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4
2-Category Theory

Considering the category whose objects are small categories ' and whose
arrows are functors, it would be interesting that the maps between them were
structure preserving. For example, in theorem 3.1.1 of section 3.1 (p. 27), we
would like a realtion less strict than equality. As objects in a category are
defined "up to isomorphism", one way of achieving it is by seeing the arrows
as objects. This is the idea of 2-Category Theory.

In a 2-category, the set of morphisms with same source and target is
seen as a category, that is, the morphisms are seen as objects and, at another
level, the morphisms between them as morphisms. That means that, as 1-
categorical objects are defined up to isomorphism, so are 2-categorical arrows.
To prevent confusion, the objects are called 0-cells, the morphisms 1-cells and
the morphisms between morphisms 2-cells, which are represented by double
arrows, and we write Homeq (X,Y) when Hom(X,Y') is seen as a category.
The 2-cells have the properties of the categorical arrows with the addition of

a new way of composing them. This new composition is called vertical and is

w @,

represented by and the other is called horizontal and is represented by “;™:
given 2-cells ay: fi = fo and as: fo = f3, there exists a 2-cell ap-ay: f1 = f3
that is their vertical composition and given 2-cells oy : f; = foand B1: g1 = 9o
such that giof; and goofy are defined, there exists a 2-cell §1; aq: giof1 = ge0fo
that is their horizontal composition.

The vertical and horizontal composition have the following property,

which we call 2-composition property: given a 2-categorical diagram

f1 g1
. /f{_jm\\\ , S N
—fo———>Y —g———>
DL A N L

f3 g3

we can either first compose vertically and then horizontally or first horizontally

categories whose colection of objects and morphisms are sets
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and then vertically, that is,

(ﬁQ : ﬁl); (Oéz : 0é1) = (52; Oé2) : (ﬁl; Oé1)

2-product: The definition of categorical product is inspired in its 1-categorical
similar. A 1-categorical product is determined by a natural isomorphism
between the sets of arrows Hom(X, A x B) and Hom(X, A) ® Hom(X, B),
so it is natural to define 2-categorical product as coming from the natural
isomorphism between the categories Homeg: (X, A X B) and Homea (X, A) ®
Homea (X, B). Hence, a 2-categorical product, or simply 2-product, of two
O-cells A and B is a 0-cell A x B together with two projection arrows
m:AX B — Aand m: A x B — B such that for any f: X — A and
g: X — B, there exist h: X — A x B and isomorphisms m o h = f and
my 0 h = g and such that for all k: X — A x B and 2-cells a: myoh = m ok
and (: my 0 h = my o k there exist a unique v: h = k such that id, ;v = «
and id,; vy = (.

2-initial object: Given a 0-cell A, a 0-cell 0 is initial if Homee(0,A) is
equivalent to 1, the terminal category 2. In other words, 0 is initial if there
exists an arrow from 0 to A and, for every pair of arrows f,g: 0 — A, there

exists a unique 2-cell from f to g which is an isomorphism.

2-functor: Given two 2-categories A and B, a 2-functor F' from A to B is a
function that takes to B the 2-categorical structure of A, i.e., besides (i) to
(iv) in the definition of categorical functor (see p. 25) with equalities replaced
by isomorphisms, we also have:

(v) if a: f = g, then F(a): F(f) = F(9);

(vi) for every 1-cell f, F'(idy) = idp(p;

(vii) if y = - 3, then F(v) = F(«) - F(3) and,

(viii) if v = «; 3, then F(y) = F(«); F(B).

Natural Transformation: Given two categories 4 and B and functors F, G:

(v
(v

A — B, a natural transformation o: F' — G is such that, for every h: A — B

in A, the following diagram commutes:

24 category with only one object and only one arrow - the identity arrow

36
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Although a 1-categorical definition, it plays an important role in some of the
proofs in this section. Note that one can define a 2-category whose 0-cells are
small categories, 1-cells are functors and 2-cells are natural transformations.
The word lax preceding a notion means that the given notion is “weak-
ened” - the equivalences in the definition can be replaced by arrows, e.g., if
F is a 2-functor and f and g are 1-cells, a lax 2-functor would, instead of
F(f)oF(g) = F(fog), have, for example, F'(f)o F(g) = F(fog), weakening

the definition of 2-functor.

2-adjunction: Given two 2-categories A and B and 2-functors F': A — B and
G: B — A, a 2-adjunction occurs when, for every 0O-cell A in A and B in B,
there exists a natural isomorphism between the categories Homgq (F(A), B)
and Homea (A, G(B)). A lax 2-adjunction would have lax 2-functors instead
of 2-functors and arrows instead of isomorphism between the categories.

Depending on the direction of the arrows, we have different lax 2-adjunction.

For every f: A/ — Ain A and g: B — B’ in B we define: for every h in
Hom(A, B),

— Hom(f,B) = h o f is the functor that goes from Hom(A, B) to

A,g) = g o h is the functor that goes from Hom(A, B) to
A

4.1
A proof-theoretical 2-category

As reductions and expansions are relations between derivations - that
are represented by arrows - it is natural to try to represent them explicitly
as 2-cells instead of having equality between arrows (1-cells). More precisely,
consider derivations II;: Y|z : X] and U;: Z[z : Y], i = 1,2, 3. Consider also
the reductions a7 and ay from II; to Il and from Iy to I3 respectively and
the reductions #; and (3, from ¥y to ¥y and from Wy to W3 respectively. We

have then the following diagram:

X X X
Hl I>a1 H2 Dag H3
Y Y Y

\111 Dgl \1’2 Dﬁ2 \1’3
Z A Z

37


DBD
PUC-Rio - Certificação Digital Nº 0711267/CA


PUC-Rio - Certificacéo Digital N° 0711267/CA

2-category and Proof Theory

According to the kind of reductions usually defined in Proof Theory in
order to achieve normal proofs we have some possibilities when applying the
reductions above: we can, for instance, apply «; followed by ay followed by 3;
followed by 5 or ay followed by (1, followed by as followed by (5. Any of the
choices should produce the same result, namely, the proof on the right side.
Of course the particular meaning of “followed by” is not always the same, so
to say, a; followed by ay can be seen as a sequencing of reductions while oy
followed by (3; can be seen as a reduction integrated to a substitution process.

