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A

Residue vector and Jacobian matrix computation for fully
implicit and coupled simulations of Newtonian incompressible
flows

In this appendix, we write the entries of the residue vector and of the
Jacobian matrix that we need to solve the non—linear system of equations 3-10
presented on Chapter 3 using Newton’s method.

The residue vector entries for the first and second coordinate functions
of the momentum equation on a node with index i are denoted by #[m?] and

7mY] and are written as follows:
Lou” ou” .
rimi] Z/ ¢+p{ 8x+uyay}¢i—g¢i+

ou® | 09, ou”  ouY 8gb "
{_p”"ax]aer“{aer } Z/f¢de

ecOA

ouY L ouY ouY
F[m Z/ ¢ + p |: 8:5 + Uya—y:| sz - gyd)pL

{ p+2uaauy]aa¢ + M[%L;+auy18¢ Z/f% de

€A
(A-1)

The residue entry for the continuity equation on a node with index i is

denoted by 7]¢;] and is computed using the following expression:

y
Fle = au Gu

XdT (A-2)

To compute the entries of the Jacobian matrix, we must derivate the
residue entries 7im?] and 7Jm?] in relation to the degrees of freedom u®, u¥ and
p of a node with index j. The derivatives of the residue #[m?] are denoted by

J[m7, uf], Jm7, uf] and J[m{, p;] and are written as:
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our 00, 00,
17] 7_€ZA/|: :| |:¢j813+u %—Fuya—y](bz"—
0¢; 09, D¢, 00,
5] ]
@ 8¢, 00, (A-3)
il ;/ [M)”a } { dy f%} "
9,

mZ,Pg Z/ |:Xg ¢:|d7'

TEA

Analogously, we can compute the Jacobian entries related with the
residue of the second coordinate function of the momentum equation 7[m?],

that are denoted by J[m{, uf], J[m{, u?] and J[m{, p;] and written as:

ou? D¢, 00,
mtoal= 3 [o|soe]+ bR
004 ou? 00, 3¢
e B2 b
TEN (A_4)
[2 8¢.%}+{ O, ad)}dT
Koy By or 0

I[mY, p;] = Z/ {x]

TEA

7k

Finally, the Jacobian entries that follows from the derivatives of the

residue of the continuity equation 7c;] are denoted by J[c;, uf] and J[c;, uf]

and they are computed through the following expression:

_ a¢
Jlei,u Z/ 83: dr
TEA
(A-5)
_ a¢_
Cl? Z/ Xl_] dT
] TEA - ay -

In fact, as the basis functions ¢, have compact support, the summation
in the residue vectors expression is computed only over the elements that are
incident to the node i. Therefore, the boundary integral terms in 7[m?] and
rlm!] are computed only for the boundary nodes. This reduces and makes local

the computational effort.
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B

Residue vector and Jacobian matrix computation for fully
implicit and coupled simulations of flows with suspended
particles

In this appendix, we write the entries of the residue vector and of the
Jacobian matrix that we need to solve the non—linear system of equations 4-25
and 4-26 derived on Chapter 4.

The residue vector entries for the first and second coordinate functions
of the momentum equation on a node with index i are analogous with the
ones shown in Appendix A, but now we need to add to the residue the
Lagrange multipliers term. The momentum residues for simulations of flows

with suspended particles are denoted by 7[m?] and 7im?] and are written as

follows:
our ou” | 0¢;
rimi] %/ at¢+p{ i g]¢i+{—p+2uax}ax+
ut owldg,  [OFde,  OMIe .
+M[8y+0$} dy L’?az 8x+8x ay} ] udr+
+Z/,ut”” F5) o, de
e€OA
ou? du 0 ouw’| 0
Fim?] —Z/ u¢+plu a—+uya—l;— :|¢i+|: p+2ﬂau}a¢
ouw  ouv) 96, N
+"{a +8x}8x {8y81+8y8y} al’] gdr +
+Z/,uty f9) ¢, de

e€0A
(B-1)
The residue entry for the continuity equation on a node with index i

is exactly the same as in the case of Newtonian incompressible fluids. It is

denoted by 7]¢;] and computed using the expression:

rla] = XdT (B-2)

TEA T

The residue entries for the first and second coordinates of the linear

velocity and the entry related with the angular velocity of a particle with
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index p; are denoted by 7{Uy |, #IUY] and 7w),]| and their expressions are:

MUyl = /(ppi — )~ Pwg 5 Taltdr
TEAp; 7
ain 8p
F[Ugl] - Z /(ppz _pf) atp —Ppigy%—a—y—i—alydr (B—3)
TEAp;
1 ou” ou?
el = Z / oty T

The last entries needed to compute the residue vector are the ones of the
Lagrange multipliers equations inside and outside the particle’s region and the
equation of the position of the particle p;. Those entries are denoted by 7[I7],
1171, 71X ] and 71XY]. Their expressions are:

> /m dr in Ay

TEAf -

i)

mlr) = Z /[(u’”—U;)—wpi (z¥ — XY)] ¢;dr in A,

TEAp;

=y / v, dr in Ay

TEAf T

o= /[(uy—Uﬁ)—wm (2% = X2)] ¢ydr in A,

T€Ap;

X = o Uy, for p; € (1...ny,)
0Xy
Xyl = atpz - Uy, for p, € (1...ny,)

(B-4)

The Jacobian matrix entries are computed deriving the residues in
relation to the degrees of freedom of the problem. The derivatives of the
momentum residue in relation to the extended fluid’s velocity and pressure
is analogous to the ones shown in the previous appendix and will be omitted
here. The derivatives of the momentum residue in a node of index 7 in relation
to the Lagrange multipliers unknowns I and ij- of a node with index j are
denoted by J[m{, 5], J[m7, 5], J[m{, 5] and J[m], If] and computed using the
expressions:
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smr) =Y [~ |
Tz =3 [ |
st =3 [~ |

st =Y [~ |

TEA -

%ﬁz % +ag;¢;| dr
421
%(Z’ 8@—? +agp; | dr

The Jacobian entries related with the continuity equation of the extended

fluid velocity also remain unchanged in relation to the ones presented in the

previous appendix. The Jacobian entries for the residue of the linear and

angular velocities of a particle with index p; are given by:

J[UT 1] = J(UY, 1Y)

pi’ ] pi’)

J [wpi ) Wpi}

-2 [

=> /Oé¢jd7'

TEAp; 7

:Z/Wch

TEAp;

(B-6)

T€Ap;

:Z/sz

TEAp;

The non—zero Jacobian entries of the Lagrange multiplier equations in a

node 7 are:
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Iz, 1) = 3, ) -y / 616, dr

TGAf T

TEAp,

vz =y =3 /—qsidT

TEAp, -
(B-7)
I, wy,] - Z /(xf _ng> dr
TEAp;
I, w,,] -y / (X;"j —xf) dr
TEAp,

W Xg) = -3 xg) = Y [ansdr
TEAp;

Finally, the Jacobian entries for the particle’s position are computed

using the following expression:
JIX5, Us ] =J[X), U] =—1
(B-8)

1
J[X;z’X;z] - J[XIZ’/HXIZ?/J - &

Again, the basis functions ¢, have compact support, which implies that
the summation in the residue vectors and Jacobian matrix entries expression

are computed only over the elements that are incident to the node ¢, which

again reduces and makes local the computational effort.
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