28 + ("’f‘i—;;)) 52 }

J=0

. 2 j-1
—12<1 x)/[(‘f’j ¢) ~;‘;Q,%a—1+(¢1(“+—+ag)) w‘lei:|

k=0

([ x-1) ¢(0’+K)2)(/152+(1—/1)> k(l—5>2]‘° I
|:( LIS LA ro0r + 5 FZO(I AYQ;

From this expression, we compute EH<’2’5> and EH(’%’5> using
respectively (3.11) and (3.16). We obtain

EN(R.6) = —[ A - }2(1 -2

PB+o+a) (a+w)

and

. 1-1) T "
EN(&,8) = —[ (afﬂ) G )J 7o (1= )32,

where Qj =Qj(,b) and Q =Q; (,5)

5.3.3.
Cross-sectional dispersion

In this appendix, we derive (3.22) to show that the cross-sectional

dispersion can be writen as function of EII. due to
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EV

=] -2y |

o [0~ P JaFtes; | 0.1) [dr@,.1)

Xt

= -2 I(®,,1,)_ So(1=2) jx[_j[((p,(z)—pm (p; = P))* JdF(x.; | ®,,11)}dF(®Z,L)

= _AJ‘ io(l _A)JJ‘ (Pt(Z) _p;()zdF(xt—j | ®t’1t)}dF(®t’It)
(VA R Xij

_ J.(@ 1)2(17:* —Pr)|:/12;00(1 - l)-fJ. _Pr(Z)dF(x,_j | ©,1,)-p; :|dF(®t,Iz)

Xpj

[ i -Pyr@.L)
©11)

=E1-2] i = PP pilAF@I) [ (7 - P)dF@,1)

O41) (C
= ET1+2E[ (o7 - P.)* | - E[ (o} - P))* ]

= EI+E[ (pf - P))* ]

= EIT+ (1-r)?E[ (0, - P,)* ]

Considering the equilibrium expression for P, equation (3.13),and the

fact that, according to (4.6), C., =limC; =3 _,c, =1, we have
joeo

0i=Pr=00=20 cnbem =20 o dnyim
=2 om0 =20y embim =20 dnYim
=3 om0 —0im) =7 dnYim
= Y Cm Dty Uik = D A (tim + €1
- Zlio=0 Uk <Z:=k+1 c’”) —¢ ZZ=O dm (U-m + € )
= A dut— $ X dn i + €.

The last equality holds because ¢ is given by (3.14) for m > 0. Using

the expression for u, 4, equation (3.8),we obtain 0,— P, as a function of

independent shocks.

Orbi= ( 1 +16¢ ) [ : _KKd) i duom = M iy ducron J

Therefore, denoting EV,(x,5)=(1- r)zE[(Q, - P,)zJ, we have
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EVl(K,6)
_ ( 1Y >2|: (1 —§¢)2 n [¢(U;')K)]2 :| :;0(1 —;L)sz]%

1+0¢

where Q, is defined as in (3.20). Therefore, using the expressions for (7%,3) and

(R,5), we get

EV, (#.8) = (g fa))z Y (-2

v, (7.8) = (£) Y (- )Y

This expression shows that £V is in fact a function of ®.


DBD
PUC-Rio - Certificação Digital Nº 0610523/CA