If we represent the formulas of the above schema by 0-cells, the deriva-
tions by 1-cells and the reductions by 2-cells, we achieve a 2-categorical diagram
like the one presented in the last section and then sequencing of reductions can
be viewed as vertical composition and reduction integrated to substitution can
be viewed as horizontal composition. Note that the 2-composition property cor-
responds to the three properties presented in section 2.1, meaning that there

might exist a direct correspondence between 2-categorical and proof-theoretical

composition.
Let us define now a rex that eliminates simultaneously maximum for-
I, I
mulas of different branches. Given a derivation of the form 4 B ,if
C
I, Ik
II; >, I} and II, >pg I, then o | § is the rex that takes 4 B to
C

10
A B by first reducing II; and then II,. Note that the application of 3

followed by « should produce the same result.

Proposition 4.1.1. For every pair of reductions (aq, ) and (51, Bs),

(a1 | az) - (B ] B2) = (a1~ B1) | (a2 - B2).

Proof. Given reductions II; >, II; and II] >4, I/, i = 1,2, as the reductions
aq and [ occur in a branch and the reductions oy and (35 occur in another
branch, applying «; together with as followed by 3; together with 35 produce
the same result as applying «; followed by 3, together with sy followed by

Bs. O

4.2
Conjunction

As categorical product is related to conjunction, it would be natural to
try to achieve a similar result to Mann’s (11) in 2-Category Theory, namely,

a relation between conjunction and 2-product: given two 0-cells A and B, if
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we represent the formula A A B by the product A x B and the derivation

rules A/\TB and A/\TB by the projection arrows m: A x B — A and
¢ ¢
my: A X B — B respectively, h would be represented by 1{1 f} . In order
ANB
to A A B be a 2-categorical product, we would have 7; o h and f isomorphic
and hence
C C o
9 o
A B, L f. (4-1)
ANB A
A
C
However, there is no meaningful proof-theoretical relation from  f to
A
¢ ¢
[y
A B - Such a reason is enough to make us realise that conjunction does
ANB

not have the same structure of 2-categorical product and for a similar reason
it is not possible to relate co-product with disjunction and exponential with
implication using such a strategy.

As we have only one of the relations in (4-1), the one that represents
A-reduction, we can try to relate conjunction to lax 2-product. Let us keep on
this path: let k£ be an arrow from C to A x B. Then the 2-cells a and ( from

m oh to m ok and from 7 0 h to my o k respectively can be represented by the

two rex
C C C C
h > k h > k
ANB ~“ AAB AANB P AAB
A A B B

To achieve the wanted relation, we would have to show that there exists
only one v: h = k such that id,;,;y = a and id,,;y = 5. The unicity of v is
discussed in the conclusion.

Seely (17) states that conjunction is lax right 2-adjoint to the diagonal lax
2-functor and that disjunction is lax left 2-adjoint to the diagonal lax 2-functor.

Seely does not use this nomenclature, but defines lax and rax 2-adjunction:

laz 2-adjunction: Given two 2-categories A and B and lax 2-functors F': A — B
and G: B — A, a lax 2-adjunction occurs when, for every 0-cell A in A and
B in B, there exist arrows Ksp from Homeq (F(A), B) to Homeaw (A, G(B))
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and Lyp from Homeg (A, G(B)) to Homea(F(A), B) such that those arrows
define the following natural transformations, as defined by Seely (17): Let
f:A— Aand g: B— B’. Then,

1. Lypgo Hom(f, G(B)) = Hom(F(f), B) o LAB;
2. Ly o HOTTL(A,, G(g)) = Hom(F(A’), g) o LA’B;
3. Hom(f,G(B))o Kag = Kagpo Hom(F(f), B);
4. Hom(A', G(g)) e} KA’B = KA’B’ @) Hom(F(A'), g),
5. a: Lap o Kap = idHome,,(F(A),B)
6. B+ idHomea(aGw) = Kap o Lap
We also have that the following equalities hold:
(tdg \p; @) - (Byidk ;) = idk,, and
(a; idLAB) ' (idLAB; 5) = idLAB
If we invert the direction of the natural transformations, we still have a
lax 2-adjunction but, to differentiate these two notions, Seely called this new
one razr 2-adjunction. In a rax 2-adjunction, instead of the above equalities, we
have the following: (5;idk ) - (idk ;) = idg,, and (idp,,; 0) - (s idp,,) =
udy,, - Seely only gives an idea of the proof. Let us prove it in detail.

We present the definition of lax 2-adjunction in four parts on an attempt

to make the proof easier to read:

first part given the 2-categories P7 and P7 x P7T, where P7 is the 2-
category whose 0-cells are formulas, 1-cells are derivations and 2-cells are
reductions, we show that both A: P7 — P7T xP7 and A: PT xPT —

PT are lax 2-functors;

second part we show that there exists an arrow Kap from Homeu(AA, B)
to Homea(A,AB) and an arrow Lup from Homeu (A, AB) to
Homew(AA, B), for every 0-cell A in P7 and B in P7 x PT;

third part we show that the above arrows define the natural transformations

correspondent to this definition;

fourth part finally, we show that (idgk,,;«) - (B;idk,,) = idgk,, and
(a; idLAB) ’ (idLAB; 5) = idp -
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first part

Lemma 4.2.1. A: PT — PT x PT such that A(A) = (A, A), A(f) = (f, f)
and A(a) = (o, «) for every formula A, derivation [ and reduction «, is a laz

2-functor.

Proof. The items (i), (ii) and (v) of the lax 2-functor definition come from the
definition of A.
(iii) A(ida) = idaa, for every formula A
Given a formula A, both A(id4) and ida 4 represent the pair of formulas
(4, 4).
(iv) AfoAg=A(fog) forevery f: A— Band g: B— C
Given derivations f and g, Af o Ag = (f,f)o(g9,9) = (fog,fog) =
A(feg)
(vi) A(ids) =iday for every f: A — B
Given a derivation f, A(idy) = (idy, ids) which is the identity reduction
that goes from Af to Af.
(vil) A(a- ) = Aa- A for every a: f = gand f: g = h
Given reductions a: f = g and B: g = h, Ala- ) = (- f,a-F) =
(a,a) - (B, 0) = Aa - AS
(viii) A(a; ) = Aa; Ap for every a: f = f' and 3: g = ¢’ such that go f
and ¢’ o f” are defined

Given reductions a: f = [ and 3: g = ¢, Ale;B) = (o; 8,;3) =
(a,@); (3,8) = Aa; Ap
O

Lemma 4.2.2. A\: PT x PT — PT such that N(A) = Ay A Az, A(f) =
Ay A A, Ay A A,

Ay Ay
filfo = fi fo = (fiom, faom) ? and AN(a) = (ay;idy,) |
Al Ay
AL N A,

(cvo;1dy,) for every formula A = (Aq, As), derivation [ = (f1, fa), fi: Ai — Al

and rex o = (o, ), 18 a laz 2-functor.

Proof. The items (i), (ii) and (v) of the lax 2-functor definition (p. 36) come
from the definition of A.
3like in the definition of product (p. 24)
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(iii) A(ida) = idpa for every O-cell A = (A, Ay)
Given a formula A, both id 4, Aid 4, and id 4, 5 4, are the derivation Ay AAs;

(iv) AfoAg = A(fog) for every [ = (f1, f2): (A1, A1) — (B1,B;) and
9=(91,92): (B1, B1) — (C1, ()

Given derivations f: A — B and g: B — C, Af o Ag is the deriva-
AL N Ay AN Ay AN Ay AL N Ay

A Ay A Ay
fi f2 fi f2
By By B By
tion By A By By A By which reduces to
By By
g1 92
Cy &
Cy A Ch
A N Ay AL N Ag
A Ay
fi f2
By B, =NMN/fog)
91 g2
Ci &
Cy A Cy

(vi) A(idy) =ids for every f = (f1, f2): (A1, A1) — (B1, Ba)
Given a derivation f: A — B, A(idy) = (idp;idy,) | (idy,;idy,) is the
identity reduction that goes from Af to Af.

(vii) A(a-fB) = Aa- NS for every a: f = gand : g = h

Given reductions a: f = g and (3: g = h,

ANa - NG =
((a3idy,) | (agsidy,)) - ((Briida,) | (Baiidy,)) =
((ou;idr,) - (Br;idn, ) | ((a2;idny) - (Bo;idnr,))
(o1 - Br); (ids, - idry)) | (a2 - B2); (idr, - idxy)) =
(o1 - Br)sidey) | ((a - B2)yids,) = Ala-p)

(Lemma 4.1.1)
= (2-comp. property)
(

identities comp.)

(viii) AB; A = A(B;«) for every a: f = f' and f: g = ¢ such that go f
and ¢’ o f" are defined

We only remark that applying Aa and AS followed by A-reduction is the
same as applying A-reduction followed by Aa and AS.
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second part

Given the 2-categories P7 and P7T x P7, a 0O-cell A in P7 and a 0-
cell B = (By,Bs) in PT x PT define the categories Homeq(AA, B) and
Homeau (A, AB).

Lemma 4.2.3. There exists a functor Kap from Homecu(AA, B) to
Homea (A, AB).

Let us define K, p as a function that takes a pair of derivations
from Homea(AA, B) and applies A-int, i.e., for every II = (II},1l3) €
A A

Homeu(AA, B), Kap(Ill) = gl gQ € Homea(A,AB). Given a rex
1 2
By A By

a = (a,a2): > II" in Homea(AA, B), Kap(a) = a1 | as. Let us prove
that K4p thus defined is a functor (p. 36):

Proof. (i) Comes from the definition of Kp;
(ii) If II; >4, I} and 15 >, 11, then

A A A A
I I I 1L /
Kap(Il) = = Kup(II
AB( ) Bl B2 I>041|042 Bl BQ AB( )
Bl A\ BQ Bl A BQ

ie., KAB((I)Z KAB(H) > KAB(HI)

(iii) Given a derivation II,

A A A A
H1 HQ Hl H2
Kap(ll) = iy | = Kap(Il
Ap(1T) B, B, D>idn, lidn, B, By ag (1)
Bl A BQ Bl A BQ
an thus idKAB(H) = KAB(idH)Z KAB(H) > KAB(H)
(iv) Comes from proposition 4.1.1. O

Lemma 4.2.4. There exists a functor Lap from Homgu(A,AB) to
Homea(AA, B).

For every derivation ¥ in Homea (A, AB), put Lag(V) as being the

A A
air v v and, for every rex a: V>V in Homeoa (A, AB)
p Bl A B2 ) Bl A B2 ) y . Cat ) )
B, By

Lap(a) = (idy; o, idyy; ).

Let us prove that L,p thus defined is a functor:
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Proof. (i) and (ii) come from the definition of Lp;
(iii) Given a derivation W, Lag(idy) = (idy,;idy,id,,;idy), which is the
identity reduction that goes from L,p(¥) to Lag(V).

(iv) Given rex « and [3,

Lap(a) - Lap(B) =
(1dny; @y idry; @) - (idyy; By ide,; B) =
((tdry; @) - (ide;; B), (idy; @) - (idy; §)) = (2-comp. property)
((idy, - idy,); (- B), (idy, - idy,); (a- B)) = (comp. of identities)
(idr,; (- B)idry; (a- ) = Lap(a- )

third part

Given derivations g = (g1,92) in A, ¢1: Bi[z: By] and go: Bh[z: Bs,
and f: A[z: A’] in B, the following diagram defines the following natural

transformations:

Homeau(AA,B) KAB " Homgu(A,A\B)
\ |
Hom(Af,B) Hom(f,AB)
¥ v

Homea(AA', B) s — Homeu (A, AB)

<—Lp
\

Hom(AA,g) Hom(A’,Ag)
v

Homega(AA', B) 7KA'B’j Homea (A, NB')

<—L 11

<N

Note that we can define a category whose objects are functors and whose
arrows are natural transformations. Therefore, to show that the following
natural transformations hold, we only need to show that they correspond to a

rex.

1. Lygo Hom(f,AB) = Hom(Af,B)o Lag
Given a derivation 3: By A B[z A],

/ !
A Yoo
A / A A
Y  Hom(f,AB) A Luas ;
Bin B, 2 B ZB B ZB
By A By 1\ By 1\ Do

By By
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A A

1 A A f f

Y )y A A

oo | BAB BIAB Hom(ALB)L ¢
L2 B, By BiABy B;AB,

B, By

As Lypgo Hom(f,AB)(X) = Hom(Af, B) o Lag(X), this natural transforma-

tion corresponds to the identity reduction.

2. Ly o Hom(A', Ag) = Hom(AA',g) o Lyg
Given a derivation 3: By A By[z: A'],

A A
A/
A’ 2 B i:B B % B
> Hom(A/, /\g) Bl N BQ LA’B’ ! 2 s ! 2
B L ¢ =21 aNg2 T GG
Bl/\Bg gl/\QQ B//\B/ B//\B/
B{ A Bé 1 ' 2 1 . 2
B; By
A’ A
W A A by ¥
b)) ¥ / Bi ANBy Bi A By
BfBLﬂ% BiABy BinB, | AomAA ) | —p——F
! 2 Bl BQ 231 g2
Bi By
where g1 A g2 is as in Lemma 4.2.2. We have that Ly g o Hom(A', Ag)(X) =
A A A A
b b b b
B N By Bi ANBy Bi A By Bi N Bs
B B B B
911 g; , 911 g; reduces to Hom(AA', g) o
Bi By Bi By
By A B} By A B}
By By

L 4 5(X) and this natural transformation corresponds to a pair of A-reductions.

3. Hom(f,AB) o Kyp = Kapo Hom(Af, B)
Given a pair of derivations ¥ = (X;: By[xz: A], Xg: Bylx: A]),

Al Al

A A f f

A4 2 Yo A A
21 s 22 KAB B B Hom(f, /\B) 2 2

B BQ 1 2 — 1 2

! By A By B, B

By N\ By
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A A AL A
A A Foof 1{; ﬁ
Y1, % | Kag| A, A | Hom(f,AB)
—AL gom\,AB) sy
By B, Y1 X9
B, B By By
Lo B, A B,

As Hom(f,AB)o Kap(¥) = Koo Hom(Af, B)(Y), this natural transforma-

tion corresponds to the identity reduction.

4. Hom(A',Ng) o Kag = Kap o Hom(AA', g)
Given a pair of derivations ¥ = (3y: By[z: A'], Xo: Bofz: A']),

A A

A/ A/ g/ g/ 21 22
K A 1 2 g A’ Ly P2

f}l ’ ? Kapp g, HomA N )—p——0

! 2 By N By g1\ g2

B! A B}
oA S
A A Y Y, Bl 32
21 y 22 Hom(AA',g) Bl , 32 KA’B’ 2
S S ¢ — 01 92
Bl BQ 0 g2 / /
B/ B/ Bl BQ
Lo By A B,

We have that Hom(A', Ag)Kap(X) = Blé\ By Blé\ By A-reduces
1 2
g1 92
By By
By A B

to KapHom(AA', g)(¥) and this natural transformation corresponds to A-
red| A-red.

5. a: Lap o Kap = idHome,,(AA,B)
Given a pair of derivations ¥ = (31: By[z: A],Xy: Bylx: A]),

A A A A

A A Lo SRS D N
Y1, Yo | KB Bl 32 Lag | By By, B B,
Bl BQ W Bl VAN BQ Bl VAN BQ

By By

As LapKap(X) A-reduces to idgome,,(anp)(2) this natural transformation

corresponds to a pair of A-reductions.
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6. B idHome,,(AnB) = Kapo Lap
Given a derivation ¥: By A Bylx: A,

A d d 5 g
o Lag | B aB,* B AB, KABBl$B2 Blé\B?
1 2 Bl 32 1B /\B 2

1 2

As idHome,.(anB)(E) A-expands to KapLap(X) this natural transformation

corresponds to A-expansion.

fourth part

As a: Lapo Kap = iduome,,(a4,8) and B idgome,,(anB) = Kap o Las,

we have that:

L. (idKAB; a) - (6 idKAB) = idK
Biidk ., goes from idyome,, aa,B) © Kap = Kap to (Kapo Lap) o Kap
and idg,,; a goes from Kap o (Lap o Kap) to Kap © idgome,, (a5 = Kap

therefore their composition goes from K45 to Kap.

2. (a; idLAB) ’ (idLAB; 6) = idLAB
Z.dLAB;B goes from LAB OidHomCat(A,/\B) = LAB to LABO(KABOLAB) and
a;idy,,, goes from (Lapo Kap)o Lap to idgome,,(aa,B)© Lap = Lap therefore

their composition goes from Lapg to Lag.

4.3
Disjunction

Similarly to conjunction, we provide a more detailed proof that disjunc-
tion is rax right 2-adjoint to the diagonal lax 2-functor as stated by Seely (17).
We also present the definition of rax 2-adjunction, presented in the preceding

section, in four parts on an attempt to make the proof easier to read:

first part given the 2-categories P7 and P7T x P7T, we show that V: PT x
PT — PT is alax 2-functor (that A: PT — PT xPT is a lax 2-functor

is proved in the preceding section);

second part we show that there exists an arrow Lap from Homeq (A, AB)
to Homca(VA,B) and an arrow Kup from Homge(VA,B) to
Homeai (A, AB) for every 0-cell A in P7 and B in P7T x PT,

third part we show that the above arrows define the natural transformations

that correspond to this definition
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fourth part finally, we show that (f5;idg,,) - (idk,,;«) = idg,, and
(idLAB;ﬁ) . (Oz;idLAB) = idLAB hold

As Mann in (11), Seely worked with MDP.

first part
Lemma 4.3.1. V: P7T x PT — PT such that V(A) = A1 V Ay, V(f) =
[A1] [A5]
fi f2
iV fo= Ay Ay = [0 fi,po fo]  and V(a) =
ALV A, AV Ay AV Ay
AV Ay

idya | ((id,;aq) | (id,y;a0)), for every formula A = (Ay, As), derivation
f=1(f,1f2), it Al — A; and reduction o = (aq, az), is a lax 2-functor.

Proof. The items (i), (ii) and (v) of the lax 2-functor definition (p. 36) come
from the definition of V.
(iii) V(ida) = idy 4 for every formula A = (A, As)
Given a formula A, both id 4, Vid 4, and id 4,y 4, are the derivation A;V Ay;

(iv) VfoVg = V(fog) for every f = (fi,f2): (A1, 41) — (B, Bz) and
9=(91,92): (B1, B1) — (C1, ()

Given derivations f: A — B and g: B — C, Vf o Vg is the deriva-

[A4] [Ay]
fi f2 [B] (]
tion By By 9 92 which
AV A, By V B, By V By C Cs
B,V B, CivC, vy
CV Oy
[A4] [As]
fi fa
By By
reduces to 0 G =V(fog).
C Cs
A1VA2 Cl\/CQ Cl\/CQ
CV Oy

(Vl) \/(de) = Zd\/f fOI' every f = (f17 fz)l (A17 Al) — (Bl7 Bz)
Given a derivation f, V(idy) = idya | ((id,,;idy,) | (id,,;idg,)) which is
the identity reduction that goes from Vf to Vf.

%as in the definition of co-product (p. 24)
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(vii) V(- fB) = Va -V for every a: f = gand : g = h

Given reductions a: f = g and (3: g = h,

Va - VG =

{idva | ((id,;0n) | (idyy; a2))} - {idva | ((iduy; 5) | (idiy; B2))} =

(idva - idya) | {[(idi; an) | (idyy; o2)] - [(iduy; B1) | (iduy; B)]} =

(idva - idya) | {[(idy; ) - (idyys B1)] | [(idy; a2) - (iduy; B2)]} =

(idya -idya) | {[(id,, - id,,); (n - B1)] | [(id., - id.,); (e - B2)]} =

idya | [id,; (o - ﬁl)] | [id.; (2 - B2)]

V(a3

(viii) Va; VB = V(a; ) for every a: f = f" and f: g = ¢ such that go f
and ¢’ o f" are defined

We only remark that applying Va and V3 followed by V-reduction is the
same as applying V-reduction followed by Va and V[.

second part
Given 2-categories A and B, a 0-cell A = (A;, Ay) in A and a O-cell B in
B define the categories Homega (A, AB) and Homeau(VA, B).

Lemma 4.3.2. There exists a functor Kup: Homeyu(VA,B) —
Homea(A, AB)

Let us define K,p as the function that composes every derivation II €

Ay Ao
Homea(VA, B) with Vv-int, i.e., Kyp(Il) = A11\_/[A2 , A11\_/[A2 and for

B B
every a € Homeat(VA, B), Kag(a) = (o id,,, s id,,).
Proof. (i) e (ii) of the definition of functor come from the definition of K,p;
(iii) Given a derivation I, K og(idy) = (idyy; id,, , idyy; id,, ) which is the identity
reduction that goes from Kp(I1) to Kap(I1).
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(iv) Given reductions a and 3,

Kap(a) - Kap(B) =
(ov;id,,, osid,y,) - (B5id,,, B5id,,) =
((a;id,,) - (Byid,,), (e id,,) - (5; ZdLg)) = (2-comp. property)
(- B); (id,, - id,,), (- B); (id,, - id,,)) = (comp. of identities)
((a- B);1d,,, (o - ) w) = Kapla-f)

O

Lemma 4.3.3. There exists a functor Lag: Homeu(A,AB) —
Homea(VA, B)

Let us define Lap as the function that takes every I = (II;,Il3) €

[Ad] - [A9]
I I1
Homegg (A, AB) to Lag(Il) = L 2 and for every a =
ul JloLas@ =" 4, B B Y
B

(a1, 0): II> I, Lap(a) =ida,va, | (1| az).

Proof. (i) and (ii) of the definition of functor come from the definition of L 4p;
(iii) Given a derivation II,

Lag(idy) = idayva, | (idp, | idpn,) which is the identity reduction that
goes from Lap(Il) to Lap(II).

(iv) Given reductions « and 3,

Lap(a) - Lap(B

(idayva, | (n | az)) - (ida,va, | | 32
| ((a1 [ az) - (1] B2

ar - ) | (az - Ba
ar - ) | (az - Ba

= (Lemma 4.1.1)

)

)
(ida,va, - ida,va,) ) = (Lemma 4.1.1)
)
)

(tda,va, - idayva,) | ( = (comp. of identities)

e
(
(
(

~—_— ~— ~—  —

( |
( | = LAB(OZ'B)

Z.dz‘ll\/Az | (

third part

Given derivations f = (f1, f2) in A, fi: Ajfx: Ai] and fo: Ab[z: Ay,
and ¢: Blx: B'] in B, the following diagram defines the following natural
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transformations:

Kar™= Homea(A, AB)

<~—Lip—

Homea(VA, B)

Hom(‘\/f,B) Hom({,AB)

Homea(VA', B) — 4" Homeu(A', AB)

‘ <~—L yr g—

Hom(iilvA/,g) Hom(z‘él’,Ag)
Homea(VA', B) :fjj;’j Homea(A', AB)
1. Hom(\/f, B) oLsp= Lapo Hom(f, AB)
Given a pair of derivations ¥ = (3y: Blz: A;], Xo: Blx: As)),

A Ay [‘gl] [;112]
Y, 8y | L 1 2 Hom(Vf,B
<31 BQ>£>A1\/A2 g i)
B
[A41] [A45]
S f2
Al AQ [Al] [A2]
AVA, TAVA, AVA %, %,
ALV A B B
B
A 4] e
A Ay fi f R
% ) % Hom(f, AB) A1 ’ AQ Lag Ei Zz
P AvA, BB
B

and this natural transformation corresponds to the sequence (MDP, V-

reduction).

2. Hom(VA',g) o Lag = Lap o Hom(A', Ag)
Given a pair of derivations ¥ = (3y: Blz: A}], Xo: Blx: A))),

Y [Af] [A)]
21 : 22 Lag 1 X Hom(VA', g)
s B T AV B B

B
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(A [A3)
2 2o
ALV A, B B
B
g
B/
(A [AY]
4] A hoooh
Al A2 21 22 Al A2
( Y1, ) Hom(A', Ag) B+ B ILB’) 3 2y
B B g g B B
B B g g
ALV A, B’ B’

B/

Hom(VA’, g) o Lap(X) reduces to Lap o Hom(A', Ag)(X) and this natural

transformation corresponds to MDP.

3. KygpoHom(Vf,B) = Hom(f,AB)o Kap
Given a derivation 3: Blz: A; V Ay,

A Ay
Al Al fl f2
Ay ;/1 AQKAB AV A, 7 AV As Hom(f, AB) A, A,
B - )Y by - Al V AQ Al V AQ
B B D >
B B
/! !/ All
A vy ApV AL, ALV A
Al V A2 fl \V f2
> Hom(Vf,B) A, v A, Kap fiVfa 7 fiV/fa
B - 3 - Al V AQ Al V A2
B by
B
As Hom(f,AB) o Kp(X) =
[A1] [A5] [A1] [A5]
N Ja i fo
Al A Ay Al A, A,
Al v AL ALV Ay ALV Ay ALV AL AV A,y AV A,y
AV Ay A1V Ay
b )
B

V-reduces to K5 0 Hom(V f, B), this natural transformation corresponds to

a pair of V-reductions.


DBD
PUC-Rio - Certificação Digital Nº 0711267/CA


PUC-Rio - Certificacéo Digital N° 0711267/CA

2-category and Proof Theory

4. Kyp o Hom(VA',g) = Hom(A', Ag) o Kuap
Given a derivation ¥: Blzx: A} v A,

Aj Ay
AV AL AV AL

ALV AL ALV A,

ALV A / ) )
s Hom(VA' g) B . B Kap XX
B g g B B
g g
B’ B’ s s
Al Al
/ /
AV AL }1/ }2/ ALV AL ALV A,
> KA/B Al v A2 5 Al v A2 H0m<A/7 Ag) by 3 by
5 ¥ ¥ [ERE S B B
B B g g
B’ B’

As KypoHom(VA', g)(3) = Hom(A', Ag)o K 4, this natural transformation

corresponds to the identity reduction.

5. o idHomCQt(vA,B) = Lapo Kap
Given a derivation 3: Blz: A; V Ay,

Al A2 [Al] [A2]
A1 V A2 " A1 v A2 A1 v A2 / A1 V AQ Al V A2
b AB D ) D iB) b Y
B B B AV As B B
B

id Homeg (va,B)(2) reduces to LapKap(X) and this natural transformation

corresponds to the sequence (V-expansion, MDP)

6. B: Kap o Lap = tduome,, (A,AB)
Given a pair of derivations ¥ = (3y: Blz: Ay}, Xo: Blx: As)),

Al A2 [Al] [AQ]
by by
E , E L 1 2 K
<§ §>J§mv@ B B —
B
[A1]  [A9] [A] [A9]
A1 21 22 AQ 21 22
AV Ay B B A VA, B B

B
KapLap(X) reduces to idpome,,(va,5)(2) and this natural transformation

corresponds to a pair of V-reductions.

fourth part
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As a: idgomeg(va,B) = Lapo Kap and 3: Kyp o Lap = idpome, (A,AB);

we have that:

L (Byidr,,) - (idg s ) = idg
idg 5 0 goes from Kap o idgome,,(va,py = Kap to Kag o (Lap o Kap)
and f3;idk,, goes from (Kup o Lag) o Kap to idpome,,(a,a8) © Kap = Kap

and therefore their composition goes from Kap to Kap.

2. (idLAB; ﬁ) ’ (O‘; idLAB) - Z.dLAB
a;idy,, goes from idgyome,, (a,a8 0 Lap = Lap to (Lapo Kag)o Lap and
idr, 3 B goes from Lapo(KagoLag) to Lag 0 1d Home,, (vA,B) = Lap therefore

their composition goes from Lpg to Lag.

4.4
Implication

Implication is neither lax right 2-adjoint nor rax right 2-adjoint to
conjunction but it has some of these two properties and we thought it would
be interesting to show and discuss it here. We show what can be proved and
point out the reasons why it is not a lax 2-ajunction. We also separate it in

four parts:

first part given the 2-category P7, we show that —: P7 — P7 and that
A: PT — PT are lax 2-functors;

second part we show that there exists an arrow Kpeo from Homey(CAX, B)
to Homea(C, X — B) and an arrow Lpo from Homeg(C, X — B) to
Homea(C N X, B);

third part we show that the above arrows define natural transformations
that correspond either to the lax 2-adjunction definition or to the rax
2-adjunction definition, i.e., we show that the natural transformations
correspond to the items 1, 2 and 3 are in accordance to the rax 2-
adjunction definition, the item 4 is in accordance to the lax 2-adjunction

definition and that 5 and 6 is neither lax nor rax 2-adjunction;

fourth part we show that neither of the equalities of the definitions of lax and
rax 2-adjunction hold, i.e., we show that neither (0;idk,,)- (idk. ;) =
ichs? (idLCB;B) ’ (a;idLCB) = idLCB’ (idKCB; Oé) ’ (ﬁ;idKCB) = idKCB

and (o;idp.,) - (idp.,; B) = idr,, hold.

first part
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Proposition 4.4.1. A: PT — PT such that N(A) = ANB, N(f)=fAB=
(f om,m) and Na) = (a;idy,,idy,) for every formula A, derivation f and

rex o, s a lax 2-functor.
Proof. This proposition is a corollary of proposition 4.2.2 O

Lemma 4.4.2. —: P7T — PT such that —» (B) =X — B, — (f) = X —

X — B [X]
B —
f= f = foeval(— B,X) % and — () = id,; (a;id,), where
B/
X —- B

r:B— (X — B) and s: (X — B, X) — B, for every formula B, derivation
f:B— B and rex a: [ = ', is a lax 2-functor.

Proof. The items (i), (ii) and (v) of the functor definition come from the
definition of —.
(iii) — (ida) = id_(a), for every formula A
Given a formula A, both — (id4) and id_,(4) are the derivation X — A;
(iv) (= (f)o = (9) = (= (foyg)) for every f: A— Band g: B—C
Given derivations f: A — B and g: B — C, — (f)o — (g) is the

X—A [X]
f A
B f
derivation X — B [x] which reduces to B
B g
g c
C X -
X —=C

== (fo9)

(vi) — (idy) =id_y) for every f: A — B
Given a derivation f, — (ids) = id,;ids;ids which is the identity
reduction that goes from — (f) to — (f).

(vil)) — (- fB) == (a)- — (B) for every a: f = gand f: g = h

®as in the definition of exponentiation (p. 25)

%)
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Given reductions a: f = g and 3: g = h,

— (a) — (B)
(id,; (v idy)) - (id,; (B5ids)) = (2-comp. property)
(id, - id,); (e idg) - (Bsids)) = (2-comp. property)
(id, - id,.); ((a - B); (ids - idy))
)

id,; ((a - B);ids

= (comp. of identities)

= —(a-f)

(viii) — (0); — (o) =— (6;«) for every a: f = f' and f: g = ¢ such that
go f and ¢’ o f" are defined

We only remark that applying — a and — [ followed by —-reduction

is the same as applying —-reduction followed by — « and — (.

second part
Given the 2-category P7, O-cells A and B in P7 define the categories
Homea(C' N A, B) and Homey(Cy; A — B).

Lemma 4.4.3. There ezxists a functor Kpgc: Homeu(C N X,B) —
Homey(C, X — B).

¢ X

CANX
Define Kpc(Il) = I for every Il in Homea(C A X, B) and

B
X — B
Kpe(a) = id,; a;id,, where p: (C,X) — C A X, for every a € Homea(C' A

X, B).

Proof. (i) and (ii) of the definition of functor come from the definition of Kp¢;
(iii) Given a derivation I, Kpc(id1l) = id,;idn;id, which is the identity
reduction that goes from Kpc (1) to Kpe(Il);

(iv) Given reductions « and 3,

Kpe(a) - Kpe(B)
(idy; (asidy)) - (idy; (B;id,)) = (2-comp. property)
(idy - idy); (s id)) - (ﬁ idy)) = (2-comp. property)
(idy - id,); (o - B); (id, - idh))
idy; ((a- )Jdp)

= (comp. of identities)

= KBC(a : ﬁ)
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O

Lemma 4.4.4. There exists a functor Lpc: Homeu(C, X — B) —
Homeu(C N X, B).

CAX
C
Put Lpc(V) = 7 O A X forevery UV e Homeyu(C,X — B)
X —B X

B
and Lpc(a) = (asidy,) | idy, for every a: 11 = II" € Homey(C, X — B).
Proof. (i) and (ii) of the definition of functor come from the definition of Lp;
(iii) Given a derivation II, Lgc(idy) = (idy;idy,) | idy, which is the identity
reduction that goes from Lpc (1) to Lge(11);

(iv) Given reductions a and 3,

Lpc(a) - Lpe(B)
(g idy,) | idyy) - ((B;idy,) | idy,) = (Lemma 4.1.1)
((aidz,) - (B;idr,)) | (idz, - idr,) = (2-comp. property)
((a - 3); (idr, - idr,)) | (idr, - idx,)
((a- B);idz,) | idry, = Lpc(a-f)

= (comp. of identities)

third part
Given derivations g: B'[z: B] and f: C'[z: C] in P7T, we have the

following natural transformations:

1. Hom(A(f),B) o Leg = Lep o Hom(f,— (B)) in accordance to rax 2-

adjunction

o7
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Given a derivation ¥: A — Blx: (],

CAA
C C
Y Leg X C A A Hom(A(f), B)
A— B A— B A
B
C'AA
Cl
f cnA CANA
C A '
CAA f C'AA
C C A
b CNANA
A— B A
B
C'A A
ol c’
f f
¥ Hom(f,—(B) ¢ Les ¢
A— B > by C'"NA
A— B A— B A

B

As Hom(A(f), B) o Lcg(X) A-reduces to Lergo Hom(f,— (B))(X), this

natural transformation corresponds to A-red| A-red.

2. Hom(N(C"),g) o Lerg = Lerg o Hom(C',— (g)) in accordance to rax 2-

adjunction.
Given a derivation ¥: A — Blxz: ('],

C'NA
C’ C’
by by
(o4 A— B [A] A— B [A]
Y Leg B Hom(A(C"), g) B
A— B g g
B’ B’ C'NA
A— B A— B A
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C'NA
C'NA C’
C’ c’ Y C'NA
X Hom(C'.—(9) % C'NALcs A— B A
A— B A— B A B
B g
BI

As Hom(N(C'"),g) o Levg(¥) —-reduces to Lerg o Hom(C',— (g))(X2), this

natural transformation corresponds to —-reduction.

3. Kcrp o Hom(A(f), B) = Hom(f,— B) o K¢p in accordance to rax 2-
adjunction.
Given a derivation 3: Blz: C' A A],

A
C'NA C'NA
o ? C’ c' A
A C'AA TCOAA
" Hom(A(f).B) & Mg, Lo el
B CAA CANA
X )
B B
A— B
Cl
C [4] S
CAA CANA c 4]
¥ Kep )y Hom(f,— B) " A A
B B Y
A— B B
A— B

As Hom(f,— B)o Kcp(X) A-reduces to Hom(f, — B)o Kcp(X), this natural

transformation corresponds to (A-red| A-red); idy;id,..

4. Hom(C',— (g)) o Kcrp = Kerp o Hom(A(C'), g) in accordance to lax
2-adjunction.
Given a derivation ¥: Blx: C' A A],

¢ [A]
C'NA
¢ [A 5
C'NA C'NA B
> Koy v Hom(C',—(9) A= B [A]
B B B
A— B g
B/
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¢ [A
C'NA C'ANA
C'NA > )y
> Hom(A(C'),9) B Kop B
B g g
B’ B!
A— B

As Hom(C',— (g)) o Kovp(X) —-reduces to Korgr o Hom(A(C'), g)(X), this

natural transformation corresponds to —-reduction.

5. Neither idgome,,(cra,B) = Lep © Kop nor Lo © Ko = idHome,, (CrA,B)
Given a derivation 3: Blz: C' A 4],

CANA
C  [A] C [A]
CANA CANA CANA
> Hom(A(f),B) »  Kog >
B B B CANA
A— B A— B A

and there is neither a rex from idgom ., (cra,B) to LepoKcp nor from LopoKep

t0 1d Homeo (CAA,B)-

If we use the reduction that corresponds to (my (M), wo(M))r>M in section
ANB ANB
3.1, that is, the reduction A B  >AA B, then there exists a rex

VAN
from Lepo Kep(E) to idbome,,(ona,p)(2), which is the —-red followed by this
A-calculus reduction and then Lop o Kop = idpome, (cra,B) 1S in accordance

to rax 2-adjunction.

6. Neither Kgg o Log = idHomcat(C,A—»B) nor idHomCGt(C,AHB) = KcpoLeg
Given a derivation ¥: A — Blx: (],

c (4
CAA CNA
C ¢ 4]
Y Lep % CAAHom(A(f),B) 5 CAA
A= B A= B A A= B A
B B
A— B

and there is neither a rex from idgome, (c,a—B) to Kcp o Lop nor from

Kep o Lep t0 tdgome,,(c,A—B)-

If we use the reduction that corresponds to A\x.App(M, x) > M in section
A— B A
3.1, that is, the reduction B >A — B, then there exists a rex

A— B
from Kcpo Lop(X) t0 idiome,.(c,a—p)(2), which is the A-red followed by this

A-calculus reduction and then Kop o Lop = idgome,(cra,B) 18 in accordance
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to lax 2-adjunction.

fourth part

If we included the A-calculus reduction in the system presented in chapter
1, we would have the natural transformation « as in the definition of lax 2-
adjunction and ( as in the definition of rax 2-adjunction. Even though, we
would not have neither the equalities as in the definition of lax 2-adjunction
or the equalities as in the definition of rax 2-adjunction:

As a: Lep o Kep = idgomen(crap and (B: Kep o Lep =

1 Homeq:(C,A—B), We have that:

1. Biidg,, goes from (Kep o Leg) © Kop t0 idpome,.(c,a—B) © Kep = Kep
and idg, ;o goes from Kep o (Lep o Kep) to Kep 0 idpome,,(cna,n) = Keos,

therefore there is not a composition of 3;idg,, with idg_,;a.

2. Oé;ZdLCB goes from (LCB e} KCB) (¢] LCB to idHomCGt(CAA,B) e} LCB = LCB
and idLCB;B goes from LCB @) (KCB o LCB) to LCB o Z.dHomcat(C,AHB) = LC’B;

therefore there is not a composition of «a;dy, ., with idr.,; 5.

4.5
2-initial object

1 cannot be seen as a 2-initial object: given derivations Il and ¥ from

1 to a formula A, it is not the case that there always exists a rex from II to ¥
L
that is an isomorphism because, for example, the derivation | A A reduces

1L
L

to L but L does not expandsto 1 A A .

For a similar reason, | cannot be seen as a lax 2-initial object. For
_ L L L
example, there is no rex between | A A and A A — 1 . Note that

both these derivations reduce to L and therefore, they are 1-categorically

represented by the same arrow, viz., the identity arrow from L to L.

4.6
Ekman’s reduction

Ekman’s reduction cannot be 2-categorically interpreted. When we begin
examining the 2-categorical commutativity, the property (1) in section (2.1)

does not hold if we add Ekman’s reduction to Prawitz’s, e.g.,
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A

A A4

I1 A I I1 C

A A— B B A A— B I
B B B

meaning that, when Ekman’s reduction is involved, there is no correspondence
between 2-categorical and proof-theoretical composition. In other words this
means that there exists l-cells f,g: A — B and f',¢: A — A and 2-cells
a: f=gand (: f = ¢ such that there is no 2-cell a; 5 from fo f' to gog'.
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